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This dissertation consists of three essays on reputation and repeated games. Rep-
utation models typically assume players have full memory of past events, yet in many
applications this assumption does not hold. In the first chapter, I explore two different
relaxations of the assumption that history is perfectly observed in the context of Ely and
Valimaki’s (2003) mechanic game, where reputation (with full history observation) is clearly
bad for all players. First I consider “limited history,” where short-run players see only the
most recent 1" periods. For large T', the full history equilibrium behavior always holds due
to an “echo” effect (for high discount factors); for small T, the repeated static equilibrium
exists. Second I consider “fading history,” where short-run players randomly sample past
periods with probabilities that “fade” toward zero for older periods. When fading is faster
than a fairly lax threshold, the long-run player always acts myopically, a result that holds
more generally for reputation games where the long-run player has a strictly dominant stage
game action. This finding suggests that reputational incentives may be too weak to affect

long-run player behavior in some realistic word-of-mouth environments.

The second chapter develops general theoretical tools to study incomplete informa-
tion games where players observe only finitely many recent periods. I derive a recursive
characterization of the set of equilibrium payoffs, which allows analysis of both station-

ary and (previously unexplored) non-stationary equilibria. I also introduce “quasi-Markov



perfection,” an equilibrium refinement which is a necessary condition of any equilibrium
that is “non-fragile” (purifiable), i.e., robust to small, additively separable and independent

perturbations of payoffs.

These tools are applied to two examples. The first is a product choice game with
1-period memory of the firm’s actions, obtaining a complete characterization of the exact
minimum and maximum purifiable equilibrium payoffs for almost all discount factors and
prior beliefs on an “honest” Stackelberg commitment type, which shows that non-stationary
equilibria expand the equilibrium set. The second is the same game with long memory: in
all stationary and purifiable equilibria, the long-run player obtains exactly the Stackelberg
payoff so long as the memory is longer than a threshold dependent on the prior. These
results show that the presence of the honest type (even for arbitrarily small prior beliefs)
qualitatively changes the equilibrium set for any fixed discount factor above a threshold

independent of the prior, thereby not requiring extreme patience.

The third chapter studies the question of why drug trafficking organizations inflict
violence on each other, and why conflict breaks out under some government crackdowns
and not others, in a repeated games context. Violence between Mexican drug cartels soared
following the government’s anti-cartel offensive starting in 2006, but not under previous
crackdowns. I construct a theoretical explanation for these observations and previous em-
pirical research. I develop a duopoly model where the firms have the capacity to make
costly attacks on each other. The firms use the threat of violence to incentivize inter-cartel
cooperation, and under imperfect monitoring, violence occurs on the equilibrium path of a
high payoff equilibrium. When a “corrupt” government uses the threat of law enforcement
as a punishment for uncooperative behavior, violence is not needed as frequently to achieve
high payoffs. When government cracks down indiscriminately, the firms may return to fre-
quent violence as a way of ensuring cooperation and high payoffs, even if the crackdown

makes drug trafficking otherwise less profitable.
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Chapter 1

Reputation under Limited and Fading History

1.1 Introduction

The reputation literature has shown that even very small uncertainty about a
player’s type can have dramatic effects on equilibrium behavior and payoffs. Building on the
seminal work of Kreps and Wilson (1982) and Milgrom and Roberts (1982), Fudenberg and
Levine (1989; 1992) show that introducing such uncertainty assures the long-run player of a
payoff arbitrarily close to the payoff that would be achievable by a credible commitment to
an action of her choice. Ely and Viliméki (2003) (henceforth EV) construct a model where
reputation has a similarly dramatic but negative effect on payoffs (of all players). These

models typically assume that short-run players see the full history of past signals.

In reality, agents often perceive reputation through only limited excerpts of the
past, raising the question: how robust are these results to relaxing that assumption? The
focus of this chapter is answering this question with regard to EV’s model, considering two
different forms of relaxation: “limited history” (modeling a public list of recent reviews) and
“fading history” (modeling word-of-mouth). I find that the full history equilibrium behavior
is robust to short-run players seeing many (but not all) past periods in both cases. When
short-run players see relatively few past periods, behavior differs between the two models:
limited history yields the repeated one-shot equilibrium, while fading history yields myopic
long-run player behavior but strictly higher ex ante payoffs for the short-run players. The
fading history results also apply to the chain store game (a typical example of the games
considered by Fudenberg and Levine (1989), where reputation is good for the long-run

player).

EV’s model, the mechanic game, has the feature that the long-run player is clearly



harmed by reputation.’

The rational “good” long-run player, who offers expert services
to short-run players, has payoffs that perfectly coincide with those of short-run players,
and she wants to separate herself from a “bad” type that harms short-run players; this
temptation to separate harms the short-run player, causing the whole market to fail. EV
point out these dynamics could be a concern in a number of asymmetric information settings
involving expert sellers, such as auto mechanics, lawyers, management consultants and
medical doctors. These markets generally involve consumers who are not perfectly informed
about the seller’s past. Consider motorists who solicit information about an auto mechanic
through word-of-mouth, patients who choose to see a dentist after reading the first few
reviews listed on Yelp, or a consultant who provides prospective clients with a list of only
her most recent references on her resumé. The robustness of the EV result in settings where
consumers have a limited view of the past may shed light on both positive questions, such
as when and why experts are hired in real markets with this feature, and normative issues,

such as the optimal design and welfare effects of review websites.

In the mechanic game, the “good” mechanic (rational long-run player) and the mo-
torist (short-run player) have coinciding interests in the stage game: the motorist’s car has
a problem, and both want the problem fixed correctly. Motorists do not know which repairs
their cars need (either a cheap tune-up ¢ or an expensive engine replacement e), but the
mechanic does. The motorist would like to hire the good mechanic instead of an outside
option &, if she does the right repair. However, the introduction of even a tiny probability
that the mechanic is a commitment type (the “bad” mechanic, who performs an expensive
engine replacement no matter what problem the car has) impedes the ability of the me-
chanic and motorists to interact when the motorist prefers the outside option to hiring the

bad mechanic.

When motorists can see the entire history of hiring decisions and repairs, a history

with sufficiently many engine replacements and no tune-ups yields a belief that the mechanic

!Short-run players are also harmed, but this aspect is more common in other reputation games, such as
the chain store game.



is likely enough to be bad that the outside option is necessarily preferable to hiring. All
subsequent motorists avoid the mechanic, “freezing” the “bad belief” and preventing the
mechanic from ever being hired again. At a “critical” history, where the mechanic is just
one engine replacement away from a frozen bad belief, a sufficiently patient good mechanic is
inevitably tempted into performing a tune-up (even when an engine replacement is needed),
signaling that she is good. Such signaling behavior is harmful to the motorist receiving the
unnecessary tune-up, whose best response is to avoid the mechanic. Before the critical
history, the mechanic’s anticipation of the critical motorist’s decision not to hire must lead
to a certain (possibly unnecessary) tune-up even earlier, so this previous motorist also does
not hire, and so on by backward induction, leading to a complete unraveling of the market

and no hiring on the equilibrium path of all renegotiation-proof Nash equilibria.

However, real mechanics likely do not expect that any particular action (or the signal
it generates) is certain to be observed by every subsequent customer. Even if a mechanic
knew with certainty that a customer would immediately report her actions to the world in
a review on Yelp, she knows that many future potential customers may not see the review,
either because they do not check Yelp at all, or because with time, the review is eventually
pushed out of sight on the first page. Word-of-mouth seems particularly unlikely to yield

fully informed customers due to its decentralized, random nature.

Motivated by this observation, I relax the assumption of full history observation
through two different types of limitations on the history seen by short-run players. The first
type is “limited history,” where each motorist sees a fixed number of periods into the past,
but no further. I find that when this “memory” is long enough, exactly the same equilibrium
behavior as the full history model is obtained, because the events in the beginning periods
“echo” forever through the participation decisions of the motorists. If the mechanic signals
she is good early on with a tune-up, all motorists who see that first tune-up hire her, and
the next “generation” of motorists, who do not see that tune-up but see all the hiring that
followed, infer her type and also hire (even if they only see engine replacements), and so

on forever. By contrast, if the mechanic sends bad signals by performing many engine



replacements (and no tune-ups) early on, the first generation of motorists eventually stop

hiring, the next generation sees this lack of hiring and follows suit, and so on.

Making this memory too short for an individual motorist to learn much about the
mechanic allows an equilibrium that avoids the bad reputation result, and the stage game
equilibrium is repeatedly played. But in this equilibrium, reputation is also rendered worth-
less: it does not help the long-run or short-run players because it is too uninformative to

have any effect on behavior at all.

The second restriction on history observation I consider is “fading history,” in which
motorists see the last period with probability A € (0,1), the second-to-last period with
probability A2, and so on for all past periods. This can be thought of as modeling the
decentralized randomness of word-of-mouth. Like limited history with high T, fading history
yields the bad reputation result for high A\. When X is small enough, reputational incentives
are too weak to cause bad reputation, but reputation still sometimes helps the motorists
avoid the bad mechanic; this differs from the low 7" limited history case, where reputation is
always useless to the motorists. This result seems reasonably realistic: the good mechanic
is not diverted from serving customers by extremely strong reputation incentives, good and
bad mechanics are both sometimes hired, and some of the more discerning customers hire

the good mechanic while avoiding the bad mechanic.

In fact, this result for fading history with low A applies to a more general class of
reputation games: when the long-run player has a strictly dominant action in the stage
game, it causes the long-run player to behave myopically and always choose that dominant
action (as though reputation did not exist), while the payoffs of short-run players are often
greater than under the static game because they are sometimes well-informed. The upper
bound on A is not trivially small: for a patient mechanic, it corresponds to a given motorist
talking to an average of % future potential customers about their experience, high enough to

cover scenarios with significant (but not totally ubiquitous) word-of-mouth communication.?

2 Appendix 1.2.2 gives a higher upper bound (for the mechanic game) that allows talking to an average
of % future motorists, given some reasonable restrictions on equilibria. This upper bound can be even

4



The result is also robust to correlation between observations, which allows applications to
more centralized communication like online forums where public messages “fade” over time
(see Remark 1.2.1 for a discussion). This suggests reputation may be too weak to affect

long-run player behavior in many real word-of-mouth situations.

Though fading history is intended as a model of word-of-mouth communication, it
differs importantly from existing work on word-of-mouth (e.g. Ellison and Fudenberg (1995),
Banerjee and Fudenberg (2004)) where players randomly sample some fixed number of past
events. Key differences include that under fading history, the “sample size” is random, and
that players are more likely to observe the recent past than distant past. The fading of past
events is critical for ruling out the never-ending echo that occurs in the limited (but long)

history case.

To better understand the role of these restrictions on history monitoring, I also
consider them in the context of the chain store game of Selten (1978), variants of which
have been widely used to study reputation (for example, Pitchik (1993), Aoyagi (1996) and
Wiseman (2008)). The chain store game is a typical example of a Stackelberg-type game,
where reputation bounds the long-run player’s payoff from below. The (general) result for
fading history with low A applies directly to the chain store game, and the effect on short-
run player payoffs is actually more dramatic because they need only observe a single past
event to learn the long-run player’s type. The other results do not carry over so simply,
and in fact a “myopic equilibrium” does not exist at all for the limited history chain store

game, even when limited to seeing just one previous period.

Bounded memory repeated games without reputation have been the topic of a
number of papers — for example, Sabourian (1998), Mailath and Olszewski (2011a), and
Bhaskar, Mailath, and Morris (2013a) — but such games with reputation are relatively un-
explored. I use the term “limited history” to distinguish it from the similar “limited records”

studied by Liu and Skrzypacz (2014a), the only difference being that limited records allow

higher (allowing talking to up to but not including an average of 1 future motorist) depending on the
parameterization of the stage game.



short-run players to see only the long-run player’s actions in each observed period, whereas
limited history lets them see the full outcome of each period.? This difference can produce
starkly different results because under limited records, the long-run player can unilater-
ally “clean” her history. Liu and Skrzypacz find cyclical equilibrium behavior — “riding of
reputation bubbles” — that is qualitatively different from both the one-shot and complete
history cases. Liu (2011a) also finds cyclical equilibria in an environment where short-run
players incur a cost to observe limited records of past long-run player actions. These pa-
pers show reputation being continually accumulated, exploited and then replenished. By
contrast, this chapter finds non-cyclical behavior under limited history, because reputation

inevitably gets “stuck” in a particular state, despite only viewing the recent past.

Limited records are more realistic in certain settings; Liu and Skrzypacz point to
the example of the Better Business Bureau, which reports complaints on businesses from
the last 36 months, but does not report on the business’s volume or types of transactions.
However, in many cases long-run players need the cooperation of short-run players to es-
tablish a desirable reputation. For example, a consultant must be hired by today’s client
in order to provide a favorable reference tomorrow; she cannot do this unilaterally. In such
environments, limited history is a more appropriate assumption. A more detailed discussion

of the differences between limited history and limited records is given in Subsection 1.2.1.1.

This chapter also relates to other extensions of the mechanic game. EV show that
when the motorist is also a long-run player, an equilibrium exists where the mechanic and
motorist are able to interact. Mailath and Samuelson (2006a) consider the possibility of
random “captive consumers,” who hire no matter the history. Ely, Fudenberg, and Levine
(2008) extend bad reputation to a broader class of games, illustrating the difference between
bad and good reputation. For example, they allow a larger set of commitment types; bad
reputation is robust to the introduction of a sufficiently small probability of a Stackelberg
commitment type (who always performs the correct repair), but if the probability is high

enough relative to the probability of the bad type, reputation is no longer bad. This

3When motorists do not hire, this prevents observation of the long-run player’s action.



assumption seems reasonable in markets where consumers have faith that experts are more
often non-strategically honest than bad, but is more problematic where consumers are more
suspicious.? Though my results only consider limited and fading history as applied to the
original EV mechanic game, there is no apparent reason why similar results would not apply

to such generalizations.

The rest of the chapter is organized as follows. Section 1.2 discusses the main results
for the mechanic game, with Subsection 1.2.1 covering limited history and Subsection 1.2.2
covering fading history. Section 1.3 considers applications and implications for the chain

store game. Section 1.4 concludes. The Appendix contains omitted proofs.

1.2 The Mechanic Game

In the mechanic game, reputation leads to a lower payoff for both the long-run and
short-run players than in the static game. A long-lived car mechanic faces a different short-
lived motorist each period. Each motorist’s car is in one of two states, each requiring a
different repair: either a cheap tune-up c or an expensive engine replacement e. The states
are drawn iid each with probability % The motorist does not know which repair is needed,

but the mechanic does.

In each period, the motorist first chooses to either hire the mechanic or choose an
outside option @ with payoff zero. If hired, the mechanic observes the state of the car,
either 0, or 0.. The motorist benefits if the mechanic performs the correct repair, receiving

payoffs according to the following table:

0 O
c| u | —w
e | —w
g | 0 0

4Surveys by Gallup (2013) show that such faith varies widely across some of the applications suggested by
EV. Medical doctors are among those most trusted, with 69% of respondents in December 2013 rating their
“honesty and ethical standards” as “high” or “very high.” Auto mechanics are viewed much less favorably
(29%), and lawyers (20%) rank even further down the list.



Assume w > u > 0. This insures that if the mechanic chooses the repair independent

of the state, the motorist will prefer the outside option.

The mechanic can be one of two types: good (g) and bad (b). The mechanic’s type
is denoted s. The good mechanic has the same stage payoff as the motorist (in the table
above), and wants to maximize her expected discounted average payoff, discounted at rate
5 € (0,1). The bad mechanic is non-strategic and simply performs engine replacements,
regardless of the state.> Motorists observe the full history of repair and hiring decisions, but
not the previous motorists’ states (i.e., it is not known whether the repairs were correct),
as public knowledge. Beginning at period 0, the first motorist has prior belief ;¥ that the
mechanic is bad, and subsequent motorists update their beliefs about the mechanic’s type

according to Bayes’ rule.

In the one-shot game, the motorist’s expected payoff for hiring is simply %,u(u —
w) + (1 — p)u where p is the belief that the mechanic is bad (doing the right repair is
strictly dominant for the good mechanic). She will hire the mechanic only if this expected
payoff is nonnegative, which is clearly false when the belief p is greater than critical value

p* = 2u/(u+ w) since u < w.%

EV prove that the supremum of the mechanic’s Nash equilibrium payoffs must con-
verge to zero for § close enough to one, so that equilibria where the mechanic is hired must
have the mechanic hired only infrequently. They point out that equilibria with such infre-
quent hiring have an implausible feature: once the mechanic performs a single tune-up, she
reveals herself to be good (with certainty) to all future motorists. After a tune-up, it makes

sense that all subsequent motorists (knowing the mechanic is good) will want to hire, and

SEV also show their result holds for a strategic bad mechanic who receives a discounted sum of period
payoffs that do not depend on the motorists’ states, receiving u for performing an engine replacement , —w
for a tune-up and 0 when not hired.

5p* is defined as the belief such that the motorist is indifferent about hiring when the good mechanic

always does the correct repair, i.e.
u—
*

2w+(1—p*)u=0.




the mechanic will want to perform correct repairs for them. For this reason, EV use the

following renegotiation-proofness assumption to rule out such dubious behavior.

Assumption 1 (Renegotiation-Proofuness). The mechanic is hired at any history on the

equilibrium path at which she is known to be good by the motorist.

EV then find the following dramatic result.

Theorem 1.2.1. Let ;0 > 0 be given. When § is close enough to one, any Nash equilibrium

satisfying Assumption 1 has a unique equilibrium outcome where the mechanic is never hired.

Without going into the proof here, the intuition behind it is that in any equilibrium,
if the mechanic performs some number L engine replacements and no tune-ups, the mo-
torists’ beliefs must rise above p* and they do not hire. If a motorist hires at any history,
the mechanic must perform an engine replacement with sufficient probability (otherwise
the motorist’s expected payoff from hiring would be negative), and this means that, with
positive probability, the mechanic performs L consecutive engine replacements on the equi-
librium path. After performing L — 1 engine replacements (and no tune-ups), an engine
replacement gives a continuation payoff of 0, compared with a continuation payoff of u for
a tune-up (since all future motorists hire). When she is sufficiently patient, the mechanic
always performs a tune-up, so she cannot be hired at a “critical” history (i.e., after L — 1
engine replacements without tune-ups); backwards induction leads to the result of no hiring

on the equilibrium path.

1.2.1 Limited History

I relax the full history monitoring assumption by allowing motorists to view finite T’
previous periods. First I consider the situation when T is large, obtaining the same behavior

as Theorem 1.2.1.

At the heart of this result is making sure that a critical history can “fit” into the

memory of motorists. I formalize this with the following notation. An infinite history



h = (ho,hi,...) is an infinite sequence of events, where hy is the outcome at period k,
either a repair (c or e) or a no-hiring decision (&). Often it is useful to look at a history
ending just before some period ¢, which I denote with a superscript: a history h! (at some
period t) is a t-length sequence (hf, ..., hi_;) where hj}€ is the event at period k < t. Since
many short-run players do not see all of the past history, I sometimes refer to this as the
“full” or “complete history” (to contrast with the “observable subhistory” defined below). I
also sometimes denote the event at period k as 7. This notation is used when discussing
expectations for future events, given a particular history; for example, the probability that
the mechanic is not hired at period k given history h* is written P(n, = @|h¥), instead of
P(hy = @|h*), to avoid confusion about what is already part of the history and what is yet

to happen.

For periods 0, ..., T, motorists observe the full history. Given a history h! at any
t € {0, ..., T} where the mechanic is hired, the expected payoff of hiring must be nonnegative

(otherwise the motorist chooses the outside option):

) (5] (0= W B B = (1= F ) 2 0,

where uf(h?) is the posterior belief of motorist ¢ that the mechanic is bad and (k') is the

probability that the good mechanic performs the correct repair at that history. Solving for

| IS,

Bt gives

,Bt(ht) Z

Let BL(h!) be the probability that the mechanic does repair a conditional on a being needed,
so that Bf(h') = 38L+ 18! < 1+ 3!, which can be substituted into (1.2.1) to get the lower
bound

P WU
c 2

=p* (1.2.2)

U+ w

on the probability that a mechanic performs a needed tune-up.

Each period’s motorist has a posterior belief, but after period T motorists do not

know the beliefs of previous motorists (because they do not see what those motorists saw),

10



which means it is not possible to calculate posteriors by simply updating the previous
motorist’s posterior, one after another. I use the following notation to denote the limited

history that a particular motorist sees.

Definition 1.2.1. Given history h' at any period t, the observable subhistory h' at ¢ is the
sequence (hﬁo, ..., ht_), where tg = max{0,t—T}. The event at some period t' € {to,...,t—1}

is denoted hi, .

Since the posterior after an observable subhistory is not a simple update on the
previous motorist’s posterior, it will be useful to separate the calculation into steps, period

by period across the observable subhistory.

Definition 1.2.2. For any observable subhistory ht at period t, the partial posterior belief
uil(ﬂt) of motorist ¢ is the probability that the mechanic is bad given prior x" and the
observed periods t, ..., — 1, ignoring periods ¢, ...,t — 1. Note that s, (k") = u° because

it ignores all observations.

For t < T when motorists still observe the complete history, the observable subhis-
tory ht and full history h' and are the same, and the partial posterior evolves according
to Bayes’ rule as it does in the full history case. If a tune-up is observed at ¢’ < ¢, then
fil, 1 (ht) = 0; if a no-hire event is observed, then y, H(iﬁ) = pb,(RY); if an engine replace-
ment is observed, then

py (h)
k(A1) + (1 = pt, (1)) [38Y (BY) + §(1 = B (h')))

M§/+1(ht) =

Define

_ H
) = i+ =57

so that T(ui/(ﬁt)) is a lower bound for ,ui,H(iAlt) (for t < T, not t > T), and inductively
define Y'(p) = Y(p) and Y () = Y(T*(u)), so that Y*(u) is a lower bound for the
posterior after observing k engine replacements and no tune-ups at ¢ < T'. Finally, define

L(p®) = min k such that T*(u%) > p* (1.2.3)
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as an upper bound on the number of engine replacements that can be performed (without

any tune-ups) in the first 7'+ 1 periods before the posterior exceeds p*.

The result below establishes a lower bound on T sufficient for the bad reputation
result. For T > L(u°), it is straightforward to see that the mechanic cannot perform
more than L engine replacements without any tune-ups within the first T+ 1 periods on
the equilibrium path. Motorists (before period T+ 1) who arrive after the Lth engine
replacement will believe the mechanic is so likely to be bad that the payoff of hiring must
be negative, preventing any hiring until at least period T+ 1. Performing more than L
engine replacements in the first T'+ 1 periods is only possible if the mechanic first performs
a tune-up, so if motorist 7"+ 1 observes an engine replacement in every period 1,...,7T,
the mechanic is known to be good because an unobserved tune-up must have preceded the
observable subhistory, i.e. at period 0 (the result of Lemma 1.1.1). In fact, this “echo”
effect continues for all future periods; if motorists see the mechanic hired every observed
period, these hiring decisions signal that the mechanic must be good, even if only engine

replacements are observed.

Having ruled out equilibria where the mechanic performs more than L engine re-
placements (and no tune-ups) in the first 7' 4+ 1 periods, one may wonder if there exist
equilibria where the mechanic performs L or fewer engine replacements. Such equilibria
mean there are histories on the equilibrium path where the mechanic is not hired for many
of the first T+ 1 periods, reducing her continuation payoff from doing an engine replace-
ment. If T is large enough, the mechanic cannot resist the temptation to perform a tune-up

that ensures she is hired in all of those periods.

This temptation effectively forces beliefs to be either 0 or greater than p* by period
T + 1 in any equilibrium where the mechanic is hired with positive probability. Because
motorists in periods 7'+ 1 and beyond know this, they need only look at their observable
subhistories to tell whether the mechanic is definitely good (they see a tune-up or hiring
in every observed period) or likely-enough-to-be-bad (motorists stop hiring at some point

in the first T' periods, and never hire again afterwards). Reputation is pinned into one of
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these two extreme states early on and frozen there by the hiring decisions, giving the large

reputational incentive that causes bad reputation.

Theorem 1.2.2. Let u° > 0 and L(u°) be given. If
T> <2+9>L—1, (1.2.4)
u

then for any sequential equilibrium satisfying Assumption 1 there is a unique equilibrium

outcome where the mechanic is never hired when 6 is close enough to one.

What happens when T is small? A “myopic equilibrium” exists where the good
mechanic always performs the correct repair, so that the mechanic always performs an engine
replacement with probability % Given prior p, the motorist’s posterior after observing an

engine replacement is

- B 7 2u
pt3(1—p) H

with Y*(u4) defined inductively like Y(-). Define

L(1°) = mint such that T%(u%) > p*.
Note that L(u) < L(u®) because L(u®) is a lower bound that presumes the mechanic

performs engine replacements with maximum probability % + %(1 - p*) > %

Theorem 1.2.3. Let u° > 0 and T < L(1°) be given. A sequential equilibrium exists where

the good mechanic always performs the correct repair and the motorists always hire.

Proof. 1t is easy to show that always hiring is a best response for motorists. At any period
t, the motorists’ posterior is less than or equal to TT(,uO) < p*, so the payoff of hiring is
nonnegative. For the mechanic, the continuation payoff of a tune-up is equal to that of an
engine replacement (she is always hired, no matter her strategy), so performing the correct

repair always yields a greater payoff. O

Theorem 1.2.3 avoids the disaster of Theorem 1.2.2, but it does so by preventing

reputation from having any effect. Reputation neither tempts the mechanic into a costly
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tune-up that harms the motorist, nor does it help the motorists sort out a good mechanic
from the bad, and the ex ante payoff for every motorist is equal to that of the one-shot
game. Reputation is only useful to motorists if it gives them a posterior greater than p*
when the mechanic is bad, so that they can avoid hiring her; the myopic equilibrium avoids

the bad reputation outcome precisely by ruling out that possibility.

Can reputation actually be useful in the limited history environment? Though these
results do not give a complete answer to that question, they do suggest that the answer is

probably “no,” at least for equilibria that do not involve highly unrealistic behavior.

They do not tell us what behavior occurs when 7' is between the lower bound
of Theorem 1.2.2 and the upper bound of Theorem 1.2.3, but they do show a tension
between helping the motorist avoid the bad mechanic and limiting the reputational benefit
of signaling to the mechanic that suggests any “useful reputation equilibria” are at best

fragile and likely implausible.

Any equilibrium with useful reputation must delicately resolve this tension. Suppose
there is an equilibrium where motorist ¢ has an ex ante payoff higher than the one-shot
or myopic equilibria. This equilibrium must avoid the “echo” effect of Theorem 1.2.2 by
preventing motorist ¢’s no-hiring decision at high posteriors from triggering further no-
hiring events. One way to “dampen” the echo is by making ¢’s decision not to hire only an
imperfect signal that his posterior is greater than p*, which requires that he mixes when the
posterior is less than p*. Yet if he is mixing, he must be have a payoff of zero at the observable
subhistories where he mixes,” which is less than the myopic payoff. Adding more “noise” in
the signal requires mixing (and thus decreasing the payoffs) for more observable subhistories,
and it is unclear that the motorist can in fact come out ahead overall. An alternative is to
allow motorist t’s no-hire choice to be a perfect signal that his posterior is greater than p*,
and dampen the echo by having his successors in periods t+1, ..., ¢+ 7 mix, but having them

mix requires lowering their payoffs instead. This damping also requires very time-specific

"This would be because the good mechanic is herself mixing between the right and wrong repair, which
requires delicate balancing of her continuation payoffs.
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behavior. If motorists’ beliefs depend simply on the distribution rather than order of events
(i.e. the ratio of engine replacements to no-hire events), then useful reputation equilibria are
impossible. All such equilibria, if they exist, involve rather unrealistic coordination between
the players (they must know which periods are being used to dampen). For these reasons,
the most natural interpretation of the results is that under limited history, reputation is

either bad or useless.

1.2.1.1 Limited History vs Limited Records

The results above relate to interesting work by Liu and Skrzypacz (2014a), who
study a reputation game under “limited records” with very different behavior, which I call
the “reputation bubble game.” Their game also features a long-run player (“the firm”)
facing a sequence of short-run players (“the consumers”), with a stage game which can
be interpreted as the consumer choosing how much to trust the firm (how large an order
to purchase), followed by the firm choosing how much to honor that trust (the quality of
product to deliver). The long-run player is either a strategic type or a commitment type
who always honors the consumer’s trust (delivering a high quality product). There are a
number of differences between their environment and mine,® but the most interesting one is
that they assume limited records, where short-run players only observe the long-run player’s
recent actions — not those of past short-run players. By contrast, limited history includes
the full outcomes of recent periods, which reveals the short-run player actions (and, in the

mechanic game, hides the mechanic’s actions when not hired).

Their main result is that all equilibria in their environment feature “reputation
bubbles,” where the long-run player “cleans” her history to mimic the commitment type,
and once the observable history is completely clean (i.e. contains only the commitment

type’s action), the long-run player exploits the short-run player. As the long-run player

8In their stage game, the long-run player has a static incentive to exploit the short-run player’s trust
(long-run incentives can prevent exploitation); in the mechanic game, there is a static incentive to honor the
short-run player’s trust (it is the long-run incentives that can lead to exploitation). Also, their consumers
prefer to interact with the commitment type rather than the strategic type; in the mechanic game, it is the
commitment type that they want to avoid.
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cleans a “dirty” history, short-run players grant her trust not because they believe she is the
commitment type (they know she is not because they see past exploitative behavior), but
because the cleaning action itself honors the trust; this is what they call “riding a reputation
bubble.” Such behavior is impossible under full history (or records) because the long-run
player cannot surprise and exploit a short-run player as the history is impossible to clean.
Their results differ from mine qualitatively in the sense that behavior under limited records
is different from both complete records and no records; by contrast, the mechanic game has
the same equilibrium behavior for both small 7" > 0 and T' = 0, and the same behavior for

large T' < 0o as T' = 0.

The limited records assumption makes the model much more tractable, and Liu
and Skrzypacz point out that the assumption that only the long-run players’ actions are
observable is realistic in applications like the Better Business Bureau, which does not show
how much business a firm gets but does show complaints. In many other settings, however,
the long-run player needs short-run players to cooperate in order to send the signals she
wants. For example, a consultant or lawyer needs clients to hire her in order to provide
references to future clients; she cannot generate an observable “high quality” signal through
sheer effort alone. Instead, future prospective clients will observe that she was not hired,
and they may interpret that as a bad signal, leading to persistent unemployment. This lack
of total control over one’s reputation is critical to the bad reputation effect, giving the result
that reputation has exactly the same impact when memory is long as when it is complete.
To what extent this applies to other limited history reputation games remains an interesting

open question (this is discussed further in Subsection 1.3.1).

1.2.2 Fading History

While the limited history model avoids the bad reputation result when records are
sufficiently limited, it appears to do so at the expense of reputation being useful. The
information structure introduced in this subsection allows reputation to be weakened enough

that the mechanic can play myopically, but it is still sometimes informative enough to
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motorists that they do not hire the mechanic, achieving the “middle ground” that seems to
be lacking under limited history. This is achievable in a similar “myopic equilibrium” that
does not require such complicated strategies, and although it reduces the motorist payoff
conditional on the mechanic being good (because the good mechanic sometimes “looks bad”
and is not hired), it is outweighed by the increase in the motorist payoff conditional on
the mechanic being bad such that the ex ante motorist payoff is greater than the one-shot

payoff.

Under fading history, the motorist observes each previous period with some positive
probability. Let pf denote the probability that the motorist in period ¢’ observes the actions
in period ¢t < t’. By comparison, under full history this probability is always one; under
limited history, p/’ =1 for ' € {t + 1,....,t + T} and p! = 0 for ¢ > t + T. Under fading
history, this probability is never one nor zero, instead starting relatively high right after
the event and exponentially “fading” toward zero: pf =\~ for \ € (0,1). Tt is assumed
each observation is independent from the others, but some results are robust to correlation

between observations (see Remark 1.2.1).

This can be interpreted as roughly reflecting how word-of-mouth spreads. It is not
certain that customers hear about previous experiences, nor is it certain that they do not,

but it is more likely that they hear about recent history than the distant past.

I first show the existence of a myopic equilibrium (analogous to Theorem 1.2.3) for
fading history when X is below a threshold. One striking feature is that the upper bound
on A does not depend on u°. This is because the proof does not rely on calculating beliefs.
The action at some period t affects the payoff at some later period ¢’ > ¢ only if either ¢/
observes t directly or there exists some sequence (t1, ..., t,) such that motorist ¢; observes t,
motorist ¢; observes t;_; for all j € {2,...,n}, and motorist ¢’ observes t,,. The proof bounds
the probability of such “observation chains.” Of course, the motorists in these chains would
also have to change their action in response to their observation to affect the payoff at ¢’
(so the bound is not as high as it could be), but the fact that this technique ignores the

actual beliefs allows using essentially the same technique for fading history in other games.
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This technique is impossible in the limited history environment because such a chain always
connects every period together even for T' = 1 (period 1 observes period 0, period 2 observes

period 1, and so on).

This result is given for a more general set of games — those where the long-run player
has a strictly dominant action in the stage game — and is also stronger than Theorem 1.2.3
because it shows that every equilibrium has myopic behavior by the long-run player. Since
the stage games considered are extensive-form, this strict dominance is needed at decision

nodes for the long-run player; I define this notion as “strictly conditionally dominant.”

Definition 1.2.3. Let an extensive-form game between players 1 and 2 be given with finite
action spaces Ay and Ay. The payoff for player i of action profile (a1,a2) € A= A; x Ag is
denoted w;(aq,az2). Let the set of player 2 actions which lead to a decision node for player
1 be denoted Ay C As. An action ag € A for player 1 is strictly conditionally dominant if

and only if u1(aq, as) > uy(dy, az) for all @, € A;\{ay} and all ap € A,.

Restricting attention to stage games with strictly conditionally dominant actions
gives a positive lower bound for the current period benefit of playing myopically. Even less
restrictive assumptions may well be possible, but the assumptions of Theorem 1.2.4 suffice
for the games considered in this chapter, and many other participation and simultaneous-

move games. '’

Theorem 1.2.4. Consider any infinitely repeated reputation game between long-run player
1 and a different short-run player 2 each period, with fading history specified by A < 1/(20).
Player 1 is either a rational type 8y or one of N € N commitment types 61, ...,0n, with

each short-run player having prior beliefs u°(0) on each of the types. Suppose that rational

9The definition used here is equivalent to a unique strategy that is not “conditionally dominated” under
Definition 4.2 in Fudenberg and Tirole (1991), who consider iterated conditional dominance as a solution
concept for extensive-form games.

10Tndeed, the argument behind the proof of Theorem 1.2.4 holds even without the presence of commitment
types. Of course, the absence of commitment types also means the absence of useful reputation (or any
reputation for that matter), which is the motivation for this result.
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player 1 has action ag € A1 which is strictly conditionally dominant in the extensive-form

stage game. Define

z = maxwui(a) — minui(a) and 24 = min Aui(ag, az) — ui(ay,az)}.
acA a€A (a,a2)€(A1\{aa}) x A2
If
2d
AL —0———— 1.2.
< 8(z +22q)’ (12.5)

then any sequential equilibrium has rational player 1 playing agq at every history.

In the case of the mechanic game, z = z4 = u+w, so the upper bound (1.2.5) on A is
1/(39); for A = % this corresponds to a customer sharing her experience with an average of
%+ 3% 4. = % future customers. Note that this upper bound does not require Assumption
1. For the mechanic game, Appendix 1.2.2 gives an upper bound between 2/(59) and 1/(24)

. . . . 2
(depending on the ratio w/u), corresponding to a customer talking to an average between %
and 1 future customer (for § close to one), using Assumption 1 and an intuitive restriction

on equilibria, suggesting (1.2.5) can generally be improved upon in applications to specific

models.

The following example illustrates why the upper bound on A is sufficient for pre-

cluding an “echo” in the mechanic game like that in Theorem 1.2.2.

Example 1.2.1. Let A = % If the motorist hires at period 0, the difference in stage payoffs
between doing the right repair and the wrong repair is u+w. The probability that motorist
1 observes the repair at period 0 is % The probability that motorist 2 observes period 1 is

, and the probability that motorist 2 observes period 1 and period 1 observes period 0 is

Ol— Ol

, so the probability of a “chain” of observations between period 0 and period 2 is bounded
by %. The probability that period 3 observes period 0 is 2—17, the probability that 3 observes
1 and 1 observes 0 is % . % = 2—17, and the probability that 3 observes 2 and that period

0 “reaches” period 2 via an observation chain is less than or equal to % . % = 2%, so the
probability that such a chain exists between period 0 and period 3 is bounded by 2%. This

pattern continues so that the probability of a chain from period 0 to period t is bounded
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from above by 2/=!/3!. The maximum difference the period 0 repair can make in the stage
payoff at any future period that has a chain of observations back to period 0 is u + w,!! so

the discounted sum over these differences is

20 — 3 _ 9§’
3 1-2 3-2

o0
2t-1 1
Z&Fl (u+w):u+w- _utw
3t
t=1
which is less than the period 0 benefit of doing the right repair (u + w). Thus, doing the

right repair is the only best response.

Remark 1.2.1. Though this section generally assumes observations are independent, The-
orem 1.2.4 (and Corollary 1.2.1) are robust to correlation between observations. This is
because the proofs rely on Boole’s inequality to bound the probability of the current repair
being “chained” to any particular future period and then use the expected discounted sum
of the effects of these chains at each future period for a bound on the continuation value. So
long as the probabilities of these observations satisfy the “fading” definition, this correlation

does not affect Theorem 1.2.4.

Correlation between observations can be interpreted as certain consumers being
more connected to each other than others (a network of friends may be more likely to offer
advice to each other than to strangers), and it does not have to be interpreted as decentral-
ized communication. For example, consider messages posted on a centralized medium like
an online forum, where it is visible to future customers while on the front page but with
probability A it disappears from view because other unrelated messages have pushed it off
the front page.'? Others may publish replies underneath the post, sharing their own expe-
riences; when the original post is pushed out of view, so are all these replies. In this case,

if consumer t’s post disappears at the end of period ¢ > ¢, then all consumers t + 1, ..., ¢

UTntuitively, one would expect only a difference of only u because that is the maximum decrease in the
stage payoff going from being hired to not being hired (the difference between the maximum payoff and the
minmax payoff). Corollary 1.2.1 shows this intuition holds given some natural restrictions, yielding a higher
upper bound for \.

12This, of course, ignores the possibility of searching through old posts, so this online forum model is more
appropriate for situations where consumers spend little time researching and casually check a forum to see
what others recommend (or warn against).
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will see his message, but none of the consumers after period ¢’ do. The ex ante probability
that period t is observed by period t + k is still \¥, which is sufficient for the bounds used

by Theorem 1.2.4 to ensure myopic long-run player behavior.

The type of equilibrium described by Theorem 1.2.4 is similar to that of Theorem
1.2.3 in that the mechanic always does the correct repair, but what differs is that the
mechanic is not always hired, even when good. Equilibrium behavior of the motorists
would be unique except for the possibility that the posterior at some observable subhistory

h* makes the motorist indifferent (u!(ht) = p*) and therefore allows mixing at this belief.

Because motorists sometimes receive information that is useful for avoiding the bad
mechanic, the ex ante payoff for all but the first few motorists is strictly greater in this
equilibrium than under Theorem 1.2.3. Motorist ¢ does not hire if pf(h!) > p* (where the
observable subhistory h' is the (random) set of observations from periods that motorist ¢
sees). Denoting the payoff of motorist ¢ given ht as

. u—wot(ht)y s=p
vhp(hfis) =14 )

where at(ﬁt) is the probability of hiring given ht, the ex ante payoff of the motorist is

Ele(itss)] = Y PO Bt
htes#t
= X PO [Pl =5 4 Pl =gl 100 <)
htest

where ! is the space of observable subhistories at period ¢, and the term in brackets is
the expected payoff of hiring at A?, which is negative when ,ut(fzt) > p* (when ,ut(fzt) < p*,
hiring is always a best response because the mechanic does the right repair). If there exists

any h? such that P(h') > 0 and pf(h') > p*, then

C T (1= (B P(s = glhtyu| 1{ut (W) < p*}

Elke(i) = 3 PG [u%iﬁ)

htesft
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> ). P [mﬁf)“;“’+<1—ut<ht>>P<s=g|ﬁt>u , (1.2.6)
htespt

where the right hand side of (1.2.6) is the one-shot ex ante payoff. It is easy to see for
every period ¢ > L(u®) that such an h! exists (at a minimum, they observe the full history
with only engine replacements with positive probability). Thus, the ex ante payoff for every

motorist ¢+ > L(u®) is greater than the one-shot payoff.

