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ABSTRACT , ]
/ COMPUT éRsAIDED ENGINEERING CONCEPT IN THE DESIGN AND ANALYSIS ‘
o o _’ OF AN OFF- ROAD MOTORCYCLE SUSPENSH‘N AND FRAME VR
T.J. Judek ’
. Concordia Umverswty, 1983 ’ ‘
’ ' "This thesis il’lqstrat'es the concept” of Cémpu_ter—Aided Enq:ineering

(CAE) applied to the design and analysis of an off-road motorcycle.

.+ The study is divided into four stages:

The first stage consists of W;Zthematicany‘ modelling the motor-
cycle ?uspension of the front fork and eva1uat1’ng*thevsus~pens1’ons' per- ‘-
) ' formance for sinusoidal and transient inputs. Laboratory testmg is .f

carried out and compared with thé theoretical results. An optimal design

e i-—»« ——of-the-—suspension-is—then-carriedout~—— .~
~ . ! .

In the second stage, the equations of motion are.derived using

Lagrange's method. For sinusoidal inputs of varying frequencies, the
transmissibility curves of generalized coordinates are obtained for the N
average case. The transmissibility pJots show the resonance of bounce

and pitching vibrati'ons to occur at 2 |Hz and 4 Hz respectivety. ¢
< ‘

“.  In the third stage, a 'parameftr'i,c study is -carried out with vari-
ation of stiffness and-damping of the tires and the shock absorbers, -
and t‘he mass of t_he rider. A .study on tNe gffect of variation of the ' . ' | v
geometrical configuration of the motorcycle is also'carri gd out anﬂ/it_
is observed that these geometric parameters have considerable in’fluenée .
on_the absolute displaéements of the motorcycle. ‘ '

. «
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' 7 ¥ . - ' .
In addition. an 1nteract1ve computer soft\vare with dynaan ;‘
graphics:is developed on a VAX 11/780- NORPAK Graphics system to di splay &

the dynamic motion of the motorcycle suspension

L]

. 1n'the fourth stage, a Finite E'Iement_AnaUsi:s (FEA) of the
m%oroycle frame is carH_ed ou't." :l'heoreti‘cal aspects end various steos
requit:ed 1Qn FEA are discussed with an example of typical input data
sequence for the motor‘cy'cl.e frame. Using Finite Element Teohnique in
conjunction with modal analysis the naﬁural frequencies and mode S‘bﬂpES.
of an off-road motorcyde frame are obtained’and ‘presented. Procéedure
for developi ng graphi cs ﬂor} mode ammatwon of the motorcycle frame 1s

also explained. " ’ o "
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INTRODUCTION

1.1 -Computer-Aided Engineering -

Most products today are desigqed from experience. The designer
often uses creative thinking and performs a synthesisﬂ Thus., the
design is carried out without considering any dééai]ea analysis.
Usually prototypes are bu%lt and tested for performance. Any failures
ére‘ideﬁkif{;d and the build-and-test cycle is repeated until design
specifications are met. Traditional product development, design and’
manufacturiﬁg me thods 6énnop cobé with demands_for‘improvedxengineering

P

productivity and is often time consuming and cost-ineffective.

To overcome these deficiénces, at present several industries
are introducing the new and emerging technology of Computer-Aided Desigh
(CAD) and Computer-Aided Manufacturing (CAM). The philosophy of imple-
menting such new teaﬁﬁ%%ggies differ widely from+industry to iﬁdustry,
however, the following description outlines some of the sequence in

which such an implementation is currently attempted.’

Ay

In any design, dréwings hdve historically been the means'to com-
municate the product geometry. The generation of drawings was done nor-
mally and any design changes required many hours of drawiﬁg corrections.
This necessitated the development of Computer-Aided Drafting [6,10]*.
Using computer-aided drafting, the drafting person can éregte compli-

cated two-and three-dimensional drawings with increased speed and

* Numbers within square brackets [ ] indicate references.




ﬁave their own mesh generation and th
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accuracy\. Changes madg‘ during any stage of the design are immediately
accessible through graphics terminals to otﬁers involved in the praject.
Computer-assiéted‘ dfafting increases productivity by freeing the use‘r
from_pérforminé the time-consuming, repetitive task such as drawi.ng the
same shape many times. Moreover, the drawing is stored in computer

memory and can easily be changed and replotted.in a few minutessto accom-

modate engineering modificaticns.

4

) The\computer—aided drafting systems, honger, are widely used
for the ‘produ‘ction of 2D drawings and not for design tasks such as
geometr’ic‘: modeling, finite element analysis or k'inematicé.. Until re- e
cently, large maxi frame compu.ters were,. required to perform structural
ana]yéw‘s, kingmati;: design and geometric modeling. Ni“ the introduction
of so0 ca]]edsm)er m1'm" computers which have 32-bit word Tength, large |
memory size and operate at higr‘m speeds, the computer-aided design [7]
’pro'cess became a reality. There are various turn key CAD/CAM packages -
available on the market. The most common CAD/CAM stations used in indus-
try are CALMA [30],APPLICON [31], COMPUTER VISION [37], _LOCKHEED—pADAM[ﬂj,
_PERKIN-ELMER [34], AUTO-TROI[35], and NES [36]. A1l of these sysfems have
.tflg/capabih'ties of design and limite analysis. The turn key systems

3:*efore the analysis 1s limited to
only a specific finite atement program. In addition the analysis is not
suitable for very s&emahzed products. These stations have extensive
capab1ht1es of data base creation and draftmg Some of these stations
have limited capabilities in tool design and NC programming and some

\

are interconnected with part inspection.

L

/

“oan
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The computer-aided manufacturing'[y] adds machining instruc-

tions while displaying an animated representation of. the machining

process on- the screeﬁ. After refining and verifying the data, the,

system automatically generates computerized numerical control (CNC)
machine tool commands. Finally, the proven CNC commands are written

onto a magnetic tape cartrﬁdge for controlling the machine tools.

At present, there are systems which integrate the CAD and CAM

into a, system called CAD/CAM. For example, Lockheed Integrated Pro-

e

grams for Aerospace-Vehicle Design (IPAD) incorporated that capability.

As the use of mini computers in engineerind practice continues
to grow, the concept is being developed to integrate the product
development and manufacturing into a computer automated system. This

can be achieved through the integration of geometric modeling, design,

analysis and testing, manufacturing drawings and tapes fgrﬁjg;rnachﬁnes.

This process of integration is cal]éd Compu ter-Aided Engineering\(CAE)

[1,2]. /

\ In comparison to the CAD/CAM process which relies heavily on
the testing of prototypes, the n&hd for extensive prototype testing
can.be reduced By a CAE process. CAD/CAM presently addressef only the
physical desc;iption of the product. The CAE method includes the
analysis of functional characteristics such as vibration, noise and
service life. In the CAE process, the computer simulation ig used—to

deteqnine precise loads for many alternative designs. The most i\mpor-
- o

tant part of CAE is the systems model. The entire machine structure

. 1s represented mathematicalbly in the Eanputer. The model is created

-

by combining Various components and is ana]yéeq by computer programs.

H v
A ettt '
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In addition the matyematical model is chiecked with experiments and

refined if neces¥ary for conformity, . ~ : s

1.2 Problem Formu]ét1on

3

The objective of this'thesis is to develop and apply the coﬁcept
of compﬁter«aided engineering and interactive graphics in the design,
“analysis and testing of an off-road motorcycle susBénsion and frame.

The sod}ce of vibr;tion due to rough terpain is of paramount impor-
tangce in the design of ofﬁpéoad motorcycles used in thé trail riding

and motorcross.

The,main design requirements are to minimize the severity of

y
shock and vibration to the rider while maintaining the vehicle control.

In Canada, Bombardier Ltd.‘is the only manufacturer of off-road
Totorcyc]es under‘Uﬂf\mgdé name "CAN-@M?. Various discussions wi;h
the manufactgrer have reJea]ed serious vibration problems. The
biggest problem is with respect to the suspension’ Due ‘to large input§

3

\from an off-road terrain, the motorcycle vibration exceeds~the accept-

able levels dnd the vehicle becomes uncontrollable. In addition, ™

" the manufacfurer has experienced breakage of variou; members in_the ,'
frame. Very broad and extensive analysis of the entire suspension and

frame is required to find soluﬁion for such problems. -

1.3 Literature Survey

The CAE approach to mechanical product development emphasizes’
the use of testing, simulation, modeting, analysis, and graphics as an
integrated set of total systems design. A detailed descriptioﬁ‘sf this

K
concept can be found in [1]. In this reference, an 4verview of CAE

L 4
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{s presentgg\with emphasis on dynamic testing, finite element aﬁalysis,
graphics software and systems modeling. The CAE concept is illustrated

through’various exapples in vehicles, piping angd rotating machinery.

Details of integratien and implementation of CAE and related

Yy

)

manufacturing capabilities into mechanical product development process

can be found in [2]. In that ‘papér, the comparison of design by manua].\
> o
CAD/CAM and CAE-methods is presented. The integration process is then

illustrated -through the,é??mple of robot and front end loader designs.

- * N ~

An important elemept of c0mpufer-a1ded engineering: geometric -

modeling is described in [3]. ‘That paper illustrates the use of solid

modeling, advanced graphics and system, geometric models gsed in three

dimensional space layouts, interference conSiderafions, iervicea—
- . P 4 3 *
bility ' i’ h
\ Geometric modelfng survey is giQen in the paper by A. Baer, . \&
C. Eastman and M. Hension [4]. Issues and alternatives in gegmetric
modeling are g}scuSSed with emphasis on solid modeling.. The data
N~ . 1
storage, Wandling, languages, conceptual design, logic structure are
reviewed. Geometric models from buiiding blocks arffﬁiscussed in the
. A Y i
\\\L,g paper by J. Krouse [5]. Wire frame modeling, .surface modeling and
l solid modeling is illustrated.
N . - The concept of automated drafting js deschjbed by J.K. Krouse T

[
[61+ The hardware, software and the usage of automated drafting is - N

explained. The concept of §omputer-aided design is also explained .

by J.K. Krouse [7]. In this paper the emphasis is on structural ana;.=
lysis using finite element programs a?d modal analysis testing soft- -

ware. - " .

N I
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' Paper by T. Cokonis [8] describes the use of mini-computers

~that tackle CAD/CAM. The emphasis is on the system integration between®

computer-aided design, manufacturing and testing as a means of
improving productivty. Publfcati6ﬁ¥bynR. Fulton [9] gives the overview
of integrated programs for aerospace and-vehicle, design. Very detailed

methodology of CAD/CAM is illustrated followed by th application of -

that methodology to space shuttle.
“ . .
The modular construction of ‘CAD drawings is p(eseqfed by

T. Winkler [10]. The article discusses.the application of 2D auto-

Y

matic drawing mddufes. Bpth the modular structure of drawings and the

.

method of Coding modules ‘are discussed.

The modé1s proposed in the past for the study of ride dynamics
of vehicles reflied mainly on simp]ified.1inear dynamic models, operétihg
oh a road prdfiye simulated by a sinusoidal input. Recent studies, ‘
hdwever, have b séd the analysisaon complex multi-degree-of-freedom
Tinear and nonlinear models subjected to road {nputs of a random'%éture

approaching "real world' conditions. System modeling techniques to

improve the ride and vibration isolation characteristics are presented

. {
in the paper by R. Shryock, J. Klahs, D. Dieterich [11]. The paper

presents a computerized design éna]ysishppproach for 'optimizing' the

vehicle structural dynamics to achiege #mproved ride quality.
! -

Thé motorcycle modeling and simulation can be categori}ed into
two areas of handling and rigé. Handling involves ‘stability, corner-
ing ability, acceleration and b;aking and response to steering 1nqgts.
Ride iqxplvgs comfort of the rider. Lateral, leaning and yawing moéions

are considered as handling responses while vertical and pitching

motions are considered as ride responses.

\
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! S.‘Sharp [12] has developed.a mathematical model for the stabi-
lity and control of motorcycles and shown the use of such a model i

establishing the stability characteristics and how these characferis-

' tics depend on various parameter values. The main conclusion from his

work is that the f1xed control characterigtics of the motorcyc]e are
unﬂnportant and the steady state response to steering torque is of

secondary importance,

'

. k!
As a continuation of this study, S.-Sharp [13] extended his
mathematica]'modgl to include the effects oﬂ torsional f]exibi]ity .
between the rear wheel and the frame. The paper concludes that the

torsiona] f]exibi11ty in the rear forks of a motorcycle will reduce the

. damp1ng -of weaving at high speeds, wh11? affecting the capgize and wobble

modes very little. G.E. Roe, M. P1E&er1ﬂ5'and A. Zinober [14] -have
investigated the oscfl]ations of a,fT%xible cas;or and the effect of |
front fork flexibility on the stability éf motorcycles. The equations.
of motions for small deflections were derived and solved numerically
for many parameter variatiops. From the results, it was concluded that
thq'1atera1 stiffness of the front fork affects the stabiiity of the

motorcycles.

D. Weit and W. Zé]lner [15] have considered the lateral-direc-
tional motorcycle dynamics and rider control behaviour, Thé ana]yticaln
déve]opment included equations of motion for the vehicle and a multiple
loop feedback model for the control regponse of the ridé} and motor-
cycie systems. The effects of changing fork geometry and operating"
conditions were discussed. The analytical procedure developed canQE

Ly
used to determine the adjustment of the design parameters of a given

-

- -
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motorcyéle cbnfiguration to achieve desired handling properties and

system performance. . ' ,

Motorcycle ride dynamcis {s discussed by -S.H. Black and
D.L. Tay%or [16], The investigation is based on a Tour-degree;of-'
freedom computer simulation (bounce, pitch and movement of each wheel).
fhe simulation is nonlinear in terms of geometry and suspension compo-
nents. The paper concludes that the responéé is.very nontinear due to

-

wheel 1ift-off and limited suspension travel. , .

Computer-aided analysis and exper?mental verification of a motor-
cyEle suspension has beem carried out in detail by M. van V]let and
S. Sankar [19]. A mathematical mode] descr1b1ng the f]ow charactetis-
tics in a front fork and rear shock absorber was deve]oped for compres-
sion and extension. The model cons1dered 1am1nar and turbu1ent flow.

For sinusoidal inputs the model was simulated and then checked with

experiments for comparisons. ~\\

Vehicle mode11ng techniques applied to structures using
f1n1te element methods are outlined in several papers. The sys tem
modé11ng proceﬂure,‘substructur1ng and the analysis method is presén
by J.K. Horvath [20]. This paper illustrates that the vehicle system
models can bé formulated with all empirically (test) modeled sﬁb-
sygtems with a]i analyticallx/}finite element) modeled subsystems or

with coMbinations of each.
¢ ¢
' Paper By M. Kamal and J. WQlf [21] shows the use of f1n1te

i .
element method (FEM) in automotiye st?uttural analysis. The state-of-

»

" the-art in FEM for vibration and impact dynamics has been surveyed. Early
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finite element yehicle models are discussed followed by detailed models
using beams, plates and shell elements. Substructuring technique is
explained for a ‘typical automobile. In addition the steps in dynamic
ana]ysﬁs are discussed followed by graphical representation of the

results. [ . -, ¥

-

A recent book by M. Kamal and J. Wolf-[22] is totally dedicated
to the modern automotive structural analysis. This pook describes the
structural analysis usipg FEM and presents the examples of their
applicatioh. It dis;usses in detail structural design criteria and

finite element modeling of automotive structures. A
~ {
The paper by K.H. Wadleigh [23] shows the minimum ‘complexity

models of complete body chassis structures. Calculations of deflec-

‘tions, loads and stresses resplting from load applications are pre-

~

sented and are compared with thé test results, -

) !

The paper by Y. Luk.and”L.D: Mitchell illustrates the use of
interactive grabhics in the analysis of unddhped beam system [24].
The~graphic§ software developed allows the beam qnimation,ip time |
and space. J. Fowler and K. Newman [25] describes the use of .graphics

in the simulation of the victim response to crash loading. The paper

\
ya

{1lustrates that*fhe computer Qraphics simulation gives gxact repeata-
bility. Thé results of any féztUCe of interest.can bé* immediately
examined, whereas in physical tests only a 1jm1teq’number 6f parameters
can be measuredl The maiq'disadvantage is that to adequately repressnt
a crady victim requires a complex model ;ith many degrees of f;éedom

and\acc ss to a large computer. The Calspan/PST program described

has the capabilities of fully 3-dimensional graphical simu-
T

\
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. lation of any victim-vehicle impact situation. Program output is both

by print out of simu]atign parameters and by post processor plotting of

a

' dummy kinemat%cg at specified times.and of selected parameters in

graphical form.

A. Hathaway [26] exp]a'ins how the animatioh is achieved using
Honeywel} 66/DPS to the Adage 340. The software deve]op7d has the
capab111tWat1ng three di fferent types of dynamic ana]yses in
thmnswns. -frequenmes, and mode shapes, transient r‘é’esponse
us.ing modal superposition, and non1‘1nga}' transient response using
modal superposition, and nonlinear transient response using .time step
integratipn. The animation of each of these analyses has revealed
complex coupled motions in 3-dimensions and desirable Tocajciwons for

stiffness modifications to-improve the performance of a structure.

’

1.4 Detailed Outline of the Thesis

»

i

-Overall CAE concept as applied to motorcycle fs presented at
first in Chapter 2-where four stages of CAE are discussed. The first ‘
stég.e concerns with mathematicalf;.;(\ieﬁng and testing of shock
absorbers. _In the second stagé, the déquations of motion for the motor-
cycle are formutated for a lumped mass analysis. The third stage \
discusses dynamic and’ interactive gra’phics concep'ts as applied to the
suspension system. The fourth stage outlines the fhite element

apalysis of the motorcycle frame and the concept of animated mode shape

genei'ati'on. The ¢hapter concludes with typical results of the motor-

cycle suspension response presented through transmissibility tynes p]ots.

Chapter 3 presents the detailed parametric study for -variation of

stiffness.and damping of the tires and the shock absorbers and the mass
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of the rider. In additi_on, the effect of geometrical variation of the
suspfansion on the displacement and acceleration response of the mofor-
cycle is presented. Furthermore, three types of damping for‘the front
fork and rear shock absorber are considered and studied for their
influence on the suspension response. In the first case, the damping
is cons‘,idered linear with synmetr’{cal chara\cteristic for compression

(

and extension ‘strokes. In the second case, the damping is linear but

has non-symmetrical. characteristic for compression and extension. .In

the third case, the damping is non-linear and has non-s@etm’cal char{a.cy- .

terisitc for compression and extension.

_ Chapter 4 illustrates the application of the interactive and

.dynamic graphies in the design and analysis of the motorcycl& suspension

and frame. VAX-H/786 computer system configuration and NORPAK graphics
haranre is explained. The methodology of developing dynamic graphics
software is introduced im't,iab' on simple systems followed by dynamic
graphics of the entire motorcycle suspension. In addition, the capa-
bilities of the interattiye computer programs are discus;ed through de-

tailed explanation of a user friendly menu.

Chapter 5 illustrates the application of fﬁﬂ’te element method
in thehana'lysis of the‘ motorcycle frame. Theoretical aspects and
variou; steps required in FEA are disépssed with a typical input data
sequence for, the motorcycle frame. Graphical representation of t,h'e,!node

shapes calculated and the ‘_natural frequencies estimated fromthe ANSYS-

" FEA package are also illustrated. Procedure for developing graphics

for mode animation is discussed in detail. g

-

' . - - Y
- ' o
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. CHAPTER 2
z

LUMPED MASS ANALYSIS OF THE MOTORCYCLE SUSPENSION SYSTEM
A

Y -

oncept in the Design and Analysis of an 0ff-Road Motorcycle

2.1 " che-c

This theéds i1lustrates the concept of Computer-Aided Eﬁg1neer1ng

" (CAE) applied to the design and analysis of an off-road motorcycle. _

The “purpose of the thesis is to develop a comprehensive computer sof t-
‘ware(yackage "that includes most of the steps invoy]ed in CAE with

.ntéractive and dynamic graphics support.

The general concept of CAE as applied to the motorcycle is i1lus- -

trated i/n-Fig. 2.1. The study, is dTvig;d into four main stages.

‘The first stage consists of mathematically modelling the motor-

o

cycle suspension system and evaluating the suspension's performance
for sinusoidal, transient and random inputs. Laboratory téstings were
carried out and compared with theoretical results to verify and improve-

the mathematical model . An optimal design of the suspension is then

L 3

4
carried out by adopting numerical optimi zatioé method. A detailed

v

description of this étage is presented in Ref. {19] and a briefvsurrmary“

]

is presented in Apfendix A.

. In the second stage the equations of motion were derived using
Lagrange's method. For sinusoidal inputs of varying frequenices, the
equation; were solved in time domain by using variable order Adams' Pre-
di_ctor Corrector method.l ’A parametric study was c:arried out to evaluate
the relative influence -of both geometric and physical parameters on the

suspension behavior.

/
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In the third stage, a dynamic graphics software was developed on
a VAX-11/78Q,NORPAK graphics system.to investigate visually the response
of the system for variation in parameters. The major feature of th1s is

that one can interactively change/{he parameters and see its effect

>

- by using the dynamic graphics approach which provides an additional

~ Jimension in interpreting the solution.

The fourth stage involves the finite element analysis (FEA) of ~
the frame using ANSYS{37] software package. For this purpose, the

motorcycle frame was d1scret1zed with beam elements and the welghts}

"~

of the driver, gas tank,engine, etc., we\e lumped at the appropriate .

nodes, Using the ANSYS-FEA software, the natural frequencies and mode

-~

shapes were calculated.
' f

. In ‘addition, the technique and me thodology foranimated mode
. \ ,
shapes and responses are also illustrated. The animatﬁ&n is-a great
. !
tool forf the designer for solving the problems of complex interaction

be'tween the components.

2:2+ Mathematical Model of .the Suspension System

The first step in the es-tablishment of the CAE concept is to
develop a comprehensive mathematical model of the suspensjon system
that takes into account the frontl fork assembly, the rear shock
absorber mounted on the sﬁin,g arm, the frame, the front and rear wheels

and tires, the various physical geometry and inertia of the vehiclé

and the mass of the rider.

Through this mathematical model, it is possible to study the

dynamic response of the vehicle in terms of displacements or velocities



L4

O L L S —

-15-

br accelerations at the C,G.of the vehic'lé and at the wheels for any

‘type of off-road terrain inputs. The maximum acceleration level and

the displacement at the C.G. which are of paramount importance for

\ reducing the rider fatigue and for vehicle control can also be inves-

~ .
tigated through the variation of system parameters or by changing the

geome trical configuration of the vehicle.

In the process of developing the mathematical model, the following

assumptions are made:

1. ‘Spring elements are considered to be ideal wi fh no inertia
or friction. _ ‘ . ¢ ' . : N
T& 2. Sp,mng elements are also assumed to be linear.
3. Tires are modeled to be Hnear spmng with viscous damper
operatmg in parallel.
4. The tires are assumed to' be in contact with the road at a
single ppint.” M
5. Wheels are assumed £o be always in contact with thd road.
6. The motorcycle frame is ‘assumed to be rigid. !
7. Front fork and rear shock absorber are considered to~have
negiigible flexural displacement. | f
. 8. The vehicle model is con’;idered to be in-plane with motions - -

limited to pitch, vertical and transverse translations.

9. ATl displacements arepa‘ssumed to be small.

A schematic model of the suspgnsion system for lumped.mass
analysis is shown in Fig. 2.2, From this model and using the

_Lagrange's energy meth ,‘ the equations of motion of the susbensim)/

system are derived-as
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MoX, + KAy + KAy + CA; + CoA, 5 0 : A (2.,
M,X, +KB +KB #CB + CB =0 | (2.2) ,
A "'/ 4 ) .
] J8,+KD +KpD +KD +CD +CD =0 (2.3)
MX, +KE +KE +KE +CE +CE +CE =0 + (2.4)
where ' ‘
A, = [X,cos(ay -8,) - X;] cos (o, -8Yy)

Az = -[SF1 - SF2] cos(a, - eﬂj- [RF1 - RF2] sin (g, - 85) -
, y o

A, = [5(2 cos(a, -8,) - )'(1] 605 (ot1 -63)

A, = -[Sf:] - SF’Z] cos (o, -8,) - .[Rf-'l - RF2] sin (a0, - 8,)

(

B, = [SF1-SF2] - [RF1 - RF2] tana

[=~]
~
i

[51-52] L,/L, - [R1-R2] L /L, tana .
\ B, = [SF1- SF21 - [RF1 - RF2] sec2a sina cosa

B, = [31-32] L /L, seclacos?a - [Rl-R2] Ls/L4 sec? sinacosa

D, = [X,cos(ay-8,) - X 1°Xz59n (Y- 85) - . .
D, = [SF1~SF2] [-L, cosd,- X,5in (a;-0)] +

. ‘ [RF1 - RF2] [{L,- L) sing, - H, cose, + X,c08Cary - 0401 +
N ' L, tanacos (6,+ay)

@

Dy = [S1-52] [L,cos(a,-A,) *+ L,cos (g, +a,) - .. ’

. Lok, /L, cos(ey+og)] + [R1-R2] [L, sin(a, -8,) - | C
e . ’ - »

L,sin (8, +a,) + L,L, /L, tana cos(e, +as)

g . 3
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~
A

* Dy = [SF1-SF2] [-Locos 3= Xasin (o -05)] +

[RF1 - RE2] [(L-Lg) sin 8, - Hicos 8+ X,cos (o - 8y) +

) ' ' o . L,cos(8, +ag) sec’a sjno

’DS = [81-%2] [Ly cos(a, -85) + L,Eos(a3 +as) -

\‘LsL,/L,’ cos(8, +as) sec’acos®a] + [RI - f{Z][Lgsin(a,:; 83) -

Lysin (83 +as) + Lsl,/L,cos(8, +as) sec’a cosa sin]

LY

£, = [RF1- RF2] tana
E, = [S1 - 52] La'/Ll,T\[Rl-RZ]nglL.. tana )
: E, = X, - Xs ¥ ' ('
| E, = [RF1+RF2] sec? sina cosa
. E, = -[31-82] L,/L, sec?a cos?a+ [R1- R2] L,/L,sec?a. sina cosa,

\Esfxu'xs _ ' T

SF1, SF2, RF1, RF2 - ' , 5 - .
are the displacements as illustrated in Fig. 2.2.
S1, S2, R1, R2. ) ) .
¢

3

For a detailed derivation of these ®juations refer to Appendix B.

4 F)
g A complete 1ist of the equations and thei? derivations for tr\e case of
Targe displacements are presented in~‘Appendix C . '
£3 P ‘
2.3  Road Inpu - ’ . :
— . ' '

The mathematical model developed in Section 2.2 is capable of
taking into account any types of road input, namely, sinusoidal,
transient and random. If X(t;) is the road input, then for the model

" X, = X(t) fs=X(t- 1) - .
where 1 is the time required for the rear wheel to travel a distance’
‘\ of motorcycle wheel base.
- ) .
L. ’ — e
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considered as the road input.

parameters for this analysis are given in Table 2.1.

ency sweep is performed and the quantities of interest are obtained.

“having good vibration isolation for highef frequencies.t :

. .
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2.4 /,Resufts and Discussion of Lumped Mass Model: Analysis '

P —

In"this thesis a sinusoidal signal with constant amplitude is

¢

X, = Xg.sinet X = Xp sin w(t-r)

In the variatioqﬂof w, it 1§ assumed that both V and XL are simultaneouss .

ly changed so that the ratio satisfies the, equation v ='g%aé and the value

of v has a L constraiped’variationcatcording to the equation 1= %
. : . - 4 Q
_( Y
X, is considered-to be 2.54 cam~(1 in.). This*va]ue was chosen arbitrar-

ily to réflect the ﬁssumption of small displacements. A1l the relevant _ ,

x
”

‘fhe system equatidns were solved as an initial value problem
under harmonic excitation. When steady-state is reached, the desireq
Iy :
amplitude ratio (eg: X,/X,) is stored and the initial value routine re-

started at an increased excitation frequency. In this manner, a frequ-

The equations werg solved in time domain by using Qarfqble order Adam's
Predictor Corrector method. The peak to peak amplitude ratios of X2/X1,

X, /XS Xu/X; and 0, wheel base/X, were obtaﬂned for fixed amplitude of

W

2.54 cm (1 in.) with variation of frequency. The transmissibility plots

of the qeneralized coordinates, are shown in Fig. 2.3 to 2.6.
) s - .

The transmissibility plot for X, shows a typical isolation char-

acteri;tic with the peak transmissibility occurring around w= 2Hz, and

N
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. TABLE 2,1

Input Parameters

o s emmrgeins sebis Cre

PARAMETERS " °~ y . UNITS
Kl K2 K3 K, Stiffness
122583 7005 43 780 122 583 N/m
700 40 250 700 1b/in
C, Co Cs " C,. Damping
3502 1401 1401 3502 * N.sec/m
20 8 8- 20 1b.sec/in .
M, M, M,y Masses
7 17.5 140 kg
0.04 0.1 0.8 1b.sec?/in
J l Ve
s ] Inertia -
: kg.m?
]?ég in.1b.sec?
L, LU, L, Ls L H, Length
63.5 29 56,9 12.7 29 34.3 cm
25 1.4 22.4 5 - 11.4 13.5 in
g ) o Angle‘ :
.
1.4 0.2 0.47

i

rad
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In Fig. 2.4, the transmissibility plot for. X, shows an oscilla-
tory behaviour at low frequencies beldw resonance and this may be att-

ributed to the non-linear behaviour of the vehicle and due to the coup/ed
»

bounce-pitching vibration. S _ \

The transmissibility plot o?\X; shows a very similar behaviour
like X, with a secondary peak occurring in.the high-frequency region

Q just beyond the resonance.
e ¢ ’ .
o “ﬁ, The‘tr@nsmissibility plot of o, shows a very high peak at the

pitching resonance frequency, w = 4Hz and with good vibration isolation

at higher frequencies.

In order to gain the confidence in the mathematical mo@e] and
analysisya simplified model of rigid bar supported by two springs was
linvestigated.’ The pitch and bounce natural frequencies of the simpli-
fied model agreed with, the frequencie; corresponding to the transmiss-

A

- . ibility peaks as shown in Fig. 2.4 and 2.6.

To jain further confidence in the mathematical model of the -
motorcycle,a laboratory testing should be carried out as recommended

in Chapter 6 under the heading 'Future Work'.
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8 CHAPTER 3 ' - f

DYNAMIC RESPONSE OF THE SUSPENSION SYSTEM UNDER
PARAMETRIC VARIATION

3.1  Gereral

Dynamic response of the suspension system for a sinusoidal input
is presented in Chaptér 2 for an average set of parameter values. The
transmissibility (TR) plots are presented for the generalized coordinates

X2y X3, X4, 8, and for ‘the bounce acceleration Xs. .

In order to study the influence of variation of system parameters,
on the dynamic response of the system, a detailed analy:zj'is'CArried
out. The parameters under consideration are: front andirear tire

characteristics, mass and moment of inertia of the motorcycle, mass of

the rider and various geometric lengths and angleés of the suspenslon

. linkage.

3.2 Influence of Tire Characteristics

3.2.1 Tire DampinglVér1ation (Cx, Cu)

[

As illustrated in Fig. 3.1, the tire damping has very little‘effect

" on X, transmissibility, however, at resonance the peak TR increases mar-

ginally with increasing damping.

Figure 3.2 shows the plot of 9, transmissibility. By increasing
the front and rear tire damping, the BS;TR dgcreases at resonance with
very little variation above the resonance. Figures 3.3 and 3.4 show
the TR plot for X, and X, coordinates.. In both cases, increasing the‘

tire damping, decreases ‘the response at resonance and increases the

a
Te
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transmissibility value beyond the resonance. The acceleration trans-
missibility of ﬁs shown in Fig. 3.5 indicates that the peak trans-
missibility decreases with increasin$ tire\damping.

1

¢ ' .
3.2.2 Tire Stiffness Variation|(K;, Ki)

|

There is very little effect on #he X, transmissibility due to the

- C
tire stiffness variation. At resonance the increase of stiffness causes

slight drop in X; response as shown in Fig. 3.6.

There is not very much effect on 6, transmissibility either.
However at resonance, the iNcrease of tire stiffness causes the increases

of 6, response as shown in Fig. 3.7.

"

The variation of K, and K, stiffness has no influence on X, and

X, response. \ )
{
The ia transmissibiiity shown in Fig. 3.8 illustrates a decreasing

&

peak transmissibility with decreasing tire stiffness.

3.3 Influence of Front Fork and Rear Shock Absorber Variation

A

3.3.1 Front Fork Damping Variation (C,)

Increasing the front fork damping, decreases the X; transmissibility
at resonance and increases away from the Fesonqnce (Fig. 3.9). Case 3

.in that figure represents an overdamped system.

|

r
. By increasing the damping of the fropt fork, the peak 6 ,trans-

missibility is the highest fqr the medium damping and lowest for

1
J

highest damping (Fig. 3.10)

Increasing the front fork damping, the X, transmissibility in-
creases at resonance and decreases away from the resonance (Fig. 3.11).

C, variation does.not have any effect on X,.
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Figure 3.12 shows the ')ia transmissibility plots for variation in
C,. The results show considerable variation with peak transmissibility

values decreasing with increase of C,.

3.3.2 Front Fork Stiffness Variation (K,)

Increasing the front fork stiffness decreases both the X, and
63 transmissibilities at resonance (Fig. 3,13 and 3.14). K, variation

‘ ve hd hd )
does not affgct X2, Xs and X3 responses. ;

3.3.3 Rear Shock Absorber Damping Variation (C,)

Incre.;asing the rear shock‘ absorber damping decreases the X, trans-
missibility at resonance and increases away from the resonance
(Fig, 3.15). Case 3 in that figure i]iustrates a overdamped system,
By increasing the rear shock absorber damping, the 8,transmissibildty
decreases (Fig. 3.16.). Cs variation does not affect X, response.
Increasing the rear shock absorber damping causes the X, trans-
missibility (Fig, 3.17) to be about the same at re;onance -a?d decreases

. L
away from the resonance. The X, transmissibility shown in Fig. 3.18

illustrates a decreasing peak transmissibility with decreasing Cs.

3.3.4 Rear Shock Stiffness Variation (Ks)

Increasing the rear shock stiffness increases both the X; and 8,

transmissibilities at resonance (Fig. 3.19 and 3.20). Variation of

_ K, does not affect X, and X, and X; responses. ‘
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3.4 Mass Variation '

3.4.1 Front and Rear Wheel Mass Vartation (M_, M

4

0

Variatiog of MzaAd M, has very little influence on X; transmissi-
bilities (Fig. 3.21 and 3.22) and o, transmissibilities (Fig. 3.23 and
3.24). X, is not affected at all by Qariation in M, or My. Only X, -
shows the significant effect. Increasing the rear wheel mass gives the
X, transmiss%bility ab;ut the same at resonance and decreases away from
the resonance.(Fid. 3.25). The results of M, and M, variation on i,
t%ansmissiBi1ity shown in Fig. 3.26 and 3.27 illustrates their insigni-

ficant influyence.

3.4.2 Moteorcycle Mass Variation (M,, J,)

Increasing the mass of the bike and the rider decreases the X,

transmissibility away from the re;onaite (f?;? 3.28).

.

At resonance, by increasing the mass, th® peak Xs transmissibility

&
initially decreases and then increases., It can also be seen sthat the
natural frequency of .the bounce oscillation is lowered as M, is increased.
vIncreasing the rotationgl inertia of the motorcycle frame increases the

Xs‘trangmissibility at resonance (Fig. 3.29): Increasing M, causes

ig. 3.30). Increasing J, tausés

v

increase in g, response at resonance
increase in g, response at reso%ance ar ifching resonant fre-
quency is lowered (Fig. 3.31). Response of

by variationof M, and J,. . e

) t

In Fig. 3.32, the i, transmissibility shows that the peak’vdlue
decreases. initfally and ;hen_increase% as the value of M, increases.
However at high frequencies, 1ncg§asin9 value of H: decreases the

traggmissibilit).

nd X, is not affected s
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3.5  Boad Amplitude Varfation (X ) S RN

]

far’hﬁoﬂ of road amplitude has no effect on X,,6, , X0 Xy» X
tra

Jébilities. The results are shown in Figs.3.33 and 3.34
!r

3.6 Ge‘o:fitric Varigtions (Ly,0, Fs,0¢) b ~ -

o e Increase in Ly, initially causes a decrease in X, transmissibil‘fl

* ties at resonance, however, for larger values of Ly(i.e. f,z %) sthe
X,-TR starts to increase (Fig. 3.35). As it can be seen from Fig 3.36,
an intrease in L, cause!increase in @ transmisfibﬂity X, s not
affected by tﬁe variation in L,. X. transmissibility decreases with
increase of L (Fig. 3.37). Figure 3.38 {llustrates that X,-TR ‘at
resondfice decreases with increase of Ls. ; ' . /

I . Qﬁ{
Increasing ¢ initially decreases X,-TR at resonance (Fig: 3.39).

For large ¢ values, however, the X,-TR a;: resonance starts increasing.
Increasing ¢ decreases 6,-TR (Fig. 3.40). .X; and X, are not affected by
any change of 4. Figure 3.41 shows " that ‘)i,-TR de‘?reases as ¢"va1ue is

« increased. Increase in L, increases X,-T'R (Fig. 3.415) ‘Dand B..ﬁ-T'R -
(F79.°3.43). X, and Xy are not affected by change of L. i,-TR de-

creases slig;ltly with increase in Lg value (th. 3.44).

lncreasing ag decreases x,-TR at resonance at first and then in-
creases as as is further increased (Fig 3.45). In the case of 9,-TR,
1ncreasing a increases the transmissibility value at resonance How--

‘ever, for large alue of % s peake -TR decreases(Fig. 3. 46)

C

X, and X, are not affected by-as variation. As it can be seen

from Fig. 347, ')'(,-TRJ at resonance decrea'ses 1n'1‘t1ally wi th‘cx, fncrease

oL T

~ » and then increases for large’va-lue 6f é.. . -

ro . . N N 1\
- *
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3‘.7 Consideration of T‘hree‘Types of Damping

r ]
Ny

. , “ M .
In section 3.3, the éfject o(?ront fork and rear shock a'bsorbe/r

v

.damping variatiops is presented. In that case, the damping is cBnsi-
dered to be linear and having symmetrica} characte'ri‘gtics &.e. equal
damping coefficient for M'compres'sion and extension). From.practice,

¢ Tt ts known that the damping characteristics is non-symmetric and
. ,

, *
non-linear. In order to study the effect of such a damping behavior’
" on Sthe motorcycle responsly, three types of damping for front fork and

rear shock absorbez are considered in this section:

!

1) Linear Symmetricag¥: Compression and extension.

3 . 2) Linear non-symmetrical: Compression.and extension.

¥ 4
.3) Non=linear and non-symmetrical: Compression and extension.

~ |

Figure 3.48 a,b, and c show the general charac‘terist‘ics of these
three types of damping. It should be pointed out that in the case #3

type damping, the characf®ristics are obtained from the governing equa-  »

ftion} derived and presented in Appendix A.

» o~

The transmissibility plots for'aﬂ' the generalized coordinates

. *
’ \ .
with these' three types of dgmping behavior are presented in Figs. 3.49-
3.55. The following conclusions are. drawn: ’
_ \ 1) Figure 3.49 - The non-linear (anq“nor)-synmetrical -damping ' N

gives considerab]}y highér g(,-Tli at-resonance, however higher frequencies
result in good vibration isolation. In comparison to a linegr,
symmetrical damping, linear, non-symmetrical damping gives higher X, 3

transmissibi]ilty value at resonance. ' ! .
)
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Figure 3,49: Effect of X3 Vs f for Variation in Front

and Rear Shocks Damping:

of 1.25 em (0.5 in).
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2)' Figure 3.50 - Non-linear and non-symmetric damping gives éene#i
raH‘y the; lowest 0, response except around 5 Hz, " the response is the
highest In this case, the Tinear non-symmetrical damping g1ves |
lower © response compared to hnear symme trical damping.

3) F1gur~e 3. 51 - Non-linear non-symmetrical damping produces
highest Xz response . . -

4q) F)gure 3.52 - 11near nonw‘symetric damping produces generany

1

the Towest X, response. RN ‘ S

s

' '5) F1gure 3. 53 - Non- hnear and non symmetric damging* produces P
significantly h1gher d1sp1acement of: thj front fork. |

6) F1gure 3.54 - Non:linear and non-symmetric damping prﬁﬁuces 4
siém ﬁicgnt]y. higher relative displacement:,_qf the rear st_\ock absorber, "

7) Fig. 3.55 - Non-linear and'non-synme'tric damping produces sig-

[——YY

nificantly higher X, acceleration.

3.8 Conclusidns " . .

b LIS
. A parametric study was carried out wi'th variations of stiffness ) 4 C

and damping of the tires and the shock absorbefs, and the mass of the
rider. The peak to peak amplitude ratios of X,/X,, X,/X, X, /X, and
0, . wheel base/X, were s tudied for  different values of amplitude (rda&

input) and frequencies. —

A study on the effect of vér’iatibn of the geometrical éonfigura- B )
i SRR

tion of the motorcycle was carried out and it was observed that the .

‘geometric location L,, L¢ and angles ¢ and o, have cons1derab1e in-

LEN
fluence on the absolute displacementx and rotation 8, *
\ %
< . 3
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~
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Al

In the study of damping characteristics of the shocks, the non-
11near and non-sywnetric damping produces s1gn1f1cantly higher res-
ponses’ qf generalized coordinates and relative shock displacements
.and Ys acceleration. In addition the linear non-symmetric shock
damping p;oduces s]ightfy higher responséfof Xy, relative frght_

and rear shocks‘displhcements’tompared Wi th symmetr%cal damping case.

Also the 11near symmetr1ca1 shock damp1ng‘produces slightly
higher response of x,, Xy, X, and @, T "
bt /
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. CHAPTER 4 /

s
a ) s -

INTERACTIVE AND DYNAMIC GRAPHICS IN THE DYNAMIC ANALYSIS

¢

4.1 Introduction

.. In this chapter, the development} angd the use of interactive
- - ] ~
and dynamic"graphics in the ana]ys’is and design of an off-road motor-

cycle suspensionare fTllustrated. The computer/graphics hardware faci-lﬂ “

lity and/the details of the data/mana’gement required’ for the inter-

active and dynamic graphics argdescrib«ed.'

L3

. S~

[ The metf\odo’logy of deve]obing the dynamic grdphics is intrc;duced
through explanation of simpler systems and finally gereration of dynamNic

graphics of t?ﬁa total motorcycle suspension. The detail responses at

»

~generalized £oord1',nates are illustrated through the use of a menu in

the interactive graphics. /

4.2 Computer/Graphics System .

A , “ ° '
? : : .

4.2.1 Configuration of the Computer

a

The, ‘computer faéility used for this work is a vEX 13/780

cbmputer\ in the Computer Rﬁesearch and Interactive Graphics laboratory

P

. (CRIGL} of the Concordia University. The configur‘ation of the computer

is illustrated in Fig. 4.1. Device ‘names are preceded by the

underscore-character.

-

" 4.2.2 Configuratiom of Graphics System [38] - S

&

The graphics system used in tﬁis investigation is a NORPAK VDP ‘

[

raster graphics device. I-Z'Eure 4,2 iTlustrates ‘the data flow for all
. N _’

the@*aphic progfams. The programs. arg wri tfen in Fortran 77 and are

/ .

£ . 1
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sent to the VDP Controller Subsystem (VCS). The VCS accepts high level

graphic and;usage-oriented instructions ffom the host communications
interface post; performs their interpreiation by reading and writing
both data and control to the Raster Video subsystem (RVS). A typicaﬁ

RVS is composed gf the f011owin§ sub—méaules:
i

o - a raster memory controller (RMC) . i
- a raster memory array (RMA) . \

- a video pixet} processor (VPP) s
~N

A simplified block ‘diagram of the RVS is shown in Fig. 4.2. There fan
. be severa} RﬁA's called "banks' jn an RVS. The output of the RMA's

is conﬁecteg to a pixel processor, VPP, which routes the dgta obtained

f}om the various banks through look-up tables. %he output of the

tabﬁes control the values applied to D/A converters attached to the

red, green and blue guns of a raster monitor. ’

. 2
4.3 Generation of Elements for Dynamic Graﬁhics

To be able to digp]ay eveh the simplest elements dynam{ca11y,
one must develop a library of basic elements. The dbjective is to
develop. the dynami& graphics to show the dynamic motibn and kinematics
of the motorcycle sﬁspension. However, to be introducea to the method-
ology in dynamic graphics, the discussion will be Timited at first g&
the detagls“of generating dynamic ‘graphics of simple systens shown in

Fig. 4.3. oo .

. For these simple systems illustrated in Fig. 4.3, the basic

—

elements needed for graphical ‘representation are:

) -
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’

3.

Spriﬁg - -
Rectangle
Circle ' ’-/ . . . o

$ o, 4.3,1 Generation of Spring Elements T .

The simplest spring element generation will be explained heréi in

order to demonstrate the technique for generating the fﬂta] system

ater.

o

ooy

3)

-

L 4

2)

" CALL VEC (IDX, 1DY)

Three subroutines are required to generate the épring, mainly:

5

"CALL SPIX (IPIXBA, IPIXC)  ~ ‘ N

hY

. This gubroutine assigns the calor of the spring:

. The égbcputine parameters are defined as follows:

IPI'XBA - pixel value for B data.path in upper 8 bits, and
pixel value for A data path in lower 8 bits.

IPIXC - pixel value for C data path in lower 8 bits.

CALL SET (Ix, 1IVY).
. This subroutine sets the current beam position for the ' P

specified value.

JRNRY

s The subroutine parameters are defined as follows:

_—
i

IX - X coordinate of the bedm position

cx

XY - Y coordinate of the beam position

L3N

. This subroutine, draws a vector as\specified from the

current beam position.
/ ’ '

\
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)
o . The subroutine parameters are defined as fo]]pws:

IDX = dx from current beam position. g

IDY - -dy from current beam position

—

; " NOTE: dx énd-dy can be efther positive or negative values

:}Ung these three subroutines the spring can be generated in the
L]

fo\ﬂowin‘g fashion: To visualize the spring gjeneration,_it is .

divided into elements as shown in Fig. 4.4. From this consideration the
T r .

spri}\g drawing subroutine was developed.

\ SUBROUTINE SPRING (X,Y, aX1, AY], AY2, n).

.

\ : '
The pathens of this subroutine are defined in Fig. 4.4. oo &

4 i 2 Ci.r{le Generation
\

Fi r§,t, the subroutine for generating the cicrie coordinates is

developed ar\gi then the drawing subroutine.

1

The cikcle coordinates are generated by using the followir}g
equations: \ ) ) R
‘The X-coordinates are genera?:éed by - * N - st

X(I) =R c§ ®© where 0°< O < 360° and R = radius’

and Y-coordinates, are generated by

Y(I) =R sin where 0°< @ < 360° and R = radius

Following the coordinate generation, a subroutine for drawing the circle

4
was developed using subroutine CIRC which utilizes CALL SET and CALL

A

VEC subroutines:

SUBROWTINE CIRC (X\Y,N.XC,YC) - s
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X=X L
RTi ‘
N = number of points, )

XC,YC = coordinates.of circle center. °

4.3.3 iectangle Generation
|

The' rectangle is generated by the fol]owing subroutine which.in

turn ut1Hzes CALL SET and CALL VEC subroutines

CALL RECT (IDX, IDY)

oY

‘This subroutine draws a rectangle as specified from the current beam

2
position,

£

The subroutine parameters are defined as follows:

IDX - size of rectangle in X-axis

IDY - size of rectangle in Y-axis

NOTE: Sizes can be either positive or negative values.

j 4.3.4 Road-Profile Generation

Having the road profile coordmates the road was generated using

CALL SET and CALL VEC routines. \

4

4.4 - Dynamic Graphics of Simple Systems and Program Documentation

Thé general concept of dynamic display using VAX-H/78.0-Nor'pak’
h Y

system can be descwibed as follows: After-Norpak initialization, the

¥
differential e,gyations characterizing the motion of the system are solved

to compute the equations generalized coordinates at every instant of time.

-t 0 4 R e L e T
-

. The system equations were programmed in FORTRAN on a VAX-11/780 digital -

TSRS L A e —— = g
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computer. As outlined earlier, a predictor-corrector initial value
solving rdutine was used. For the theoretical explanation of this

routine refer to Appendix D. ) - €

The data base for springs, circles, rectangles are recalled by
appropriate subroutines. After disp1ay1'n§ each position of the model,

the VbP screen is cleared and the new position of the model JF drawn.

To obtain the animated motion of the motorcycle suspension
system, the methodofbgy ‘for the dynamic graphics is developed and pre-
sented in the form of a building block from the simplest system to the

final form. The initial sequence. of this development is as follows:

3

>

1) Dynamics graphics display of a’spring-mass system
(1 D.O.F model).
LM
2) Dynamic graphics of a 1 D.0.F model of vehicle system

(without damping)’.

The general control of dyn:amic dﬁkgy was illustrated in Section 4.2.2.

Data flow diagrams are illustrated in Fig. 4.5 to 4.7.

In accordance with thg flow diTQrams the corresponding software,
for spring mass and single degree of freedom vehicle model systems, were
devefoped. There are two dynamic graphic packages developed for the
simple vehicle suspension. " In the first package the vehicle is moving
across the display console and the road is stationary. In the second
package a very interesting visual effect was achiéved by moving the )t

road with the velocity equivalent to the velocity of the vehicle

“and-displaying the motion of the vehicle. The input parameters used
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\

for ‘these cases are shown in Table 4.1.

ht 5; first the user runs the requested program and then inputs the
'appropriate parameters«jnteract1ve]y. The dynamic respons; is then seen
. directly on the VDP screen, I¥pica] oqtputs at’three arb1trery instants
in time are illustrated in Figs. 4.8 to 4.10. \U31ng dynamic draphics, one
can see the dynamic response of the system for any variations in the
input parameters, and this provié}s additional dimehsﬁon in~the design

i

and calculation of responses. = & |
AN

v

.\ 4.5 Dynamic Display of the Motorcycle Su§pension

In order to gene}ate a two-<dimensional dynamic display of the
motorcycle suspension, it is necessary to develop spring e1ement which -

can'be translated and rotated. In addition, it is necessary\to develop
v
wheel and frame elements which again must hdave the capability of ‘ f‘

P translation and rotation. Jhus these threé eJements can be put to-
\ ~ ! J
, gether to form the dynamic package consisting of the solution qf? -
differential equations and drawing subroutines. In the following sec~

tions the details of generating these three elements will be described.

‘ ) . 4.5.1 Advanced Spring Element . /4’

S

To display the spring of copstant lepgth. on the VDP™ screen

.between any two points, it is necessary to generaté the sering co-
c ordinates and then using CALL SET and CALL VEC subroutines to\draw
‘the spr1ng rt shbuld be hated that the translat1on and ‘rotation of '

the spring element is taken care of in this subroutine.

' The subroutire for spring generation and drawing is in the
. following form: ‘ - ;-
' SUBROUTINE SPRDRWI (NPNT, LENGTH, XTOPE XBOT,.YBOT, ISPX, " ISPY)

.
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TABLE 4.1 - Sample Cases
A. SDOF System
. R’“
User >R Spring
Vax MK, Xa,v |
Usij LLLE, }
B. Vehiclé Suspension
w .
User R SZOK7 or R SZOK8
vax Mk, V, G, KL
User 1000, 300, 2, 120, 1
NOTE: AN [
¢
M = mass’ Kg ' (1b sec?/in)
K = stiffness N/m (1b/in) .
V = initial velocity m/s (in/sec)
= damping N sec/mt': (1b sec/in)
KL = scaling factor .
Xa = {pitial amplitude m (in). ®
. ‘ ’
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N ‘ .
l; '
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@ .

<7 model is deédcretized into nodes

b

NPNT * = Number gf_‘points oh one side of the spring.

'l,\l-iNGTH - Constant length of the spring.
XTOP,YTOP ~ Are th coordi‘nates of the higher point on the screen.
XBOT,YBOT - Are the &Qordinates of the lower point on the screen.

. IS?X,ISPY Arg two artays used to store and manipulate the /

spring datybase. .

4.5.2 Wheel Element

The wheel -element is generated by drawing two circles, as _ex-ﬂ_,/
0

plained in section 4.3.2, with d1'ffere’nt radi{.

* < 4.5.3 Rigid Frame Element .

The first stép in rigid frame gerieration 1:s to sketch the graphi-
cal model of the frame as illus_trat;eci in Fig. 4.11. The grapr'\icql
and elements. The physical dimensions

LY

are transformed into pixel coordinates and are store'd‘in the following °

subroutine: .
SUBROUTINE MOTGEN (N,IX,IY,SCALE) - ' ,
where ) ‘ !
N = Number of nodes
I1X,I¥Y = Pixel covordinates of the nodes *

SCALE = Scale factor &
Then using CALL SET and CALL VEC subroutines the motorcycle frame is

drawn.
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L3

4.5.4 Dynamic Graphics: P?oﬂam Documentation and Display

Using the set of elements described above, the total picture
of the moto?cycle was, drawn on the screen. It should be noted that the

translation and m.tpt‘ion of each of the elemends described are taken .

.care of in their respective subroutines. The dynamic display was then

obtained by disp'layiﬁg each position of the model on the VDP screen,
clearing the scr(e'en and drawing the model at a new position. For this
purpose, the equations derived for the Jumped mass «ﬁ\oael were pro-
granméd on the VAX-11/780 digﬁa'l computer and the response for a

given road profile was computed, The. resp{mse which prov1des the

final coordinates. of the model is then supplied to the VOP.screen after

the NORPAK initialization. a .

-

The details of the dynamic graphics deneration of the motorcycle
are illustrated in Fig. 4.12. Because the continuous dynamic output is
e "

difficult to re'present graphically, the sample output of the animated

~ displacements at three arbitrary positions are shozm in Fig. 4.13. &
\’ ) '

4.6 Interactive Graphics in the Design and Analysis of the Motorc_ggg
Suspensi on - ‘ - - :\

1
5
7

The concept of interactive graphics is used in 'the design a
analysis of the motorcycle suspension. The user is allowed to ipplt
variousy parameters and perform different analysis through the selectible
menu., First the user inputs the physical parqmeters of the motorcycle:
damping , st1ffness mass, 1nert1a and geometmcal length. :rhe details

of this menu are 111ustrated below
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GRAPHIC PACKAGE
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ODE, damping, stiffness, mass, . CL.OCK START TIME
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At * 2
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PACKAGE FOR X, and O,

n ‘| cLEaR mHE .
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3
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. ‘ . SIFAN .

A . ENTER SPRING CONSTANTS [K,» Ky» Ks,‘ K,] N/m  (1b/in) ' L
T CNTER DAWPING CONSTANS (G, Car Cra Cal  N.secsth (1b.sec/in)
A ‘ENTER WHEELS MASSES M, M) | kg (1b.sec?/in)
ENTER MOTORCYCLE MASS ~,  [My] ~ kg (b.sec?/in) .
| ENTER MOTORCYCLE INERTIA [9,] kg.m* (in-1b.sec?)
‘ . ENTER LENGTH S T N TN BN (in) #
ENTER HE IGHT [ Loam (in)
ENTER ag s b [oss ¢]V/ rad  (rad)
ENTER ROAD PARAMETERS  [XL, X0] “em ()
ENTER MOTORCYCLE VELOCITY  [V] : ©em/sec (em/sec). *
Aftei* the input of motorcycle parameters, ﬁ_ve‘ designer has three 1
options: - | ' | ‘ - o |
“1) Dynamic display of the motorcycle

2) Vvariation of parameters

3), Three types of damping:

" N
a) Linear symmetrical X
b) Linear non-symmetrical
¢) Non-linear and Non-symmetrical /
The menu for items 2 and 3 is organized as foTigws:
: ORDINATE TYPE 1 “For X,, X, ‘
TYPE 2 For X,, 83, DF, DR, X, ’.
DAMPING |- TYPE 1 For linear symmetrical ’
. TYPE 2 - For Tinear non-symmetrical )
TYPE 3 For non-1inear non-symmetrical ) /

N




S . NS —— A

K S |
, PARAMETER | TYPE 1 YFor Variation in C,, C,
VARIATION CASE TYPE 2 ~ For Variati’on in Ky, K,
i ~ TYPE 3 For Variation in Cs
TYPE 4 For Variation in K,
- TYPE 5 For Variation in C,’
. TYPE 6 ' For Variatipmwdn K,
TYPE 7 For Variation in M,
‘ ; TYPE 8 For Variation 1p M, .
' TYPE 9 For Variation in M,
TYPE10 ~ For Variation in Jg
- ( TYPE 11 For Varfationin X
» TYPE 12 for'- Variation in L,
TYPE 13 _For Variation in ¢
. TYPE 14 For Variation in L,
TYPE 15 For Variation.in ag
SELECTION TYPE 1 For Transmissibility G Xy - |
OF QUTPUT | - - TYPE2 -  For TransmissiBility o,
i) ' TYPE3 . . For Trnasmissiblity X,
TYPE4  For Transmissiblity X,
TYPES5 . For Transmissiblity ')ES

TYPE6 ~ For Transmissibility DOF
‘ ] TYPE 7 For Transmissibility DR

\

First the user selects the appropriate ordinate. This is req-

‘ ui red because X,and X, coordlnates havé higher frequency content in the

transmissibility plots. After ordinate consideration, three types of
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‘designer detailed velocity time histories.

wi

18-

damping can be.selected_. There are 15 options for varying *he para-

meters and 7 options for selecting the output.

o

In optwn number 1 - the dynami/jm splay of the motorcyc]e, the

S

designer can select detailed generalized coordmate 1nformat10n about
displacement, velocity and acceleration. The menu for option 1 is

-

organized in the following fashion.

SELECTED o OTYRE 1 For X0,
TIME HISTORIES TYPE 2 For/ Xz, X .
| TYPE 3 For Xy, Xs " )
TYPE 4 For X, » X,
) TWE 5 For Xy , 6
. e 6C L Rr XL T
TYPE 7 For X, » @,
TYPE 8 For SF1 Spectrum
TYPE 9 ) For S1  Spectrum
TYPE 10 - For RF1 Spectrum
TYPE 17T For Rl Spectrum -

. . By typing either 1 or 2 or 3 will give the designer detailed

displacement time histories. By typing either 4 or 5 will give the

b

By typing either 6 or 7 will give the gesigner detailed

acceleration time histories.

In addi tion there is an optmn for generating the response
spectra from time histories (8,9,10,11). These spectra are Then used

as a loading 1np|]t to finite element model of the motprcycle frame.

!

It
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4,7 Conclusions

+

In this chapter the VAX-11/780 system configuration is explained
fbvﬂowed by the description of ‘the NORPAK hardware for dynamic graphics.
The methodb]ogy of develop1ng dynamic grapmcs is explained on simple
mechamcal sys tems " The same methodo1ogy is then applied to the dynamic

display of the motorcycle suspension. The use of interactive graphics

fs 11lustrated and thy menu is explained ip detail,
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- ‘ : CHAPTER 5 .

®

. ° FINITE ELEMENT ANALYSIS OF MOTORCYCLE FRAME -

t

5.\‘ General

\ i

- In this section a Finite E]eﬁgnt Analysis (FEA) of the motorcycle

< frame using a general purpose sbftware,package is carried out. The

\ ¢ o

software package is "ANSYS", a large scale, general pyrpose computer

L)

"program with several ana]ys1s capab111t1es [37]. Analysis capébi1i-
o i.t1es available 1nc1ude static and dynam1c, elgstﬂc, plastic; creep and
—’ji; o swelling; buck11ng, small and 1arge “deflections; steady state and

* trans1e€t The main features of the program are as follows:

s h

a) .The matrix-displacement method is employed.

e ~b) ,Large number of library elements, more than forty for static

~

/ ~° and dynamic analysis. *

¢

/
N ; ¢) Variety of elements, capable of analyzing two-and three-

dimensional frame structure, piping systems, two-dimensional plane and

. ' ’ axisymmetrical solids, three-dimensional shells. . -

d) Capability of non-linear analysis.
' e) Uses the wave front solution method, resulting in a minimum
& . - ’ ‘ S

computer time. . '

* Cf) Loading on the structure may be forces, displacement, pressures,

H

- temperatures or response spectra. -

AR - g) Has excellent pre- and post-processing capabilities.

To properly model the structure for F.E. analysis and to obtain ]
cofrect results and to interpret them correctly, the following steps

. were found helpful in modeling of any structﬁre:

-

e

£
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Obtain complete geometry }ﬁmtwn from:

a) engmeemng dravnngs,

b) “fabrication dravnng§,

c) sketches;

,d) technical specifications.

2)
3)
4)
5)

5.2 Fini

’
-

Obtain full loading data. -
Obtain all material properties .

Determine boundary conditions

R N

If the problem is large - start with a simplified model.

i3

te Element Formulation .

The displacement method is more desireable since its formulation

is simpler for the majority of structural analysis problems.

The steps required to apbly the finite element method to a

probiem are as follows: o

1)

/

Discretize the structural lsystem. This requires the selection

“of the element-type and sizé.

g

2) (Generate the stiffmess and mass matrices for the elements.

’

- {) /Generate the st1ffness and mass matrices of the total structure.

4)

Determine the unknown nodal displacements using equilibrium °

. conditions.

5) Compute stresses and strains, natural frequencies and mode

shapes.

’

\

A motorcycle manufactured by Bombardier Inc., Model 80-MX-6 is

used in thi

is analysis. The frame was discretized usmg three-
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. dimensional beam element with 6 degrees-of-freedom per each node.

3

Figure 5.1 shows the discretization scheme with the corresponding

node and beam. numbering. For using the "ANSYS" finité element program, -

-

the following 1ists the input sequence:

1. Model preparation

, 2. Jitle card
3. Aﬁa]ys1's typé . e ' A
‘4 Element fype C \ \ o o
5. Nodes-coordinates B . “ ‘ ' :
6 Lumpéd masses . . D[_'
1. Elements - ~ . ' i
8. R ‘1‘constants | ‘ . li
9. Modes tqnsidered \ .
10'. Yoﬁng's moduiys
" 11, Poisson ratio ' ‘
12. Density e
13. Restraints | ’
14, I;eratioﬁ~ .
15. Termination of input : \

16. Post processing

17. Mode shape plots. / . o

In the first step, the model preparation, a user identifies details
of ‘the physu:a] parameters of the frame and the type of analys1s required,

)

For the problem 8n hand, they are:




.
.

-y

[
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Computer Input Data ] ‘

1. Nodal coordinates 3
'2. Nodal restrained degrdes_of freedom (D.0.F.)
3. Input nodal weights ’

4. Beam section properties

A sample of the input data is shown in Table 5.1.

»

Analysis Type

N 1. KAN-Q Static analysis
2. KAN-2 Eigenvalue/vector solution

”

¢ 3. KAN-2 Response spectrum analysis

rd (
To provide explanat1on on the data }npﬁi and its sequence, a

\ sample datz file used to create the ana]ytica] model is listed in
\}able 5.2. Referring to this table, the numbers 1 to 17 on the TgftJ.

hapd side correspond to the input-sequence 1istell earlier.

5.%1\ Finite Beam Element Equation Formulation 2F

Since the beam elements are used in the FE analysis, in this
sectibp a brief theory related to thénformulation of thg equation is
presented. The’FEM is based on the conce;;_that if equations can be
‘written representing each element by itself subjected to forces at its
nodes then these element equations can be assembled to form.a system of

equations'reﬁresenting the equilibrium of the overall structure. fﬂe

beam under consideration is shown in Fig.-5.2.

The standard element stiffness analysis is carried out ag

follows:

R e et
.
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TABLE 5.1: A Sample of the Input Data for FEA

T o armn e

DETAILS | NODE #~| X, X, X, |
Vd .
1
!
' Hodal 16 0. (0,) 0 (0.) 47 518.5 s
Coordinates 17 20.3"(8.) 0. (0.) 47. (18.5
cm in 18 0. (0.) 50.8 (20.) 3.8(1.5) |
' t
o
X1 X2 Xa X Xs Xe !
e I S N O I R SR R
—— 7 to 34 1 0 0 0 1 1
and 39 ;
X X2 Xs I
Nodal 10 19.4 (0.111) }19.4 (0.111) 19.4 (0 111”
_ Masses 1 '19.4 (0.111){19.4 (0.111) 19.4 (0.111)|
'kg;(]b.seq/in) 12 12.1 (0.069) { 12.1 (0.069) 12.1 (0.069)|
!
> Pipe Qutside Pipe {
Property #. Diameter Thickness g
Beam Section 1 . 2. (0.8) 0.25 (0.1) * !
Properties 2 ! 8.6 (3.4) 0.25 (0.1) ;
cms (in) A
*1 - indicates fixed DOF ,
0 - indicates free DOF ///ﬂ/’
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TABLE 5-2: ANSYS Sample Input for Motorcycle Frame

f ' . /
L]

& wo—

* »
/PREF? Erive SMATs) STYPE,L SREAL.L
TLTLE;NODAL ANALYSIS OF THE MOTORCYCLE mne Ei30 bt BRI Bt
KAN:2 8KAY 9245 E120922 SHAT»1 STYPEs] SKEAL: L
ETe1y® ) 122124 SHAT»1 STYPEs1 SRFAL.1
ET92+219992 124126 SATs1 STYPEs1 SREALs L
N1710+20,0 €:8+21 $HATyL STYPEs1 SRFALs)
NiBe8¢20,0 £021,23 SHAT 1 ’T;:Enl SREAL 1
Nv?vﬂv“ 50114.8 . E223+23 SHAT»1 STYPEs1 SREALs I
NP109491903003,5%  ~ a £:23:26 $HATH1 STYPEsL SREALs 1
mineitiaidd ‘ Eviiid8  nalil MIPE)) iREALel
012+8011,69168, rlly [ k I3 OK | ’
No1318s5,8s17 7| B4 WALIT STTPES] SREAC )]
Nel4rOef104016.3 £,18,10 HATI STYPE»L SREALs1
:.uoovo-xals ¢ E'lgl” :::Tvl STYPEs 1 SREALsY
1162000018, N - 1441 ] 4
N1171810,18.5 I A O
Nr18s002001.35 : €127129 $MAT+1 STYPE:1 SREALsY
Ne1991802091,5 ) €:29+31 $HAT)1 STYPEsL SRTAL,1
N¢20:00209-4 v £:31:33 $HAT¢1 STYPE/1 SREAL1L
Ne21180209=6 £,28,30 $MATs1 STYPEs1 SRFALs1
8] Ni2210+23¢-6 £+30+32 SMAT»L STYPE,1 SREAL,Y
N123f3!257’6 . £+132:34 SHAT,1 STYPE,] SREALSI
PR e S LA M
. by £, 1 [)
o200 4142.5021 S K 100.8,0,1 Tt E STTPESL "
N1 39+4430.3117.6 !(03'1.4'0-1
Ne22+10+42,302147 . 8 Redoaild
Ne 2B 8042,5:21,2 . - Kide 069
N1 2990, 50026 ' R+5:0,024
N130r8y40026 . ‘ =Rv600.039
Ne310=5+40426 ; TOTALS
N132113140526 EXy1+30,E8y
Ne33r-7.8039126 NUXYels o3
N134015.8¢39926 £ 1ENS» 1, 00073
b * 0 70X e 003408
pone § ’ ’ s FolX e s J4y
Ev?a ' :}'Y{’F:E’?’ :;"FR;:'% Kl';vggT;nﬂhl
' ' ’ Ne79ROTZ 90434y
Eell $IYFEs2 SREALS3 ’ 39U !
£s12 . $TYPEr2 SREALYA 0y 39+R0TY <
s€,13 STYPE»2 SREALsA U539sK0T2
€eld STYPEs2 SREALs4 13| ji3ciact
6] Er S S$TYPEs2 SREAL/sA e 26-UX
€137 ATIPEs2 SREAL14 i1 26+UY
E126 $TYFEr2 $RFALYD [e2asU2
Er22 STYPEs2 SREALYG 1 nps28sROTY
522 STYPE,2 $RFAL14 L, s34, k072
Er24 STYPEs2 SREALIS 145 ITER 1,1
| 623 STYPE,2 SRFAL16 AFURIT '
e SHAT)1 STYPEs) SRFAL)I ISL_rinisM
Eri6e13y SHAT,1 STYPEs] SKEAL,L ;}Npgv.zv
€r15:100 SMAT,1 STYPE,L SREAL,L 160 ¢iNISH
4179130 $HAT,1 $IVYPEs] SREAL»I /POST22
Er130100 SNATY1 STYPEs1 SREAL+L VIEWs1s=171 SANCLE+~40 $SIZE+20020 $CURICH
Eo)Selde . . $MAT1 STYPEsL SREALS] S PL
E113v12y SHAT,1 STYPE,1 SREAL,L l EI,]. Blg?
Erl8e11 $HMAT,t STYPE,1 SREAL,1 SET11+3 ,mesp
71 E:129 $MAT1 STYPE.1 SREALIL SETr1e4  $PLDISP
Erld] —~ $HATe1 STAPEs ] ‘“ﬂl'& : .
€110+ N $HAT»1 STYPE:1 SREAL FINISH )
E139+26 SHAT»1 STYPE,1 SREAL,2- .
€:18:39 ‘M{'} :T;:E'l ::FE:t’}
X AT, [ y N
HUTY tiat ] SHYPET SREACL :
€18119 AT 5TYPE'1 SREAL, 1
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1. The displacement of the nodes are the unknowns of the displa-

cement finite element method: . , . g

(Sl\ ) . - .

\6;2/ '\4 .

v * "’
v b ‘ e

, 5 , : . )
The nodal di‘placemeﬁt vector has twelve elements since there are two

nodes and each has six degree of freedom. ' o !

2, let disp15cements of an arbitrary point with in an element be
given by K |
{y} = [N] {6} v

where matrix [N] defines the matrix of the assumed displacement figjd.

3. The relationship between the strains and the modal deflections

is dependent on matrix [B]. 4 ’ T

{e} = [B]{G}

4. The general stress expression is related to the strain(relptiqns

oF the element by the etastidity matrix [D], i.e.:
\

{o} = [D){e}

5. Now, the differential equations of motion can be obtained by-

'

Lagrange's method

oF
d oL Ly 0, _
Hil- {;6:'} -0{-3_6—} + {ﬁ—} =0
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where

T is the kinetic¢ energy of the structure
Tm is the -pGtential energy of the structure

FD is the dissipation energy of the structure

,Te is tﬁe kinetic energy'of an element and is given by ~.

= .9- . T .
Te 6 2 (v’ (v} dv

e is the total potential energy of the element and is given by

P Te T Ut VprVpt s

where

[ =g

is the internal strain energy .
VF is' the potential energy due to body forces (F)
vR is the potential energy due to nodal forces (R)

VS is the potentia1'energy due to surface tractions (S)

my =20 (e’ [0] (e} dv - £ p TR oV - )R-
Vo Y

hS

» ) f ] T
s

-

Fb is the dissipation energy given by
1 .e.T .
FD = E'{G} [C] {8}

Now, if the structural systém has n elements, the potential
energy must be summed up aver n 'elements. In addition, using ex-

pressions for {y} and {e} de?ived earlier we obtain

I i

[ SRV
.

e T e
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, n ) ,
w2t w6 ;8] [0] B v {6}~ (8} Q)
1 v '

where Q {s the total loading

) | . *
ERCRR S JULRCE RN OR / o5 N7 (s} an]
V . .
*and )
T z {6}76 o NI [N] dv (8 _— ‘

The integrals
[k] = I 81" 0 (8] v

(] = s [N]T [N] v

v |
¢ . . ) - . Sy
Substituting "

n= 261 K] t6}- (&) (@) -

where ' n
N\ (K] = % (k] -

-~

\
T =5 @Y M]3

e

n . .

[M] = ? [m] ‘Z“““"“«\-»-\‘
- l . T .
= 7 (6} [c] {8}

where

n
[c]= ? [c]

4

- Substituting into Lagrange's equation, we obtain

[M] {6} + [C] (8) + [K] (&} = (@} . :

!

»
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1.4
The static equilibrium equation is
k] (8} = Q "
The resulting set of simultaneous equations is solved by the Wave Front
technique.
Natural frequencies and mode shapes are ohtained from t
following equations:
[K] '("21' [M] {4’}1 =0
where
a'xT? the circylar natural frequency of mode;
{¢} = the reduced mode shape vector of mode.i.
% 1 - N~

Ih ANSYS package the eigenvalues can be calculated using Jacobi

-

4 ¥
or subspace iteration procedure.

5.4 Static and Modal Analysis

A load of 1g was applied to the motorcycle frame. Using
KAN=0 in the ANSYS program, a static analysis was carried out. The -
{ resultant statfc deflections are shown in Fig.5.3 and they can be used for

the later use in the dynamic analysis for stress calculations.

1

Using KAN-2 of ANSYS, the modal anmalysis was performed.
Table 5.3 lists the first five natural frequencies of the frame and

Fig. 5.4 depicts its three fundamental mode shapes.

P

;
3
"3
|
|
!

-~
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TABLE 5.3 -

§

Frequencies of the Motordvcle Frame -

Frequency Frequency
P Hz)
T | " 20.6
2 ) 34\8
3 3.
4{ 89:
J
5 96.5
|
\
.
v
k 5
/ TN

L]
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Static 'Deﬂect'fo’n Plot
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5.5 Animated Mode Shape Generation

5.5.17 Introguction

There is a great significance in evaluating the séructural

analysis of a model using animated mode shapes. th only the desiéﬁer
can see the numerical output graphically, but also through animation
he can investigate fhe interaction of various members. Furthermore,
the animated mode shapegupay indicate, for example, large structural
deformations at frequencies too near the operating frequency‘@f the
product.r So the configuration of the model can be changed through
addition, deletion, alteration or re-arrangement of the structural

- members -until the unwanted vibration is damped sufficiently. Since

the actual modal displacemerfts are comparatively small, distortion

‘is’high]y exaggerated in the animated mode shapes.

]

Following is the detail description of the ﬁethodo]ogy for
mode animation or response animation asrapplied to the moiorcy%]e
frame. _ This animation was developed with a digital computer VAX-
11/780 and NQRPAK-rasfer graphic 5?sp1ay ﬁrocessor. The data flow

diagram of the animated mode shapes is illustrated in Fig. 5.5.

<~

5.5.2 Details of Animated Mode Shapes Generation' ;

Y

.,
N » T
Figure 5.6 illustrates the model to be animated. 7he_frame

is descretized very similarly as in finite e1€ﬁénts. To conser -
-«

the generality of the model, front and rear shocks were also ipcluded

in the generatiog of this model. ~

3

However, if one is interested in the frame response alone, then

it is very simple to suppress the nodes not .required. This is achieved -
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basically during drawing of the members, by drawing those members to
be suppressed with the color equivalent to tha; of the screen's color.
" The typical data generation of the frame is tabulated in
P

Table 5.4 in pixel values,
. N - , S
The pixel coordinates are generated amd stored in the- SUBROUT INE

MTGN3D (NMOTPNT, IX, IY, 1Z, SCALE) where:
. (.

NMOTPNT

= number of points for the motorcycle frame P
IX,IY,I1Z = pixel'coordinates of the motorcycle frame

SCALE - =*Scale factor for IX, 1Y, IZ coordinates. .

After the data geneﬁation, the data base of thg~motorcyc1e
frame is rotated through approp%iate subroutines. Thesg,subroutines
are_explained below. In,rotation of three-diTensional object about
~ x-axis, the x-dimensions do not change. Thus the transformagion matrix
will have zeros in the first row and first column, except for unity on

the main diadonal.

This leads to the transformation matrix for a rotation of angle

0 about the x-axis giyen by

Xy ze 1= [xvzil |1 o 0. 0
) 0 cos @ sin® 0
0 -sin® ~ cos® O

_? o 0 1 v,

upte: ® is positive when standihgvoh'the X-axis and looking towards

the Y-Z plane and having the rotation anticlockwise.

Based on this transformation, the subroutiye was developed and

is given in the following form: ’
N \, N

4
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TABLE 5.4

-

Pixel Coordinates of the Motorcycle Frame

T ;
21} = 0 xvm = 0 12 1; =
X(2) = 0 Ivi2) = o 12{2) =
§3) = 0 IY§3) = 6 12 3; =
x(4) = 0 Iv(a) = 6 12(4) =

IX(S) =0 IY§5§ =12 1255; =
IX(6) = 0 Iv(e) =12 12(6) =
IX(7) = 0 Iv(7) = 20 12(7) =
IX(8) = 0 IY(8) = 20 12(8) =
IX(9) =15 IY(9) = 15 12(9) =
1X(10) = 14 1Y(10) = 19 12(10) =
IX(11) = 15 IY(H; =15 ° IZ(H} =
IX(12) = 17 1Y(13) = 6 12(12) =
IX(13) = 17 Iy 13% = 6 IZ§13; =
Ix(14) = 18 Iv(14) = 12 1z{14) =
IX(15) = 17 - IY(15) = 6 1z 153 =
IX(16) = 18 Iv(16) = 0 1v(16) =
1xX(17) = 18 IY(17) = 0 12(17) =
Tx(18) = 20 1Y(18) = 20 12(18) =
"IX(19) = 20 IY(19) = 20 12(19) =
S IX(20) = 6 IY zog = 20 12 20; =
IX(21) = -6 1Y(21) = 20 12(21) =
1X(22) = -6 Iv(22) = 25 12522) =
1X(23) = -6 Iv(23) = 25 12(23) =
IX(24) = -6 IY$24 = 33 Iz(z4; =
IX(25) = -6 1Y(25) = 33 12(25) =
IX(26) £ 22 10(26) = 43 - 12(26) =
IX(27) = 22 1Y(27) = 43 2(27)=
IX(28) = 22 1Y(28) = 43 12(28) =
1x(29) = 26 1Y(29Y = 40 12(29) =
Ixé30 = 26 ‘1v§3o = 40 1z 30; =
Ix(31) = 26 IY(31) = 40 12(31) =
IX(32) = 26 1Y(32) =\40 12(32) =
IX(33) = 26 I¥(33) = 89 12(33) =
IX(34) = 26 ~IY(34)y~= 39 12(38) =
IX(35) = 10 1¥(35) = 50 12(35) =
IX(36) = 10 IY(36) = 50 IZEBG) =
IX(37) = -2 1Y(37) = 56 1z 37} =
IX(38) = -2 1Y(38) = 56 12(38) =
IX(39) = 1Y(39) = 12(39) =
\
- s

>

[ R —
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A
SUBROUTINE ROT3DX (NPNT, 1x, ‘IY, 1Z, THETA)

~

N

INPUT Ty

ts t\oX be rotated about the

. \ ‘
. X-axis. 4

NPNT - Data base numl;er of

IX,IY,IZ - Data base values to be modified. Arrays of dimension

NPNT. .«

THETA - The angle of. rotation in radians.

' © OUTPUT
s LU LR

A\

IX,Y,IZ - Modified data base

[ .
Similarly the subroutines were developed for the rotation of
the frame about Y and Z axis. For completeness, these are given below.

The meaning of parameters are the same as defined previously.

‘Rotation about Y-Axis \

b SUBROUTINE ROT3DY (NPNT, IX, IY, IZ, THETA)

Rotation About Z-Axis

/ ‘
SUBROUTINE ROT3DZ (NPNT, IX, IY, IZ, THETA)

In order to be able to move the motorcycle frame anywhere on the

screen, the translation and rotation subroutine was developed with res-

»

pect to the center of origin of the data base. The subroutine is based

R .on the simple transformat ions of translation and rotation with respect

to the screen X-Y system. ‘ .
\ Translation: [X'Y'1] = [XYI]J[ 1 O 0
. 0 10

‘ IXG 1Y6.1
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Rotation: [X'Y'1] = [XY 1] [cosO -si)ne 0
sine  'cose O
0, 0 1

The corresponding subroutine is given by:
TRANSROT (IXG, IYG, THETA, NPNT, IX, IY)

where:

INPUT o

'NPNT - Data base number of points to be translated énd
i 5 ' : rotated.
IX,1Y - Data base arrays.
THETA - The angle of rotati&n
(, IXG,1YG- The coordinates.of the data base center with respect

to the screen X-Y system.

~ Having the transformed set of coordinates, we can draw the motorcycle'

\
SUd@OUTINE MTOR3D (NPNT, IX, IY)

INPQI . : .

NPN& . = Number of nodes

frame on\{}m VOP screen using Brawmg subroutine
! . .

[

\\

' IX, K!V - Final transformed coordinates
! |

This subrol{t\ine uses two NORPAK subroutines, mainly:

CALL& SET (IX, 1Y)

This isubrouqine sets the current beam position to the specified value.
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The subroutine parameters are defined as follows:

IX - X coordinate of the beam position

[N

IY - Y coordinate of the beam positidn’

The second subroutine i¢ defined by

’
//

\
\

 CALL VEC (IDX, IDY)

. \ !
This subroutine draws a vector a;"specified f\;om the current beam

position.. The subroutine parameters are defined as follows:

-

IDX - dx from current peam position
Ipy - 6dy frpm current bl\eam position,

"NOTE: dx, dy can pe either positive or negativ; va]ues..
5.5.3 Sample Program for /Ani‘mal.ted Mode Sh_af;gé ‘

Having explained the details of each subroutine necessary to
generaté the graphical dispfay of the motorcycle frame, the program
was written for the animated mode shapes i accordance with the block

diagram shown in Fig. 5.7.

5.5.4 Graphical Output

There are two alternative approaches of displayinb the animated

mode shapes. In the first approach the modes can bé Eﬁsplayed conti-

2

“"8};5]}’ without clearing the VDP screen. 'The result of this animation

is shown in Fig.5.8. =~ | ' . ‘
. L}
In‘the second approach, VDP screen is cleared before dis’p“laying X

]

the next mode shape'. In.this approach a dynamic display is created.

This kind of display can be viewed as static at some instance of time. «
. ‘ )

- Because the drawi‘ng and clearing of the screen is about 1/30 sec.,

.
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- Initialize NORPAK Routines

0

v

Input Scale Factor

— Call MTGN3D (NMOTPNT, IX, 1Y, 1Z, SCALE)
G
" Call ROT3DX (NPNT, IX, IY, IZ, THETA)
Call RQT3DY (NPNT, IX, IY, IZ, THETA) ©
Call ROT3DZ (NPNT, IX, IY, 1Z, THETA)
\
’\\' -
Add the Deflection From ,
the Mode Shapes '
\
Call TRANSROT (IXG, 1YG, THETA, HPNT, IX, IY)
Call MTDR3D (NPNT, IX, IY) \
Yv\‘ilb,ﬂ
Figure 5.7: Block Diagram of Animated Mode Shapes

" haod

»
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A

- Y
therefare, the eye sees the object being continuously displayed.

5.6 Conclusion

. In this chapter, the analysis of the motorcycle frame was
per?onned using finite element method. Theoretical aspects and vari-
ous steps required in FEA were dis_cuséed with an example of typical
input data vsequence for the motorcycle frafng. Graphical representation
of the static deflections and mode shapes,ca]cu]a.ted fron? the

ANSYS-FéA package were i]]usj:rated. Procedure for developing graphics

for mode animation was explained in detail,
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CHAPTER 6 ' ‘ :
q . COMCLUSIONS,  °
6.1  CAE Concept - ' ‘ Y o

1
s Coniputer aided engineering approach for the design and analysis

of an off-road motorcycle has been proposed. Due to the severi'ty of

shock and vibr“ation to the rider, a very broad and extensive analysig

" of the entire suspension and frame was perforlﬁed using ‘the CAE concep}/

-
’

.

The general concept og‘.CAE as it was app}ied to the motorcycle (
is illustrated in Fig. 6.1.

\’ The steps involved \jn CAE are:

1. Physical model o'f the motorcycle ‘ . !
2. Computer simulation and testing of shock abserbers. ,.,

3. Time domain - dynamic analysis of lumped' mass model.

4, Parametric variation of the lumped mass model 1%" ’
) ‘ -

optimal suspension characteristics.
5. Finite element analysis of the frame. _
6. Development of interactive and dynamic graphics of the- : 8

lumped mass model and animated mode shapes of the‘frame.

6.2  Major Highlights ' ‘

¢

1. This thesis illustrates the concept of computer-aided

enginc_eéring in the design and analysis of an off-road motorcycle
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2. The general coq;ept of CAE as applied to the motorcycle was

divided into four main stages:

} a) computer simulation and experimental investigation of

-
! »

motorcycle shock absogﬁir
b) Tumped mass analysis of the entire motorcycle suspension

k) dynéhicﬂgraphics
\‘&) finite e1emgnt analysis of thegpotorcycle structure and
animated mode shapes. ’
3.0 A comprehensiye mathematical model of the suspension system
was developed. The model takes into account thg fr;nt fork assembly,
t™ rear shock absorber mounted on the.swing arm, the {rame. the front

gnM*rg?n)whee1s and the mass of the rider. - D
0 '.[\t\/ N \ ‘ 0

' 4. A parametric study was carried out-with variations of stiff-
ngssuand dampihg of thg ti;es and the shock absorbers and the mass of
{he rider. The transmissibility véfsus frequency curves of generalized
coordinates were ob@gined. A study on the effect of vartation of the
geometrical configuration of the motorcycle was carried put and it wasa
' obgérved that thé geometric 1ocafibh L,s L, and angles ¢ and a ' have
considerable influence on the abso1ut; displace@ent X; and rotation o,.
© Increase in L “from 2,54 cm (1 in.) to 27.2 an (11.5 in.) decreased the
X, transmfssibi]d;y twice at the-n$ionance.( However, for 1argg_va]ues
of L, (1.e. Ly-=50.8 an, (L, = 20 in.)). the X, response started to

increase. Increase in L. from 2.54 am (1 in.) to 38.1 an (15, in.)

! increased the 9, response twice. .Increase of 4 from 0 to 0.4 radians
N decreased th;\e?.regponse abput twice. Increase in ag from 0.7 to 1;4
D fadians decrea$ed the X, response by about 20% af'resonance.
\ j |
‘ .

<
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~ : -

5. Jthree types of damping for front fork and rear shock absosber
/

o

were considered: - .
a.- linear symmetrical: compression and extension
b b. linear n'on-%ymnetrica]: compression and extension

c. non-linear and non-symmetrical: compression and extension.

[}

~

In the study of damping character‘fs;ics of the shock, the non-

Tinear and non-symmetrical damping. produced four times higher X, response

8

at ﬁ;éonance, compa with"ilinear type damping. At higher frequencies
X, response for non-1inear damping was four times lower than m)e response
for linear damping. S(he riders acceleration 5f3 was found to be six times

higher at resonance compared with linear damping.

6. The VAX-11/780 system configuration and NORPAK hardware for
dynamic graphics were explained. The methodology of developing dynamic

-~

graphics soffw'a“ng‘,was explained for both simple systems ‘and motorcycle

suspension. The use of interactive graphics was illustrated and the menu

was explained in detail.

7. The finite element analysis of the motogcycle frame was per-
~fonned. Natural frequencies and mode shapes of® the motorcycle firame
were obtained. Procedure for developing graphics for mode animation

was illustrated.

6,3  Benefits of the Thesis

‘ From the abové study it can be concluded that the outlined method
of computer aided engineering of the motorcycle can be applicable to other
vehid};: Application of the computer aided engineering'can subtantially
reduce the)cost of the vehicle. The expense of buﬂdﬁi ﬁand testing proto-
type exceels that of analyt'lcal design.‘ The neeld for rototypT C}n be 1
reducied gnificantly through }:he tA{methodology.’ This thes

» /:/ N | * N

is\shows de-

- _\-T..,_ —— N e tmipene - , T g b bt =



- ‘display in finite element analysis ean be used to improve interpretation
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»

tailed stages of developing a good analytical model. Using the procedure
:Juth'ned-, the design engineer can design and analyze the suspension and

frame in a few hpurs as opposed to weeks or months. The designer will not e
only have the most efficient and safe vehicle on the market but also through
the use of a menu the designer can input the parameters interactively and <

can see their effect throudh dynamic display. The use of animated modal

of complex model behaviour by revealing the jnteraction of various parts of

"the structure. . A11 this speeds up the evaluation of design and analysis.

Having such a package the manufacturers can produce the optimum vehicle

;
with respect to its reljability performance and cOst.

-

The advantages of using the CAE approach as outlined in the thesis
are tremendous. The methodo]ogy deve]oped can, h/lasﬂy followed in the
design and analysis of other vehicles or mechanica] s:ructures and mech-
anisms. And it can even be applied to today's emerging field of 'Robotics’,

/
6.4 Recommendation for Future Work > .

~ ~

-

Due tq the complexity of motorcycle problems, only some aspects .of

the computer aided engineering concept have been investiga‘ted'. The direction
x? -
of future work is outlined below. ‘ )

. /
- 1. Include, in the CAE concept optimization ¢

analysis to minimize the rider's response. The optmizat arameters

should be chosen on the ‘ba(sis of the ‘sztensive parametric study presented

in the thesis. v b

»

2. Optimization of the finite.element model of the frame can be

carried out to minimizer the weight.
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3. Include, in the CAE concept, the generation of manufacturing
drawings for the motorcycle frame. In this investigation the three-
dimensional data base for the frame was génerated and therefore only

requires three projection views, dimensioning and bill of maf@?}p]s.

.

4., Verify the motorcycle suspension mathematical modef by test

using‘hydrauﬂic shaker facility. ‘
5. In this thesis, the differential equations deve1opedQE§$ume

small deflections. Because of the off-road environment, large deflections
occur and the simu]atiqp‘should be repeated for this condition and com-
pared with the present results. The governing equations for large de-

flections are derived and presented in Appendix C.

hd

6. To speed up the motorcycle graphical animation, it may .be

preferable to store the deflections and then use them for display.
7. Sheck and random road inputs should be investigated.

8. The Tumped mass model has the capability of investigating the

wheel Tift-off and the effect of braking. This again could be leoked at

//>n detail.
|

Mdom.

e — _.__? —

9. In this thesis only a particular linkage configuration for the
rear shock absorber mounting was considered. Other linkages. could be

investigated and compared for the responses.

10. Following the modal analysis as outlined in the thesis, the

dynamic response could be evaluated through the use of response spectrum

technique. .

11. Fatique analysis of thg frame should aiso Bé considered due

-

to the severity of the off<road input.

s
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APPENDIX A .

Mathematical Modeling of Motorcycle-Frant For@g_
Rear Shock. Absorber [19, 27, 28] . -

For a realistic Tumped mass énalysis of ﬁhe motorcycle suspension, ' -
it is highly desirable to include the nonlinear damping characteristics °
of the front fork and rear shock absorber. This requires a detailed

mathematical modeling of front fork and rear shock absorber. o

Ref. [17, 27, 28] illustrate the application of computer-aided
analysis and experimental verification of a motorcyclie front fork and
shock absorber. The motorcycle suspension normally consists of a pair
of front fork and rear shock absorbers. Various cénfigurations of front
fock and rear shock absorber are used, however éi: have the same basic

design. i\

The front fork consists of an oil filled telescopic fork in which
the. frame mounted stanchion tube;}and wheel mounted sliders effect the
springing and damping by various means of spring and valving mechanisms

as'shqwn in Fig. Al. !

B 1

The rear shock absarber consists of a piston moving in a oil

Ty ~ L -

filled chamber with an externally mounted spring. The springNis ,

sometimes replaced éy an air column. . -
The front fork®and rear shock were modelled mathematically for

laminar and turbulent flows. Referring to Fig. A2, the damping force

is given by:

Laminar Flow: ; ) -~ )

F=Lv -

. B s e e .
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——

v is piston velocity

L is*Laminar flow coefficient given by

m
For compression
2
- 2 o Rh, 2 _ 2 a4
L = 8wl A & (@) - b)) - (o= 007 Tn (*1/by)

For gxtension

DLyt wlAm (e b) - (af- 02/ W (%a/b) ]
where: |

L3

a anhd b are.outer and inner annular diameters respectively,
‘w is the dynamic viscosity of the fluid ~
1 is the<piston length

A is the piston area

Turbulent Flow: .

F=Tv?

T is the turbulent flow coefficient and is given by

I = A§7g \"s for compression
2 Cé A*?
and
T=2P | for extension
ché A;z : .
- where: s

p is the mean density y

Cd is the orifice discharge coefficient, dimensionless

A* is the flow area at piston

) A; is the orifice flow area at ring

.




A.5

™

The force exerted by the entrapped column of air can.be expressed as

F - MRtA ‘
g T
V - AX
0 o ﬁ
where: - IR .

[
m Rt is the gas constant T
V, is the volume before displacement

A. is the area of air column

X is the displacement , 3

In summary,vthe governing equations of a front fork take the form:

t

F = mRtA + L v for laminar flow t o
V,- AX m
C L]
F=DREA 4 72 for turbulent flow /

V.- Acx

Similarily the derivation was carried out for the rear shock absorQer.
Following the detailed derivétion; the mathematical mode%s wrre
simulated for sinusoidal, transient and random displacement inputs.
Further, the simulation results were verified using laboratory tésting
of commercially available front forks and shock absorbers. The test ;et-
up e;nsisted of an e]éctro-hydraulic shaker drivinq\the end of either a
front .fork or a shock absorber. The other end was fixed to an inertial '

frame through a load cell or attached to an equivalent inertial load

* simulating the weight of the motorcycle and the ridér. The comparisdn

between theoretical and experimental results show a good correlation, .,

and thus justify the mathematical model. -
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: APPENDAI'X B

Detailed Derivation of Equations of Motion of the
Motorcycle-Suspension Syst.em (Suialf Displacement)

L]

The objecﬁv\f this appendix is to develop the differential
equations of motion for the motorcycle i1lustrated in Fig. 2. 2 Refer-

ring §B*~this figure, the displacements X7y X, 8, and X, are considered

, ) . §
to be the generadized coordinates and hence the generalized vector is*

\

given by

. T (.
\{q} = ,{XZ: x!l elg XQ} \

The various assuwtions iﬁ modeling of the motorcycle are same as dis-
cussed in Chapter 2 . ~The final set of differential equatkms are non-

linear and are va1/d for small déf1ect10ns only.

'B.1  Deflection of Rear Shock Absorber .
Consider the'(rigid frame as 1llustrated in Figs. B] and B2.

Then ‘ ‘ . o . ™
5, = Xy = L, sin (&, -6,)+ 1L, sina, : «(B.1)
Ry = L, cos (a, -8,) - L, cos a, 0 (B.2)
L s Xy =Ly sin (8, +ay) + L, sin as © (8.3)
- ¥l .
“RR,= L, cos ag - Ly cos, (8, +as] “ , (8.4)

.,

Now taking into consideration the rear swing arm as shown in Fig. B3,

gives ] ‘#V\ )
’ . ™

S, =S5 + Ly sina + Ly sin¢

-

(B.5)

= J;Rz QRR1 + L!cos a - L’ \CQE ‘¢ /:“' . ' ‘-‘(B.G)
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B.5 )

Substituting for SS, and RR, in Egs. (8.5) and (B.5) yie}ds:

S, = Xy = Lysin (8, +as) + Lysinag + Lysina + Lysing  (B.7)

Rz = L,cos as - L,cos (6, +as) + L cosa- L, cos ¢ (8.8)
"~
where {
X -SS -L siné¢ ' “
sin a = — E :
N
ha
A.n‘- [X.-SS;-L; sin ¢]2 \
cos a = > 5
. L
Substituting for $S;, stno and cos a. becomes —
X,-L,sind-[Xy- Lysin(By +as)+Lysinas]
Sina = T (8.9)
4 3
) v’[f- (Xy-Lysing« Xy+ L,sin(8,+ay)- L,sin'm,]z -
COS 0. = ‘[~ - - (8.]0)

For small deflections of S,, S,, R, and R,, the change of .length of
the rear shock absorber is given by ('3

'\oemn SN LN A DU * (8.11)
" ¢ . y

where S , R,, S, and R, are as defined in Eqs. (B.1), (B.2), and

*(B.7) and (B.8) 4

) . K
8.2  Deflection of *Frént Fork - .4
[ ' \ . ' '
Referring to Fig. B.4, 7 . ¢
SF1 =~Xs"- L,sine, ' ’ '~ (8.12)
' ' . .
. RF1 =-(L,- L) c0s@, -Hastn gy (La- L)+
» - * - . 4
/ L,cos¢ -L,cosa (B.13) ¥
From Fig. B.5 )
. % » h
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! B.8
SF2 = X, cos (o - 0y) . (8.14) !
RF2 = X,sin (o -9,) . ‘ (8.15)

For small def]éctioqs‘ Of SF1, SF2,’RF1 and RF2, the change of length of-
the front fork is given by

DELTAF = {[SF1 - SF2]t + [RF] - RF2]%)} . (B.a8)

B.3  Lagrange's Equation / .
f
» [ ¢

The Lagrange's equ’ation can be written as:

d a(m )., av) , 3D . C -
i3 " "N + % + 82 Q1 . (B.17)
where B .
! ' \
T = kinetic energy of the system .
Y = potential energy of the system )

‘ \
Df = dissipation energy of the system

Q1 = generalized external force acting on the system . _ ‘

(q} = {Xay Xs, Oy, X }T ‘. ]

Kinetic Enerqy

Potential Energy

Vv = 12"(1[*2 cos (dy’- 0y) - xﬁz + lz'KzAFz . . Rs
, + 3 KR ? TN AL (B.19)
Dissipatign-Enerqy/ . C " - ‘o

’ ] ) ' .o 4 ’_‘.Z’:‘ﬁ'j
D g Glhicos -0, A1t JoaF e Joge s o L

mhe

R TX¢ 0% 8 U X )




e -
- |
’ 8.9
. Wwhere ’
. AF = {[Xs - Lysingy = Xpcos (@ - 8,)]* +
\\\,' . + [+(Ls - Ls)cas By =H, sin e;. + (La-Ls) +Lycos¢ -
. ‘ \ ) . .

1 . -L;COSG-'X:S"H(KH-GS)]}

\ R4 {[Xs-Lysin(ay-0y) + L, sin a,-Xs + Lysin (O +as)-

e ' ‘
‘ s - Ly sin a;-L,sina-(,sin¢]2+[Lg cos (ay -~ @,) -
- /‘ - . ‘
- LecOs ay = L,cbs a, ;VL, cos (By+as) - Lycos a +
) 1
, ) ‘ ¢ f
o - ‘ "+ L, cos ¢]’}§
, . i R ' \
' Befo‘re calculating AR and AF, we have to calculate do/dt.
Let )
N = X. 'LQS'“\? - X, + L-’ sin'(e, ""0.5) - Lo sinas
Ve /L2 [x.'- Lysing - X, + L, sin(0y +ay) - Ly sinmg]2
et '
U V " -
Calculation of &
! 4= tan™! (v) = tan'](-:- . '
. d -1 -1 du
o ASNURE S ' A
. & du_d (ﬂ v(dt) H( )
dt  dt 'V Vz
B ) o ¥
o wa %a % s 8L %, .
at - aX, 'cﬁ“ dax, .T HT
. 2 ‘ N @, -
v - | -~ ¢ b ,

»,
g < e S

e



I 4
' &
_ B.10
av, o ey Ky B
dat dx, dt TdX; @ T de, dt
du VIX, - Xs + L, cosy + ag)8,] | 4
dt -~ v i

N

5

. 2y
Calculation of o

(-2)[Xs - Lysind - Xy +Lysin(Bs+as) - Lysinas]
{ ‘ }
oV
Ve ¥
. [i., - i; + L,COS (9. ‘HIS)é,]

[.Xg - i, + L7 cos (6, +u5)é31 Sinza ng
L,cos a sy

.[in. - i! + L, cos (eg "'Qs)ég]

.

e

da

a = [f, - Xs +Lrcos (8, +u;) 8,] sec?a S05&

L1 {[X., = Xy + Ly cos (6, + a;)4,] 4 Sinfa, .

n
sin3a. v L, cosa cos’a L,

L [X, =Ryt L, cos (o, +a5)é’]}

do do da doi de

dXs ' do, * dX, 'dXs ' d5,’ dX,

LY

Ly

.o _da 1

TeEK,

I P v ood .
T (X, - X, + L,cgs (84 + ay 6] ax; (secacos a)




e
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Wﬁf}&? o
N A

S

B.1 '
where
= “ -
dx (sec’acosa) = 2 seca sec o tana—x-!— cos a N
2 L.
- sec‘asina ox,
gel!' = [-_L, sin (9, +a¢)ds] secZacosa /L, +
l—~ [Xy - Ry +L; cos (04 + as)8s] Hg_{ (sec?a cos a) . *
‘ Yy
where " /
| 9 (sec? x ' do
35, (secla cosa) = 2 secasec atana do. cosa - sec’sina o
e " T IR - R+ L cos (65 + 0408, g (sec?a cosa)
where
. dx (sec2x cos a) = 2seca sec atanagx ax;cosa- se::2 sina %;:
a = TACT(U) = Tan"! ¢ ) o ‘,
g—a_. L] _d_.._ -] = ] gy_ .
W A e 3,
where . .
gl)g-;h%-- ‘\'Ii,-; Since W=L,sina, V =L,cosa,
“dd . 1 da 1 du ' RN
dXg Lecosa ’ doy 1+U° do,
" where - 2
%gT a L,cos (6y+ag []V*]V -L"’—T]
da‘ =L7COS (63"'0.5) ) da . ‘] :
’ d6s Ly cosa > &  L.cosa
aF =« [sh1 - sto)? + [RH-RE2]0Y . ) (8.21)

e




1 ]
: N
B.12 | )
SF1 = Xy - Lzcos O 6s
\ SF2 = X, cos (o - 9y) + Xe sin (o, - O4) é, o
e Rh = (Lz- Ls) sin G,é,- H, cos 9‘3.s+ Lysina a A .
‘ RF‘Z = izSin(Gl -9,) - Xacos (0~ @g)é’ . . i
M= (04 -82] + TR - R0 o (8.22)
§1 = ig + Lg cos (Cll;"eg)ég ’ . ‘ ) \\\
$2 = Xy - L,cos {0, +ag)dy +L, cos of &
ﬁ; = Lg sin (Q“v" eg)ég
. .
. N - .. »
Ry = Lysin {8, "’C&s)eg-L‘ sina a )
. ' 3
Rearranging ' ' : i
AF = {[Ky - L2cos 0,84~ X, cos(a1-8)- X, sin (a; -04)8s]° (‘
+ [(L2-Ls) sin @8 - Hycos 8,8, + L, sinaa -
X N ] - . i 4 ) 1,
} X, sin (a& -8,) + X, cos'(m1 - 8,)8,1%} ) {B.23)
AR = {[Xy + L, cos (a“-e,)é, - Xy + Lycos (8, +a,) 6y - '
. . - Lycosaa] 2 + [L, sin(u, -04)8s -Losin(8s+ag) 64+ T
’, s caad .
+ Lysina a]?) (B.24)

. .a was derived ;arlier in thw

| . From Eq. (8.18)

] ) ! ) .l .‘
aT 8 d T e
—T— = m x2 ——— --.—- = m xze i -
Xz 2 . dt X, ? .

ﬁ -~ ’/ - }b;‘:n
3
- -,I--m,f(, aq{’“TT"msXs

Xy )

~
A
BRI
.
:




< e

. a
T . d 3T .44 -
L NN T - N
- 3 B 3é3 3
) T L n g, d 3T .
o L - —,— muX
' . aiu ) dt 3X “ Q‘
From Eq. (B8.19), | .
v %L= Ky [X,cos (ai-es) - X1] cos (a, -8y) +
2 H
+ 3K, (205F1 - SF2] (~cos(an - ©,)) + :
+ 2[RF1 - RF2] (-sin( o, - 64))}
| ' 3V . 1y, [ 2[SF1 - SF2] + 2[RF1- RF2] L, sin a =2 +
v ' EX',— 2 2 ’“ dX3
i; '{ t s ]
L - ‘ * 5 Ks{2[S1 - S2]MLs cos a) dX,
. * | '
~ i + 2[RT-R2] (L,sina) 3} Q

a‘%, was derived earlier in this appendix.
3

[ ;9_ 1

= i

! 4 . ’r . dXQ B Ly cOSa

L

“ ‘ 36,

= Ky [X 2 cos (&; - 9 ) X1 )(,sin(m1 8y) +

’ + JZ— K‘Z{E[SF1 ~ SF2] [-L,cos 85 - Xasin(ag - e,)'] b

[+

+ 2[RF1- RF2] [(LE-L ) sindy - Hycos By + X, cos (a,-e,)‘jl- .

3

+ L..sina ]} v 1 5 K JI2[51-52] [+Lycosla, -8y) +

= Lysin(e, +as) + Ly sinds 20}

. I R N

- o L7 cos(es+us) - Lycosa %‘S‘" + 2[R1-R2] [ Lysin (ay-8)=
. ", :

Y i) .
r’ 3 -
] ' o .
' ' - i i
te A\ ( 1 v - .
Lr i I\
P e - _ . s :
! ! !




l’_;._ va ; ) y - \’ Vs I. e s o P { *:*/r -t vw-»-)v-—--.
~ / ) " ' -
'y L A 7
’ RN )
“ . 7} . ' N
g . ~ 78,14 SR
| p h Y L. / ;“ ._ B ’ o
a - »a__ 1 ' ( da '
e 4 g L20RF - RF2] (Lusina) g2+ }
' ! [} < N ’ / ]
*

1 ‘ da i . da -
7 Ks{2[S1 - 52] (-L, cos a) ot 2[R1 - R2] L; sina o=

+ Kb(xh'XS)} ’ t
d - |
da a s o
and =5— were deriged earlier in this appendix. )
> dea d* R F . \
) ST do  Lrcos(Ostes) 4 i
R &, ¥ L, cosa dX, L,cosa :
\ \_
From Eq. (B.20) )
a\D _ . ~ ) . ]_ . .'2
- ~ axz . X
f.)‘\ + [ » L
‘ (-cos{ay - 93)) + 2[RF1 - RF2] (-sin(ay - ©3))}
' 1’
‘ : N /,
| “ 20 - L cutarsh - St2] + 2[RF1 - RF2] [Lusma déy,
! ‘ 3X, dXs
. ' . »
| "+ 3 C4{2[81- 82] (-Lycosa) i’— + 2[R < R2DLy sina 223
L . " dXs ~ d¥s
\ do/dXs . was derived earlier in this appendix. .
| do _ _ _sec acosn _ ' N
L ) d?(a" Le , i
« / M _ ]
. -:_-35— =5 C,{2[SF1 - SF2] [-L, cos 0, - Xzsin(a; -05)] #
- N . V3 '
' 3 ° L] 1 e ——
‘ + 2[RF1 - RF2] [(L, - Ls) siney = H, cos'c-§3 + X, €08 (a3 -05) +
) i ﬁ . ‘ \‘~
: N L, sing 8] 4 %63(2[51&2] [L, cos (o, -0,) +
} ’ ' ' dos /. %
¢ © + L, cos (9 tag) - Ly cos é]+2[R1-R2] [Lysin(a, -0,) -
' h 3
C . . -L, sin(0,+u5) +L;8ina Lj}
'] - \ . ! - déa
»

\ - \
". . , ’ '
“ fa . P
.«
[ o ‘ B e p— [ , - ¢ e S, PR
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B.4

- | B.15 \ C -
_9?_ was derived earlier in this appendix. r
dq . '
da Lt ‘ .
ALg r—cos(e, + as) sec acosa ’
des . . !
i
3D, % { [RF1 - RF2] L..sina——}+-c,{[s1-sz]
IBXu dx., 3
‘Lycosa) 42 4+ [R1- R2] L¥sina —% + TulX, - Xs 4
) dX, o dXs
-ﬁi:\‘ '
-d_— was derived earlie'r in thi;; .appendix. L -
dX ' o

da _ sec’acosa .
dx“ L'o )

R

Compression and Extension of Front Fork and Rear Shock Absorber

3

Since the damping is different for the extension and compression -

in a shock absorber, it becomes important to determine whethér tfhe .

shock absorber is in compresswn or extension. '

‘Original Length, QR

Consider the front fork as ﬂlustrated in F1g 86

"

VAF? + BF?

t}ew Length, QFL2

Y(AF + RF1- RF2)2 + (BF + SF1- SF2)?

The Change jn Length,s = QFL - QFL2 y Y
if A >0 = éompression\ \
if A <O . extension

Considering the rear shock as shown in Fiﬁ? -y

Original Length, QRL = v/ L3 + L2 - 2L L cos(as +9)
3 6 1376

[l

>
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o ,AR=QRL*'co‘s(C+4>). e e
o CBR = QRL* sin(C + ¢) . C

Bl . -

- New Length, QRLZ -~ = /(AR + Rl = R2)? +(BR + S1 - §2)? °
, ) ) . .o ‘\ \ t

A - .. The change in Length, DDTR = QRL - QRL2
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APPENDIX C  * R

Detaiied Derivation of Equations of Motion of the

"/ Motorcycle Suspension Syitem (Large Displacements)

The differential equations of motion for the motorcycle, using ’

]

Lagrange's method, are deri ved in this appendix for large digpl acements »

and including .the motion in the horizontal direction. Thelfu?m;ed mass

_.model"of the motoricycle illustrated in Fig. 2.2 can also be used for .

" this case. . ' . : *

-

‘ T /
The generalized coordinates chosen are:

. T," . “ N ‘
{q}={Xi, xhéSa xlo}' 4‘ d

~

C.1  Deflection of Rear Shoek Absorber

at

“

Consider the rigid frame as illustrated in Figs. 6.1 and C.2.

- Then . A R .
Sy =Ly Sfin(360-0a,+0,) +X, L (c.1)
Ry = ’Lg cos (3,66-— oy, +0,) T '(C.JZ)
" SS, = X, +-L,sin(lso+§s+e,) : ' (b.a)
RR, = L; cos'(180+as+0,) - é_ o (c.4)
Ngw taking into consideration the rear‘swing arm‘as\sh(qwn ip Fig. C.3,
we get . T
Sz =SS, +Lysina : . . ,.(C‘.SS)
"Rz )= RR +Lycosa - - f ' o (C.5)

>

Substituting for RR; and SS; in Eqs. (C.5) and (C.6) yields:
, o\ b

.

v
- ’ avnq’ T ) g i, P g e SN AP A gt AR it

°
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¢ y

“

¢

S2 = Xs + L7 $An ]80+05+9§) + Ly sina

R, = Lycog’(180+as+0;) + Lycos &

where
i -Hy +Lysin (360-¢) - SS; +X,
sina =
Le
Y L2 [-Hy + Ly sin (360 - ¢)-55; + X412,
COs a = — > -

Ly

]

- Substituting for SS; and RR:, sin a and cosa becomes
- ;

PPV o e P
o,
- (C.7)
(c.8) ~
»

-

Xy + Lysin (360-9) -H; -Xs-Lysin (]80'*05"’93) .

LY

(C.9)

/L= [X, +L, sin (360-6) - H, - X, - L,sin(180+a+8,)]? -
. ¢

(¢.10)

o =
cos : Lu

Change in 1ength of the rear shock absorber ,

DELTAR = undeformed length - New lye‘ngth
3 ‘v ‘

Referring to Fig. C.4

J

' { ' L
Undeformed length, OLR = v (X11-X10) %+ (Y4
-»

- Yy0)?

New length, NEWLENR =/ (R,-Ri)2 + (5,-§,)?

Therefore, °

DELTAR = OLR - NEWLENR
Referring to Fig. 2.2 .

Yo = -H tLgsina,

= --H1 - L3 sin ¢

= Lgcos Cls-l.s

y 3

= Lycos ¢ - Ls

><
-
-
[

»

c.11)

Y

o
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- J

.t.2 Deflection of Front Fork o ‘

>
’
.
i
N

and*S;, Ry, S;, R, are given by Eqs. (C.1), W),‘and (C.7) and (C.8). '

Referring.ito Fig, C.5

[l

F1/= X, +-L,sin (180 +0,) o o (c.12)
) ‘ s !
RF1 = (L, - Ls) cos(180+0;) + Hysin (270+0,) - L, cos (360-¢) + {
¢ M . H
"+Llicosa-ls  (C.13) ]
SF2 = L, 5in (270-a,) - Xasin (270 - (o -0y)) . (c.4) -
V] . , ’
“ RF2 = -L, + Lagcos (270-q,) + X, cos (270-.(a; - 8s)) (C.15)
Change in Length, DELTAF = Undeformed Length - New Length. . r
Referring to Fig. C.6, ‘ l
Undeformed length, OLF = / (Xqs - Xi2)2+ (¥y5 = Y12)?
New length, NEWLENF = /._(RF2- RF1)? + (SF2 - SF1)?
Therefore,
| DELTAF = OLF - NEWLENF : | (.16) S
Referring to Fig. 2.2 | |
Xp2 %=Ly . '\' ) %
T ; . t ’ ‘
Xll =<l, = Lypsinoe
Yy, =0
"Yy5 = £Lypc08 0.
! _
SF1, RF1, SF2 and RF2 are as given by Eqs. (C.12), (C.13), (C.18) ° “a
. , - . r .
and (C.15). : - & ,
CoF | S, o
I. ] ’ ' .
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c.10 .

—
Potential Energy

/

V= Jz— Ki[X, cos (a,-8,) - X ]2 + —KAF2

1 2 r
2KAR .
]
2

K (x -X) (C.20)

, A
\
.« .
C.3 Calculation of Horizontal Displacement BB -~ °
Referring to-Fig. cs, v \
T8 = RF; + Lo cpsy = (Lo -Ls) cos(180+@,) + Hysin (270+8;) -
- Lycos (360-¢) + Lycosa-Ls +Lpcos@, - (C.17) .
. ' L . . \
c.4 Lagrange's Equation, .
@ The Lagrange's equation can be written as
. : )
< d “5(T) (1), a(v) . (D) _
I X Ty + Ty + 5=k = q, (C.18)
q, N i 3q. '
1 X;I K ( .
“whe;ez: .
T = kinetic energy of the system
V = potential energy of the system -
D = dissipation energy of the systex « 7
Q1 = generalized external force act]: g on the system\
aT o~
{q} = {XZ) XSs 93’ Xu}
Kinetic Energy . -
Teinm )'(~+] )'(2+—]—Jé2+]m)'(2+1.lf§i2 C.19)
A A A AU A ‘

PR




~¥

P

\ '

‘Dissipation Energy ?74 .
n n;lG [X, cos (a -09- X, 2 +léAF2+l€AR2‘;
. 3 2 1 2 =" 1 » 1 2 i 2 ] ” )
ts ‘ - - .
L 7 Cq(f(., - kg)? (C.'le)
where .
AF = OLF = {[-L; + Lo cos (270-a;) + X, cos (270 - oy #0;) -

\ .
- (L2-Ls)cos (180+0,) - Hysin(270+0,) +
@ ~ :
+ Lycos (360~ ¢) - L,cosa+Ls]?+[-L, + Lzocos\(270-- o) +

X2C0S (27000 +05) - ¥, - Losin (180+0,)39* .

AR = OLR - {[Lycos (180 +as+Q3) *+ Lycosa -

N -,
-L, cos (360-a, +04)]% + [Xs + Ly sin (180 +as+6;) + Lssina-

L
kS

! - Lg Sin(360-dq +63) "‘Xa]z}é

Before ocq]cu]ating AB , Aﬁ. Af:', we have to calculate do/dt (detailed
/ . N .

derivation“was performed in Appendix-B).

/

g [, - & + Ly cos (63 +as)$,] ~
& = —)_..——————— + { + [N
' 1+sin’a Lycosa .
€OoSs “a '
3 2 ‘. . 13
ES(;—snsagE‘ [Xy - X3+ Ly cos (0 tas)0,]}
- 4

o gglcu]ations of A8, AR, af R

AB = -(Ly-Ls) sin(180+0;)8,+Hycos (270 +04)8, - Lysina a-

.

,) . o - L, Sinlegéa

(Ly-Lg).sin0s0s +H,'5in 0,0y -L, sina a-L,sinoyds

{

\

[




Ve

Assuming that the initial velocities are zero
- l b

L O N O »

Ly cos (360 - o, +0,)04 + X,

o
1]
e

( R, # -Lysin (360-au+93)é3' \ LY
52 =X, + ‘L;cos (180 + a5 +0,)0, +I:3cosa & ’
R, = -L,sin (1ao+as+es)6§\\,— Lssina &vg,
AF = (5#2-‘1#1)2 + (SFZ‘-\_S?])Z .
SF1 = Xy o L’Z cos (]86+Og)é3
' RF1 = =(Ly - Ls) sin(180v+63)é3 + Hycos(270 +65)8, -Ll;sina a
SF2 = -X,sin (270- 01+ 03) - X, cos (270-a1+93)é3.

RF2 = %, cos (270 -0y +0,) - Xpsin (270 - a, +0,)8,

, From Eq. (C.19), ’ S

i = myk, /-
X,
—if meXy + my AR Q—E '
3Xs. dX,
2L - 06, +m3m.‘_d‘.ﬁ_8 | 7
863* \ ) ' C"a

T i
—a"‘ = mniq + ma-AE-. d .ABIJ

3 Ay dx;.

whe'e 1

d_K-ir: '-Ll. Sin o di.
dX, dX s
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' c.13 - 4
where ‘ . / !
do 1 11 _sirta
o T+ tana L,cosa 1+tan®a cos’o L,
: 3
Upon substitution'and rearranging -
e ' . »
9B tana |
ax, '
dlfB' .z,-qu) sin 0y + Hysing, - Lzsme3 - Lusin a:{:‘
dé, _ &, dos
where
/ da . 1 ! L,cos {03 +as ) +
e+ . 1+tan’a Ligosa -7 $ TS .
@, "
' 1 sin’a B
TFtan% cos’a L,-7 C05 (Pa+as) .
. Upon substituting and rearranging Jl
T
. B-E = (L,-Lg) s1n63+H s1n03;- L2sin®, - Lscos (O3+0¢) tana
. 93 ” 0
. o dm @.g_ol__ 1 1 sin ‘e
ot EX—; = - Lising a ok, T 1+ tan2g [Lucosu‘ cos Zal, ]
Upon substituting and rearranging .
@
dx, =" tan o ; Also it
d 3T L g
1 ’_.—'“: m3) + mgAB pryre
dt N 5 3 dt
T L e . -
& 06, 0B &
. 30, K °F
3T o d -

d oy
It —a-k—-m“x,’ +m3KB"ﬁ- —_—

I R P N IR L T . KL NS IR teey




/7 . 'y ' -
f ! ’ "‘
l L4
» » C.14 ’ ) >
\where g
. %(10—81)=sec2&& ey
dXs /
. '3
o : & (A8B) = (L,-L,) cos@,d, + Hicos 6sds - L, cos 050 + |
. L

L,y sin (0, +as) O, tana -L,cos (8,4 as) sec’a o

5

. - It (-d-,AE- = - seca @ )
dxl’ 4 3
/ : a8 (L, -1 32+ (Lo~ Ls) sin 0,8, + Hy cos 0,02+
at 2 - 5) €C0SQ304 ( 2= 5) Sin 030, 1 COS 863 J
N Hy §in0@- Lycos aa?-Lysinaa+ L,sin0,02 - L, cos 9;0,
- . NG |
S . Calculation of a - ) @ |
Rewriting o (a is taken from Appendix B)
) «
- , oK - K+ L, cos (954 a5)0s . sin®&[X, - K5 + Ly cos (a3 +05)0,] -
= [,5in’a T cosTu ¥ [, sin%acos a ’
§ L,cosa+ Cosa
| ’ * L] » A A /‘? ] "l \‘
tanza[x.. - Xs+Lycos (0g+as) O] + [Xy - Xs+L7cos (05 + 05)03]
? -
) . L, sin%a )
v Lycos ot ——— . ,
- — cos a | e
: 2 N
[Xu-X3 +L,co0s (Og +C15) 63] [tan a+]]
X L,cos %t L,sin’a y
. T cos'a q ‘
. - , — . A
= [X4% X3 +L;cos (05 +a5)84] sec’acos a / l%... /
. - ) ’ C‘ . ~ r




- S . . . e e

¢ : -
o - c.15 : R
Therefore, .o ' .
"o . . “ 2 y
o = [Ri-Xs* Lo 20s (85 +a,)0; - Lysin (03 +as)d? ] _______secLa s e )
. .
r - a o L
*\ ' + [Ky - X3+, cos (05 +as) 851 [-secza.S_l.ﬂj_‘j o+ .
. . . ‘ L N
K ' .+ %Zseca.seca tana o]
g n

[ Calculagion of Terms 200

X. . B — aq1 »

\\ v \s} . -

.‘ ¢ aT _ * dnt
v DL e
Y ’
y . R
| oT - = ﬂ_a_ »
° X, T ™A _ . ’

= dfF
— ma AB —d--e—a 14
. - g_-A_.—g- < ’ )
my AB dXs ~
d ‘—";D\
‘ A
o ”O - ’- ‘\‘- J‘
2 . —d'_&'- A _[!2 x ‘
L,sina i, L.,cosadx! a
-,
= (Lp-"'Ls) cos 0, Oy +H, c0s0;8,- L,c0s 8,0, - L,sina g_g— :
v ’ 3
.. ’L“C°S°‘de,a
‘ ds da - .
-L,:sina.xu-t.‘cosam aq '
s . . L -
Dekivation of ! -
S do\ da da do di dg - | '
dX, \ doy * dX,* dX, * d6y " dX, - (

\ —~ Lot -
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%4

a ~C.16 : ' N }

can be found in.Appendix B and the final form is repeated. heré for

. . .
convenience. - ) .o -
do .. 1 N - ’
ax, Ly cOS & ’ .
o R , ) . o ' ’
SO ' )
‘ gy L o8 (0 vas) .
. do; L,coso
:l o
“« Eg_ = ———.._] l \ *
dX, Lycosa ]
L 4
i-é J—[f( - X +L éos(e +a)éj[2$ec2atanaﬂcbsa- )
dXs Ls 3 7 3 5/9s ax, : .
- cacly cin o d2 L
4/secas1nadxa ] |
o [-Lysin (03 +as5)d ] sec2y S25G\4
- 6, Lo |
——— — —— . . ‘i'
'LJ‘._ (%, - K3+ L, cos (65 +as)0,] [2 sec2atan o, %’3— oS o - o
. . ' ) v K
e + . b
' 24sino A% . r
A sec’asina 'dxal |
@& 1 ' ¢ |
,ﬁ%g E [Xu-')'( +L, cos (0, +as)03] [2sec?a tana 55(2.._ cosa -
wd d__ -~ /
~ 'secas‘"“dx..
. .
Calculation of Terms (-ﬂ—)
aq.i 4 .‘
9V -k, [Xc08 (@ -8s) - X, 1 8,) +
Yy X2 cos (o - ©3) - X, ] cos{a; - 0, 1
~ N N - '\
+ K, AF (- ]5) [(RF2 - RF1)% + (SF2- SF1)?] t L2(RF2 - RF1).
- ° . . COS(Z?O-GI +@S') + Z(SFZ—SF]) COS(270 - o "'Gg)]




<><I<

c.17

_.)2’_ KAFI\-H(RF?. RF1)? + (sF2- F1)23%

Ls1na
{[2(RF2 - g]) ™ cos«) + 2(SF2 - SF]) ( 1)] +

-3 -Lysin o
+ KyAR (- E) [(R2- R1)Z + (S2-S1)2]7*[2(R2- R1) (m)
.Lg cos o
¢ 2(s2-s1) Cicosa =1}

v

30, = K,[X,cos (a; -8,) - X;] X;sin Za, -0,) +

-% )
KAF (-3) [RF2- RE1)? +(SF2- SF1)2] {[2(RF2~ RF1)

(<Xp 510 (270 - a1 +0,) + (Ly=Ls) sin(180 +05) -

L, cos(0; +as)
L,cos o

-H, cos (270 + ©3) +L,sina

-+ [2(SF2- SF1) (X, sin (270 - o +03) - Lycos (180+0,)] +

KR (- D) [(RI-R2)Z + (s2-51)21F { [2(R2-R1) .
L C0¥ (63 +Cf.5)
L,cosa

(-, sin (180 +a,+0,) - Lysina

?

+ Lysin (360-a, +0,))] + [2(S2-51) Lycos (180 +a,+0,) +

~

Locos(0; + as)

+, Lycosa 1. cos o

- Locos (366 -a, +8,)]F .

=K (x - Xs) + K, AF (- —) [RF2 - RF1)? + (SF2- SF]) ]'i

2(RF2- RF1) Lysino + Kq AR (- E) [(R2-R1)2 +

1
T,cosa
+ (52—51)2]-ilf2(R2'R.]) (-Ls sina) L, cos o
/ , .
+ 2(S2-S1) L, cosa L)
" C,cosa’

N




N

c.is

Calculation of Terms (—a.g— )

aq-l »
-First we depive . T
d&  d&  da ‘
dXs  dds  dle ' ‘ -
da _ ' sec’acosa A
dXs Ly
3 £ d& L." ' (
el cos (0, +as) sec’acos a
N
d9,
da _ sec?cos o e
. = L“ h' '}
dX, ,
ﬂ_ * \ : /.
%, C,[X,cos (a; - 09 - X,;] cos(a, - 0,) +
+-‘2—c'2{2(RF2- RF1) cos(270 -y +8;) +
.+ 2WB2-SF1) (-sin (270 -ay +63)))
§‘-‘=lc { 2(RE2- RFY) L, coS (ssec’acosay
g 277 be MY Ly
v 2(stz-sHY (-1 + 3 C{2AR2- ) (L ging ).
-sec?q Cos a . -sec’o cosa
. (——_—[—u———) + 2(52- g]) Lycos a (_"I:—“‘)}
‘30 1 ta(RE2- M) [-X, sin (270- oy +0,) +
3(:) 2“2 2§ ay 8/
3

+ (L, - Ls)sin (180+0;) - H; cos (27o+e’3) +
L

) .
-+ L;sin o cos(0s +as) seclacos a] +

+ 2(SF2- SF1) [-X,cos (270- a1 +0,) - L, cos (180 + 0,)]} +




"z C.19
- /

+ 5 ,(2[R2- K1 [-L, sin (180 + 05t 05 ), - Lysina .

K . . : L ’ ! S
L—7-cos(ea +ay) secZacosa + Lgsin (360 -ay +0s)] + ’ )
- u . N N
. | + 2[82- 811 [Lycos (180+as +8,) + Lycosa .
. ™~
o L, | -
5 - . _ o cos (05 *+a,) sec3acosa - ng cos (360 -a,+04)]}
" (] - o N ‘ 2 y ) f
. o sy (- ks) + 5 Ca{ 20RP2- RF) (Lo sdn o 2E 508 8] "4
) . . ’ '
‘b 1 ‘ \s 29
7 Col2lRz- R1] [-Ly sing Z2E 250807 4 > ‘
| S sec? cosa ' o
’ .y +2082-817 [Lycos a = 1 n
‘ ( . \R\«J,&' . w- , 4 -~
N .
' ¥ . '
-
8
- -/ |
; ' < ]
N "\\
e
. . < /
| i ]
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Ainitially,
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D.1 ' 5
" * APPENRIX D-.
¢ ] ) .
-~ Adams Predictor-Corrector Methad ’ P

This appen&ﬁx gives the outline of the numerical solution of the

initial value problem for first order systems of ordinary differential

P s s e

equations.

y' = f(ty), a<t<b, y(t) =a

A}

- .,

The method used in this thesis is the variable-step, variable-order

S

Adams predictor-corrector method [17, 18, 29]. . v

A »

This is a multi-step me thod whose difference equation.for finding
\\ Y '

« \" o ‘ »
the approximation Wi4, of the migh point t1+! can be represented by

Wi ™A Wy e Wi e ag Wy w R FlE, gy ) 4

&~

S tby F{EGN) bt wi+1_m)]‘,
where '
. %
m = integer greater ‘than 1 . . . ' ‘
. . ¢
i=m-1,m ... N-1 , ' s
a ' X . ' r( n
?tart1ng values: W =a , W = @ W, = 0y, wm-x"&m-x ‘ .
h = (b-a)/N -
If b, = 0, then the method is explicit; , - *
. . » ' :
if bm‘# 0, then the method is implicit. '
In using predictor-corrector methods- with variable step size, it o .
I ' { ’ ) - * ‘
is necessary to i - : o '
a) have a method for obtaining the necessary starting value ,— ”. ’ E

¢

. ¢ , N . .
A& ‘
N ‘ o _ N
4 \ N
i
- . ‘ ‘ . ‘ !
. ]
. | ) S
¥
“ - =
o 3
| (




oy

- / o
. \\\
° . g i “ D.z L . - x‘
\ : o
b) have a method for obtaining the necessary values of y at half
. . ' ' '
steps when the dinteryal is{pa]ved, and ¥ .
. "<

c) have a method for obtaining theflecessary values of y when (
the interval is doub]eul . \“f;

L . “?} .

‘Special for@ylae can be worked. out for each of these :tree situ- | B
ations. However, a fairly ideal combjnation is to use the fourth-order .Q
Runge-Kutta method together with a fourth-order predictor-corrector \

' painy g . cL “ % :

Predictor: . N < 7 9';

W, =2, Wi=o ,'Wz-ﬂz,wa =y .

\ - l _ M R .

. Wopr = W +_2y §55 fﬁ 59 fi-l + 37 fi_2 9f iLa) -
Corrector: . " s '
w0 ; ag; WI =:'a',' wz = az 13 " ? « -,
W =W+ (9f Teiof, +f, ) -

i+ i 2y it1 d-1 -2 ~ )
The Runge-Kutta method can then be used for starting the solution
initially for halving, and for doubliwg, while predictor-cor;ector pair “A v

can be used for normal continuation whén the step size is kept. fixed.

o\ -
/ . -




