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' DIGITAL FILTER STRUCTURES BASED-ON GENERALIZED IMIITTANCE CONVERTERS‘; -

.y o AND COMRARISON NITH OTHER STRUCT RES

Mohained G;'§32k, D.Eng. . . _
Concordia University,,1978.mﬁ T SR L
3 . Lo~

By using the wave character1zat10n a d1gita1 rea11zat1on of
‘ the genra11zed 1mm1ttance converter (GIC) is first derived Then, fiye
_universa] second order dig1tal f11ter sections are deve]oped wh1ch can
be used as bu11d;ng blocks in a cascade GIC synthesis. The synthes1s
is 111ustrated by designing four djgitai f11ters, name]yn a. Butterworth
1owpass f11ter, an e111pt1c bandstop filter an e]Tipt1c bandpass f11ter,

and a deiay equa11zer

L The computational efficiency of digitaléfklter structures based -

on th& GIC synthesis are'compared Wifh correSponding cascade canonic and

wave digital filfer structures The results show that the GIC structures
i\,

are more eff1c1ent than the correspond1ng wave structures and approx1mate1y

‘of the same efficiency as the cascade canonjc structures. In addition,
-the number of-unit-de]ays used in the GIC structures is minimal.

The effects of product quaﬁtization in'various.GIC,structures
are studied and compared with those in corresponding’cescade canonic and
wave structures. It is “found tﬁat, the'GIC'syﬁthesis yields 1owpass and

bandstop f11ters, and also delay equa]ize}s with improved 1nband signal-

I

>

to-no1se ratio relative to-that in the corresponding cascade canonic and '

wave structures



- -

. The requ1red coeff1c1ent word]ength for var10us d1g1ta1 filter
' 1s obta1ned f1rst by: us1ng an exact method and then by using a statistical
_method The resu1ts show that GIC structures give better resu1ts than
cornesponding cascade canonic and wave structures, in the case of Iowpass

. L
~ and bandpass fi]ters . ‘ -

m . . ’\' . .._' . ', - ' - g\-
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INTRODUCT ION

1.1 GENERAL

A digital filter is a digital system which will transform a
sequence of numbers representing .a given signal into a second sequence
of numbers, according to some rule of correspondence. Digital filters

can perform many of the tasks that can be performed by analog filters

* such as differentiation, integration, resolution of signals into their

components, spectrum shaping and so on.

A digital filter can be represented by a discrete~time transfer

fqnct1on or by a network. The discrete time transfer function, designated

L
-

by H(z) , is often obtained by applying the bilinear transformation

-
.

_2 (2=
T (z+]

to a continuous-time transfer function H(s) , that is

= ' 1.1
Hy(2) H(s)]s= 2 (2] (1.1)

. T Ez+1%
where T is a constant. A digital-fiiter network is an interconnection

of mu]fﬁp]iers, adders and unit delays. The symbolic representation and

characterization of'these elements are summarized in Table 1.1.

The' implementation of a’'digital filter can dssume two forms
namely, software, and hardware. Software implementation involves the

simulation of the filter network on a generaT-purbose digital compﬁter.



| _ TABLE 1.1 DIGITAL-FILTER ELEMENTS
ELEMENT SYMBOL °. FUNCTION
. m.. .
MULTIPLIER o—)—®->—0 y = mx
X y
X] ’
ADDER y = x
o y
2
UNIT-DELAY y(n) = x(n-1)
: x(n} y(n) .
-1 7
INVERTER o—>—®—>—o v = -x
x y |
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Hardware implementation, on the-other hand, involves the conversion of

the‘filter networkiinto.a dedicated piece-o? hardware.

Software digital filters are computérﬂprogramﬁ which ﬁén be
used to manjpuiate sequences of numbers. Therefore, they f?rsi.appeare&'
in fﬁe late forties along with the first digital qupufer, é]fhough the
termh'diéita1 filter’ was not used untiT the mfd—sixties. 'Iﬁ tﬁe1;5r1y B
stages of digital comﬁuters, many of the classical numerical aﬁalysis
formulas of Newtbn,j Gauss and others were used to carry out mathematical ,
operations Sﬁch as interpolation, di%ferentiatibn, and 1nte§ration of
functions,represeﬁtéd by sequences of numbers. Since these Operatibns
Entai] spectrum manipu]atio;\o£.3 signal, the programs or subroutines
which térry out these opeféiions wer;'esseﬁtia11y digita]inlEErs.' With
the tremendous deve]oﬁmegt in the field of dig%ta] tomputersgfﬁ subsequent
years,-yehy complicated algorithms and .programs wére'deve]oped to perform
a yariety of filtering tasks iﬂimany applications, such as spectrum
analysis, data smoothing, and payterﬂ recognition, etc. As a result,
digital filters have a variety of applications in the areas of seismic
exp]oration,'sohar,‘radar, analysis of biomedical signals, speech

~

communications, and so on.

A continuous-time signal can be transformed into a sequence

—

of numbers by utilizing an analog-to-digital {(A/D) convetggr,r The

sequedbe of numbers so generated can then be transformed according to
some computational algorithm into a second sequence of numbers. Finally,

the transformed sequence of numbers can be used to regenerate a

-

'corresponding continuous-time signal by utilizing a digital-to-analog

(D/A) converter, Therefore, By utilizing an A/D converter.dnd a D/A
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converter as i1lustrated in Fig. 1.1, a digital{fjiter cdn be used to -

process continuous-time signals. B o . ’

-
Y

Tne.oerformance of hardware digital filter, unlike that of.
lwana10g fiTters is free of drift and the size of digita1 components does
notvdepend on the frequency of operation. Consequent1y, the use of
'digita1 filters will guarantee high numerica] accuracy and small size.
New large-scale 1ntegrat1on techniques (LSI) have produced Tow-priced -
-dig{ta1 components” suchﬁas read-ouTy-memorles [{POM) -and microprocessors;-
which provide enormous f1exib111ty in the des1gn of digital hardware.
) In addition the possibllity of time<sharing one apd the Same digital
system can result in Tow hardware costs. Because of these reasoné,

. 9
hardware digital filters have achieved wide usage in recent years, in

many app11cat1ons such as wave ana]yzers, frequency synthes1zers, and

'commun1cat1on systems [1] :[10].

1.2 DIGITAL FILTER REALIZATION

o . )
The embodiment of a discrete-time transfer function into a

T

network is said to bea realization of the digital filters. There are

two "broad classeé of reaﬁizatiOns,-name1y nonrecursive and‘recursive.

In a nonrecursive realization, the fiTter network has only feedforward
éaths whereas in a recursive rea11zation the filter network has feed-
‘forward as well as feedback paths This thesis is concerned with
recursive digital filters. _There_are five types of recursive rea1izations

in common use as follows:
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input
O—— A/D > . DF - B/A
_ FIG. 1.1 Processing of-Continuous-time Signals by using
R .o a Digital Filter
r;"-r _! \ )
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1) Direct

\ - s . & [}

2) Direct Canonic

e

3) Cascade &
'4) - Paraliel
5} Wave

In the first four methods, the discrete-time traﬁsfer function H(z)
“is realized directly [9]-[11]. In the Iast metﬁod,lhamely the wave

method [12]-[16], the desired transfer function is realized indirect]y_

byrtransforming a suitable ana]og LC filter into a corresponding diéita]

network. The above realizations are described in the following sections.

/1.2.1 pirect Realization -/ . - T

Consider a transfer'functidn
H(z) = 1 (1.2)

@ 1+ 1 b,z

and assume that it characterizés the digital filter of Fig. 1.2a,
X(z) and Y(z) are the z transforms of the input and ou€put of

digital fiiter, re;béctive1y. We can write

(z) = 3 - I%%%Z) o : (1.3a)

where



>
o
o
\ 4

X(z)

Digital fj]fér

¥
0
Z

‘.N ’

H(z) N

o->— N(z)

(D) |
- + QY(z)
. (b)-
FIG. 1.2 Block Diagram Representation of a Digital Filter
{a) Realization of Egn. 1.2 ~

n

{b) Realization of Eqn. 1.3¢
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(2 rg 4 ‘ |
N(z) = Ta,z ' o
- i=g | ' * . B
, _ - (1.3b)
(\) D bt ) "
D'{z) = b,z . . ) : T
Ton | -
From-Eqn. 1.3a we have. -
Y(z) = N(2)X(2) - Y(2)0'(2) - - L (1.3¢)

v S -

L)

and hence the d?gita] fi]fer.of Fig. 1.2a can be represented by the
block diagram of Fig. 1.25. In this way,.the digital filter can be
decomposed into two simpler. filters, hame1y filter F1 and F2 as
shown in Fig. 1.2b. Filter F1 has a transfer function N(z) , whereas
filter F2 “has a trangfer function -D'(z) . These transfer fdnctions

can be realized 1ndependent1y as shown in Figs. 1.3a and 1.3b and hence

the rea]1zat10n o‘Fr H(z) can be readily completed as shown in F1g 1. 4

1.2.2 Direct Canonic Realization

The direct canonic realization is similar to the preceding -

réalization.except that a minimum number of unit-delays is used. We can

" rewrite Eqn.‘1.2 as

Y(z

DL = H(z) = W (2) -H(z) —E—} -H . (1.4a)

where
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i
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d
y 2 .
v ¥ ‘ .
T a,
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o >- > > \;f;/ >
(a)
-+ > _ii >
by T
% |7
I
oy !
§
) ~by T

{b)

1G. 1.3. Digital Realization of Egn. 1.3b
o (a) Realization of N(z)
(b) Realization of ' {z)
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Ho(z) = ) a2z ' = N(z) .
2 i=o | -

[4
 Herice we may assign I - i : | t}

y 05 1. o

= - . ¥,
iz Hi(z) = S N o

' - . {1.4b)
Y(z) _ _ : o
Ttz Hz(z) = N(z) - \ i
o

In this way H(z) .can be realized by using two cascade filters, as
ishown jn'Fig. f.Sa.- H](z) and _Hz(z) can bepreaIized by using the

ﬁethad of the previous section. The comp]ete_rea1iza£ion is‘shown,in

Fig. 1.5b. Evidently, the signals at-nodes,” Ai, AZ,...,Ak’ are the

20
Ay-A, can be deleted, as depicted in Fig. 1.6.

‘same as at Aq, '....,Al , respectively, ahd so the delsys in branch

1.2.3 Cascade Realization

-

_h.‘ In this realization the given transfer function is factorized
-into first- and/or second-ordér transfer functions. .In other words.

Egn. 1.2 is.written as

] Hi(z)'f ' o
. - '""

1

0=

" H(z) =

where Hi(z) i5 a second-ofder transfer function of the form

/--l .
3i*2yi2 . * il
1 2

E

-2 S

Hi(z) = — 1 -
4y 2 7+ byyZ

- -_ ] ' - 11 - . " . ) “ ‘-o. Q;-
+ and ' | ‘ o .aEiF |



¢ \"
-z
CX(2) ' ¥(z) | Y(z)
- O0—=> Hy(z) > HZ(Z) : —>—0
- (a)

N

FIG. 1.5 Direct RealiZationof Eqn. 1.4a

qr

i(a) Réa]ization'of‘Eqn.‘l.dﬁfas building"
blocks |

* . P N ¢ .. . .
.(b) Realization of Egn. 1.4b.

. gt
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The individual sections can be realized by ehp]oying either the Direct

Y .
or Direct Canonic realization. By cascading the individual networks

. obtained, the realization can|be completei\is shown in Fig. 1.7.

1.2.4 Parallel Realization ) ' 1

The transfer function given in Eqn. 1.2 can be expaﬁded into

partial_fractions as

H(z) =
i

ne-ar-

, H, (z)

where each H{(z)' is a second-order transfer function of the form
a. +a 2z
0i 11

Hi(2) = 1

2

1+61iz + b2iz

As in the cascade realization, each individual transfer
function is realized by using either the Direct or Direct Canonic
realization. By connecting the individual networks obtained in parallel,

the realization can be completed as shown in Fig. 1.8.

1.2.5 Wave Realization

In this approach, the realization is accompliished by using

the following two general steps:

1) An LC filter.satisfying appropriate épecifications
is designed.
-
2) The analog elements of the LC filter obtained in
step 1 are rep]ace& one-for-one by carresponding

digita] realizations.
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FIG. 1.7 Cascade Realization
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Digital realizations for conventional analog elements have

been proposed by Fettweis [12]-[14], and.Sedlmeyer and Fettweis [15],

'[16]. Such realizations can be obtained by using the wave character-

jzation. |

An analog ﬁ-port netwprk of the type shown in Fig. 1.9 can be

characterized by the relations

=]
1

= Vk+IkRk.

-(1.5)

oo
i

P [Pt T

where k = 1,2,...,n . The quantities Ak' and Bf are referred to as

the incident and reflected wave quantities wh11e Rk is referred.to as

the.port resistance. In an interconnection of n- ports, two 1nterconnected

a

ports must be ass1gned the same resistance so as, to maintain cont1nu1ty

in the wave flow. Otherwise Rk can be chosen arb1trar11y

-z The impedances shown in Fig. 1.10 can begreprefented by the
equation g , ’ ~
!
2(s) = <
where R, is a positive constant and X = -1 for a capacitance,

‘=0 for a resistance, and A =1 for an inductance. According to

Eqn. 1.5, each of these impedanceg can be represented by

[

A1 =“V1+I]R
By = Vi-I{R P
vy = 112(5) | {1.6)
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t Network

FIG. 1.9 Wave Charactgrizatioé of n-por
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X
v
1 B, € ! B, €&—
. O~ 10
5 (a) (b)
L
o > h\
A'rH .
R L. .
Vi T
8145________
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FIG. 1.10 Wave Characterization of an Impedance
(a) Resistance
{b) Inductance

(c) Capacitance
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and if we choose

then .

Cvoer (20A
Ay = VoL (Bt
(1.7)
_ 2
By = Vi-L ()R,

By usfng'the bilinear transformation .

s =221 o
T (z+1

Egn. 1.6 can be written as

(2+1)A

By eliminating \I.I in Egn. 1.7, we hadé

LY t(m)’wu .

S
b

;

- I1(T) R I:.(zﬂ - 1]
or

o, = (el = )y,
(z Hr o+ (z41)

Now by letting A =-1, 0 or 1, digital realizations for a
capacitance, resistance or inductance can be obtained as shown in

Table 1.2. By using the same procedure for the voltage sources shown
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TABLE 1.2 REALIZATION OF IMPEDANCES

£(2)

A ELEMENT R REALIZATION SYMBOL
. AO—>—
-1 j— 1111 1
R | 72C z
:[ X. BO—"E——-T
N o |-
O——0 O—>—0
0 E%Rx _ A A
A -1
: AO—>—
1 X T 2
o T BO—€—
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1

in Fig. 1.17, the wave digfta] realizations shown in Table 1.3 can be .

readily derived.

1.

The digital realization of the 3-port series and the 3-port
parallel wire interconnections shown in Fig. 1.12a and 1;12b can be
.obtain?d as shown in Fig. 1.13a and 1.13b [12]-[17] by using the above
approaéh. These realization are referred to as adaptors. The series ‘
adapfor can bé referred to as type 82 (;eries, 2-muitiplier) a?hptbr,,
while the.parallel adap@or can be referred to as type P2 (parallel,
32-mu1t1plier) adaptpr. The multiplier constants‘?or a type S2 adaptor

~
-

are given by

2R1 . ) e
MS1 " RyR,R, - R (1.8)
-ZRé (, )
m ., = ———— 1.9
s2 R1+R2+R3 |

On the other hand, the multiplier constants for a type P2 adaptor are

given by _
- | | (1.10)
m., = =7 - 1.10
pl1 G1+GZ+G3 . _
26 '
2
o = o (1.11) .
p2 G.I+GZ+G3 |

;

. 7
Two special cases of these adaptors are of particular interest, namely,
the type S1 adaptor of Fig. 1.13c and the type P adaptor of Fig. 1.13d.

These can be derived from the 2-mu1t1p11er adaptors by assigning

=71 or R,+R

m 17%3

52 =R, in the first case and M2 = 1 or GytGy = Gy
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FIG. 1.11

3

Wave Characterization of a Voltage Source

(a) Voltage Source with Internal Resistance

{b}) Voltagé Source with Internal Inductance

4

. T - . L .
ViTC)‘R v o g f

(¢) Vvoltage Source with Internal Capacitance
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TABLE 1.3 REALIZATIONVOF VOLTAGE SOURCES.

-

— - IR

REALIZATION

» | VOLTAGE SOURCE R ~ SYMBOL

'I/Rx

T . L V ! =2 'l‘
- “"iT 3¢ i T
R
X
0 ViT R V%0—9‘——'0A ViH—OA
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FIG. 1.13 Adaptors ’
(a) S2-Type Series Adaptor
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FIG. 1.13 Adaptors
(‘b) P2-Type Parallel Adaptor
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FIG. 1.13 Adaptors -
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(d) Pl1-Type Parallel Adaptor
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in the second case. =~ = - - :

Direct connection between any two adaptor ports will yield
a delay-~free loop unless one of the ports is a port 2 of adaptor §I
or Pl . As was demonstrated by Fettwefé tTS], delay-free loops lead
to unreaiizability. Thérefore, it is necessary to eﬁsure that every
direcf connection bé%ween'adaptor ports invo1§es a port 2 of either an -

ST or Pl adaptor.

_With digital realizations available for the various analog
elements, given an LC filter a corresponding wave digital filter can be

obtained by using the following procedure:

1) Identify the various series and parallel wire
interconnections in the LC filter. Then number
the ports such that eachjand every direct connection

between wire interconnection ports involves a port 2.

-

2) Assign port resistances to éhe wire interconnection

X ports. For a port terminated by an impedance

S)‘RX(:« =-1,0,0r1) or By a vo]tége source with
“an internal impedance s;\Rx s absign a port

resistance (%JXRX . Then choose the unspecified

,/w,/-- port resistances to -give as far as possible type

S1 and ‘P1 adaptors, ensuring that a common

resistance is assigned to any two intérbonnected

ports.

3) Calculate the multiplier constants for the various

/

adaptors, using Eqns. 1.8 - 1.10.
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4) Replace each analog é1ement_1n the LC filter by-

_its digital realization.

An alternative approéch to the synthesis of wave digjtal
filters, was proposed independently by Constantinides [18], [20], [23],
and Swamy and Thyagarajan [19], [21], [22]. In this approach the need

for adaptors is eliminated.

1.3 DIGITAL FILTER IMPERFECTIONS

| Two éommon types of arithmetic are used in the implémentation
of digital fifters, namely fixed-point and floating-point. 1In a fixgd~
point arithmetic signed numbers are stored in registers such as that
‘iflustrated in Fig. 1.14a. MNormally, numbers are assumed to be fractional
and hence the binary point is fixed just to the right of the first bit
Jocation. The first bit is used to represent the sign of the number.
The number of significant b%ts to the right of the binary boint, namely
L , is referred to as the wordlength. For a floating-point arithmetic,

numbers are assumed to be of the form

where

rof—+

;A<'I
/

A and ‘b are said to be the mantissa and exponent, respectively. A
: f]oating-point_number is stored by using two registers, as depicted in

Fig. 1.14b.-
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‘ Sign bit
e
N
Binary point
(a)
Sioned mantissa Signed exponent
‘ e e == e ™ e e,
- (b)

h

FIG. 1.14 Number'Reprggentation
{a) " Fixed-Point Arithmetic

(p)- Floating-Point Arithmetic
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In the implementation of either.eoftware or hardware digital
filters, a finite wordlength must be empioyed. ‘Consequent1y, coeff%cients
and signal values must be quantiied. Therefére, once the wordlength L
is assigned, any number consisting of b bits (exc]u&ing the-sign bit)
where b>L must be quant1zed{ Number'quaqtization can. be accomplished

" in two ways, as follows:

a) By truncating all bits that cannot be accommodated
in the register. Truncation can be effected by
simply disregarding all bits to the right of the
Lth bit. '

b) By rounding the number to the nearest machine
representable number. Rounding can be effected,
by adding 1 at position L+1 and then truncating

the number to L bits.

Quantization in digital filters gives rise to three sources of arithmetic

errors, as follows:

1) Product quantization errors
2) Coefficient quantization errors

3) Input quantization errors.

The effect of each of these errors on the filter performance will be
briefly discussed in the following sections. .
. . 7

Product Quantization

L

The produe% resu]t{ng from the mu1t1p1ication of a signai

represented by N digits aqﬁ_a mu1t1p11er coeff1c1ent represented by

M digits, will have as many as NiM d1g1ts S1nce a uniform reg1ster-

b - | .
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Jength must in practice be used throughout the f11ter, the result of
each multiplication must be quantized before processing.can continue
Hence, quanfization errors will arise at the outpuls of multipliers.
The effect of this quantfzation is to inject a noise component at.the

outpuf of the filter. ‘

Coefficient Quantizafion

The transfer funct1on coefficients are normally evaluated to
a high degree of accuracy when the requ1red transfer funct1on is der1ved.
If these coefficients are quantized. the zero and pole positions will =
change, and as a result the frequency response Jf the f11ter will change.

In fact, in very selective filters coefficient quantization can actua11y

cauée filter instability.

‘Input Quantization

Input quantization errors arise when digital filters are used
to process continuous-time signals. These are the errors inherent in
the ana1ogfto-digita1 qonversion. Input quantization like product

quantization gives rise to output noise.

1.4 COMPARISON OF VARIOUS DIGITAL FILTER'STRUCFURES

There are three Erincipal_criteria for evaluat{ﬁg and choosing
a digital filter structure. These are the sensitivity of the structure
’to coefficient quant1zat1on the output no1se levél due to. produét"
quantization, and the structure computat1onal efficiency in terms of
the number of arithmetic operations. By using these criterill} a brief

comparison petween direct, cascade, parallel, and wave structures can be
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made, as follows:

1) ‘Direct structures are véry sansitive to coeffic{ent
quantization [24], [25], and also generate a high
" level of product-quantization noise [25], [26].

2) For the case of fixed-point arithmetic, the sensitivity
pfbpertigs of the cascade, parallel, and wave
structures are similar [24], [26]. On ‘the other hand,
for floating-poth arithmetic, wave structures are

superior to the cascade ones [27], [28].

3} Wave structures require a higher number of arithmetic
operations as’ compared to cascade or parallel structures
[29], while the cascade structures'are the most

ecohomiéa],[Zﬂ].

. There are some other factors in addition to the above in the

-choice of structure, like for 1nstance limit-cycle effects, hardware-

cost, etc Paral1e1 structures are not considered in this thes1s

1.5 SCOPE OF THE THESIS

: This thesis is concerned with the effects of doefficiént and
product quantizapion in a class of wave digital filters based on the
* generalized-immittance converter (GIC). The sppciffb'tqpics discussed

may be summarized as follows.

In Chapter 2, a digital realization of, the generalized-
immittance converter is first'derived, by using the wave characterization.

Next, five universal .digital-filter second-order sections, namely, a



- 36 -

lowpass, a highpass, a bandpassf a notch, and ‘an a11pas§ section are
developed. These are then-uséd as building blocks in a cascade digital-
filter synthesis which we shall refer to as the GIC synthesis., The
synthesis 1s {17lustrated by des1gn1ng four digital filters, name1y,
Butterworth lowpass filter, an elliptic_bandstop filter, an e11iptic
bandpass filter, and a delay'eqqali;ér. A1l these filters are a1s;-,
designed by-using the cascade canaﬁ%c synthesis of Section 1.2.3. In
addition, the first three of these filters, are also designed by using
the wave synthesis of Section 1.2.5. The three synthesis are‘compared’on
the basis of the number of aritimetic operations, the speed of processing

a signal, and the degfée of paralilelism.

Chapter 3 deals with signal scaling and with the effects of
product quéntization. A signal scalingftechnique‘dué to’ Jackson is
described which can be used‘to optimize-the signal-to-noise ratio.™ TH{S
js‘then abplied'to the various digital filters Qesignéd %n Chapter 2.
The:effect of product quéntization in these filters is then studied. .
Chapter'B conc1udgs,ﬁifh a comparison between-the GI; synthesis and the

cascade canonic and wave syntheses.

Next in’Chapte} 4, a sensitivity -analysis for digital filter is
described. . Then, a brocedure'for evé1uat1ng the exact wordlength is
‘presented Subsequently, a statistica1 approach due to Crochiere is- -
discussed, which can be used to estimate the required wordlength. By using
these procedures, coefficient word1engths are obtained for the d1g1ta1
filters des1gned in Chapter 2. Fina]]y, a compar1son of GIC cascade

canonic and wave syntheses is ‘made on the bases of sens1t1v1ty and word]ength

The highpass filter 15 not considered any further in the thesis

because it is the image of the 1owpass f11ter
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CHAPTER 2
A_WAVE DIGITAL FILTER SYNTHESIS BASED ON GIC'S

'2.1" INTRODUCTION | IS

In Chaptef 1, two general types of diQita]-fi1ter synthesis
procedures have been described, namely, direct and inQirect'procedures.
This Chapter describes an alternative indirect cascade synthesis

procedure [30]. The basis of the synthesis is an analog configuration

~ comprising of resistors and genera]izedlimmitténce converters {GIC's).

By using the wave characterization, a digital rea]izatioﬁ of
the genéra]ized-immjttance converter is first derived in ﬁectionIZ.Z.
Then, a set of unixﬁrsa] diéita1-fi1ter‘second-order sgctions is obtained. ®
This set consists of five universal sections, nameTy; a lowpass, a highpass,

a'béndpass, a notch, and an allpass ﬁéction. :

The syntheéis is illustrated by designing, a Butterworth
lowpass %ilter, an el]iptic-bandpgssﬂf11tér, an elliptic bandstép filter,
and a delay equalizer. The GIC synthesis is subsequently compared with
the cascade canonic synthesis as well as the wave synthesis of Sedimeyer
and Fettweis (see S;éfibg 1.2.5) on the basis of the number of arithmetic

operations, the gpéed of procéssing a signal, and the degree of

parallelism.

L4

2.2 GENERAL SECOND-ORDER SECTION

{ . -
| . . . N " '
‘In this section, a brief review of the current-conversion GIC

and the basic analog R-GIC configuration are given. We start with the' ™

.

gy
o -1
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concept of the GIC.

2.2.1 The Current- Conversion GIC'

The GIC is a 2- port network in which_the input admittance
¥, s related to the load admittance Y, by the relation . ‘ i '
=n(sy Y, . - ". i o | oL : -

_ Function. h(s) 1is said to be the admittancé conversion function of the {
device. Two types of GIC can be identified, namely, the current-
conversion GIC (pGIC) and the voltage conversion GIC (VGIC). The CGIC

is characterized by the relations

+ R -

I ‘='-h(s)12 . o - (2.1)

P

2 7

The VGIC on_the other hand, isfcharatterized‘by‘the relations ; —_—

—_—
—_—

I-i = -12 - V'-l F h(S)Vz

-

The CGIC is USua11y represented by the symbol of F1g 2 la. This has been
used extens1ve1y in the past in the synthes1s of analog f11ters [31]-[36].
The intention in this thes1s is to use the CGIC in the  synthesis’of

digital filters.

2.2.2 Analog R-GIC Conf1gurat1on ST

&

-

Cons1der-the configuration of Fig. 2.2 wher® each CGIC has a

_conversion function h(s) =g . By ana]y21ng this circuit we. can show

-

that . - o



C
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FIGG.' 2.1 CGIC Wave Representation

(a) Wave Characterization of _t;h&CG_rI‘C’/

(b)/ﬂaxeza-ig‘lmentation of the CGIC
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Vo _afp T K18 * Kp6yS
5 2%

i
L
]

GofGls + st

“Mence if G =b_, k. =aJb_ forr=0,1,2 the network of Fig. 2.2

r
realizes the transfer function : ‘ _ -
' a, +a;s +'a252 .

H(S) =) 2 A !

T bytbystbys

-
L-1

Any stable transfer function can be realized by ca%cadfng a number of -

‘network sections such as that in Fig. 2.2.

2.2.3 Digital R-GIC Configuration . -

As was shown in Section 1.21digita1 realization can be derived
for condyctdnces, Jo1tqge'sourdes and wire 1nterconnection‘(see Figs.:
1.13a-1.13d, and Tables 1.2-1.3). The same technique can be extended to

the CGIC of Fig. 2.1a.  The CGIC can be represented by the relations

o
n

A =V F 16, - . . g
: . , _ (2.2)

=
|

B = Vi - L/&

where Ak and Bk are the incjdent and réf]ected_wavé quaétities

" respectiyely, while Gk is the port conductance qssignéd to the kth

!

‘port (k ="1 or 2). 'By %ﬁansformi variables Ao Bk‘ Vi and Ik

employing the bilinear transformatjon

TS

z-1
z+1

—|r

S -+

(2.3)



and then using Eqns. 2.1-2.3 we can show that

By = A, + (A)-A,)F(z)
By = Ay + (A]-AZ)F(;)
where — ’
(;—‘\ Fle) = Lz M2) | (2.)

hD(z) = h(s)] ) :
. - %z- ;
// S > T e

With h(s).= s and 6) = 26,/T , Eqn. 2.4 simplifies to

b

F(z) = z'1_ o ” ’
- A digital reafization for a CGIC can thus be dédUCed as in Fig. 2.3,

Given ah interconnection of analog n-ports, a corregpondiné
_di@ftéﬁ’néfwork can be derived by usfng the'wave synthesis described in
Section 1.2. 5 Su1tab1e port conductances are first assxgned to the ports
;.of the 1nd1v1dua1 n- ports, subsequent1y, each n-port is rep]aced one- for-.

one by its digital realization.

‘éﬁansidering the R-GIC ﬁohfiguﬁa;ion of Fig. 2:2; the individual
n-ports can be 1Hepf1fied as shown in Fig. 2.4a. Now by.assigning the

port conductances

=G

1

B1pe" TBy/2 o Gy = 26,/T , Gy

[ .. . 't____,——-—_'_———____q_
the general second-order digital section of Fig. 2.4b i;/deriﬁéd.

]
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FIG. 2.4 General Second-Order Digital GIC Section
(a) Iﬁeniificatjon of Individual n-ports wire
Interconnection of Fig. 2.2 . B
(b) Digital Realization of Fig. 2.2
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An output proportional to VO_ can be formed by using an adder at the
input 6r output of any oné of the CGIC's, as in Fig. 2.45, or at port é

of the adaptor. This is permissible by virtue of Eqn. 2.1. The transfer

!
i

- function of thé”aerived structure can be obtained from Eqns: 2.1-2.3 as’

<l Bt R 2
"o AT vV,

= 2H(s)]
s+ 2 z-1

T (z91)
The realization of Fig. Z.Ab, Tike any other-realization based.-

on the bi11near transformation, is subject to the well-known warping

effect [9], [10].

2.3 REALIZATION OF ANY TRANSFER FUNCTION USING THE GIC SYNTHESIS

Recursive filters are mostly designed by using Butterworth,

] @

Tschebycheff, Bessel or elliptic transfer functions which have zeros
‘at the-origin of the s plane, on the imaginary axis or at infinity

[36]-[39]. . Hence the tontinuous-time transfer function can be realized
. M . : TS * .

as a cascade connection of second-order filter sections characterized

by transfer functions of the type

o T s 14-"44

"NA(s).

H,(s) =
ArC 2
b&bﬁ+s.

where NA(s)' can take the form bo, 52, b1s or a0+s2 for a lowpass 3

(LP}, highpass (HP), bandpass (BP) or notch (N) section, resp%ctive]y.

Delay. equalizers, on the;other hand, are designed by using allpass (AP)
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sections in which

<

- By using the type p2 agaptor of Fig. 2;3b in the configuration

of Fig. 2.4b, the above second-ofder transfer functions can be readily

realized as shown in Fig. 2.5 where

.

2 2,2 |

2 2.2
{bﬂ + (z) by - (far') ¥
2

L)

- in each section.

With a set of universal sections available, any 'standard

(2.6)

(2.7)

~ fiiter or equalizer can now be designed by using the fo11ow1ng\Qidcedure:

1) Factorize and prewarp the—qphtinﬁous-tiﬁe transfer

funcpioﬁ [40]-[42]. 1.
2) Select suitable sections from Fig. 2.5 .

3) Calculate the md]tip]ier constants using

Egns. 2.5-2.7.

-~
4) Connect the various sections in cascade.

Y

Note that the number of unit delays is minimal in each section.
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FI1G. 2.5 Universal Second-Order Digital GIC Sectiong
(a) Lowpass Section | §

(b) Highpass Section
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FIG. 2.5 Unibersa] second-Order Digital GIC Sections

(c) Bandpass Section

(d} . Notch Section
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2.4 DESIGN EXAMPLES

For the sake of comparison, the GIC synthesis as well as the

conventional cascade canonic synthesis were used to design a number of

6th-order filters, as follows: SN

1)

2)

3)

4)

A-Towpass,. Butterworth filter with a 3-dB cutoff
frequency of 10° rad/s. The sampling fréqﬁency :

was 104 rad/s.

A bandstop, elliptic filter with the following

specifications:

Passband riﬁple : 1.0 dB .
Minimum stopband loss : 73.13 dB
Passbaﬁd'edges : 3.0, 6.0 rad/s
Stopband edges : 4.3, 4.7 rad/s

we 18 radls.

A bandpass, elliptic filter with the fo]lowing _

specifications:

Passband ripple : 0.3 dB

~~Minimum stopband loss : 38.7 dB

Passband edges : 0.983, 1.018 rad/s .
Stopband edges : 0.952, 1.051 rad/s

we 2.4w-rad/s.

A delay equalizer for the above bandpass filter.

The sampling frequency was 2.4r rad/s.

L d
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]

The above filters, with the exception of the edua1izer, were
also designed by using the wave'synthestg of éed1meyer and Fettweis.

described in Section 1.2.5.

The coptinuOus-t1me transfer funqtjon;.of the various filters

. 4
‘are given by . . ' S i
* 3 2 '
ag; * 8y45 * aysS

H(s) = = 0] < gJ
351 byy + byys *+ s

(2.8)

where a5 and b1j‘ are.given in Tables 2.1-2.4. The cnonic sections

employed are shown in Fig. 2.6. « - -
According to the transfer function of Eqn. 2.8 and Table 2.1,
the Butterworth lowpass filter can be designed by cascading three LP
sections of the type shown in Fig. 2.5a, as illustrated in Fig. 2.7a.
The muitiplier coefficients of each section can ge computed as in Table

2.5 by using the expressions in Eﬁns. 2.6-2.7.

The same pr&cedure can be appiied to the other fi]térs.
The realizgtions for the bandstop, bandpass_and allpass filters are given
in Figs. 2.7b-2.7d in the form of block diagkams. The vé]ues‘of the
multiplier consfan;s for these fi]ters can be calculated as in Tabies

2.6-2.8, by using Eqns. 2.5:2.7.

The cascade canonic realizations are obtained by using the
canonic sectiohs of ?ig. 2.6. The multiplier constants for these

realizations are given in Tables 2.9-2.12.

~
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TABLE 2.1 LOWPASS FILTER PARAMETERS

b

boj 1j
- ‘
1.069676x10° 5.353680x10°
2 1.069676x10° 1.462653x10° .
3 1.069676x10° 1.998021x10°
‘ | o
3y =bpy v A5 0 %57

4

TABLE 2.2 BANDSTOP FILTER PARAMETERS

a

aOJ

b

0j - -

b1j '

3.282806x10
3.705629x10

2.908229%x10

3.282806x10
9.644825x10

1.117368x10

¥

1.332661x10
2.435375

8.289280x10"

1.‘

J‘.

-

o



- 53 -

-,

TABLE 2.3 BANDPASS FILTER PARAMETERS

? ~‘ - = - ’-—

: - .
o3 3 bo; b13

1 1.279553 ,1.178123 | 1.455204x1072

2 9.948942x10"' |  1.080529 1.393597x10~2

3 - 0 1.128254 | 3.271554x10"2

311 F 812 50,35 a2, =1, 2,5=0

ak

TABLE 2.4 DELAY EQUALIZER PARAMETERS

b

4.,27979x10

2

5.88548x10°

0 Py
' 2 PR
2.90791%10 2.96640x10
: D2 2
3.71481x10° 5.05382x10

hd

= 4.229751x10

-3
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FIG. 2.6 Canonic Second-Order Sections ‘;

(a) Lowpass Secti®on . ﬂ X ‘
- ) i
. . -(b) Bandpass Section =
N

Call
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FIG. 2.5 Canonip'Second-Order Sections

(c):_Notch Section

(d)‘ Allpass Section
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° FI1G. 2.7 Block Diagram Representatigfis~af the Lowpass Filter, -
. Bandstop Filter, Bandpass FilterNand the Delay Equalizer
. ’ . ’ | ’
(a). Lowpass Filter - ' _
(b) Bandstop Filter : . ' . -
y ,
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-

0> BP > N > ©oN |
Section - Section ' Section
) o
' (e) _
. |
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. Section - Section | Segtion
. (d) ..

FIG. 2.7 Block D1agram Representat1ons of the Lowpass Filter,

Bandstop F1lter, Bandpass Filter and the De]ay Equallzer
(c) Bandpass Filter

) (d) Delay Equalizer ~ :
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TABLE 2.5 LOWPASS FILTER PARAMETERS (GIC SYNTHESIS)
A My “,‘sz |
1 ~8.30235x107" 5.70150%107"
2 -8.65090x10”" 2.7789W10°7"
: a2, g .
3 _g.78181x107 [~ 1.53889x107"

i

TABLE 2.6 BANDSTOP FILTER PARAMETERS (GIC SYNTHESIS)

i ™ Moy
- ‘
17 ] -s.37672¢107 -5.37672x107"
2 3.86761x107" ' _5.41604x10""
3 -5.41604x107" 3.46761x107"
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TABLE 2.7 BANDPASS FILTER PARAMETERS (GIC SYNTHESIS)

J ™ | M2
1 -6.62093x1071 6.52075x107"
2 -6.85617x10" " 6.75886x107 -
3 | .-6.76108x107" 6.53564x10" "
' !
O//‘ . ' . ‘ ‘ .. r

TABLE 2.8 DELAY EQUALIZER PARAMETERS (GIC SYNTHESiS)

/ ] , . j m_lj . ‘ ” ij
¥ -6.75325x10" 6.48386x10"
2 | -6.68576x107] 6.47733x107!
3 -6.82027x10"" 6.63578x10" "
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TABLE 2.9 LOWPASS FILTER PARAMETERS (CASCADE CANONIC SYNTHESIS)

———

j 03 LBy

1 0.7359 . -1.4084
2 0.4128 -1.1430
3 0.2757 , -1.0321

TABLE 2.10 BANDSTOP FILTER PARAMETERS (CASCADE CANONIC SYNTHESIS)

il Ny By By
1| o0.1700x1077 | 0.7859x10°® | -0.0753
2 | o.1210 0.8884 0.8052

3 -0.1210 -0.8884 0.8052
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TABLE 2.11 BANDPASS FILTER PARAMETERS (CASCADE CANONIC SYNTHESIS)

B

)

i 03 %13
= T | oemrs | -1.aee
-1.2737 0.98998 | -1.3141
-1.4109 | 0.9903 -1.3615

TABLE 2.12 DELAY

N -

EQUALfZER PARAMETERS (CASCADE CANONLE SYNTHESIS)

1,

[}
o .

0j 0j

BOj B1j
0.9731 -1.3237
0.9792 -1.3163
0.§816 -1.345§

/
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Wave realizations for the Butterworth lowpass fiiter, the
""‘bandstbp elliptic filter, and the bandpass e111ptjc filter can be obtained

" by using the following two steps:
1) Design a prewarped LC filter for each case.

2) Use the wave realization procedure described in ;

Section 1.2.5:

The prewarped LC filter for each can be obtained by using a proceduré
described by Antoniou in [43]. - For the case 6f the lowpass Butterworth

R . B \ . .
filter the prewarped LC filter is given 1n‘iig. 2.8a, where

!

€y = 0.5176 F - Cy=1.9319F /
Cc = 1.4142 F Ly=1.4142 1"

'T"f =1.9319 H - L = 0.5176 H

R =1.0¢9

lFrom step 1 of the desién pro;edure, the wire interconnections can be
jdentified as illustrated in Fig; 2.8b. Hence, .from steps 2 and 3, the
‘désign can be accomplished as shawn below. In this design Gij(Rij) is
the port conductance: (resistance) assigned fo the ith port of the jth

wire interconnection.

Series Interconnection # 1

R]l =R =1.0

= g. . = ’ :?‘;’{' P
R31"T L6 }.59301 720
R21 = R]] + R31‘= 2.59301 ‘f,

Hence from Egn. 1.8



R L Ly /LZ
NN iy Y\ - YY" p—
"1,[ == G== b= re |y,
& —o s
(a)

(b)

FIG. 2.8 Butterworth 6th-Order Lowpass Wave Digital Filter

(a) Prewarped Doubly Terminated LC Filter

(b) Identification of Wire Interconnection
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R
m . = 1L = 038565

Tsl Ry

Paralle] Interconnection # 2

1 ..
G = 5 = 0.38565

Ry ..

1]

—ro

G

64y = £ Cg = 4.35247

622-= GTZ+G32 =‘4.7381§

Hence from Eqn. 1.10

o
-

1

22

m_, =

p1 = 0.08139,‘

[

Series Interconnection # 3

= 0.21105

l.4

R =
1375
Ruc = 2L, = 5.,9458
33 = T Lg = 5.943
R .
mg =z = 0.03428
23 o

Parg]]él Interconnection # 4

| : .
G., = =1 = 0.16242
"6 =2 = 5.08577
34 =7 C3 =5, |
6y = Gi4*Gy, = 6.10819
g
m.. =% = 002659

Pl Gy
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Sefies Intercénnection # 5 o "
Ry = g =0.16371 . R
26 :
Rop = 2L, = 4.35247
35 T2 Tt
Rpg = RygtRyg = 4.51619
R
Mg = 7> = 0.03625 .
25 . L

Parallel Interconnection # 6

|

g = g = 0-22143
- k'
' = g = : ’
Gyg = 2Ty = 1.59301
f . - ¥~
Gy 1:0
Hence from Egqns. 1.10-1.11 |
26
- 16 ‘
m =0 . 015735
Pl GigtBpgtlzg " 0 '
26
26 :
m, = =20 = 0.71062 -
P24 GygtGygthag

The adaptors for intérconnections 1,3, and 5 are of type S1 ,
for interconnections 2, and 4 are Ef type P , and for inter-
_connection 6 is of type P2 . These adaptors are given in Figs. 1;1§a;
C1.13d. Rgp]acing each analog element in Fig. 2.8b with its digital
rea]ization,;aﬁcoridng to step 4;hresd1ts-in the wave digital fi1£e?

- ghown in Fig. 2.8c.
] . ¢
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L - . For the-tase pf'tﬁé_bénGStop e111pt16'f11tér, the prewarped
LC bandstop filter is given in Fig. 2.9a. The identiFication of wire

11nterdonnect10ns1is shown in Fig._Z.Qb; and the compiete wavé digital
filter is given in Fig. 2.9c. .Sim11hrT§, for the bandpass elliptic
filter, the prewarped Lc bandpass f11ter is given in Fig 2. 10a, the
1dent1f1cation of wire 1nterconnections is i1lustrated in Fig. 2 10b, v
while the comp1ete wave digital filter is given in Fig. 2 10c The
.mu1t1p11er constants for both bandstop and bandpass‘f11ters are

catculated by using the expression in Egns. 1.8-1.11, as shown in

Tables 2.13—2.14.

2.5 GENERAL COMPARISON
. ‘ | | 1 " P .

One 6f the principal factors in eva]uat%;é‘a d{gjtal fFilter
structure is its computational. eff1c1ency The computat1ona1 effic1ency
enta1ls three basic criteria, namely, the number of ar1thmet1c operat1ons,l
the speed of processing a s1gna1, and the degree of para11e11sm “Using
these cr1ter1a a comparison can now be made between GIC cascade canonic,

and wave structures.

~2.5.1 _Number of Arithmetic OperatiOn

‘The number of.akithmet1C'bperétions for the various filter

.structdreé obtained in Section Z.Q'Qre tabdiatéd in Table 2.15. As can
be seen, the 16wpass and bandpass canonic structures are more economical

‘ghan the corresponding GIC structures, a]though the dlfference is-

marg1nal in the ‘case of the Towpass f11ter (one add1t1on per section).

o
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(a) Prewarped Doub'ly Termmated Lc Bandstop Fﬂter
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FIG. 2.10 E]liﬁtic 6th-Order Bandpass Wave Digital Filter

(a) Pféwarped Doubly Terminated LC Bandpass Fi)lter
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TABEL 2,13 MULTIPLIER VALUES OF THE BANDSTOP FILTER (WAVE SYNTHESIS)

Aﬁgptor v Type K My OF Mgy
1 s1 ] 0.46116 \
2 P1 1 0.5
3 P1 1 ' 0.44706
4 ST . 0.5
5 P 1 0.5
6 sl 1 0.99637
- . B 1. 0.61789
7 s2 . -~
_ ' —
. 2 0.63737 ,-
. 8 p1 1 T ools
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TABLE 2.14 MULTIPLIER VALUES OF THE BANDPASS FILTER (WAVE SYNTHESIS)

Adaptor Type _ K ) mpk or m.y
1 Pt J 1, 0.01103
2 Mmooy 1 0.16391
3 Y 1 0.06301
4 51 o 0.83609,
5 P! S 0.16391
. ‘ . ?
6 Pl 1 0.0026
1 | 0.11855
7 p2 -
4 . 2 0.02075
g | m | 0.16391
}
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‘For the bandstop filter, the canonic and the GIC struttures are essentially

of the‘same complexity because the elimination of one.mu1tip1ication in -
the eese of the GIC structure tengs to compensate for the extra add%tiohs.
For the delay equalizer, however, the GIC structure is more economical,
since'dnly six multipliers are necessary, as opposed to the nine required

by the canonic structure.

The wave structures, on the other hand, are,the least
economical as can be seen in TaB1e 2.15., For the lowpass filter, the

wave structure requires an extra muitiplication and seven extra add1t1ons

- re?at1ve to the operations required by the correspond1ng GIC structure.

Al

Similariy, for the bandstop or bandpass filter the wave structure requires

two extra inversions, one extra multiplication and ten extra additions.

-4

2.5.2 Processing Speed

The speed of processihg a §T§n61.in a digital filter depends
pr1mar11y on the time needed to perform the multiplications throughout -t

the filter- since the time needed to perform one multiplication is much.

greater than that needed to'perform one addition br inversion. Therefore,

the number of multiplications in a digital-filter structyre must be kept

as low as possible to min%mize the pracessing time.

Because of the above fact, the canonic and GIC structures for

the lowpass filter have nearly the same speed, ‘as can be seen in Tab]e 2.15.

,For the bandstop f11ter.-the extra multiplication required in the canon1c

‘structure is approximate]y equ1va1ent to the ]2 extra adg‘tions in the

GIC structure. Therefore, both structures will operate at approx1mate1y
the same speed, ‘The canonic bandpass structure has a somewhat higher

speed than the GIC structure because of the extra additions in the
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latter case. For the delay ‘equalizer, however, the GIC structure will
' operaté at a higher speed than the canonic structure, since the three
extra multib1ications in the Natter case are much more time consuming

‘than the extra additions in the GIC structure.

Wave structures in general have the lowest speed as compared
to the other two types of structures because of the higher number of

multiplications and additions required, as can be seens in Table 2.15.

2.5.3" Parallelism -

A digital-filter structure is called a cohplete1y paraliel
structure [8], [24] if all the arithmetic operations throughout the filter
can bé completaed within the time needed to perform one mu]fip]ication.
Othérwise, the structure is called partly para11é1. ‘The degree.of

_para11e]imﬁ in a‘digifal-f11ter sﬁructure'éan be 1ncreéséd by computing
as far as possible different multiplications simultaneously. Therefore,
a gfeéter'aegree of para11e1i§m would 1n§olvé an increase in the number

of addeps- and multipliers [8].

A useful ﬁﬂi to study the degree of parallelism is to plot for
each structure the time necessary to compute one filter cycle, designated

by.xTf ’ against' M the number of distinct muitipliers used in the

L

c
% implementation [24]. The time necessary to compute one filter cycle i:}
can be rouglily approximated as ' . : f : R .
T =k, -
fc‘ fc m

where k. is an integer and T ‘is the time needed to perform one
c . i B -
. . . ! _
multiplication. A technique for the evaluation of -Tf was proposed
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by Crochiere [24]. This was used to construct the plots of

‘Figs. 2.11a-2.11d fer the various types of filters con;idered.

~ For the lowpass, bandstop and bandpass filters considered,
the cascade cenonicletructures are the only completely paralleil structufes,
as can be seen in Figs. 2.11a-2.11c. The wave structures and GIC
structures are both partTyapara11e1.r However, the GIC'strucfures have
a higher degree of para1]e1{sm than the wave structures, as can be'eeen
~in Figs. 2.11a-2.11c._ For the delay equa]izer, both caecade canonic
ane GIC structures are partly parailel. However, a hiﬁﬂer degree of
paralie!ism is inherent in the GIC structure, as can be seen in

Fig. 2.11d,

2.6 CONCLUSIONS

s
A digital-filter synthesis has been described, which uses as

 a basis an ana1og configuration compr1s1ng of resistors and generalized-
1mm1ttance converters. The synthesis has been used to derive a set of
universal second-order digital sect1ons which can be used in cascade to
‘rea11ze filters or equalizers. The synthes1s Ees illustrated by . .
designing a lowpass filter, a bandstop filter a bandpass fi]%er and an
eqﬁa]izer. The three filters were then’ des1gned by us1ng the cascade

N -

“canonic and wave syntheses. - ! : | \

The GIC f11ters obta1ned were then compared with the cascade
canonic and wave d1g1ta1 filters in terms of the number of ar1thmet1c ",
operat1ons, processing speed, and the degree of para11eljsm. It was

found that for the lowpass, bandstop, and bandpass fi]tere,fthe GIC
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- structures are more eff1c1ent than the corresponding wave structures.
The GIC structures fbr the 1owpass and the bandstop filters are .of the
.Jsame computationa1 efficiency as the cascade canonic structures For
the bandpass f11ter ‘on the othet hand the cascade canonic structure is
more eff1cient than the GIC structure while for the delay equalrzer the
GIC structuré is more. efficient than the cascade canonic one. It shou]d
be pointed out that the number-.of unit de]qys used in the GIC structures

" is.always minimal. . o .



‘Subsequently, the GIC synthesis is compared with the cascade cénonic and..

CHAPTER _3
PRODUCT QUANTIZATION

“3.1° INTRODUCTION

As was pointed out in Section 1.3, the word1ength in a fixed-

,_po1nt dig1ta] filter 1mp1ementation must be finite. As a consequence all

1nterna1 s1gna15 must not be allowed to exceed a certain prescribed :

. maximum Tevel. At the same time the s1gna1 levels throughout the filter

must -not be gpduiy Tow, since if this is the case the signal-to-noise
ratio will be.poo}.- Therefore, for optimum fi]ter-per%ormance suitable

signal scaling must be employed. T

In this chapter, a signal scaling technique is described, and

.is applied to the varioes digital filters designed earlier in Section 2.4.

The effect of product quantization in these filters is then studied.’
. . . - . '}

wave syntheses, from the point of view of.product qhantiiation. The
arithmetic,is assumed to be of the fixed-point type thcoughout while

numbers .are assumed to be in 2's complement representation.
\ P

" - . ' 3.2 SIGNAL SCALING

4

" . A commonly used.signal scaling teghnique applicable to fiked—
ecint 2's coﬁpleﬁént digital-filter ihp&ementatioeégis one due to
Jackson E44] [45]. In this approach, a sceTing mu1tip11er is used at
the 1neut of the filter as shown in Fig. 3.la where A is chosen such

that the magn1tude of the 1argest mu1t1p11er input 1s bounded by M if
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the filter input x(n) is bounded by M ..
. / -
L

Let us consider a structure with only one multiplier such as

that in Fig. 3.1b. The convolution summation yields

vin) = T an (Kx(a-k) . (3.1)
= S |

where hm(n) is-the impulse response between the input of the filter’

and the input of the.mu1t1p1ier. .The z transform gives
X(z) = 3 {x(n)}
Ha(2) = 3 {hy(n)) | -

and hence from Egn. 3.1

v(z) = Aﬁm(z) X(z)

The inverse z transform of V(z) is .
4 _
T = b (k@™ (3.2)
2nj m . e :
F ’ '

where T may be taken to be the unit circle |z] =1 . By lTetting

2z = T Eqn. 3.2 can'ée written as
ms » P _
v(n) = - J M (e3T)x(edTyed™T o (3.3)
s _
0

where W is the samplige frequency.. We ¢an now write

w
S

[v(n)] £ © max |x(ej°’-T)l}wi-J (e a2 T (3.4)

;m;ms 5 0

-



: - B6 - . B '
4 . e -
. or . . . P | .
_ S W . :
lv(n)| <, { max IAH (eJmT)l —l-J _IX(eJmT)l dw "~ (3.5)

" 0< m<msl . Wg 0

- E
1‘

- This inequality can be expreésed in terms of Lp notation The L norm

of an arbitrary periodic "function A(eJmT) having a per1od ws ﬁs.
defined,a§
. w -
s . - - .
‘ S I 1 ‘ )
|1A1|p—t-u—,-f ATy P 3!/ o e (3.8)

0 -

-

for each p>1 . The Lp norm exists if
w t

] s ‘T . .
[ 1A(eeTY|P do < =

4

and if A(ej”T) is continuous Lim |lA||p

exists and-is given by N ' -
Al = max a(e¥)] f (3.7)
Oéyéps . L -

Now by using Eqns. 3.6-3.7, Eqn. 3.4°can be put in the form,

N

' /
vl < X, Tl - (3.8)

Similar1j, ffom Egn. 3.5‘

vl s Al L (3.9)
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4

Also, by.applying thp Schwarz inequality to Eqn. 3.3, we have

- _ B we -

: lv(n)i.g{l—jL' ]‘ainm(ej"”)[zdm}”?{‘azj lx(n)l any'/
. 1Ts - 5 3 )

=L . ’

S o
|V(n)| e [lbatglly - TXll, - (3.10)

In fact it cam be dhown that Eqns. 3.8-3.10 are particular cases of the

genefa1 1nequa1jtyr

lv(n)l llell HXHq o L3 .

(see Ref. 45) wherg the rélation'

Prgar  omeazl i
must hold.

JmT

: 3
In the special case when AH (e =1, Eqn. 3.11 is still

valid . Also from Eqn. 3.2 (m)=x(n): Since JREI for all pz) ,)
we obtatn from Eqn.\3.11

|x(n)] 2 IIXII TToradl 62l
. and if B e
NPOPRIHINEY. i '
Eqn. 3.11 yields o : o '

ol an bl ST

.
e e o e i e e

C.
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Theréfore, [x(n)| and |v(n)| will be bounded by M provided that ..
. \ . , o

il <1

- - T N
. . - -
- r - .
-I N . ~ %
A ——y -

A s
AL MES

PRI

or .

For maximum signal-to-noise ratio the maximum permissible value of 2 A
should be chosen which is S _ S .
N R 1 ' . ;
[Hll,  max {H (D] |
m!teo m
U;Qtus

-

The same technique can be extended to structures having more

than one multiplier. In such structures the scaling multiplier must be

" computed” as l : ' B

1

A ——
marl[HmiL+m

where Hm]’ Hm2’ ... are the transfer functions between the input of

the structure and the input§ of the various multipliers..

‘ . To illustrate this fechnique, consider the. second-order section
" of Fig. 3.2, §nd Tet Hm(Z) and H(z) . be the transfer functions‘between
the section input and ;C] and between the section input and section
outpug; respectiﬁely. The signals at nodes CZ and. 03 are de]a)!ﬁ
versions of the signal at node Cj' Therefore, the 1hputs pf all

. ) 4
multipliers are bounded. by M when x(n) 1is bounded by M , if,'
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y(n

~

FIG. 3.2 Canonic éecond«Order Section

/

K



* the §6a1ing multiplier constants can be determined as

for j=1,2,...,L-1 where,,

. : N o
and’ . ' ’ B ’ |3

ol R

. 1
k—
max{IIH ceJ“'T = HH(eJ‘“T)II}

For a cascade connection of L -second-order canonic,sections,

. -

1

7T —
1 max gl TR

~—

i

f
6

/.

; ,
i Hag = m(J+1)(erT) E (eJmT)

‘ i=1
; J+.I 4 o, B .
. Ry = T H (ej“T) N
J . “t S <¥: .

The GIC 1owpass section shown in F1g 2 -%a, can be represented

by the flow gpaph of Fig. 3.3a, where S : o

1]

HA(z) Ny (2)/0(2)

Hg(z) = Ng(z)/0(z)

Hp(z)

Ny(2)/0(2) 5”'

are the transfer funct1ons between sect1on ‘input and nodes A, B and D,

respect1ve1y, ‘in Fig. 2 5a. The po]ynom1a1s A(z), NB(Z), ND(ZL

D(z) are givenin Tab]e_3.1. The optimum vaiue of X "for maximum
- - ) vt
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FIG. 3.3 Signal Scaling of GIC Structure -

(a) Flow Graph Representation of GIC Section

(b) Flow Graph for Cascade Realization

»

.
PR e, .
. _Q‘
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TABLE 3.1 POLYNOMIALS IN GIC SECTIdﬁS

Type’ No(s) : ND(25 Np2) Ng(2)
. 4 . ) . . A'
e |7 by (i) (z+1)2 (2-my)(241) | (1amy}(241)
HP £ | ()21 | (2 (z-1)  [-(Tmy)(2-1)
| BpP b1s _ (m1+m2)(1-z2)-. -(22-2m.2z+'1) ' -(22+2m]z+1)
N aghs? | kgllm (24102 | kg (z-my) (241) | kg (1amy ) (241)

%;?(]+m2)(z-1)2 -(14m,)(2-1) | +(z4m ) (2-1)

R

2 2{(1+m.l+m2)z2

) ‘\ . 7 .
AP bg-by s+ zxs‘-2m2z+1) 2(22+2m]z+1)

+(m1-m2)z+1}

D(z) | 22+(m] =M, yz+(1m, +m, ),

L3
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signal-to-noise ratio [44], can

3 .

be shown tobe

4

“max {1}
where, from Eqn. 3.7

max |
WZHg

|[H(edTy|1_ =

Similarly,.a cascade connection

by, Fig. 3.$b._ In this case, maximum signal-to-noise ratio can be achieved:

if

o

(T |

 Tlege® N, Hrge® D11

®

nedeTy|

of L GIC sections.can be represerited

1.

t

ffor §=1,25..0y L-1 , where.

xi'mag{1|TAjl|m; 11T 1. |

| ] . '
Aa = . . - -
| L, @ 0. g (D1 [N
. v oo
and
TAj‘ = Baeye®h) o (e3T).
' . i= . -i
B T, 4 .
Ty = Hgsa (™) mHy (edeT)
J - 171 i.
B Y L
TD- = I HB (eJmT)
jooa=1 Pi



If IITD(L 1)Il < max {lITAégj:)ll liTB(L-1)‘lm} an additional

-
-

multiplier with a constadt value of ~

1 ' - . g
. =1 : : . R '
L &M et -

L]

. ™ :
may be used at the output of the filter toﬁraise the output to the -

maximum permissible level. Such a multiplier was found to be unnecessary

in a number of. cascade canonic filters. -

) ‘The above scaling technique can a1so he extended to wave
dfgita]-f%lter structures [46]1-[47]. Consider the wave digital filter .
of Fig, 3.4a and.let v11(n) and vz.(n) be the inputs of the mu1t1p11ers
in the ith adaptor. Sca11ng can be accomp11shed by using two sca11ng )
“ mu1t1p11ers at the input of each adaptor, as f1ustrated in Fig. 3 ab.

The sca11ng mu1t1p11er constants for each adaptor must be reciprocal of
each other [17], [46], [47] so as to preserve th original trarsfer

1+ +function of the %i]ter © Assuming 2-mu1tip1ier adeptors, the inputs of
the mu]t1p11ers in adaptor 1, namely v11(n) and v21(n) , will be

bounded by M if x(n) is bounded by M prov1d!ﬂ that

Ay = — 1 | '
1 o
'max.{HH-”Hw L] lle]Hm] i} ‘

where 'H1](z) and HZ](z) are the transfer funct1ons between the input .

f the filter ‘and the inputs of the mu1t1p11ers in adaptor 1. Similarly

.‘-lv12(n)k‘, Itzz(n)l < M
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FIG. 3.4 Signal Scaling in Nave'Diéita1—Filter Structure

N e ’ :
(a) The Wave Structure before Scaling
5 ' T
( ”
4 hY
/ ' !
. Vs
t 3
- i
.2 .
/" ' -
) g .
l} .. '



~ o
I

” 0 0
1/)\1 i . : 1/12
(b) . oy
FIG. 3.4 Signal_Scaling in Wave Digita]-Ffoér Structure

fb) The Wave Structuré after Scaling

-

o, St // o



when

Ix(n)] ¢ M .

provided that

o -] .

max {l |.H]2| |m 3 I|H22“"°}

where le(z) and sz(z) are the transfer functions between the input

of thq'filter and the inputs of the multipliers in adaptor 2. Proceeding o

in the same way Ag, Ags+-- can be determined. The same procedure can
be' applied if §ome adaptors have only one multiplier. For example if

adaptor 1 has only one multiplier we can assign

1

8 e—

A . -
1
NI

and so on.

The scaling multipliers can be incorporated in the adaptors

{173, [47]. For example type S1 adaptor of Fig. 3.5a can be modified
as shown in Fig.-3.5b. Similarly, adaptors P1, $2, and P2 can be
modified as shown in Figs. 3.6-3.8.

|8

3.3 PRODUCT QUANTIZATION ERRORS

The'outpﬁt of a fini#e wordlength fixed-point multiplier can
be written as - ' ;

QLa,x(n)] = a;x(n) + e(n)



9]

(b)

FIG. 3.5 S1-Type Adaptor after Scaling

(a) Block Diagram Representation

(b) Hodifjed‘Adéptor Incorporating the Scaling
Multipliers : :
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FIG . 3.6 Pl1-Type Adaptor éfter?Scaling

(a) Block Diagram Represen?afion

(b) Modified Adaptor Incorp:rating the Scaling
' Multipliers '
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\

FIG. 3.7 S2-Type Adaptor after Scaling

(a) Block Diagram Representation

{(b) Modified Adaptor Incorporating the Scaling
- Multipiiers

L)

da
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FIG. 3.8 'P2-Type Adaptor after Scaling

{a) Block Diégram.Representation

' - (b) Modified Adaptor Incorporating the Scaling
Multipliers
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where aix(n) and. e(n)’ ;}e the eiact product and the ‘quantization

error: respectively. Heht% a fixed=-point multipliier can be repreéented

. by the model of Fig. 3.9a, "where the multipiier shown is ideal and e(n)

is a noisd source. If product quantizatidn is carried out by rounding,

e(n) is a Yandom variable in the range

Feem<F o

where q 1s the spacing between quantization steps. -

. In the filter section shown in Fig. 3.2 each mu1tip1ier.caﬁ be

replaced by the model of Fig. 3.9a; to yield the equivalent structure

shown in Fig. 3.9p. Each noise source ei(n) is a random variable with *

a uniform probability density, thatiis

1/q  kw'%ﬁe#M;%
p{ei(n)} = { -
0 . otherwise

as illustrated in Fig. 3.10. The mean of ei(n) is given by

I ei(n) p{ei(n)} d{ei(n)}

E{ei(n)}

=0
K - i
. oo
" The variance of ei(n) can be expressed as
02 = E{[ei(n) - E{ei(n)}]z}
i -

but since

(3.12)



r(b).

~

Multiplier Noise Model

’

Moise Model for a Single Multiplier m

Noise l‘-1cfde1 fog a Seco_nd—Order Canonic Section

f
]
14

’
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_E{eitni} =0 ‘
we have, e h
o - E{ei(ﬂ)}z |

-

i

Therefore, the variance 02 gives the average power of . ei(n) . The

i
variance can be determined as
L 02 |
2 - a2 2
o = E{ri(n)} = J {ei(n)} p{ei(n)} d{ei(")}
,i . . . " '_"’;
. L, . . -q.lz. - : . \ '
-rJ’ - . f e . .' '
2 N '
= 3 S
17 (3.13)

Now, if the peak value of each noise component is much smaller
relative to the value of the signal at any node, the ﬁq}{:iing two

‘assumptions can be made: o ‘

(i) .ei(k) and ei(n+k) are statistically independent for
any n (n#0) and any -k,
(i) ei(k) and ‘éj(n+k) are statistically independent for

any n or k (i#) .

The impiications of the above assumptions are as follows.

The autocorrefation of a random process x(k) is defined

as

r (n) = E{x(k)x{k+n)}

Hence, the autocorrelation of the process éi(k) can be written ‘as

/
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LJ

rei(n) = E{eitk) ei(n+k)}
?dr néO
ro (0) = ECey () - - B (3.14)
1 ‘ . ' ’ *
7 3 | ) : . A )
Thus, from Eqns. 3.13 and 3.14 - - | o
i ’ 2 . - T I V : “‘
rei(o) . S 318
= average pdwér of e,(k) o ‘; ‘ o
) ) ) , .-. '\. . /I
On the other hand o ] | MKT
o (n}]: = E{ei(k) ei(n+k1} : - '
i nfo - . -

and hence by virtue of ;hp'first assumbtion

ro (M1 = Efey(K)} Efe;(n+k))
i n#0 .

Since the mean of each noise source is zero, the above equation gives

ro (M)] =0 } - 3.18)
i n#0 . .

Therefofe, from Eqnsf'3.15 and 3.16-

2
1 s(n)

r. {n)-=
e 1

where, &(n) is the impulse function..

-

The power spectral density (PSD) of éi(n) is readily obtained
as [43] '

R N .3
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ej?T\\P

q | :
S 5(n)}]z=eij

1

. | r
Se (W) = & re, (M1 _

2 . -
. ‘_‘_“!' -‘l. ) _ ) . . N
A F ' . '
that is, eiﬂk) is a "white-noise" process.. - e ) ‘

- ., . ) ) \\ . i : ‘. .,_f .. "..l 3
The autocorrelation of ‘the sum of processes eilk) ahd ej(k)

is

e, (7). = BT (KD (0] (v (n4)

‘and from the second assumﬁtioﬁ, we can write

‘ﬁ

" .;e.(") re,(n) +rg ()

- J

Thérefore, the PSD of the sum of processes é%(k) and ej(k) is givsn

by

1]

S (w)

e.+e,

{r. (m)}]
ite;- 3 'e'i+ej 2= JwT

e

-

1]

ES{rei(n) + res(n)}]

z=e3T

S (w) +S_ (w)

e; N ej

i.e. the PSD of a sum of two stafistical]y_independent process ei(k)
and ej(k) is equal to the sum of their respective PSD's. Because of

this 5roperty, the noise PSD at the output of a digital filter can be

3
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L

/;;E%

readily deduced by usiﬁb SUperpositidﬁ.

Y

L For a digital filter with 1nput x(k) , output y(k} and

transfer function H(z) , the z .transform;pf ry&n)

of r(n) by [83], [48] | LT

:
i
S

5,(2) = H(z) Hiz™) 'Sx(z}; |

4,

is re]ated to that

where, . S (z)t (z) are the 1nput and output PSD 5 respectfvely

By us1ng the superpos1110n theorem in the filter sect1on of

Fig. 3.9b, we ‘obtain- A‘ .

.Sy(;t

n’

Si(z){ZH(z)H(z'1')+3} |

where the quantity S (w) s the pPSD of the noise generated by one

-1y, ' ‘ .
H(z)H(z‘ ){Se1(z)+Sea(z)}+ﬁ§é3(szSe;(z)+Se5£§)}

2 .
mu1t1p11er, wh1ch is equa] to —a4— . Therefore, the output PSD due to -

12
all the noise sources is deduced as

5 (u) = S;(m [2|H(eJ“T )12 +3]

+.

.

A similar ana1ys1s can also be app11ed to the GIC structures

and the wave structures. The GIC universal sections of Fig. 2.5 w1th

sca]1ng employed, can be representéd by the flow graph of F1g 3.11,

where the dotted branch pertalns to the N- sect1on only. Straight forward

analysis gives the transfer functions between nodes

(see Fig. 2.5 ) as”

Y

E, F and output
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FIG. 3.10- Probabjlit&-nensity Function of the Qﬁantization:Nqise
| ' in Fixed-Point Arithmetic '
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tole) - %_L

L
where, D(z} is givenlin Table 3.1. . - : /

The.oetput noise PSD.for each section can be readily e#pressed
as 4 o '.. :’ v

- :
5,(0) = s (m){| (eJ“‘T)l +|HF(eJ“’T)| +2|H (e*“"T Ny

-

i . +
" where, H (eJmT) =0 for LP, HP, BP, and‘Aﬁ sectioﬁs.

An interesting and 1mportant observat1on £an be made at this
pd1nt (z) is a bandpass transfer function in each of the five.
seciaonsﬂ Hence no1se generated. by mu1t1p11ers ms and m2 will be
*attenuated at Towas we11 as high frequenc1es, becoming zero at w=0
:’hnd w /2 . This feature is part1cu1ar1y useful in 1owpass and h1ghpass

f11ters because it will lead to reduced 1nband no1se ,PSD.. By contpast, |
| the cascade canon1c section, no1se companents due to denominator
myltipliers. are subjected to the same transfer funct1on as the signal
and tnpse due to numerafor multipliers appear. unattenuated at the output

[45]. Hence the output noise PSD in this case wi11 tend to have the

form of the filter response._

- For a cascade rea11zat1on comprising L, sect1ons (LP, HP, BP
or AP), andscaled accord1ng to Fig.- ‘3. 3b the output noise- PSD for

GIC Structures ¢an be showh o be R

- %
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5,(w) = 5, (w)[1+ { {IH (39T} +2|H (eJ”T)] - A2
L . J" J J . .I='J

+

Similarly, for cascade canonic structures with the sections emp]oyed of .

the type shown in F1g 3.2, we have . B

(e39Ty| %]

: o ]
. T 2
5, (w) =kSi(m)[1+1§]{3|HD (e9°T) 1243} 1 Ay T |Hy

i =t gEiv Yy

]
For the wave-.structures, similar expressions can be derived;

however, these are extremely Eomplicated and ‘are not given here.

3.4 COMPARISON o ‘.

The digital filter structures obtained”in Section 2.4, were
investigated from the point of view of ‘product-quantization effects.
Then the varjous filters were compared. Each filter structure was scaled
according -to the procedure given in Section 3.2. y

‘The noise PSD of these filters were obtained accoiéﬁqg to the
following siePS: ' '
[ .\".' .
(i) The canonic and GIC structures of each filter were

scaled‘for all possible Section sequences [45].

. {i1) The noise spectrum for each filter structure was

obtained by computing the relative PSﬁ.g{ven_by

' PSD = 10 logyy, (S, (w)/s; (w)}
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(111) The optimum seqtion sequence from the point of view
e .

of signal-to-noise ratio was chosen for each synthesis.

The scaling multipliers and filter parameters for both /
canonic and GIC struéturgs of the fourbfilters designed in Section 2.4
are summarized in Tables 3.2-35. For the wave structures, the scaling

mu1t1p11ers were 1ncorporated in the adaptors

The resuTts obtained for the noise spectrum computed according
to step 2 above are g1ven in Figs 3 12-3,15, As can be seen in
Figs. 3.12-3.15. the GIC synthes1s leads to a significant improvement
in the inband sjgnal-to-noise ratio in the lowpass and bandstop filters
and also in the.delay ehua]izer. For -the bandpast'fiTter, howevéh, a
better herformance can be achieved by using the Sedlmeyer-Fettweis

-~

approach.

- For the lowpass and bandpass filters, the wave structures
hate better inband signal-to-moise ratio than the corresponding cascade
canonic structures. For the bandstop filter, however, the cascade

. _ .. .
canonic structure is preferable to the wave structure. '

3.5 CONCLUSIONS

A

The effect of. product quant1zat1on has been exam1ned by

) ‘eva]uat1ng the PSD of the quant1zat1on no1se superifdiposed on the output

s1gna1 in the digital filter structures considered. The digital filter
structures of interest have been scaled by employing a scaling techhique

due to Jackson. The various structures were then compared.,

c
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An attractive feature in the GIC structures is that the“
quantization noise generated by multipiiers .m, and m, is subj?cted
to a bandpass transfer function in each of the universal ségtidnﬁ; S
Because of this fact, the GIC.synthegis yields lowpass and bandstop‘ .

filters, and also digital equalizers with improved inband signal-to-noise .

‘ratio relative to that in the cascade canonic and wave syntheses.

-

For the lowpass and bandpass filters, the wave structures have

better inband signal-to-noise ratio than the corresponding cascade

canonic structures. For the bandstop filter, however, the cascade

canonic structure is preferable to' the wave structure.

/

™
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GHAPTER 4

COEFFTCIENT QUANTIZATION

4,1 INTRODUCTHON

-

As was pointed out in.Chapter 1'§uantizat10q of the transfer -
function coefficjentﬁ 1ntr9duées per?urbations in the zeros an& poles
of the traﬁsfer_func;ioh, Therefore, coefficient duanfization errors
manifest themselvéslas errors 1;';ﬁe frequency requpse, which tend to .

»* ipcrease as the wordlength used in the ihp]ementat%on is decreased.

-

~-In this chapter, a bf1ef review fg? the sensitivity anéﬁysis
of a digital filter is first given. | Next, a proceqﬁre for eva1uating
the exact wordlength as we1] as a procedure for eva1uat1ng a stat1st1ca1
word]ength are described By using these procedures, the requ1red word-
lengths for the various d1g1ta1 filters considered in Sect1on 2 4 are
obta1ned. Subsequentﬂy, a-compar1son is made between thg GIC synthesis

snd the cascade canoni¢ and wave syntheses.

4.2 SENSITIVITY ANALYSIS

This sect1on provides a Sensitivity analysis which can' be used

o study the effects of coefficient quant1zat1on

L]

Conside? the digital network &hown in Fig. 4.1, and let H(z)

. be the transfer function between input and output. The sensitivity of ©

H{z) with-respect to variations in coefficient a; is defined as
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AP |

s .= 20} - ‘ ~ | (4.1)
a. %ai . . -
-I . - Ll A
This formula can be expfegsed-as o ‘ ' .
O e {ng)} L

by using the transpose or adJoint approach [49], [50], where A (z) ,

is the transfer function between the input tor ‘the f11ter and node A ,'

-~

and Hg (;) is the xransfer function between node E; and the output'

i -
of the filter. ~ By letting
H(e3WT) = Mw) eJ8) 7 e (4.3)
| ‘ ‘ | o . ‘ | " '
where M(w) , and - 6(w) "are the~ga{npahd phase shiftsof the’f§?1e$,

péspectively, Eqn. 4.1 gives

Can(e®T) | ammia)ed® () a

3dj day - .
- - * . - ) .. ) - . 3
_=_e§6(m) SZ +jM(q)'eJa(w} 52 _ v e (4.8)
S i S i. S
- o jpT - juTy = - S -
. = Re {Eﬁlgg——l} + {—ﬂigg-—lé J— ' (4 5)
S - IR T mo Ry . LR
where o . ‘ o : -
M aM{w) 8 _8(w) C o - -
“ S = 3 S - .ot - -
3 ™y oy @y . |

After some mqniéslation,’ths. 4.4 and 4.5 give

-
L)
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B 3”1—1 - cos{e(m)}[Re {—H(-e—)—}]+sin{8(m)}[lm {—“(e—l}] (4.6)

¥

‘3a

The quéntity 3M/ea; is known as the sensitivity of ‘the gain with respect
- / A . :
to variations in coefficient a; . The gain sensitivity can be evaluated - -

-

by using the following steps: = . ST b
o c o ;'7(1) Form.the real and imaginary parts of the quantity

S by using Eqn. 4.2
a; , )

(1) Find the phase angle 68(w) .of H(eJ“T)

(117) Compute oM(w}/3a; by using Eqn. 4.6.

. The above 'sensitivity éhalysis can be readily carried out by
obtaining the various transfer functions of the digital filter structure
ﬁ\\\\uf‘ under investigation. For the canonic section OFAFig..4.2 the required

transfer functions are

\(nm)z _ ' - ‘.

A(Z)' 5 '
% + B Z+ B0

* 1+m1
Hy (z2) = — -
T2 z ‘f-B]z ¥ B0
and
: ! 22+22+1
| Heo(2) = He (2) =
1 2 - -+ B]z + B0

Similarly, for the GIC section of‘Fig. 4.3 the required transfer
. . p

"functions are - , \
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FIG. 4.2 Second-Order Canonjc'Lowpass Section HNodel.

for Sensitivity Analysis
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FIG. 4)3 Lowpass GIC Second-Order Section Hodel for
Sensitivity Analysis '
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' zz+(1-m }z-m z
_ 2 2
Hy(z)-= —
27+ (my -my )z +14my 4,
(241)(1+m,) \
Hp(2) = —— y
z,+(m1-m2)z+'l+m1ﬂn2
qnd | == J
‘ oo 2'l
' _ z -1
HE(Z) =

2 'l'.
z,+(m1-m2)z+j+m1+m2,

The above sensitivity analysis can also be applied to wave
structures. The only difference is the expréssions for the required

transfer functions are somewhat complicated.

-

4.3 EXACT WORDLENGTH -

The.word]ength necessary to repfésént the coe%ficignts of a
digital-filter transfer function such that the desired specifications
can be exactly satisfied, is called the exact wordlength. This section
describes‘a procedure which can be used to eva]date the ekact'wordlength.

Consider, a digital fi]ter'characgerized by H(z) , and let:

M(w) = amplitude résponse without coefficient.

quantization ( =AIH(ejmT)|) .

a

'Mq(m)= amplitude response with the coefficients

quantized.

~MI(m)= idealized amplitude response.
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6p(63),= passband pband) tolerance of the amplitude

response.

* These quantitiés are illustrated in Fié. 4.4,
b

The effect of coefficient quéntizaﬁion is to introduce an error

!

aM  in M(w) given by
= M{u)} - MQ(@) - ' | - (4.7)

* The maximum permissible value of ~|aM| , denoted by AMmax(m) can be

deduced from'Fig. 4.4 as

6p-|M(f») - Hy(w)]  for w;t.up | .

Mpaxle) = : |
G-a-]M(m) - MI(NH_ w2l

- .
-
L] b 4

and if -

oM < oM (W) , - (4.8)

' , ¢
the desired specifications will be satisfied. The required wordlength.

can be determined exactly by evaluating |aM| as a function of frequencyj;‘z

for successively larger values of the wordlength until Egn. 4.8 is

satisfied.

. 4.4 STATISTICAL WORDLENGTH

Recent1y, a number of alternative approaches for the study of

coeff1c1ent quant1zat1on effects have been suggested [511-[63].

X BTN

e it A e
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0f particular interest here is the statistical approach proposed by
Avenhaus [59] and latter modified by Crochiere [Gd§; As will be shown,
this method leads‘to a fairly accurate estimate for the reduired wordlength.

The details of this approach are as follows.

Consider a fixed-point imp1ementatioﬁ and assume'ihpp
quantization is carried sut by rounding. The error in coefficient
. a, (i=1,2,...,m} , denoted by LER brouéht about by quantization can
assume any yalue in tﬁé range -q/2 to gq/2 , i.e. Aai is a fandom

variable. If LER is assumed to have a-uniform probability density,

that is
(Ve -a/2zpaza/?
plaa;) =
otherwise

then from Egqns. 3.12 and 3.13 | .

E{sa;} =0 . (4.9)
and " »

2 & S

“pa; " 12 . (4.10)

1

The variation aM in M{w) 1is also a random variable and is given by

0 M
aM =} say S
| =1
WHETE
M . BM!m!
Sai'— 3a. . ﬁlxﬂ.m
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] . r~ '
is the sensitivity of M(w) with respect to variations in LAy

Evidently, - . - -

~

M
s
1Y

E{aM) E(sa,} L '

n .
i3

.i
=0

according to Eqn. ﬁl9. If Aai and Aaj‘(ifj) are-assumed to be_

'statistica11y independent, it can bé shown that

2 M o, M2 :
a = d (S ) . ’ .
21 bajray -

and therefore, from Eqn. 4.10

2

2.2 ' o
oy = 9°57/12 : . (4.17)

where

For.a large value of m , &M is abprdﬁ%hate]y Gauésian; with

zero mean, and thus

p(aM) = ————— e - egiMee

°AM’(2“5

v

LV, LY

Consequently, aM will be in some. range -AM1;§M;AM1 with a confidence

factor y given by ) , .
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-

y = probability [|aM| 5_AM1]
AM]
2 "AM /20 :
- _Z_J e M4 (am) : (42)
» .
oy’ (27) g
By letting .
5
AM = X3\ ] :
5 . (4.13)
M= Xy 0y S /
Eqnl 4.12 can be simplified to - )
Xy - o o .
1 .
2
y = __Z__J e~X /% 4x - _ . '
- - ’(é‘l‘r)o . -

' Onee an acceptdee ;onfidente factor y 1is selected, a corresponding
value for- X "can be ebtained from p;e135hed'tab1es or by using a
numerjcaI method. The quant%ty AM1- is essentially a statistical bound
on aM .\ Therefore, if the wordlength is chosén such thet |

oMy ‘é_‘AMmax(m) | , _ . (8.74).

¢

the des1red spec1f1cat1ons will be sat1sf1ed to w1th1n a confidence
factor y . The resu1t1ng wordlength is sa1d to be the stat1st1ca1

word1ength'. From Eqns. 4:11, 4.13, and 4.14

oM, = x]qu/JTé < AMmax(m)



- 133 -
and, therefore

q . /T2 oM, ()/%5 (4.15)

o
r

~ The regigter length should be sufficiently large to accommodate
the largést coefficient. If the quantized value of the fargest coefficient

is

J 1 :

] bz @ ‘ -
i==k ‘

-

where bj and b_k#O'; then the required wordlength must be °

W{w) = 1+j+K : e | ('4-'5) -
By noting that g = 2K or
K = log, (1/q) a7y

and then using Eqns. 4.15, 4.16, and 4.17, the require result is

3

- obtained provided that the coefficient wordlength. W s chosen as:

> | - L (4.18)
- 2CVT2 am - (w) . - . -

where W(w) is the statistical wordlength.

The Qa]ue of X, is usually assumed to be 2 [24], [60]. This

" The sensitivities 52
i

corresponds to a confidence  factor y = 0.95 .

can be computed efficiently by-usiné the approach described in

Section 4.2. , S L
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The statistical wordTengthaiqvgenera11y easier to compute than
. sy R
. | R : :
the exact-wordiength because the latter involves essentially a trial-

and-error procedure.

4.5 COMPARISON 4

The coefficient wordlength required in each of the dihita]
filter structures designed in Section 2.4, has been computed.first by '

using an .exact method and then by using a statistical method. The

results obtained were then used to compare the various structures.

L .
=

The exact wordlength, for each fi1teé'structure'was evaYﬁated '

by-analyzing the structure on a genera1-purp3§é‘digita1 computer. The

- coefficients were assumed to be in fixed-point, 2's ;ompjement -

representation. The wordlength Waé assumed to take Jalues in the range
6-20 bits. The frequency response of-egch filter was evaluatéd and - -
compared with the desired response and the maximum. value of |aM[ over -
the passband was determined by using Eqn. 4.7. The average of |aM| .
and the normalized standard deviation over the passband were also obtained
for the same‘wordTength. These-three parameters are plotted against thel

wordlength in Figs, 4.5-4.13. From these plots, the following results

are evident:

P

) (i) For the lowpass and bandpass filters, GIC
Ry v
structures are less sensitive to coefficient. .

quantization as compared to the cascade canonic

-t -+

and the wave structures. ({

T
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- (11} The lowpass cascade canonic structure gives better
results thap the corresponding wave structure. On
the other hand, the bandpass wave structure gives
slightly better results than the correspdnding

cascade canonic structure.

(1i1) For the bandstop filter, the wave structure giveg the
best results among the three types of structures. -
For this filter, the choice between cascade canonic
and GIC structur;s is not clear cut. . In the cascade
canonic 'structure the quantity lAMImax is slightly
lower, while in the GIC structure the average of
jAMl and the avefagelof the normalized standard

deviation are slightly lower.

‘ - e
The statistical wordlength W(w) "was computed as a function

of frequency for each filterasfrutture. The values of.,x] and Aﬁmax(m)
. . - » 7 , .
~in Eqn. 4.18 were ij?umed to be 2 and 0.02 , respectively. - The resultg,
obtained are given “in Figs. 4.14-4.17. From these plots the fo]loﬁing

conclusions can be made: - €

(i} For the jowpas# aﬁa‘bandpass filters, the maximum
 value of.'w(m)' is approximately the same in the GIC
and éascade-canonic structures whiie it is higﬁer in
the wave structures. .However,,the average value of

W(w) over each passband is lower in the GIC structures

' relative to that in the corresponding.cascade canonic
: i\h__h_;__;/ " and wave structures. :
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- ¢ n
. .

" (ii) 'In the Towpass and bandpass cascade canonic
Qtructures, the average value of W(w) OVeRrsd.
each passband is lower relative to that in the.

corresponding wave structures.

| (111) For the bandstop filter, the max imum va]ﬂe of W(w)

L

and also the aﬁergge of W(u) over the pa%sbﬁnd
are lowest in the wave structure as compared to the
other two types of structures. For this filter, the
maximum_value of MW(w) 1is approximately the same

in both hIC and cascade canonic structures. However,
the a;erage of W{w) over the passband is lower in

the GIC structure.

(iv) For the delay equalizer, the maximum value of W(w}

is approximately the same in the GIC and the cascade
) - ' -
.canonic structures. g .

. 3

Evidently, the conclusions based on the statistical wordlength confirm
the donc1usions based'on the exact wordlength.- In fact® for x]=2.,. .

the statistical wordlength is equal to the exact wordlength to within

h

1 or ;é bits. ‘ ‘ _" _ : o

In the above analysis, variations in scaling multiplier
constants were negiected. . The'reqson_is that these constants are

. - e, : "
usually assumed to be powers of two‘jﬂﬁpraqtice.

’

]
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1

The coeffiC{ent‘word1ength required for the digfta] filters,
designed 1n Sect1on 2.4, has been computed first by using an exact .
method and then by us1ng a statist1ca1 method It is found that, the
statistical word1ength eva1uated with x1—2 and AM (m) =_0.02 agrees

Il

with the exact wordlength to with1n 1 or 2 bits.

By using the three parameters ]aMl , the average o!
| M| and the éverage of the norma11zed standard dev1at1on of the error

in th@ frequency response, the various structures were c0mpared For

the lowpass and bandpass f11ters the GIC structures give Dbetter resu]ts

" than the correspond1ng cascade canonic and wave structures However,

for the bandstop f11ter the wave structure g1ves the best resu1ts.

The Smne d1g1ta1 filter structures were then compared by using

the statistical word]ength as a criterion. The resu]ts obtained agreer

‘c1ose1y with.the resu1ts‘obtained by -using the exact wordlength as a

Y

» criterion,
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' CHAPTER 5
.‘ . A
CONCLUSIONS
. A
. 5.1 " SUMMARY

A digital-fiiter synthesis procedure has been described:in «

g which an anafog configuration comprising resistors and-generalized--
. immittance converters is simulated by employing digital elements. By

‘using the Synthesis, five universal second-order-digita1-f11ter-sectioﬁsq

have been derived, which can be used in cascade’ to rea11ze fi]ters or

“equa11zers The synthesis was used to de51gn a ndﬁber of digital f11ters,

b

namely, a Butterworth lowpass filter, an elliptic bandstop filter, dn v

K

‘e111pt1c bandpass filter, and a- deTay equa1izer Ad1 these filters were '
'alsd designed by using the cascade canqn1c synthes1s In-addition,.the.

‘first three of these filters, ‘were a]so designed by using the‘have .

synthesis of Fettweis and Sedimeyer.

By us1ng the computat1ona1 eff1c1ency as a criterion, the GIC
H
digital f11ters were compared with the cascade canoni¢ and. wave digital
4

filters. For the lowpass, bandstop, and bandpass f11ters, the GIC

structures are more eff1c1ent than the corres ondi ve structures
P ,ns_ua i

" For the lowpass and bandstop f11ters, the GIC structures hava the same

i

computational efficiency as the cascade canonic structures .However,
for the bandpass filter, the*cascade canonic structure is morg eff1c1ent
than the GIC structure. For the delay equalizer, the GIC struoture 1s

more effic1ent than the cascade canonic one.

The d1g1ta1 f11ter structu;EE‘EBfST::; in Chapter 2 have been

scaled by employ1ng a techn1ﬂue due to Jackson. The effect of product

- L . .

-
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" quantization in these structures.nas been examined by’eva1uating'thej ' .
power spectral densdty otathe'quantitation noise:superimposed on the
output signal. An_attractiie.feature‘found in the GIC.structures is
that the quantization noise genﬁrated by the interna1 multipliers is
subjected to a bandpass transfer function in each of the universal
_sections. Because of this fact the GIC synthesis y1e1d5’1owpass and
bandstop f11ters and also dela equa]izers with improved 1nband s1gna1- )
to-noise ratio relative to that 1n cascade-canonic -and wave structures
For" the 1owpass and bandpass filters, the wave structures give better
results than the corresponding cascade canonic structures Howeaver ,-

for the bandstop f11ter, the:cascade canonic structure is preferab1e to

the wave structure.

The coefficient wordlength requdred for the digital filters
des1gned in Chapter 2, has been computed Ffirst by using an exact method
and then by using a statistical method. By using the exact wordlength
as,a-criter1on, the various structures were compared. It was found that,.
for the 1owpass and bandpass ffﬁters; the GIC structures give better
results than the corresponding cascade canonjc.and wave structures.

_ However, for the oandstop Fiiter, the wave structure gives tne:oest results.
: fhe‘sahe conclusions were obtained when the statisticaI word1ength was

-

used as a criterion for comparison.

5.2 AREAS FOR FUTURE. RESEARCH

1
IS

Further 1nvest1gat1on can be carr1ed out in the area of error

analysis. The effects of product and coeffﬁclent quant1zat1on in GIC

\
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structures as well as sensitivity properties of these structures shou1d
Le studied for 1's complement aéd sign-magnitude number representat1on

J;d for the case of floating-point arithmetic.

Fad

GIC structures, Tike'other-digital filter étructures'are

subject to nonlinear: effects such as 1imit cyc]es Therefore, the
- existence of 1im1t-cyc1es in these structures should be studied and .
methods should be found for their elimination. Alternat1ve1y, 11m1t -

cycle bounds shou1d be deduced.

It has been shown in Chapter 2 that GIC structures are more
attractive than cdrrespondﬁng wave structures from tke point of view of
'computat1ona1 eff1c1ency Hence the imp1ementation of GIC structures by'

means of m1croprocessqrs and other modern LSI c1rcu1ts shou]d be pursued.

_ Chapters 3 and 4 have shown that GIC structures often resu]t
in d1g1ta1 f11ters with reduced product quant1zat1on noase and reduced

§
" sensitivities. Hence the use of GIC structures should be considered for

various app1ications such as time-division muljiplexing to frequency-
_ division multiplexing translation, channel filtering~and so on.

- F

fa
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