When history “fades” too slowly (i.e. A is high), the bad reputation outcome is
recovered. I first present a result that is weaker than Theorem 1.2.2 because it uses a
different order of taking limits: instead of holding A fixed and letting § — 1, it holds ¢ fixed
and lets A — 1. A stronger result with the same order of limits as Theorem 1.2.2 is given

at the end of the section, using a mild restriction on equilibria.

Theorem 1.2.5. Let u° > 0 and § > (u+w)/(2u + w) be given. Then for A close enough
to one, for any sequential equilibrium satisfying Assumption 1 there is a unique equilibrium

outcome where the mechanic is never hired.

The proof of Theorem 1.2.5 shows that as A gets arbitrarily close to one, the mechanic
who performs a tune-up at a critical history is hired with probability arbitrarily close to
one for arbitrarily many periods, while doing an engine replacement yields arbitrarily many
periods of not being hired. At some point, the “memory” of the repair will (at least directly)
fade away, and this “premium” the mechanic receives for a tune-up will eventually go away
(or at least the bounds used cannot rule that out). The proof does not rule out the possibility
that this premium for the tune-up is eventually (at periods far in the future) replaced by
an even greater premium for the engine replacement. Instead, it simply relies on A being
high enough that any such “reverse premium” is postponed long enough that it is discounted

away.

Establishing a lower bound on A independent of the discount factor clearly requires
ruling out such a reverse premium, which seems intuitively implausible because it requires

that motorists far into the future are somehow dissuaded from hiring because of a tune-up,
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rather than an engine replacement, that they never observe directly (if they observed it
directly they would hire, of course, because of Assumption 1). By restricting attention to
equilibria where tune-ups do not, in expectation, dissuade future motorists from hiring, a
lower bound on A independent of § is obtained that gives the bad reputation result. A word
about notation: I use u; (with a subscript instead of superscript ¢) to denote motorist t’s
beliefs about the mechanic’s type and the history (as opposed to uf, which is simply the

belief on the type).

Criterion 1. Let a sequential equilibrium be given with strategy of and beliefs p; for each
motorist t. Let o4 be any best response strategy (not necessarily the equilibrium strategy)
for the mechanic, and let 5Zt be the strategy identical to o4 except that the mechanic does
a tune-up with certainty at history ht. The equilibrium satisfies Criterion 1 if and only if
doing a tune-up at h' does not decrease the probability of being hired at any future period k

given the motorists’ strategies and beliefs, i.e.
* ~ht *
P(ﬁk 7& ®|ht7agv (O-t/nut’)t’) < P(’?k 7& ®|htv Og > (O-t’wut’)t’)v
for all k > t, where ny, is the event at period k, for all t, h' and oy.

Criterion 1 is similar in spirit to the D1 Criterion (see, for example, Section 11.2
of Fudenberg and Tirole (1991)), but it is about actions instead of beliefs. The proof of
Theorem 1.2.2 shows that any equilibrium satisfying its assumptions must satisfy Criterion

1, as do the myopic equilibria of Theorems 1.2.3 and 1.2.4.

Theorem 1.2.6. Let u° > 0 and L(u°) be given. There exists \* such that for any \ €
(A*,1), for all sequential equilibria satisfying Assumption 1 and Criterion 1, there is a

unique equilibrium outcome where the mechanic is never hired for § close enough to one.

1.3 The Chain Store Game

Selten’s (1978) chain store game, depicted in Figure 1.3.1, is a typical example of

a Stackelberg-type game that has been widely used to study the effects of reputation. In
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Competitor

Incumbent

Figure 1.3.1: The chain store stage game, with payoffs at each node for the incumbent on
top and for the competitor on bottom.

light of the results of Section 1.2, this section considers the infinitely repeated chain store
game where there is probability x° that the incumbent is a “tough” commitment type that
plays F every time entry occurs and probability 1 — x¥ that the incumbent is a normal or

“weak” (rational) type.

The classic result of Fudenberg and Levine (1989) shows that when the full history is
observed, there is a lower bound on long-run player payoffs that approaches the Stackelberg
payoff (which in this game is ¢) as 0 approaches one. Given prior belief 4 that the incumbent
is tough, with full history the posterior must increase every time the incumbent fights (so
long as she has not acquiesced in the past) to at least

T(p) = m (1.3.1)

because the weak incumbent must play A with at least probability 1 — b for entry to be
a best response by the competitor. Letting Y!'(u) = Y(u) and T*(u) = Y(Y* () be
defined inductively (similarly to Section 1.2), then there can be at most L(u’) periods with

entry on the equilibrium path if A is never played, for
L(°) = mint such that Y*(.°) > b.

Let v;(u°, §) be the infimum over the set of the incumbent’s payoff in any Nash equilibrium
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given 4%, 6. Fudenberg and Levine (1989) establish the following lower bound:
v, (U0, 8) > 6L e — (1 — gLy, (1.3.2)

The intuition of their result is that the incumbent can always play a (possibly deviation)
strategy of playing F the first L(u") times there is entry, thereby raising the belief above
the critical value p*, at which the competitor would be indifferent between In and @ if the
weak incumbent plays A. This precludes any further entry and gives a payoff that is at
least the right hand side of (1.3.2).

The results of Section 1.2 suggest that when history is more “transparent” (meaning
short-run players likely see lots of history), equilibrium behavior is similar to that of the
full history case, and when it is more “opaque” (short-run players likely see little history) a
myopic equilibrium exists where the long-run player plays as though reputation did not exist.
I find similar outcomes for the fading history chain store game for both the transparent and
opaque cases. By contrast, the limited history chain store game has crucial differences that
prevent application of the same techniques used in Subsection 1.2.1. T discuss the nature
of these differences and show that a myopic equilibrium for limited history cannot exist, no

matter how short the memory is.

1.3.1 Limited History

As in Subsection 1.2.1, suppose that the short-run players observe only the past T
periods. It may seem that the techniques employed in the mechanic game could be used for
the chain store game to get analogous results, but such a straightforward application is not

possible.

The difficulty is that for large 7" in the mechanic game, participation is only infor-
mative to the extent that if motorists ¢ > T" see hiring in all observable periods, they know
the mechanic is good. If they do not see hiring every period, they know the mechanic is
too likely to be bad to be hired (their posterior is greater than p*). Thus, hiring cannot

“subtly” signal the mechanic’s type.
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The analogue of Assumption 1, that entry occurs whenever competitors know the
incumbent is weak, would be very useful here, but it cannot be justifiably assumed in
the chain store game, so using the same method for ruling out subtle informativeness of
participation is not reasonable.!® A way of circumventing this problem is only considering
strategies involving pure actions for the competitors, so that given a subhistory, a competitor
will choose either @ or In with certainty. This makes the equilibrium path for a tough
incumbent deterministic, allowing the use of Y(-) as a lower bound on the partial posterior
following an F' event and giving a lower bound on incumbent payoffs similar to Fudenberg
and Levine (1989)’s (1.3.2), but it is not clear that allowing mixed actions also gives such

a bound.

Since the arguments of Subsection 1.2.1 do not carry over directly, the dynamics of
the limited history chain store game with reputation remain unclear, and a full analysis is
beyond the scope of this chapter. However, there do appear to be qualitative differences, at

least for small 7.

Because of Theorem 1.2.3, one might expect the existence of an equilibrium where
the one-shot equilibrium (A, In) is played every period for small T'. Surprisingly, this is not
the case, even if T' = 1. To see why, suppose by contradiction such an equilibrium exists.
Consider a deviation by the incumbent of playing F' in period 0. Competitor 1 must then
believe the incumbent is tough with probability 1 and must play & as a best response at that
history. This means that competitor 2 also believes the incumbent is tough with probability
1 (even if T' = 1) because she observes hy = @ and P(h; = &| Weak) = 0, so she also does
not enter, and so on for every subsequent period. This means that the continuation payoff
for playing F' in period 0 is ¢, while the continuation payoff for playing A is 0. For J close

enough to one, —(1 —J) + dc > 0, so A is not a best response, a contradiction. Thus, there

13The problem the good mechanic and the motorists face is simply the temptation to signal, which is
why the mechanic game has a unique equilibrium if uncertainty about the mechanic’s type is removed.
Assumption 1 says that if the mechanic’s type is revealed in the middle of a repeated game that began with
uncertainty, play then proceeds as if there had never been such uncertainty because all players are better
off, i.e. renegotiation-proofness. There is no such coincidence of interests in the chain store game.
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is no result for the limited history chain store game equivalent to Theorem 1.2.3, so the
incumbent’s payoff is bounded away from 0 (the one-shot payoff as well as minmax payoff)
due to reputation, even if history is as limited as possible without eliminating the history

observation entirely.

Using their stage game, Liu and Skrzypacz (2014a) point to the existence of an
equilibrium under limited history (not limited records) where the long-run player always
mimics the commitment type on the equilibrium path with a simple grim trigger threat of
Nash reversion. A similarly simple grim trigger equilibrium does not exist for the chain
store game, but a more complicated equilibrium without entry on the equilibrium path
exists in the T' = 1 case, constructed in Appendix 1.3.1. This equilibrium requires mixing
off the equilibrium path such that the incumbent always be indifferent between fighting and
acquiescing. By contrast Liu and Skrzypacz’s limited history equilibrium does not require
such indifference by the long-run player (nor do the equilibria of Theorems 1.2.2 and 1.2.3).
This similarity on the equilibrium path and dissimilarity off of it raise interesting questions

about how limited history affects reputation games more generally.

1.3.2 Fading History

This subsection assumes the fading history assumed in Subsection 1.2.2 specified by
A. Unlike limited history, the intuition of fading history largely carries over to the chain
store game. Theorem 1.2.4 applies directly to the chain store game, and Theorem 1.2.5 uses
arguments that do not rely crucially on the specifics of the mechanic game, so an analogous
result in the chain store game can be found using these techniques. (Theorem 1.2.6 does
rely crucially on the particulars of the mechanic game and also on Assumption 1, for which
there is no justifiable analogue for the chain store game, so I do not attempt a similar result

here.)

For low A, Theorem 1.2.4 shows that in any equilibrium the weak incumbent always
acquiesces. In this case, z = ¢—1 and z4 = 1, so the upper bound (1.2.5) on Ais 1/[6(c+1)].

As with the mechanic game, reputation in these equilibria increases the ex ante payoffs of
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Figure 1.3.2: The ratio of the ex ante payoff E[v},] for competitor ¢ = 20 to the one-shot
payoff vgp in any chain store game equilibrium with p° = %, b= % (note that Evky] = vgp

at A = 0) is plotted for values of A € [0, 1], which satisfy (1.2.5) for ¢ = 2 and any §. These
payoffs do not significantly change for periods past 20 (because (A, 20) & (A, 00)).

the short-run players above that of the one-shot game. The increase here is more dramatic
than in the mechanic game because a competitor need only observe one previous period to
know if the incumbent is tough (all periods will be either F' or @) or weak (all periods are

A). Thus, the ex ante payoff of competitor ¢ is

Elvgg] = v (A 1)(1(b = 1) + (1 = u%)b) + (1 — (X, ) (1 — p°)b,

where ¥(A, t) = H2:1(1 — M¥) is the probability of competitor ¢ observing no history at all,
which is strictly greater than the one-shot payoff for all competitors except at period 0.

This is straightforward to calculate and plotted in Figure 1.3.2 for some example parameters.

Finally I find a lower bound on incumbent payoffs similar to (1.3.2) for high .

Theorem 1.3.1. Let u° > 0, L(u°) and any ¢ > 0 be given. Then there exists \* € (0,1)
such that for any X\ € (A*, 1), the infimum v of the set of incumbent payoffs in any sequential
equilibrium satisfies

QI(MO7(57 )\) > 5LC - (1 - 6L) — &

Mah(A, t) converges absolutely as t — oo to a value in the set (0,1) when A € (0,1) (Apostol, 1976).
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1.4 Conclusion

For the mechanic game with limited history, reputation is bad when short-run players
have a long enough memory 7. This is because early events that tarnish the mechanic’s
reputation “echo” for all following periods through the refusal of subsequent motorists to hire,
which is observed by the following motorists who consequently also refuse to hire, and so
on. When T is small enough, a myopic equilibrium exists, where the good mechanic always
plays her stage game dominant strategy (doing the correct repair). This equilibrium avoids
the bad reputation result at the expense of making reputation irrelevant — motorists never
see enough information to change their hiring decisions. In summary, for limited history,
equilibrium behavior is the same for small T' as the one-shot game, and the same for large
T as the full history game. This differs qualitatively from the cyclical behavior for limited

records found by Liu and Skrzypacz (2014a).

Under fading history, when X is less than a critical value, an equilibrium with myopic
behavior by the mechanic exists, but reputation still has an effect — sometimes motorists
are informed enough that they do not hire. This increases the short-run players’ ex ante
payoffs. The result holds generally for reputation games where the long-run player has a
strictly dominant action in the stage game: when A is less than a critical value, the long-run
player’s equilibrium strategy is always to play the dominant action. This is because fading
history bounds the probability of an “observation chain” from the current period ¢ to future
period £, where t' > t observes t, ¢’ > t’' observes t', etc., which bounds the reputational
payoffs of any signaling strategy. By contrast, such a chain always exists in limited history,
even when 7' = 1, because period 1 always observes 0, period 2 always observes 1, etc. For
high A, the bad reputation result is recovered. The result for fading history with small A
applies directly to the chain store game, leading to a more dramatic increase in short-run

player payoffs because they need only observe one past period to learn the long-run player’s
type.
Equilibria under limited history seem qualitatively different in the chain store game

versus the mechanic game; in particular, no myopic chain store equilibrium exists like that
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of the mechanic game for small 7. The folk theorems of Mailath and Olszewski (2011a) and
the purifiability result of Bhaskar, Mailath, and Morris (2013a) offer intriguing clues for an
investigation. An interesting question is whether limited history equilibria in Stackelberg-
type games (like the chain store game) can exhibit the cyclical behavior under limited records
found by Liu and Skrzypacz or have the non-cyclical behavior of the mechanic game. More
generally, behavior in other limited history reputation games remains largely unknown and

is an interesting topic for future research.
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Chapter 2

Bounded Memory, Reputation, and Impatience

2.1 Introduction

Consider a market where a seller faces a sequence of different buyers. The buyers
choose how much to trust the seller (that is, how large of an order to place), and the
seller chooses whether to honor that trust by incurring a cost to provide a high quality
good, or instead betray it with low quality; the one-shot outcome is low trust and low
quality. Because the seller never faces the same buyer again, any incentive to provide high
quality must come from the threat of punishment by future buyers informed about today’s
action. Hence, markets often maintain records of past performance to counteract the myopic

temptation to exploit.

Most reputation models assume that the full history of past behavior is observable,
yet in many real world settings this glimpse into the past goes only so far. For example,
events on credit histories are deleted after a certain time period in many countries, as are
infractions on driving records; workers typically provide only recent references to prospective
employers when applying for jobs; and many online markets display only recent reviews of
sellers.! Even when the full list of reviews is available, online markets often make the most
recent ones most prominent on their website (e.g. eBay); it may be safe to assume buyers
simply glance at a few of the latest reviews instead of reading all of them. Recently the
Court of Justice of the European Union ruled in Google v. Costeja that individuals have

a “right to be forgotten” and may demand that search engines remove links to certain old

! A number of these examples are pointed out by Liu and Skrzypacz (2014b), who also study a bounded
memory reputation environment.
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information “in light of the time that has elapsed.” What happens when agents know that

today’s behavior will some day be forgotten?

The first half of this chapter introduces general tools to study such environments.
The primary contribution is a recursive characterization of the set of equilibrium payoffs
for a general class of bounded memory games with incomplete information (multiple player
types), presented in Section 2.3. This dynamic programming method allows analysis of
both stationary and non-stationary equilibria for the first time. Section 2.4 introduces
an equilibrium refinement I call “quasi-Markov perfection” (an extension of the standard
notion of Markov perfection from complete information games), which rules out some fragile
equilibria that are not “purifiable,” meaning they do not survive the addition of small,

independent private shocks to payoffs.

The second half of the chapter (Section 2.5) demonstrates these tools in two appli-
cations. This first is a product choice game (between a firm and a sequence of consumers)
with a Stackelberg (“honest”) commitment type and 1-period memory of the firm’s actions,
where the recursive method yields a complete characterization of the exact minimum and
maximum purifiable equilibrium payoffs for almost all discount factors and prior beliefs
on the commitment type, showing that allowing non-stationary equilibria expands the set
of equilibrium payoffs. The second application looks at the same game with very long
memory, where the dynamic programming state space grows very large and so studying
non-stationary equilibria is difficult. Fortunately, stationary equilibria have a very simple
interpretation in my framework, which is used to show that when memory is sufficiently
long, the firm receives exactly the Stackelberg payoff in all purifiable, stationary equilibria,
given any fixed discount factor (above a threshold dependent on the stage game payoffs) and
a positive prior. Both results show that introducing even very little incomplete information
has a big impact on the equilibrium set; a difference from previous results is showing that

this is true even when the long-run player is not particularly patient.

The recursive characterization builds on the dynamic programming methods of

Abreu, Pearce, and Stacchetti (1990) (hereafter APS) and Doraszelski and Escobar (2012)
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(hereafter DE). For the complete information case (e.g., the seller’s type is known), APS
characterize the equilibrium set for full memory, while DE characterize it for bounded mem-
ory; in both full and bounded memory, the recursive structure of these games allows the
set of equilibrium payoffs to be calculated as the largest fixed point of a “generating (set)
operator” that transforms sets of objects containing payoffs;? this fixed point is the “largest
self-generating set.” However, the assumption of complete information is restrictive: even a

slight relaxation can dramatically change the equilibria (as shown in the applications).

I extend these techniques to incomplete information (“reputation”) under bounded
memory. More formally, I characterize the set of weak Perfect Bayesian Equilibrium (wPBE)
payoffs of repeated games under imperfect monitoring where a long-run player, who is one
of finitely many commitment types, faces a sequence of short-run players who observe only
the K most recent periods. This presents two main challenges. The first is that in addition
to playing best responses, players must also form beliefs consistent with Bayes’ rule. I
show how these games also have a recursive structure, allowing the construction of an
analogous generating operator that, roughly speaking, transforms sets of objects containing
both payoffs and beliefs. This also yields an algorithm for computing the largest fixed point
by repeatedly applying the generating operator. The second challenge is that the first K
periods (where players still see the full history) are qualitatively different from later periods,
and so the largest fixed point of the generating operator (largest self-generating set) does
not directly give the equilibrium payoffs. Instead, the full game’s equilibrium payoffs are
found by solving for certain equilibria of a set of finitely repeated K-period games, with

payoffs augmented according to this fixed point.

This framework is necessary for studying non-stationary equilibria, where strategies
may depend on the calendar date. Previous papers studying bounded memory reputa-
tion assume stationary strategies, which requires hiding the date from short-run players.?

Though this makes the analysis much simpler, there are a variety of real-world applications

2In APS, the objects are payoffs. This is discussed in greater detail on page 37 and in Section 2.3.
3This is because although the strategies are time-independent, the beliefs and therefore best responses
may not be.
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where short-run players know the time: creditors know the age of borrowers even when
credit histories are bounded, auto insurers know the age of drivers, and buyers can observe
the age of a seller’s account on eBay. The framework enables us to explore the impact of
assuming stationarity (the application to a 1-period memory example shows that assuming
stationarity is restrictive for some priors). Nevertheless, for long memory, this dynamic pro-
gramming method becomes increasingly intractable due to the curse of dimensionality, and
so solving for non-stationary equilibria may not be possible in practice. Stationary equi-
libria have a particularly simple interpretation in this context as “self-generating points”
rather than “self-generating sets;” that is, instead of the more complicated task of find-
ing the largest set of many points that generates itself, computing stationary equilibria
means searching for individual points which generate themselves (I use this method in the

long-memory example).

To simplify application of the recursive framework, I introduce the notion of quasi-
Markov perfection. For complete information dynamic games, attention is often restricted
to Markov perfect equilibria, where players do not condition on payoff-irrelevant histories,
instead conditioning only on the payoff relevant “Markov state.” Quasi-Markov perfection
naturally extends this notion to the incomplete information environment.* It particularly
simplifies games with one commitment type and perfect monitoring of the long-run player’s
actions. To support the argument that the simplicity of quasi-Markov equilibria does not
come at the expense of realism, I show that all non-quasi-Markov equilibria are “fragile,”
meaning they are not purifiable in the sense of Harsanyi (1973) because there are no nearby
equilibria if we add small, independent (across actions and time) private shocks to the
payoffs. That is, even very tiny private payoff information destroys all non-quasi-Markov
equilibria. This result is an extension of Bhaskar, Mailath, and Morris (2013b) (hereafter
BMM), who show that Markov perfection is a necessary condition for purifiability in a gen-

eral class of complete information, sequential-move games with bounded memory. As BMM

T use the term “quasi-Markov” instead of “Markov” to distinguish it from the use of beliefs as Markov
states, as is often done in the literature (see Section 18.4.2 of Mailath and Samuelson (2006b) for an example).
Using beliefs as states is too coarse for the results presented here, as discussed in Section 2.4.
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argue, purifiability can be motivated by the notion that games are only approximations of

reality and so real payoffs are generally at least slightly different from the model.

These tools are then applied to a repeated sequential-move product choice game with
a sequence of short-lived consumers, who first choose between either a small or large order,
facing a long-lived firm, choosing between providing low and high quality. The firm is either
a “normal” strategic type (with a myopic incentive to exploit) or an “honest” Stackelberg
commitment type always providing high quality. The K most recent firm’s actions are

observed but those of the consumers are not.?

To put the application results in context, what does the existing literature tell us
about this game? The complete information case (only the strategic type) is well under-
stood. Under full memory, cooperation is simple to achieve via grim trigger strategies. In
fact, all payoffs between the low one-shot equilibrium payoff and the high Stackelberg pay-
off are achievable with full memory (using arguments from Fudenberg, Kreps, and Maskin
(1990)). However, imposing a bound on memory is disastrous. BMM show that any bound
K, no matter how high K is, means all cooperative equilibria are fragile (non-purifiable);

the only purifiable equilibrium is the repeated one-shot equilibrium.

The literature has less to say about the incomplete information case (adding the
honest type). For full memory, the standard reputation result (due to Fudenberg and Levine
(1989; 1992) and improved by Gossner (2011)) is that the firm is guaranteed a payoff close
to the high Stackelberg payoff when very patient (the discount factor 6 — 1). The intuition
is that by persistently playing “honestly,” the firm could eventually convince consumers to
expect honest behavior (high quality), thereby guaranteeing a payoff close to the honest
(Stackelberg) payoff when sufficiently patient. Such full memory games are difficult to solve
beyond such bounds. With K-period memory, it is possible to achieve a similar bound via
similar arguments, by making memory long and then making the firm very patient (i.e.,

“limg 1 limg,00"). For a similar product choice game, Liu and Skrzypacz (2014b) improve

5This type of monitoring is called “limited records” by Liu and Skrzypacz (2014Db).
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on this with a time-independent bound on stationary equilibrium payoffs. However, in both
cases the order of limits is crucial: in reverse order (“limg_ o lims1”), these arguments

provide no meaningful bound. I also know of no papers that bound the payoffs for small

K.

The first application considered is the 1-period memory case, which is appealing
because it is both the most restrictive limit on memory possible and yields a simple state
space in which to apply the recursive algorithm, yielding a complete characterization of the
minimum and maximum quasi-Markov equilibrium payoffs for all prior beliefs on the honest

type and almost all discount factors.

The analysis yields several insights. First, this technique obtains the actual mini-
mum and maximum payoffs rather than lower and upper bounds because it relies on the
convergence of the recursive algorithm instead of the traditional argument bounding the
payoff of repeatedly playing the commitment action (which may not be an equilibrium
strategy). Second, even a little bit of incomplete information (a small but positive prior
belief on the honest type) resurrects non-fragile cooperation, allowing a purifiable equilib-
rium with the Stackelberg payoff.” Third, assuming stationary equilibria is restrictive; that
is, allowing non-stationary equilibria expands the set of equilibrium payoffs. For a range of
priors, the minimum payoff is not given by stationary equilibria, but rather by equilibria
where players and beliefs condition on the time in periodic cycles. When consumers have a
sufficiently high prior on the honest type, the maximum payoff (higher than the Stackelberg
payoff) is given by a non-stationary equilibrium where strategies have a two-period cycle.
In even periods (starting with period 0), the firm exploits “naive” cooperative customers; in
odd periods, customers know the firm is not honest, but still cooperate knowing the firm

will provide them high quality in order to exploit the next customer in the following even

5Tn their version of the product choice game, Liu and Skrzypacz (2014b) show that equilibrium behavior
changes, but do not show how the payoffs change for small K. This appears to be because their continuous
action spaces allow qualitatively different behavior whose corresponding payoffs are more difficult to calculate.

" Although the general result shows only that purifiability implies quasi-Markov perfection (rather than
the converse), I show in Appendix 2.3.2 that these minimum and maximum payoffs correspond to purifiable
equilibria for almost all priors.
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period.

The second application studies the effect of K growing large. For long memory, the
state space for the algorithm becomes intractably large, so I restrict attention to station-
ary equilibria by finding self-generating points instead of self-generating sets. When the
memory is long enough (K exceeds some threshold dependent on the prior), the long-run
player receives exactly the Stackelberg payoff in any stationary, purifiable equilibrium when
the discount factor is above a bound that depends only on the stage game payoffs (not the
prior). Imposing purifiability shows that reputation effects are even stronger than the pre-
vious literature suggests, since the standard “patience lower bound” on equilibrium payoffs
allows the possibility that the complete information game is robust to slightly incomplete
information so long as the long-run player is not extremely patient. In this game, less than
extreme patience is not enough to allow low payoffs — the memory must also be sufficiently

short (or totally unbounded).

This work relates to a variety of papers on repeated games and reputation. As
mentioned above, the recursive characterization is closest to DE, who extend the APS tools
(for full memory in complete information games) to equilibria where players condition only
on summary statistics of the histories — bounded memory is a special case of this.® To
expand on the previous discussion slightly more formally (detailed discussion is saved for
Section 2.3), for full memory APS show that the equilibrium payoffs are given by the largest
self-generating set of payoff vectors (with a payoff for each long-run player). For bounded
memory, DE show the equilibrium set is given by the largest self-generating set of vector-
valued payoff functions (mapping histories to payoff vectors). The extension to incomplete
information shows that the appropriate notion is self-generating sets of objects I call HBPs,
each containing a History distribution, Belief mapping, and Payoff function. A history

distribution is a vector of probability distributions on the space of (bounded) histories

8The APS framework has been extended to a variety of other settings in the literature; a few examples
are Atkeson (1991) and Phelan and Stacchetti (2001), who study games with dynamic payoff relevant states,
and Ely, Hoérner, and Olszewski (2005), who characterize belief-free equilibrium payoffs in games with private
monitoring.
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conditional on each type of long-run player; the belief mapping, which maps beliefs on
those types to each history, is only necessary for histories not in the support of the history
distribution (i.e. off the hypothetical equilibrium path). The payoff function serves the
same purpose as in DE — to keep track of continuation payoffs while breaking dependence

on past play beyond the bounds of the memory.

Other work on bounded memory and complete information under perfect monitor-
ing includes Barlo, Carmona, and Sabourian (2009), who prove a folk theorem for 1-period
memory with rich action sets, and Mailath and Olszewski (2011b), who prove a folk theorem
for bounded memory strategies. It is worth noting that bounded memory with complete
information is effectively a restriction on strategies, while bounded memory with incom-
plete information is a restriction on learning as well. For complete information, all bounded
memory equilibria are also full memory equilibria; for incomplete information, this is not
true. Under incomplete information, Monte (2013) uses the term “bounded memory” in a
different sense, but his result shows how limits on learning can lead to qualitatively different
equilibria.” Ekmekci (2011) also studies a product choice game under incomplete informa-
tion, constructing a finite rating system that translates the history into a rating observed by
short-run players. Both papers show how restricted learning can result in permanent rep-
utation even under imperfect monitoring, in contrast to the “temporary reputation” result

of Cripps, Mailath, and Samuelson (2004).

The product choice game application of Section 2.5 is closely related to that of Liu
(2011b) and particularly Liu and Skrzypacz (2014b), who both study stationary equilibria
(calendar dates are unobserved) in product choice type games. Liu (2011b) studies behav-
ior (rather than payoffs) in a model where monitoring of past firm actions is endogenous
as a costly action available to consumers; monitoring is limited by the increasing cost of
obtaining older information (instead of a fixed bound), yielding “random auditing” and rep-

utation cycles. Liu and Skrzypacz (2014b), who have a continuous stage game, assume

9Monte models “bounded memory” for a long-run player as a finite set of memory states, where a player’s
strategy is to choose an action for each state and transition rules between the states.
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a fixed bound on monitoring of past firm actions (as in this chapter), showing that all
(stationary) equilibria have consumers “riding reputation bubbles” by helping a firm that
they know is not honest build reputation to exploit future consumers. Their focus is also
on behavior, but also show a time-independent bound on payoffs which has bite for the
“limg_y1 limg 00" limit discussed above. I focus on characterizing payoffs rather than be-
havior, but the proofs indicate that behavior in the game studied here differs from that in
Liu and Skrzypacz’s model, suggesting that a continuous action space may allow substan-
tially different dynamics.!® Where stationarity is assumed (the long-memory case), I follow
Liu (2011b) in assuming that short-run players have the improper uniform prior on the
calendar date. Liu and Skrzypacz (2014b) provide results more generally for an arbitrary
prior on the date, treating the improper uniform prior as an interesting and particularly

tractable special case.

2.2 Model

I consider a two player sequential-move stage game G, with the infinite repetition
of G denoted G*°, starting at period 0. G*° is referred to as the full game. In keeping
with (perhaps here counter-intuitive) convention, player 1 is a long-run player (who moves
second) and player 2 is a short-run player who moves first, choosing an action from finite
action space As. Player 1 observes player 2’s action as € Ay and then player 1 chooses
action a; from finite action space A;. A public signal y from finite set Y is generated

according to probability distribution p(y|az, a1).

The space of action profiles is A = As x A; with typical action profile a. For any
finite set X, let AX be the set of probability distributions over X. Denote a mixed action
profile as @ € AA.

Player 1 observes the full history of actions and signals (formalized in the next

10G8ee Footnote 28 for a more detailed explanation. It is interesting that while reputation bubble behavior
is ruled out for stationary equilibria, the 1-period memory non-stationary maximum payoff equilibrium for
“naive” consumers (with very high priors) has a similar flavor, with odd-period consumers knowingly helping
the non-honest firm exploit even-period consumers.
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Figure 2.2.1: An example stage game with two player 2 actions As = {b1, b2}, two player 1
actions A1 = {c1, ¢}, and two signals Y = {y;,y2}. The dotted box is used for reference in
Figure 2.3.1, enclosing the part of the game where players move rather than nature.

paragraph). Player 2 observes the K most recent public signals, but receives no other
information about past play. Player i receives ex-post payoff u}(a,y), with ex-ante payoffs
given by

ui(a) =Y ui(a,y)p(yla).

yeyY
The ex ante payoff given mixed action profile a € AA is u;(«). Figure 2.2.1 depicts a simple

example stage game.

The set of full histories at period ¢ is H' = (A x Y)’; let H = |J, H'. The focus will
primarily not be on full histories (as discussed below), so I do not use the term “history” to
refer to these. The set of full semipublic histories at some period t is H! = Y with typical
element h? (superscript t is used to make clear the length of such a history), with the set
of all full semipublic histories H = (J;=, H*. These are called “semipublic” because each
element of the history was public at some point in the past. Denote the concatenation of

full semipublic history h* and some signal y as hly.
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Both players observe the date, thereby allowing non-stationary behavior.'’ Player
2 observes only the last K periods, which I call the public history. For period t, the
set of public histories is Y* for t < K and YX for t > K. Since short-run players are
in information sets containing a public history and the date, such pairs are called date-
histories. Let H' = {t} x Y™™&E} bhe the set of all date-histories at period ¢, and let
H = J;2, H' denote the set of all date-histories. This chapter is primarily concerned with
the public histories instead of the full histories (due to Lemma 2.2.1), so I often refer to a

public history simply as a “history.”

To reflect the fact that the elements of the public history h have happened in the
past, I index its elements with negative indices: h = (h_g,h—_k+t1,...,h—1). For periods
t > K, at the end of each period the oldest element h_g is deleted, every subsequent
element is “pushed back” one space, and the newly generated signal y from the current
period’s play is appended. I denote this as hy = (h_g 41, ..., h—1,y) and say y is pushed on
h.

The long-run player is one of the types in the set © = {6y} U O, where 6 is the
“normal type” with payoffs u](a, y) given above, and O is a finite set of “commitment types,”
where each 6 € © is committed to playing a (possibly mixed) action &y € AA; every period.
Each player 2 has prior belief u°(#) € [0, 1] for each type 6 € ©, and updates those beliefs

based on the date-history according to Bayes’ rule.

A strategy for player 2 at period ¢ is a mapping ob : H' — AAy; that is, it depends
only on the date and public history, which I call a public strategy. For convenience, denote
the vector (09,03, ...) of all player 2 strategies as o2 : H — AAj, so that oo(t, h) = ob(h).

In general, a strategy for player 1 is a mapping

o1: 0 x <UHt> X Ay — AA,

t=0

1T discuss stationary equilibria in an alternative specification in Section 2.3.5, where player 2 does not
observe the date and instead has the improper uniform prior on the date where she enters.
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but because of the focus on payoffs I can and will restrict attention to only public strategies
01:0 x H x Ay — AA; (see Lemma 2.2.1 below). I denote the value of a strategy profile

o = (01,092) to player 1 as V(o).

Definition 2.2.1. (¢*, u*) is a weak Perfect Bayesian Equilibrium (wPBE) if o* are mutual
best responses with beliefs ©*, and p* is consistent with Bayes’ rule on the equilibrium path.

o is stationary if strategies at periods t > K are independent of the calendar date.

Denote the set of strategy profiles as 3, the set of wPBE strategy profiles as *,
the set of public strategy profiles as 3, and the set of wPBE public strategy profiles as 3L
Focus on public strategy profiles is not restrictive with respect to payoffs because of the

following lemma.

Lemma 2.2.1. Let any wPBE with strategy profile ¢ € ¥* be given. There exists public
wPBE strategy profile & € $* such that V(5) = V(5).

2.3 Recursive Characterization of Equilibrium Payoffs

The literature on bounded memory reputation thus far has restricted attention to
stationary equilibria, where strategies depend on the public history but not the calendar date
(starting at period K). In the model here, this assumption greatly simplifies the analysis
by making the strategy space finite.'? By contrast, allowing non-stationary behavior means

players may also condition on the calendar date, making the strategy space infinite.

Assuming stationary equilibria generally requires hiding the calendar date from the
short-run player, since the equilibrium distribution of play need not be constant through
time (even with stationary strategies), so the beliefs and therefore expected payoffs (for
the short-run player) also depend on time. Hiding the date ensures that beliefs are also

constant through time, so the set of best responses is the same at all periods K, K + 1, ....

2The short-run player chooses an action at each of the Zfigl |H?| = figl |Y'|* initial histories plus the
|Y'|¥ possible histories at periods ¢ > K, while the long-run player chooses |Az| times as many actions.
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Such models must assume short-run players arriving on and after period K have a common
prior on the current date, typically the improper uniform prior, as is done in Sections 2.3.5

and 2.5.2.

The problem of finding equilibrium payoffs in an infinite strategy space is resolved by
transforming it into a dynamic programming problem. In full-memory, complete information
repeated games — the environment of APS — the strategy space is also infinite (the space
of histories is itself infinite). The key to their framework is the strategic equivalence of
the full game and the continuation subgame; the strategies starting at any (full) history
constitute a perfect public equilibrium (PPE), and so continuation payoffs must themselves

be equilibrium payoffs.

The framework introduced here is best understood by drawing analogies between its
definitions and those of APS. I start by stating the APS approach with deliberately vague
language (with more concrete descriptions in parentheses) to hint at the intuition of my

approach.

1. Let a set of hypothetical summary statistics of future equilibrium play (continuation

payoffs) be given.

2. Given these hypothetical futures, what sort of current play (action profiles) is possible

today?

3. Combine the possible current play and hypothetical futures into a new set of hypo-
thetical summary statistics of equilibrium play (average the payoffs of the current

action profile and the hypothetical continuation payoffs to get a new set of payoffs).

APS show that if the output of step 3 yields the hypothetical input in step 1, that hypo-
thetical input describes (non-hypothetical) equilibria; this is because full memory, complete
information games have a recursive structure. I show that bounded memory, incomplete
information games also have a recursive structure, and so it is possible to use more com-

plicated “hypothetical summary statistics” and “current play” to find actual equilibrium
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values. To assist in drawing these analogies, I provide brief sketches of APS'3 and DE

before discussing the incomplete information framework in Section 2.3.2.

2.3.1 Recap of APS and DE

For simplicity, assume two long-run players 1 and 2 playing a simultaneous-move
stage game with finite action spaces Ai, Ao, respectively, and restrict to pure strategies,
letting A = A; x As. Assume perfect monitoring so the appropriate solution concept is
subgame-perfect equilibrium (SPE). The stage payoff for player i is u;(a). Let & C R? be
the set of pure-action SPE payoffs for each player. For any v € &, there exists SPE ¢V with

payoffs v = V' (o), where V(o) is the vector of values of o to players 1 and 2.

Let .Z! c R? denote the set of feasible payoffs, and let # C .Z! be some set of
feasible but not necessary equilibrium payoffs. If we can construct a continuation payoff
function v : A — # on the set of hypothetical (i.e. not necessarily credible) continuation
payoffs # so that action profile a is incentive compatible for both players, the action profile

a is enforced by v on ¥ .

Definition 2.3.1. Let # C R? be given. An action profile a € A is enforced by v: A — W
if
(1= 0)ui(a) + 6vi(a) > (1 — d)ui(az, a—;) + dviaz, a—;)

for all 4, a} € A;. We say that a is enforceable on # if such a function v exists.

For a given payoff vector v € .Z1, if there exists an action profile a enforced by some
v on # such that the discounted average payoffs for a and the continuation payoffs v(a)

are equal to v, i.e. for both i
v; = (1= 8)u(a) + dvi(a), (2.3.1)

then v is decomposable on or “generated by” # . APS construct the set operator Z so that

3Here T follow the notation of Section 2.5.1 of Mailath and Samuelson (2006b).
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PB(W) is the set of all payoff vectors decomposable on # .

Definition 2.3.2. Let # C R? be given. Define

BW) = {veER?*:3ac A,Fy: A— ¥ such that

a is enforced by v and v; = (1 — §)u;(a) + dv;(a)}.

Any set # that generates a superset of itself, i.e. # C B(¥'), is a self-generating
set. Every self-generating set is a subset of the equilibrium payoffs, and the set of equilibrium

payoffs is the largest fixed point of 4.

Proposition 2.3.1 (Theorems 1 and 2, APS). The following holds:

1. Self-generation: Let any set W C R? be given. If W C B(W), then W C &.

2. Factorization: B(&) = &.

APS also give an algorithm for computing &, showing that repeatedly applying %(-)
to the set of feasible payoffs converges to the set of equilibrium payoffs. This algorithm is
the basis of Judd, Yeltekin, and Conklin (2003), who develop a numerical implementation

of Proposition 2.3.2.

Proposition 2.3.2 (Theorem 5, APS). N°_, Z™(F1) = &.

DE extend the APS tools to equilibria which condition on summary statistics of
past play, where bounded memory is a special case. They show that the appropriate notion
is self-generating sets of vector-valued (continuation) payoff functions, rather than payoff

vectors. Why?

Consider the example model depicted in Figure 2.2.1 satisfying the specification in
Section 2.2, but leave out reputation by only allowing the normal type 6y. 1 recycle the
notation above by letting & C R be the set of player 1 PPE payoffs. For expositional
clarity, this discussion uses the term “decompose” informally for 1-period memory since

Section 2.3.4 (which incorporates reputation) formalizes this as a special case.
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When dealing with sets of payoffs instead of payoff functions, the APS framework
allows the freedom to choose any equilibrium payoff as a continuation payoff for any action
profile played today. Consider the “Full Game G*” part of Figure 2.3.1 (for now ignoring the
“Py«(---)” notation and “Variant Game” parts). The dotted boxes indicate the player actions
of each stage game, corresponding to the dotted box in Figure 2.2.1. With full memory,
continuation play at the history y1y2 at period 2 can be different from continuation play at
the history yoye, since players may always condition on the outcome of period 0. Hence the
continuation payoff V(yjy2) can differ from V(y2y2). Define functions ¥ : Y — R, ~¥2 :
Y — Rso that v¥(y’) = V(yy’). Thus, the continuation payoffs following period 1 for history
y1, specified by 4¥1, may be different from those at history ys, specified by v¥2; that is, APS
allow v¥1 # ~¥2. Instead of keeping track of these continuation payoff functions, APS
keep track of the individual payoffs {~7¥'(y1), 7Y (y2),v¥2(y1),7¥2(y2)} C &, constructing
(possibly different) continuation payoff functions at each history for each period. Knowing
that four payoffs #?2? = {o!,9%,03,0*} C & is sufficient to know that any two payoffs
#' = {v!,v?} decomposable on #? are also PPE payoffs starting at period 1, which can
serve as continuation payoffs for play at period 0, decomposing some v as the payoff for the

whole equilibrium.

With 1-period memory, the only time players may condition on the outcome of period
0 is period 1. In Figure 2.3.1, the nodes labeled with “B1” are strategically equivalent to each
other, as are the nodes labeled with “B2.” Thus, 1-period memory imposes the restriction
that V(y1y1) = V(yay1) and V(y1y2) = V(y2y2). Thus, we are forced to pick a pair of
continuation payoffs at period 1, rather than four, so that the continuation payoff functions
above are equal: ¥ = ~¥. Put another way, we must choose one continuation payoff
function, instead of two. Let € C R denote the set of 1-period memory PPE payoffs for
player 1, and let E denote the set of continuation payoff functions in all PPEs: that is,
~ € E if and only if there exists some 1-period memory equilibrium ¢’ and some period ¢
such that the continuation payoffs V (o'|t,y) at period ¢ satisfy V(¢'|t,y) = v(y) for both
y € {y1,y2}. The fact that four payoffs #? = {v!,v2 v3 v*} C € is insufficient to know

what payoffs can be decomposed with 1-period memory at period 1. But if we know % € E
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2 — then we can decompose another payoff

— perhaps so that v2(y1) = v',v%(y2) = v
function ! at period 1, so that v! gives the continuation payoffs for play following period
0. Finally, a single payoff v (rather than another payoff function) for the whole equilibrium
can be calculated by finding actions for period 0 that are enforced by ', giving v as the

discounted average payoff, similarly to (2.3.1).

2.3.2 Overview of the Framework

The dynamic programming methods of APS, DE, and this chapter are all driven by
the recursive aspects of their environments. Summarizing, the key insight used by APS is
that the continuation game at any history is strategically equivalent to the full game; the
key insight used by DE is more cumbersome to state but similar: with K-period memory,
the |Y|K-length vector of continuation games for each public history at period ¢t > K is

strategically equivalent to the analogous vector at any other period ¢ > K .14

The central insight used by this chapter’s framework is that with bounded memory
and incomplete information, continuation play is almost strategically equivalent to the full
repeated game. In fact, it is equivalent to a slightly modified version of the full game where
period 0 is endowed with an exogenous, fictitious initial history of length K, randomly
drawn from a distribution dependent on the long-run player type. I show how to rephrase
the DE insight in the following useful way, for now assuming complete information (no
reputation). Construct a modified version of the full game that I call a variant game, where
nature randomly picks a fictitious initial history of length K before play begins. Without
reputation, this initial history is payoff irrelevant, but players may condition on it. Since
nature’s choice is payoff irrelevant, the probabilities with which nature picks each initial
history are also payoff irrelevant. Suppose that the variant game is defined so that nature
picks the initial history according the equilibrium distribution of play at some period t > K

in some equilibrium o* of the full game. More formally, let P,«((¢,ht) = (t,h%)) denote

Y These vectors are equivalent to functions mapping public histories to continuation games, hence “self-
generating payoff functions.”
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the probability that the period ¢ public history is h? under strategy profile o*. In the
variant game, nature picks initial history h° with probability Py«((t,ht) = (¢, h°)). Define
strategy profile & for the variant game so that for each public history A* in period k,
&’(k7hk) = J*\(Hk7h§+k) — that is, ¢ starting at period 0 is identical to ¢* starting at period
t. Then the equilibrium distribution of play in & will be identical to that of ¢*, shifted ¢

periods earlier.

The equilibrium distribution of play is payoff irrelevant with complete information,
but when the long-run player’s type is unknown, it is critical because it determines beliefs. If
the fictitious initial history is drawn according to a distribution conditional on the type, the
initial history affects beliefs. If these conditional distributions are equal to the conditional
distributions of public histories in some period ¢ > K in an equilibrium ¢* of the full game,
then the beliefs in the variant game at period 0 are the same as the beliefs specified by
o* at t for histories on the equilibrium path.!> Furthermore, defining a strategy profile &
for the variant game as in the previous paragraph ensures that the conditional equilibrium
distributions are identical, shifted ¢ periods earlier, so beliefs on the equilibrium path are
also identical, shifted ¢t periods earlier. Roughly speaking, an equilibrium of the full game
starting at period ¢ specifies an equilibrium of a variant game, and an equilibrium of a
variant game specifies possible period ¢ continuation play in an equilibrium of the full game
whose probability distribution over public histories at period ¢ matches the initial history

distribution of the variant game.

2.3.3 Preliminaries and Variant Games

The usefulness of APS stems from the fact that given a set of hypothetical payoffs
W, we can prove that these are actually equilibrium payoffs by applying %(-) and check-
ing that # C B(#') (i.e. # is self-generating). Similarly, this section constructs objects
that are hypothetical properties of an equilibrium — specifically hypothetical probability

distributions over public histories, hypothetical beliefs on public histories, and hypothet-

157 ignore off-equilibrium beliefs for now, dealing with them later.
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ical continuation payoff functions. I begin by introducing these three main hypothetical

“primitives,” which are subsequently combined.

Definition 2.3.3. A history distribution (HD) ¢ : © — AY ¥ is a function mapping a type @
to a conditional probability distribution ¢(-|6) € AY X over public histories, giving a proba-
bility ¢(h|6) for observing history h conditional on type # € ©, such that >, .y« ¢(h]0) = 1.
The support of ¢ is suppgp = {h € YX|30 € ©,¢(h,0) > 0}. The set of all HDs is ®.

Let some history distribution ¢ be given. In a hypothetical equilibrium whose prob-
ability distribution over public histories at period ¢ matches ¢, for any h on the equilibrium
path (i.e. h € supp¢) the belief of player 2 that the type is # upon observing history h is
given by Bayes’ rule, updating from the prior x°. For off-equilibrium histories, beliefs must
be defined but are not restricted, so I construct an object to store hypothetical beliefs that
are consistent with ¢ on its support. Note that when ¢ has full support (suppg = YX),

this is redundant.

Definition 2.3.4. Let any history distribution ¢ € ® be given. A function p: © x Y& —

[0,1] is a belief mapping (BM) that is consistent with ¢ if for each h € supp¢, p satisfies

L(BlR) = P (0)$(hl0) —

 Yaeo 1(0)p(h]0)’

Denote the set of all belief mappings consistent with ¢ as Mj.

Note that I do not construct hypothetical beliefs for the full history (unknown
to short-run players) because such beliefs are payoff irrelevant: the long-run player (who
knows the full history) does not condition on it. Finally, I introduce the third hypothetical
“primitive.”

Definition 2.3.5. A payoff function (PF) is a function v : Y® — R that maps from a

public history to a payoff. The set of all PFs is denoted I'.

Since all three pieces of hypothetical “continuation information” are needed to know
what kind of current period behavior can be “enforced,” I combine the three primitives into

the following composite objects.
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Definition 2.3.6. A history distribution and belief mapping (HB) is a pair (¢, ) where
¢ € ® and p € M. Denote the set of all HBs as M = {(¢, ) : ¢ € ®, up € My}.

Definition 2.3.7. A history distribution, belief mapping and payoff function object (HBP)
is a triplet (¢, p,y) containing the HB (¢, u) € M and a payoff function v € I'. The set of
all HBPs is denoted W.

An HBP is the analogue of a payoff vector in APS and the analogue of a payoff
function in DE (indeed, with only one long-run player type the HB part becomes irrelevant,
effectively simplifying to a payoff function). In APS language, characterizing the “largest
self-generating set” of HBPs (defined formally in Section 2.3.4) is the central aim.

For each HB (¢, 1), I construct a modified version of the full game where an exoge-

nous, fictitious history is drawn according to ¢.

Definition 2.3.8. Let any HB (¢, 1) € M be given. Define the (¢, pu)-variant game G,

as follows.

1. Starting in period 0, a different short-run player 2 enters each period and plays the

stage game G with long-run player 1 (as in G*).

2. Just before period 0, nature exogenously sets the public history to some initial history
h € Y& with probability ¢(h°|§) conditional on player 1’s type # € ©. The first
short-run player (in period 0) observes kY, and the period 0 signal y° is pushed on
R, yielding public history h%" for the period 1 player, and so on (just as in the full

game G at period K and later).

3. For any wPBE (0%, u*) of the variant game GOON, strategies and beliefs are required
to be defined at all initial histories, even those chosen with probability 0 by nature,

so that p*(0|h%) = u(0|R°) for all A € YK,

The third condition is a bit unusual because it is nature’s choice, not player behavior,
that keeps a history h ¢ supp¢ off the equilibrium path, yet I still require strategies and
beliefs to be defined there.
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Variant games are “real” games in their own right, but they are of interest because
continuation play in any equilibrium of the full game is strategically equivalent to the
beginning of some variant game. This strategic equivalence is illustrated more precisely in
Figure 2.3.1. Focus first on the left half of the figure. Let some wPBE (c*, u*) be given
for the full game G*°. At the labels A1, A2, B1, and B2, I list the probability Py« (h|6) of
reaching the corresponding public history h conditional on type 6 under strategy profile o*,
along with the belief ;*(6|h) on the type 6 upon reaching public history h. Note that both
nodes labeled with “B1” have the same beliefs and are strategically equivalent, as are the

two nodes labeled “B2.”

Turn now to the right half of the figure. Define HB (¢!, u') € M so that ¢! (h!|0) =
Py«(ht|0) and p'(8|h') = u*(h'|d) for each h' € Y and § € ©. Similarly define HB
(9%, u?) € M so that ¢?(h?|0) = P,-(h%|0) and p?(0|h?) = u*(h?|0) for each h? € Y and
6 € ©. Note that 0*|,, (i.e. o* starting at the Al node in the full game) defines a PBE
for the variant game G;?,ul starting at the A1 node. Conversely, given any wPBE (&, 1) of
the variant game G;‘{#l, it can be “plugged into” ¢* starting at period 1 — replacing the
strategies and beliefs at periods 1 and later — and the newly merged strategy profile will

constitute another wPBE of the full game.!6

I now construct the primary set of interest D C W, which is shown in the next
section to be the “largest self-generating set” in the next section. In APS terms, it is the
analogue to the set & of equilibrium payoffs; in DE terms, it is the analogue to the set FE

of equilibrium continuation payoff functions. Let ¥4, denote the set of strategy profiles

16This is more precisely stated as follows. Define “merged” wPBE (7, ) so that:
1. At period 0, take the strategies from the original full game strategy profile: 6(@) = ¢*(9).

2. Period 1 beliefs are taken from the original full game beliefs (which are the same as those specified
for the variant game): a(h'|0) = p*(h'(0) = u' (h°]6).

3. For periods 1, 2, ..., the strategies are taken from the variant game strategy profile, shifted 1 period
back: 7'(h) = &"(h'™!) forallt > 1,h €Y.

4. For periods 2, 3, ..., the beliefs are taken from the variant game beliefs, shifted 1 period back:
a(0|(t,h)) = @(0|(t —1,h)) forallt > 2,h €Y.

It is straightforward to see that i must be consistent with &, and that &1, 2 are mutual best responses.
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for variant game GZON, and denote E;‘) 88 the set of wPBE strategy profiles for GZOM (not
the full game). Let V(5|h") denote the value of strategy profile & € 4, to player 1,
conditional on the realization of k" as the initial history. For each & € Y., define payoff
function Vg,u : YE 5 R so that ’yg,u(h) = V(c|h). Define I'j = {fyg’# 16 € X7} as the
set of payoff functions for wPBEs of the (¢, u)-variant games; note that without reputation,

I, would be the same as E from DE (see Section 2.3.1).

Definition 2.3.9. For each HB (¢, u) € M, define Dy, = {(¢, ,u,’yg’u) eW:oeX ;Vye
Y&, vg’u(y) = V(oly)} as the set of all HBPs containing HB (¢, 1) and the payoff function
’yg ,» Where for each h € YX, the value 'yg u(h) gives player 1’s payoff for a wPBE of the
(¢, u)-variant game, conditional on initial history realization h. Define D = U(qb,u)eM Dyp

as the set of all such HBPs for all the variant games.

It is worth pausing to clarify the purpose and meaning of the above constructions.
An HBP (¢, p,v) is a hypothetical description of the properties of an equilibrium of the
full game G™ at some period ¢t > K; this is similar to how, in APS, a payoff vector v € R?
is a hypothetical description of an equilibrium at some history in a complete information
repeated game with full memory. Those hypothetical properties are the probability distri-
bution over the public histories conditional on type, the beliefs at each public history, and

the payoffs of the long-run player starting at each of those histories.

Given an HB (¢, i), the (¢, p)-variant game is an actual game, but it is useful be-
cause of its strategic equivalence to continuation play at some period t > K of a hypothetical
equilibrium of the full game, whose equilibrium distribution of play and beliefs at ¢ “match”
the hypothetical description given by (¢, ). The set Dy, is the set of all HBPs contain-
ing HB (¢, 1) and an equilibrium payoff function for the (¢, u)-variant game, meaning a
function mapping initial histories to the payoffs conditional on that initial history being
realized; this can alternately be stated as Dy, = {(¢, )} x I'; . Finally, D is the union
over all these HBPs.

Any element (¢, u,y) € D tells us that in the (¢, u)-variant game, there exists an

equilibrium where player 1 receives payoff «(h) if initial history h is realized. It also tells
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us that if there exists an equilibrium of the full game whose equilibrium distribution and
beliefs over the histories at some period ¢t match (¢, (1), then there also exists an equilibrium

that matches (¢, 1) and has payoff «(h) upon arriving at history h in that period.

2.3.4 Self-Generation

This section defines the notions of enforceability, decomposition and self-generation,
followed by the main results for Section 2.3. Before proceeding, one more hypothetical
primitive must be defined. For full memory, APS use action profiles as a description of
“current play,” but this is insufficient for my purpose: I cannot pick just any action profile for
each full history, since players only condition on the most recent K periods. This is similar
to the reason we must use payoff functions rather than payoffs themselves. For complete
information, DE use functions mapping from the public history to an action profile. I abuse
notation by reusing «, using context to indicate whether it is a mixed action profile versus

an “action profile mapping.”

Definition 2.3.10. An action profile mapping (AM) a : YE x © — AAy x (AA})2 is a
mapping from a public history h and type 6 to mixed actions for each player «(:|h,0) =
(aa(:|h), a1(-|haz, 0)), where a(alh,f) denotes the probability of pure action profile a be-
ing played given h and #. This is often written as «(h,#) for brevity. For each 6 €6,
o (hag, é) = &, for all hay € Y X x Ay. The set of all AMs is denoted A.

With full memory, the APS notion of “enforceability” captures the requirement that
hypothetical current behavior (an action profile) is consistent with hypothetical future be-
havior (continuation payoffs). With complete information, the only consistency needed is
incentive compatibility. Reputation adds the additional issue that current behavior deter-
mines future beliefs (and therefore future payoffs), and so requires an additional consistency

requirement besides incentive compatibility.

I call this requirement “inducibility.” Call the current period “today” and the next

“tomorrow.” Let some HBP (&,ﬂ,’y) be given, serving as a description of hypothetical
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future behavior starting tomorrow, including the hypothetical tomorrow’s distributions over
histories and beliefs (¢~>, ). Today’s hypothetically consistent play must not only be enforced
by the payoffs starting tomorrow; it must also yield a distribution of histories that matches
what tomorrow’s players expect (i.e. é) However, today’s play, described by an action
profile mapping «, is not sufficient to give this consistency since players condition on the
public history observed today, which is itself random (generated by yesterday’s players).
Let the HB (¢, ) describe the probability distribution for the history observed today (i.e.
the probability distribution of yesterday’s play) and today’s beliefs. Together, (¢, 1) and «
specify the (unique) probability distribution of the histories observed tomorrow. Thus, it
will be useful to combine HBs and AMs in a composite object I call an “HBA,” analogous

to the an action profile in APS.

Definition 2.3.11. A history distribution, belief mapping and action profile mapping ob-
ject (HBA) (¢, 1, ) is a triplet containing an HB (¢, 1) combined with an AM «. The set
of all HBAs is denoted X = M x A.

Define 7(h') = {h € YX :Vk € {K,...,2}, h_j1 = I’_,} as the set of public histories
that can “be followed by h’,” i.e. the K — 1 oldest elements of h’' are the same as the K — 1

most recent elements of h.

Definition 2.3.12. The set of new HBs that are inducible by the HBA = = (¢, u, @) is
denoted by the correspondence Y : X = M. Y(z) is the set of HBs (¢, i) such that for each
0eoO,

o(h'yl) = Z Z Zgb h|@)ag(as|h)aq(a1lhas, 0)p(ylaz, ar) (2.3.2)

her(h) az€A2 yeY
and o1 € Mg (i.e. i is pinned down by Bayes’ rule on the support of ¢).
This completes the definition of hypothetical description of current play, the HBA

(analogous to an action profile in APS), and Section 2.3.3 constructed the hypothetical

description of future play, the HBP (analogous to a continuation payoff vector in APS). It
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is now possible to define the incomplete information notion of enforceability, which requires
that current and future play be consistent in terms of incentives (as in APS and DE) as

well as in terms of beliefs (captured by inducibility).

Definition 2.3.13. For any W C ‘W, an HBA z = (¢, u, ) € X is enforceable on W if
there exists HBP & = (¢, fi,7) € W such that

1. Inducibility: the distribution over histories and beliefs must be consistent: (qz;, i) €

T (z) (see Definition 2.3.12).

2. Short-run player incentive compatibility: player 2 has no profitable deviations:

> us(alhay, 0))u(01h) =Y " up(o(hab, 0), ab)u(0]h) (2.3.3)

0cO 0cO

for all a}, € As.

3. Long-run player incentive compatibility: player 1 has no profitable deviations:

for all h € YX ay € Ay, a) € Ay,

Vo, (z,w)(h) = (1—0)ui(az,ai(hasz,bp)) (2.3.4)
+6 Y Y ai(a|has, 60)p(ylar, az)7(hy)
a1 EAyYEY
> (1-0)ui(ay,a) +0 Z p(ylaz, a1)y(hy) (2.3.5)
yey

where V,, (z,w) € T is a payoff function.
The HBP @ enforces the HBA .

The function Vg, (z,w)(h) defined in (2.3.4) gives the discounted average player 1
payoff upon arriving at public history h, conditional on player 2 action as. Define V(x,w) €
I" to give the actual expected player 1 payoff upon arriving at h by averaging over player

2’s strategy: V(z,w)(h) = Za2€A2 ag(az|h)Va, (xz,w)(h).
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I now define corresponding notion of “decomposability.” Roughly speaking, an HBP
w = (¢, ,y) is decomposed or “generated” by another HBP w = (gz;, fi,7) if there exists an
HBA (¢, i, @) enforced by w, so that the payoffs of those in o and 4 “average” out to those

in 7.

Definition 2.3.14. An HBP w = (¢, u,7y) € W is decomposable on W C ‘W if there exists

action profile mapping o € A such that

1. x = (¢, p, @) is enforced by some w = (gB, f,5y) € W, and

2. for all h € Y&, y(h) = V(z,w)(h).
The HBP w is decomposed (or “generated”) by the pair (x,w) (on W).

The following is my version of the APS () operator (from Definition 2.3.2) and

“self-generation.”

Definition 2.3.15. For any W C ‘W, define
BW) ={(¢,,y) € W :~v=V(z,0) for some z € X enforced by some w € W}.
Definition 2.3.16. A set of HBPs W C 'W is self-generating if W C B(W).

It is now possible to state the self-generation and factorization results (analogous to
Proposition 2.3.1 from APS), showing that D is the largest self-generating set. Recall from
Section 2.3.3 that the set D is, roughly speaking, the set of all HBPs (¢, u,y) such that
for the (¢, p)-variant game (G;?u)’ ~v(h) gives the player 1 payoffs in some equilibrium of
G, when the (fictitious) initial history h is realized. These HBPs are of interest because
they describe equilibrium payoffs for the full game G starting at period K (when the
public history gets “full”), conditional on the existence of a hypothetical equilibrium whose

distribution over histories at period K matches the distribution specified by ¢.

To summarize, the following proposition characterizes D, which specifies the full

game equilibrium payoffs at period K for all hypothetical equilibrium behavior in the initial
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periods 0, ..., K — 1. Further below I will show how to calculate what we are ultimately

interested in, the set € of equilibrium payoffs (at period 0), from D.

Proposition 2.3.3. The following hold:

1. Self-generation: Suppose that a bounded set W C 'W is self-generating. Then W C
D.

2. Factorization: D = B(D).

Before presenting the algorithm, I define its initial starting point, the feasible set
of HBPs. Let .Z! C R be the set of feasible payoffs for player 1, and let FT = {(¢, u1,7) €
W :Vh € Y& ~(h) € ZT} denote the set of feasible HBPs (the set of all HBs paired with
all payoff functions with feasible values). Repeatedly applying the B(-) operator to this set

converges to D.

Proposition 2.3.4. For each m € N, B™Y(FT) ¢ B™(FT) and D = N_, B™(FT).

I carry this algorithm out by hand when applying it to the product choice game
in Section 2.5.1. Developing a numerical implementation like that of Judd, Yeltekin, and
Conklin (2003) is a particularly interesting avenue for future research, given the complexity

of these games.

The difficult part of the analysis is behind us, having characterized the possible
equilibrium payoffs at period K, and can now turn to the ultimate objective of calculating
the set & of wPBE payoffs of the full game for player 1. Once the possible equilibrium
payoffs at period K are known, finding € boils down to solving the equilibrium payoffs of
a full-memory, finitely repeated game with periods 0,..., K — 1, with payoffs augmented
at the end of period K — 1 by the discounted continuation payoffs in v for some HBP
(¢, u,y) € D, with the additional requirement that equilibrium behavior match ¢ so that

beliefs are consistent.

For each payoff function, construct such a finitely repeated game, calling it an “an-

tegame” since it represents the first K periods of play in the full game.
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Definition 2.3.17. Let any payoff function v be given. The ~y-antegame is defined as
follows. Player 1’s type 6 is drawn with probability p°(f), and the stage game G is
repeated K times (with first period 0), with all players observing the full history. Let
h = (ho,....hKx_1) € Y denote the public history at the end of this game. Each short-run
player 2 in period ¢ receives their (ex-post) stage payoff uj(a’,y) where af, y* are the action

profile played and signal generated at period ¢, while player 1 receives payoff

K—
(1=06) ) s'ui(al,y") + 6% y(n).

t=

—_

Let X7 denote that set of wPBE strategy profiles for the y-antegame.

As above, let V(5) denote the value of ¢ € X3 to player 1. Let Ps(h|f) be the
probability of “final history” h € Y given & € ¥ and type ¢ € ©. For each w = (¢, f1,7),
define

) =1V (5): 6 € B2;Vh € Y, P3(h]0) = ¢(h|0)} (2.3.6)

as the set of payoffs of equilibria of the y-antegame whose conditional probability distribu-

tion of final histories matches ¢. The following operator summarizes this process.

Definition 2.3.18. Let a set of HBPs W € W be given. Define V(W) = {v € &, : w €
W} CR.

Again, applying the V operator to a set of HBPs means solving the relatively simple
task of finding the wPBE payoffs of finitely K-repeated games with full memory. Finally,
applying the V operator to D yields the equilibrium payoffs of the full game.

Proposition 2.3.5. For any set of HBPs W C D, V(W) C €. Furthermore, V(D) = €.

I conclude by summarizing the full procedure of solving for the equilibrium payoffs.
First, repeatedly apply the B(-) operator to the set F' of feasible HBPs, yielding the set
D (as in Proposition 2.3.4). Second, apply the V() operator to D, yielding the set & of

equilibrium payoffs (as in Proposition 2.3.5).
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2.3.5 Stationary Equilibria

Previous analysis of bounded memory reputation environments (e.g. Liu (2011b)
and Liu and Skrzypacz (2014b)) has generally restricted attention to equilibria with sta-
tionary strategies, that is, strategies that do not depend on the calendar date (for periods
t > K). If short-run players observe the calendar date, there may not be a wPBE with such
strategies since beliefs, and therefore incentives, may depend on the calendar date. Let two
public histories ht € HY, nt' e HY for t,t' > K which are identical except for the period
(t 1), ie. for every k € {K,...,1}, h* , = h',; denote this equivalence ht = h'". There is
no guarantee that short-run player best response in period ¢ at public history A is a best
response in a different period ¢ with A' =« ht since beliefs and thus expected payoffs may
differ. This is not a problem if the equilibrium distribution of histories at each period is

identical for all periods ¢ > K, but such an assumption may be quite restrictive.

Definition 2.3.19. Let 0 € X be a strategy profile of the full game. o is stationary if it
depends only on the public history and is independent of the calendar date; that is, for two

histories h?, h!'such that ht <= ht', aa(ht) = ag(ﬁt/) and o1 (htas) = Jl(ﬁtlag).

Instead, assume short-run players do not observe the calendar date, except for peri-
ods 0, ..., K — 1 where the length of the history gives the date away. Thus, the set of public
histories in this specification is H = Ufi 0 Y. Instead, they have the improper uniform
prior over all periods K, K 4+ 1, ..., and so their beliefs are based on the limit of the average

probability of play:

HO(O)lim oo { e S0 PE(HI6) }

u(hlo) = _ -
e HO(0) limioe {25 Sh_yc PL(RIOY) }

(2.3.7)

where PL(h|0) is the probability of history h at period ¢ given strategy profile o and long-run
player type 6.

It turns out that combining the “time-average” history distribution ¢ (given by the

limit terms in (2.3.7)) with the corresponding belief mapping 1 and payoff function -, with
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values are given by the continuation payoffs of o, yields a self-generating singleton HBP

(0, 1,7)-

Proposition 2.3.6. For any stationary wPBE (o*, u*), there exists an HBP w = (¢, ,7)
such that w € B({w}), i.e. w is decomposed by some HBA x = (¢, u, ) € X and itself,
where the following are satisfied: as(h) = o3(h), ai(hag,0) = of(hag,0), p*(0|h) = u(8|h)
and V (k) = v(h), for allh € YX ay € Ay and 0 € ©.

This gives stationary equilibria in the game with unobserved calendar date a very
simple interpretation within the framework outlined in Section 2.3.4. Characterizing the
set of non-stationary equilibrium payoffs requires characterizing the largest self-generating
set of HBPs, while characterizing the set of stationary equilibrium payoffs only requires

searching the HBP space for self-generating points.

2.4 Purifiability and Quasi-Markov Equilibria

The previous section provides an algorithm (Propositions 2.3.4 and 2.3.5) to cal-
culate the set of wPBE payoffs. Even when the HBP space has few dimensions, carrying
out the algorithm remains a daunting task. To get a sense of this, let an HB (¢, ) and
an HBP & = (¢, fi,7) be given. Finding the set of action profile mappings a that make
(¢, i, ) enforceable by w essentially amounts to finding the set of Bayes Nash equilibria
of a one-shot sequential move game whose outcome probability distributions match <;~5.17

Given even a singleton set of HBPs T = {w}, finding the set of decomposed HBPs B(W)

7To clarify, this one-shot game consists of the following four steps:

1. Nature chooses randomly chooses a history h € Y with probability ¢(h|), which is not payoff
relevant except that it affects beliefs as it is correlated with player 1’s type.

2. Player 2 chooses an action a2 € As.
3. Player 1 chooses an action a1 € A;.
4. Nature chooses y € Y according with probability p(y|a2, a1).

Then player 2 receives payoff u3(az,a1,y) and player 1 receives (1 — §)ui(az, a1,y) + 6¥(hy). The task is to
find equilibria of this game such that history h and signal y occur with probability ¢(hy|0).
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means solving the above problem for every possible HB (¢, 1) (of which there are infinitely

many).!8

This section introduces an equilibrium refinement, which I call “quasi-Markov per-
fection,” which greatly simplifies the set of strategies (i.e. HBAs) that must be considered
in cases where the long-run player’s actions are perfectly monitored and there is exactly
one commitment type, as is the case with the applications in Section 2.5. In complete
information dynamic games with a stochastic payoff-relevant state variable, applied work
has often restricted attention to Markov perfect equilibria, defined as having strategies that
condition only on the current state. Here, the stage game payoffs are static — there is only
one Markov state in this sense — but the short-run player’s expected payoffs are “dynamic”
because beliefs change depending on the public history (and possibly time). Quasi-Markov
perfection is the natural extension of Markov perfection to this incomplete information

environment.

Besides enhancing tractability, quasi-Markov perfection has another virtue: the equi-
libria that it rules out are all “fragile” because they are not purifiable in the sense of Harsanyi
(1973). Non-purifiable equilibria are not robust to arbitrarily small private, independent
payoff shocks. I show this by extending the results of BMM, who prove that for complete
information dynamic sequential move games with bounded memory, all purifiable equilibria
are Markov perfect. As BMM point out, models cannot hope to describe reality perfectly
and so at least some private payoff information is always present, so it is argued that this

refinement does not come at the expense of realism.

At first glance, it may seem that beliefs are the appropriate extension of Markov
states, as they determine the expected short-run player payoffs. However, such an equiva-
lence class is too coarse for our purposes because two histories with the same beliefs today
may lead to different beliefs tomorrow even if today’s public signal is the same. For ex-

ample, suppose (as will be done in Section 2.5) that the long-run player has two actions

181t means finding the set of Bayes Nash equilibria for every possible probability distribution for nature’s
move in step 1 of Footnote 17.
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Ay = {C, D}, with a single commitment type 6 who always plays C, and suppose that the
long-run player’s action (and only her action) is perfectly monitored (formally, Y = {C, D}
and p(ailaz,a1) = 1 for all as € Ay). Let the memory length be K = 2, and assume the
belief 1(A|h) = 0 for any history h containing the non-commitment action D. Consider the
situation of having history h = DD versus history / = DC today. Both histories have
belief 0, yet if C' is played today, the belief tomorrow is u(hC) = p(DC) = 0 in the former
case versus p(h'C) = p(CC) > p°(6) > 0 in the latter.

Quasi-Markov perfection allows different behavior at histories with the same beliefs
today as long as they lead to different beliefs sometime in the future. A quasi-Markov
state is defined as including all histories h, h’ which have the same beliefs today’s period

t+1

t (ut(h) = pt(h')), will lead to the same beliefs tomorrow following any signal y*! today

(1 (hytt1) = pt(R'y'h)), and the same beliefs the next day following tomorrow’s signal

Y2 (ptt (hyttlyt2) = pt(R'y*1y1*2)), and so on forever.

Definition 2.4.1. Let any public wPBE (o, 1) be given. For any period ¢, two date-histories
(t,h), (t, ') € H' are in the same quasi-Markov state for player 2, denoted (t, h) ~ (t,h’), if
they have the same beliefs at the current period ¢ and for any given continuation history y* €
Y* for any k > 1; that is, u(6|(t, hy"*)) = u(0|(t+k, K'y*)) forall§ € ©, k € {1,...}, y* € Y*.
Two player 2 actions ag,a), € Ay are incentive-equivalent if p(ylaz, a1) = p(y|ah, a1) for all

a € Al, and
uy(az,a1) — uy(ag, ay) = ui(ay, a1) — ui(ah, al) Vay,a) € Aj.

Two player 1 date-histories (t, hag), (t,h'a}) are in the same quasi-Markov state for player
1 if ag and @), are incentive equivalent (ag ~ af) and (¢, h), (¢, h’) have the same beliefs for
any continuation history y* € Y* for all £ > 1 (but not necessarily at the current history,

ie. k=0).

The equilibrium (o, ) is quasi-Markov perfect if strategies are the same within a
quasi-Markov state for each player: oa(t,h) = oa(t,h') and o1(t, has) = o1(t, h'a}) for all
(t,h),(t, ) € H" and as, a)y € Ay such that (t,h) ~ (¢t,h') and (¢, hag) ~ (t,h'ab).
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To see how quasi-Markov perfection simplifies the strategy space, consider the ex-
ample mentioned earlier. The histories C'D and DD are in the same quasi-Markov state
because both give belief 0 today, and no matter what today’s signal y is (either C' or
D), the belief tomorrow (and in fact the whole history) will also be the same (formally,
CDy' = DDyt for both y* € {C, D}). The other two histories DC, CC' are each in distinct

quasi-Markov states, so there are three total states for K = 2.

For K = 3, there are four states. The histories DDD,CDD, DCD,CCD are all
in the same state because all have belief 0 in the present period t, belief 0 the next period
t 4+ 1 following signal C, belief 0 in period ¢ + 2 following another signal C', and after a
third signal C' all the histories become CCC' (after signal D they have belief 0, of course).
The other three states are { DDC,CDC}, {DCC} and {CCC}. Note that in this example,
quasi-Markov perfection means conditioning on when the most recent D event occurred, a

point fleshed out in the application in Section 2.5.

I now construct the (¢, ¢)-perturbed game, largely following the construction given
by BMM. Let Z; be a full-dimensional, closed subset of [0, 1]“4"' for each player ¢, and let
Z = Zy x Zy. Let A*(Z) be the set of measures which have support Z generated by strictly
positive densities. At each full history h € H a payoff shock z = (292,21) € Z is drawn
according to 1 € A*(Z). The payoff shocks are independent across the two players and the
histories. The complete history with shocks at period ¢ is h € H! = (A x Y x Z); also
denote the set of player 1 full histories with shocks at period ¢ as H, = (A x Y x Z;)! x A,
and let H; = U2 I:Pi If player i chooses action a;, then ez} is added to her stage payoft,

where € > 0 and z%. Player i’s (ex-post) payoff for action profile a, signal y and shock z; is
ai(aa Y, ZZ) = u;k (a7 y) + Ezgi'

Players privately observe only their own shocks. A strategy for player 2 at period ¢ is
&3 : H x Zy — AAs. A strategy for player 1 is a mapping 71 : © x 1:11 — AA;.

In any equilibrium of the perturbed game, players have a strict preference for their

strategies for almost all shocks. Strategies with this property are called “essentially sequen-
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tially strict.” The following definition also extends quasi-Markov perfection to the perturbed

game for strategies that behave according to Definition 2.4.1 for almost all shocks.

Definition 2.4.2. A wPBE (o, ) is an essentially sequentially strict equilibrium if for all
(t,h) € H and almost all payoff shocks z2 € Zs, the action o3(t, h, z2) is pure and the unique
maximizer, and similarly for all ay € Ay and almost all z; € Z3, o1(t, hag, z1) is also pure

and the unique maximizer.

An equilibrium (o, ) of the perturbed game is quasi-Markov perfect if for almost all
z9 € Zy and almost all z1 € Zy, 0a(t, h, 22) = oa(t, h', z2) and o1(t, hag, z1) = o1(t, h'aly, z1)

for all (¢,h), (t,h') € H, as,al, € Ay such that h ~ h' and as ~ df.

The following result (my version of Proposition 1 from BMM) shows that all equi-
libria of the perturbed game are essentially sequentially strict, and every essentially se-
quentially strict equilibrium is quasi-Markov (see Lemma 2.2.2). The intuition is that the

continuity of 1 ensures that a player being indifferent occurs with probability zero.

Proposition 2.4.1. Every wPBE of the perturbed game is quasi-Markov perfect.

The main purifiability result can now be stated. The following condition is what
BMM call “weak purifiability,” which is weaker than the purifiability notion of Harsanyi
(1973).19 A sequence of current shock strategies (5%); converges in outcomes to a strategy

o in the unperturbed (full) game if

Jim / ¥ (ag|h, z2) ¥ (22) = o2(aglh) and Jim / ¥ (a1|hdb, z1) dip(z1) = o1 (a1 hab)
—00 —00
(2.4.1)

for each public history h and a}, € As.

1911 the language of BMM, an equilibrium is “weakly purifiable” if there exists a sequence of perturbed
games converging to the unperturbed game such that a sequence of corresponding wPBEs converge to the
equilibrium. “Harsanyi purifiability” (as BMM call it) requires that for every sequence of perturbed games,
there exists a sequence of corresponding wPBEs converging to the equilibrium. Harsanyi purifiability implies
weak purifiability; see Definitions 6 and 7 of BMM.
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Definition 2.4.3. A wPBE (0%, u*) of the full game G is purifiable if there exists a
sequence (¥ e¥), — 0 with ¥* € A*(Z) and € — 0 such that there is a sequence of
strategy profiles (%), converging in outcomes to o*, with 6% a wPBE of the (¢F,&F)-

perturbed game.

The following is the incomplete information version of Proposition 2 from BMM,

showing that quasi-Markov perfection is implied by purifiability.

Proposition 2.4.2. Every purifiable wPBE is quasi-Markov perfect.

One may wonder to what extent the converse holds: are quasi-Markov equilibria
purifiable? Though I do not attempt a general answer, I show that in the application of
Section 2.5, the minimum and maximum quasi-Markov equilibrium payoffs are given by

purifiable equilibria for almost all priors.2’

2.5 Applications

With the theoretical machinery of Sections 2.3 and 2.4 in hand, I apply it to the
product choice game depicted in Figure 2.5.1. 1 assume short-run players have perfect
monitoring of the K most recent long-run player actions but no monitoring of past short-
run player actions. Liu and Skrzypacz (2014b) call this property “limited records.” The
long-run player is either normal type 6y with payoffs in Figure 2.5.1 or a commitment
type 6 who always plays C. Short-run players have prior belief ,uo(é) that player 1 is the
commitment type, which are abbreviated as simply ° in this section. For concreteness, I

refer to player 1 as the “firm” and player 2 as the “consumer.”

Based on the reasoning of Section 2.4, I restrict attention to quasi-Markov perfect

equilibria, a restriction that omits only non-purifiable equilibria. For any off-equilibrium

20Under complete information, BMM show a partial converse of their proposition for complete information:
for a class of games with generic payoffs, all stationary Markov equilibria are purifiable, relying on a result
from Doraszelski and Escobar (2010). I conjecture this result carries over to this incomplete information
environment, but even if it does, it leaves open the question for non-stationary equilibria and non-generic
payoffs, both of which must be considered in this application.
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Player 2 (Consumer)

Player 1 (Firm) Player 1 (Firm)

D D C
1 0 3 2
1 2 0 3

Figure 2.5.1: The product choice game, with player 1 (firm) payoffs on top and player 2
(consumer) payoffs on bottom.

date-history (¢,h) where D is played at least once, assume that player 2 has belief 0 on the
commitment type; Bayes’ rule obviously implies this holds for all histories on the equilibrium

path.

Assumption 2. For any public history h containing D at any period, player 2 believes that
player 1 is the normal type 6y with probability one.

This assumption means that quasi-Markov perfection implies that players condition
only on the period of the most recent D in the public history (and the calendar date). For
any public history h € Y& let

t(h) = K +min{k : hy_ = D} (2.5.1)

be the number of Cs since the most recent D, called the “index of h.” For each k €
{0,..., K — 1}, define I;, = {h € Y& : 1(h) = k} as the set of histories with index k, and
define singleton set Ix = {CX}, where CF is the K-length history containing only “C”.
For convenience, I use notation of the form alfldlfQ x -dlf" to denote the history containing
k1 instances of (player 1) action aq, followed by ks instances of ai, and so on, followed by

a for the k, most recent periods; for example, DCK=3D? is the history consisting of one

D, followed by K — 3 periods of C, followed by two periods of D.

In their environment, Liu and Skrzypacz (2014b) show that strategies in all sta-
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tionary PBEs, including (possibly) non-purifiable ones, depend on only on the index of a
history, i.e. the time since the last non-commitment action. Proposition 2.4.2 shows that
requiring purifiability also allows such a simplification for all finite stage games with limited
records and a single long-run player commitment type, as well as to non-stationary equi-
libria. For each k, all the histories in I; are in the same quasi-Markov state by Definition
2.4.1. Furthermore, the fact that the cost of effort is constant across the short-run player’s
actions (formally, u;(c, C) —ui(c, D) = ui(d,C) —wui(d, D) = 1) implies that both short-run
player actions are incentive equivalent; hence, the long-run player does not condition on the
short-run player’s action. I relax this assumption in my analysis of stationary, long-memory
equilibria in Section 2.5.2. I formally add quasi-Markov perfection to Definition 2.3.13 in

the following definition.

Definition 2.5.1. Let an HBA z = (¢, i, ) enforced by some HBP w = (¢, ji,7) be given.
x is quasi-Markov enforced by w if ag(h) = ag(h') and a;(he) = aq(hd) for any two histories
h,h' € I}, for any k.

The analogous definitions of quasi-Markov decompose and quasi-Markov self-generat-
ing, as well as the analogues of Propositions 2.3.3 and 2.3.4, are given by inserting “quasi-
Markov” into the appropriate places; the respective proofs are straightforward modifications

and so are omitted.

This partitioning greatly simplifies the analysis of the HBP space. Consider some
HBP (¢, p,v) € W. Since play at periods K, K + 1,... conditions only on the index of
the history, the collapsed payoff function space I' is (K + 1)-dimensional, one dimension
for each index 0, ..., K. (Indeed, I" is isomorphic to RE +1)) Similarly partition the history
distribution space ® by index; for a given history distribution ¢, abuse notation by denoting
o(Ik|0) = > per, #(h]0). Note that ¢(Ix|0) = ¢(CK|h) = 1, so only the history distributions
for the normal type 6y are non-trivial; abbreviate ¢(Iy) = ¢(Ix|6p). All of this means that
® is now K dimensional (the requirement that S5, ¢(I|6g) = 1 removes the (K + 1)-th
degree of freedom). Since beliefs are pinned down at every history, the belief mapping

w is redundant. Thus, I omit the belief mapping (“(¢,~)” instead of “(¢, u,7)”) except
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when it is notationally convenient, in which case I abbreviate u(Ix) = u(0|Ix) (since
beliefs at all other histories are simply zero). Summarizing, purifiability (and hence quasi-
Markov perfection) allows us to collapse the 2|Y|% — 1 dimensions of HBP space (|Y|¥ —1
dimensions of history distributions and |Y|¥ dimensions of payoff function space, ignoring
any non-redundant belief mappings) to 2K + 1 dimensions (K for history distributions and

K + 1 for payoff functions).

2.5.1 Product Choice Game with 1-Period Records

Consider the case where K = 1, which is sufficiently tractable to analytically char-
acterize the exact minimum and maximum quasi-Markov equilibrium payoffs for all priors
pP € [0,1] and almost all discount factors & € [0,1). There are just two possible histories at
any period t > 1: Y& = {C, D}.

As discussed above, the HBP space W = M x I has three dimensions: one for history
distributions and belief mappings (M), and two for payoff functions (I'). The space ® of
history distributions ¢ (and HB space M, since beliefs are redundant) is isomorphic to the 1-
simplex, so I further abbreviate ¢ = ¢(C|6p) (since ¢p(C|6p) = 1—¢(D|6y)). For convenience,

I use the real numbers in [0, 1] interchangeably with history distributions ¢ € ®.

Since there are only two player 2 actions Ay = {c,d}, 1 abbreviate oy(t,h) =
oa(clt,h) =1 — oa(d|t,h). T do the same when discussing action profile mappings a € A:
as(h) = ag(c|h). Similar abbreviation is possible for player 1, but it is possible to go fur-
ther because purifiability requires that player 1 condition only on the calendar date, since
either history C' or D is immediately erased by the current period’s signal (and so leads to
the same beliefs for any continuation history) and player 2’s actions ¢ and d are incentive-
equivalent. In other words, for a given period ¢, all player 1 date-histories (¢, has) are in the
same quasi-Markov state. Hence, abbreviate o1(t) = 01(C|t, hag) for all h € Y = {C, D}
and ay € Ay, and do the same for an action profile mapping: a1 = a;(Clhag). As with

history distributions, I use real numbers in [0, 1] interchangeably with these mixed actions.

The results are presented first, followed by discussion of the algorithm.

69



Player 1 Payoff Player 1 Payoff

3 3
2.8 2.8
2.6 ® 2.6
2.4 2.4
2.2 2.2
2 & Oe——— 2 O ————
1.8 1.8
1.6 1.6
1.4 -T 1.4
1.2 1.2
0 0.1 02 03 04 05 0.6 0.7 08 09 1 luo 0 0.1 02 03 04 05 0.6 0.7 08 09 1 ,uO
Non-Stationary and Stationary Only Stationary

Figure 2.5.2: On the left, the minimum (black) and maximum (gray) quasi-Markov equi-
librium long-run player payoffs are plotted for § = 0.9. On the right, the minimum and
maximum payoffs for only stationary equilibria are plotted.

2.5.1.1 Results

The following proposition gives the exact minimum and maximum quasi-Markov
equilibrium payoffs for player 1 for all priors u and all discount factors § € [0, %) U (%, 1).

The results are more easily understood with the plot in Figure 2.5.2.

Proposition 2.5.1. Let &(5,u°) be the set of quasi-Markov equilibrium player 1 payoffs
of the I-period records product choice game, and let e(§,pu°) = min &(6, u°),e(d, u¥) =

max & (6, u°) be the minimum and mazimum quasi-Markov equilibrium payoffs, respectively.

1
For d < 3,
1 0< 4 1 0<3
(6,1) = o 0. = Yo7 s
31—=0)4+6 u’ >3 31=8)+6 p>3
For all § > %,
1
1 0<p’ <y 1 0=
(0 p17) = N (1) §<p <} &0, %) = {2 0<pu’ <y (253)
2 T<put<t £=503+20) F<pd <,
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where X*(u0) is defined as follows. Let L(u®) = miny ¢"(0, u°) such that ¢*(0,°) > 1,
where q : R x [0,1] — R is defined by*!

0

q(p, p°) = L

e (2.5.4)

Define
1

k —

[(1—6%) 4+ 36%(1 — &) — 6" 1(1 - 9)] (2.5.5)
for ke {L —1,L}. Finally,

(1= 6) + A7 L0 (0, 40) = §

*0, 0\ _

otherwise.

A natural concern about this characterization is that Proposition 2.4.2 proves that
quasi-Markov perfection is only a necessary, not necessarily sufficient, condition of purifi-
ability — are the equilibria giving these payoffs actually purifiable? I assuage this concern
in Appendix 2.3.2, proving that there is a purifiable equilibrium with the minimum and

maximum payoffs given in Proposition 2.5.1 for almost all priors.??

In the complete information case (u° = 0), all histories are in the same quasi-Markov
state. The BMM result applies here and shows that the only purifiable equilibrium outcome

is the repeated static Nash equilibrium with payoff 1.

Going from zero to a slightly positive prior, there is no discontinuity for the min-
imum equilibrium payoff, but there is for the maximum, which immediately jumps to the
Stackelberg payoff of 2. For 0 < u¥ < %, the minimum payoff is given by stationary equi-
libria where the long-run player plays C' with some probability a; € [0, %).23 The lower oy

is, the more the short-run player prefers d conditional on the normal type 6y; however, a

2'Recall that real numbers (in [0,1]) and history distributions (in ®) are used interchangeably. I use
q(¢, u°) only when ¢ € [0,1] and q(¢, u°) € [0, 1], except to show contradictions in the proof where useful.

22The Lebesgue measure zero set of priors ignored in Appendix 2.3.2 correspond to the priors with dis-
continuities in Figure 2.5.2.

23Recall that quasi-Markov perfection means player 1 cannot condition on anything except the calendar
date.
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smaller o also implies a higher belief at history C' the next period. The minimum payoff
stationary equilibrium has the long-run player mixing such that these countervailing effects
balance and the short-run player is indifferent upon observing history C. Since the short-run
player is indifferent at history C' (where she has positive belief on the commitment type),
she strictly prefers d at history D (when the belief is zero and the long-run player still plays
the same mixed action). Since the long-run player is always indifferent, the long-run player’s
payoff can be calculated with the payoff of always playing D (a best response), which yields
flow payoff 1 every period. To keep the long-run player indifferent, the short-run player
plays ag(D) = 0 and mixes with positive probability as(C') at history C.

The maximum payoff stationary equilibrium is qualitatively similar, with the long-
run player mixing with probability a; = % so that the short-run player is indifferent at
history D, while strictly preferring c at history C. At history D, the short-run player mixes
so that the long-run player is indifferent. The best response strategy of always playing C
yields a flow payoff of 2 every period.

For prior pu% > %, the payoff 1 stationary equilibria are no longer sustainable. If
player 1 mixes today (period t) with probability «;(t) such that player 2 is indifferent at
history C' with belief (¢, C'), the prior is high enough that the belief tomorrow u(t+1,C) >
w(t, C') must be higher. Keeping tomorrow’s player 2 indifferent at history C requires player
1 mix at a lower probability ai(t + 1) < ai(t), so the equilibrium cannot be stationary.
Instead, the minimum quasi-Markov equilibrium payoff for % <ud < % is given by a non-
stationary equilibrium where player 1 mixes in periodic cycles, starting with some high
probability and gradually playing C' more rarely. At the end of the cycle, the belief exceeds
% and player 2 strictly prefers ¢, at which point player 1 plays C' with high probability,
yielding a low belief next period and restarting the cycle. As the prior increases, the belief
cycle must become shorter, reaching a high belief more quickly and thus yielding a higher
equilibrium payoff. The discontinuities in the graph are a result of the steps in the cycle

being eliminated by a higher prior. By contrast, the high payoff stationary equilibrium

survives because the short-run player is indifferent at history D, where the belief (zero) is
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unaffected by the prior.

At pu® > %, the minimum payoff is the same (in terms of strategies) stationary
equilibrium that gave the maximum payoff for p° < % There also exists a non-stationary
equilibrium where the short-run player is exploited every other period upon observing his-
tory C. The long-run player always plays D in even periods and C' in odd periods. The
odd-period short-run players clearly have ¢ as a strict best response. The even-period
short-run players also have ¢ as a strict best response, because the prior is so high that
c gives a higher payoff despite the long-run player playing D with certainty and the fact

that the history is uninformative (p(C) = u°). This equilibrium gives the maximum payoff

(approaching 2.5 for 0 close to one) for these high priors.

2.5.1.2 Algorithm

To carry out the algorithm of Proposition 2.3.4, the starting point is the set of
feasible HBPs T, which is the subset of W where the payoff functions have values in the
set of feasible payoffs .Z! = [0,3]. This set is drawn in Figure 2.5.3 as a “cube.”? The
algorithm involves applying the B(-) operator to all the points in this 3-dimensional set,

and then each subsequent set B(JT), B2(FT), ....

Fortunately, it is possible to ignore almost all of the points in F' because they
generate the empty set. In fact, only the gray points in Figure 2.5.3 generate non-empty
sets. Note the “vertical” (coming out of the page) plane J = {(¢, 11,7) : 7(C) = v(D) + 152},
which I call the indifference plane, consisting of all points where the long-run player is

indifferent between C' and D.

To the “northwest” of the indifference plane, player 1 strictly prefers D. This includes
the 45° plane (a line in payoff function space) outlined by the diagonal dashed lines in Figure

2.5.3, where there is no intertemporal incentive because the continuation payoffs for both

24Though it is drawn as a cube to make the diagrams easier to read, the ¢ dimension is not comparable
in any direct way to the payoff function dimensions, so there is no sense in which the cube has the same
“length” in this direction as in the other two.
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Figure 2.5.3: The “cube” is the set F1 of feasible HBPs, with the history distribution dimen-
sion pointing out of the page. The gray set is the set of “useful” points &, which generate

non-empty sets.
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actions are equal. Consider some HBP w = (g?),’y) in this northwest set. Since she strictly
prefers D under w, any enforceable HBA (¢, ) clearly must have player 1 always playing
D: a1 = 0. Since player 1’s action is the same as the public signal, inducibility requires that
¢ = a; = 0. Hence, if @ is not on the “floor” of the northwest (i.e. ¢ > 0), there does not
exist an HBA enforced by w, and so there are no HBPs decomposed by w: B({w}) = @.
This is why I only keep track HBPs in the northwest above the floor as the algorithm is

carried out.

Exactly the opposite occurs in the “southeast” of the indifference plane, where the
long-run player strictly prefers C. Letting w = ((5, 4) in the southeast be given, any en-
forceable HBA (¢, o) must have player 1 always playing C: a1 = 1. Inducibility requires
qB = a1 = 1, and so unless w is on the “ceiling” of the southeast, there is no HBA enforced

by @ and B({w}) = @. Thus, I only keep track of the ceiling in the southeast.

The indifference plane itself is special because every point (qz~5, 4) in it generates non-
empty sets. Inducibility requires ¢ = oy for an enforceable HBA (¢, av), but since player 1 is

indifferent, I can always choose «y to satisfy this without violating incentive compatibility.

To summarize, the set of “useless points” F = {w € F1 : B({w}) = @} — consisting
of everything above the floor of the northwest and below the ceiling of the southeast — can
be safely ignored. Denote the remainder of the feasible space F = F1\Fy, the gray space in

Figure 2.5.3, called the “useful points.”

I construct analogues of the tools of Section 2.3 that deal only with the useful points.
Define the set D = DN T, it is easy to show that V(D) = V(D) = & because any equilibrium
& of the y-antegame for some useless HBP (¢, u1,7v) € Fz would clearly fail the requirement
that P;(h|0) = ¢(h|0) in (2.3.6), so V({(¢,u,v)}) = @. Define the analogous operator
B(W) = B(W) N T which ignores the useless points generated by W. It is easy to show
that (), B™(F) = D, which simplifies executing Proposition 2.3.4’s algorithm.

What can the useful points actually generate? Figure 2.5.4 shows the set of generated
points for a number of example HBPs @', ..., w'? all located on the indifference plane (and

therefore useful). In the following discussion, I call these the “enforcing points” w/ =
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Figure 2.5.4: Ten example points ', ..., 0% on the indifference plane and the sets of points

B({w'}), ..., B({w'}) they each generate. The useful points B({w'}),..., B({w'°}) gener-
ated by each respectively is bolded. All points at the same elevation generate qualitatively
similar sets, so the examples are purposely selected at distinct elevations.
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(q~57 ,fi7,47), referring to @' as the “enforcing history distribution,” and so on. For an HBA

(¢, 1, ) enforced by @7, I refer to ¢/ as the “current history distribution,” and so on.

First, consider @' = (gz~5, 7) on the floor.?® T start by finding all HBAs z = (¢, u!, at)
enforced by w. Inducibility requires that player 1 always play D (i.e., ai = 0), so if player
2 knows she faces the normal type, she will strictly prefer d. This is the case at the history
D, so a}(D) = 0. She also strictly prefers d at history C so long as the belief u!(C) is low
enough, which is true so long as the probability ¢! of C for the normal type is high enough.

The proof shows this threshold is 5 ’j(;o. Below the threshold (¢! < ™ Zo), the belief on

the commitment type is so high that she strictly prefers c. When ¢! = 0

= 10 player 2 is

indifferent and may choose any action ai(C) € [0, 1].

Having found the HBAs x enforced by w, I can find the set of HBPs w = (¢!, u!,y!)
decomposed by z and @w. Since az(D) = 0, it is known that v'(D) = (1 — 6)uy(d, D) +
74(D) = (1 - §) + 671(D). For ¢ > %, I have v1(C) = 4!(D) because player 2 strictly
prefers d at history C, which means w is on the 45° plane in the northwest (above the

floor). For ¢! < 2 1 have AHCO) = (1 = 8)ui(d, C) + 574(D) = 3(1 — 8) + 671(D), so w

1_#0’

is in the southeast (below the ceiling) because v(C) > v1(D) + %}‘5. For ¢! = 1’_*(;0, FH(C)
can be anywhere in between — including the indifference plane. This is crucial because the
point generated on the indifference plane is the only useful point of B({w'}), so it is only

necessary to keep track of this one for the next iteration of the algorithm.

The HBPs @2, @3, w* have positive but still low enforcing history distributions:
0 < ¢? < @ < ¢t Let (¢7, 117, a’) be an HBA enforced by one of these enforcing points 0’
such that the (current) player 2 is indifferent. The set of generated points for each @/ is
qualitatively similar but “shifted up” because player 1 is playing C' with increasing (current)
probability o/, so belief p/ at which player 2 is indifferent is lower and hence the current

history distribution ¢’ is higher. Given enforcing distribution ¢, the proof shows that this

25Figure 2.5.4 shows it on the indifference plane instead of the northwest, but the set of generated points
is the same at points directly to the west, i.e. points with the same At (D) coordinate. The reason is that
only the continuation payoff for D is all that matters since ¢ = 0 implies player 1 always plays D.
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shifting up is described by the function ¢/ = ¢(¢/) = “1/17%]“) (this is described in greater

detail in the discussion of Figure 2.5.5).

Consider @° in Figure 2.5.4. At a high enough enforcing distribution ¢° = g (1),
player 2 is indifferent at current distribution ¢ = 1, which is the lowest possible posterior
u(C) = u®. Note that because the “lap” of the “wall-sit” figure intersects with the ceiling
of the southeast, there is a line segment of multiple useful points in the decomposed set,
bolded in the figure. For all enforcing distributions strictly between ¢° and %, the set of
generated points is simply a vertical line in the southeast, for example @% and B({w%}).

Since the generated points all lie in the southeast, the only useful one is on the ceiling.

The @7 = ((57,’77) enforcing HBP has ¢ = %, which means that player 2 is indif-
ferent at history D when she knows she is facing the normal type and strictly prefers c
when she has positive belief on the commitment type (at history C'). Thus, a3(C) = 1 so
7(C) = 3(1 — §) + 677 (D). On the other hand, I can choose any action af(D) € [0,1]
and so can decompose any v'(D) € [(1 — ) + §77(D),~7(D)]. This yields the rectangle

depicted in Figure 2.5.4, whose intersection with J is bolded. For enforcing distributions

8 79 .7

strictly greater than % (e.g. W%, w?, W), player 2 strictly prefers ¢ at both histories, so for
3(1 -

example 7*(C) = +8(D) = §) + 678(D), generating a vertical line on the 45°plane in

the northwest.26

I summarize the set of useful points generated by different HBPs with Figure 2.5.5.
Roughly speaking, Figure 2.5.5 “collapses” the 3-dimensional Figure 2.5.4 into two dimen-
sions to convey the mapping from the elevation of an enforcing point to that of the useful
generated points. Given an enforcing HBP (g?),ﬂ,’y), the correspondence fR(qE,ﬂ,ﬁ) ={¢:
(6, p1,7y) € B({(,1,7)})} gives the set of history distributions ¢ for which a useful point
generated. In other words, the horizontal axis is the “elevation” of the enforcing point in
Figure 2.5.4, and the vertical axis is the elevation of the generated useful point. The cor-

respondence is labeled by line style to indicate the payoffs that are decomposed at each

26For w'°, the analogue of Footnote 25 holds. Though %' is on the indifference plane, any points directly
south (with the same 4'°(C) coordinate) generate exactly the same set.
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0.8
. e “low” ¥(D) = (1= §) + 6%(D)

s “high (ceiling)” Y(C) =2(1-6) + 69(C)
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Figure 2.5.5: Given an enforcing HBP (gfg,i) with history distribution ¢ (horizontal axis),
I plot the set of history distributions ¢ (vertical axis) for which a point (¢, ) is generated
by w. The black line is the 45° line. The different line styles describe the generated payoff
function ~.

elevation. Note that R crosses the 45° line at three points: &1, qu and % These indicate the
three stationary equilibria, since stationary equilibria correspond to self-generating HBPs
(recall Proposition 2.3.6). There are two “low” payoff and one “high” payoff stationary

equilibria.

Figure 2.5.6 shows the effect of the prior increasing to % and just above. Note
that when the prior is %, the two stationary low payoff equilibria seen in Figure 2.5.5 have
“merged” into one. When the prior increases above %, the stationary equilibrium disappears.
Instead, the lowest payoff equilibrium is non-stationary, given by a “cycle” of self-generating
HBPs depicted by the arrows. Note that generation “goes backwards in time,” so the belief
at history C follows a 5 period cycle, starting from a low value, gradually increasing until

the belief is 1, and then starting over again at the low value.

As the prior increases, the number of low payoff steps in the cycle necessarily de-
creases as the solid gray curve rises, as depicted in 2.5.7. When p0 = %, the solid gray curve

has been reduced to a single point at the upper right corner, because ¢(0) = 1. This allows
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Figure 2.5.6: Left, R(¢, fi,7) is plotted for 0 = L, where there is just a single low payoff

9>

stationary equilibrium. Right, R(&,ﬂ,’y) is plotted for u® = 0.15, where the minimum

equilibrium payoff is given by a non-stationary equilibrium traced out.
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Figure 2.5.7: Left, the graph of R for % = 0.45, with the minimum payoff non-stationary
equilibrium traced out. Right, the graph of R for u® = 0.55, with the maximum payoff non-
stationary equilibrium traced out. In both cases, the stationary equilibrium with payoff
2 is depicted, which corresponds to the maximum equilibrium payoff on the left and the

minimum on the right.
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just a two period cycle, alternating between the low payoff and the very high payoff. For
ul > %, the solid gray curve disappears completely. This allows a higher equilibrium payoff
than 2: a cycle alternating between a high payoff of 2 (playing C after player 2 plays c)
and very high payoff of 3 (playing D after player 2 plays c¢). In this case, the lowest payoff

equilibrium is the “high” payoff stationary one.
2.5.1.3 Non-Quasi-Markov Equilibria

How restrictive is the assumption of quasi-Markov perfection, and what are equi-
libria failing this refinement like? Though I do not attempt a general answer because (as
discussed at the beginning of Section 2.4) solving for the full set of equilibrium payoffs is
very complicated, I construct a class of non-quasi-Markov equilibria that expand the set of
equilibrium payoffs for low priors. For all u° € [0, %], there exist stationary equilibria that
give every payoff in the interval [1,2]. In the complete information case (u" = 0), there are
such equilibria giving player 1 the “high” payoff of 2 where BMM show the only purifiable
payoff is 1. For priors u® € (%, %}, there are equilibria with payoff 1 that survive at higher

priors.

I now construct these equilibria. For brevity, define ¢* = %. Define player 1’s

strategy as 01(@az) = 3(1 — ¢*), 01(Daz) = 1 and

1— 30*
1 (Con) = 57— g

for both ay € {c,d}. It can be checked that this strategy makes player 2 indifferent
at all histories @,C, D (at all periods). To keep player 1 indifferent, it must be that

o(C) = o4(D) + 35, but otherwise can choose any o5(C) = [, 1]. I am free to choose any

¢
2
09(@) without affecting player 1’s incentives. The equilibrium payoff can be calculated by

evaluating the strategy of playing D every period (a best response):
(1=20)|o2(2)ur(c,C) + (1 — 02(2))u1(d, C)
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+> 6t oa(Chua (e, C) + (1 — 02(C))ua(d, )]
t=1

= (1-10) |202(2) + Y _ 26'02(C)
t=1

— 2(1 = 8)0s() + 2605(C).

I can then choose any 02(@) € [0,1],02(C) € [35,1] to get an equilibrium with a payoff

between 1 and 2.

These equilibria feature relatively complicated and arbitrary mixing by both players
in order to keep each other indifferent. At px° = 0, BMM show that the intuition that
such behavior is unrealistic is confirmed by the fact that these equilibria are not purifiable,
and that the only purifiable equilibrium is the repeated one-shot equilibrium. Requiring

quasi-Markov perfection rules out similarly unrealistic equilibria at positive priors.

2.5.2 Product Choice Game with Long Records (Stationary)

The analysis of the Section 2.5.1 shows that with 1-period memory, a focus on sta-
tionary equilibria is restrictive. Nevertheless, as K increases, so do the dimensions of the
HBP space. Given the complexity of just 1-period memory, studying non-stationary equi-
libria for long memory may require numerical methods similar to the techniques developed

by Judd, Yeltekin, and Conklin (2003) for the APS environment.

With that in mind, this section studies stationary, purifiable equilibrium payoffs
for long records in the product choice game. Taking advantage of the simplicity of the
stationary environment, I also relax the assumption of constant cost of effort by player 1

with respect to player 2’s action, using the more general stage game in Figure 2.5.8.

I first start with a relatively straightforward result that the continuation payoff
at the clean history is the Stackelberg payoff (2) for long memory, similar to the bound
of Theorem 2 in Liu and Skrzypacz (2014b).2” Recall that Proposition 2.3.6 shows any

2"Liu and Skrzypacz’s result for their continuous product choice game also applies to arbitrary priors on
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Player 2 (Consumer)

Player 1 (Firm) Player 1 (Firm)

D D C
1 0 2+4 2
1 2 0 3

Figure 2.5.8: The product choice game, with player 1 payoffs on top and player 2 payoffs
on bottom, where A > 0.

stationary equilibrium corresponds to a self-generating HBP (¢, u,y). The intuition is as
follows. A continuation payoff v(Ix) < 2 requires that player 2 sometimes plays d at the
clean history. This requires both that the belief ;(C*) at the clean history be low (so ¢(Ix)
must be sufficiently high), and that player 1’s strategy at the clean history C* must play
D sufficiently frequently (so ¢(Ip) must be also be sufficiently large). Playing D frequently
at the clean history Ix means the “yesterday-dirty” histories Iy must be reached sufficiently
frequently. Thus, the probability mass at ¢(Ix) must be high at the same time that enough
mass is “flowing out to Iy” to make player 2 willing to play d at Ix. To keep the clean history
probability ¢(If) sufficiently high requires that enough mass is flowing in from Ix_1 (the
history one period away from being clean), which also requires enough from I 5, and so on.
When K is large, this “stretches” the probability distribution ¢(-|6y) over all the histories
Iy, I1, ..., Ik 1, until there is a contradiction because the sum of the probabilities must be

greater than 1.
Proposition 2.5.2. Suppose pi° > 0. There exists K*(u°) such that for all K > K*,

V(CK) > 2.

Let e denote the minimum equilibrium payoff. This result shows that for large K,

player 1 gets close to the Stackelberg payoff when sufficiently patient, i.e. e is bounded by

the calendar date in their model, while I assume the improper uniform prior.
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(1 —6) -0+ 65V (CE), following the standard Fudenberg and Levine (1989) argument of
bounding the payoff of deviating to the commitment action C'. Thus, lims_,; limg_ . € > 2.
However, the order of limits is critical; reversing them gives this lower bound no bite:
limp o0 lims_,1 € > 0. This makes the welfare impact (on player 1) of increasing memory
unclear. Longer memory ensures that the payoff of the clean history is high, but it also

makes it harder to clean the history.

The following result shows that under purifiability, there is no tradeoff: as long as
the discount factor is above a threshold dependent only on the stage game payoffs (not the
prior), player 1 gets exactly the Stackelberg payoff when memory is sufficiently long.

max{\,1}

Proposition 2.5.3. Suppose p° > 0 and § > TFmax{ A1}

There exists K*(u®) such that

for oll K > K*, the player 1 payoff is exactly 2 for any stationary, purifiable PBE.

max{\,1}

Note that lf 5 < m,

then after player 2 plays ¢, player 1’s impatience makes
it infeasible for future incentives to outweigh the myopic incentive of playing D. For such
low 9, for all priors below a threshold (dependent only on stage payoffs) the only equilibrium

outcome is the repeated static Nash (even without purifiability), as was the case in (2.5.2).

I discuss the intuition of the proof for A = 1, referring the interested reader to the
proof for the more complicated general case.?® This is simpler because A = 1 means ¢ and
d are incentive-equivalent for player 1, so player 1 does not condition on player 2’s action.
First, it must be that C' is a best response at every history or the continuation payoff of Iy
(where D has just been played) is 1. To see why, if D is a strict best response at some I,
then player 2 will always play d at history I, which will be followed by the continuation
payoff V(1) because player 1 plays D. This continuation payoff V(I) = (1 — 0) + 6V (1p)
cannot be better than V' (Iy), so there is no intertemporal incentive to play C' at history

I—1. By backward induction, D is a best response at [y and so V(Ip) = 1 (the minmax).

28\ > 1 means the short-run incentive to exploit is greater when the short-run player is more trusting. Liu
and Skrzypacz (2014b) make the analogous assumption in their continuous stage game to find reputation
bubble behavior, but the proof of Proposition 2.5.3 indicates this behavior does not exist in the game studied
here; specifically, the strict preference to “prick” the bubble at the clean history is ruled out — contrast Case
2 on page 177 with Lemma 6 and Corollary 1 of Liu and Skrzypacz.
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The next result is that for high enough K, the continuation payoff for the clean
history is exactly V (Ix) = 2. If V(Ix) < 2, then player 2 would have to play d with positive
probability at the clean history (aa(Ix) < 1), which means player 1 would sometimes have
to play D with at least probability % Recall from Proposition 2.3.6 there exists a self-
generating HBP w = (¢, u,7y). The fact that d is a best response at Iy implies that

u(lg) < %, which requires the normal player spend sufficient time at I, i.e. ¢(Ix|0y) >

1—pu0
po

However, playing D with at least probability % means player 1 is also spending
time at the freshly dirty history Iy. The long-run player must also spend time at history
classes I1, ..., [x—1 “cleaning” the history to arrive at Ix frequently enough. When memory
is long, satisfying all these requirements becomes impossible as the history distribution gets

“stretched out,” giving a contradiction.

If player 1 strictly prefers C' at the clean history CX, then she also prefers it at
initial history CX~1, so player 2 plays ¢ at C¥~1 and by backward induction the equilibrium
payoff is 2. If player 1 strictly preferred D at the clean history, she would also prefer it at
Ix_1, and so by the backward induction argument given above, the freshly dirty history
continuation payoff is V(Iy) = 1, which would make the long-run player strictly prefer d at

CK | a contradiction.

Supposing that player 1 is indifferent at C*| it must be that for each k € {1,..., K —
1}, the continuation payoffs satisty V (I) > V (Iy) + %}5 = V(Ikg) = 2 because C must be a
best response. This similarly implies that V (C*) > 2 for each k € {1,..., K —1}. Because the
incentive to play C cannot be less, purifiability requires that the long-run player play C at
least as much in the initial histories @, C', ..., CX~1 as in the dirty histories Iy, I1, ..., [x—1.
The short-run player must therefore play ¢ at least as much as well. However, because the
belief at a clean initial history is strictly positive (at least u°), the incentive to play c is
actually strictly greater. Then if player 2 is indifferent at dirty history I, they must always
play ¢ at clean history C*. It must be that player 2 mixes at the freshly dirty history Io;
always playing ¢ at Iy would make player 1 strictly prefer D at the clean history C¥, and

always playing d would make player 1 strictly prefer C' at the clean history — either is a
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contradiction. Since player 2 mixes at Iy, she must strictly prefer ¢ at the initial history
@. Thus, the equilibrium payoff is V(&) = (1 — §)ui(c,C) + dV(I1) > 2, which holds with

equality since a stationary equilibrium with payoff greater than 2 is impossible.

2.6 Conclusion

This chapter lays out two theoretical tools for the study of bounded memory rep-
utation games with sequential-move stage games where the short-run player moves first.
Extending the self-generation methods of APS to bounded memory reputation, I derive
a recursive characterization of the set of equilibrium payoffs, which allows study of non-
stationary equilibria and gives a simple interpretation for stationary equilibria as self-
generating “points.” I also define a simplifying equilibrium refinement, quasi-Markov perfec-
tion, and extend the results of BMM to show that this is a necessary condition of purifiable

equilibria.

These tools are applied to a product choice game example with a “honest” Stackel-
berg commitment type, where only the most recent long-run player actions are observed.
In the 1-memory case, I obtain a complete characterization of the minimum and maximum
quasi-Markov equilibrium payoffs for all priors and almost all discount factors, giving insight
into how restrictive the assumption of stationarity is. I also show that for long memory,
even when not especially patient, the long-run player obtains exactly the Stackelberg payoff
in all purifiable stationary equilibria even for very low priors. Thus, for bounded memory in

this environment, long memory is important for guaranteeing payoffs, rather than patience.

Although the recursive framework is specified for the applications examined in this
chapter, it is worth noting that it is straightforward to extend it to simultaneous move stage
games, imperfect monitoring of player 2’s action by player 1, and even multiple long-run
players who have bounded memory (with beliefs on each other’s types). An application of
the latter case might be firms whose employees and managers turn over at regular intervals,
giving them bounded institutional memory. An interesting direction for future research is

the development of a computational implementation of the algorithm presented here — as
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was done by Judd, Yeltekin, and Conklin (2003) for the original complete information, full
memory APS algorithm — which would allow study of games too complicated for analytical

solutions.

87



Chapter 3

Drug Wars and Government Policy

3.1 Introduction

On December 1, 2006, Felipe Calderon took office as president of Mexico. Within
two weeks, he deployed 6500 federal troops to combat drug trafficking organizations (DTOs)
in his home state of Michoacdn, which had experienced a wave of execution style killings
(Grillo, 2006). This marked the beginning of the massive crackdown on DTOs that would
become a hallmark of his administration, involving 45,000 troops by the time he left office
in 2012 (Dell, 2011). Before Calderon’s presidency, the Mexican National Human Rights
Commission (Comisién Nacional de los Derechos Humanos) reports a total of 8901 drug-
related homicides from 2001 to 2006, an average of 1484 per year . As the government
ramped up its war on the cartels over subsequent years, drug war violence exploded, reaching
over 10,000 per year by 2010. By the end of Calderon’s presidency in 2012, at least 60,000
people were killed, though some reports suggest the number is much higher (Molzahn,

Rodriguez, and Shirk, 2013).

Although it is fairly straightforward to see why government-vs-cartel violence would
increase following a crackdown — a crackdown by definition increases government interac-
tion with DTOs — it is less obvious why government intervention would increase violence
between the cartels. In fact, the vast majority of drug-related homicides are due to violence
between the cartels. The most reliable data on drug-related homicides come from Mexico’s
National Security Council (Consejo de Seguridad Nacional, CSN), who publicly reported
drug-related homicides in Mexico from December 2006 (when the crackdown began) un-
til September 2011. In CSN’s data, 89.3% of casualties are “targeted executions linked to

drug-trafficking operations” (Rios, 2013).
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This chapter develops a model that offers a theoretical explanation for why DTOs
engage in violence with each other, and why violence increased during the Calderon’s crack-
down between 2006 to 2012 but not during previous law enforcement operations against
DTOs. In the model, the threat of violence is used to enforce collusion between the drug
cartels in order to increase profits. Since cartels are not able to observe defection, but
instead only observe a noisy signal of actions, punishments and therefore violence occur in
equilibrium. The government has the power to arrest traffickers, which makes drug traffick-
ing more expensive. If the government arrests traffickers only when cartels are punishing
each other, punishments become harsher and therefore allow more collusive behavior with
less frequent violence. One can think of this policy as “corrupt” because it effectively helps
traffickers cooperate and maximizes profits, which could be desirable if the government takes
some fixed percentage of profits as a bribe. This policy also minimizes violence. If instead
the government cracks down indiscriminately, always arresting traffickers, this cooperative
incentive goes away, and so long as the government’s crackdown is sufficiently bounded
(by its capacity to arrest), violence increases even though drug trafficking has become less

profitable.

The model is based on the Green and Porter (1984) model of collusion under imper-
fect monitoring. Two firms play a repeated modified Cournot duopoly game, where they
choose both a quantity of drug traffickers to hire and whether or not to attack each other,
thereby killing some of the other firm’s traffickers. Cartels find it profitable to attack in
the short-run because killing opposing traffickers reduces the quantity of competing drugs
delivered to market, thereby raising the price and the firm’s profits. It is possible to achieve
higher payoffs by enforcing collusive behavior through the threat of punishments, which
include violence. However, since quantities are only imperfectly monitored, punishments
and violence occur on the equilibrium path. The firms play the optimal equilibrium among
a class of equilibria similar to those constructed by Green and Porter. If the government
arrests traffickers (which is modeled as having the same effect on profits as killing them,
except that cartels do not have to hire assassins) during punishments, then punishments

become harsher and are able to enforce smaller quantities and higher profits. This allows
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punishments to be triggered less frequently, resulting in less violence. By contrast, if the
government arrests every period no matter the state, the incentive to cooperate is reduced

and so punishments are triggered more frequently.

The most technically difficult task here is characterizing the optimal equilibrium. I
restrict attention to a class of equilibria I call “Green-Porter equilibria” (GPE) because of
their similarity to the equilibria constructed in Green and Porter (1984). A GPE is in one of
two states: the reward state or the punishment state. The reward state has firms producing
smaller quantities than the static equilibrium, and transitions to the punishment state upon
observation of either killing (which is perfectly monitored) or low prices. In the punishment
state, firms play the static Nash equilibrium, which involves killing and Cournot quantities.*
The firms observe a public correlation device and randomly choose to return to the reward
state after some given realizations of the device, rather than the price, such that there are
no intertemporal incentives and the static Nash equilibrium is incentive compatible. I use a
simplified version of Judd, Yeltekin, and Conklin’s (2003) implementation of the recursive
Abreu, Pearce, and Stacchetti (1990) method to numerically characterize these optimal

equilibria.

The fact that an explosion in violence occurred just after Calderon’s announcement
and grew worse as he pursued this policy raises the question of whether the crackdown
caused the increase in violence, or if the crackdown simply pre-empted an inflammation
of an existing conflict between cartels. Indeed, the latter case suggests that the violence
might have been even worse in the absence of this policy. However, empirical evidence
indicates that the Calderon crackdown did actually cause increases in violence. Looking at
municipalities holding mayoral elections in 2007 and 2008 where the margin of victory was
within 5%, Dell (2011) finds that municipalities which elected a candidate from Calderon’s
conservative PAN party were more likely to subsequently experience drug violence than

those electing non-PAN candidates. Since the margin of victory is so close, Dell argues the

!To clarify, these are Cournot quantities of drugs delivered to market, equal to the number of traffickers
who survive both attacks from the other cartel and arrests from the government. This requires firms to hire
a larger number of traffickers than in the Cournot game without attacks or arrests.
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outcomes of these elections provide exogenous variation in law enforcement activity, since

PAN mayors were politically aligned with PAN President Calderon.

One may be tempted to think that crackdowns would always spark conflict through
the “hydra effect” — that removing the head of a cartel opens up competition between his
lieutenants — yet this does not always appear to be the case. Rios (2014) points to law
enforcement operations against DTOs before 2000, when Mexico was a one-party state ruled
by the liberal PRI party, “which resulted not in violent confrontations, but in the main-
tenance of a highly disciplined group of oligopolistic criminal organizations that operated
without fighting each other.” When the leader of the then most-powerful Guadalajara car-
tel, Felix Gallardo, was arrested in 1989 following the capture, torture, and murder of DEA
agent Enrique Camarena, his cartel split peacefully into some of the forerunners of today’s
major cartels, dividing territories as reportedly agreed upon at a conference in Acapulco
(Rios, 2014). Rios particularly points to the end of one-party-rule in 2000 as preventing
the government from coordinating in a way that could enforce cooperation between car-
tels, as PAN and PRI controlled different parts of the Mexican government. By contrast,
PRI-controlled Mexico featured explicit corruption agreements between the government and
cartels, requiring that cartels only traffic within their territories, not kill each other on the
streets, and that they not sell drugs to Mexicans (instead only transporting them to the
US). Rios shows that as PRI lost its grip on the Mexican government, markets for con-
sumer cocaine within Mexico began to open up, suggesting a collapse of these agreements.
Although the model presented here cannot, at least in its present simple form, capture all
of these rich dynamics, it provides a starting point for analyzing how some government

enforcement operations can make violence less prevalent, while others can lead to more war.

3.2 Model

My model of the drug market is based on the repeated Cournot game with imperfect
monitoring of Green and Porter (1984). The stage game is modified by giving firms the

option to attack each other at a cost, thereby removing competing drugs from the market.
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These attacks are what I refer to as “violence.” This is individually profitable for the firm
because it raises the price and therefore the firm’s own revenue. I also allow an exogenous

government to arrest traffickers, which similarly removes drugs from the market.

3.2.1 Stage Game

There are two firms, 1 and 2. The stage game is as follows. Each firm ¢ simulta-
neously chooses to hire some quantity ¢; € Q of traffickers, where Q is a fine grid on an
interval [0,Q)], and whether to attack s; € {0,1}, where s; = 1 indicates attacking and
s; = 0 indicates not. I assume that Q > %(r — ¢) so that this upper bound is never binding.
Let A; = Q x {0,1} denote the action space of firm i, A = A; x Ay the set of action profiles,
and AX the set of probability distributions over X. The exogenous government chooses to
arrest some number g € G traffickers of each cartel, where G is a fine grid on an interval

[0,G].

Firm ¢ pays some constant marginal cost ¢ to hire each unit of traffickers, who each
carry 1 unit of drugs. If firm ¢ attacks (i.e., s; = 1), then & traffickers from firm —i are killed
and do not deliver their drugs to market, and firm ¢ pays some cost n to hire the assassins.
If the government arrests g traffickers, those traffickers also do not deliver their drugs. Let
Gi = max{q; — ks_; — g,0} be the quantity of drugs firm ¢ delivers to market. The firms

face a demand curve
p(a) =r — (4i(a) + ga2(a))

where a = ((¢;, i), (si, S—;)) is a strategy profile and r > 0 is some constant. Firms receive

expected profit?
ui(a) = p(a)di(a) — cq; — ns;.

The stage game profits are the revenues from drugs delivered minus the cost of hiring all

*Violence is defined formally in (3.4.2).

31 use the term ezpected profit because I later introduce imperfect monitoring of the choice of quantities
Qi,q—i by making the publicly observable price p subject to some mean-preserving shocks. Since firms are
risk neutral, this has no effect on the one-shot game.
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traffickers (including those arrested or killed) and the cost of assassinations:

ui(a) = p(a)gi(a) — cqi — ns;

It is straightforward to show that the maximum feasible payoff is obtained by the firms not
attacking (s; = 0) and each choosing quantity ¢; = ¢™ = 3(r — ¢), which I refer to the
“monopoly quantity.”® For simplicity, I assume that the cost 1 of attacking is sufficiently
small such that attacking is a best response so long as firm ¢ delivers at least the monopoly
quantity:

n < kg™ (3.2.1)

I also assume that feasible killings are bounded by

k< 3(r—c), (3.2.2)
since otherwise a profitable one-shot equilibrium with violence is impossible.
3.2.2 Repeated Game

I assume that the firms play the infinitely repeated stage game, maximizing their
discounted average payoffs given discount factor 6 € (0,1). Attacks (si,s2) are publicly
observed, but the quantities (q1,¢g2) are not. Instead they observe the price p(6,a) = 0p(a)

subject to some shock 6 distributed log-normally, with mean one and variance exp(¢?) — 1,

1
F) = (W)

1 ~ (log# + 1¢%)? 1 (logf+ 3¢?
f(e)_eg\/%exp< 24-2 _Ce ¢ )

4This is, of course, obtainable by any action profile yielding total output %(7’ — ¢), but it will be more
natural to use per-firm values since I focus on symmetric equilibria.

according to cdf

and pdf
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where ®,¢ are the cdf and pdf, respectively, of the standard normal distribution. Since
E[f] = 1, it does not affect expected stage game payoffs. Players also observe a public

correlation device w, which is uniformly distributed on [0, 1].

I restrict attention to a class of equilibria that I call Green-Porter equilibria (GPE),
based on the equilibria described in Green and Porter (1984). These are equilibria which
are either in a “reward” state or a “punishment” state. The government chooses a policy
(g,9) € G, where g is the number of arrests in the reward state and § is the number of
arrests in the punishment state. A GPE begins in the reward state and remains there until
either a price below some threshold p or an attack are observed. In the reward state, the
firms play an action profile a, and the government plays g. In the punishment state, the
firms play the static Nash equilibrium a given the government’s policy g. The punishment

state ends when the public correlation device is realized below some threshold @.

A GPE where punishment state has mean duration T' = % will be referred to as a T-
GPE. The arguments in Porter (1983) show that choosing 7" = co (permanent punishment)
yields the maximum possible payoff. Since never-ending war between drug traffickers may
not be realistic, perhaps due to renegotiation, I let T € [1,00] be exogenous and pick
T = 20 for the example presented in Section 3.4.5 T assume the firms play the optimal such

equilibrium.

Assumption 3. Given T € [1, 00| and policy (g, ), the firms play the T-GPE yielding the
mazimum payoff.

3.3 Numerical Solution

This section presents a numerical method for characterizing the optimal T-GPE
when the grid of quantities Q is “sufficiently fine,” meaning that the results are not changed

by adding points to the grid. I define this formally as follows: a statement X is true when

5Choosing T = oo does not qualitatively change the results presented in Section 3.4.
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Q is a sufficiently fine grid on [0, Q)] if and only if there exists a finite subset F C [0, Q] such
that ¥ C Q implies that X is true.

I first characterize the symmetric static Nash equilibria for all government policies

geg.

Lemma 3.3.1. Define q(\) = %(r — ¢ —\), and implicitly define function L(g,3) by

L(g,3)=r—c— 2\/<C/<ch(g’§))) +?7) 5+ cg. (3.3.1)

L(g, 3) is strictly decreasing in 3.
Proposition 3.3.1. For a policy g € G, let a symmetric Nash equilibrium of the one-shot
game be given. Let Elq|, E[s}] denote the expected actions in the equilibrium. When Q is

a sufficiently fine grid on [0, Q)],

(r—c)+nsi+g g<L[3(r—c)?+n—ck]
r—c—2\/(ck +n)E[s}] +cg+nE[s]+g otherwise

e
K
STy
I
ol

(3.3.2)

1 g<i[a(r—o?+n—ck]
I O R G AT A (3= =1 = (ex+m)) .
,[: 2 . .
W) L(3r—0-1—(extm) <g<L[r-o -2
0 otherwise,
where £(g) is the (unique) nonnegative solution to the cubic equation
0 = ck€® + 4(ck +n+ cg)€® + 4(ck + 1+ cg)é +4(n +cg) — (r — ¢)?, (3.3.4)
and
£(9) L(g,1) > Bo
x(9) =10 L(g,0) < By (3.3.5)
L(g,é*) ~k -
FCE)] §*  otherwise,

where By = % [(T —c—/(r—c)?— 877} and 5 solves L(g,5") = By.
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Note that the symmetric equilibrium outcomes are unique (when Q is sufficiently

fine).

Remark 3.3.1. For g < % [é(r —c)+n— c;@], the one-shot equilibrium is pure (when Q
is sufficiently fine). For g above this threshold, the one-shot equilibrium involves mixing
between “shutting down” (¢; = 0, s; = 0) and an action with generally positive values (g;, §;).
These mixing equilibria have value zero, since shutting down is a best response, even though

drugs and violence happen in equilibrium (in expectation).

Remark 3.3.2. Proposition 3.3.1 gives simple closed form solutions for the equilibrium out-
comes except for a range of policies g € (% [%(7’ —c)2+n— cn] ) 4%: [(7’ —c)— 2]2), which
are defined implicitly. For these policies, I calculate E[s}] numerically. Note that, although
&(g) has a closed form solution, I use the faster and simpler approach of using Newton’s

method. For x(g), it is possible solve L(g, 5*) = By through bisection, evaluating L(g, 5) at

each iteration by solving (3.3.1) via Newton’s method.

For the purposes of solving the optimal T-GPE and make use of existing results, it
will be useful to introduce a slightly more general equilibrium definition, the non-stationary
Green-Porter equilibrium (NGPE) (a T-NGPE is analogously defined). An T-NGPE is the
same as a T-GPE, except that the firms (but not the government) may condition on the
calendar date ¢t during the reward state. Thus, the T-GPEs are a subset of the T-NGPEs.
I will show how to solve for the optimal T-NGPE payoff, which turns out to be a T-GPE

payoff as well (in Corollary 3.3.2).

Let & C R denote the set of T-NGPE equilibrium payoffs (NGPEs are symmetric
so the set of equilibrium payoffs is one dimensional), and let & = max& be the payoff
of the optimal T-NGPE. I characterize & through a simplified version of the method of
Abreu, Pearce, and Stacchetti (1986; 1990) (borrowing notation from Mailath and Samuel-
son (2006b)) and the numerical implementation developed by Judd, Yeltekin, and Conklin
(2003).

Definition 3.3.1. Let some set W C R be given. A mixed action profile « is enforceable
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on W if there exists p and V' € W such that

V(e,p, V)
(1 —68)ui(a) + 6 [(1 —F <ﬁ>> V+F (i) (1 =60 + 5TV)}(3.3.6)

p(a) p(a)
(1 = )i, i)

+ [(1 _F (Zmpa_)» ViF (p(apa_)> (1= 6TyuN + (5TV)} (3.3.7)

for all ay; € AA;. The price p and reward payoff V' enforce o (on W).

v

Similarly I adapt the notion of decomposition and the “generating operator” %(-).

Definition 3.3.2. A payoff V € R is decomposable on W C R if there exists action profile
a enforced by some price p and V' € W such that V = V(a,p,V’). V is decomposed by
a,p, V' (on W). Define

BW)={V eR:V =V(a,p,V’) for some « enforced by p and V' € W}.

A straightforward, much simpler version of the arguments in Abreu, Pearce, and
Stacchetti (1990) show the following. (Since the arguments are nearly identical to those in

Appendices 2.1.2 and 2.1.3, replacing terms with their NGPE analogues, I omit them.)

Proposition 3.3.2. The following hold:

1. If W C BW), i.e. Wis a “self-generating set,” then W is the payoff of a T-NGPE.
2. B(&)=&.

3. Let F1 denote the set of feasible payoffs. Then limp, o0 (), Z™(F1) = &.

I now characterize Q, U in order to compute Z(-). The following proposition char-

acterizes the interior solution, if it exists.
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Proposition 3.3.3. Let some payoff V be given. Let V = (1—6T)uN(§)+67V be the value
of the punishment phase, and define AV =V — V. Define a = (q,38) and p which solve

max V(o p)
a7p

such that « is enforced by p and V.

Define 0 = p/p(a) and
Y(0) = Cy — /Oy +v(0)AV (3.3.8)

where Co = 5 (5r — 2¢), C1 = 2 (r +2¢),~(0) = %%f{é)é. Define = Kk5; + g.

Suppose that the solution is interior, i.e., @ € (0,00). Then when Q is sufficiently

fine,

g = ¥(0) + 5, (3.3.9)
—(10g§+%§2) .

12¢2\/Cy +~(0)AV

which has a unique solution such that § < exp(—%@). Also, 5; = 0 if and only if 0 >

(1= 8)[re)(8) — ] — 6AV.

0= (4¢(0) — (r —¢)) (3.3.10)

Although the equation (3.3.10) does not appear analytically tractable, the fact that
the solution is unique and known to be within the interval (0,exp(—3¢?)] allows the use
of a root-finding algorithm like Newton’s method. The following corollary gives a test for
whether the interior solution above is in fact optimal, and if it is not, gives the corner

solution that is optimal.

Corollary 3.3.1. Let oV be the static Nash equilibrium payoff given government arrests .

If

(1 — 8)ui(Gi, 5) + 0[(1 — F(O))V + F(O)V] < (1 —6)5Y 4+ d max{V,V}, (3.3.11)
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then
0 V>V
~ V<V.

|
|

and E[(q,8)] is characterized by the one-shot equilibrium in Proposition 3.3.1. Otherwise,

the globally optimum 0 is the interior solution characterized by Proposition 3.3.3.

The proof is straightforward. First, if V > V, an interior solution can only enforce
quantities higher than the static equilibrium (see (3.3.8)), yielding a lower current period
payoff, when the static equilibrium always followed by continuation payoff V is enforceable
and decomposes a higher payoff. A corner solution # € {0, 00} can only enforce the one-shot
equilibrium, so the decomposed payoff must be the right hand side of (3.3.11). If the best
interior # decomposes a higher payoff, the solution is interior. Otherwise, it is best to simply

always choose the highest continuation payoff.

Since we are interested only in the maximum payoff &, I show that further simplifi-
cation is possible by focusing on the maximum payoff at each iteration of the algorithm in

part (3) of Proposition 3.3.2.

Definition 3.3.3. Define

B(W) = max B(W), (3.3.12)

and define the pair Q(V') = o, U(V') = p as an action profile o and price p which, with some
V € W, decompose Z(W).

Lemma 3.3.2. Let closed set W C R be given, and define W = maxW. Then B(W) is
decomposable on the singleton {W}, i.e. B(W) € B({W?}), and Q(V) = &, U(V) = p where
a and p = Op(a) are characterized by Proposition 3.3.3 and Corollary 3.3.1.

This immediately gives the following algorithm for computing a tight upper bound
on &, and also shows that & is the optimal T-GPE (not just T-NGPE) payoff.

Corollary 3.3.2. Let .% = max.Z1 denote the mazimum feasible payoff. Then

lim #™(F) =&, (3.3.13)

m—ro0
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and & is the payoff of a T-GPE.

Thus, repeated application of Z(-) to the payoff yielded by the monopoly quantity
converges to the optimal T-GPE payoff &. The sequence {#™(.%)},, vields a decreasing
sequence of upper bounds on &. To prove that %™ (.%) is within some precision £ > 0 of

&, 1 use the following result.

Lemma 3.3.3. Let some V > u! be given. If B({V}) >V, then V < &.

Following the example of the inner-bound method of Judd, Yeltekin, and Conklin
(2003), T use Lemma 3.3.3 to establish a lower bound for &. For any m, if (1 —¢)%™ (%) <
B((1 —e)B™(F)), then (1 —&)B™(F) is a lower bound on &. Thus, this test establishes
that

(- B™(F) < & < B™(F).
Once & is established with sufficient precision, I can back out the strategy from Q(-), U(:).

I conclude this section by summarizing the algorithm. The upper-bound algorithm

is given by Steps 1 - 4, and Steps 5 - 6 establish the lower bound.

1. Set V < ™, the maximum feasible payoff v (the monopoly payoff).

2. Use Proposition 3.3.3 and Corollary 3.3.1 to compute Q(V), U(V).

(a) Compute interior solution é for (3.3.10) using Newton’s method. Check for corner
solution using (3.3.11).

(b) If solution is interior, set Q(V) < &, U(V) = 0p(q, 5) according to Proposition
3.3.3. Otherwise, set Q(V) to the static Nash equilibrium according to Propo-
sition 3.3.1, computed numerically when necessary according to Remark 3.3.2,

and

3. Set V' + B(V) = V(Q(V),U(V), V). Set AV « [V — V|. Set V « V".
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4. If |AV| > ¢, go to Step 2. Otherwise set VUV « V.
5. Set VE < (1 —¢)VY. Use the method in Step 2 to compute Q(VE), U(VE).
6. If Z(VE) =V(Q(VE),U(VE), VE) < VI go to Step 2. Otherwise, stop.
Upon a successful conclusion at the end of Step 6, & is guaranteed to satisfy VU > & >

VI = (1 — €)VY, thereby establishing the optimal T-GPE equilibrium payoff within a

precision specified by ¢.

3.4 Results

I use the computational method described in Section 3.3 to find the outcomes under
different government policies. Of particular interest are violence, drug consumption, and
profit of the firms. Define the discounted average drug consumption as the following sum

over the drugs delivered each period:

D=E|1-06)) 8 +db) (3.4.1)
t=0
Discounted average violence is similarly defined as
M=E|(1-06)) o' (s} +sh) (3.4.2)
t=0

The parameters used in the example are as follows: r = 10, ¢ = 1, k = 0.3, n = 0.02,
¢=0.1,6=0.95 and @ = 0.05 (so T = 20). I apply the method on a grid G over [0, 22]

for different parameters of (g, g).

The per-firm profit &(g, §) is plotted in Figure 3.4.1. The plot shows that equilibrium
payoffs are always decreasing in g: arresting during the reward phase always reduces profits.
There are also clearly regions where increasing & is decreasing in §. For example, at
g = 10,g = 0, the government arrests so much during the reward phase that the optimal

equilibrium immediately switches to the punishment phase (p = oc), which actually has a
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Figure 3.4.1: Discounted average payoffs & over different policies (g, §).

higher value. Increasing g simply reduces the value of the punishment phase and thus the

entire equilibrium.

What is more subtle (and not very visible in Figure 3.4.1) is that profits are actually
increasing in ¢ for the region § > g,g < 8.71. For example, at g = g = 0, profit is
& ~ 9.68, while at § = 0,§ = 22, profit is & ~ 9.78. Making punishments harsher
allows the enforcement of more collusive behavior without needing to trigger punishments

as frequently, yielding higher profits.

Suppose that the government is “corrupt” and receives some fraction of the firm
profits as a bribe. If the government seeks to maximize the bribe and therefore profit, the
optimal policy is § = 0, § = G. By increasing g and making punishments harsher, more
collusive behavior is enforceable during the reward phase and punishments need are not
triggered as frequently, so profits actually increase. Thus, a corrupt government will always
choose the “leftmost” point in Figure 3.4.1 (this point will be the “frontmost” point, pointing

out of the page, in Figures 3.4.1 and 3.4.3).

Note that for region g > 8.72,¢ > 8.72, profits are reduced to zero. For these
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Figure 3.4.2: Discounted average violence M over different policies (g, ).

policies, the government arrests so frequently that only mixing equilibria exist, where firms
mix between delivering a positive quantity and zero drugs to market. Since shutting down
and delivering zero drugs is always a best response, the equilibrium payoff is zero. Note,
however, that firms still generally deliver positive quantities of drugs in expectation (as seen

in Figure 3.4.3).

Violence M is plotted in Figure 3.4.2 (note that the policy grid is rotated approx-
imately 90° counter-clockwise relative to Figure 3.4.1). When g < 19.76, starting from
g = 0, violence is strictly increasing in g until collusion completely breaks down. Arresting
during the reward state reduces the difference between the values of the reward and punish-
ment states, so punishments are less harsh relative to the reward state. Enforcing collusive
behavior requires that the punishment state be triggered more frequently, and so violence is
higher. Eventually collusion is no longer possible, resulting in static Nash behavior in both
states and so the firms continuously attack. When arrests in the reward state are sufficiently
severe (g > 8.72), the cartels play the mixed static Nash equilibrium, and increases in g
lead to producing drugs and violence with lower probability, leading to the slight downward

slope seen.
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Figure 3.4.3: Discounted average drugs delivered D over different policies (g, g).

By contrast, M is always weakly decreasing in g, and strictly so for the region
g € [9,19.76),g < 8.71. In this region, increasing ¢ reduces the necessary frequency of
punishments to sustain collusion, so violence happens less frequently as punishments become
harsher. Eventually, as in the case of g discussed above, arrests become so great that attacks

are not part of the static Nash equilibrium, resulting in zero violence altogether.

Figure 3.4.3 plots the average discounted quantity of drugs D delivered to consumers
(the policy grid is oriented identically to Figure 3.4.2 and rotated approximately 90° counter-
clockwise relative to Figure 3.4.1). D is always weakly (and usually strictly) decreasing in
g. This is because arrests during the punishment state either incentivize collusion in the
reward state, which reduces the quantity in the reward state, or reduce drugs delivered in

the punishment state — both of which affect D negatively.

The effect of g is more complicated. For the region g € [g,8.71),g < 8.71, drugs are
increasing in g. In this region, arrests in the reward state inhibit collusion, increasing drugs
delivered in the reward state, while the punishment static equilibrium quantity is unchanged.

For the region g > 8.72, g < 8.71, collusion is also inhibited by reward state arrests, but this
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is dominated by the negative effect on drugs delivered during the punishment state, which
is also triggered more frequently in order to sustain collusion. For g > 8.72, collusion is
unsustainable and reward state arrests reduce the equilibrium quantities. In the rightmost
corner (¢ > 20.5,5 > 20.5), arrests are sufficiently high in both states that the market

effectively shuts down: firms repeatedly choose to hire zero traffickers and not attack.

3.5 Discussion and Conclusion

Depending on the government’s objectives, the results above have differing policy
implications. If the government wishes to maximize cartel profits, perhaps because of cor-
ruption, the optimal policy is clear: never arrest during the reward state (g = 0) and arrest
as much as possible in the punishment state (§ = G). Interestingly, Figure 3.4.2 shows that
this policy also minimizes violence, uniquely so if the government’s power is sufficiently

limited.

However, governments that outlaw drugs presumably also wish to reduce drug con-
sumption. Figure 3.4.3 shows that for a very powerful government (G > 20.5), it is possible
to reduce both drugs and violence to zero through a total crackdown. This works because

the government arrests so many traffickers that shutting down is a dominant strategy.

This changes as the government becomes more constrained. A government with
capacity 8.72 < G < 19.76 faces a tradeoff between reducing violence and reducing drugs.
Arrests during the punishment state serve both goals because arrests are sufficiently harsh to
reduce quantities delivered. Arrests during the reward state reduce cooperative incentives,
resulting in punishments being triggered more frequently, which reduces drug quantities but

increases violence.

An even more constrained government (G < 8.71) faces no tradeoff: the corrupt
policy minimizes drugs, minimizes violence, and maximizes firm profits (because prices are
high). As above, arrests in the punishment state allow greater collusion, which reduces

both drugs and violence. However, punishment quantities are greater than the reward

105



quantities. By triggering more frequent punishments, arresting during the reward state

actually increases equilibrium drug quantities.

The results show that switching from a corrupt policy to a crackdown policy of
always arresting as much as possible can trigger a spike in violence so long as the govern-
ment’s power is limited. Since it may be quite difficult to assess a government’s capacity
to arrest traffickers (at least ex-ante), a policymaker facing such uncertainty over G who
cracks down, aiming to reduce drug consumption but also wanting to prevent violence, may
be unpleasantly surprised by the outcome. This is one way of thinking about Calderon’s
crackdown, which often involved replacing entire local police forces accused of corruption.
By contrast, for a corrupt government or one that simply aims to minimize violence without
regard to drug consumption (some combination of which may be thought of as similar to the
PRI government before 2000), the decision problem is easy: never arrest during the reward
state and always arrest during punishments, no matter what G is. Thus, law enforcement
operations can actually prevent inter-cartel competition, so long as they are used to punish

signals of defection.

There are a number of interesting avenues for future research. A natural extension
is to more than two firms, resulting in a more competitive market. I currently restrict
the government to policies conditioning only on the reward/punishment state, which is
necessary given my current numerical method. If the government chooses arbitrary policies
based on the history, this effectively transforms the model into a dynamic game. Studying
policies like “never arrest until violence is observed, and always arrest thereafter” may be
possible through Yeltekin, Cai, and Judd’s (2015) numerical implementation of the Abreu,
Pearce, and Stacchetti (1990) framework for dynamic games. Studying asymmetric policies
and strategies would also be of interest to evaluate the effects of favoring one cartel over
another. Also, a generalization to include multiple governments may shed greater light on
the effects of political decentralization, highlighted by Rios (2014) as being a key driver of

increased competition between cartels.
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Appendix 1

Proofs for Chapter 1

1.1 Proof of Theorem 1.2.2

Suppose by contradiction that for any 6* € (0, 1), there always exists 6 € (6%, 1) such
that a sequential equilibrium exists with positive probability of hiring on the equilibrium
path. Let such an equilibrium be given. I begin by showing that if the mechanic performs
a tune-up, then she is known to be good by all future motorists (even those who do not

observe a tune-up).

Lemma 1.1.1. If the mechanic performs a tune-up at any history at period t' on the equi-
librium path, then motorists at any future period t” > t' will know that the mechanic is good

(regardless of the subsequent actions played by the mechanic) on the equilibrium path.

Proof. For convenience I use a subscript zero on any period ¢ to denote the earliest period
to = max{0, — T} observed by motorist 7 (as given in Definition 1.2.1). Let any history h!
at period t on the equilibrium path be given, and let ﬁ%o = (h%o, e hf_l) denote the partial
observable subhistory at t up to t € {fo, ...,f}, which contains the events of the periods
before (but not including) ¢ that are observed by motorist . Let C(ﬁf) be an indicator
function equal to 1 if At has a tune-up or, for ¢ > T, has the mechanic hired every period,

and equal to 0 otherwise:

1 3t e {fy, ...t — 1} such that hl = ¢
C(hHy={1 §>Tand Ve {fo, ... — 1}, hi £ 2

0 otherwise.

I prove by induction the following claims to be true:
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Claim 1.1.1. The full history Rt contains a tune-up if and only if observable subhistory ht
contains a tune-up or, for £ > T, has the mechanic hired in every observed period %y, ...,t— 1

(i.e. C(h) =1).

Claim 1.1.2. If h! does not contain a tune-up, then the observable subhistory At has the

mechanic being hired at most L times.

Claim 1.1.3. Suppose that for observable subhistory iLE, C(ﬁf) =0. Forany t € {tg,...,t—1},
the probability that the mechanic is hired at period ¢ conditional on the partial observable
subhistory ilgmt = (hiio,...,hf;l) and C(hf) = 0 is independent of the mechanic’s type
s € {b, g}; that is,

P(n # 9s = g,ﬁt: C’(iLz) =0)=P(n # 9|s = b, ht C(ht) = 0).

to,t’ to,t’

Remark 1.1.1. For any history Rt on the equilibrium path, if Claim 1.1.1 is true, then Claim
1.1.3 is true. By Claim 1.1.1, if motorist £ has an observable subhistory such that C(Bi) =0,
then he knows that the full history h! has no tune-ups and therefore the mechanic has played
indistinguishably from the bad type thus far, so conditioning on the mechanic’s true state

cannot change the probability that motorist ¢ € {fg,...,£ — 1} hires, so Claim 1.1.3 is true.

First, suppose that £ < T. Since motorist ¢ observes the full history hf, Claim 1.1.1
is clearly true. If the mechanic performed more than L engine replacements without any
tune-ups in hi, then the (L + 1)th hiring motorist would have a posterior greater than or
equal to YT (u°) > p*, so hiring could not be a best response. Thus, Claim 1.1.2 is true.

Claim 1.1.3 is implied by Claim 1.1.1 as stated in Remark 1.1.1.

Now suppose that for some £ > T, Claims 1.1.1, 1.1.2 and 1.1.3 are true for any
history h! at any t < £ on the equilibrium path. I show that this implies they must also hold
at any following history K1 on the equilibrium path. First, suppose that Rt contains a
tune-up. By Claim 1.1.1, observable subhistory ht satisfies C (ilf) = 1, and motorist £ knows
the mechanic is good. If At has a tune-up at some period t € {t~0 +1,...,t— 1}, then the next

motorist will see the same tune-up in his observable subhistory ht+! and thus C (fz£+1) =1.
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If the tune-up is at period %y, then by Assumption 1 motorists in all periods to +1,...,t — 1
hired, and motorist ¢ also hires, giving an observable subhistory A+ next period with the

mechanic hired every period, so C(hit!) = 1.

The previous paragraph shows that if RI*1 contains a tune-up, then C (ﬁ£+1) =1,
but proving Claim 1.1.1 still requires the converse to be true, whose contrapositive is proven
in this paragraph. Suppose K1 does not contain a tune-up. Since Claim 1.1.2 holds at
hf, then h! has the mechanic hired at most L times. If A has the mechanic hired strictly
less than L times, then Claim 1.1.1 clearly holds because even if motorist ¢ hires, R+ will
have at most L < T hirings. Suppose At has exactly L hirings. Because P(n # Qs =
g, Bi:o,t’ C(ht) =0) = P(n, # s = b, Bgo,t’ C(ht) = 0) for all t € {fy, ...,t— 1} (due to Claim
1.1.3 holds at hg), I can give a lower bound for the posterior belief at £. Suppose that an
observable period ¢ has the mechanic not being hired (ﬁf = o); then the partial posterior
at t + 1 is unchanged from period t: ug +1(ﬁf) = ul(hY). Suppose that it instead has the
mechanic doing an engine replacement (A = ¢); then Y(-) bounds the partial posterior from
below: ug +1(ﬁt~) > Y(ui(h?)). Since hf contains L engine replacements and T — L no-hire
events, motorist ¢ has a posterior /f(fzf) > YE(ul) > p*, so he does not hire, giving L < T
engine replacements in R+, Thus, if hi*1 does not have a tune-up, then the observable
subhistory h*! has the mechanic hired at most L < T times and C(hit!) = 0, so both
Claims 1.1.1 and 1.1.2 are proven true. Finally, Remark 1.1.1 shows that Claim 1.1.1 implies

Claim 1.1.3.

Having proven Claims 1.1.1, 1.1.2 and 1.1.3 for all histories on the equilibrium
path, Claim 1.1.1 implies Lemma 1.1.1 because the set of observable subhistories possible
at histories on the equilibrium path where a tune-up has ever occurred (which can only
happen if the mechanic is good) is disjoint from the set of observable subhistories possible

on the equilibrium path when a tune-up has not ever occurred. O

The arguments in the proof of Lemma 1.1.1 show that more than L engine-replace-

ments cannot occur within the first 7" periods unless a tune-up is performed.
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Corollary 1.1.1. Let any sequential equilibrium be given, and let hT be a history at T on
the equilibrium path. If no tune-ups occurred in h™, then hT contains at most L engine

replacements.

Proof. Claim 1.1.2 is shown in the proof of Lemma 1.1.1 to be true at all histories on the

equilibrium path. O

Without loss of generality, let period 0 be the first period at which the mechanic is
hired with positive probability. Lemma 1.1.1 implies that the continuation payoff of doing
a tune-up at any period is u (the mechanic is hired forever after) given Assumption 1. Let
I < L be the maximum number of engine replacements without any tune-ups in any history
at period T on the equilibrium path, and let 27 be such a history with [ engine replacements.

Let t; denote the jth period in h™ containing an engine replacement.

I show that the last engine replacement (within the first 7'+ 1 periods) at ¢; must
occur sufficiently late. If the mechanic does an engine replacement at period t;, then she is
certainly not hired for periods t; + 1,...,7', so the continuation payoff of an engine replace-
ment is bounded from above by §7 ~%u. Since the mechanic is hired she must be willing
to perform an engine replacement when needed with positive probability, so a necessary
condition is

(1—8)u+ 6"y > —(1— 6w + u
ST > (1 -8 1+ w/u)+ 6
(T+1—t)Iné >1n(d — (1 —8)(1+w/u))
t1>T+1—In(6— (1—6)(1+w/u))/Ind.

By I'Hopital’s rule,

14+(14+w/u
M- (1-&(1+w) . s
hm = hm _—
551 Iné 51 %
= 24 w/u. (1.1.1)
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Let any € > 0 be given. Then

t>T—1—w/u—ce

for 0 close enough to one. Define t; =T — 1 — w/u — ¢ as a lower bound for ¢;.

I define ¢, for all j € {1,...,1} by (backward) induction. Consider period ¢; for some
J < l, where { is defined for all j € {j+1,..,1}. The continuation payoff of doing an
engine replacement is less than or equal to 6%+1 7% "1y (because tj11 1s a lower bound for the
(j + 1)th period with an engine replacement). Incentive compatibility gives the necessary
condition

(1 —0)u+ 84+ %y > —(1 — 8w+ du
Slit1™l > 5 — (1 —6)(1 + w/u)

(tjp1—t)ndé = (6 — (1= 06)(1+w/u))

In(0—(1-=06)(1+w/u))
Iné

tj >t — : (1.1.2)

The limit as 6 — 1 of the second term on the right hand side of (1.1.2) is given by (1.1.1).

For § close enough to one, substituting into (1.1.2) gives
Therefore

b= 2= S ety =224 D be) tty = =T+ 1- (242 42
u u Uu

v

T+1—(2+g+5)L.
u

Since the choice of £ > 0 is arbitrary, suppose we pick some ¢ < (T'+1)/L—(24w/u). Then
ty > 0 for § close enough to one due to the lower bound (1.2.4) on T'. Since the first period

in which the mechanic is hired with positive probability is period 0, this is a contradiction.
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1.2 Proofs of Fading History Results

1.2.1 Proof of Theorem 1.2.4

Let any sequential equilibrium and history h! be given at which player 1 faces a
decision node. Let Vg, 4,(h') denote player 1’s continuation payoff from the action profile

(a1,a2). Player 1 plays ag with certainty if
Ea,[(1 = 6)u1(aa, az) + 6Vaya; (h')] > Egy[(1 = 8)ur(ay, az) + Vi o, (h)] (1.2.1)

for all a} € A;\{aq}, where E,,[] is the expectation over player 2’s actions ag € Ay given
player 1’s beliefs (in the mechanic game, of course, player 1 knows ay (hiring) because Ay

is a singleton). (1.2.1) can be rearranged as

Eay[Vag.as (h") = Vay gy (h')] < %E@ [u1(ag, ag) — ui(al, a2)]. (1.2.2)

The left hand side of (1.2.2) is equal to the discounted sum of the expected differences

in stage payoffs at every future period. Denoting player 1’s stage payoff at some period ¢ > t

as v(t), let T4, 4y (R, ) = E[v(#)|ht, a1, az] be the expected stage payoff at ¢ conditional on

ht and action profile (a1, as) at hf. The maximum change in the expected stage payoff at ¢
due to choosing an action different from a4 at period t is

Av(R', 1) = o {Dat ay (A", 1) = Vagar (b, 1)} < 2.
ay,a2 1X A2

The action at ¢ can only affect player 1’s payoff at ¢ if period ¢ observes ¢ directly, or observes
some period t' € {t+1, ot — 1} that observes ¢, etc.; otherwise, player 2’s action at period
t is necessarily independent of the events of period ¢. This notion of an “observation chain”

is formalized as “t reaches ¢” in the following definition.

Definition 1.2.1. Let two periods ¢’ and t” > ' be given. Inductively define the relation
“t’ k-reaches t"” as follows. If period t” observes period ¢/, then t’ is said to O-reach t”. If

period " observes some period £ € {t + 1,...,#" — 1} and ¢ k-reaches #', then ¢’ is said to
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(k + 1)-reach ¢”. More simply, if (and only if) period ' k-reaches t” for some k € {0,1,...},

then ¢’ is said to reach t”.

Let qﬁ(t,f) denote the probability that ¢ reaches £, which gives the upper bound
AG(ht, 1) < ¢(t,1)z. The following lemma gives an upper bound for ¢(t,1).

Lemma 1.2.1. For any two periods t and t > t, ¢(t,t) < gi—t—1 )it

Proof. The proofis by induction. For t = t+1, ¢(t,£) = X is trivially true. Now suppose that
for some ¢ > t, ¢(t,t') < 2"\~ for all ¢/ € {t+1,...,£}. The probability that ¢ reaches
t+1 is the probability that motorist 41 observes either t or some period ¢ € {t+1,...,t—1}

such that t reaches t’. Then Boole’s inequality gives
~ { ~
Bt E+1) < AT N NI gt 1)
t=t+1

{
)\tf+1ft+ Z )\z‘f+17t’(2t’7t71/\t’7t>
t'=t+1

IN

t—t—1
— )\f+1—t 1+ Z 2k’
k=0

; 120
— )\t-‘rl—t 1
T2

_ 2£—t)\£+1—t

I can now write an upper bound for the left hand side of (1.2.2):

By [Vagas (h') = Vg g (W))] < (1=08) > 6" " Av(h!, t + k)

k=1
00

< (1-0)> ot t+ k)=
k=1

< (1=6)z) 6NN,
k=1
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Since dA < %,

EusVasianB) Vi (W] < (1= 5)2= 3 (200)"
k=0
. (1=6)Az
= T (12.3)

The right hand side of (1.2.3) is a strictly increasing function of A for A € (0,1/(24)).

Substituting (1.2.5) into A gives

(1-96)z (%)

1-26 (m)
(1-9)

= 5 Zd
1-6
TE(LQ [Ul (ad) (12) —ui (all7 CLQ)]

Eaz [Vad,az(ht) - Va’l,ag (ht)] <

IN

for any a} € A, az € Ay, so (1.2.1) is true.

1.2.2 A Higher Upper Bound for )\ for Myopic Equilibria in the Mechanic

Game

Theorem 1.2.4 assumes that the “worst case” when an “observation chain” reaches
a future period is the stage payoff decreasing by the maximum feasible amount z; in the
mechanic game, this difference is u+w. A tighter bound that seems natural is the difference
between the highest feasible payoff and the minmax payoff (u). The following corollary
uses that bound on the stage payoff difference to give a higher upper bound on A, using
Assumption 1 and Criterion 1. For § close to one, as w/u approaches 1 the bound (1.2.4)
approaches % (corresponding to motorists talking to an average of % future motorists) and as

w/u approaches oo, (1.2.4) approaches % (corresponding to an average of 1 future motorist).

Corollary 1.2.1. Consider the fading history mechanic game with

ALt (1.2.4)

6 (24 o)
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Then the action outcome of any sequential equilibrium satisfying Assumption 1 and Crite-

rion 1 has the good mechanic doing the correct repair when hired.

Proof. Let oy denote the equilibrium strategy of the good mechanic, and let 7, be the
strategy identical to oy except that at any history containing a tune-up, the mechanic does
the right repair with certainty (it may be that o = 74). The following result allows a
simplification of the continuation payoffs for a tune-up. Note that p; (with a subscript
instead of superscript t) denotes motorist t’s beliefs about the mechanic’s type and the

history (as opposed to !, which is simply the belief on the type).

Lemma 1.2.2. Let a sequential equilibrium (o, (07 ), (1)) under fading history given A
satisfying Assumption 1 and Criterion 1 be given. At any history ht on the equilibrium path

containing a tune-up, it is a best response for the mechanic to perform the correct repair.

Proof. Any motorist observing the entire history (which occurs with positive probability
at every history) must hire due to Assumption 1. This is only possible if the mechanic
performs the correct repair with at least positive probability £* no matter the car’s state,

so it must be a best response. ]

Thus, deviating to 6, must be a best response at any history containing a tune-up.
Calculation of the expected stage payoffs following a tune-up (simply the probability of
being hired times u) is simpler for 5, and allows them to be used as upper bounds on the

expected stage payoffs following an engine replacement because of Criterion 1.

For the remainder of the proof, suppose that the mechanic deviates to &4, which
has the same continuation payoffs as oy at every history, an implication of Lemma 1.2.2.
Let the notation and arguments in the proof of Theorem 1.2.4 (Appendix 1.2.1) up to and
including Lemma 1.2.1 be given, except that all notation is with respect to the strategy o,
(not o) and a2 is omitted from subscripts (because in the mechanic game, at a mechanic’s
decision node, ay is known to be “hire”). At any history h’, let pi(ht) be the probability

that the mechanic is hired at period ¢ > t conditional on repair a at ht.
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Criterion 1 implies that the continuation payoff for a tune-up is greater than or
equal to that of an engine replacement because v,(ht, 1) = pl(ht)u > pt(ht)u > v.(ht, ).
Therefore, when the motorist at A needs a tune-up, performing a tune-up strictly dominates

an engine replacement.

What remains to be shown is that performing a needed engine replacement strictly
dominates doing an incorrect tune-up. Let &, be the strategy identical to 7,4, except that any
history following (h!,e) (i.e. any history that begins with h® followed by e at period t) the
mechanic always does the right repair. Let ‘V/a, ﬁz, Uy be the analogues of V, pz, Vg (which are
defined for 7,) for a deviation to &,. Note that ¥.(h!,#) = At (R, BL(Rt) = pl(R?), V() =
V.(R?), and V.(Rh') < Vi(h'). The fact that ve(h, ) — ve(ht, ) = (FL(RY) — pE(R))u < (¢, E)u

yields

Ve(h') = Ve(h') < Vi(h') = Ve(h')

= (1-9) iakfl(ac(ht,f) — (R, 1))
k=1

< (1-90) iék_lgb(t,t + k)u.

k=1
By Lemma 1.2.1,
Ve(h') = Ve(h') < (1—d)u) dF (28 1AF)
k=1
(1=
o 1-26)

Then substituting (1.2.4) into \ gives

(1~ 0)u (swafzay)

1
1-26 (6(2+u/(u+w)))
(1—-0)u
024+u/(u+w))—26
1

)
= 5 (u+w).

Ve(h') = Ve(n) <
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Therefore, doing an incorrect tune-up is not a best response. O

1.2.3 Proof of Theorem 1.2.5

Suppose by contradiction that for any \* € (0, 1), there always exists A € (A*, 1) such
that a sequential equilibrium exists with positive probability of hiring on the equilibrium
path. Let such an equilibrium be given. Without loss of generality, let period zero be the
first period at which the mechanic is hired with positive probability. The following lemma
establishes that if the mechanic is hired at some history in equilibrium, she must be hired

again sufficiently soon (or else the temptation to do a tune-up will be too great).

Lemma 1.2.3. Suppose the mechanic is hired at some history h' on the equilibrium path

at period t with positive probability, such that

e t=0, or

e the mechanic is hired with probability greater than X:(+1/2,

Suppose the mechanic chooses e at ht, and let t' > t be the earliest future period at which

the mechanic is again hired with probability greater than AW +D)/2 Define

In(d — (1= 9)(1 +w/u)

K(6,u,w) = 3

Then t' < t+ K(0,u,w) for X\ close enough to one.

Proof. For any period t, if the mechanic is hired at period 0 or at k! with probability greater
than A(¢+1/2 then the mechanic must perform a needed engine replacement with positive
probability; otherwise, the motorist who sees the full history h! would not hire, since the
probability that the full history is observed is HZ:l N = \tHD/2 neentive compatibility
gives

(1 —68)u+6Ve(h') > —(1 — §)w + 6V.(hY) (1.2.5)
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where V,(h') is the continuation payoff of action a. By definition, ¢’ is the earliest period

such that the mechanic is hired with probability greater than A (F'+1)/2 4f she chooses e at

period t, so an upper bound on her continuation payoff for e is

t'—1

er(ht) < (1 i 5) Z 5k7t71(1 _ )\k(k+1)/2)u+ Z sk—t—1,,
k=t+1 k=t’
t'—1
_ (1 B 5) Z 5k7t71(1 . )\k(k+1)/2)u+ 5t’7t71u.
k=t+1

Assumption 1 gives the following lower bound for the continuation payoff of c:

Ve(hh) = (1-0)) oAty
k=0

(1 —-98)A\u
1—6A

Substituting these bounds into (1.2.5) gives

-1
(1= 0t (1=8) 32 951 = X2 6> (1= g 5D
k=t+1 _
S\ t'—1
s> (1 -6) T (1+w/u) — Z FEt(1 — AR(e+1)/2y | (1.2.6)
k=t+1

Let any € > 0 be given. Taking the limit of the right hand side of (1.2.6) as A\ — 1, there
exists \* such that for all A\ € (A*, 1),

§— (1—8)(1+w/u)

Y S ESTY3)

since exp(e/(—1Ind)) > 1. Solving for ¢’ gives

3

(' = )6 2 (s — (L= )1+ w/u) ~ ——

(8 — (1= 8)(1 + w/u)) , _

<t
st+ Ind

Since € > 0 is arbitrary, we can pick ¢ < max{l, [K(J,u,w)] — K(d,u,w)}. In that case,
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because t' is an integer, it must be that ¢’ < ¢+ K (0, u,w) for X close enough to one.  [J

Lemma 1.2.3 implies that for A close enough to one, if the mechanic is hired at period
0, with positive probability she must be hired in at least L + 1 periods (with greater than
probability A (F'+1)/2 3¢ each such period #/ ) in the first KL + 1 periods on the equilibrium
path, which means there must exist history Kt at £ < KL + 1 on the equilibrium path
that includes L + 1 engine replacements and no tune-ups. This also implies that at each
of these hirings, the mechanic must have performed a tune-up with at least probability 8*
(see (1.2.2)). Yet this implies that the posterior of the motorist receiving the (L + 1)th
engine replacement at period ¢y if he observes the full history must have been at least
YE(u) > p*. Thus, hiring was not a best response for that motorist with at least probability

Mr+1(tr1+/2 5 contradiction.

1.2.4 Proof of Theorem 1.2.6

I begin by characterizing A*. For ¢t € {0,1,...}, n € {2,3,...}, and X € (0,1), define

t+n—1
Fltms )= D0 W (1= AR,
k=t+1

Note the following useful properties about the function f.
Fact 1.2.1. f(t,n;\) is strictly decreasing in t, and strictly increasing in .

Fact 1.2.2. Let any € > 0 be given. For any t € {0,1,..},n € {2,3,...}, there exists
N € (0,1) such that for any A € (N, 1), f(t,m;\) >n—1—¢.

Let n* be an integer strictly greater than 1+ w/u. Pick A* € (0, 1) such that

f(Ln*n" 4+ 1L;\") > 1+w/u. (1.2.7)

Let A € (A\*,1) be given. Suppose by contradiction that for any 6* € (0, 1), there

always exists § € (6%,1) such that there exists a sequential equilibrium (o7, (07 )¢, (11t)t)
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(note that u; (with a subscript instead of superscript t) denotes motorist t’s beliefs about
the mechanic’s type and the history, instead of u!, which is simply the belief on the type),
where the mechanic is hired with positive probability on the equilibrium path. Without
loss of generality, let the first such period be 0.

*

5 except that at any history containing a tune-

Let 0,4 be the strategy identical to o
up, the mechanic does the right repair with certainty (it may be that oy = g4). Lemma
1.2.2, reproduced here as Lemma 1.2.4 for convenience, shows that deviating to o, is a best
response at any history (the only histories at which ¢, may differ from o, are those with

tune-ups, and for those histories doing the right repair is always a best response).

Lemma 1.2.4. Let a sequential equilibrium (o, (0] )i, (1)) satisfying Assumption 1 and
Criterion 1 be given. At any history ht containing a tune-up, it is a best response for the

mechanic to perform the correct repair.

I use a technique here similar to the proof of Corollary 1.2.1 to simplify calculation
of continuation payoffs. For 7,4, calculation of the expected stage payoffs following a tune-
up is simple (due to Lemma 1.2.4, it is the probability of being hired times u) and due to
Criterion 1, they can be used as upper bounds on the expected stage payoffs following an

engine replacement (shown below).

For the remainder of the proof, suppose that the mechanic deviates to 7,; since by
Lemma 1.2.4 such a deviation is a best response at any history, the continuation payoffs
are identical at all histories. At any history h?, let p¥(h') be the probability that the
mechanic is hired at period k& > t conditional on doing repair a € {c,e} at h', and let
0¥ (ht) denote the expected stage payoff at period k conditional on a. Criterion 1 requires
that pf(h?) > pF(h'). Since the mechanic performs all correct repairs following a tune-up,

v (h') = pE(h)u > pE(h')u > T ().

Lemma 1.2.5. Let the assumptions of Theorem 1.2.6 and X € (A\*,1) be given. For
close enough to one, if there exists a sequential equilibrium where the mechanic is hired with

positive probability at period 0, then there exists a history Rt on the equilibrium path at some
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period t < Ln* where the mechanic is hired with probability greater than 1 — NED/2 gng

ht contains L engine replacements and no tune-ups such that the posterior after observing

the full history is pf(ht) > TL(u0).

Proof. The proof is by induction. Let £; > 0 be the first period after 0 at which the mechanic
is hired with greater than probability 1 — A (t1+1)/2 conditional on the mechanic doing an

engine replacement in period 0.

I now show that t; < n* for § close enough to one. The continuation payoff of a

tune-up at 0 has a lower bound due to Assumption 1 given by

e’} t1—1 00
a f 5)m(h0) = S of (%) = D s M u+ > Fof(n?)
k=1 k=1 k=t1

where h? is the empty history at period 0. Since the mechanic is hired, the incentive

constraint

—(1 = 8)w + 6V.(h?) < (1 — &)u + 6V (hO)

must hold (when an engine replacement is needed). A necessary condition for this incentive
constraint is
n—1 o] n—1 oo
—wt YN u+ Y TR (RY) <w >R (1 - ARy 4y T sReE (R0 (1.2.8)
k=1 k=n k=1 k=n
for any n < t1. Suppose by contradiction that t; > n*. After some rearrangement of (1.2.8),
picking n = n* + 1 gives

n*

D A — (1 = M)y < 44w, (1.2.9)
k=1

Dividing by u and taking the limit of § gives
6—1

lim ) " 6F[AF — (1= AFEHFD2) = (0,07 + 1) < 14 w/u,
k=1

so (1.2.9) contradicts (1.2.7) for A > A* and ¢ close enough to one. Thus, the mechanic
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must be hired at period ¢; with probability greater than 1 — AX1(1+t1/2 and t; < n* at a

history h!* with one engine replacement and no tune-ups.

Now for some j > 1, let A% be a history at ¢; < jn* on the equilibrium path where
the mechanic is hired with probability greater than 1 — X% ¢T1/2 guch that A% has j engine
replacements and no tune-ups. I show that there exists period t;11 < t; + n* such that
the mechanic is hired with probability greater than 1 — Xt+1(ti+1+1)/2 " Since the mechanic
is hired at h% with greater than probability 1 — \%(*+1)/2 the mechanic must perform an
engine replacement with positive probability when it is needed (by the same argument as

above), and incentive compatibility gives the necessary condition

ti+n—1 0o
—w Y TN Y F gk (nt)
k=t;j+1 k=t;+n
ti+n—1 0o
< ut Y ST MDY Rk (nl)
k=t;+1 k=t;+n

for n <tj41 —t;. Suppose by contradiction that ¢;41 > t; +n*. Picking n = n* + 1 gives

t]-—l—n*
> SR — (1= ANREFD2) ]y <t . (1.2.10)
k:tj-i-l
Dividing by u and taking the limit of § gives
tj+n*
lim Y ST — (1= MDY = (0t 1) < 1+ w/u,

6—1
k=t;+1

so (1.2.10) contradicts (1.2.7) for A > A* and ¢ close enough to one. Then there exists a
history h'i+1 following h% on the equilibrium path for some t;11 < t; + n* < n*(j + 1)
where the mechanic is hired with probability greater than 1 — M+1(ti+1+1)/2 with j 4 1
engine replacements (where the good mechanic must have performed a tune-up with at
least probability 5*) and no tune-ups. For ¢ close enough to one, this induction proves
the existence of such a history on the equilibrium path containing any number of engine

replacements j < L such the posterior upon observing the full history is at least Y7 (u°), if
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motorist 0 hires with positive probability. O

Lemma 1.2.5 shows the existence of some history Rt at some £ < Ln* on the equilib-
rium path whose full observation yields posterior pf(hf) > TX(u0) > p* and the mechanic
is hired with probability greater than 1 — A1)/ 2 which requires that the motorist hire
even if he observes the full history. Yet if he observes the full history, hiring cannot be a

best response, a contradiction.

1.3 Proofs of Chain Store Game Results

1.3.1 An Equilibrium for the Limited History Chain Store Game with T'=1

I construct a sequential equilibrium (o*, u*). Let any history h' be given. The
strategies are as follows. The incumbent always fights when hl_; € {@, h°} (where R is
the empty history at period 0), always acquiesces when hl ; = A, and acquiesces with
probability Br = (1 — b)/(1 — u°) when hl_; = F. For any ¢, competitor ¢ never enters
when h! | € {@,h°}, always enters when hf , = A, and enters with probability ap =
1—(1—0)/(6c) when k!, = F. Competitor ¢ has belief 40 that the incumbent is tough

when ht € {h°, @, F}, and of course knows that the incumbent is weak when A = A.

The competitor’s strategy is clearly a best response at = {h°, @, A}. When

ht = F, the competitor’s payoff for entering is

po(b— 1)+ (1 — pO)(Brb+ (1 — Bp)(b— 1))

_ 0 (1

- uo(b—1)+(1—ﬂo)<11_5ob+1 ul_ﬁ(; b)(b_1)>
= pb-1)+1-b)0b—(b-pu)

— 0,

so both In and @ are best responses.

Since strategies and beliefs only depend on the last period, continuation payoffs also

depend only on the last period. For the incumbent, let V7, be the continuation payoff at
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some period after the competitor enters, and let V, be the continuation payoff following

action A by the incumbent. Since V7, must simply be the value of the best action,

Vi, = max {(5VA, —(1 — 5) + (5VF}

= max {(5V[n, —(1 - (5) + 0 (OéFV]n + (1 - OéF)C)}
—5

1 1-96
= max{(ﬂ/}n,—(l —0)+06 ((1 — 50) Vin + 5 c>}
1-6
= max {6V1n,5 (1 - ) Vln} (1.3.1)
oc
= V.

Since § € (0,1), it must be that Vj, = 0. This means that the payoffs for playing A and F’

are equal to 0 (see (1.3.1)), so any strategy by the incumbent is a best response.

The beliefs at At € {A, F} are off the equilibrium path, so it remains to checked
that they are consistent with small perturbations. Let some ¢ € (0,1) be given. Let (o)
be a sequence of strategy profiles,! where under o}, competitor ¢ plays In with probability
ek when ht € {@,h%) and plays @ with probability * when ht = A, and the incumbent
plays A with probability e* when ht = & and plays F with probability ¥ when hE = A.
Otherwise oy, is the same as ¢*, and beliefs u; are entirely determined by Bayes’ rule. Then

limy o0 (g, o) = (0, p1*).

1.3.2 Proof of Theorem 1.3.1

Let any sequential equilibrium be given. I bound the payoff for the following (possi-
bly deviation) incumbent strategy: for some K, fight for every period 0, ..., K, then acquiesce
for every period thereafter. The probability that every competitor 1, ..., K sees their full

history is Hle HZ/:l A = AU (note that competitor 0’s history is always empty, so

!This is not to be confused with the sequence of competitor strategies for all periods in a single strategy
profile.
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there is nothing to see) where

K
)= Lk(k+1).

k=1
Suppose by contradiction that conditional on all competitors 1, ..., K seeing their
full history, there are greater than L periods with entry with positive probability on the
equilibrium path. That means the incumbent’s equilibrium strategy has her acquiescing
with at least probability b at each of those histories (otherwise the competitors would not
enter when they observe those full histories). The (L+1)th competitor entering observes the
full history and must have a posterior greater than or equal to Y*(u®) > p* and therefore

will not enter, a contradiction.

Thus, conditional on all competitors 1,..., K seeing their full history, the average

discounted payoff for periods 0, ..., K for playing this strategy is greater than or equal to

L-1 K K
(1-0) [A5<K> (Z UCSIEDY 5’%) + (1 = ASH0) Zak(_n]
k=0 k=L k=0

= NE)e (1 = A L1 — KLy — (1 — 6L

NE)L(1 — K)o — (1 — ASEDN 5L (1 — g+ — (1 — 65). (1.3.2)

The incumbent receives at least 0 for acquiescing in periods beyond K, so (1.3.2) is a lower
bound for the average discounted payoff for all periods, and therefore also v, (1%, 6, \). Let
any ¢/ € (0,1) and any &’ > 0 be given. There exists K* such that for all K > K*,
SLAE+1e < ¢ Since limy_y; AU = 1, there exists \* € (0,1) such that for all K > K*

and A € (A%, 1),

QI(:UJO, 67 )‘) > [(1 - 6/)5L(1 - 6K+1)C - 5,] - (1 - 5L)
— [5Lc_ 6L+K+1c_ 8/5L(1 . 5K+1)C_ 5/] o (1 o 5L)

> [6Fe—e" =61 -5 e -] — (1 - 6h).
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Pick ¢/,¢” such that &’ + &'6%(1 — §5+)c + &” = . Then for A € (\*, 1),

QI(M0757 )\) > 5Lc - (1 - 6L) — &
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Appendix 2

Proofs for Chapter 2

2.1 Proofs for Sections 2.2 and 2.3

2.1.1 Proof of Lemma 2.2.1

Given that the short-run players are playing public strategies given by vector s,
player 1’s payoffs of playing any particular action does not depend on player 1’s full (private)
history. Let

Va, (lhag) = (1 — §)ui(ag,a1) + 0 Z p(ylaz, ay) max V (o1, 02hazary)
vey o1€2

denote the value of choosing a; at full history has and then choosing a best response at
all subsequent histories, where V (o1, d3]haga y) is the value of playing strategy o) given
player 2 strategies &5 at full history hasajy. Define H' : Ht — 2H' 5o that H'(h) is the set
of full histories at period ¢t whose public component (those visible to player 2 at period t) is
equal to h*. Consider any two histories h,h € H*(h?) for some public history hf. Because

future player 2s cannot condition on the events of period ¢t — K or earlier,

Val (5’2 |ha2)

= (1-90)ui(az,a1)+46 Z p(ylaz, ar) max V (o1, 62/hazary) (2.1.1)
yeYy grEst

_ B ~ i1t
= (1 5)u1(a2aa1)+5Zp(yla%al)gggv(ffl,ffﬂh)

yey
= (1-=9%)ui(ag,a1)+ 0o Z p(ylaz, ar) max V (01, 52lhazary) = Vi, (62|hag)(2.1.2)
yey gr=

for all a1 € A;.

Define public strategy profile &1(ai|hlas) = > hent (nt) o (haz)o1(a1[has) where
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P;(hasg) is the probability of has being realized in equilibrium given . By (2.1.2), 77 is a
best response to &o. Because the equilibrium conditional probability of each public history
is the same between (d1,52) and &, i.e. Pz 5,(h'|0) = P5(h'|6) for each h' € H,0 € O,
player 2 has the beliefs fi are also consistent with (1, 2). Furthermore, the expected (from
the perspective of player 2) play by player 1 is also identical. Thus, &5 is a best response

to o01.

2.1.2 Proof of Proposition 2.3.3

Proof of Part 1

The proof is constructive, following the example of Proposition 7.3.1 in Mailath
and Samuelson (2006b) where possible. Let any w = (¢, u,y) € B(W) C W be given.
I construct a wPBE strategy profile o for the variant game Gg‘?u. Define functions Q :

B(W) = A,U:B(W) — W so that (¢, u, Q(w)) is enforced by U(w).

Specify the wPBE strategy profile o as follows. Recursively define U(w) € W as
follows: U%(w) = w, UY(w) = U(U*"Y(w)). Let any full semipublic history h* € YE+ be
given — note that h? contains the initial history h’ € Y. Denote (¢!, uf,7) = Ut(w)
and Q'(w) = Q(UY(w)) = o' for all t. Define the strategy profile o2(h') = ab(h') and
o1(htay) = ol (hlas) for each t,h! € H', ay € As.

First I show that V(o|h®) = 4(h°) for initial history h°. Then

Y(h%) = V((, 1, Qw)), U(w))(h°) = V((, 1, Q" (w)), U (w)) (h°) (2.1.3)

= (1=0)u1(a®(h,60)) + 6> Y a®alh®,60)p(yla)y" (W%°)  (2.1.4)
acAy0cy

= (1—08)u(o(h,60)) +5Z Z O(a|n?, 80)p(1°|a) (2.1.5)
acAqyocy

V(' pt,at), U (w)) (n%") (2.1.6)

= (1-208)u(a(h°,6p)) +6Z Z (alh®, 00)p(1°|a) (2.1.7)
a€Ay0cy

| (1= 6)ui (o (R°Y°, 60)) (2.1.8)
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+6> > ol (alh®y°,60)p(y" |a)y* (R°yyh) | (2.1.9)

a€Ay1€Y
= (1-9) 258 > (%8 |ho)u (o (B, 6)) (2.1.10)
s=0 hseys
+0" Y Por(hO9' R0, 60) (b, s bE1)), (2.1.11)
hteyt

where P,(h®|h°,6p) is the probability of history h® occurring under strategy profile o in
game G, conditional on initial history hY and the normal type 6. Taking the limit ¢ — co

gives

v=(1-9) Zas > Po(h%9% |10, 60)ur (o(h°h®, 60)) = V(| B0, 6p). (2.1.12)
= hseY's

To show that ¢ is a wPBE strategy profile, beliefs must be consistent with o. Short-
run players do not know the full history nor do they know player 1’s type; thus, beliefs map
from public histories to probability distributions over elements of the set © x H. However,
since player 1 is playing a public strategy, beliefs on the full history do not affect player
2’s payoffs, so they can be ignored aside from knowing the public history; the only belief
that matters is the belief on the type 6. Together, a belief on # and the public history
h characterize player 2’s maximization problem. I show that beliefs (u')?°, on the type
are consistent with o. The conditional probability P,(h"|6) of initial history h° at period
0 is given by ¢(h°|f). Suppose that for some t the conditional (given @) probability of
public history h! satisfies P,(h'|0) = ¢'(h!|0). Then the conditional probability of history
R+l = hly at period t + 1 is

Po(h0) = Y P(h'10) Y alalh',0)p(yla)

hter(ht+1) acA

= ) MN0) DY o (alh!,0)pyla) = 6T (RT0),

hter(httl) a€A

where 7(h'*!) = {ht € H' : Vk € {K —1,...,1}, "} | = !, } is the set of period ¢ histories
that match the oldest K — 1 periods of h'*!. Then by induction P, (ht|0) = ¢!(h|6) for all
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t. The definition of wPBE requires that the belief of player 2 at t for histories h! on the

equilibrium path is

n_ P(nNO)a°®) N6
w(Oh') = S o POV~ Sgeq @ (B 000 pt(6|ht), (2.1.13)

so the consistency requirement is satisfied. For histories not on the equilibrium path, wPBE

does not impose any requirement beyond that a belief is defined, which is provided by p!.

Finally, I show that there are no profitable one-shot deviations. For short-run players
this follows from (2.3.3) in Definition 2.3.13. For all h, play at period ¢ is given by ot (ht, 0) =
at(ht,0) and beliefs by p'; substituting o! for o and p! for g, (2.3.3) immediately implies
there is no profitable deviation for the short-run player. The long-run player also has no
profitable one-shot deviations due (2.3.5) in Definition 2.3.13, as is now shown. For any

period t, (¢!, ut, at) is enforced by (¢, ut*1 41T1). Then for all it € H! and af, € A,

(1= 8)ui(ah, ar(h'ah, 00)) +6 > > ar(a|h'ah, 0)p(y'las, ar)F(h'y")
a1€AyteY

> (1= 6)ur(ag,a)) +6 Y p(y'lab, ay)y ™ (h'y")
ytey

for all @} € A;. By the same argument as (2.1.3) through (2.1.12), it can be shown that
7t*1(a) is the continuation payoff of action profile a being played in period t. Thus, there

are no profitable one-shot deviations for player 1.

For all w = (¢, u,7y) € W, I have shown that v(h°) is the value (to player 1) of
a wPBE strategy profile for variant game Gg°, conditional on initial history RY. Thus,
w € Dy, €D, and so B(W) C D.

Proof of Part 2

I prove that D C B(D) because Part 1 implies that if D is self-generating, B(D) C D
and so B(D) = D.

Let any w® = (¢°, u°,7°) € D be given. Then by Definition 2.3.9 and Lemma 2.2.1,
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there exists a public wPBE (o, u) for variant game G 0 such that V(o|h®) = v(h®) for
initial history h°. Define history distribution ¢’ so that ¢'(h!|§) = P,(h'|0). Because this is

a wPBE, for any h' € H? on the equilibrium path, player 2 beliefs are given by Bayes’ rule:

oo wOPM0) _ pP )¢ (h']0)
pu(0h) = S O BT~ Syea @) 5 W0 (2.1.14)

Define belief mapping p! such that u!(0|ht) = u(0|h'); (2.1.14) shows that u’ is consistent

with ¢!. Because o is public, I can define action mapping o such that ab(h') = aa(ht)
and of (h'ag, ) = o(htas,0) for each h! € H ay € As,0 € ©. Also define payoff functions
YH(ht) = V(o|ht).

I now show that z! = (¢!, ut, ') is enforced by wit! = (¢!+1, u!*1, 4*1). First,

¢t+1(ht+1 |9) — Pg(ht+1 |9)

= Y YD P(h10)oz(az|h)or (a1 |kt as, 6) plyaz, ar)

hter(httl) ag€A2 yeY

= > 3 N et I0)as(aslhh)ar (ar |k az, 0)p(ylas, ar),

hter(httl) az€A2 yeY
so inducibility is satisfied: (¢!, ut*1) € T(¢!, ut, at). Incentive compatibility for the long-

run and short-run players is a straightforward implication of o not having profitable one-shot

deviations. Thus, z! = (¢!, u?, al) is enforced by w'™! = (¢!, i+, 4*1). Furthermore,

V(W) = V(elh')

= > agaglh?) > an(ar|h!,00) | (1 - 6)ur(az,a1) + Y plylag, a1)V (o|h'y)

as€As a1 €A, L yey

= Y a(aalh’) > an(ar|hf,bo) | (1= 0)ur(az, ar) + Y plylag, ar)y(h'y)

as€Ao a1€A, L yey
= > ag(ag|h Ve, (z", w (R,
OLQEAQ

so (¢!, ut,+t) is decomposed by z! and w'*! (see Definition 2.3.14). Since the period t + 1

continuation game is strategically equivalent to the G;‘t’ﬂ s variant game, w!t! € D.
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Thus, since w! € D and w' is generated by w!, w’ € B(D) so D C B(D).

2.1.3 Proof of Proposition 2.3.4

I start with a useful lemma that establishes B is additive in the sense of set unions,

and therefore monotonic in the sense of set inclusion.

Lemma 2.1.1. Let any two sets W, W' of HBPs be given. Then B(W UW') = B(W) U
B(W').

Proof. 1 first show that B(W U W') C (B(W) U B(W')). Let any w € B(W U W') be
given. Then there exist HBA 2 and HBP w € (W U W') which decompose w. Without
loss of generality, suppose w C W. Since w is decomposed by x and w, then w € B(W) C
(B(W)U B(W")). Thus B(W UW') C (B(W)UB(W")).

Now let w € (B(W) U B(W’)) be given. Without loss of generality, suppose w €
B(W), so then there exist HBA 2 and HBP @ € W which decompose w. Since w € (WUW'),
it is also true that w € B(W UW’), so (B(W)UB(W')) C B(W UW'). O

The following lemma is a virtually identical adaptation from the APS version, so

the proof is omitted (see Lemma 7.3.2 of Mailath and Samuelson (2006b)).

Lemma 2.1.2. If W is compact, B(W) is closed.

F1 is compact and the set of HBPs decomposable on F is also feasible: B(JT) c FT.
Proposition 2.3.3 and Lemma 2.1.1 imply that, for any m, D(§) € B™(F') c FT. Repeatedly

applying B therefore gives a decreasing sequence {B™(F1)}°_,. Then

m=0"

DcFl =) B™EF).

m=0

I adapt the proof of Proposition 7.3.3 of Mailath and Samuelson (2006b) to my

setting, showing that 3"10 C B(ffio), which by Proposition 2.3.3 proves the result. For any
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w = (¢, 1,7y) € Flo, w e B™(F1) for all m € {1,2,...}, and there exists (2, %™) such that

™ = (¢, p,a™) € X, @™ € B H(TFT), and w is decomposed by 2™ and @™.

Because the sequence (z™,w™)>_, is bounded, without loss of generality assume
that it converges to a limit (z*,4*) = ((¢, u, ), (¢*, i*,5*)), using a convergent subse-
quence if necessary by the Bolzano-Weierstrass theorem. I show that w* € ?lo, that «* is

enforced by @w* and that w is decomposed by z* and w*.

Suppose by contradiction that @* ¢ ff‘"lo. By Lemma 2.1.2, fr"lo is closed, so there

exists & > 0 such that B.(i*) N Fh = @, where B.() is defined as follows:!

B-((6.1,7)) = {(¢/,1/,7) :Vhe Y* V0 € ©,¢/(h]0) € [(h|0) — &, d(h]0) + ],

'€ My, p'(01h) € [(0]h) — e, i(0]h) + €], € B2 (7)}

where BL'(7) is the closed ball in T' (which is a |Y'|¥-dimensional Euclidean space) of radius
¢ with center 4. There exists m’ such that for all m > m/, @™ € B.(%*) and because

{B™(F1)}>_, is a decreasing sequence, for any m” > m/,

B.(w*)n | [ B™F)| #e.
m<m/’
The collection {B. (w*)} US_, {B™(F)} has the finite intersection property and B.(w*)UFT
is compact, so the aforementioned collection has a non-empty intersection (by Theorem

4.7.15 of Corbae, Stinchcombe, and Zeman (2009)): B.(w*) N Fle # @, a contradiction.

It is easy to see that x* € X because X is closed and all 2™ € X. Since x™ is
enforced by w™ for all m, taking the limit it is straightforward to show that x* is enforced
by w*. Similarly it is clear that lim,, . V(z™,@™) = v = V(2*,@0*), w is decomposed by
z* and w*. Thus, Fl, is self generating and bounded, so Fl, D, and by Proposition 2.3.3,
Flo=D.

'The “closed ball with center @ and radius €” is not well defined in the space W = M x T' because M is
not a Euclidean space.
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2.1.4 Proof of Proposition 2.3.5

I prove that each element of V(W) is a wPBE player 1 payoff for the full game G*°.
Let any v € V(W) be given. By Definition 2.3.18, there exists HBP (¢, 1,7y) € D such that
v € &(puy)- This means there exists a strategy profile & € X7 of the y-antegame such that
the distribution of outcomes matches ¢, i.e. Ps(h|0) = ¢(h|f) for each h € Y& (where Ps (")
is defined as it was just after (2.1.10)), and with value V(¢) = v. Let i be the associated

beliefs of the equilibrium with strategy profile &.

As in the proof of part 1 of Proposition 2.3.1, define functions Q : D -+ A,U: D — D
so that (¢, pr, Q(w)) is enforced by U(w). Recursively define U(w) € W fort € {K, K+1,...}
as follows: UK (w) = w, U (w) = U(U(w)). Denote (¢!, ut,~v") = UY(w) and Q'(w) =
Q(Ut(w)) = o for all t.

For the full game G, define public strategy profile o € 3 such that of(h) = &(h)
and o1 (t, hag) for each date-history (¢,h) € H and each ay € As. For periods t > K, define
oo(t+ K, h) = o™ (h) and 01 (t + K, hag) = a1 (t+ K, has, 6y) for each (t+ K, h) € H,ay €
As. Define (¢!H5 pt+5 4H+K) = Ut (w). Define beliefs p* such that p*(8t, h) = pt(6|h) for
allt > K.

Note that Ps(h|0) = P,((K,h)|0) = ¢*(h|0). Suppose that for some some t > K,

Py((t,h)]0) = ¢'(hl0). Since ("1, uf 1, 4"+1) = U((¢", 1',7")) € B{(¢", u',7")}), the HB
(@1, utt1) is induced by (¢!, ut,at). Then for all B’ € YK y €Y,

¢ (h'yl0) Yo D > dhle)ab(as|h)al (arlhaz, 0)p(ylaz, ar)

het(h'y) az€Az yeY

= Y Y D> Bo((th)0)oa(as]t, B)or(ai|t, hag, 0)p(ylaz, ar)

her(h'y) az€A2 yeY
= P,((t+1,h'y)0).

Then by induction, P,((t,h)|0) = ¢'(h|#) holds true at all + > K. The direct analogue
of (2.1.13) shows that p*(6|h) is consistent at ¢ > K, and the analogous steps of (2.1.3)

through (2.1.12) show that V(o|t, h) = v*(h). The incentive compatibility requirements of
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Definition 2.3.13 directly imply the absence of profitable one-shot deviations in (o, u*) for
t> K.

The arguments above also show that continuation payoffs V(o|t, ') for play be-
ginning at period K with public history h is given by v(h). The fact that & is a wPBE of
the v-antegame means that by incentive compatibility at for player 1 at period K — 1 with

history hX1,

(1= )ur(az, 61(h" tag)) +6 D> Y ar(ar|h™ ag)p(ylag, ar)y(h*1y* )
a1€A, yK*1€Y

> (1 — 5)u1(a2,a’1) + 0 Z p(y\a2, all)’Y(hK_lyK_l)
yK-ley

for each a} € Aj, so substituting o1(h~lag) for &1(h*lag) and V(o|h®~1yE~1) for
y(hE=1yK=1) proves that o is incentive compatible for player 1 at period K — 1. By
backward induction, it is straightforward to show that & being a wPBE of the y-antegame
implies incentive compatibility for o in the full game and V(5|h') = V(o|h!) for each
t € {0,.., K — 1} and h* € H'. Because player 2 observes the full history for periods
0,...,K — 1, beliefs carry over from the antegame to the full game without modification
(@(0|h) = p*(0|h) for all t € {0,..., K —1},h € H',§ € ©). Thus, o is a wPBE of the full

game and v = V(5|@) = V(0]|@), so v € E.

I now prove V(D) = &, and since the above arguments have shown V(D) C &, I show
&€ C V(D). Let v € € and the associated public wPBE (o, u*) of the full game G be given
(so that v = V(0)). At period K, the equilibrium distribution of histories conditional on
type 0 is P,((K,h')|6). Define history distribution ¢ so that ¢ (h¥|0) = P, ((K, h')|0),
define belief mapping p so that € (9|h%) = u*(0|(K, %)), and payoff function v (hf) =
V(o] (K, h¥)).

I show that w = (¢, u&,7K) € Dy i Define strategy profile ¢ € EszﬂK of the
(¢, uf)-variant game as follows. Set &2 (t, h) = oo(t+ K, h) and &1 (t, has) = o1 (t+ K, has)
for all h € Y& ag € As. Define beliefs fi*(¢,h) = u(t + K, h). Since beliefs and strategies

are the same (shifted by K periods), the lack of profitable deviations in (o, u) for periods
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K,K + 1,... implies a lack of profitable deviations for (&, ") for periods 0,1,.... Thus,
(6,i%) is a wPBE of the (¢, u*)-variant game. Since o|(x ) = 7|0, V(5](0,h)) =
V(o|(t,h)) = ¥%(h). Then by Definition 2.3.9, w € Dyx x CD.

For the y/-antegame, define strategy profile & € Y.« so that 6(h') = o(h"). For
the antegame, define beliefs ji* so that ji*(h) = p*(h) for all t € {0,...,K — 1},h € H'.
Since the short-run players in periods 0, ..., K — 1 observe the full history in the full game
G, the beliefs /i in the y%-antegame are consistent with . Since there are no profitable
deviations in (o, 1) and the maximization problems are identical in the antegame at every
history ¢t € {0,..., K — 1},h € H?, there are also no profitable one-shot deviations in &,
so (&,1) is a wPBE of the y-antegame with distribution of period K histories ¢*. Thus,

v € &gk K 4Ky, and so v € V(D).

2.1.5 Proof of Proposition 2.3.6

Let any stationary wPBE (o*, u*) be given. Note that this is a Markov chain on

the state space of histories.

Lemma 2.1.3. Let some finite state space Q = {ws,...,wn} and a Markov chain {X;} on

that state space with transition matriz QQ be given. Let some initial probability distribution

on the states 1° = (79,...,70) be given, and let 7 be the time average distribution of X,

i.e. for eachic{l,...,n}
t—1
1
o0 — 1; - 0)s
™ _tli{&t Q. (2.1.15)
s=

Then ©° is stationary, i.e. ™° = 1°°Q).

Proof. Every Markov chain on a finite state space has at least one stationary distribution
(Furman, 2011). For aperiodic states, the limit (2.1.15) exists (see Property 2.17 of Gallager

(2012)); for periodic states, the limit also clearly exists. Finally,? letting vt = % ';;%) 70Qs,

2The conclusion of this proof is based on an answer at Mathematics Stack Exchange:
http://math.stackexchange.com/questions/897667/for-finite-markov-chain-time-average-
distribution-is-always-a-stationary-distri.
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I have

~ | =

1t—1
_ 0ys+1 _
INTAE
tszO

so taking the limit gives

t—1
(Z ’ﬂ'OQS + WoQt - 7T0> ’
s=0

t—1
1
™Q = (hm Tt> Q= lim r'Q = lim - ( g Q° +7°Q" - WD)
t—o0 t—oo t e

t—o0

t—1

_ - 0ns —

o tliglo vy @ =n
5=0

proving the lemma. O
Define
00 t
(h]6) = Jim - 7_ ZP (h|6)

as the time average probability of history h € Y generated by the Markov chain specified
by ¢* conditional on type 6 as given in (2.1.15); note that the initial distribution of this
Markov chain is 7°(h|@) = PX(h|f). Define ¢ so that ¢(h|0) = 7°(h|6), and define belief
mapping p so that u(flh) = p*(0lh). Note that u € My because u* satisfies Bayes’ rule
on the equilibrium path. Define action mapping « so that ae(h) = o5(h) and oy (hag, 0) =
o7 (hasg,0). 1 show that x = (¢, u, ) is enforced by w = (¢, it,y). Lemma 2.1.3 shows that

(.1) is stationary, so for any history h'y € Y&,

¢(h'ylf) = 7> (h|o)

= > > > 7 (hlf)oa(aslh)or(ar|h, 0)p(ylas, ar)

her(h'y) a2€A2 a1€A1

= > > Y é(hlf)az(az|h)ar(ar|h, 0)p(ylaz, ar),

her(h'y) az€Az a1 €A1

so inducibility is satisfied: (¢, ) € Y(¢, u, ). Defining payoff function v so that vy(h) =
V' (h), the lack of profitable one-shot deviations in ¢* immediately implies incentive com-

patibility for both players, so x is enforced by w. Finally,
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= Y > os(azlh)or(ailh) | (1= 8)ui(az,a) +6 ) plylaz, ar)V (hy)

a2€A2 a1€A yey
= V(z,w),

so w is decomposed by z and itself.

2.2 Proofs for Section 2.4

2.2.1 Proof of Proposition 2.4.1

Although player 1 observes all her past shocks, all of them except the current shock
can be ignored in equilibrium. The following definition and lemma (essentially the same as

Definition 4 and Lemma 2 in BMM) show this formally.

Definition 2.2.1. A strategy &1 is a current shock strategy if for all h € Hy, containing

non-shock history has € H x Ay and shocks z(l), 2
0 t—1 _t SA-K  ot-1 t
o1(hag, 27, ..., 27 ", 21) = o1(hag, 2177, .. 2] 7, 21)
for almost all 2{ € Z; and any 20,... 2171 € 7).

Lemma 2.2.1. If 61 is a best response to G, then &1 is a current shock strategy.

Proof. Let a player 1 history h e I:Itl, containing non-shock history has € H?x A5 and shocks

0

29, ..., 21, be given. Denote the public history at period t as h. Let Vi™!(oy, &2|hya§+1z§+1)

be the value of playing the strategy o) starting at period t + 1, following the realizations of

t+1 t+1

at2+1 and 27! and let 61 = argmax,, Vit (0q, 52| hyab ,zf“) be the best response. The

payoff (at period t) of playing action a; after player 2 action a} is
V*(ay,5]hag, 24)

= Y plyloz,an) [(1 - 8)(un(az,ar) +24™)

yey

_H;//Zo~.§+1(a§+1|hy25+1)vt+1(5_1’52|hya;+1,zi+1)
az
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() dy(4)|. (2.2.1)

Note that the decision problem is independent of all shocks before period t. For any two
actions aj, aj € A1, player 1 can only be indifferent between the two actions if zi’al —zi’al =
for some constant ¢. Thus, for almost all realizations of 2!, player 1 has a unique best

response and thus 61 does not condition on z(f, .. ,zifl. O

The following result is an extension of Lemma 1 of BMM.

Lemma 2.2.2. Every essentially sequentially strict wPBE is quasi-Markov perfect.

Proof. Let any two full semipublic histories h?, b which lead to the same quasi-Markov state
for player 2 be given. I will show that sequential strictness implies the same behavior at

the two histories.

Let some k& > K and k-length sequence y* € Y* be given. Since players at periods
t+ K+ 1,t+ K + 2, ... cannot observe period ¢, it is clear that the value function V(htyk)

does not depend on h.

Now, let a (K — 1)-length sequence y®~! € YX~1 For each at;K*l € As, the
decision problem facing player 1 at hty *la?K -1 (at period t+ K —1) is independent of b,
and because the equilibrium is essentially sequentially strict, the set of maximizing actions is
the same singleton for almost all shocks zer_l € Zy. Then I have o1 (h'y"Las, zﬁK_l) =
Ul(ﬁtyK_lag,z§+K_1) for almost all zi”{_l. By Definition 2.4.1, player 2 has the same
beliefs p(h! 45 1) = u(h!_,y" ') at both public histories (the shock z5™5~1 does not

affect the belief since it is independently drawn). Since player 1’s subsequent action is

identical at both histories with probability one, player 2’s decision problem is the same

— t+K—1 - — t+K—1
htyK 1,2’2+ ) htyK 1 +

at both histories, giving oo = o1( %o ) for almost all shocks

Z§+K71 c ZéJrKfl'

Now suppose that for any k& € {0,..., K — 2}, V(b'y 1) = V(hly**+1), where y* €

Y*. Then as above, the decision problem and unique maximizer for player 1 is the same
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at hlyFagzt™ and hlyPagzi™ for almost all 0% € Z; similarly, player 2 has the same

beliefs at bi—(K—k) e hiflyk and 6%_(K_k) e Eiflyk, yielding the same unique maximizing

+k

action at both histories for almost all shocks zé € Zy, giving V(bi_(K_k) e hiflyk) =

V(f)i_(K_k) ---bt_,y¥). By backwards induction, I have

t+k

o2(0f ki 125") = oa(bf koD g25)  and  ou(blaxz) = ou(blaxzi)

for almost all z§+k € Zo, zfrk € Z1. Thus, strategies are the same within a quasi-Markov

state for player 2. An almost identical argument shows the same for quasi-Markov states of

player 1, and so the equilibrium is quasi-Markov perfect. O

Consider player 1’s decision at some period t. Suppose player 1 is indifferent between
distinct actions a1 and @} at public history h € H?, player 2 action as and shock realization
z1; borrowing notation from the proof of Lemma 2.2.1 (specifically (2.2.1)), I can write this
as

V*(ay,6a|has, 28) = V*(a), 52| has, 21). (2.2.2)

Define
V*(52\hy) = / Z 5.é+1 (a§+l‘hyzé+1)vt+l (61,62]hya§+1, le5+1) d¢(2€+l) d¢(2§+l)
azGAQ
as the integral term in (2.2.1). Substituting into (2.2.2) and rearranging yields
e(zft = 21") = (1= 8)[un(az, a}) — ua(az, a1)] + 8 ) _ [p(ylaz, a1) — p(ylaz, a)]V*(&2|hy).
yey
(2.2.3)
This implies that the set of shocks z; such that (2.2.3) holds is Lebesgue measure zero, so
the profile is essentially sequentially strict. Lemma 2.2.2 shows that every essentially strict

equilibrium is quasi-Markov perfect, so the wPBE is quasi-Markov.
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2.2.2 Proof of Proposition 2.4.2

Proposition 2.4.1 shows that every wPBE in any perturbed game is quasi-Markov.
Thus, for any sequence (¥, €¥);, where limy_,o ¥ = 0, the limit of any sequence of wPBEs

of the (¥, e¥)-perturbed game must converge to a quasi-Markov equilibrium.

2.3 Proofs for Section 2.5

2.3.1 Proof of Proposition 2.5.1

First, suppose § < % and let any quasi-Markov equilibrium be given. For any period

t, let
C (1-0)ui(c,C) + 6VHLC) > (1 — 8)uy(c, D) + V(D)

)
=
|

D otherwise

be a best response at period ¢ following player 2 playing ¢ (note that the best response is
independent of the history), where V**+1(.) is the continuation payoff at period ¢ + 1. Note

that al is also a best response after player 2 plays d. Note that
Vi(hte) = (1 — &)ui(c,al) + sViTi(al), Vi(htd) = (1 — d)uy(d,al) + oV*iti(al)
so Vi(hte) = Vi(hid) + (1 — 6). Since V!(hlag) is independent of A,

VHC) = VI(D) = (05(C) = aa(D)V(h'e) + (1 — 05(C)) — (1 = 05(D)))V*(h'd)
= (03(C) = 03(D))V'(h'c) + (05(D) — 05(C)) V' (h'd)
= (03(C) — o3(D))[V'(h'e) = V' (h'd)]

= (1-9)(03(C) - 03(D)).
Note that if C' is a best response at any period ¢ following player 2 action ao,
(1 —=29)ui(az,C) + 5Vt+1(cr) > (1 — 0)uy(az, D) + 5Vt+1(D)

5(Vt+1(C) _ VtH(D)) > (1 —96)(ui(az, D) —ui(a,C)) =1 -0

142



5(1—0) >6(VtiC) — v (D)) > 1 -4,

a contradiction, so player 1’s strict best response is always D. For history D at any period,
the belief on the commitment type is 0 so player 2’s best response is d. Similarly, at period 0,
for 10 < %, player 2’s best response is d, so (d, D) is played every period and the equilibrium
payoff is 1. For p® > %, player 2’s best response at period 0 is ¢, so (¢, D) is played in period
0 and then (d, D) every period for every period after that. For u® = %, player 2 is indifferent
at period 0, any mixture for player 2 is possible in period 0, and (d, D) is played after that.
Thus, (2.5.2) has been proven.

I begin by introducing notation and some useful preliminary lemmas. For brevity,
for any history distribution ¢, denote ¢(C|fy) simply as ¢; for any action mapping c«,
denote as(Clh) as az(h), and denote aq(Clh,6p) as oy (since player 1 does not condition
on history due to quasi-Markov perfection). Define J = {(¢, i, y) € FT: v(C) = v(D) +n},
where n = 1%5, as the “indifference plane” (i.e. at each HBP in J, player 1 is indifferent
between C and D). Let Ty = {w € FT: B({w}) = @} be the set of “useless points” in F',

meaning those which can only generate empty sets. Ignoring those points greatly simplifies

the analysis.

Lemma 2.3.1. Define the set F = F1\Fy. An HBP w = (¢, i,7) is in the set F only if

one of the following conditions is true:

1. ¢ =0 and 5(C) —5(D) = n;
2. wel; or

3. ¢=1 and 7(C) —7(D) <.

Proof. First, suppose qg = 0, and let some HBA z = (¢, u, ) enforced by w be given.
Since inducibility requires a1 = ¢~> = 0, D must be a best response for player 1, and
therefore 4(C) — (D) > n; otherwise, I have a contradiction, so B(w) = @. Second,
suppose ¢ € (0,1), again letting some enforced HBA = = (¢, i, @) be given. Inducibility

requires oy = <f~> € (0,1), so both C' and D must be best responses for player 1, and hence
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5(C) — 4(D) = n, which means @ € J. Third, suppose ¢ = 1. Inducibility requires that C

be a best response for player 1, so Condition 3 must be satisfied. O

Define B(W) = B(W)NF and D = DNT. It is straightforward to adapt Proposition
2.3.4 to show [0, B™(F) = D and that V(D) = V(D) = &, since the HBPs in F cannot

generate anything.

I present some results characterizing the set of useful HBPs that can be generated
by any particular HBP. For convenience, define g : R? — T so that g(vp,vc) = v such that
¥(D) = vp,y(C) = ve; for further brevity, let gs(vp) = g(vp,vp + n). Since beliefs are
pinned down for each history distribution and hence redundant, I often omit belief mappings

in HBPs and HBAs (i.e. write “(¢,)” instead of “(¢, u,)”). Define ¢* =

1‘_‘(;0. I rewrite
(2.5.4) as q(¢) = %, omitting 0 since it is taken as given. Define ¢3 so that ¢(¢s) = 1
(this is well-defined for 40 € (0, 5]). Also define 7 : (0,00) — R as the inverse of g(-):

o= -;5(1-%). (23.1)

It is straightforward to show that g(-) and r(:) are strictly increasing for ¢ € [0, %) and

¢ € (0,00), respectively.

Lemma 2.3.2. Suppose u° € (0, %] Let any HBP w = (qg,’y) be given. Then

{(a(9), 95((1 = 8) + 63(D)))} ¢ € [0,3)
{(L,7) :v(D) = (1 4 6) +53(D),
V(C) € V(D) +n,2(1 = 0) + 63(O)]} ¢ =3
B(@) = { {(L,g((1 —6) +63(D),3(1 - 6) + §3(D)))} ¢ € (d3,3)
{(¢,7) :2(D) € [(1 = &) + 65(D),3(1 = 6) + 6%(D)],
YC) =3(1-0)+65(D)}NTF o=3
{(0,7) : 7(C) = ~4(D) = 2(1 = 8) + 65(C)} ¢ € (3,1].

Proof. 1 consider each case sequentially. Let some HBA = = (¢, i, ) enforced by @ and

the HBP w = (¢, 1, 7y) decomposed by x and @ be given.
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First, suppose ¢~> € [0, qgg) Inducibility requires that c; = g?) < %, so player 2’s payoff
for playing c¢ at history D is

us(c, a1(00)) =30 +0- (1 —¢) <20+ 1-(1—¢) = ua(d, a1 (6p));

thus, d is strict best response, so az(D) = 0 and y(D) = (1 — 9) + 6%(D). At history C,

player 2 is indifferent if

Eluz(c,a1)|C] = 3p+(1—p)[¢-3+(1=9)-0] = Blua(d, a1)|C] = 2+ (1 —p)[$-2+ (1 =) 1]

pB =21+ 1 —wBe—20—(1—@)=p+(1-pw20—1)]=0
w2 —2¢] =1—2¢ (2.3.2)

Substituting Bayes’ rule for u gives

10

102 —2¢] = (1 —2)[u° + (1 — u%)g)

2-2¢] =1-2¢

102 — 26 — 1429 = (1 - 28)(1 — )¢
0

Iu . B ~
T = (1-20)0

Substituting ¢* = 7 ‘_‘ZO gives

1”00 o
_ —H _ _ 7

Thus, if ¢ > q(¢), player 2 strictly prefers d, and if the inequality is reversed strictly prefers
c. Hence, if ¢ > q(¢), 7(C) =~v(D) = (1 — 8) + 65(D) < v(D) + 1, and thus w € F5 (note
that g(¢) > ¢ > 0). Similarly, if ¢ < ¢(9), 7(C) = 2(1-6)+63(C) > 2(1-6)+5[3(D)+1] =
3(1—0)+65(D) > v(D) +1n, so w € Fy (note that ¢(¢) < 1). Thus, w € F only if ¢ = ¢(p)

and (C) = (D) +n.

Suppose ¢ = ¢3. By the same argument as the previous paragraph, v(D) = (1—-
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8) + 69(D). q(¢3) =1, so if ¢ < 1 then v(C) = 2(1 — 8) + 65(C) > ~(D) + n and again,
w € Fy. If ¢ = 1, then player 2 is indifferent so any as(C) € [0,1] is enforceable, but
if I want w € F I must choose ag(C) sufficiently high such that v(C) > (D) + n; thus,
2(C) € (D) +1,2(1 - 8) + 57(C)].

Suppose ¢ € (¢3, 1). As before v(D) = (1 — ) + 6%(D). Furthermore, player 2
strictly prefers ¢ at history C, so v(C) = 2(1 — ) + 65(C) > (D) +n. Hence if w € F,
b=1.

Suppose & = % Then player 2 strictly prefers ¢ at history C so v(C) = 2(1 —
d) + 07(C), but is indifferent at history D. Thus, any as(D) is enforceable, giving (D) €

[(1=6) +0%(D),3(1 = &) + 65(D)].

Finally, suppose ¢ € (%, 1]. Player 2 strictly prefers ¢ at either history, so v(D) =
(C) = 2(1 — 8) + 07(C), and w € F implies ¢ = 0. O

Define Wy = {(¢,) € F} as the set of “useful” HBPs with history distribution ¢.
The following corollary restates some of the results of Lemma 2.3.2 in a more directly useful

way.

Corollary 2.3.1. Suppose u° € (0, %) Let any HBP w = (¢,7) € J be given. Suppose
there exists W = (¢,7) such that w € B({w}). Then either ¢ = q(¢) or ¢ = 1. Conversely,
for any ¢' € q(0), any HBP @' = (r(¢'),7') € W4y generates an HBP in Wy : (¢, g5((1 —
§)+07'(D)) € B(w'). Also, for any ¢/ € ®, any HBP @' = (1,7') € W1 generates an HBP
in Wg: (¢, 95(3(1 = 0) + 6%(D) —n)) € B(w'). For ¢' € (0,1), the sQets B(w') above are

singletons.

Define the minimum and maximum “relevant” payoffs® at each history distribution

following the mth iteration of the B(-) operator (recall that the minima and maxima exist

3By relevant, I mean the following for a given (¢,7) € F. If ¢ = 0, v(C) does not affect what can be
generated; if ¢ = 1, y(D) does not affect what can be generated; if ¢ € (0,1), v(C) = v(D) + n so player 1
is indifferent and either v(C') or (D) is “binding.”
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because B™(F1) is closed by Lemma 2.1.2):

g — Jmin{y(D): (6,7) € B™(FN)} ¢ €[0,1)
- min{y(C) : (1,7) € I_im(fﬂ)} bp=1

i Jmax{y(D): (¢,7) € B™(F)} ¢ €[0,1)
by = _

max{7(C) : (1,7) € B"(3M} ¢ =1L

Also, for all ¢ € ®, define yi" = limy,— 00 ng', 17(‘;0 = lim,,—o0o 17(7;‘. Note that Q% =0, 172; =3-n
and v0 = 7,7 = 3 for all ¢ € (0,1]. Note that because {B™(F)},, is a decreasing sequence
(in the sense of set inclusion), {vj'}, is weakly increasing and bounded, and so it follows

that
min{y(D) : (¢,7) € D} ¢ €[0,1)
min{y(D) : (1,7) € D} ¢ =

0o __
Vg =

The following result characterizes the output of the V(-) operator.

Lemma 2.3.3. Let 1° € (0,1] and w = (¢,7) € D(6, u°) be given. Then

{(1=06)+ (D)} ¢ < ¢3
V{(¢,M)}) = { [(1 = 8) +5v(D),3(1 — ) + 6v(D)] ¢ = ¢3
{2(1=0) + (C)} ¢ > d3.

If 1i° > %, then

1)
v<{<¢,v>}>{ E ) 0 (233

Proof. For any v € V({(¢,7)}), there exists a PBE (c*, u*) of the y-antegame such that
V(c*) = v and the distribution of outcomes matches ¢: o(&) = ¢ (recall that player 1

does not condition on player 2’s action due to quasi-Markov perfection).

First consider the u° € (0, %] case. Suppose ¢ < <ZA>3, and suppose by contradiction

that player 2’s expected payoff at the empty history for playing c is weakly greater than the
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payoff for d:

Eluz(c,0*(2))|2] = 3p" + (1 = p)[3¢ + 0 (1 - ¢)]

> Elus(d, 0 (2))|2] = 210 + (1 — u)[¢- 2+ (1 - ¢) - 1] (2.3.4)
PO+ (1= u”)B3g] > (1= p)[1 + ¢ (2.3.5)
p’ > (1= pO)[1 - 2¢] (2.3.6)
p° ;
17M0:¢ >1-2¢ (2.3.7)
g i) 2 1 (233)

which is a contradiction because ¢ < ¢3 implies q(p) < q(gZA)g) = 1, due to the monotonicity
of g(¢'). Thus, player 2 strictly prefers d. Since (¢,v) € D and ¢ < 1, y(D) > v(C) —n and
so D is a best response at period 0 for player 1. Thus, V(c*) = (1 — §)ui(d, D) 4+ 6v(D) =
(I —=90)+0v(D).

Suppose ¢ = (Z)g. Then q(¢) = 1?;¢ = 1 so replacing the inequality in (2.3.8) with
“=" and working backwards, doing the same to each equation until (2.3.4), shows that player
2 is indifferent between ¢ and d. For player 1, D is a best response since @3 < 1. Thus,
I can pick any 03(2) € [0,1], so V({(¢,7)}) = {V(07) : 03(2) € [0,1),07(2) = ds} =

[0-(1—=0)+v(C),2(1 = 6) + dv(C)].
Suppose ¢ > qgg. Then ¢(¢) < 1, and performing the analogous steps in the previous

paragraph shows that player 2 strictly prefers ¢ to d. Since o3(@) = ¢ > ¢3 > 0, C' is a
best response, so V(c*) = (1 — d)uyi(e,C) + 6v(C) = 2(1 = §) + ov(C).

Now I turn to the simpler p¥ > % case. Player 2 strictly prefers ¢ no matter what
player 1’s strategy is. If ¢ = 0, then D is a best response, so V(c*) = (1 — §)ui(c, D) +
(D) =3(1—0)+ dy(D). If ¢ > 0, then C' is a best response: V(o*) = (1 — §)ui(c,C) +
(C) =2(1—-0) + ov(C). O

Now consider the first case listed in (2.5.3): suppose 1° € (0, §]. The function ¢ has
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two fixed points for pu® < %, one fixed point for u® = %, and no fixed points for ¥ > % (this
turns out to be the reason why p® > % has only one stationary equilibrium instead of two).

Setting ¢ = q(¢) and substituting into (2.5.4) yields

_ ¢
0= 1—2¢
which can be rearranged to get
0=2¢* — b+ ¢*.
The quadratic formula gives
1++4/1—-4-2¢0% 1 +/1—8¢p*
6= . ¢ _ Zi%; (2.3.9)

since ¢* = % for ;0 = %, pud < % is sufficient and necessary for the discriminant to be
non-negative, and therefore for the existence of a fixed point. Define qgl, qgg € ® as the fixed

points of ¢(-) such that ¢ < ¢ for pu° < % and ¢ = ¢ for 0 = %.

Lemma 2.3.4. Suppose " € (0, %] For any ¢ € [ngbl, 1), vy’ = 1. Furthermore, v° = 1/4,
and v > 1 for all ¢ € [0,¢1). Finally, vy =2—mn forall ¢ € (¢1,1). Furthermore,
v7° =2 and v < 2 for all ¢’ € [0, b1).

Proof. 1 begin by recalling that 7(-) is strictly increasing and noting that for any ¢ € [¢1,1),
the following holds:

=06 @€ {b1,d2}

r@) >0 @€ (d1.62) (2.3.10)

<¢ d€(@11).
I show that for every ¢ € [b1,1), 7(¢/) € [f1,1) and hence r(¢') > ¢(0), satisfying the
corresponding condition in Corollary 2.3.1 that used below. First, (2.3.10) immediately
shows this to be true for ¢ € {1, d2}. Suppose that ¢1 < ¢ < d2; the monotonicity of r(-)
and (2.3.10) imply 7(¢1) = ¢1 < ¢ < r(¢) < r(d2) = ¢. Finally, suppose that ¢g < ¢ < 1;

again the monotonicity of r(-) and (2.3.10) imply 'r’(gzgg) = gz§2 <r(p) < o<l
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Building on the previous paragraph, Corollary 2.3.1 implies that for every ¢ € [qgl, 1),

vttt = min{y(D): (¢,7) € B (F)}
= min{min{y(D) : (4,7) € B(B™(F) N W,4))},
min{y(D) : (¢,7) € B(B™(F) N W%)}}
= min{min{(1 — 8) + 0v(D) : (r(¢),7) € B™(F))},
min{3(1 - 0) + 0v(D) — 7 : (3,7) € B™(F)}}

= min{(1 —d) + d;y), 3(1 - 0) + duT —n}.
2

Note that yg =0 for all ¢ € [0,1). Suppose that for some m and some (" € R, vy =T =
2

¢"™ for all ¢ € [¢1,1). Then

opt = min{(1 =) + vy, 3(1 - 8) + ouf — )
= min{(1 - ) +5¢™, 3(1 — 6) + 6¢™ — n}

= (1—6) 4™

By induction, for each m, there exists £m+1 = (1 =) 4+ 6¢™ such that vy = ¢ for all

¢ € [¢21, 1). Hence, vy = limy 00 =1

Similarly, note that 172 =3 —nfor all ¢ € [0,1). Suppose for some m, vy = ¢™ for
all ¢ € [¢1,1). Then

optt = max{(1-0) + 077, 3(1 — 6) + 617’; o
— max{(1— &) + 66" 3(1 — 8) + 6C™ — )

= 3(1—-6)+6" —n.

By induction, for each m, there exists ("™ = 3(1 — §) + 6™ — n such that vy = ¢™ for all
¢ € [qgl, 1). Hence, 1720 = limy, 00 (™ = 3(1 = 6) 4+ §limy,, 500 (™ — 1 which can be solved

to get @;O:limm_}mgtm:3—%:2—n.
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Next, Lemma 2.3.2 and the above result give
v = min{y(C) : (1,7) € BT

= min{(C): (Ly) eB | B"@)N| |J W,
GSE[J):;,%]

= min<{ min{(1 —4§) + 6y(D) + (qbg, 7)€ B™(F)N W¢33}»

min{3(1 - 8) +63(D) : (6,7) € B™(F)n | |J W;
$e(d3.3]
= min{(1 — &) + 6¢™ +1,3(1 — ) + 5™} = (1 — ) + 6™ +n,

SO
v = Tim v = (1= 8) 4 0 4§ tim (M= (1— )+ 0 s L

m—00 5 m—00 — 5 5

Analogously,

ot = max{3(1—8) +d7(D) : (6,9) € B™(TF), ¢ € 3, 3]}

= max{3(1 - &) + 677, ¢ € [¢3, 1]} = 3(1 — &) +6C™

3

80 07° = 3(1 = 8) + 6 limp 500 (™ =3(1 — &) +6(2 — ) = 2.

Finally, let v* = min{v}}j : ¢ € [0,1)} and v = max{v}) : ¢’ € [0,¢1)}. Lemma
2.3.2 shows that for any (¢,7) € B™(TF),

¥(D) = min{(1-24)+57(D): (¢,7) € B"(F)}

> min{(1 —J)+ v, 2(1 — ) + dv]"}

so vt > (1 — §) + 6v™ which gives

lim v > lim min{(1 —6) + 6v™, 2(1 — 8) + dv}"}

m—o0 m—00

= mln{(1—5)+5 lim ym,2(1—5)+1},

m—ro0
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50 lim,,—s00 V™ > 1, which proves the last part of the lemma.* Turning to the maxima,
o = max{max{3(1 — 6) + 60} : ¢ € [3,1)},2(1 — 6) + 60}"}

7 S max((1 = 0) 4 09, 3(1—0) +00F —n} W6 € (0.41)

SO
75° =max{3(1 —9)+d(2—1n),2(1 —§) + 26} =2
172?“ < max{(1-0§)+6v>,3(1-06)+d(2—n)—n} = max{(1-9§)+6v>°,2—n} Vo € (0,1).

If (1 —0)+0v>® > 2—n, then v>° = Hlax{@go,rnax{”t?(?"‘1 c ¢ € (0,61)} = max{2, (1 —0) +

WL If v > 2, then v™© = (1—-9§) + v = V™ =1, a contradiction. Thus, v>°* =2. O

Lemmas 2.3.3 and 2.3.4 imply that

min V(D) = min{min{(1 - 6) +v(D) : (¢,7) € D, ¢ < ¢},
min{2(1 — 8) + 67(C) : (¢,7) € D, ¢ > ¢}
= min{min{(1 - 6) + 6v, ¢ < ¢*}, min{2(1 — 6) + 5 +n) : 6 € (¢, 1)},
2(1=0) +0(vy” —n)}

= min{(1-9)+0-1,2(1—-0)+d(1+n)}=1.

Thus, the first minimum listed in (2.5.3) has been proven.
Now, suppose u’ € (é, %) This eliminates the fixed points ¢1, 2 of q(+) (and so it

turns out the only stationary equilibrium is at ¢ = %) I still define ¢ so that q(qgg) =1.

Lemma 2.3.5. Let u° € (%, %) For any ¢ € [0, ¢3), there exists finite k such that ql_“(qﬁ) >

1
5

4This simply confirms the obvious fact that the continuation payoff must be greater than or equal to the
minmax payoff.
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Proof. Let

Ba(@) = alo) o= 1 25— o= SIS S0
It is clear that for ¢ € [0, 1), because if Ag(¢) < 0 for some ¢, there would exist ¢’ € [0, 3)
such that
0=¢*—¢+2¢°
1+1—8¢%
o=

. The first and second derivatives of Aq(-) are

Ol

but ¢* > % because 0 >
Ad(¢) =2¢"(1—2¢) > =1

Aq"(¢) =8¢ (1 —2¢) % > 0

for ¢ < %, so Ag(+) is strictly convex. Furthermore, setting Aq'(¢) = 0 gives

20"(1—24)"2—-1=0

1
-2
(1-2¢)" = 2"
1—2¢ = 4/2¢*
¢ = (1+/2¢%), (2.3.11)

and for ¢* € (%, 3), such a solution ¢ € [0, 3) to (2.3.11) exists. Thus, Ag(¢) > Agq for some

Agq > 0, so for any k,
¢"(9) = & + Aq(¢) + Aq(a(9)) + Aq(¢*(9)) + -~ + Aq(d" 1 (¢)) = ¢ + kAg,
so there exists finite k such that ql_“(qﬁ) > % O
Having established its finite existence with Lemma 2.3.5, let
L) = mkin ¢"(0) such that ¢*(0) > 1.
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Define p* = ¢*(0) for k € {0,...,L}. Define 8¢ = (p* p**1) for k € {0,...,L — 1} and
St = (ph, 1).

Lemma 2.3.6. Suppose p° € (%,%] If pt = %, then y;% = A\{'; otherwise, v°7_, = A=t
Also,
oo (1—0)+0v3 pl <1
O =
7 (1=08)+ v, +n pr=1
Finally, min{vZ® : ¢ € [0, bs]} = v i1 and
R v L <1 v + <1
min{o 6 € (35,1} =4 70" o= g Y
ve pl =1 ve pl =1
WL_l WL

Proof. Note that A\¥ above in (2.5.5) is defined so that A} = (1 —6) +6%[3(1 —8) + A\ — 7).
Also define \¥ so that A} = (1 — §L) + 6L[3(1 — ) + 6AL], which gives
L 1 L L
For brevity in this proof, unlike that of Lemma 2.3.4 I skip ahead to the minimum

generating limits, e.g. instead of writing “v m+1 = 3(1 —9) + ou] —n,” I take the limit as
2

m — oo as shown in (2.3.12) below.

First, by Corollary 2.3.1,
vgo = 3(1 —9) + vy —n; (2.3.12)
2
to see why, note that W, C J and 7(¢) < 0 = p° = r(p') for any ¢ € 8°, so there does
not exist ¢’ such that q(¢') = ¢. For each k € {1,..., L}, for any ¢ € 8% r(¢) € 8¥71. To
see this, recall that 7(-) is monotonic and that p¥ < ¢ < p**! for k < L (the argument
here is easy to adapt for k = L), so r(p*) = pF~! < r(¢) < p* = r(p**1). Corollary 2.3.1

shows that vgy = min{(1 — §) + dvgi_;,3(1 — d) + 6v° — n}. Suppose (by contradiction)
2
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that 3(1 —6) + v —n < (1 —0) + dvgi_,. Then
2

B1—0)+ 0T —n < (1—08)+uE 1 < (1—06)+0B3(1—0d)+ 0T — 1]
2 2
— 5[3(1 - 0) + dul.
2

1-6
(1=0)B(1 =0) +ovT] <n=——
2
35(1 —0) +6*uyP < 1 (2.3.13)

2

For § > 1, the left hand side of (2.3.13) is less than 2 + %y‘f <1 = T <1, which is
easily shown to be contradicted by Lemma 2.3.2.> Thus, vgn 2: (1—9)+ (52%,1, and in fact
the argument above shows that for any ¢*~1 € k=1 ¢* € 8* 1 have QZ?C =(1-9) +5y;‘,’€,1.
An almost identical argument shows that v>% = (I1-6)+ dupi-.. Note that because v§ <

3(1—-10)+ 6@? -1 =g, Q;i < wg; for each k.

Suppose p < 1. 1T show that v$° = vg +n. Note that plt=rph) <rl) = b3 <

% < p*, so [g?)?), %) c 8¥~1. By Lemma 2.3.2,

vf* = min{(1-6)+ 53 +n,min{3(1 - 8) + 6v3 : ¢ € (¥3,3)},3(1 — §) + duT}
2

= min{(1 — &) + 6035, +7,3(1 — 6) + v} (2.3.14)
2

If p > %, then % e 8¢1 and VY =gl 1, 8O

[\

v =(1—-6)+06v5i1 +1n =05+ (2.3.15)

The next paragraph proves the result for p* = %

Suppose pr = % By Lemma 2.3.2,

0% = min{3(1—6) + T —n,min{3(1 — ) + du, : ¢ € (5,1)},2(1 — 6) + 5«F.3.16)
2

®Besides the fact that this implies a continuation payoff less than the minmax, this can be seen by simply
letting v = min{min{vyg' : ¢ € [0,1)},v]"} and generating the lowest payoff given by Lemma 2.3.2 at any
¢ as the new lower bound v™*! > (1 —0) 4+ év™, which converges to 1 as m — co.
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— min{3(1 - 6) + duf — 1, 2(1 — 3) + v},
2

where the last step is because (%, 1) = 8L and ve > Q;% = % Suppose by contradiction

that
v° =3(1—-0)+ 0P < (1—-0)+dvsi. +7 (2.3.17)
2

(see (2.3.14)). It is straightforward to show that

21— 8) + 605° = 2(1 — ) + 3[3(1 — 8) + 6v] > 3(1 — &) + v —
2 2

2
means vg; = vy for each k, and
=p

since v7° < 2 —n by Corollary 2.3.1, so Q;S =3(1 —6) + 6vy® —n = vg. By induction that
2 2

QC%O =% = (10" +6"u% = (1-6%) + 6" [3(1 - 6) + dup2 —n) = Af,

where the last step is because the above equation matches the characterization for /\1L at

the beginning of the proof. Returning to (2.3.17) I have

3(1—=9) + o0vT :3(1—6)+6Q;2 < (1 —=9)+dvgi +1n= (1—5)+6Q§‘2_1 +77:Q;% +1n
2

3(1—6)—n<(1—5)y§%

1
3-5=2-n<uy,

which is a contradiction because y;% = v < 99 < 2 —n by Corollary 2.3.1. Thus,
2 2
to summarize, for p¥ = %, I now also have v = (1 —0) + v, +n = v + 7, and
furthermore vy = v for all k € {0,..., L} and v = M. It is then straightforward to
S 14 D 1

check that the lemma has been proven for p* = %

For the rest of the proof suppose % < p < 1. The p* = 1 case follows almost exactly
the same argument, adding or subtracting “n” as appropriate where “Q;‘z” is mentioned and

ignoring the consequently empty set 8¥. By Lemma 2.3.2, the first step of (2.3.16) holds
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here as well. Suppose (by contradiction) that

03 < 3(1—68) + 0uT — 1. (2.3.18)
2

Then by Lemma 2.3.2 and (2.3.15) it must be that vg = 3(1 — ) + dupz. Since vy

(1—60)+ 5L%‘;8 = (1 -0 +653(1-6) + 5@2‘2], it then matches the characterization of
AL at the beginning of the proof: L= AL, Since 3 € 8¥71 as shown near (2.3.14),

Q%O =03 = (16" + g =

(1= 651 + 6571 3(1 = 8) + duge—1 — 7]

due to (2.3.12); therefore ¥ matches the characterization of A'~! above: o3
2 2

L—
= L
2
Thus, I can write (2.3.18) as

v =3(1—0) 4+ 0v5% = 3(1 — 6) +6A5 < 3(1—6) +6vT —n=3(1—-0)+A"" —n

2
15_25. (2.3.19)

The following lemma proves that (2.3.19) is a contradiction

A NP

Lemma 2.3.7. )\% > )\f_l - 16_25'

Proof. Suppose by contradiction the opposite:

62 52 _ _ _
m[l—éL+35L(1—5)] <ﬁ[(1—5L D4 36l7t(1 —6) — oLy — (1 - 96).

I spare the reader the tedious algebra that yields

1 — 3651 4 251+2 < . (2.3.20)

Note that at 6 = 1 the left hand side is equal to 0. Taking the derivative of the left hand
side with respect to J gives

—3(L + 1)6% 4+ 2(L + 2)6" 1 = —(3L + 3)6" + (2L + 4)5 .
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Since 3L + 3 > 2L + 4, the derivative is strictly negative for § € (0, 1), so the left hand side

of (2.3.20) is strictly positive for § € (0, 1), a contradiction. O

Thus, going back to (2.3.16) I have vg = 3(1 —0) + 6v¥ —n = vgH. This then

o0
v3
2
3)

implies that vy = vgy for each k € {0,..., L}. Then v7§ = 3(1 — 6) + dvi_, — 7, and some

_ yL-1 00 __ ,,00 00 _ ,,00 00 _ 00
rearrangement gives pr_l = Ay . Since ve§ = w5 > vt = v > > 0%y = Ui,

min{vg’ : ¢ € [0, b3]} = vi-1- It is also easy to see that min{vg® : ¢ € (f3,1)} = VoL = Vgt

Since I showed earlier that v{° = v O + 1, the lemma is proven for p& < 1. O

By Lemmas 2.3.3 and 2.3.6, if p < 1 I have

min V(D) = min{min{(1 - §) + 6v : ¢ < @3},
min{2(1 — 8) + 6(uF +n) : ¢ € (¢3,1)},2(1 — §) + 6v5°}  (2.3.21)
= min{(1 —4) +0vy21,2(1 —6) + 6(vpz +n),2(1 —6) + (v +n)}
= min{(1 —0) + dvyz-1,2(1 = 0) + 6((1 — 0) + dvyz-1 + 1)}

= min{(1 —6) +0u% 1, (1 —6)(3+0) + vy 1} (2.3.22)
If p* =1, I have
min V(D) = min{min{(1 - 3) + v : ¢ < @3},
min{2(1 — 8) + 5w +n) : ¢ € (¢3,1)},2(1 — §) + 5v7°} (2.3.23)
= min{(1—0) + 60321, 2(1 — 8) + (v -1 +1),2(1 — 8) + 6032 }

= min{(1—6) + 60351, 2(1 — 6) + 8((1 — 8) + 6051 +1)}

= min{(1 —6) +0v2 1, (1 - 8)(3+0) +6°v2 1}, (2.3.24)
where (2.3.24) matches (2.3.22). Suppose by contradiction that

(1=6) +6u35 1 > (1= 6)(3+6) + 6%vpe 1
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rearrangement yields
o(1— 5)@21’,1 > (1-0)(249)

2+0
y;%,l >T>3’

an infeasible payoff, and so a contradiction. Rearranging (1 — §) + 5@2‘2,1 = y;% yields
,UOO
v, = % — 7. Continuing,

(1 —6)+orkt pt >

minV(D) = (1-6)+dvyi. = (1_5)+5[§_] o~

Nl NI

(1 —6)+ okt ph >
L
(L=8)+6 |5 —n| »F=

Ja=a 4+t pt>
AT ph =

NI—= N

NI—= N

With respect to the maxima @do)o, the conclusions of Lemma 2.3.4 with almost iden-
tical arguments to the proof thereof, giving max{v3" : ¢ € 0,03)} = 2, max{v3° : ¢ €
[¢3,1)} =2 — 7 and ©$° = 2. Thus,

max V(D) = max{(1—0)+dmax{v3 : ¢ € [0,3)},3(1 — ) + s max{v : ¢ € [¢3,1)},
2(1 =) + 6u7°}

= max{(1—-9)+25§3(1—-0)+32—-17n),2(1—-0)+25} =2.

Now consider the u® > 2 case (the p° 2 case is handled at the end of the proof).

I use the following analogue of Lemma 2.3.2.

Lemma 2.3.8. Suppose pu° € (3,1]. Let any HBP 0 = (¢,7) be given. Then
{(1,9((1 = 6) +67(D),3(1 = 6) + 67(D))} 6€0,3)
B() = {(@,7) : (D) € [(1 = 6) +63(D),3(1 = &) + 63(D)],
NC) =3(1-0)+63(D)}NT o=73
{(0,7) : 7(D) = ~(C),7(C) = 2(1 = 0) + 65(C)} ¢ € (3,1].
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Proof. 1 consider each case sequentially. Let some HBA = = (¢, u, ) enforced by @ and

the HBP w = (¢, 1, 7) decomposed by x and w be given.

Suppose ¢ € [0, %) Inducibility requires a; = ¢ < %, so player 2 has d as a strict
best response by the same reasoning as in the proof of Lemma 5.2, and D must also be a best
response for player 1. Thus, v(D) = (1 —d)ui(d, D)+ 6%(D) = (1 — &) + d¥(D). At history
C, player 2 has a belief greater than % for the commitment type, so arguments in the proof
of Lemma 5.2 show that c¢ is a strict best response. Then (C) = (1 —0)uy(¢, D)+ 6%(D) =
3(1—-10)+6%(D).

Suppose (]3 = % Player 2 is now indifferent at history D, so can choose any s € [0, 1],
which yields y(D) = (1 — d)[asui(c, D) + (1 — az)ua(d, D)) + 63(D) = (1 — §)[3a2 + (1 —
az)] + d7(D). The same reasoning as above gives v(C) = 3(1 — §) + §¥(D).

Suppose ¢ € (%, 1]. Player 2 strictly prefers ¢ at both histories C' and D, while C
is a best response for player 1. Thus v(D) = v(C) = (1 — §)ui(c,C) + 63(C) =2(1 —0) +
9 (C). O

Lemma 2.3.8 gives
ot = min{min{3(1 — 8) + 6vT —n: ¢ € [3,1)},2(1 — 8) + ov}"}
ottt =3(1—08)+ ot —n Ve (0,1)
2

Then v§° = 3(1 — §) + 6v5° — 1, which yields v5° =3 — 3 =2 — 1. So for all ¢ € (0,1),
2 2 2
1 1-6 1-6
© _ 3(] — o)l 31 —-6)+36—-1——" =9,
vy = 3( 5)—|—5<3 5) 5 3( )+3 5 n

I can then write

vy = min{3(1—-9)+d(2—n)—n,2(1 —0)+ s}

= min{2 —n,2(1 —¢) + 6v{°}
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v = min{3(1 —6)+dvs°,3(1 —9)+0(2—n)}

= min{3(1 —d) + dvgy°, 2}
Suppose by contradiction v{® < 2. Then

0 = min{2—7,2(1 —6) +6[3(1 — &) + v}
= min{2 —7,2(1 —0) 4+ 36 — 3% + 62@80}

= min{2 — 1,246 — 36% + 6%}

If v <2 —mn, then v =246 — 362 + 52980 which can be solved for

o 246(1—30)

a contradiction; thus v{°® < 2 implies v§° = 2 — 7. Yet v]° = 3(1 —0) + dvg° = 3(1 —J) +
d(2 —n) = 2, a contradiction. Thus, v$° = 2. Also suppose by contradiction vj® < 2 — n;
then v3° = 2(1 — 0) + Jv7° = 2. Hence, v® =2 — .

To summarize: vg® =2 —1 for all ¢ € [0,1) and v3° = 2. Plugging this into (2.3.3)

in Lemma 2.3.3 shows that min V(D) = 2.

Turning to the maxima, Lemma 2.3.8 implies
o0 = max{max{3(1 — §) + ovg —m: € (3, 1)}, 2(1 = 0) + 607}

ot =3(1=0)+ 007 —n Vo e(0,1)
2

—-m+1 __ o =M, 1

o1 = max{3(1 — 9) + vy : ¢ € [0, 5]}

Then for all ¢ € (0,1), o7 = EZLH =3(1 —9) + 007" —n, which in the limit gives
2 2
—00 —00 1-9¢ —00 1
B =8(1=0)+ 07 — —— = Ty =3-<=2-n.

Note that 9] = @g = 3—nand ¥ = 3. Suppose for some m that v < ¥J* —n and v7* < V7.
2 2
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Suppose by contradiction that max{3(1 —0) + 60§’ —n: ¢ € [2,1)} > 2(1—6) + 60", Then
max{3(1 — &) + 00) —n: ¢ € [3,1)} =3(1 — ) + 00T —n > 2(1 - 6) + 607" (2.3.25)
2
(1=0)—n>d(v" —27)
2
—n > 0(0)" —n—07),
2

but since the left hand side is strictly negative and the right hand side is non-negative, I reach

a contradiction. Note that the left hand side of (2.3.25) is equal to o7"!. Thus by induction,
2
for all m, 5" = 2(1—8)+00* > o7 Similarly, 07"t = 3(1—8) +do* > 3(1—9) + 007
2 2
Taking the limit,

050 =2(1—6) + 607", 70 =3(1 —6) + dvg°.
Solving these two equations gives

75° = 2(1 — 8) + 6[3(1 — &) + 675°]) = 2(1 — 6) + 35(1 — &) + 6%o°

. 1-4
_ 2+36 26 + 362 1-6

Finally, by Lemma 2.3.3,

max V(D) = max{3(1 — )+ 6v°,

max{2(1 — 6) + 60 +1) : ¢ € (0,1)},2(1 — 6) + 605°}

1—
= max{g(l—5)+51552(2+36),2(1—5)+6(?7?°+17),
- 2
1-90
2(1—5)+61_52(3+25)}
_ 31— 0) 4+ 0170 (24 80),2,2(1 — 8) + 622 (3.+ 20)
= 1maXx 1_52 ) 4y 1_52 :

It is straightforward to show that the first term is strictly greater than the other two for
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_ 1-6 N
max V(D) = 3(1 - §) + 7—(20 + 36%) = ———(3+ 20).

Now suppose p = % Note that ¢* = 1, so ¢(0) = 1_12.0 =1, ¢3=0,L =1 and

pL = 1. Lemma 2.3.6 shows that
v =X =05, =M\ = min{vg’ : ¢ € (0,1)}

and v{® = g;i =(1-9)+ 5)\f_l. Using the same arguments as for the pu° € (%, %) case

above, T have min V(D) = (1 — §) + dAL~L. For the maxima, the same arguments as those

above for ;0 € (3, 1] hold, so max V(D) = 11__552 (34 20).

2.3.2 Purifiability of Quasi-Markov Equilibria

This section shows that for almost all priors x® and discount factors § > %, there
exists a purifiable equilibrium giving the minimum and maximum payoffs given in Proposi-
tion 2.5.1.6 For each case, I construct the unperturbed equilibrium strategy profile o* and
a sequence of perturbed game strategy profiles (%), each corresponding to the (v, ")-
perturbed game where 1) is the uniform distribution on [0, 1]/l and (¢¥)}, is some sequence
where ¢* > 0 and ¥ — 0. I show purifiability (according to Definition 2.4.3) by proving
that for small enough ¥, % is a wPBE of the (¢, €*)-perturbed game, and that (5%); con-
verges in outcomes to o*. (I omit proofs that the unperturbed strategies o* are wPBEs of
the unperturbed game since the proofs are essentially simpler versions of the proofs for the

perturbed equilibria.)

2.3.2.1 Stationary Equilibrium with Payoff 2 (0 < p° < 1)

The equilibrium for the unperturbed game is defined as follows:

5The § < % cases are straightforward (with player 1 always playing D) and so I omit them.
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1 h=o
. 1
1-19 p=D

Define the sequence (%), of equilibria in the sequence of perturbed games:

0 Azy < (b
(2, 2) =65, C ) =1 G, D, z) = 256
1 Az > Cg
0 Az <k
&’f(t,zl)z 1741
1 Az > C{C
where I define (¥, (¥ by the system of equations’
2(1 -6 2
g1+ B0 St d=og
0 0
For convenience, define the expected outcomes
1 h=C

ak(h) = [ 65(t, D) dip(z2) =
) = [ 5. D) vz i b

it = [ b avea) = b - o
for any t > 1. Also define the beliefs at history C' at any period t:

k e

WO+ (1 — p0)ay’

i (2.3.26)

I now show that these strategies are mutual best responses. Define V4" (p, a1, 22)

as the expected payoff for player 2 of action ag given posterior belief p, expected player 1

"Though these equations are clearly easy to solve, leaving them in this form makes it simpler to confirm
that the strategies are best responses.
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action @1, and shock zs:

V2d(P707172’2) =2p+ (1 —p)[2a1 + (1 — a1)] _|_Ekz2.

Vs (p, @, 22) = 3p + (1 — p)[3aq] + 25

d

Then define AV5 as the benefit of playing ¢ over d:

AVa(p,ar,z2) = VE(p,au,z2) — Vi(p, an, 22)

= 3p+(1—p)Bar] —2p— (1 —p)2a1 + (1 — an)] + (25 — 23)

= p+(1—p)2a; — 1] + e Az. (2.3.27)

At history D, the belief is p = 0 so

AV5(0,65,20) = 2aF — 14+ " Azp =2 J(1 = () — 1+ F Ay = —£F¢F + M Az,

which makes it clear that G5(t, D, 22) is a best response. At history C, the posterior is

j* > 10, so for small enough ¥, AV,(ji*, &’f, z9) is positive for all zo and thus 6§(t, C, z2)

is a best response. The same is true at the empty history @ at period 0.

Define V}"!(t, z1) as the payoff to player 1 of playing action a; at period ¢:

VE(t,z1) = (1 — &)uy(ag, O) + 6V (t +1,0) + &*2¢

VP (t, z1) = (1 = 8)uy(ag, D) + 6V (t + 1, D) + &*2P

where V(t+ 1, h) is the continuation payoff for the start of period ¢+ 1 with history h. The

benefit AVi(t, z1) of playing C over D is

AVi(t, z1)

where a4 (h) is the

= Vi(ta) -Vt =)

= —(1-8)+8V(Et+1,0)=V(t+1,D))+e*=f - 2P)

= —(1-90)+ds(@tt(C) —at™ (D)) +F Az (2.3.28)
strategy of next period’s player 2 at history h. In this equilibrium,
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those strategies are a5(C) = 1,a5(D) = 1(1 - ¢}) so

AVi(t,z)) = —(1—10)+6(a5(C)—ak(D)) +ebAz

= —(1-0)+6(1-31-G)+eAzy

2(1-90) 25k§1]> 4 bA,

- _(1_ 1 _
= (1 5)+25<1+[1+ 5 5

= —ef¢ +efAz,

showing player 1’s strategy is a best response.

Finally, I show that (&%), converges in outcomes to o* as given in (2.4.1). For
G8(@,29) = 65(t,C, 20) = 1 = 05(@) = 03(t,C), the convergence is trivial. For history D,

I integrate over the shocks:

lim [ 65(t, D, 20) dip(22) = lim $(1—¢5)
k—o0 k—o0
B 1 20-0) 2, .,
= 25202(1 L= —5a
1—
= 1122 =03t D)

For player 1, I have
tim [ (e, 20 dv(e) = 31— ¢b) = 41— £h) = § = o1(0)
k—o0

2.3.2.2 Stationary Equilibrium with Payoff 1 (0 < p° < %)

For 0 < p° < %, the minimum payoff equilibrium is defined as

0 h=go
0 h=D

Note that o} (¢) is a fixed point of r(-) = ¢~ 1(-) defined in (2.5.1) and (2.3.1), respectively;

see (2.3.9) for the calculation of the fixed points. Define the sequence (5%); of equilibria in
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the sequence of perturbed games:

0 ebAzy < (k 0
256 GE(t, D, 2) =0 Fh(t, 21)

1 eFAzy > ¢k 1

G5, C, ) =

where I define ¢F, ¥ by the system of equations®

2(1 - 6)
5

G=1-

where [i* is defined as in (2.3.26).

b Az < ¢F

EkAzl > Cf

(2.3.30)

I show that the strategies are mutual best responses. Reusing the notation above in

(2.3.27), at history C' the belief is p = i¥, so

AVo(fiF, 6, 20) = ["+ (1 — i")[26) — 1] + ¥ Az
= B 1-E)2-500 =) - 1]+ Az
~k kk
-k gy [ HTHEG k
= Q —(1—u)[1_ﬁk}+s Az

= —eF¢h 4+ eF Az,

which makes it clear that 5 (¢, C, z2) is a best response. At the initial history @, the belief

is the prior 0 < fi¥, so for small enough ¥, AV, (u®, &%, z3) is negative for all zo; similarly,

at history D, the posterior is 0 < fi¥, giving the same result. Thus &5(3, 22),55(t, D, 22)

8] leave them in this form for the same reason given in footnote 7. To show that a solution exists, I can

write

0 k rk,t
&t = 1 (1 _ Ck) _1 1— M _1 1— O+ (1-pf)ay tee
T2 ! 2 1— gk 2 1 w0

nO+(1—p0)ak

N (1 — p0)ak (1 — pu0)ak
u’ kpkito 0 0y 5k

_ 1 1 1=x G (W + (1 —po)ar)

- k 0\sk
aq (I —po)aq

1 (1 B e MO)&’f)> 1 ((1 —p)at — p® — Rt + (1 - uo)o?’f))
2 2

(2.3.29)

Note that ° < & guarantees two fixed points of r(a}) = 1 (1 - M) (see (2.3.9) for the reasoning),
o7
and that 7(-) is strictly concave. Since the limit of the right hand side of (2.3.29) as ¢® — 0 is 7(a}), for

small enough €* a solution to (2.3.30) exists.
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are best responses. Reusing the notation in (2.3.28),

AVi(t,z1) = —(1—108)+6(a5(C)—ak(D)) +ebAz
= —(1-8)+630—-¢)—0)+fAan
S ] (I [EEL=L N N

= —e"¢F 4+ eFAzy,

so player 1’s strategy is a best response.

Finally, I show that (%), converges in outcomes to o*. For
55(2,29) = 65(t, D, 20) = 0 = 03(2) = 03(t, D),

the convergence is trivial; at history C,

lim [ 65t C,z)dip(20) = lim 3(1-¢F)
k—o0 k—o00
1 20-0) 2 ..l _1-6
= klggoz (1— [1— 5 + 5¢ Gl = 5 = 0,(t,C).

Footnote 8 shows that [ &5(t,21)di(z1) = limj_, &F converges to a fixed point of r(-);

since 0§ (t) is also a fixed point of 7(-), I can pick 6* that converges to o} (t).

2.3.2.3 Non-Stationary Minimum Payoff Equilibrium (% <ul < %)

For { < 40 < %, the minimum payoff equilibrium is defined as follows. Define

Rell

L(p®), q(¢, u°) as stated in Proposition 2.5.1 (I will usually omit the “4"” argument in both
for brevity). I restrict attention to priors u® such that L(u®) > £ (the set of priors p0 € (é, 3]
such that this is not true is Lebesgue measure zero). The equilibrium strategies are

(

0 h=o
120 (t4+1)mod L #0,h=C

o3(t,h) =14 ° o (t) = gF il med L, 0),
0 (t+1)modL#0,h=D
1 (t+1)modL=0
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Define the sequence (%), of equilibria in the sequence of perturbed games:”

0 EkAZQ <C§’(t+1) mod L(h) p 0 EkAzl <Cf’(t+1) mod L
01 (tvzl) =

~k _
09 (t7haz2) =
1 e*Azy > <§,(t+1) mod L(h) 1 Az > Cf,(t-ﬁ-l) mod L

where 1 define the thresholds ¢5°(C),¢H(D), ¢&0, .., b1 (0), " H(D), ¢ below;

for the empty history, C§ ’1(®) = 1. For convenience and clarity, define:

~k,l

ay' = / Fh(t, 21) dp(z1) = (1= ¢Fhy ay'(h) = / GE(t, h, z0) dip(22) = $(1— 3 (h))

0
ki — a (2.3.31)

~k,(I—1) mod L
Mo‘i'(l—ﬂo)al( ymo

for some ¢ such that [ = (¢ 4+ 1) mod L. Define the thresholds as follows. Let ¢5(D)

1

for all [ > 1, and let Ck L=1' = 1. Define Ck =2 §’L_1(C) as the solutions to the system of
equations'®

0 =231 — 14 ckchtt (2.3.32)

0=—(1-0)+ 51— ¢y 1)) + ¢, (2.3.33)

9For the sake of simpler notation, I can and do ignore the measure zero set of cases where Az; =
{k »(t+1) mod L, it is straightforward to fill in best responses for these remaining cases.
10T do this for the same reason given in footnote 7. I omit the tedious algebra that gives the solution

S m(éu =31 =) + 2" (1= (1 - )

F((8(1 = 3R) (1 — 1) + 26" (1 — €)1 = 10))? + 8(e")2(1 — 1) (—2" (1 + 1)
+0(—1 4 3u° + 3¢ (1 + MO))))W).

Note that for small enough €*, the discriminant is non-negative and thus a real solution exists.
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Then for each | € {1, ..., L — 2}, define (backward inductively) g“f’lil, C;C’l as solutions to the

equations!!

0 =P+ (1 —@PhHEal! —1) + ¢! (2.3.34)
0=—(1-08)+ 1601 = PN (C)) +r¢ftt (2.3.35)

(note that f*! is a function of Cf’l_l). Define (5’0(0) = Cg’o(D) = —1. It is convenient to

rearrange (2.3.34) as

(k’l _ ikl 4 ek é?,l
1 1 — ik
and (2.3.35) as
2(1—=9 2 _
ley=1- 21-9) 5 ) 4 ga’“g{“vl L

I show that these are mutual best responses. Abusing notation, let “/” mean any
period t > 1 such that (¢t +1) mod L = [. For each [ € {0,...,L — 1}, the benefit to player

2 of playing c over that of d is

AVL(iF el 2) = P4 (1= aRh[2aM — 1] + F Az
~ ~ k,l
= @M (=P[R 300 - G — 1]+ Az

= @M= (1= AGT Az
For [ = L — 1 and history C', I have

A‘/Q(,&/k’L_la dlf’Lil, 22) — Iak,L—l _ (1 _ Iak,L—l) + €kA22

= 20— 14 P Az

11 Again, I omit the steps that yield the solution
1

kil—-1
att o= g

(26" = 32*0)(1 = ) + ()78(1 + ") + 8t (1 = 1)
+((€k(2(1 — MU) + 5(5’“(1 + MO) —3(1— ,uo))) +o(1— uo)d“’l)z
A(ERY2S(1 = 10) (2610 + (35 — 2)(1 + °) — 8(1 — MO)Cf’l))l/z)_

For small enough £, the discriminant is non-negative.
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solving (2.3.32) for i*L~! and substituting gives

AVg(ﬂk’Lfl,dlf’L_l,zg) = 2 %(1—5’C g’L_l) —1+efAz

kL—1
kCQ + e¥ Az,

so 65(L — 1,C, z3) is a best response. For both the empty history @ and history D, the

belief is less than ji*!for all I € {0, ..., L — 1}, so for small enough ¥, AVkis negative for all
22 and so0 65(@, 29) = 65(1, D, 25) = 0 is a best response. For 1 <1 < L — 1 and history C,

I have

ﬂk,l 4 gkgkyl

AV 6l z) = — (1= k) 1— /lk,12 +e Az

= —6kC§’l + eF Az,

Applying the same algebra given in footnote 8 (replacing ¢¥, i¥ with Cf ’l, fFl, respectively)

shows

k,l ~k]—
G M0+ (1 — )t
2(1 _ MO)dk,l—l ’

ay! =r@H") —e (2.3.36)

where r(-) = ¢7(-) is defined in (2.3.1). Since ¢*(L) > 3, for small enough &*, player 1’s

strategy must be to play C' with more than probability % at [ =0:

hm dk,L*l — hm ,rL(ak’,O) _— hm ak’70 — hm qL(akﬁL*l) — qL(O) >
ek—0 ek—0 ek—0 ek—0

[l

Then for small enough £, AV;(0, d’f’o, 29) = 264’;’0 —1+e¥Az > 0 for all z5. Turning to

player 1, for 0 <[ < L — 2, I have
AVi(l,z1) = —(1-0)+38(a5"(C) —ag™ (D)) + e Axn
= —(1-8)+ 31— +fax
2(1 -6 2
- —(1-6)+1s (1 - [1 - (5) + 6&({“7@ +ef Az
= —ska’l +eF Az
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so 67 (1, z1) is a best response. For | = L — 1,

AVi(t,z1) = —(1—268)+6(ab°©)—ab’D)) +efaz

= —(1 — 5) =+ €kA21

which is negative for all z; for small enough &*.

Finally, I show convergence in outcomes. (I continue to abuse notation by letting
“I” denote any period t such that [ = (¢t + 1) mod L.) For [ = 0, CS’O(C) = CS’O(D) =1so
[ 651 =0,h,29) dip(z9) = 0 = o5(1 = 0,h). For I > 1 at history h € {@, D}, (5'(h) =1
and so

[ 3t b ) dvtea) =0 = a3t

For player 1 and [ =L — 1, Cf’L_l =1so
/5’f(l =L—1,21)dp(z) =0=0(l=L—1).
For player 2 and [ > 1 at history C,

lim / G50, C,20) di(z2) = lim 11— 3(C))

1 2(1 — 2 1—
= lim = <1— [1— ( 5 %) +5e’“g{“”D = T‘S = 03(1,C).

For player 1 and [ < L — 1, (2.3.36) shows that limy_, dlf’lfl = limg_ 00 q(d]f’l) and so

lim [ 67(1,21) d(z1) = ¢* 1@k ™) = ¢“717H0) = o3 (D).

k—o0

2.3.2.4 Non-Stationary Maximum Payoff Equilibrium (1 < x° <1)

The maximum payoff equilibrium is defined as follows:

1 event,he{C,D}
0 event

o3(t,h) =<0 event,h=D oi(t) = s
0 .
1 oddt
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Since o5 is sequentially strict, purifying it is straightforward. Define the strategies the same

way for the perturbed games, ignoring the shocks: ¥ (¢,h) = o (t, h) for all i,t, h.

For player 2, the posterior belief at each date-history is given by

u event,h=C
p=491 oddt,h=C
0 h=D

so the benefit of playing c over d is given by

AVo(p,ar,z) = p+(1—p)[2a; — 1]+ Az
o — (1 —p0) +e¥Azy event,h=C
_ —14eFAz even t,h =D
I E S odd t,h =C

\uo + (1 —pu®) +e¥Azy odd t,h = D;

so for small enough €*, 5§ is a best response for all z3 at each history (because u° > %)

For player 1,

—(1=68)+eFAz even t
AVl(t, Zl) = ( ) ! v
—~(1—=68)+6+e*Az oddt,

so because § > %, for small enough ¥, &’f is a best response for all zo at each period. Since

&% gives identical outcomes to o*, convergence in outcomes is trivial.

2.3.3 Proof of Proposition 2.5.2

By Proposition 2.3.6, there exists self-generating HBP (¢, u1,y) and enforced HBA
(é, i1, @) such that v(C*) = V(CK). Suppose by contradiction that v(Ix) < 2 (recall that
I = {CK}). This implies that as(Ix) < 1, for otherwise player 2 would always play ¢ at
I, yielding v(Ix) > (1 — d)u(c,C) + 0V (Ix) = 2(1 — &) + éy(Ix) which gives y(Ix) > 2,

a contradiction. Thus d is a best reply for player 2 at I, so the payoff of playing d is

Uz(dllx) = 2pk)+ (1= p(lk))[20a(Ixd) + (1 — o1 (Ixd))] = Uz(c|Ik)
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= 3ullk) + (1 — p(lk)) - 3ar(Ikc),
where Us(c|Ik) is the payoff of playing c. Solving for a;(Ixc) gives

—n(lx) = (1= p(k))Bar(Ike) =201 (Ixd) — (1 — a1 (Igd))]

= (1 - p(k))[Bar(Ixc) — ar(Ixd) — 1]

—ulk) + (1 = p(Ik))|ea(Ixd) + 1] = (1 — p(Ik))3ar(Ikc)

1 1) 1 1k )
wiie) < g (i +1- 2000 ) <5 (- 120605
_ 1200 = p(k)) = pUk)\ _ 2—=3plk)
= S () = sy (2.3.37)

I now show that either a(Ixd) = 0 or ao(Ix) > 2]:2 Suppose by contradiction
that a1 (Ixgd) > 0 and (k) < % Since C'is a best response at Ixd, v(Ix) > v(Ip) + 1.

Then I have

Y(k) = aa(Ix)max{(l - d)ui(c,C) + 6y(Ik), (1 = )ui(c, D) + 6v(lo)}
+(1 = a2(Ik))[(1 = d)ua(d, C) + 07(Ik )]
< a(Ix)[(1 = 0)ui(e, D) 4 6v(Ik)] + (1 — a2(Ix))[(1 = 0)ua(d, C) + 67(Ik)]
= (1=90)aa(Ix)(2+ )+ 6v(Ik)

YUk) < a2(Ik)(2+A) <141 <o)+,
where the last step is because 1 is the minmax value, so a contradiction.

Bayes’ rule gives
10

po+ (1= p0)o(Ik)’

and substituting this into (2.3.37) yields

plx) =

0

Oél(IKc) < 2- BW _ Q[MO + (1 — MO)Qb(IK)] _ BMO
- L N 30+ (1 — pO)op(Ig) — O
3(1- ) U0 T A0l i)
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0 — 0 /(1 —p°
2(1 — p0)g(Ix) — :;<2_zt/<1m)_ (2.3.38)

3(1 = p0)o(Ik)

Inducibility (see (2.3.2)) requires

o(Ix) = [oo(Ik)ar(Ixe) + (1 — aa(lk))on (Ixd)]¢(Ik)
+laa(Tk—1)ar1(Ix—10) + (1 = az(Ix-1))or (Ix—1d)|¢(Tx 1)

< [ea(Ix)on(Ixe) + (1 — aa(Ik))ar(Ixd)]o(Ix) + ¢(Ik -1) (2.3.39)

Since a1 (Igd) =0 or aa(Ix) > the term in brackets is bounded from above by

2+/\=
1+4+mn 1+mn 1+4+n 1+n
I I —_— I 1-—— < I 1—-—
max{ag( x)a1(Ike), 2+)\a1( Kc) + ( 2+)\>} < 2+)\041( KC) + < SR
(2.3.40)

Rearranging (2.3.39) and substituting (2.3.40) and (2.3.38) gives

o(Ixk_1) > (1 —[as(Ix)on(Ixe) + (1 — aa(Ix)ar (Ixd)])¢(Ir)
- -Eono- (- 20
1

24+ A
_ Ay
= 5y L alko)l o)
147 1 uO/(l—uo)ﬂ
> Ty 2 (o BT RN g
- 2+A[ 3( o) )|
1+n 1 0
= eIk — = (20(1x) -
e [¢< » 3( otx) -
N
T 32+ N1 —pb
Inducibility also requires that 3(121’7/\) 1“0 < P(Ig-1) < p(Ix—2) < --- < ¢(Ip). Then I have
K
1+ uo
K 2.3.41
;f 324+ M1 ’ (2:3.41)

-1
so picking K* = (ﬁ%) , for all K > K* the right hand side of (2.3.41) is greater

than 1, a violation of Definition 2.3.3 and a contradiction.
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2.3.4 Proof of Proposition 2.5.3

By Proposition 2.3.6, for any stationary public PBE (o, u), there exists a self-
generating HBP (¢, u,y) and enforced HBA (¢, i, @) such that oo(h) = aa(h), o1(hag) =
a1(has), and V(a|h) = v(h) for all h € YX and ag € Ay. Define n = 1%5. I start with the

following useful result.

Lemma 2.3.9. v(Iy) =1 or yv(Iy) > v(Io) + nmin{\, 1} for all k € {1,..., K}.

Proof. 1T write this proof for the A < 1 case; for the A > 1 case, the arguments are the
same after replacing “\” with “1.” Suppose by contradiction that v(Ip) > 1 and there exists
k € {1,...,K} such that v(Ix) < v(Ip) + An. Then at histories hap for h € I;_; and
as € {c,d}, C is not a best reply, so aj(Ix—1a2) = 0. At I;_q the belief is p(Ix—1) = 0 since
the history contains D. Denote player 2’s ex-ante payoff of playing as at a history in Iy
as Uy?(Iy). Then player 2’s payoff of playing ¢ is U§(Ix—1) = 0 while the payoff for d is
Ug([k._l) =1> U§(Ix—1), so d is the strict best response: aa(I;—1) = 0. Thus,

YIg-1) = (1 = 0)us(d, D) + 6V (Io) = (1 = 0) + 6v(Io) < v(Lo) <~(Jo) + An.

By induction v(I) = (1 — §) + dv(Ip) for each k' € {0, ...,k — 1}. Thus, v(Ip) = (1 =) +
0v(Ip) = ~(lp) =1, a contradiction. O

Proposition 2.5.2 shows that there exists some K such that for all K > K, v(C*) >
2. For the rest of the proof, assume K > K, and so v(CX) > 2.

Suppose v(Ix) > v(Iy) + An. Since player 1’s best response at Ixc is C, I have
YUk) = (1 = 0)ui(c,C) + 0v(Ik) = 2(1 — 0) + 0v(Ix), which implies v(Ix) = 2. Then
player 1’s best response at history CX~1¢ (at period K —1) is C, so player 2’s best response
at CK=lis c: V(CE=1) = (1—6)u(c, C)+6v(Ix) = 2. By backwards induction, V(C*) = 2
for all k € {0,..., K — 1}, s0 V(@) = 2.

Now suppose v(Ix) < v(lo) + An. I consider the A < 1 and A > 1 cases separately,

reaching contradictions in both for large enough K.
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Case 1.

Case 2.

A < 1: Lemma 2.3.9 implies that v(lp) = 1. Since § > % =1, I have

1-6 1-6 1—-1
7@ﬁ>7&@—%—g—:2—A—37>2—A 2

T2=2-1>1, (2342
2

a contradiction.

A > 1: Since § > IJ%\,

1) > (1) ~ A0 22 AT 5o AT

1+A

=2—-1=1;

then by Lemma 2.3.9, C' is a best response for player 1 at Ipd for each k €
{1, ..., K}. Since D is player 1’s strict best response at I c, it is also the strict best
response at [ _1c; then player 2’s strict best response at I is d: as(Ix—1) = 0.
Thus

Y(Ik-1) = (1 = 6)ur(d,C) + 6v(Ik) = 0(Ix). (2.3.43)

Since Y(Ix-1) < v(Ix) < (o) + A1, a1(Ixk—2¢) = 0 and az(Ix—2) = 0, so by
the same reasoning v(Ix_2) = 0v(Ix_1) = 6*y(Ix). Applying this argument
backward yields

1(0) = () > 2(Tx0) ~ AT

Rearranging gives

1-9 - 1
YIg) < A <A

1)\
)

The limit of the right hand side as K — oo is 1, so for large enough K I have

v(Ix) < 2, a contradiction.

For the remainder of the proof suppose that y(Ix) = v(Ip)+An. I first show that y(Ix) = 2.

Suppose not: y(Ix) > 2 (recall v(Ix) > 2 because K > K). Then

YUIk) < (1=96)ui(c,C)+6v(Ix) =2(1 —9) + 0v(Ik)
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which gives v(Ix) < 2, a contradiction.

Lemma 2.3.10. Let any j € {0, ..., K — 1} be given. Then the following hold:

1. O'Q(Cj) Z OéQ(Ij). [fag(fj) < (0, 1), then Jg(Cj) =1.

2. V(CY) > A(I)).

Furthermore, if y(Ix) =2 and aa(Ix—1) > 0, then V(&) = 2.

Proof. Since (o, i) is purifiable, by Proposition 2.4.2 there exists a sequence (1, )z, such
that ¢* € A*(Z) and ¥ — 0, and a sequence of strategy profiles (6%), such that & is
a PBE of the (1%, €¥)-perturbed game, which converges in outcomes to o. By Proposition

2.4.1, each &% is essentially sequentially strict and hence quasi-Markov.

Note that the decision problem for player 1 is the same at histories C*~lay and
DCHK~1qy. Thus, for almost all z; € Z;, &f(CK_lc, z1) = &’f(DCK_lc, z1). I now show that
this means player 2 must play ¢ at least as much at C5¥ 1 as at DCK~1. Let Us(as, G%h, 29)
denote player 2’s payoff for playing as, given player 1 strategy &% at history h and realized
shock z9. Then

AU (h, z0) = Usle,6¥|h, z0) — Ua(d, 57|h, 22)
= /[[u’“(h) -3+ (1= pF(h)) (357 (he, 21) + 0 - 61 (he, 21)) + 25)
—[1F(h) -2+ (1= p"(h))(267 (hd, 21) + (1 = 67 (hd, 21)) + 23] dip(21)

= / [1F(h) + (1 = " (h)) - (367 (he, z1) — &5 (hd, 21) — 1) + 25 — 2] dip(21)
= /[u
o)

F(h)(1 — (35% (he, z1) — &% (hd, 1) — 1))
+(1— ,uk h))(35”f(hc, 21) — 6’f(hd, z1) — 1)+ 25 — zg] di(z1)
/ ()2 — (355 (he, 1) — 55 (hd, 21))) + (36 (he, 21) — 65 (hd, 1) — 1)

+25 — 28] dip(z1).
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Define AUS(h) = [(2 = (36%(he, 21) — 67 (hd, 21)))p* (B) dp(z1), AUS(h) = [(36%5 (he, 1) —
5% (hd, z1) — 1) dip(z1) and Azy = 2§ — 2§, so that

AU¥(h, z) = AUE(h) + AUS (h) + Az,
Note that AUS(CK—=1) = AUF(DCK~1). Then for any z9 € Zo,

AUF(CEY z9) = AUNCEY) + AUS(CEY) + Az
= AUFCEY + AUN(DCEY) + Az

= AUFCEY + AUN(DCE! 2), (2.3.44)
where the last step is because u(DCK—1) =0 = AU¥(DCK-1) = 0. Since
AU (CEY, z9) > AUF(DCH Y, 29)

for every 2o, G5 (CE =1, 29) > 65(DCK =1, ) for almost all 2o, and so oo(CE 1) > ag(Ix_1).
Suppose that oo(DCE~1) € (0, 1), which implies o1 (DCE~1¢) € (0,1) and therefore
limp oo AU%‘(CK’I) > 0. Define

EE(DCE"Y = min AUF(DCE™Y 2) > AUS(DCE-Y) — &

ZQEZQ(&‘k)

EY(DCE~Y) = max AUN(DCET! 2) < AUF(DCEL) + &F,
ZzEZz(Ek)

There must exist some k* such that E5(DCE~1) < 0 < EF(DCK~1) for all k > k*, and
limy o0 EX(DCE1) = limy_, o E5(DCK~1) = 0; otherwise, (6%), would not converge in
outcomes to o, where player 2 is mixing at DC®~!. Then (2.3.44) gives

lim EY(CE-1) > Jim {AUS(CE1) — k) = Jim {AUF(CEY) + EX(DCE-1)). (2.3.45)
—00 —00

k—00

Note that because a1 (CE~1e) > o1 (CK~1a),

Jim AUS(CE=Y = 1im [ (2- B6F(CE e, 21) — 6F(CEYd, 20)) pF (CE L) dap(21)
—00

k—o0
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= (2- (301(CT ) — o (CHT))u(CHT)

> (2201 (CE teu(CcE) >0
since o1 (C*~t¢) < 1. Continuing from (2.3.45) I have

lim E5(CK1) = Jim {AUF(CEY) + EX(DCE1)} > Jim. E¥(DCE-1Y =0,

k—o0

so there exists « such that for k£ > x, player 2 strictly prefers ¢ for all shocks z9 € Z5. Since

&k = o, o(CE1) = 1.

The above arguments imply that V(5*|CK~1) > V(6*|Ix_1). Applying the same
argument inductively backward proves conditions 1 and 2 in the statement of the lemma

for all j € {0,..., K — 1}.

Finally, I prove the last statement of the lemma. Suppose y(Ix) = 2 and aa(Ix—1) >
0. This implies that a1 (Ix—1¢) > 0,i.e. C is a player 1 best response at Ix_1c. Furthermore,
the decision problem facing player 1 at history C*~lay is identical to the one at Ix_jas,
so 01(C%'ay) = a1(Ix_1az). The arguments above prove that oo(C*~1) = 1. Thus, the
continuation payoff for CK~1is V(CE~1) = (1 — §)ui(c,C) + 6V (CE) = 2(1 — §) + 25 = 2.
This means that the decision problem facing player 1 at C~2ay is identical to that at
CK=lay, C¥ay and Ik _qas, so 01(CK2as) = ay(Ix_1az). Applying essentially the same
argument as above shows o9(CK~2) = 1, so V(CX~2) = 2. Continuing backwards shows

that V(2) = 2. 0

I now consider the A <1 and A > 1 cases separately, concluding the proof.

Case 1. X\ < 1: I now show that aa(lp) € (0,1) (i.e. player 2 mixes the period after a play
of D). First, I show that ap(Ip) < 1. Otherwise, v(lo) > (1—-6)ui(c, D)+dv(lo) =
3(1—=9)+0v(lo), which implies v(Ip) = 3 > v(Ix) — An, a contradiction. Because
as(Ip) < 1, it must be that player 1 plays D at Ipc sometimes (otherwise d

would not be a best response for player 2). If D is a player 1 best response at
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Case 2.

Iyc, it is also a best response at Iyd; then y(Ip) = (1 — 8)[aa(lo)ui(c, D) + (1 —
a2 (lo))ur(d, D)] + 6v(1o) so

v({o) = 3az (o) + (1 — az(lo)).

It must then be that as(lp) > 0 for otherwise v(ly) = 1; but above I have
supposed v(Ip) = v(Ix) — An =2 — An > 1, a contradiction. Recall that Lemma
2.3.9 shows C'is a player 1 best response at Ipc (since y(Ip) > 1). Lemma 2.3.10
implies that because C is a best response at Iyc, it is also a best response at @c
(in period 0): V(C) > ~v(I1) > v(Ip) + An = 2. Lemma 2.3.10 also shows that
because az(lp) € (0,1), 02(@) = 1. Thus, the equilibrium payoff for player 1 is
V(@)=010-0u(c,C)+ oV (C) > 2.

A > 1: I prove that as(Ix—1) > 0 for large enough K. Suppose by contradiction
that a(Ix—1) = 0. Since player 1 is indifferent at I _1c, she strictly prefers C

at Ix_1d, so
YIk-1) = (1 = 0)ur(d,C) + 0v(Ix) = 0v(Ik) < v(k).
Then player 1 must strictly prefer D at Ix_o, so
Y(Ik—2) = (1 = 0)ur(d, C) + 8v(Ix—1) = &y(Ix—1) = 0*v(Ik) < v(IK).

Applying the same argument backward gives y(Iy) = §%~(Ix), so for K large
enough, v(Ip) < 1, a contradiction. Second, suppose by contradiction that

v(Ix) > 2 (recall that Proposition 2.5.2 shows v(Ix) > 2). Then
Yx-1) < (1 =08)ua(c, C) + 6v(Ik) = 2(1 = 0) + 07(Ix) < v(Ik).

By the same argument leading to (2.3.43), D is then a strict best response at
I _2c, so Y(Ix—2) = 6v(Ik+1) < v(Ik), so by backward induction v(Ip) =
68 =1y(Ix11). For large enough K, v(Io) < 1, a contradiction. Since y(Ix) = 2
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and ag(Ix—1) > 0, Lemma 2.3.10 proves the proposition.
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Appendix 3

Proofs for Chapter 3

3.1 Proof of Lemma 3.3.1

L(9,5)
q(L(g,3))

is nondecreasing in 3, so the square root term in (3.3.1) is strictly increasing. But then the

Suppose by contradiction that L(g, §) is nondecreasing in 3. Then the term

right hand side of (3.3.1) is strictly decreasing, a contradiction.

3.2 Proof of Proposition 3.3.1

First, note that choosing any ¢; € (0,nFE[s_;] 4+ g) is strictly dominated by choosing
¢;- Eliminating these actions, there is a one-to-one mapping between ¢; and ¢;, so we can

rewrite the profit function in terms of §;:
ui(a) = pla)di —c(§i + Ks—i +g) — ns;
= (r—G —q4-i)¢i — c(di + Ks—i +g) — nsi,
so long as ¢; > 0. If ¢; = 0, then u;(a) = —ns;, so if §; = 0 is a best response, then s; = 0 is
also a best response.

Suppose that when Q is sufficiently fine, there is an interior solution (i.e., ¢; > 0 is

a best response). ¢; must satisfy the first order condition

0= —Gi+(r—a—q.)—c



Define the function q(¢—;) = 3(r — ¢ — ¢—;). A corner solution (¢; = 0) is a best response if

0> wui(q(G—i)) = (r —a(¢—i) — ¢—i)a(g—:) — c(a(§—i) + kE[s—i] + g) — ns;

where I abuse notation by letting s} denote the mixed attack action conditional on delivering
positive quantity. Note that by symmetry, E[s_;] = E[s}] = ps where p is the probability

of delivering positive quantity. Solving for §_; yields

[a)
V
—~
=
|
[N
—~
=
|
o
|
Q5

i) = G=i)  3(r — ¢ = 4=i) = e(5(r — ¢ = G—i) + KE[s]] + g) = ns].

G—i>r—c— 2\/cmE[s;f] +nsf +cg.

Thus, s* and g are positive, there exists some threshold for the opposing delivered quantity

G; at which choosing ¢; = 0 is a best response. Denote this threshold as L(g) = r — ¢ —

2\/ckE[s}] + ns} + cg.

Define (jint as the unique fixed point of q(-), which can be solved for as follows:

(jlnt _ %(r e qmt)

¢t = (r—oc).

Define Agu; as the change in the payoff from choosing s; = 1 over s; = 0:
Agsui = ui(si = 1,(q,5-4)) — ui(si = 0,(q,5-4))-

Because E[q—;] — ¢ > & in any equilibrium, I can write Asu; = k¢ — n,. Due to (3.2.1),
Agu; > 0 for §; = it > gm.
A pure strategy equilibrium is possible under two circumstances when Q is suffi-

ciently fine:

1. cj;mt > L(g): Both firms choose quantity delivered innt and to attack, which are

mutual best responses by the arguments above.
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2. L(g) = 0: Both firms choose quantity 0 and to not attack. By the definition of L,
when the opposing firm delivers quantity ¢_; = L, §; = 0 is a best response. It is also

clear that Agu; = —n < 0, so s; = 0 is a best response.

The rest of the proof considers the remaining case where 0 < L(g) < cjint. I start by solving

for the values of g where this holds:

fr—c¢)>r—c— 2\/cmE[sﬂ + s’ + cg.
Since both firms attack when L(g) = "%, T can write
Vek+n+ceg > x(r—c)

ck+n+cg > (r—c)?

cg>$(r—c)2—0ﬁ+n

ol

g> [é(r—c)z—i—n—cn} ) (3.2.1)

For g satisfying (3.2.1) and L(g) > 0, there is no pure strategy equilibrium in terms of quan-
tities, so they must be mixing. Since firm ¢ only has multiple best responses in quantities

when FE[§_;] = L(g), this must hold in equilibrium. Hence, (3.3.2) is proven.

Suppose that attacking is a best response for the firms (when producing drugs).

Note that

Agu;

ui(s; = 1,(q,5-)) — ui(s; = 0,(q,5-))
= (r—¢ —q4-i+min{x,qi})G — c(Gi + KE[s—i] + g) — 7
—[(r = Gi — 4-i)di — c(di + KE[s—] + g)]
= min{k, §-i}di — 7.
In equilibrium, ¢—; = L(g), and firm ¢ chooses to attack only when also choosing §; =
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q(L(g)). Attacking is a best response if

0 < Agu; = min{x, L}q(L) — 7.

Consider the following two cases:

Case 1.

Case 2.

L(g) > k: I show that 0 < kq(L) — n. Suppose not. Then

SO

a contradiction of (3.2.2).
L(g) < k: Then 0 < Lq(L) — n. Rearranging gives
OSL-%(T—C—L)—H

0< —L*+ (r—c)L —2n,

which holds with equality at

I —(r =) /(r— ) — 4(=1)(=2n)

)
= %[(T*C):l: (rfc)27877}.
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The “+” expression is greater than %(r —c) = (jint, so that upper bound is clearly

not binding. Focusing on the lower bound, I have

L=r—c— 2\/an[52‘] + st +cg >3 [(r —c)—+/(r—c)?— 877} (3.2.2)

From (3.2.2) we can see that for all g satisfying

r—c—2 cm+n+ch%[(r—c)— (r—c)2—8n],

which can be rearranged to get

C

g<t (i (-0 - gr — (ki + n)) , (3.2.3)

sf =1 (i.e. always attack when producing drugs). