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Abstract

In this work, we present a new implicit numerical scheme for fractional subdiffusion equations. In
this approach we use the Keller Box method [1] to spatially discretise the fractional subdiffusion
equation and we use a modified L1 scheme (ML1), similar to the L1 scheme originally developed
by Oldham and Spanier [2], to approximate the fractional derivative. The stability of the proposed
method was investigated by using Von-Neumann stability analysis. We have proved the method is
unconditionally stable when 0 < A\, < min(i, 27) and 0 < v < 1, and demonstrated the method is
also stable numerically in the case i < Ag <27 and logg 2 <~ < 1. The accuracy and convergence
of the scheme was also investigated and found to be of order O(At'*7) in time and O(Az?) in
space. To confirm the accuracy and stability of the proposed method we provide three examples
with one including a linear reaction term.

Keywords: Fractional subdiffusion equation, Keller Box method, Fractional calculus, L1 scheme,

Linear reaction.

1. Introduction

Anomalous subdiffusion is a physical phenomenon which observed in many systems which
involve trapping, binding or macromolecular crowding. In recent years, examples of anomalous
diffusion have been discovered in many different fields such as fluid mechanics [3, 4], physics [5,
6, 7, 8], engineering and biology [9, 10, 11, 12]. Anomalous subdiffusion can be modelled using

Continuous Time Random Walks (CTRWSs), and using fractional partial differential equations
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(FPDEs) [7, 13]. One of the well-known FPDEs is the fractional subdiffusion equation [7]

ou = (9%
o~ Mg <ax2> : (L)

In Eq. (1), K, is the anomalous diffusion coeflicient and + is the anomalous diffusion exponent,

which in the case of the subdiffusion equation, lies in the interval 0 < v < 1. What sets Eq. (1) apart
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from the standard diffusion equation is the presence of the fractional derivative operator, gtl—_:,

which operates on the Laplacian term. In this article we use the Riemann—Liouville fractional
derivative [14] which is defined as

O glt) _ 1 d / 9,
o |

ot T(y)dt ), (t—1)

(2)

where T'(.) is the Gamma function and 0 < v < 1.

Numerical techniques are required to find the approximate solution of FPDEs because the
closed form analytic solutions either do not exist or involve special functions, such as the Fox
(H-function) function [15] and the Mittag—Leffler function [14], which are difficult to evaluate. As
a consequence many researchers have developed numerical schemes to approximate the solution of
FPDEs such as the fractional subdiffusion equation in Eq. (1). The majority of these schemes can
be split into either explicit type methods [16, 17, 18, 19, 20, 21] or implicit numerical methods [22,
18, 23, 24, 25, 21, 26].

Langlands and Henry [22] considered an implicit method for the fractional subdiffusion equation
using the L1 approximation to estimate the fractional derivative. They discussed the accuracy
and stability for the numerical method and showed the method is stable and convergent of order
O(At*7) + O(Ax?). Stability of this method was later proven by Chen et al. [27] using an energy
2-norm approach.

More accurate numerical methods are available for the subdiffusion equation if it is rewritten in

the form
Nu 9%u
o~ g ®)

using a Caputo fractional derivative on the left hand side [28, 29, 30, 31]. The advantage of this
form is that there is only one temporal derivative to approximate instead of two as in the Eq. (1)

form. However, our method could be used for more general equations such as the fractional cable

ou o= /0%
ot o \awz ) T (4)
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equation [§]



where we cannot rewrite the equation with the fractional derivative on the left hand side.

The Keller Box method is an implicit numerical scheme which is second order accurate in both
space and time for the standard diffusion equation [32]. The idea of the Keller Box method is
to replace the higher spatial derivatives in the equation by the first derivative of an introduced
additional variable. Al-Shibani [33] proposed a Keller Box method for the one dimensional time
fractional diffusion equation in Eq. (3) where the Griinwald-Letnikov approximation was applied
to approximate the fractional derivative.

In this article we develop an alternative numerical method based upon the Keller Box Method [1]
for the subdiffusion equation in Eq. (1) modified to include a source term f(x,t)

1— 2
o = Ko (s ) + Jo )
which we will solve on the finite spatial domain 0 < x < L and for times 0 < ¢t < T subject to the

following the initial and boundary conditions

u(z,0) = g(x), 0<z<L, (6)

u(0,t) = p1(t) and wu(L,t) = pa(t), 0<t<T. (7)

Let @ = {(z,t)|0 <2 < L,0 <t < T} and then we define the function space

2 X 5 X
GQ) = {e(x,t)‘ag(x;” € C2(Q), and W e C(Q)}. (8)

We suppose that the continuous problem Egs. (5) — (7) has a smooth solution u(x;,t;) € G(9).

This scheme extends the standard approach to the fractional case where the Riemann-Liouville
definition of the fractional derivative is used on the right side of the equation instead of Caputo
definition used by Al-Shibani [33]. In addition, we use a modification of the L1 scheme [2] to
approximate the fractional derivative instead of the Griinwald-Letnikov approximation used by
Al-Shibani [33]. In the next section we develop the modified scheme and in later sections we
investigate the stability and the accuracy of the implicit numerical method and give examples of

its implementation.

2. Derivation of the numerical method

In this section we develop an implicit numerical scheme using the Keller Box method to spatially

discretise Eq. (5) and a modification of the L1 scheme to approximate the Riemann—Liouville
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fractional derivative. For positive integers M and N, we define the spatial grid points, x; as
{zi|0 =21 <x2 <23<---<aN_1 <Ny = L}, where we denote Ax; = z; — x;—1 as the spatial
grid spacing. We also use equally spaced temporal points as t; = jA¢, j = 0,1,...,M with
At =T /M which denotes the time step size.

Following the Keller Box approach, we approximate Eq. (5) at the point x, 1 and time ¢ j+1 as
2 2

oulite o [0 (0
S =k e (5s)

7—
where uz is the numerical approximation of the exact solution Uij = u(x;, t;) at the discrete grid

it3

+F (wepting) ®)

N

-1
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point (z;,¢;). We approximate the value of the fractional derivative at the time ¢, 1 in Eq. (9) by
2

using the ML1 scheme, developed in [34], which is given by

1
Jt3 A1

=7 1890 +2( 5 ) (9(t;1) —a(ty)
{ (3) ( )

[d”g(t)
vrr F(A+7) 2

dtt=

+ > k() (9(tr) _g(tk—l))} ; (10)
k=1
with the weights
v-1 v v
s =v(i+y) md wo=(i+3) - (i+;) - (1)

The ML1 scheme is shown by Osman [34] to be convergent of order O(At!*7) for function g(t) €

C?[0,t;, 1], which is a similar convergence order for the scheme given in [35]. The scheme in [35] is

j+%]
similar to the ML1 scheme but uses different weights and involves the evaluation at the midpoints

tk+%,wherek‘:0,1,2,...,j.

2.1. Keller Box method with the ML1 scheme

In this section, the numerical scheme for solving Eq. (5) will be developed using the idea of the
Keller Box method combined with the approximation of the fractional derivative in Egs. (10) — (11).
First we define the first spatial derivative in Eq. (5) by

ou Pt
ke

=/t (12)

T3



Using Egs. (10) and (12), Eq. (5) can be rewritten as

@j—'—%_w ﬁ()@o 49 1”/ @j-ﬁ-%_ @j
otl, T+ 7 el T 7\2) \ Lol T 0e], s
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Following the Keller Box method [32, 36] we next approximate the first order spatial and temporal

derivatives in Egs. (12) and (13) using centred finite difference approximations, to find

u{“ f+11 Cn
e Al (14)
and
ufié - ug—% KA vy — Uy 1\” ”zﬁé —u Y
s 100 (Ma) 2 ) (e
k k k—1 k—1 .
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Now replacing the vzﬁi, and Ug_ , terms by their corresponding temporal and spatial averages,

N

gives the equations

and

2AL 2AL T(1+7)
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Az; VA U T
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Solving Eq. (16) to find vf_l and combining with Eq. (17) gives the equation for u; and v;

R o -
w4l ui Huiy  2K,A0N [ Bi(y) o Bi(n) (0 —ul ) - (2) (ujJrl _ uj+1>
2/t 2At T(1+7) ' ' o

Azx; Yi (Ax;)? (Az;)?

Y 1\ . ) 1\7 J
+ (AQva-H + (2211)2 (uf - ufq) - (AQva + Alxz- kgujk(’ﬂ (vzk - vf_l)
J
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In a similar manner, by replacing ¢ by i+ 1 in Egs. (16) and (17), and the eliminating vf 41 We then
have a second equation

Wl J+1 J J -1 1\7
+ o tu; 2K ALY j ; 5 ; ;
(A A R L5y {( BJ(’Y)) (uo _ uo) _ Bi(v) o (2) (ugi-ll _ ug-&-l)
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Combining Egs. (18) and (19) gives an equation for uf 1 alone
1
Sx (Aziull} + (A + Azl + Al (20)
2K, AL 1 ;
B Ax'+1A7:c~F(1 +7) <2> (A:c,ufjr_ll + (Azi+ Azi) v o A%Huﬁll)
(2 (2
1
= 5A; <Amz+1ul+1 + (Azip1 + Azy) u] Az’ uj 1)

2K7At'y_1 1\” ‘ ' |
Az A T(1+7) <> [Afmugﬂ + (Az; + Azipq) ul + Afb’ww?_l}

2
2K, A7t
AfEiJrlA.’L’iF(l + v

_A%JFIZM] [(u —uf 1) (uk l_ul 1)}+A:vlz,u] [(l —uf)

_ _ i+35 i+3
_ (ui.:_ll _ uf 1)} }+A$l [f|Z—§ + A$i+1 [f‘z+§

){ﬂm) [A; (1, — u0) — Azsy (10 — ud,)]

In the case of constant grid spacing Ax; = Az, Eq. (20) simplifies to

1 Y
(wlf] + 200"+ udH) - <2> d (ulfi 2™ +ul™)) (21)

. . . 1\ . . .
= (“gﬂ + 2u; + ug—1> - <2> d (“gﬂ - 2uj + ug—1> +dB;(7) (ufpr — 2uf +uiy)

b a3 a0 [obir — 20k ey (ot -2 )] 2 (U 1)
k=1
where
4K, ALY
= 1= 22
Az’T(1+7) 22)

We refer to this scheme as the KBML1 method. If we set v = 1, noting 3;(1) = 1 and p; (1) = 1,
Eq. (21) reduces to the Keller Box method [32] for diffusion equation in the case of a nonzero

source term.



3. The accuracy of the numerical method

In this section we consider the accuracy of the KBML1 scheme given by Eq. (21). Suppose that
Ul = u(zs,tj) € G(), where i =1,...,N and j = 1,..., M, be the exact solution of the problem

1

Egs. (5) — (7) at the point (x;,t;). To begin we rewrite Eq. (21) as

1
1 = 792U\ 1\ K A0 : : +3
At [Uim UJ} B [gtl—v <(ng) * (2) FZl +7) [(ﬁwﬂ + U7 - %iU"ﬁQ]

L1 -1
o, [T 9 U Ax? 1, L[ g+
K 52U K| == |:5QUJ+1 52Uj:| - J 2
* [atl T [(%1—7 dx2|,  4At Vil g i +f
(23)
where f-j = f(x;,t;) is the numerical approximation of the source term and
7 J
UL -2l + U/
2 ) i+1 7 i—1 24
o] = S (24
Taking the Taylor series expansion around the point (z;, b 1 ), Eq. (23) becomes
. . 1
oU|i*z RN AVAE
{at =K, [W <W> (@t 1) + O(A) + 0(A?)
1—y 2 it+3 1—y 2 j+3
+ Ky 87, a - 87, oy (25)
Ot \ 022 /| prpa ott=r \ 9z% /|,
where we note the term
= /92U j+% L= /82U it+3
— | == —|— | == 26
[‘%1_7 <6x2> ML, [atl—v (8952) i (26)
is O(At117) as given in [34]. We then obtain
L1 -1
U |2 = 92U\ |2 -
[875 - =Ky [W <ax2>  Hfat )+ R (27)
where the truncation error is
RITY = O(AHY + Az?) (28)
fori=1,2,...,Nand j=1,2,..., M. Since t,j are finite, then there is a positive constant ¢, for
all 4, j such that
RITH < e (AT + Ax?). 29
|R; 1

We then find the truncation error is of order 1+ in time and second order in space. The numerical
approximation for the fractional diffusion equation is consistent, since the truncation approaches

zero as At — 0 and Az — 0.



4. Stability analysis of the numerical method

In this section we investigate the local stability of the KBML1 numerical scheme in Eq. (21)

using Von Neumann stability analysis. Now we let the error
E} =U] - (30)

where i = 1,2,...,N and j = 0,1,2,..., M and so the error satisfies Eq. (21). To investigate the

stability by Von Neumann stability analysis, we let
EZ] _ gjei’in:C’ (31)
where ¢ = 27l/L is a real spatial wave number and ¢’ is the imaginary number, i’ = v/—1. From
Eq. (21) we have
Az?S2UT T 44U = A2?8207 + AU + 21t [ fjff + ff; ] (32)

ADA N N )
+ T(+7) {ﬁj(W)(SiUZ»O + <2> (5§UQ]H _ 5§Uij> i Zﬂj—k(ﬂ |:5§Uik _S2Uk 1] } ‘
k=1

Subtracting Eq. (21) from Eq. (32), gives

A2 2B 4 4B = A2?52FE) 4 AE! (33)

ADAY 1\ - N L _
+ m {ﬁj(y)dgE? + <2> (53E{+ - 5§Ezj> + ZMj—k(’Y) [5§Ezk - 5§Ef 1} } :
k=1

Using Eq. (31) in (33), we then obtain the recurrence relation

J
§ir1=8 — XN {5]’(7)50 + ) ik [ — fk;—l]} ; (34)
k=1
with
= 1_%_"?]‘2 (l)Vd’ where V, = sin? <(p;$) (35)
2
For j > 1, Eq. (34) becomes
7j—1
G+ =[1 = Aquo(M)] & — Aq {0@‘ (V)& + Z"%’—k('?)ék} (36)
k=1



with the weights

oj(v) = B(7) — pj—1, and wj(y) = pj — pj—1 (37)

where 3;(v) and p; are as defined earlier in Eq. (11). We now consider three lemmas which will

aid in showing the stability and convergence of our numerical method.

Lemma 4.1. Given 0 < v < 1 and 0 < V,d < oo then the parameter )\, given in Eq (35) is
bounded by 0 < A\, < 27.

Proof. From Eq. (35), the term )\, can be rewritten as

1

NIRRT

(38)

For 0 <V, <1and 0 < V,d < oo, we then have 0 < V 1 < 0o. Consequently, we have the bound

0< A, <20 O

Lemma 4.2. (adapted from [37]) Let a; = (j + 1) — ( — 3)”, where j > 1 and 0 < v < 1 then

a; >0 and a; > ajiq.

Proof. Let fi(y) = (y — %)7 and fo(y) = (y + %)7 —(y— %)7 For y > 0 it can be seen that fi(y)
is a monotonically increasing function of y and fa(y) is a monotonically decreasing function of y.

Thus a; > 0 and a; > a;jy1. O

Lemma 4.3. The coefficients () and w;(y) defined in Eq. (37) for j > 1 satisfy a;(v) < 0 and
w;j(7) <0.

Proof. First we apply the binomial expansion to ( j— %)7, then «;(vy) becomes
0 v 1\~ "
=% (7o (ivy) (39)
n=2 n

After using the result in Appendix A, we then find
VF”— 1 (. 1 77” _ 'YF”_ o1 o
Z T (1) (g + 2) Z WL ity <0 (40)
sincen > 2 and 0 < v < 1, the term % > 0, and the Gamma function is positive for positive

arguments. By result (2) of Lemma 4.2 w;j(vy) = aj4+1 —a; < aj — a; < 0 then w;(y) < 0. Hence

results (1) and (2) hold for 0 < v < 1. O



Proposition 4.4. Let {;, where j = 1,2,..., M be the solution of Eq. (34), then we have

1 & 1<[&o | (41)
ifOS)\quin(QV,i> and 0 <y < 1.

Proof. We use mathematical induction method to prove Eq. (41). For simplicity we assume &y > 0.

The case £y < 0 can be handled in analogous manner to the method below. For the case j = 0 in

Eq. (34), we have
1\
& - (1 - (3) >£o- (12)

We note —1 <1 — Ay (%)7_1 < 1since 0 < Ay <27 <27/, then for 0 <y < 1 we have

—& <& <&, or [&|<]&] (43)

and so Eq. (41) is true for j = 0. We now assume, for some k € IN, that

=& <& <&, for n=1,2,...,k (44)
and then we need to show that
—&0 < &k41 < &o- (45)
From Eq. (36) we have
k—1
Skt = [1 = Agpo] &k — Aq {Oék(’Y)fo + ZWkl(’Y)él} : (46)
=1

Note by using Lemma 4.3, we have —w;_j(v) > 0 and —ay(y) > 0. We then consider cases, given
0<vy<1land0< )\, <27 The two cases depend upon the sign of the first term in Eq. (46).
The first case occurs if (1 — Agup) > 0, we have using Eqgs. (44) and (46)

k—1
1 < (1 = Aghto + Mg (—ox()) + Ag Y (-%4(7))) €o- (47)
I=1
Evaluating the summation and using Eq. (37), we find
AgY
G < |1— —25— ] & <& (48)
' (k+ )"
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Likewise it can be shown &1 > —&p, and so

—&0 < &1 < &0 or [&rga] < 6ol (49)

Hence if 0 < Ay < 27 and (1 — Aguo) > O then Eq. (41) is satisfied for all £ € IN. Hence the
numerical method is stable if 0 < A\; < 27 and 1 — Agpug > 0.

The second case occurs if (1 — Agup) < 0 and using a similar approach we have

_p(’% ka At;{)&) S §k+l S ,0(% ka )‘4)50 (50)
where
1\t
p(7,ky Ag) = 20qp0 — 1 — Mgy (k + 2) . (51)

Unlike the first case, the value of p(v, k, Ay) is not bounded by 1 for all values of Ay, k and 7. As
a result we cannot conclude from this analysis that the method is stable. However these bounds
found are only estimates of the lower and upper bounds on the actual values of & and the actual
values of & may be indeed still satisfy Proposition 4.4. In the next section we demonstrate the
method is stable by evaluating the solution of the recurrence relationship in Eq. (46) numerically.

Note if v = 1 the solution of Eq. (46) is

&= (1- )& , (52)

which is bounded if 0 < A\; < 2 for both cases. Langlands and Henry [22] found the same equation
as Eq. (52) in the standard diffusion case (y = 1). However in their case they found that the

solution did not oscillate since their value of the parameter )\, only had a range from 0 to 1. [

4.1. Numerical solution of the recurrence relationship

In this section we investigate the solution of the recurrence relationship in Eq. (46) by numerical
evaluation for both cases. For the second case the value of the fractional exponent ~ lies in the
range logz 2 < v < 1 where v = logs 2 is the  value at the intersection of A, = 27 and A\ = 1/ g
curves. These results are shown in Fig. 1 for (a) \; = 1/po and (b) A\; =27, for j =0,...,5 for
varying 7. We see from Fig. 1(a) that the value of £;/{y decays quickly to zero but does undergo
some initial oscillation. Meanwhile in Fig. 1(b) we see the values of £; /& also oscillates but decays

to zero more slowly if 0 < v < 1. We see similar behavior when we choose A\, = 219252 a5 shown in

11



Fig. 2(a). Note that in the case of v = 1, we have the solution &;/& = (1 — A;)? which for A\, = 2
will oscillate between —1 and 1 as shown in Fig. 1(b) by the red dashed line. Whilst for v = 0 the
solution is §; /&y = 1 as shown in Fig. 2(b) by the blue dashed line.

We also show results for the first case when A\; = 1 and for various values of the fractional
exponent v in the range 0 < v < 1 in Fig. 2(b). We see the solution decays to zero but does not
oscillate as in the second case. We note in Proposition 4.4 the difficulty we had in proving the
stability for the second case is due to the oscillation. The oscillations do not occur for the first
case and so we did not have the same issue. The results in Figs. 1 and 2 demonstrate this method
is locally stable for both cases as the values of £;/{y does not grow but instead remains bounded

between —1 and 1.

50
5%

Figure 1: In the second case, the predictions from Eq. (46) with § = 1 for various 7 is shown (a) for A = % and
(b) for A\y =27, for j =1,...,5 and log; 2 < v < 1. The ratios £;/& are bounded above by 1 and below by —1 and

decay to zero for 0 < v < 1. Arrows show the direction of increasing ~.
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GG
5

Figure 2: The predictions from Eq. (46) with (o = 1 for various « is shown for (a) the second case with \, = 2'°83 2,
j=1,..., 4 and log; 2 < v < 1, and for (b) the first case with Ay, =1, j =1,...,100 and 0 < v < 1. The magnitude

of the ratios remains less than 1 for 0 < v < 1. Arrows show the direction of increasing ~.

5. Convergence of the numerical method

In this section the convergence of the numerical methods given by Equations (21) is considered.

We follow the approach as in [38], we define the following grid functions

Ef if x € (mi_;,xi+;},i:1,2,...,]\f
2

El(z) = 2 (53)
0 ifzel0,82]U(L- 42 L]

and
| R ifwe (v 2] i=12.. N
R (z) = 2 2 (54)
0 ifzel0,8]U(L— 42 L]
where ¢ = 1,2,..., N. Then expanding Ef and Rz in Fourier series we have
El(x)= ) e and Rl(e) = ) n;(0)e”*™/F, for j=0,1,2,....M,  (55)
l=—o0 l=—o00
where
1 L . 1 (L ,
§j(l) = Z ; EJ (ZL’)E_Z %Zx/Lda?, and nj(l) = L/O R](m)e_l 27rlac/de‘ (56)
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Next we applied the Parseval identity [39, 40], we then have

N-1 3 0 3
1B |2 = (Z Aw!Eﬂz) = ( > !5;’(0\2) ., j=012,....M (57)

=1 l=—oc0

and

|R7|| = <Z Ax]RJ|2> <Z mmﬁ) ., j=0,1,2,..., M. (58)

l=—o00

Now we assume that
R} = p;el AT, (59)

where ¢ = 27l/L is a real spatial wave number and ¢’ is the imaginary number, i’ = /—1.

From Eq. (30) we note that EY = 0, which satisfies the equation

§o = &o(l) = 0. (60)

By the convergence of the series on the right hand side (58) there is a positive constant c; such

that
il = (D] < ¢jlml = ¢lm @), j=12,..., M. (61)
We then obtain
Il <elm@)l,  G=12,.... M, (62)

where ¢ = maX1§j§M{Cj}~

We will discuss the convergence of the KBML1 scheme, similar to Eq. (33) we have
Az? 2B 4 4RI = A2?52F) 4 AE! + 4AtR]T (63)
ADALY 1\” ; ;
B R + (o) (2B - 52E4) (7) [2BF - 2] b

Using Eq. (59) in (63), we then obtain the recurrence relation

A
§j+1:£j—>\q{ o+Zuy v) [€r — &i— 1]} 1_Vj_n€;1(1) Ty (64)
2
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where A, and V; are given in Eq. (35), and d is as defined in Eq. (22). When j > 1, Eq. (64) can

be rewritten as

Atnjn
1= Vy+dVg (3)

j—1
Eiv1 = [1 = Aqro(1)] & — Aq {%’(7)50 + Z%’—k(ﬂﬁk} + (65)
=1

where the weights a;(y) and w;(7y) are given in Eq. (37).

Proposition 5.1. Let ¢; be the solution of Eq. (64). Then there exists a positive constant ¢y such

that
&l < cajAtml],  j=1,2,...., M, (66)
if 0 <Ay <min(1/pp(7y),27) and 0 <y < 1.
Proof. From Egs. (29) and (58), we obtain
IR |2 < coV NAT(AY + Az?) = co VLAY + Az?), (67)

where j = 1,2,..., M. We use mathematical induction to prove the relation in Eq. (66). We first

consider the case j = 0, from Eq. (64) and using Eq. (60), we have

At
= 68
v o
since 0 <V, <1 and d > 0, we obtain
6 < | < At < el (69)
1_1—‘/ZI+qu(%)7m_ m| > c2atn.
Suppose that
|€n] < canAt|m], n=12...k (70)
For 0 < v <1 and dV, > 0, from Eq. (65), we have
k—1 Atnk
<|1—-A + M\ |—a + A —wp— + s . (11
[Skt1] < 1= Aquo(V)] [€k] + Aq [—r ()] |€o] q;' k=1 (7] &l TV, +V,d () (71)

Now using Egs. (60) and (70) in Eq. (71), gives

1
L= Vo+Vy(5)'d

k-1
Ekt1] < c2At {|1 — Agto () k4 X YU —wr ()] +
=1

} im[. (72
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The sign of the first term (1 — Aguo(y)) may be positive or negative. Also for 0 < v < 1 and

Vyd > 0, we note

0< <1 73
TVt (3)Td T )

By Lemma 4.3 the weights w;(y) are negative then —w;(y) > 0, we then evaluate the summation

in Eq. (72) by

S (wi(2) = ki) — (k+3) +(3) (74

We need to consider two cases.

Case 1 occurs if the first term satisfies (1 — Agpo(y)) > 0. Using Eq. (74) in Eq. (72), we then

] — e2ALA, Kkz + ;)7 _ <;>V] ml. (75)

Since for 0 < v < 1 we have (k: + %)7 — (%)7 > 0, and by using Eq. (73), we then conclude that

have

1

< At |k +
k1| < e2 TV, ()

|Ekt1| < c2At(k 4 1)|m], (76)

and hence Eq. (66) is satisfied. Therefore if 0 < A\; < 27 and 1 — Ajuo(y) > 0 then Eq. (66) is
satisfied for all 7 > 0. The proof of the proposition is completed for Case 1.
Case 2 occurs if the first term satisfies 1 — Agpo(y) < 0. From Lemma 4.1 we have 0 < A\, <27

and 0 < v < 1, then using Eq. (74) in Eq. (72), we have

1| < {[Aquom ~ 1k ot = (k+3) + (5) |+ o5 (;)7} m|

< 2 AH(27 o (v)k + 1)l (77)
since the term 0 < 2771y (y) < 4. We then conclude that for n =k + 1
|Ek+1] < deaAt(k + 1)|m], (78)

but this does not satisfy the assumption in Eq. (70) and so convergence in this case cannot be

confirmed. 0

Theorem 5.2. Let u(z,t) € U(Q2) be the exact solution for the fractional subdiffusion equation.
Then the numerical scheme given by Equations (21) is convergent with order O(At1*7) + O(Az?)

if A, = min(1/p10(7), 27).
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Proof. Using Eqgs. (57) and (58) with Eq. (29) and Proposition 5.1, for jAt < T, we then obtain
|E7 ||y < eoAtk||Ry|| < c1eaj AtV L(ALHY + Az?) < C(ALHY + Az?) (79)

where C' = ¢1¢TVL. ]

6. Numerical examples

In this section we provide three examples of the implementation our Keller Box scheme on
problems where the analytic solution is known. For each example we compare graphically the

numerical predictions against the exact solution. We also verify the accuracy of the implicit scheme
M

by computing the maximum norm of the error between the numerical estimate ;" and the exact

solution w(x;, tpr) using the infinity norm
M :
eco(At, Az) = max, | u;” —u(zi, tar) | - (80)

Numerical accuracy is tested for varying time and spatial steps, and for four different fractional
exponents v = 0.1, 0.5, 0.9, and 1. The approximate order of convergence in Ax, R;, was estimated
by computing

R = logy [eac (AL, 2A%) /6o (AL, Ax)], (81)

and the approximate order of convergence in At, Ry, was estimated by computing
Ry = logy [eac (2At, Ax) /ee (AL, Az)] . (82)

Example 6.1. Consider the following fractional subdiffusion equation with a source term

k2 (0] i e o (B S
with 0 < v <1 and the initial and fixed boundary conditions
u(x,0) = sin(mx), u(0,t) =0, wu(l,t)=0. (84)
The exact solution of Eq. (83) given the conditions Eq. (84) is
u(z,t) = (1+ t2+7) sin(7x). (85)

In Tables 1 and 2, we give the error and order of convergence estimates for this example. To

estimate the convergence in space we kept At fixed at 1073 whilst varying Az. To estimate the
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convergence in time we kept Az fixed at 1072 whilst varying At. From the results shown in
Tables 1 and 2, by using KBML1 for Eq. (83), it can be seen that, the KBML1 scheme appears to
be of order O(Az?), and O(At!+7).

Table 1: Numerical accuracy in Az applied to Eq. (83) with At = 103 and R; is order of convergence.

v=0.1 v=0.5 v=209 y=1

Ax  eo(At,Az) Ri  exo(At,Ax) Ri exo(At,Ax) Ri ex(At,Ax) Ry

1/2 1.65e-01 - 1.99¢-01 - 1.75e¢-01 - 1.66e-01 -

1/4 3.21e-02 2.36 3.82e-02 2.38 3.17e-02 2.46 2.93e-02 2.50
1/8 7.54e-03 2.09 8.91e-03 2.10 7.26e-03 2.12 6.67e-03 2.13
1/16 1.88e-03 2.01 2.19e-03 2.02 1.78e-03 2.03 1.63e-03 2.03
1/32 4.89¢-04 1.94 5.51e-04 1.99 4.43e-04 2.01 4.05e-04 2.01

Table 2: Numerical accuracy in At applied to Eq. (83) with Az = 10™® and Ry is order of convergence.

v=0.1 v=0.5 v=0.9 y=1

At exo(At,Az) Ro  exo(At,Ax) Ry ex(At,Ax) Rs ex(At,Az) Ry

1/10 5.48¢-03 - 9.26e-03 - 7.27¢-03 - 6.99e-03 -

1/20 2.40e-03 1.19 3.00e-03 1.63 1.87e-03 1.96 1.75e-03 2.00
1/40 1.07e-03 1.16 9.90e-04 1.60 4.83e-04 1.96 4.38e-04 2.00
1/80 4.88e-04 1.14 3.32e-04 1.58 1.25e-04 1.95 1.10e-04 2.00
1/160 2.25e-04 1.12 1.13e-04 1.55 3.30e-05 1.94 2.80e-05 1.98

A comparison of the exact and numerical solution of Eq. (83), at the point x = 0.5 and for
0 < t < 1 for the fractional exponents v = 0.1, 0.5, and 0.9 with At = 1073, is shown in Fig. 3.
We also show in Fig. 4 the comparison of the exact solution (shown as solid red lines) with the
numerical solution (shown as blue dots), at the times t = 0.25, 0.50, 0.75, and 1.00 for v = 0.1
and 0.9. It can be seen that from both Figs. 3 and 4, for 0 < \; < 1, the approximate solution

obtained from the KBMLI1 scheme, is in good agreement with the exact solution.
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Figure 3: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (83) at the point z = 0.5 and time 0 < t < 1, for v = 0.1, 0.5, and 0.9 with At = 103, Note  increases in
the direction of arrow. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)
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Figure 4: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (83) for (a) v = 0.1 and (b) v = 0.9 at the times ¢ = 0.25, 0.50, 0.75, and 1.0 with At = 107*. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

We also investigate the stability in the case 1 < A\; < 27 where the analysis was inconclusive. By
calculating the relative error in the numerical solution, we can demonstrate the numerical solution
is stable if the error decays with time. In Figs. 5 and 6 we show the relative error for the exponent
values v = 0.6, 0.7, 0.8, and 0.9 at the time ¢ = 5 using increasingly larger time steps At = 0.25,
0.3125, 0.5, and 1. In Fig. 5, for v = 0.6 and v = 0.7, we have estimated the ranges of A, as
1.15 < Ay < 1.41 and 1.17 < Ay < 1.51 respectively. Likewise in Fig. 6 we have 1.16 < A\, < 1.61

for y =0.8 and 1.14 < \; < 1.73 for v = 0.9. We see the relative errors do indeed decay with time.
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This indicates the solution is stable despite the large time steps chosen.

0.35 T T T T T T T 0.4
At=1 At=1
0al —— At=05 035l A=05
- At=0.3125 Al=0.3125
—— At=025 L A=0.25
0.25 1 03
0.25
. 0.2p .
0.15
0.15 1
0.1 01k
0.0 0.05 -
ok ot
0.5 1 1.5 2 25 3 35 4 4.5 5
Time
(a) (b)

Figure 5: (Color online) The relative error for the numerical solution Eq. (83) for (a) v = 0.6 with 1.15 < X\, < 1.41
and (b) v = 0.7 with 1.17 < Ay < 1.51 at time ¢t = 5 and At = 0.25,0.3125,0.5, 1.

0.5 T T 0.5 T T T

——at=1 At=1
——At=05 At=05
At=0.3125
04r 0.4r Al=0.25
0.3 0.3
] ]
I i
0.2+ 0.2+
0.1 0.1F
0 0=
(a) (b)

Figure 6: (Color online) The relative error for the numerical solution Eq. (83) for (a) v = 0.8 with 1.16 < A\, < 1.61
and (b) v = 0.9 with 1.14 < \, < 1.73 at the time ¢ = 5 with At = 0.25,0.3125,0.5, 1.

Example 6.2. Consider the following fractional Subdiffusion equation with the source term

% = 75;_: (gj;) + (24 y)e"tt T [1 - m] : (86)
with 0 < v <1 and the initial and fixed boundary conditions
u(z,0) =0, u(0,t) =7, wu(l,t) = et*™. (87)
The exact solution of Eqs. (86) and (87) is
u(z,t) = et*7. (88)
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Error and order of convergence estimates for this example is shown in Tables 3 and 4. Similar to

the previous example we estimate the convergence in space and time. We see the truncation order

of the KBML1 scheme is of order O(Az?) and O(At+7).

Table 3: Numerical accuracy in Az applied to Eq. (86) with At = 103 and R; is order of convergence.

v=0.1 v=0.5 v=209 y=1

Ax  eo(At,Az) Ri  exo(At,Ax) Ri exo(At,Ax) Ri ex(At,Ax) Ry

1/2 8.87e-03 - 1.21e-02 - 1.76e-02 - 1.95e-02 -

1/4 2.13e-03 2.06 2.87e-03 2.08 4.10e-03 2.11 4.52e-03 2.11
1/8 5.23e-04 2.03 7.07e-04 2.02 1.01e-03 2.02 1.11e-03 2.03
1/16 1.27e-04 2.05 1.76e-04 2.00 2.53e-04 1.99 2.79e-04 1.99
1/32 2.70e-05 2.23 4.30e-05 2.04 6.30e-05 2.00 7.00e-05 2.00

Table 4: Numerical accuracy in At applied to Eq. (86) with Az = 10® and Ry is order of convergence.

v=0.1 v=0.5 v=0.9 y=1

At exo(At,Az) Ro  exo(At,Ax) Ry ex(At,Ax) Rs ex(At,Az) Ry

1/10 1.08e-03 - 1.67e-03 - 1.03e-03 - 8.96e-04 -

1/20 4.86e-04 1.16 5.61e-04 1.57 2.69e-04 1.94 2.24e-04 2.00
1/40 2.21e-04 1.14 1.91e-04 1.56 7.00e-05 1.94 5.60e-05 2.00
1/80 1.02e-04 1.12 6.50e-05 1.54 1.80e-05 1.94 1.40e-05 2.01
1/160 4.70e-05 1.11 2.30e-05 1.53 5.00e-06 1.95 3.00e-06 2.02

A comparison of the exact and numerical solution of Eq. (86) at the point x = 0.5, 0 <t < 1,
for v = 0.1, 0.5, and 0.9 with At = 1073, is shown in Fig. 7. In Fig. 8 we also show the comparison
of the exact solution (shown as solid red lines) with the numerical solution (shown as blue dots)
at the times t = 0.25, 0.5, 0.75, and 1.00, and fractional exponents v = 0.1 and 0.9. Again from
both Figs. 7 and 8, for 0 < A, < 1, we see the numerical estimates is in agreement with the exact

solution.
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Figure 7: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (86) at the point z = 0.5 and time 0 < t < 1, for v = 0.1, 0.5, and 0.9 with At = 103, Note  increases in
the direction of arrow. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)
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Figure 8: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (86) for (a) v = 0.1 and (b) v = 0.9 at the times ¢t = 0.25, 0.50, 0.75, and 1.0 with At = 1072. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In Figs. 9 and 10 we show again the relative error for the case 1 < A\; < 27 at time ¢t = 5
and At = 1, 0.5, 0.3125, 0.25. The estimated range of A\; are 1.15 < A\, < 1.41 for v = 0.6,
1.17 < Ay <151 for v = 0.7, 1.16 < Ay < 1.61 for v = 0.8 and 1.14 < A, < 1.73 for v = 0.9.
It is noted the relative errors for v = 0.9 are largest initially for the case At = 0.25 compared to
the other cases of v. Again we see the relative errors decrease as time increases, and hence the

numerical solution is stable.
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Figure 9: (Color online) The relative error for the numerical solution Eq. (86), for (a) v = 0.6 with 1.15 < )\, < 1.41
and (b) v = 0.7 with 1.17 < A\; < 1.51 where time ¢t = 5 and At = 0.25,0.3125,0.5, 1.
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Figure 10: (Color online) The relative error for the numerical solution Eq. (86), for (a) v = 0.8 with 1.16 < A\, < 1.61
and (b) v = 0.9 with 1.14 < \; < 1.73 at time ¢t = 5 and At = 0.25,0.3125,0.5, 1.

Example 6.3. Consider the following fractional differential equation

ou o= [ 0%u

5= KVW <8x2> —au+ f(x,t), (89)
where

T t1+2'y
flz,t) =" [22(1 —2)? [(2+ )t + at?™] — K, (2 — 8z + 2* + 62° + ) % ,
(90)

with 0 <« < 1 and the initial and fixed boundary conditions

u(z,0) =0, wu(0,t)=0, wu(l,t)=0. (91)
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The exact solution of Egs. (89) and (91) is

The error and order of convergence estimates found from applying the KBML1 scheme on Eq. (89)
subject to Eq. (91). Again we estimate the convergence in space and time, the results shown

in Tables 5 and 6. It can be seen that the KBML1 scheme appear to be of order O(Az?) and

O(AtH).

u(z,t) = e®2?(1 — )%,

Table 5: Numerical accuracy in Az applied to Eq. (89) with At = 10~® and R; is order of convergence.

v=0.1 v=0.5 v=0.9 vy=1
Ax  eo(At,Az) R1  exo(At,Ax) Ri exo(At,Ax) Ri ex(At,Ax) Ry
1/4 1.24e-02 - 1.17e-02 - 1.04e-02 - 1.00e-02 -
1/8 3.20e-03 1.96 2.97e-03 1.99 2.60e-03 2.01 2.47e-03 2.02
1/16 8.21e-04 1.96 7.49e-04 1.99 6.48e—-04 2.00 6.16e-04 2.01
1/32 2.08e-04 1.98 1.89e-04 1.99 1.62e-04 2.00 1.54e-04 2.00
1/64 5.40e-05 1.95 4.80e-05 1.99 4.10e-05 2.00 3.80e-05 2.00

Table 6: Numerical accuracy in At applied to Eq. (89) with Az = 102 and Ry is order of convergence.

v=0.1 v=0.5 v=0.9 y=1
At exo(At,Az) R2 ew(At,Ax) Ry ex(At,Az) Rs ex(At,Az) Ry
1/10 5.85e-04 - 9.71e-04 - 7.78e-04 - 7.54e-04 -
1/20 2.52e-04 1.22 3.13e-04 1.64 2.00e-04 1.96 1.89e-04 2.00
1/40 1.12e-04 1.17 1.03e-04 1.61 5.20e-05 1.96 4.70e-05 2.00
1/80 5.10e-05  1.14  3.40e-05 1.58 1.30e-05 1.95  1.20e-05  1.99
1/160  2.30e-05  1.12  1.20e-05 1.55  4.00e-06  1.92  3.00e-06  1.96

In Fig. 12 we again show the comparison of the exact solution (shown as solid red lines) and the
numerical estimate found using the KBML1 methods (shown as blue dots) at the times ¢t = 0.25,
0.5, 0.75, and 1.00, with the fractional exponents v = 0.1 and 0.9. We also show the comparison
of the exact and numerical solution of Eq. (89) at the point x = 0.5, 0 < ¢ < 1, for v = 0.1, 0.5,
and 0.9 with At = 1072 in Fig. 11. Again from both Figs. 11 and 12, for 0 < A\, < 1, we see the

numerical estimates is in agreement with the exact solution.
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Figure 11: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (89) at the point = 0.5 and time 0 < t < 1, for v = 0.1, 0.5, and 0.9 with At = 1073, Note  increases in
the direction of arrow. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)
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Figure 12: (Color online) A comparison of the exact solution (solid red lines) and the numerical solution (blue dots)
for Eq. (89) for (a) v = 0.1 and (b) v = 0.9 at the times ¢t = 0.25, 0.50, 0.75, and 1.0 with At = 107*. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In this example we also investigate the stability by evaluating the relative error in the numerical
predictions in the case 1 < \; < 27. The relative errors are shown in Figs. 13 and 14 for v = 0.6,
0.7, 0.8 and 0.9 at time t = 5 with At = 0.25, 0.3125, 0.5, 1. The estimated ranges of A, in
these cases are 1.41 < A\; < 1.49 for v = 0.6, 1.48 < A\; < 1.59 for v = 0.7, 1.55 < A\; < 1.71 for
7 =0.8and 1.61 < \; < 1.83 for v = 0.9. Again, it can be seen that the relative errors decrease
as time progresses despite the relatively large time steps chosen. This demonstrates again, for this

example, that the method is stable.
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Figure 13: (Color online) The relative error for the numerical solution Eq. (89), for (a) v = 0.6 with 1.41 < Ay < 1.49
and (b) v = 0.7 with 1.48 < X\, < 1.59 at the time ¢ = 5 and A¢ = 0.25,0.3125,0.5, 1.
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Figure 14: (Color online) The relative error for the numerical solution Eq. (89), for (a) v = 0.8 with 1.55 < \; < 1.71
and (b) v = 0.9 with 1.61 < \g < 1.83 at the time ¢t = 5 and At = 0.25,0.3125,0.5, 1.

7. Conclusion

In this work, we constructed a Keller Box numerical scheme, KBML1, for the solution of
fractional subdiffusion equation. A modification of L1 scheme (ML1) was used to estimate the
Riemann—Liouville fractional derivative at the time bt 1. The accuracy of KBML1 was found to
be order 1 + v in time and second order in space. We proved the stability and convergence of the
KBML1 method in the case where 0 < \; < min(u—lo, 27) and 0 < 7 < 1. We also demonstrated
the method is also stable numerically in the case where % < Ay £27 and logg2 < v <1 by using
the Von-Neumann stability analysis and using the full numerical solution. The convergence orders

were confirmed when the scheme was applied to three test examples. This method can be used
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for more general equations where we cannot rewrite fractional partial differential equation with a

Caputo derivative on the left such as the nonlinear reaction subdiffusion models of Angstmann et

al. [41]. This will be a subject of another article in preparation.
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Appendix A. Binomial coefficient identity

Using the definition of the binomial coeflicient, we can rewrite the coefficient in terms of the

Gamma function
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