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ABSTRACT

COMPUTER-~-AIDED VEHRICLE DESIGN BYNTHESIS
FOR

HANDLING AND STABILITY

Roland Jonasch

The vehicle design engineert's task is to design or select
vehicle components to meet handling and stability criteria.
The thesis presents a computer-aided vehicle design synthesis
as a tool for the vehicle design engineer.

A mathematical model of the vehicle in lateral, yaw and
roll degrees of freedom is developed. A sinusoidal tire model
characterizing the lateral force and self-aligning torque as
a function of normal load, slip angle and camber angle is
used. A planar pullrod A-arm suspension 1linkage is
mathematically modelled and analyzed by the method of velocity
coefficients. This provides instantaneous roll center heights
and roll stiffnesses. Tire and suspension characteristics are
incorporated in the 3DOF vehicle model in a modular computer
software for evaluating vehicle handling and stability
characteristics. The software selects chassis spring rates,
synthesizes the chassis configuration based on selected
performance indices, and computes the transient dynamic

handling response.

iii



case studies are presented to demonstrate the vehicle
design synthesis procedure. A parametric study showed the
influence on vehicle response behaviour as a result of
variations in suspension and chassis design.

The main advantage of the vehicle design synthesis used
in this thesis is its modularity. The suspension linkage
analysis is performed once, at the start of the design
synthesis procedure. The results of the suspension analysis
are then included in the vehicle handling and stability
evaluation in black box form. Thus the problem is solved in

small, manageable parts.
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CHAPTER 1

Introduction and Literature Review

1.1 General

The vehicle design engineer's task is to combine a
selection of physical components and chassis with the
intention of meeting certain control, handling and stability
criteria. For the purposes of this work, the vehicle's
control, handling and stability criteria will be referred to
as the performance requirement. The engineer may have to
design a suspension system using a specified combination of
components so that the design is simple and is low cost, or
he/she may be required to determine what guality of components
are required for a specific design in order to meet the
performance criteria (i.e. design of sports or racing cars
whose handling abilities must be superior to those of the
competing models or designs). In either case, it is important
to quantitatively evaluate the performance potential of a
combination of suspension components and chassis. This will
reduce the number of design-build—-test cycles necessary to
obtain an acceptable product.

An accurate chassis performance estimate requires
sufficient detail in both tire models and vehicle models. The
automobile industry has the requisite analysis tools and
computing power to carry out a %thorough vehicle analysis.

Unfortunately, these resources are not available to industry




outsiders. There is, however, a great deal of public domain
knowledge which can make a valid vehicle design procedure
possible. A detailed review of the literature on this subjsct

is outlined below.

1.2 Review of Previous Investigations

1.2.1 Tire Models

A concise review of the theory of theoretical and
experimental tire shear force generation at the tire-road
interface is now presented.

Bernard, Segel and Wild provided a concise review of tire
interfacial force and moment knowledge [1]". They reported on
pioneering efforts by Becker, Fromm, Maruhn and others; the
majoxrity of these reported works were based on measurements
made on laboratory dynamometers. Knowledge of the limit-state
tire-pavement shear forces was of a qualitative nature.

According to Bernard, Segel and Wild, the accepted tire

shear force relation during the fifties was

JFZ+FZ s uF, (1.1)

‘Numbers in parentheses designate references at end of thesis.



Around 1960, researchers such as Pacejka [2], Radt and
Milliken [3], Ellis (4], and Deininger [5] questioned whether
the interaction between F, and F, was independent of tread and
carcass compliance.

In 1967, Krempl published findings to refute the concept
of constant tire friction coefficient [6]. KXrempl's work
provided evidence that tire friction forces were dependent on
rormal load, He also discovered that the forward velocity had
a greater influence on the longitudinal force than on the
lateral force.

Further work by the Road Research Laboratory {7] and the
University of Michigan's Highway Safety Research Institute [8)
confirmed that the tire friction mechanism is more complex
than implied by equation (1.1).

Okada et al. (1973) used an empirical tire model in a
computer evaluation of vehicle handling and stability ([9].
Cornering force and self aligning torque were modelled.

Bernard, Segel and Wild continued by modelling the tire-
road interfacial shear forces [1]. Their semi-empirical tire
model, published in 1977, was applicable to combined steering
and braking maneuvers. The model was a trapezoidal idealized
pressure distribution for the contact patch. By determining
the position of the sliding boundary point, the resultant
longitudinal and lateral forces were obtained by integrating
the shear stresses over the contact patch. Closed form

solutions were then derived for the sliding boundary point.




A mathematical match to measured tire data was achieved by
using friction, contact patch shape, longitudinal stiffness,
and cornering stiffness parameters. Adjustment parameters
were used to accommodate non~linearities in the test data.
Predictions of lateral force versus slip angle were claimed to
match measured data within 5 percent.

A report on the dynamics of single vehicle accidents,
published in 1968 by the Cornell Aeronautical Laboratory,
contained a semi-empirical tire model [10]. Accuracy of
predicting lateral, braking and traction forces within the
normal ranges of operating conditions for passenger cars was
the primary objective.

Radial loading of each tire was calculated in 2 modes,
depending on the nature of the tire-terrain contact patch. A
point contact model was used for flat terrain, while a radial
spring model was used for non-planar contact such as curbs.
When calculating the effects of loading on side forces,
variations in small-angle cornering stiffnesses and camber
stiffnesses due to <changes in tire normal 1load were
approximated by parabolic curves fitted to experimental data.
The lateral tire force near the limit-state was approximated
as independent of tire loading, since artificial reversal of
slip angle forces could result for the following cornering

stiffness parabola:

A
C, = A,+ AF, —(-Xl-)F;" (1.2)
2



The actual properties of tires in the region of extreme
overload (limit-state) were not known. The side force
calculations were based on non-dimensional slip angle
variables and the friction circle concept, with modifications
for large slip and camber angles.

Dugoff's semi-empirical tire model (1969) calculated

longitudinal and lateral tire forces as follows [11]:

L 1.3
F, (1—s)f(l) ( )
C}tana
- 1.4
F, 15 £(A) ( )
where A pF,(1-s)

]
Lo ¥
Jury
.
N
A

2/(c,s)? + (C tana)?

£(A) = (2-A)A  if A <1 (1.6)
-1 if A21 (1.7)
B = B, (1-€Us) (1.8)

Brewer and Rice [12] examined the influences of vehicle
design and tire characteristics on the level of stability and
control at the upper 1limits of vehicle performance. They
defined a limit maneuver as any maneuver which causes a motor
vehicle's tires to operate at their peak shear force level.
If the level of severity of the maneuver is increased, the

vehicle responds in a discontinuous manner.




The goals of Brewer and Rice were to determine how
changes in vehicle design and tire characteristics could
influence the level of stability and control, emphasizing the
upper limits of vehicle performance. Their analysis scheme
used the method of moments, which is based on solving the
generalized steady-state equations of motion to obtain values
for the resultant yaw moment and lateral acceleration. Brewer
and Rice concluded that a comprehensive knowledge of force
coefficients was essential in order to make analytical
predictions about a vehicle's near-limit stability and
controllability.

Bakker, Nyborg and Pacejka [13] published a steady-state
tire model using a formula with coefficients that applied tire
data from pure steady-state cornering and pure braking.
Steady-state side and braking forces as well as self-aligning
torques were measured on a full scale test trailer on a dry
road.

The experimental measurements were reduced to three
equations with thirty-one coefficients. The influences of
normal load and camber change were taken into account in the
equations, which calculated side forces, self-aligning torque
and brake forces for pure cornering and pure braking. Due to
the use of the arctan function and the various correction
factors in the equations, very good agreement with the
experimental data was achieved, notably in the peak regions.

In a 1989 review, Maalej, Guenther and Ellis ([14]




evaluated several tire force and moment models that have been
developed for use in the mathematical analysis of vehicle
handling. Using empirical data for one particular tire, the
sinusoidal tire model by Bakker, Nyborg and Pacejka [13] and
a cubic fit polynomial tire model [14) as well as the semi~
empirical model developed by Segel ([14] were compared to
Dugoff's semi-empirical model [11]. Table 1.1 classifies the
tire models according to accuracy, solvability and evaluation

time.

TABLE 1.1 - Comparison of Tire Friction Models [14]

—— R ——

Parameter CPU computation

Model Accuracy
Determination time

Sinusoidal 4 3
Polynomial 2 3 2

ll Segel 4 2 1

H— Dugoff 3 1 3

*1 denotes best performance on the considered criterion

Maalej, Guenther and Ellis concluded that the sinusoidal
model gave the best fit for lateral force, especially at
higher normal loads. The third order polynomial tire model
did not reach the peak empirical value of the tire lateral

force. However, all four tire models provided a reasonable




fit for small slip angles. The model constants for the

polynomial model are easily obtained from the experimental
data using methods such as the least square method, while the
sinusoidal model constants require non-linear regression
analysis. In fact, the CPU time required to calculate
constants in the sine model exceeded that of the polynomial
model by a factor of six. In addition, the CPU time required
to compute the side force as a function of normal load and
wheel orientation using the sine model was ten percent greater
when compared to the polynomial model.

Nalecz' non-linear tire model [15] used the friction
ellipse concept to determine the limits of adhesion of all
four tires under different loading conditions due to weight
transfer, acceleraticn and braking. The proportions of the
friction ellipse are a function of the tire normal locad and
the frictional properties of the road-tire interface. Peak
lateral and braking coefficients as well as cornering
stiffnesses wer: calculated using CALSPAN tire data [16].
This model is of the polynomial type, which underestimates the

peak lateral force values of the tires.

1.2.2 Vehicle Models

In 1957, Leonard Segel published a paper which served as
a foundation for modern automobile control and stability
theory [17]. He stated that published engineering discussions

of automotive handling were non-existent before 1925. In




1925, Broulhiet [18] presented the basic concept of wheel
side-slip. By 1935, papers were appearing which described the
lateral mechanical properties of automotive tires. 1In 1950,
the concept of static margin was presented as representative
of steady-state stability [19]. Segel continued by stating
that aircraft dynamic stability and control theory was best
suited for analyzing automopile behaviour, and that
previously-developed vehicle eguations of motion were not as
comprehensively effective.

Segel defined handling as the vehicle's yawing, rolling
and side-slipping motions resulting from road irregqularities,
aerodynamics, or driver-applied steering inputs. The
subjective aspect of handling deals with the driver's
evaluation of the ease and precision with which a vehicle can
be steered into and maintained on a desired path.

Vehicle control was interpreted in two ways. The first
interpretation was as a means of applying forces and moments
to a vehicle, resulting in linear and angular accelerations,
velocities, or displacements. Additionally, control implies
a transient and steady-state vehicle response to control force
and moment inputs.

Stability was defined as the ability to maintain a given
state of equilibrium. A stable vehicle returns to its initial
state after a momentary disturbance is removed, or achieves a
new equilibrium state for a constant disturbing force.

Segel's vehicle model was a three degree-of-freedom




linear dynamic system which represents the fixed control
automobile with tire dynamics neglected. A vehicle-fixed
coordinate system was used. The linearity condition was used
up to a lateral acceleration of approximately 0.3g. It was
required to model or measure mass and inertia properties, and
the suspension and tire characteristics to predict a vehicle's
response to steering inputs.

Results from the analytical solution were verified by
comparing with instrumented road test results. For the
particular test configuratior., excellent agreement was found
between theory and experiment. Segel concluded that the
derived equations of motion adequately defined the 1lateral
dynamic behaviour of the car.

A description was made of the forces and moments acting
on a car during a steady turn, due to front wheel steer angle,
angular yaw velocity, and lateral velocity. Segel stated that
the moment due to side-slip approaches zero, and the yaw
damping moment (due to the tires opposing the yawing velocity)
is primarily balanced by the steering moment. The total
directional stability was described by Segel in terms of the
static margin, which was more precisely defined by Scibor-
Rylski [20] as the distance between the vehicle's center of
gravity and the line of action of the resultant of the tire
forces, expressed as a fraction of the wheelbase. 1In summary,
the two most important properties governing the control

sensitivity and transient response of an automobile are the

10




static margin and the yaw damping, according to Segel.

Okada et al. (1973) analysed the vehicle response during
skidpad and slalom maneuvers, as well as during straight-
running motion with wind and steering inputs [9]. Using a
polynomial—-type empirical tire model, a 7DOF vehicle model
with 63 design parameters was solved. The agreement of
analytical results with the response of the car on the test
track was generally good. The authors reported that the
results for the skidpad test abyove 0.6 g were limited by
innaccuracies in the tire model and the representation of roll
characteristics. A distinction was made between the
mechanical handling limits of the vehicle and the limits of
the driver's ability to steer the vehicle.

Dominy and Dominy (1984) modelled the performance of the
Formula 1 racing car {21}. A major goal of this work was to
investigate the influence of downforce, drag and center of
pressure on lap times. At the time of publication, Formula 1
racing cars featured underbody venturis which developed
downforces in the order of three times the vehicle weight.
Changes in dynamic ride height were minimized, as it was
necessary to strictly control the undertray-to-road diwmension.
As a result of this, a very simple suspensionless four wheel
chassis model was used, which used the overturning moment to
calculate load transfer at the front and rear axles. The car
was assumed to be under maximum acceleration, maximum braking,

or maximum steady-state cornering. A traction circle tire
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roll center loci were calculated. The authors concluded that
the suspension damper characteristics did not affect the
dynamics of the car due to the strong aerodynamic downforce
and very limited suspension travel.

Nalecz (1987) modelled the effects of suspension design
on the stability of light vehicles [15]. A three dimensional
model was used. The three legrees of freedom are: lateral
displacement, yawing and rolling. Non-linear tire and roll
center effects are included. Limit-states for various
cornering and braking combinations were calculated.

In 1990, Dixon published the equations of lateral motion
for a two degree-of-freedom model of the four-wheeled road
vehicle [23]. An analogy was made with the single degree-of-
freedom linear mass-spring-damper system. Terms expressing
the stability, undamped natural frequency, damping ratio, and
damped natural frequency were derived. It was suggested that
the effects of pneumatic trail, load transfer, compliance
steer, 1roll steer, and roll camber be incorporated by
introducing the static margin term from a more extensive

steady-state analysis.

1.2.3 Existing Software for Vehicle Design Analysis
Software package. for multibody dynamics analysis and
general mechanisms analysis and synthesis are relatively
common. They will not be reviewed here, rather, an overview
of commercially available vehicle analysis programs is given.
The Racing by the Numbers software {1987) is intended for

13




the auto racing market [24]. Among seven available program
modules are programs fcr suspension analysis and vehicle
dynamics.

The suspension geometry program performs spatial
kinematic analysis of double A-arm, MacPherson strut and
selected live rear axle systems. Asymmetrical linkages can be
analyzed, and steering system kinematics are included.
Eighteen kinematic suspension parameters are calculated. The
wheelrate calculation neglects the non-linear effects of the
rate of change of the motion ratio. A rigid-body force
analysis of the suspension components is also carried ont.

The Racing by the Numbers software uses a simple tire
model which is based on normal load and camber. No further
information on this tire model is available.

The TLS100 suspension design software is restricted to
the kinematic analysis of double A-arm suspension systems
[(25]. Spatial kinematics including geometry are included. No
vehicle dynamics calculations are performed, thus no tire
model is present.

Programme TOUR 3.6 is a simulation program used in race
car tuning and performance prediction as well as design
analysis [26].

TOUR uses "correction coefficients" to compensate for
modelling inaccuracies. The correction coefficients are
determined by baseline vehicle tests. A constant forward

speed is used 1in cornering segments, and no road camber,
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banking, or elevation changes are considered. The tire model
is based on the traction ellipse, with modifications for road-
tire friction  —coefficient adjustment. Tread-width
compensation is included as well.

The TOUR simulation procedure is based on straight line
acceleration with maximum available or useable engine torque,
followed by maximum straight line braking and limit-state
cornering. The limit cornering speed is calculated subject to
the limit of adhesion of one axle, and the unloading of both
inner wheels. The variable EQUIL is used to describe the
normalized level of lateral acceleration that each axle can
sustain, where EQUIL < 1 = understeer and EQUIL > 1 =
oversteer. The difference between 1 and EQUIL is the traction
margin of the lesc-used axle. One lap consists of calculating
the maximum speed for each curve, then connecting each
adjoining straight with intersecting stretches of maximum

acceleration and braking.
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ope o sis

The objective of this thesis is to create a computer-
aided design synthesis procedure for handling and stability.
The vehicle should be modelled mathematically with sufficient
detail so that changes in handling and stability can be
detected. A mathematical tire model is required that
accurately describes the tire lateral force and self aligning
moment as a function of normal load, slip angle and camber
angle. Tire response in the peak lateral force region must be
accurately represented. The front and rear suspension
linkages must be modelled and analysed so that the
characteristics of significant non-linearities such as
instantaneous roll center lccation, roll stiffness and camber
change can be extracted.

The tire and suspension characteristics should be
incorporated in the vehicle model in a modular way. The
programming tools should allow the vehicle design synthesis
software to be developed easily and quickly, and should help
in rapid program modification and debugging.

The vehicle design should be synthesized according to
clear, logical performance objectives. Various studies should
be completed during software development to gain confidence in
the design synthesis procedure for handling and stability in
order to gain confidence in the results and to demonstrate the

potential of the software.
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CHAPTER 2

Vehicle S8ystem Components for Handling and Stability

2.1 General

This chapter will discuss the suspension systenm
components, emphasizing their influence on vehicle handling
and stability. The inertial properties of the vehicle (mass,
C.G. position, moments and products of inertia) combined with
the physical components (tires, linkages, springs and dampers)

determine the vehicle handling characteristics.

2.2 2-Arm Suspension Linkage

Real-world road conditions with surface irregularities of
diverse amplitudes and wavelengths require a suspension system
to minimize dynamic force variations at the tire contact
patches for good handling and stability. In addition, a
desired level of ride comfort must be provided for the vehicle
occupants. The passive suspension system consists of linkages
connecting the wheels to the chassis, allowing relative
movement between the two.

The state of the art in passive automobile suspension
linkages is the independent suspension system, which ideally
reacts to a single-wheel disturbance only at that corner of
the vehicle, 1leaving the other three wheels unperturbed.
There are many physical configurations providing independency;

the example treated in this thesis is the A-arm linkage with

17



pullrod spring/damper actuation (Fig. 2.1).

As seen in Fig. 2.1, the pullrod suspension has upper and
lower frames, commonly called A-arms, wishbones, or tables.
Each frame has two revolute joints at the chassis and one
spherical joint at the hub. This suspension is a 4-bar
linkage where the chassis is the ground link, the A-arms are
side links, and the hub/wheel assembly is the coupler link.
The 4~bar linkage governs the tire contact patch kinematics,
and is found in up-market motorcars (luxury and high-
performance) as well as in purpose~built race cars. The
advantages of the 4-bar 1linkage as a wheel locator when
compared to the McPherson strut or the non-independent
suspension system are light weight, rigidity and accurate
wheel control; disadvantages are cost, complexity and space
inefficiency.

To the 4-bar linkage we add a mechanism that connects it
to the spring/damper unit. This mechanism transmits tire
forces to the spring/damper unit using a tensile member and a
bellcrank (Fig. 2.2). This mechanism in combination with the
4-bar linkage is commonly called the pullrod suspension, by
virtue of the tensile link. The pullrod suspension is
generally found on purpose-built race cars and is rare on
road-going vehicles. It provides advantageous tunability of
force-displacement non-linearities, low unsprung waight and
low aerodynamic drag. The main advantage of the pullrod

suspension is that the mechanical advantage of the system can
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be designed to decrease with wheel travel, giving a spring
stiffening characteristic. The rising rate helps prevent
suspension cr chassis bottoming during bump travel and
braking. The drawbacks are that the additional complexity of

this system leads to packaging problems and increased cost

[30].

Fig. 2.1 Pullrod Rear Suspension on 1988 Williams
FWl2 Formula 1 Car (28]
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Pullrod Suspension System Schematic [29]
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2.3 Tires

The pneumatic tire is the most important design
component. It plays the major role in the control, handling
and stability of the vehicle. It is important to understand
how the tire interacts with the road surface, and to be aware
of the options and constraints of selecting a tire for a
particular vehicle design [31].

The tire dgenerates cornering force when the tire's
contact patch travels at an angle to the wheel it is mounted
on [32]. The tire's control, handling and stability
characteristics are determined by the elastic behaviour of the
tire in allowing the contact patch to move relative to the
rim, along with the adhesion between the contact patch and the
road surface.

For road-going vehicles, the designer would normally
choose a radial-ply tire, since it can meet a wider range of
service requirements when compared to bias- or cross-ply
tires. For race cars, with their more narrowly-defined
operating conditions, the designer has a choice of bias-ply
and radial-ply tires [32].

For a given vehicle design, a tire must be selected to
meet dimensional, load-carrying, liimit-state performance, and
economic requirements. An important dimensional consideration
is the tire aspect ratio, which is the ratio of the height of
the tire's cross-section to its width. For light vehicles,

the trend is towards lower aspect ratio tires, because
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cornering stability is improved. Judicious use of low aspect

ratio tires yields a larger contact patch and space for larger
brakes [32].

Ideally, a tire should be designed in parallel with the
vehicle it is intended for [33]. This is only possible for an
automobile manufacturer who is dealing with a tire
manufacturer; in other cases existing tires must be used.
Otherwise, it is difficult to obtain very detailed tire Qata.
Tire companies are reluctant to release information which
could be of use to their competitors.

For the purposes of this thesis, +he Pacejka sinusoidal
model will be used. The Pacejka moael was described in
section 1.2.1 [13). It is a steady-state model which features
four coefficients that describe the tire's cornering
stiffness, peak force, and curvature. The Pacejka tire
formulas used in this work calculate side force and self
aligning torque. The variables used in the formulas are
normal load, slip angle, and camber angle. The advantages of
this model in comparison to the polynomial model mentioned in
the previous chapter are that camber effects can be modelled,
and that more accurate representation of tire forces and
moments are provided. The disadvantage of this model is that
only one type of tire is modelled. The side force and self
aligning torque versus slip angle characteristics of the
Pacejka tire model can be seen in Figures 2.3 and 2.4. Camber

change characteristics are seen in Figures 2.5 and 2.6.
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2.4 8prings

The spring portion of the pullrod suspension serves to
store the energy of the moving wheel, transmitted by the
pullrod and rocker. The most common spring in current
automotive use is the helical coil spring (Fig. 2.7). The
advantages of the coil spring are compactness, good material
utilization, no wear, and no maintenance [32].

Before describing the spring stiffness selection process,
the distinction between wheel rate and spring rate will be
made. The SAE definition of spring rate is “the change of
load of a spring per unit deflection, taken as a mean between
loading and unloading at a specified load." Thus, spring rate
refers to the force-deflection characteristics of a coil
spring along its centerline. The SAE definition of wheel rate
is "the change of wheel load, at the center of tire contact,
per unit vertical displacement of the sprung mass relative to
the wheel at a specified load" :35].

This distinction is made because of the design sequence.
This design procedure uses the work of Thompson [36], who
developed equations for the optimum spring and damper rates in
passive car suspensions. These equations are based on the
minimisation of the mean-squared tire forces or deflections on
random roads (white noise) and take into account the body
inertial coupling ratio DI=i%?/ab. Fig. 2.8 shows the 4DOF
half-car model used; the pitch and bounce modes are modelled,

and both unsprung masses vibrate vertically on the tires [36].
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The first step is to determine the equivalent front and

rear dynamic body masses m, and m, [36]:

DIm
™" 57+ (a/b) (2.1)

DIm
M= DT+ (bja) (2.2)

The wheel rates are then tuned according to the tire
radial rates [36]:

k,m,m,

k. -
2 (my, +m)?

(2.3)

K, - k,mm, (2.4)
(my +m,)?

It is important to note that the roll stiffness of each
axle is the sum of the roll stiffness due to the suspension
springs and of that provided by the anti-roll bar. The
relative roll stiffness of the front and rear axles has a
fundamental effect on the handling and stability of the
vehicle, by apportiocning the 1roll moment-induced weight

transfer. Thus the spring-induced roll stiffness must be

considered as part of the total roll stiffness.
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2.5 Dampers

The energy stored in the suspension spring must be
dissipated in order to avoid sustained oscillations. This is
accomplished by a damper or shock absorber (Fig. 2.9). The
damper dissipates energy in the form of heat by forcing oil
through a series of orifices; heat being dissipated by
convection. The damper shown in Fig. 2.9 is of the De Carbon
type; this is a single-tube damper with a charged accumulator
which accommodates the changes in o0il volume over both stroke
directions, and reduces the 1likelihood of cavitation.
Variations of +this basic design, with adjustability for
different piston speeds, form the state-of-the-art in passive
dampers [38].

Damper rates may be selected according to driver
assessments, or through simulations. It may be advantageous
to tune the dampers for a specific section of roadway such as
an area of heavy braking or a bumpy corner leading onto a
straight. This would require the measurement of vertical
inputs at the wheels for the particular stretch of roadway.
One possible simulation approach would be to assume a random
road and to minimize the mean-squared tire forces, using the
reference [36] of Thompson as in section 2.4. Equations are
presented for the damper rate, taken at the whe«l. Linkage
kinematics must still be considered before the damper rate

itself can be obtained.
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2.9 De Carbon Damper [37].

Fig.
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The optimum linear damping rates are given by ([36]:

- m kY om( k) (2.5)
= J“”’[(‘m“ B e

- m ko omf k) (2.6)
B J"s”%(mvms %) *Tn:(“k:)]

Since the physical damper shown in Fig. 2.9 is a non-
linear device, the linear damper rates B, and B, do not apply

directly.

2.6 aAnti-Roll Bars

The anti-roll bar is a spring device used to add roll
stiffness, control the sprung mass roll angle and alter the
front/rear roll stiffness distribution, thus changing the
vehicle's handling and stability. Fig. 2.10 illustrates a
typical anti-~roll bar installation.

The anti-roll bar configuration is limited only by the
designer's imagination. A typical anti-roll bar, however,
consists of a torsion bar mounted laterally on the vehicle
chassis. The bar has cranked ends that are connected to the
suspension A-arms or to the hub carriers, either directly or
by intermediate links. The torsion bar is mounted to the
chassis by revolute bearings, so that the vehicle is free in

bounce or pitch and will receive roll resistance from the bar
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only when there is relative motion between the left and right
suspension systems.

Depending on the vehicle design, an anti-roll bar may be
used on only one of the two axles. However, on high-quality
passenger cars and competition cars, anti-roll bars are

usually used on both the front and the rear axles [40].

2.7 _8Summary

In this chapter, the vehicle suspension system components
are described. The qualitative effect of each component on
vehicle handling has been discussed. Selection methods based
on analytical techniques presented in the literature were

presented for the tires, springs and dampers.
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CHAPTER 3
Vehicle Handling and Stability:
Mathematical Modeling, Analysis, and Design S8ynthesis
3.1 General

This chapter describes the various steps involved in the
design synthesis of a vehicle with pullrod A-arm suspension
linkages. From the point of view of vehicle handling, each
step of the procedure is described in detail.

In the previous chapter, the physical components which
comprise the vehicle system are described. These components
are the tires, suspension linkages, springs, dampers, and
anti-roll bars. They are connected together by the vehicle
chassis, which has dimensional properties (wheelbase) as well
as inertial properties (mass, C.G. position, moments and
products of inertia).

The various steps involved in the design synthesis are:

1. Mathematical modeling of the vehicle motion for
investigations into the vehicle dynamics behaviour
(vehicle handling and stability).

2. Analysis to evaluate the vehicle dynamic response and
stability for both steady-state and transient motions for
steering inputs.

3. Kinematic and kineto-static analysis of suspension
linkages and its implementation in the vehicle dynamics

analysis.




4. A sequential design synthesis procedure which includes

the aforementioned three steps in its scheme.

The first two steps involving vehicle dynamic analysis for
handling and stability are outlined in Section (3.2). Steps
3 and 4 are described in Sections (3.3) and (3.4),
respectively.

The MATLAB language is used to perform the computations
of the vehicle design synthesis. MATLAB is an interactive
computer-aided engineering language whose basic data element
is an automatically-dimensioned matrix. Many matrix math and
numerical problem-solving methods are intrinsic functions in
MATLAB, and other solutions can be easily and quickly added in
subroutine form. The graphics capabilities of MATLAB allow
rapid and clear interpretation of results [41].

Figure 2.1 depicts the procedure for vehicle design
synthesis, The required inputs are the vehicle inertial
propertiszs, the wheelbase, the initial positions of the
dependent variables for the front and rear suspension
linkages, the constants for the front and rear suspension
linkages, the initial and final positions of the independent
linkage variables, the lower and upper bounds of the percent
CG position, a/L%, the estimated front and rear roll center
heights and roll stiffnesses, the front and rear tire

characteristics, and the performance criteria.
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Next the center of gravity position is estimated. This
calculation is made using the initial estimate of front and
rear roll center heights and roll stiffnesses. The CG
estimate is used to compute the sprung mass distribution in
preparation for the calculation of the front and rear chassis
spring rates.

The next step is to select the data for the front axle.
The front chassis spring rate is computed. The linkage data
and chassis spring rates are transferred to the kineto-static
analysis, where incremental lateral forces are applied to the
center of gravity, up to the rollover threshold. As a result,
the linkage-induced nonlinearities of roll center heights and
roll stiffness are tabulated. This procedure to obtain the
nonlinear roll center heights and roll stiffness is repeated
for the rear axle.

The roll center heights and roll stiffness nonlinearity
tables are transferred to a second CG-finding iteration, to
verify or modify the center of gravity position. Finally, the
nonlinear dynamic analysis of the vehicle is carried out. In
this step, the transient response is found and the steady-
state response as estimated in the CG-finding procedure can be
verified. If the vehicle's response meets the performance
requirement, the vehicle layout is frozen, otherwise another
design iteration is needed. The next section will define the
3DOF mathematical model of the vehicle in preparation for the

detailed description of "vehicle design for handling".
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3,2 A 3DOF Mathematical Vehicle Dynamic Model

3.2.1 Vehicle Axis System and Basic Configuration

The simulations performed in this thesis use a 3DOF
nonlinear model of a vehicle with provision for sprung mass
roll. Tire and suspension linkage nonlinearities are
included. The equations of motion are based on a fixed
control vehicle travelling on a smooth, level road. It is
assumed that a fixed-control vehicle which travels on a
smooth, level rnad at a constant forward speed will not
experience bouncing and pitching movements. Thus the
available vehicle motions will be yaw, sideslip, and sprung
mass roll.

Fig. 3.2 depicts the directional control axis system of
a 3DOF vehicle. Fig. 3.3 shows the tire axis system. The SAE
axis convention system according to SAE J670e is used [35].

Neglecting camber steer and roll steer effects, the front

and rear slip angles are [15]:

(3.1)
@, - br-v
U

Consider now the case of a vehicle moving forward with
constant U, with a constant sideslip velocity V in the
negative direction, and without yaw velocity. According to
the rear slip angle equation, the slip angle on the left rear
tire will have positive magnitude.
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From Fig. 3.3, this will create a lateral tire force in the
positive direction, balancing the inertia force in the
negative direction.

Now suppose that the left rear tire has a camber angle
such that its top is inclined in towards the center of the
chassis. Such a camber angle would commonly be considered a
negative camber angle in the jargon of the automotive field.
However, the SAE sign convention for camber angle is as shown
in Fig. 3.3. According to SAE convention, positive camber
angle provides an additional tire force in the positive Y
direction. This is in agreement with the prevalent tire
theory which states that a tire that is cambered towards the
direction of its side force will have a small additional side
force of the same sense [42].

In summary, the SAE vehicle and tire sign conventions as
shown in Figs. 3.2 and 3.3 must be precisely followed in order

to attain a correct mathematical vehicle simulation.

3.2.2 Equations of Motion

Fig. 3.4 shows the forces at the tires when slip angles are
impressed on them. Fig. 3.5 shows the roll axis and pitch
plane representations of a vehicle. The tire forces in the
ground plane ultimately create a vehicle side force and yawing

moment. Roll moments due to roll displacement and roll
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Fig. 3.5a

ROLL AXIS

ER%
N

Roll Axis Representation of Vehicle

Fig. 3.5b Pitch Plane Representation of Vehicle
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velocity add to the forces imparted by the tires. These roll

moments are produced by the suspension roll stiffnesses and by

the dampers. Forces and moments are combined, and the

following equations are written in Newton-Euler form, in a

non-inertial reference system:

Side Forces
Yy -m(V+Ur) +mh, B
1N -I,2-P,pB-P,pr-P, p*+(Ma,+M,a-M,Db) (V+Ur) (3.2)
Rolling Moment for Sprung Mass
YL,-I,B-P,P-P pr+I, r?+meh_(V+Ur)
where LY, LN, and XL, are external forces and moments.
The following assumptions simplify the equations:
2 : e

(1) The terms Pyzpr and nyp are negligible.

(2) The vehicle is symmetrical about the x-2z plane, therefore
P,,=0.

(3) Distance a, is negligible (i.e. the projections of the
sprung mass C.G. and vehicle C.G. on the X-Y plane
coincide).

(4) mya=m,Db.

The equations (3.2) are rewritten as follows:

YY-m(V+Ur) +mh,,B
IN=-1,7 (3.3)

LL-I,p+mh,, (V+Ur)
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3.2.3 External Forces and Moments

The external cornering forces, yaw moments, and sprung
mass roll moments are now described in detail. The Pacejka
sinusoidal tire model provides tire lateral forces and self
aligning torques as a function of normal load, slip angle, and
camber angle, as seen in Figs. 2.3 - 2.6. The tire side force

and self-aligning torque formulae for Pacejka's sinusoidal

model follow [13]:

SIDE FORCE:
F, = Dsin(Carctan(B¢))+AsS,
where
¢ = (1-E) (ea+AS,)+(E/B) arctan(B(a+AS,))
D = a,F2 + a,F,
C - 1.30
a,sin(aarctan(agF
B _( 381 (4 CDa( 52)))(1—1&12“{')
E = aFi+a,F,+ag
AS, = ay
AS, = (a,,Fz+a,F,)y
SELF ALIGNING TORQUE: (3.4)
M, = Dsin(C arctan(Bb)) +AS,
where
¢ =~ (1-E)(a+AS,)+(E/B)arctan(B(a+AS,))
D - a,Fi+a,F,
c - 2.40
a,F?+a,F
B = [—3-—2——-‘—-’-](1—a12|yl)
CDe %'
E - (agFs+a,F,+ a,)
(1-a,yD)
AS, = agy

AS, = (a,,F2+a,,F,) Y
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where a's are coefficients listed in Table 3.1.

TABLE 3.1la

Coefficients for tire formula (with load influence)

F, (kN)
a, a, ag a,
F, -22.1 1011 1078 1.82
M, -21.3 1144 49.6 226
TABLE 3.1b

Coefficients for tire formula (with load influence)

F,(kN)
ag a a, Qg
Fy 0.208 0.000 -0.354 0.707
Mz 0.069 -0.006 0.056 0.486
TABLE 3.1c

Coefficients for tire formula (with camber influence)

¥ (deg.)
‘—=-T e
Qg 0 Ay a,; Az
FY 0.028 0.000 14.8 0.022 0.000
Mz 0.015 -0.066 0.945 0.020 0.070
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Applying equation (3.4) the external forces and moments are

written from Figs. 3.4 and 3.5 as follows:

LY = Fyy
EN -a(Fyfo+Fyfi) -b(Fyro"'Fyri) +szo+szi+Mzro+Mzri (3°5)

+Fyt1+Fyzo+Fyz'1

LL, = (mgh,,-k,.,.)0- Lp

3.2.4 Lateral Weight Transfer

During cornering, normal load is transferred laterally
from the inside tires to the outside tires. The total
magnitude of the lateral weight transfer depends solely on the
CG height, track width, and mass of the vehicle. Adding a
suspension system t.o the vehicle will not change the total
lateral weight transfer. However, the suspension will
influence the distribution of the total lateral weight
transfer between the front and rear axles. This d. tribution
affects the generation of tire cornering forces, and therefore
the vehicle's stability is influenced.

Total lateral weight transfer is a sum of the weight
transfer due to body roll, due to roll center height and
sprung mass inertia force, and due to the inertia force of the

unsprung masses [15].

Wee = Woret Wecet Wye (3.6)
Wep = Wppr ¥ Weep+ Wy
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The weight transfer due to body roll

the front and rear axles [15]:

k
Wbrf = msAyh.racose k £
tot

Wbrr = mb*Arhracose kr
kcot

is now calculated for

1

t,

£ (3.7)
e

t.t

The weight transfer due to the sprung mass inertia force

is applied at the front and rear roll centers as follows:

The third component of the lateral

(3.8)

weight transfer is due

to the inertia forces of the unsprung masses:

h £
Wur = mu[Ay—tﬁf’

h
Wyr = murAy tUt

r

(3.9)

For small roll angles, and when the front and rear track

widths are similar, the phenomenon of lateral weight transfer

is classified in two ways: first, the total magnitude of

weight transfer, determined solely by

track width, vehicle

mass and CG height; secondly, the proportional distribution cf

the total weight transfer between the front and rear axles.

49



The height dimension h affects the total 1lateral weight
transfer. Raising the center of gravity (increasing h) will
increase the total lateral weight transfer; lowering it does
the opposite. Since the tires are sensitive to normal load,
it is desired to keep the vehicle center of gravity as low as

possible.
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3.3 Kinematic and Kineto-static Analysis

of Suspension lLinkages

This section will explain the kinematic and kineto-static
analysis of suspension linkages used in the design synthesis
scheme. The method of velocity coefficients [44]) is used to
analyze the A-arm pullrod linkage suspension as it undergoes
large deflections. The application of the method of velocity
coefficients solves the suspension 1linkage ©position,
determines the rate of change of certain kine.atic variables
with respect to the suspension travel, characterizes the
forces, and finds chassis spring rates, roll center heights
and roll stiffnesses [44].

The mathematical definition of velocity coefficients will
be given shortly. The basic idea of velocity coefficients is
that they relate the independent variables of the suspension
linkage (in the case of the pullrod suspension: bounce, roll
and lateral sprung mass prsitions) to the dependent linkage
variables (angles between revolute-jointed 1links, spring-~
damper unit compressed lengths, and tire carcass lateral
displacements). The velocity coefficients are functions of
position only and fully describe the instantaneous positions
and velocities of all suspension 1links. The velocity
coefficients are calculated for a particular position of the
linkage, and must be recalculated for every instantaneous

position [45].
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When the sprung mass is placed in a certain bounce-roll-
sideslip position, the kinematic analysis finds the position
of the A-arms, the pullrod mechanism, and the tire contact
patch. The kineto-static analysis finds the generalized
forces created by the springs and dampers in the linkage for
a given 1linkage position by equating the external and
effective forces acting on the linkage.

The velocity coefficients solution used in this work is
based on simplifications of the suspension system analysis
software (GENKAD: GENeral purpose Kinematic Analysis and
Design) presented in the Ph.D. thesis of Alanoly [44]. In the

following sections the solution procedure is detailed.

3.3.1 Kinematic S8olution

The pullrod suspension mechanism being solved has been
described in section (2.2). All links, revolute and slider
joints, and s3prings are identified in Figure 3.6. The

position loop equations are of the form [45]:
£0,.Q,,....2,)=0 (i=1,2,...,m) (3.10)

where the set of Lagrangian coordinates is denoted by 0, . If
the system has ¢ degrees of freedom, that many variables can
be selected as generalized coordinates or inputs. The
generalized coordinates are designated by q,,d,,...,9,- The

rest of the coordinates are dependent variables of the set

¢1r¢2r o e '¢m'
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The equations (3.10) are then rewritten as:
fi(‘bla----‘bm:'ql----:ql) -0 (i-l,2,...,m) (3.11)

For kinematic position analysis, the independent variables
q;'s are specified. The m algebraic equations (3.11) are then
solved for the m unknown position variables ¢,,¢,,...,¢, [45].

For the pullrod linkage in question, the independent
loops, constants that define the geometry, c;, dependent
variables ¢ and independent variables q are shown in Fig. 3.6
and Table 3.1. Equations 3.12 are the loop-closure eguations

for the pullrod linkage and are as follows:

f, = c;cos(dg) +cycos(d,,) -ccos (dg) -c,cos(gy+cyy) = 0
f, = c;sin(dg) +c;8in(d,,) -csin(dg) - sin(gy+cy,) = C

fy = ¢,+ccos(c;) —cscos(¢lo+c12) - cscos () - c,,cos(qg; + Cyy)
-g,cos(c,) - (g,+c,) cos(c,) = O

£, = (g+¢y) sin(cy) +¢,,8in(gy+cyy) +C5in(dg) +cgsinld, o+ c)y)
+q;sin(c,) = (d,+c,,) sin(cy) = 0

£ = = (&;+c3) cos (dy;) + €08 (Bg+ Cp9) +C1COS (B;) = C;0COS (g + Oy
- CeCOS (¢g) + ccos(@y+cyg) = O

fo = — (§;+ cy3) 8in(dy,) + €,8in(dg+ Cpp) + Ci8in(d;) ~cesin (g + oy,
-cgsin(dg) + o sinl(qgy+cyg) = 0

f, = €,,€08 (@, +Cy¢) +C,4c0S (&) + (&, + Cy5) cos (dy,) - €;,008 (g3 + Cy5)
-c,cos (e, +q@y) = 0

fy = €1;8in(gy+Cyq) +Cypsin(dy) + (§, + C13) sin(dyy) - €y Sin(Qy +Cy5)
-c,8in(c,;+q,) = 0

...cont'd
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f, = -c,co8(d,) +ccos(d,,) +c,cos(a,+c,,) -cscos(d,) - 0

fio = ~ysin(dy,) +cgsin(,,) +esin(qy + 6, ) —cgsin(dy) = 0

£y, = - ($,+cy)cos(c,) + (q,)cos(c,) +c,,co8 (@, + C,p) + Csc08 ()
+Cgc08 (b, + ) + (g + Cy)cos(c,) =0

£, = (@,+Cy)8in(c,) +c,,8in(@y+ Cyq) +C58in(dy) +cgsin (,4+ Cof)
+q;8in(c;) - (¢, + o) 8in(c,) = 0

f); = - (b +cy5)cos(d;,) +C;;c08(dy5+ Cyp) +Cy5C08 (¢y,)
- C0CO8 (§y3+ Cy,) - cecos (¢,,) + 0 co8(gy+C,) = O
Ly = - (b Cy5) 8in(dy,) +681n (s +Cyq) +Cyg8in(¢y,)
~C081in(d,;+0y;) -cesin(dy,) + o, sin(g+c,5) = 0
L5 = -ccos(qy+Cyy) +€,,C08 (gy+Cy3) +C14C0S ()
+ (¢, + cy5) cos(d,,) ~c ,cos(gy+c,) = 0
fig = -c8in(gy+cy,) +0,81in (@ +C,,) +Cg8in(d,,)

*(by+cyy)8in(dy,) - oy 8inl(gy+ ) = 0
(3.12)
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TABLE 3.1 - Pullrod Linkage Constants and Variables

EDGE # length length angle angle
variable constant variable constant

1 0 S, 94 11

2 0 Cs ®s 0

3 0 cq 'y 0

4 0 C; @10 3

> 0 Cg P10 C12

6 d, Cy 0 c,

7 P3 Cqo 0 ¢

8 0 Cz2 9 Car

9 1 C3 Ll 0
10 0 Ciq 9 C1s
1 0 Cy7 g3 Ci
12 0 Cia s 0
13 0 C20 ) Cs
14 0 Cro ¢, 0
15 0 C21 Pg C2
16 0 €2 s Cas
17 0 Cy7 d3 Caz
18 0 c, qs Cy
19 7] Ci3 @12 0
20 0 C14 s S
21 0 cy b1 0
22 0 a0 @13 C32
23 0 Cyo ?y, 0
24 0 Ca1 $1s C3p
25 0 Cg 15 0
26 0 C, P16
27 0 S5 %,
28 0 Cg P16 Ca
29 ¢, €10 0 o |
30 a, 0 0 c, |
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The loop-closure equations are solved for the unknown solution

vector ¢ as follows (see also flowchart Fig., 3.7):

1.

An estimate of the linkage solution vector is made.
The initial estimate of the solution vector is
denoted by ¢'.
Evaluate the mxm Jacobian matrix A for the values
.
of i=1,m
A= [A,] -[——-—1] o (3.13)

3 -

i a¢j Jj=1,1
Evaluate the residual vector f' at the point ¢ = o',

Solve the correction vector A¢ using the Newton-

Raphson algorithm which gives the linear equation

Api - -A1f! (3.14)

Make an improved estimate ¢'*' of the solution vector

of the form
$i*l = iAP? (3.15)

Check the soundness of estimated solution ¢''' by
checking the residual vector; if |£'*'-f'| is within
a desired tolerance ftol, the new linkage position

has been found, otherwise continue iterating.

|fi*1"'fjl < ftOl (i - 1:21 "'lm) (3'16)

57




INPUTS

- ¢onstants ¢.’s

- independent 'variables q,'s

- initial estimote of dependent variables ¢'s
- estimate f; s from loop equations

- lolerance f,,

Fig.

Evalugte residual of
f. 's (loop equations)

3.

i+ 1
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When a feasible pullrod linkage is analyzed, convergence
is usually rapid. However, if convergence does not occur, a
counter limits the number of iterations. Non-convergence is
usually due to an initial gquess which was too far from the
true solution, an error in specifying system constants, or a
system that is near singularity [45]. This concludes the
description of the Newton-Raphson iterative kinematic
solution.

In preparation for the kineto-static solution, the
velocity coefficients and absolute sensitivities of velocity
coefficients to the independent variables are now described.

The equation (3.11) can be written as [44]:

I 9f, 1 of
dd) --z:____kdq'k-l,z'._.'m (3.17)
; a¢i ! j-1 an I
°or Adé - -Bdg (3.18)

in matrix form, where

of
A-[A] - [7325?

, an mxm Jacobian matrix.

of,

B - [B;;] - [5'_1; , anmxl matrix.

From equation (3.18),

dé - -A-*Bdg - Xdg (3.19)
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where the elements of the matrix K=-A''B are the velocity
coefficients of the mechanism [45). The velocity coefficients
relate the dependent variables ¢; to the independent variables

q; as follows:

1 1 a¢
- - —_— 3.20

Before calculating the wheel rate, the derivative of
velocity coefficients K with respect to independent variables
g must be calculated. The derivative of K with respect to g
is also <called the absolute sensitivity of velocity

coefficients K to independent variables q:

K=--A1B (3.21)
AK - -B (3.22)
d d
- (aK) - -—2-(B .
dqi( aq; ) (3.23)
dA dk dB
K+ A - - 3.
dqg; dg; dq; (3.24)

dx de dA

A - - - .
dq, dg; dq; (3.23)
ax 4l da dB
BTy T L (3.26
dq, [ dqg; dqi] )
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Solving individual terms, and since A=A(q, o),

dA _ OA OA dp

_dA.; - —a_.A-+a_A.x
dg; dq; o (3.28)

where X, is the ith column of K

dA _ OA  \~ 0A 0%, 3.29)
dq; dq; +Z—2 od , g, (

and since B=B(q,¢),

dB _ 9B ,\~ 9B O,

(3.30)
dqg; 9gq; f1 %, 9q;
Combining terms,
dKk Al 934 X~ 0a 9, |. | 9B <~ 9B 9, (3.31)
- -a X .
dq; [agi +k01 dd . 9qy i 9q; +::-1 od , 9q;

3.3.2 Kineto-8tatic Solution
For the kineto-static solution, the force/displacement
characteristics of the suspension linkage must be examined.

From the principle of virtual work ([44],

P
aw—j}:f’i%, (3.32)
-1
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1
FE;;’QJaQ1

P 1

P
ow - - F.X..log (3.33)
Z; ;;(1 4 11) £

and from the second term of equation (3.33), the generalized

forces Q corresponding to the generalized coordinates q are:
p

Qj - ;:FiKij (3'34)
-1

If all force generators are passive elements,

ro - rifo, 2) (3.35)

and since

1
db, = 3 Kyyday (i-1,2,...,m
& =S (3.36)
1 -
T ;;fﬁj¢1
thus,
0, - 04d. & (3.37)

Furthermore, for the passive planar A-arm linkage, where the
linearized linkage position is denoted by superscript o, the
displacement from the linearized linkage position is expressed
by (¢fﬂ$f) and the forces due to each of the p force generator

(spring and damper) elements in the linkage are

1
Fy = k1(¢r¢i-’)+cipxﬁqj (3.38)
-1
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therefore the generalized forces in the linkage are

1
-l J

1'1

Equation (3.37) states that the generalized force matrix
Q is a function of ¢ and g . Accordingly, the linearized
kinetic characteristics of the pullrod A-arm suspension
linkage are written in terms of constant-coefficient stiffness

and damping matrices, K and C, as [44]:
0=-Kqg+Cqg (3.40)

If there are s force generators, then equation (3.39) becomes:

8g=1 1=1

QJ'ZP:K {k((b - )*‘CE J;qi} (3.41)

The stiffness is derived:

aQ [~} 1 s
K= aqllq-q - J[ZK {l<s(¢s-¢s)+cs§Ksiqi})|q_qo (3.42)

p
= _Q— EKSI{ks(¢s_¢Z)})|q.qo (3.43)
aqj §=1
p
- E{Knks“&.-a— (Po-d3) +k,(¢s-¢s) 3K, }INo (3.44)
s=1 d; q;
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P
Ku - E ks{

g-1

aq } g (3.45)
J

The damping is derived:

o0 P °
Cyy - 'a"q—;‘lq-q’ = (El i{" (b, -¢ )+C;Kiqz})q c“3 -46)

J ¢ < : (3.47)
-‘ﬁ;(g Kaicag Ksiqi)lq-c"

P

isa (E iq.l) a° (3.48)

3 K..C : K.__a__.'.l (3.49)
E si E si aqqu ~q°

§=1 1e1

d;

ad

since - 0 for i+j

-1 for i=-j

C - Y KK ;C, (3.50)

Static equilibrium is reached when the generalized forces
balance the external forces. This means that the suspension
linkage moves until the forces from the springs, expressed as
generalized forces Q, balance the external forces R. The

condition for static equilibrium is expressed as [44]:
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glg) - Q-R~0

where Q - generalized forces: (3.51)
R - external forces
g = static equilibrium vector

Equation (3.51) is a set of 1 simultaneous nonlinear
equations in 1 unknowns, and can be solved using the Newton-

Raphson method. The estimated solution vector is [44]:

gt - gi-(KY) g (3.52)
where the stiffness matrix K for linear springs is given in
equation (3.45).

Fig. 3.8 shows a flowchart of the kineto-static solution
procedure. This procedure consists of two nested Newton-
Raphson procedures. The inner loop solves an incremental
linkage position within a specified kinematic tolerance. The
outer loop checks whether the generalized forces Q balance the
external forces R which are applied along the generalized

coordinates g. A specified Kinetic tolerance must be met.
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Fig. 3.8 Kineto-Static Analysis Procedure [44]
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3.4 Vehicle Design Synthesis

3.4.1 Performance Index
Final understeer or oversteer is quantified by the

understeer number N, as defined by Dixon [47]:

N, - £ -1 (3.53)

When the understeer number is zero, the vehicle exhibits
neutral handling at its limit of adhesion. 1In general, the
steady-state handling of a light vehicle at its 1limit of
adhesion should be neutral, however, it is essential that the
vehicle transient response be considered as well. Vehicle
design sy.ithesis based solely on steady-state conditions can
yield disastrously unstable :ransient response [42].

Even if a non-zero understeer number is desired, its
magnitude should be low [47]). A light vehicle with final
neutral handling will be very sensitive to small changes in
tires, suspension, and aerodynamic characteristics [46].
Minor alterations in the last three areas will provide the

desired understeer number absolute value.
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3.4.2 Procedure for Finding the Vehicle Center of Gravity

At the conceptual stage of the design synthesis, the
vehicle chassis and suspension can be visualized according to
the roll axis representation as seen in Fig. 3.5. The center
of gravity is located by the variables a, b, h, and h_,, where
the wheelbase L = a+b. It is assumed that the wheelbase L has
been fixed. The ratio a/L is the nondimensional distance from
the front axle to the center of gravity position, in the X-Y
plane. We now ask, what should be the magnitudes of a and h?
Using the center of gravity finding procedure, we will answer
this question.

The values a and h influence the lateral weight transfer
of the vehicle, as discussed in section 3.2.4. The height
dimension h affects the total 1lateral weight transfer.
Raising the center of gravity (increasing h) will increase the
total lateral weight transfer; lowering it does the opposite.
Since the tires are normal load sensitive, it is desired to
keep the vehicle center of gravity as low as possible. For
the purposes of this work, it is assumed that the CG height h
has been previously selected at its lowest practical value.

The values a and L determine how the weight transfer due
to the sprung mass inertia force is proportioned between the
front and rear axles, where F_, and F. . are lateral forces
acting at the front and rear roll centers, respectively (see

eqns., (3.8)):
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b
Fxcf - msAyz

(3.54)

a
Frer = msAy_L'

The lateral forces are coupled with the vehicle track and roll

center height as follows [15]:

hf
Wrcf - F CF'—t—'
£

3.55
A ( )

Weer = FCR"tf

The center of gravity finding procedure optimises the value of
a for neutral handling (N,=0) and maximum lateral
acceleration. The procedure includes the effects of all
weight transfer components discussed in section (3.2.4).

The effect of varying dimension a, considered along with
the other weight transfer components, is quantified by
comparing the lateral acceleration of the front axle against
that of the rear axle. This comparison is made when the
vehicle model is simulated under maximum steady-state
cornering. Maximum steady-state cornering occurs at the
hignest possible speed which will still allow vehicle control.
For reasons of safety, it is important to consider the
transient response as well, since a vehicle which is under
control during steady-state cornering may be unstable in a
transient maneuver. The transient response will be considered
later in this thesis. The center of gravity location is
fundamental to the handling and stability of the vehicle [46].
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Thus, the center of gravity finding procedure has been created
to obtain limit-state neutral handling for a particular tire-

chassis-suspension combination.

Steady-state Response for CG Finding

The 3DOF vehicle equations of motion as given by eqgns.
(3.3) are written in the vehicle-fixed, non-inertial reference
frame. The center of gravity finding procedure requires the
3DOF vehicle equations of motion in the inertial reference

frame. We begin the conversion of the non-inertial equations
by recalling eqns. (3.3):

LY -m(V+Ur) +mh, 0B

IN -1,7

YL, -1,p+mh,,(V+Ur)

Assuming the vehicle sprung mass roll velocity p and yaw
velocity r to be constant, the sprung mass roll acceleration p
and yaw acceleration P are equal to zero. Therefore the

vehicle equations of motion can be reduced as follows:

YY -m(V+Ur)
XN -0 (3.56)
ELs'ms'hra (V+Ur)
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If equations (3.56) are converted to the inertial

reference frame, the result is:

Xy -ma,

(3.57)
ELs = ms‘hchy

2
where Ay - % .

Center of Gravity Finding Algorithm

The center of gravity finding algorithm is based on the
work of Dominy and Dominy [21]. The goal of this algorithm is
to find the CG position variable "a" at which the maximum
steady-state lateral acceleration of the front axle equals
that of the rear axle. The CG position variable "a" is
systematically varied for a constant wheelbase, L, until the
front and rear axles develop the same maximum steady-state
lateral accelerations. It is at this condition that the
chassis and suspension will provide the best performance,
subject to satisfactory transient behaviour (response) of the
vehicle that was mentioned earlier in this section.

If the vehicle is being driven at the limit of adhesion,
then the tire data need only be considered at peak slip
angles. This requires that the tire cornering force versus
normal load data at peak slip angles be accurate.

The flowchart for the center of gravity finding procedure

is shown in Fig. 3.9.
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Input: .
-gﬁ fixed physicol and geometrical
porameters of vehicle (m,ms,h,etc.)
~front ond rear tire characteristics
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~tolerance, /

Initiolize
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Fig. 3.9 Flowchart for Center of Gravity Finding Procedure
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The simulation is started by selecting front and rear
tire and chassis characteristics, as well as a corner radius.
In addition, upper and lower bounds for the center of gravity
location and forward speed must be set. The forward speed
bounds must be set to bracket the limiting forward speed. The
program is then initialized by setting the center of gravity
position tn the minimum "a" value, expressed in percent of
wheelbase.

An iterative technique is used to solve the cornering
speed. For the lowest speed bound the outward force on the
rear of the vehicle is calculated. The lateral tire force
corresponding tm the peak slip angle is calculated. The
process is repeated for the highest speed bound. The false-
position numerical method is used to find the speed at which
tke outward vehicle forces and the lateral tire forces are in
equilibrium. This speed is considered to be the maximunm speed
at which the rear of the vehicle can corner. The procedure is
repeated for the front of the vehicle. The vehicle's handling
is then characterized using the understeer number N, .

The CG position variable "a" is then incremented and the
understeer number N, for that position is found. This
procedure is repeated for entire wheelbase range. The CG
position at which N =0 and the limiting speed is maximum is

chosen to be the best value of %“a".
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3,4.3 Chassis S8pring Rate S8election Procedure

Using the center of gravity finding procedure that was
just described in the previous section, combined with the
kinematic analysis of the tentative front and rear suspension
linkages, an estimate of the required chassis spring rates is
made. The spring stiffness values will be used .in the kineto-
static suspension analysis to find the nonlinear roll centers
and roll stiffnesses.

The pullrod linkage is solved by increments from full
droop to full bump position. For each linkage position, the
velocity coefficients and absolute sensitivities are
calculated. The information at the static ride height is then
used to calculate the spring rate.

The wheel rate at static ride height is first calculated
using the baseline procedure given in section 2.4. Recalling

equation (3.45):

K,, - -‘Jgi-zjk{sj (D -2 a },. (3.58)
qy

and assuming that the vehicle is symmetrical about the X-Y

plane and has identical chassis springs:

k,(0) -k,,.{x&.‘,(u)2 (b, ¢°) } (3.59)

oqg,
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where K,(0) = velocity coefficient relating bounce motion
spring displacement to q
wheel rate at static ride height

k. (0
" spring displacement at static ride height

)
?.(0)
From equation (3.39),

O, -0% - ——sT _ (3.60)
K, (),

since at static ride height the vertical load is the vehicle
weight. The spring rate k, is then determined by substituting

equation (3.60) into equation (3.59) and solving for k.:

o of OKez
k- k,(0) ’9( dq, (3.61)
7 (K,,(0))2 (K,,(0))3
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3.4.4 Kineto-static Linkage Analysis Procedure

The kineto-static linkage analysis procedure is performed
as detailed in section 3.3 (Fig. 3.8). The kineto-static
solution is used to find the roll centers and roll stiffnesses
of the front and rear axles when acted upon by dynamic
cornering forces. The change of the roll centers and roll
stiffnesses as a function of lateral force is the. applied to
the center of gravity finding procedure to determine the
vehicle's understeer number Nu, and to calculate the CG
position "a".

From the equations of motion, it is apparent that the
roll centers are used to find the lateral load transfer during
steady~state cornering. Various definitions exist for the
roll center. The kinematic roll centers, as defined by Ellis
[31], are "kinematic centers of rotation of the suspension
assuming that the wheels are rigid and do not move sideways on
the road surface". The kinematic roll center procedure is
based on the Kennedy-Aronhold theorem, which states that
"relative instant centers associated with three moving planes
lie on a straight 1line" [45]. The kinematic roll center
procedure of Smith [48] is the same as Ellis', except that
lateral movement of the contact patches is accommodated. The
SAE definition of force roll center is the "point in the
transverse vertical plane through any pair of wheel centers at
which lateral forces may be applied to the sprung mass without

producing suspension roll" [35].
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Alanoly [44] has reviewed these roll center concepts and
others, commenting on their various contradictions and
shortcomings. Based on these observations, Alanoly's revised
roll center definition is used in this work. The roll center
is defined as the instantaneous center of rotation of the
chassis, relative to the tire contact patches, for a lateral
force applied to the center of gravity. Roll stiffness is
defined as the rate of change of the roll moment with respect

to the chassis roll angle.

Roll Center Calculation

The calculation of roll center location begins with
selection of notation (Fig. 3.10). Note that the X-Y
(inertial-fixed) coordinate system is centered at one of the
tire contact patches. The three independent coordinates 94,

d,, and q; are designated as Xm' Y and 0, respectively.

cg!
This gives the planar pullrod A-arm linkage three degrees of
freedom. It is very important to realize that these planar
linkage degrees of freedom are different from the dynamic
vehicle degrees of freedom. The front and rear suspension
linkages are individually analysed. The suspension analysis
outputs are then used as "black boxes" in the dynamic vehicle

analysis. The degrees of freedom referred to in this section

applyv exclusively to the planar pullrod A-arm linkage.
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R.C.: Roll Center
q: generalized coordinates
Q: generalized forces

A

Yre

L L T
k
Py
O

Fig. 3.10 Notation for Roll Center Calculation [44]
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Based on the linearized force generation characteristics

of the linkage suspension [44]:

X, - 90, (3.62)

ag;
and for the planar pullrod A-arm linkage under scrutiny,

30, X, Ky, Kpuf0qy
80, = Ix; ¥z, Kzajaqz (3.63)
30, Xy Ky, Kys)day

Based on the definition of roll center, an incremental
lateral force, 6Q,, is applied to the center of gravity. By

setting 6Q, =0 and §Q; = 0, the deflections [ 6q ] are solved

from Egn. (3.63):

3q, K32K33 " K33K;5,
1 - 3.64
8| - 3 K31K23 7K1 K33 (3.64)
3a,) Ko1Ky = K3, Kz0
Ky Kyp Ky

where A - det Ky Koy Koy

Ky K3; Ky,

Our goal is to write expressions for «,. and B, (Fig.
3.10). Transforming the body-fixed coordinates Es and n  to

the inertial-fixed X-Y coordinate system:
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&€ o = £ ,cos0-1,51in6

(3.65)

Brc = &£,8in0+n cosb

The inertial-fixed roll center coordinates X,

expressed as:

Xpe = Xog* @ pe
Yge = ch+ﬁRC

Xpe = Xog+ (€ ;c080-7m ,5in0)
Ype = Yoot (E48in0+1 ,cos6)

Ync can then be

(3.66)

(3.67)

By definition the instantaneous roll center has no

translation, therefore :

Xpe=0 =X - (§ sinB+n co0s0)6

. X
l-e. BRC-—".:i

(3.68)
Ype = 0 = Y o+ (E ,cos8-1 5ind) 0
-Y
i.e. Qp.=- —<2
RC e
Taking the time derivative of equation (3.64) and
substituting into equation (3.68), and considering q, = X,
4, = Y and ¢; = 6 gives
® po K31X33 K3, Ky, (3.69)
K21K32 =Ky K0
B e - K22K33 “ KoKy, (3.70)

K21K32 = K3 K5
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Roll B8tiffness Calculation
Using the same noutation as introduced in Fig. 3.10, the

roll stiffness is calculated. The roll moment is defined as:

M, = 0B re=0,% pc* 0 (3.71)
Following the definition of roll stiffness as given in the

beginning of this section:

oM, 80, 6B 80, _p 0% s 30, 3.72
Ko~ 38 =~ 36 PrctQ—5p ~ 9%k Qpp * 55 (o2

Assuming that only the lateral force is incremented, 6Q, = 6Q;

= 0. Thus equation (3.72) reduces to:

50, OB e Sa pe
- —1 - 3.73
Kr 66 BRC+01 69 02 69 ( )
Using eqn. (3.65):
K, - 2908, 000+ (3.74)
A 0,0 g+ QB pc .
Since
8 80
_G-QGL - 3 (3.75)
3
then from equation (3.64),
80, _ A (3.76)

3q, K;1K32 " K33K;

Substituting equation (3.76) into equation (3.74), the
expression for the roll stiffness based on the kineto-static

linkage analysis becomes:
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K_ - A (K;2K3; = K;3,K,,)
(Ky1Kap = K3y Kpp)  (Ky K5 = %5,K5)
A (x,,%55 = %;3,%,3)

~ 2
(Kp1K35 ~ K31K;5)

+0,8 g+ QP 5o
(3.77)
K

r + 018 et OoB &c

Roll Damping Calculation

A simplified roll damping value has been used. A roll
damping ratio of 0.3 is used, based on the total roll
stiffness.

—P  «0.3

chti t

(3.78)

L,= 0.3L,.;;

L,- 0.6/K, I,

3.4.5 Transient Vehicle Dynamic Analysis
The nonlinear vehicle equations of motion are solved by

taking the equations (3.3) and rearranging them:
Xy-mUr - mV+mh, B
LN = I,? (3.79)

ELs_msh:aUI = ms'hzav'" pr

Rewriting equation (3.79) in a matrix form:

EY"IDUI m 0 mshra 174
LN - 0 I, O 7 (3.80)

ELs-ms'hraUI m,h,, 0 I, D
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14 m 0 mh,, - LY-mUr
st=-|l 0 I, O N (3.81)

z
D mh., 0 I, ZLs'mshraUI
After finding the inverse of the mass-inertia matrix, the
adjoint of the matrix divided by its determinant, we are left

with the following equations:

v II, Y -Zmh,, Yy-mUr
tp=4 o  ILm(mhy? o0 N (3.82)
p -I,mnh,, 0 Im || EL-mh,Ur

where A = I Im-I_(mh.)? .

Equation (3.82) is now rewritten as a system of first

order differential equations:

v

e II,(Xy-mUr)~Imh,,(XL-mh,Ur)

v mI I,-1I, (mgh,,) y

0 I
17 -9 YXN(I,m- (m.h,,)?) ) (3.83)
z ml,I,-1, (ms'hza)z

6 p

P) -Imh  (EY-mUr) + I m(XL-mh,Ur)

mI, I,-1, (ms'h:a)z )
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The state-space equation (3.83) with the appropriate
initial conditions is solved over a desired time step using
the fourth-order Runge-~Kutta numerical method. MATLAB
provides a fourth~order Runge-Kutta solver as an intrinsic
function. The MATIAB implementation of the fourth-order
Runge-Kutta method was chosen because it is self-starting,
provides automatic step size, and is efficient and reliable.

The output from the vehicle dynamic analysis consists of
the body-fixed y~position, lateral velocity, yaw angle, yaw
angular velocity, roll angle, and roll angular velocity. 1In
addition, the body-fixed lateral acceleration, yaw angular

acceleration, and roll angular acceleration can be extracted.

3.4.6 Handling Refinement and Design Procedure: Summary
This section has described the mathematical model and the

algorithms used to design and refine a vehicle system for

handling. The software implementation of these procedures

will be described in the following section.
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3.5 Vehicle Design Bynthesis Software

Software has been written to implement the vehicle design

synthesis for vehicle handling and stability, as described in
this chapter. A flowchart of the software is seen in Fig.
3.11.

Complete vehicle parameters, front and rear 1linkage
information, and performance criteria are entered. The center
of gravity finding routine CGFIND /based on Section 3.4.2)
then calculates the sprung mass distribution. The sprung mass
distribution is read by the chassis spring rate finder SPRING
which then computes the chassis spring rate for the front
suspension (Section 3.4.3).

The kineto-static linkage solver KINSTAT (Section 3.4.4)
then computes the non-linear roll centers and roll stiffnesses
for the front suspension linkage and saves them as lookup
tables. The SPRING-KINSTAT procedure is repeated for the rear
suspension linkage. CGFIND then recomputes the center of
gravity using all non-linearity tables for front and rear
suspensions.

Vehicle dynamic solver DYNAMIC (Section 3.4.5) computes
handling response using comprehensive data including lookup
tables from KINSTAT, vehicle information including the new CG,
and the initial conditions and forcing functions for the
vehicle. The vehicle dynamic handling response is compared to

the performance criteria.
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=Totol wehicle mass
=Unsprung moss per wheel
-Wheelbase

=knitiol positions for linkage dependent voriobles (front ond reor)
-Linkage constants (fronl ond recr)

~Minimum ond maximum wheelbase % o/L

~lnitio! ond finol positions for fronl and reor kinkeges
~Estimated roll center and roft stiffness (front ond reor)

~Front ond reor tire characteristics

=Performance criterig

1

CGFIND
Computation of OG position
ot constont front ond reor
roll centers and roll
sliffnesses (to get sprung
distribution for SPRING)

SET FROMT

SPRING

Coqwtraolti:n of chassis Modify inpuls

|

KINSTAT
Computation of non-lineor
roll centers and roll
sliffnesses

44

CGFIND
Computation of CG position
using non-finear front and
reor roll stiffnesses and roll
centers under steady state for
Num() and mox. koterd ocen.

. " . MEETS

Output vehicle configuration Y N

which meets performonce criterio P%R;mi
DYNAMIC

Computation of tronsient
response with compiete
tire ond chassis
non-~Eneorities

Fig. 3.11 Vehicle Design Synthesis Software Flowchart

86



3.5.1 Vehicle Bynthesis Case Study

The results from a vehicle design synthesis are now
described to illustrate the modeling, analysis, and design
synthesis methods described in this chapter. The results are
based on a steady-state analysis. Table 3.2 shows the
parameters of the sample vehicle.

TABLE 3.2: Vehicle Parameters for Case Study
‘' -
m=318 kg
ms=251 kg
muf=30.45 kg
mur=36.59 kg
kfaux=4000 Nm/rad
h=0.3048 m
huf=0.254 m
hur=0.0.2921 m
1~1.778 m
t£f=1.257 m
tr=1.251 m
front tire: bias ply racing
rear tire: same as front, on wider rim

Front and rear chassis spring rates of 32.3 kKN/m and 125
kN/m, respectively, are selected. The instantaneous roll
center locations and roll stiffnesses for the front and rear
suspensions are seen in Figs. 3.12 to 3.15. The results of
the center of gravity finding procedure are seen in Figs. 3.16
and 3.17. It can be seen that the CG position for neutral

handling gives the maximum limiting speed.
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.6 ar

This chapter has described the various stages of a design
synthesis for the handling of a vehicle with pullrod A-arm
suspension linkages. Each step of the procedure has been
described in detail. The procedure is implemented as a
MATLAB-based software. The software consists of four modules
called CGFIND, SPRING, KINSTAT, and DYNAMIC. CGFIND computes
the best center of gravity location. SPRING computes the
chassis spring rates. KINSTAT computes the non-linear roll
centers and roll stiffnesses. DYNAMIC computes the transient
and steady-state handling response for the vehicle, taking

into account the selected tire and chassis non-linearities.
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CHAPTER 4

Case Studies of Vehicle Dynamic Analysis

4.1 General

A transient vehicle handling study is carried out in this
chapter. The purpose of this study is to investigate
transient response of a typical vehicle in order to gain
confidence in the mathematical modeling, analysis, and design
synthesis for handling and stability. A vehicle with typical
parameters is selected, and the handling characteristics of
such a vehicle are considered as the vehicle synthesis is
carried out in steps.

The first step is to test the mathematical model. At
this stage the handling model uses a linearized tire model.

The next step is to add the non-linear tire model to the
vehicle handling model. This step will show how the handling
response of a vehicle is influenced by a tire model that is a
function of normal load, slip angle and camber angle.

The subsequent step is to carry out kinematic and kineto-
static suspensior. analysis in order to evaluate velocity
coefficients and to incorporate them in the calculation of
non-linear roll centers and roll stiffnesses in the vehicle
handling model.

The final step is to perform a parametric study using the
fully developed vehicle handling model. Relevant design
parameters are varied and the effects on the vehicle handling

and stability responses are demonstrated.



4.2 Linear 3DOF Vehicle Model (CASE1)

This example is used to verify the mathematical model of
the vehicle and the solution procedure of the equations of
motion. is

The vehicle exanple, as specified in Table 4.1,

taken from Ellis [31]. In Ellis, the vehicle's steady-state
response was solved by Laplace transforms. In CASEl, the same
problem is solved as described in Section (3.4.5) and the

results are compared.

TABLE 4.1: CASEl: VEHICLE MODEL PARAMETERS
m = 874.2 kg
ms = 773.5 kg
Ix = 276.6 kg*m?
Iz = 1027.6 kg*m?
Pxz = -11.25 kg*m?
h = 0.2987 m
hf = 0.287 m
hr = 0,116 m
a =1,28 m
b = 0.817 m
ASTFf = 769 Nm/rad
ASTFr = 1242 Nm/rad
INSTFf = 2349 N/rad
INSTFr = 3932 N/rad
RCBRf = 0.07 rad/rad
RCBRr = 0.62 rad/rad
U = 30.48 m/s
§ =0 rad
Cf = -29089.9 N/rad
Cr = -42700.8 N/rad
Lphi = -30889.7 Nm/rad
Lp = -2093.7 Nm/rad/s

96




where ASTFf = aligning stiffness of both front tires

ASTFr = aligning stiffness of both rear tires
INSTFf = inclination stiffness of both front tires
INSTFr = inclination stiffness of both rear tires

RCBRf = roll camber change of both front tires

RCBRr = roll camber change of both rear tires

Cf = cornering stiffness for both front tires
Cr = cornering stiffness for both rear tires
h = Z-distance from roll axis to sprung mass CG

The equations of motion used in this validation differ
slightly from equations (3.3), in that the P,, product of

inertia is included [31]:

YY = m(V+Ur) +mhp
XN =-I,2-P D (4.1)
YL, - m h(V+Ur) - P2+ I.D

A step input has been applied to the vehicle in the form
of aerodynamic forces and moments representing a wind gust

with initial conditions as zero. The inputs are as follows:

Lateral Aero Force = 786.4 N
Aero Yawing Moment = 366.6 Nm
Aero Rolling Moment = 503.1 Nm

These inputs are added to the external force and moment
equations. The force and moment equations used here differ
from those presented in equation (3.5):

LYy - Y, V+Y,r+Y,0+Y,8+Lateral Aero Force

LN - N,V+N,r+N,0+N,8+Aero Yawing Moment (4.2)
YL, -~ Ly®+Lp+Aero Rolling Moment
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where

(Cf+Cr) /U
(axCf-b*xCr+ASTFf+ASTFr) /U
(a*xCf-bxCr) /U

(a?xCf+b?*Cr+a*ASTFf-b»ASTFr) /U

Yy = INSTFLxRCBRf+ INSTFr*«RCBRr (4.3)

Ny = axINGIFE*RCBRf - b* INSTFr+RCBRr
Ly - 30890

Yy ~ -Cf

Ny = —axCf

L, = -2093.7

It should be noted that the aerodynamic inputs
representing a wind gust remain the same throughout the
simulation. This implies that the wind direction relative to
the car remains the same as the car is yawing, which means
that the wind direction has the same yaw velocity as the car.
While this is not a physically realistic case, the example was
used for comparison purposes.

Figures 4.1, 4.2, and 4.3 compare the calculated results
to the published results. The so0lid lines represent the
numerically-obtained response, whereas the dotted line is
Ellis' response. The offset evident between the numerical
solution and Ellis' solution is due to the selection of zero
initial conditions for the numerical solution. The numerical
solution was repeated with initial conditions identical to

Ellis' solution and the transient response in both cases
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agreed more closely. More specific~lly, the transient
response for the lateral velocity and the yaw angular velocity
agreed very closely. The peak transient response for the
sprung mass roll angle was lower by approximately 10 percent
for CASEl when compared to the reference response. The
steady-state solutions for the revised initial conditiuus
continuea to have a difference of 8 percent, 2 percent and 7
percent, respectively, for the lateral velocity, yaw velocity,
and roll angle.

It is clear that the trends for both sets of responses
are the same, and that the agreement of the results is
generally good. It can be concluded that the solution
procedure for the 3DOF mathematical vehicle dynamic model is

valid.
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4.3 3DOF Vehicle Model With Nonlinear Tire (CASE2)

This section will demonstrate the vehicle handling model
incorporating the non-linear tire. The linear tire
coefficients used in the previous section are replaced by
Pacejka's tire model. The camber angle has been fixed at
zero. Full lateral weight transfer has been included. Table
4.2 shows the changes in the vehicle model parameters.

TABLE 4.2: CASE2: VEHICLE MODEL PARAMETERS

m = 874,2 kg
ms = 773.5 kg
muf = 45.0 kg
mur = 55,7 kg
Ix = 276.6 kg*m?
Iz = 1027.6 kg*m?*
Pxz = ~11.25 kg#*m?
h = 0.4813 m
hra = 0.2987 m
huf = 0.3048 m
hf = 0.287 m
hur = 0.3048 m
hr = 0.116 m
a=1.28 m
b = 0.817 m
tf = 1.257 m
tr = 1.251 m
ASTFf = 769 Nm/rad
ASTFr = 1242 Nm/rad
INSTFf = 2349 N/rad
INSTFr = 3932 N/rad
RCBRf = 0.07 rad/rad
RCBRr = 0.62 rad/rad
U = 30.48 m/s
§ =0 rad
kf = 15445 Nm/rad
kr = 15445 Nm/rad
Lphi = -30889.7 Nm/rad
Lp = -2093.7 Nm/rad/s

_
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The external forces differ from equations (4.2) and (4.3)

as follows:

Y'Y = (INSTFf*RCBRf+INSTFr+RCBRI)pD
+ Fyro+ Fyti + Fyzo+ Fyx'.i

YN ~ (a* INSTFf*RCBRf~bx INSTFr+«RCBRr) 0
+8*ASTFL (4.4)
*a (Fyfo"'Fyﬁ) =b(Fy o+ Fypy)
+Mz£o+sz1 +Mzro+Mzri

YL, - LP+Lp

The step aerodynamic input of CASEl was used again with
zero initial conditions . The response of the 3DOF vehicle
model to the aerodynamic input is found in Figs. 4.4 to 4.9.
The solid lines refer to the Pacejka tire-shod vehicle, while
the dotted lines are the responses from CASEl.

It is apparent that the 3DOF vehicle with the non-linear
tire is less sensitive to the wind disturbance. The steady-
state y-position and the yaw and roll angles are smaller, and
the vehicle with the non-linear tire is quicker to reach a
steady-state in sideslip, yaw and roll. A possible
explanation for this is that the Pacejka tire model includes
saturation of lateral force and self aligning torque, whereas
the cornering stiffness and aligning stiffness constants used
in El11lis' example do not account for saturation. In addition,
the Pacejka tire is much stiffer in its linear range than the

tire cornering stiffness used by Ellis.
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4.4 3DOF Vehicle Model With Camber Change (CASE3)

Camber change effects are now included in the 3DOF

vehicle model with a nonlinear tire. The 3DOF vehicle model
used in this case is identical to the one used in CASE2. The
nonlinear tire model is the same Pacejka sinusoidal model as
used in CASE2, with the exception that the tire lateral force
and self aligning torque is now a function of normal load,
slip angle and camber angle.

The characteristics of the sprung mass roll angle vs.
wheel camber change were found by performing a kineto-static
analysis using KINSTAT. The kineto-static analysis results
for the front and rear suspensions are found in Figs. 4.10 to
4.13.

Comparing the new vehicle response (solid lines) to that
of CASE2 (dotted lines) in Figs. 4.14 to 4.19, it can be seen
that the vehicle model used here is sensitive to camber
change. The handling response in terms of number of
oscillations and the time to reach steady-state is similar.
However, the transient and steady-state response magnitudes
for CASE3 are considerably higher than those of CASEz2. A
vehicle handling and stability analysis that neglected camber
change would underestimate vehicle performance, especially

lateral acceleration, path followed, and yaw response.

111



rad

Wheel Camber,

Front OQOuter

| I ! l b . i ! I 1

Fig. 4.10

0

0.02 0.04 0.06 0.08 0.1
.01 0.03 0.05 0.07 0.09
Sprung Mass Roll Angle, rad

Sprung Mass Roll Angle vs. Front Outer Camber
112



Iad

Camber,

Front Inner Wheel

0 0.02 0.04 0.06 0.08 0.
0.01 0.03 0.05 0.07 0.09
Sprung Mass Roll Angle, rad

Fig. 4.11 Sprung Mass Roll Angle vs. Front Inner Camber

113



rad

0.01

Wheel Camber,

Quter

Rear

-0.03

Fig. 4.12

i H . : L i 1 ! . 1

0 0.02 0.04 0.06 0.08 0.1

0.01 0.03 0.05 0.07 0.09

Sprung Mass Roll Angle, rad

Sprung Mass Roll Angle vs. Rear Outer Camber
114



rad

o

.08

.07

Wheel Camber,

(=}

. 06

Inner

Reatx

0 0.02 0.04 0.06 0.08 0.
0.01 0.03 0.05 0.07 0.09
Sprung Mass Roll Angle, rad

Fig. 4.13 Sprung Mass Roll Angle vs. Rear Inner Camber

115



Position, m

y

0
0.05
-0.1
0.15
-0.2

-0.25
-0.3

CASE3 CASE?2

Time, sec

Fig. 4.14 CASE3 y Position vs. Time

116



-
-
-
-
-
|ll|ll||_|l
llllll
lllll

o

CASE?2

CASE3

Time,

o (=]

*A3T00T3AN TRIB3E]

sec

Fig. 4.15 CASE3 Lateral Velocity vs.

Time

117



0.2
0.18 |- CASES3 , U,
o 1c || case2 WM

rad

Yaw Angle,

0 1 2 3

Time, sec

Fig. 4.16 CASE3 Yaw Angle vs. Time

118




-,
-
- .
lllllllll
LT TY

CASE2

CASE3

Time,

s/pe1

"A310073A

o3
o

o

lIeinbuy meyg

.01

ecC

S

CASE3 Yaw Angular Velocity vs. Time

Fig. 4.17

119



CASE2

CASE3

secC

Time,

CASE3 Sprung Mass Roll Angle vs. Time
120

e
] : ) [ t 1 1
4 ™~ ot oo 0 - ™~
- —t o o o o o
o o . o o o o
. . o . .
o o o o o

per1I ‘aT1Hhuy TT10¥ sSsel bunids

4.18

Fig.



(o]
m .
(2}
¢
(&)
~ :
(&) : .
© :
< ;
o :
—
] 1 1. 1
(=] O - o o o -
o o o o o o
< [ =] o o o (=]
s/pe1r ‘KA312079A 1eInbuy [70¥ sseRy HBunidsg

-0.06

Time,

sec

CASE3 Sprung Mass Roll Angular Velocity vs. Time

4.19

Fig.

121



4.5 Comparison of Linkage Analysis with GENKAD [44]

To gain confidence in the kinematic and kineto-static
analyses and software for the suspension linkage by the
velocity coefficients method described in the thesis, a
comparison was made with GENKAD. A selected configuration of
the linkage described in Section 3.3 was modelled and analysed
with XINSTAT as well as with GENKAD. A comprehensive
comparison of the numerical results was made. Detailed
outputs of the linkage angles, dimensions across springs,
velocity coefficients, and absolute sensitivities of velocity
coefficients to input variables were collected and compared.
The comparison was very thorough, being carried out over the
full range of the linkage movement, and the agreement of the
results was excellent. With very rare exceptions, all
numerical results for each iteration agreed within at least
four decimal places. This comparison provided very good
confidence in the kinematic and kineto-static analyses for

their implementation in the vehicle dynamic analysis.
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4.6 3DOF Nonlinear Model With Suspension Linkage Analysis
{CABES6)

In this section, the instantaneous 1location of roll
centers and roll stiffness from the kinematic and kineto-
static analyses are added to the vehicle handling and
stability model with non-linear tire characteristics.

The sprung mass properties used in CASE6 are common to
the previous cases. In addition, complete front and rear
planar A-arm suspensions have been designed and analysed using
the software. The 3DOF vehicle handling model has been
modified to incorporate the non-linear suspension parameters.

Maximum non-linearities generally occur in the upper
regions of the vehicle's performance envelope. To simulate
vehicle behavior in the upper performance envelope, a step
steer input of sufficient magnitude is applied. The peak
vehicle lateral acceleration is estimated by examining the
Pacejka tire side force curves. It is observed that the side
force coefficient (FY/FZ) at the peak slip angle range (10-13
degrees) is approximately 0.9g, depending on the normal load
FZ. Taking into account the fact that the 1lateral load
transfer decreases the absolute capabilites of the tires, a
peak lateral acceleration below 0.9g9 is expected.

By trial and error, it was found that a step steer irput
of 1.25 degrees resulted in a steady-state lateral accleration
of approximately 0.8g. The magnitude of step steer angle is

chosen so that the sprung mass roll angle will not be exceed
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5 degrees ; this is to avoid excessive tire camber.

Three simulations are carried out. The first simulation
uses constant roll centers and roll stiffnesses corresponding
to zero roll angle. The second simulation uses constant roll
centers and roll stiffnesses corresponding to the sprung mass
roll angle at 0.8g lateral acceleration. The third simulation
uses the instantaneous roll center 1locations and roll
stiffnesses from linkage analysis. The vehicle handling model
reads lookup tables from the kinematic and kineto-static
analysis for the instantaneous roll center locations and roll
stiffnesses.

The vehicle handling model parameters are the same as
CASE3 except as specified in Tables 4.3 and 4.4:

TABLE 4.3: CASE6: ZERO ROLL ANGLE CASE

M
hf = -0.094 m
hr = -0.0343 m
kf = 22370 Nm/rad
kr = 16269 Nm/rad
Lp = -1961 Nm/rad/s
tfinal = 2 sec
delta = 0.0218 rads

W

TABLE 4.4: CASE6: ROLI ANGLE FOR 0.8g LATERAL ACCELERATION

hf = -0.0849 m
hr = 0.00056 m
kf = 22200 Nm/rad
kr = 12300 Nm/rad
tfinal = 2 sec
delta = 0.0218 rads

| O S SO R
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The graphical results of the kineto-static analysis for

front and rear linkages are seen in Fig. 4.20. A sweep of
kinetic equilibrium positions with their corresponding roll
centers is shown. The non-linear roll centers and roll
stiffnesses are plotted in Figs. 4.21 to 4.24. The results of
the handling analysis are seen in Figs. 4.25 to 4.31. The
results from the full non-linear analysis are in all cases
bracketed by the results from the "zero g" and "0.8 g"
approximations. The steady-state lateral acceleration as well
reaches a value which is between the two approximations. Thus
the vehicle design synthesis is sensitive to suspension

linkage non-linearities.
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4.7 Parametric study

4.7.1 Parametric s8tudy of Total Roll stiffness

In the previous section (Section 4.6) it is demonstrated
that kinematic suspension nonlinearities do have an effect on
vehicle handling response at high lateral accelerations. It
is also noted that a limiting factor is excessive roll angle
causing the tires to operate at high camber angles. 1In this
section, the total roll stiffness will be varied and the
effects on the sprung mass roll angle and the vehicle handling
will be observed.

Total roll stiffness is changed by adding auxiliary roll
stiffnesses to the front and rear axles while maintaining the
baseline roll-stiffness distribution. With reference to
Tables 4.5 and 4.6, the total roll stiffness k,, is varied
relative to the baseline configuration (100%). Each of the
other columns is designated by the total roll stiffness
percentage relative to that of the baseline. The total roll

stiffness K, is defined as follows:

t

‘kCOC - +k

tonsrs ¥ Krauxt Kr ppet Kraux

The baseline configuration is that of CASES6. The roll
damping ratio in each case is maintained at 0.3. Adding roll
stiffness is a physically realizable task; it is accomplished
by the use of anti-roll bars. A reduction in roll stiffness
at an axle would require a decrease in spring rate at that
axle.
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TABLE 4.5:

Step Steer 1.25 deg., tfinal=2 sec.

CASE7 Roll Stiffness and Roll Damping

Il 95% 97.5% 100% 125% 150% 175%
kf 21293 21853 22391 28017 33620 39224
kr 15419 15825 16253 20288 24346 28403
ktot 36712 37678 38644 48305 57966 67627
" lLp! 1912 1937 1961.5 | 2193 2402 2595
kfaux -1098 -537.8 0 5626 11229 16833
kraux -834 -428.3 0 4035 8093 12150
" ltype ———- -.-. solid “oee ++++ *kokk
TABLE 4.6: CASE7 Roll Stiffness and Roll Damping
Step Steer=2 deg., tfinal=2 sec.
112.5% 125% 137.5% 150% 175%
kf 25215 28017 30819 33620 39224
kr 18259 20288 22317 24346 28403
ktot 43475 48305 53136 57966 67627
}Lp| 2080 2193 2300 2402 2595
kfaux 2824 5625 8428 11229 16833
Kraux 2006 4035 6064 8093 12150
ltype -—-- -.-. ceee 4+ P
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The lower limit of the roll stiffness is set by the
maximum allowable sprung mass roll angle; the upper limit is
set by the assumption that an anti-roll bar that is too stiff
will 1imit wheel independence. Two sets of trials are carried
out for step steer inputs of 1.25 and 2 degrees.

It should be noted that the roll stiffness values k, and
k. are for the zero roll angle. Since the front and rear
suspension linkages exhibit a change in roll stiffness as the
sprung mass rolls, it is likely that the handling of the
vehicle will change. This is demonstrated in Figs. 4.34 and
4.35, which show that the understeer numbers change as the
total roll stiffness changes.

Figs. 4.32 and 4.33 show that lateral acceleration

increases with total roll stiffness.

140



Lateral Acceleration, g

0-9 T T T ****
* ¥
****fffrf+*+*+tt+++++w
LA : i
WA
0,8 of -‘_ﬁ- _"_____:_—_.=:..—_=::_—_:_—_-_-_-
0.7} -
*
0.6¢ -
0.5 4
004 -
b ktot/ktot6 =95%
0.3} ktotktoté =97.5% -
i ktot/ktoté =100%
s ktot/ktoté =125%
0.2 - ktot/ktoté =150% i
+++
ktot/ktot6 =175%
1 2 2
0.1+% -
O | I {
0 0.5 1 1.5 2
Time, sec
Fig. 4.32 CASE7: 1.25 deg. Step Steer, Lateral Acc. vs. Time

141




Lateral Acceleration, g

\ 1 1)
FEELRAAAIAN A ny
0.0} T et e
oo
*
W
/
0.8% %ﬁ/ -
ﬁ/
/l
0.7 b .
F
| #
0.6y f 4
;
0.5 ]
*
B
|
0.4H # i
H
i ] ktot/ktolt =112.5%
0.3 ; ktoUktot8 =125.0% 7
| kiot/ktot6 =137.5%
] ktot/ktot8 =150.0% .
0.2 rg +++
1 ktot/ktot8 =175.0%
O‘l P -
O I L !
0 0.5 1 1.5 2
Time, sec
Fig. 4.33 CASE7: 2.0 deg. Step Steer, Lateral Acc. vs. Time

142



Understeer Number Nu

0.06

0.05

0.04

0.03

0.02

0.01

Fig.

+ 1

ktot/ktot6 =95%

ktot/ktol6 =97.5%

ktot/ktot8 =100%
ktol/k.l.q!_ﬂi _ ”=_1 25%

kto!/klots =150%
ktot,/ktots =175%

—

+ +
R +++"‘++++
* e ppr ettt

%
R R E R R LR

4.

34

Time, sec

CASE7: 1.25 deg. Step Steer, Understeer vs. Time

143



0-06 ¥ 1 T By 1
ktot/ktt_)te_ =] 12.5%
0.05r . ktot/ktot8 =125.0% i
N il
‘O ktot/ktoté =137.5%
AN ktot/kiot8 =150.0%
P NN +++
o~ ktot/ktot =175.0%
5 0.04 + SO L B
Z S S
s »* + = ~ \\\
+ A RN
’E * \ h N
: + Y N \\\
Z * -+ \\ \\\
0.03 + NN .. 4
2 + ~ “ \\
/5] * + > ~ \\\\
s »* + ~ - -~
~ * + e
: -+ + ~ ~ ~
- 0.02+ * + T~ .
+ N
* +
* +
* + N
* +
* +
»* +
0.01¢ * + .
¥
L]
* +
. g
*’
O [ i ! | i
0.8 1 1.2 1.4 1.6 1.8
Time, sec
Fig. 4.35 CASE7: 2.0 deq. Step Steer, Understeer vs. Time

144



4.7.2 Parametric study of CG Position
The center of gravity position a/L is varied and the
effects on the vehicle handling response are observed. The
wheelbase L is kept a constant. The range of test values is
seen in Table 4.7.
TABLE 4.7: CASE8: CG Position Variation

Step Steer = 1.25 deg., tfinal = 2 sec, kaux = 0

a/L 0.45 | 0.50 0.55 0.61 0.65

a(m) 0.944 1.0485 1.153 1.28 1.363

b (m) 1.153 1.0485 0.944 0.817 0.734

1ltype ———— - cees solid(ba kkkk
seline)

The results of the study are shown in‘?Igs. 4.36 to 4.43.
The test case with the most rearward CG position produced the
highest lateral acceleration and the least understeer. This
is to be expected, in light of the substantially forward-
biased roll stiffness distribution for the baseline vehicle
parameters (a/l=0.61). Moving the CG forwari from the
baseline (understeering) case resulted in increased understeer
and diminished 1lateral acceleration. Thus the already
overlocaded front tires were having increasingly detrimental
lateral weight transfer conditions imposed on them. Moving
the CG position back from the baseline resulted in improved
handling and stability, because tire loading conditions became

more equalized.
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4.7.3 Parametric Study of CG Height

The center of gravity height h is varied and the effects
on the vehicle handling response are observed. The simulation
failed at first when the CG position is raised, due to
excessive roll angle. This was overcome by increasing the
total roll stiffness by 50 percent, in the form of constant
auxiliary roll stiffness. The baseline 58/42 front/rear roll
stiffness distribution is maintained and the roll damping
ratio is 0.3. The range of test values is seen in Table 4.8:

TABLE 4.8: CASE9: CG Height Variation

h/h6 79% 90% 100% 105% 110%
h (m) 0.381 0.4318 0.4813 0.5054 0.5286
ltype ——— - solid e +4+++

The results of this study are seen in Figs. 4.44 and
4.45. It is clear that lowering the CG height will increase
the maximum lateral acceleration capability. Lowering the CG
height also decreased understeer slightly. This could be
explained by the fact that the front/rear roll stiffness
distribution would be changed due to a slightly different
sprung mass roll angle. More precisely, as the sprung mass
rolls, the linkage non-linearities effect a change in the roll
stiffness distribution. This shows how sensitive the vehicle

design synthesis is to suspension non-linearities.
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4.7.4 Parametric B8tudy of Wheelbase
The wheelbase L is varied and the effects on the vehicle
handling response are observed. The baseline vehicle
parameters with instantaneous roll center locations and roll
stiffnesses ave used. No auxiliary roll stiffness is used.
The wheelbase variation is seen in Table 4.9.
TABLE 4.9: CASE10: Wheelbase Variation

Step Steer = 1.25 deg., tfinal = 2 sec.

L/L6 86% 90% 100% 109% 120%

L (m) 1.796 1.934 2.097 2.285 2.514
fl tf/L 0.7 0.65 0.6 0.55 0.50
[ a (m) 1.096 1.180 1.28 1.395 1.534

b (m) 0.7 0.754 0.817 0.890 0.980
I ltype R - solid cens ++++
l

The results are seen in Figs. 4.46 to 4.53. It can be
seen that the vehicle with the shortest wheelbase experienced
the most yaw, lateral acceleration and underst .er. It should
be noted that the mass distribution and moments of inertia
were not varied. For a large variation of wheelbase from the
baseline configuration, it would be impossible to maintain the

same moments of inertia.
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4.7.5 Parametric Study of Roll Stiffness Distribution
The roll stiffness distribution kf/ktot is varied and the
effects on the vehicle handling response are observed.
Changing the roll stiffness distribution is analogous to
altering the anti-roll bar size or spring stiffness at one
axle of a vehicle. The roll stiffness proportions are shown
in Table 4.10.
TABLE 4.10: CASEl1ll: Roll Stiffness Distribution

Step Steer = 1.25 deg., trinal = 2 sec.

kf/ktot 0.40 0.50 0.58 0.70 0.80
kfO 22391 22391 22391 22391 22391
kro 16253 16253 16253 16253 16253
ktot 55978 44782 38644 54177 81265
kfaux 0 0 0 15533 42621
kraux 17333 6138 0 0 0
'Lp| 2361 2112 1961 2322 2844
ltype ———— -.-.- solid e 4+

* where ktot = kf0 + kr0 + kfaux + kraux

Results are shown in Figs. 4.54 and 4.55. Shifting the
roll stiffness distribution towards the front axle improved
the lateral acceleration and decreased understeer. These

trends can be explained by the fact that the vehicle model has
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a rearwvard weight bias. By increasing the proportion of front
roll stiffness, lateral weight transfer at the front axle is
increased, resulting in a more neutral-handling vehicle. The
vehicle handling model with suspension analysis is able to

illustrate this.
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4.8 summary

In this chapter, the mathematical modeling, analysis, and
design synthesis for vehicle handling and stability, as
developed in Chapter 3, has been demonstrated. Confidence has
been gained in the solution of the vehicle handling model.
The suspension analysis by the method of velocity coefficients
has been used to include the instantaneous roll center
locations and roll stiffnesses in the vehicle handling model.
The parametric study using the vehicle handling model with
non-linearities produced good handling and stability trends.

In conclusion, it is possible to include the influence of
roll center movement and roll stiffness variation in a vehicle
handling analysis and synthesis procedure. The method of
velocity coefficients is used to obtain the instantaneous roll
center location and roll stiffness. The advantage of the
velocity coefficients method is that the kinematics analysis
can be performed separately, and then included in the vehicle
handling and stability analysis. 1In this way, the problem is

conveniently broken down into small, manageable parts.
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CHAPTER 5

Conclusions and Recommendations for PFuture Work

5.1 Conclusions

A computer-aided vehicle design synthesis procedure for
handling and stability is developed. The vehicle suspension
system components for handling and stability are described.
The qualitative effect of each component on vehicle handling
has been discussed. Selection methods based on analytical
techniques presented in the literature are presented for the
tires, springs and dampers.

The various stages of a design synthesis for the handling
of a vehicle with pullrod A-arm suspension linkages are
described in detail. The mathematical modeling, analysis, and
design synthesis for vehicle handling and stability is
developed. The suspension analysis by the methoa of velocity
coefficients has been used to include instantaneous location
of roll centers and roll stiffnesses in the vehicle handling
model. The design synthesis procedure is implemented as a
MATLAB~based software. The software consists of four modules
called CGFIND, SPRING, KINSTAT, and DYNAMIC. CGFIND computes
the best center of gravity location. SPRING computes the
chassis spring rates. KINSTAT computes the non-linear roll
centers and roll stiffnesses. DYNAMIC computes the transient
and steady-state handling response for the vehicle, taking

into account the selected tire and chassis non-linearities.



Case studies on a typical vehicle have been presented to
gain confidence in the design synthesis procedure. The
parametric study using the vehicle handling model with non~
linearities produced good handling and stability trends.

In conclusion, it is possible to include the influence of
instantaneous location of roll centers and roll stiffnesses in
a vehicle handling analysis and synthesis procedure. The
advantage of the procedure adopted in the thesis is that the
kinematics analysis can be performed separately, and then
included in the vehicle handling and stability analysis. 1In
this way, the problem is broken down into small, manageable
parts. The highlights of the thesis include:

- Discussion of selection methods for tires, springs, and
dampers.

- A 3DOF mathematical modelling of a fixed control vehicle
travelling on a smooth, level road, that includes the
calculation of lateral weight transfer and a nonlinear
tire model which provides tire lateral forces and self-
aligning torques as a function of normal 1load, slip
angle, and camber angle.

- Mathematical modelling of the planar A-arm pullrod
suspension linkage and a kinematic and kineto-static
analysis of the suspension linkage using the Newton-
Raphson technique 2and velocity coefficients to fully

describe its equilibrium force characteristics.
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Development of a procedure to find the best location of
a vehicle's center of gravity based on two steady-state
performance indices: understeer number N =0 and maximum
lateral acceleration.

Transient vehicle dynamic response evaluation in state-
space form, using the fourth-order Runge-Kutta method in
the MATLAB package.

Case study on vehicle design synthesis.

Parametric studies on the total roll stiffness, CG
position a/L, CG height, wheelbase, and roll stiffness

distribution.
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5.2 Recommendations for Future Work

This thesis has provided a foundation for the development
of a truly comprehensive vehicle design synthesis software.
The range of possible modifications and improvements is
probably limitless. However, some scope-limiting restrictions
can be removed, and some further additions of a fundamental
nature can provide a well-structured approach to the
improvement of the synthesis procedure. These selected and

influential changes are now noted.

-Modification of the mathematical model to include ccmbined
braking and cornering, or acceleration and cornering.
~Inclusion of aerodynamic loading.

-Inclusion of roll damping using the method of velocity
coefficients and the nonlinear damper characteristics
-Anti-roll bar non-linearities

-Path follower model

~Additional degrees of freedom in mathematical model

At every stage of the analytical development, field

testing, wherever possible, shall be carried out.
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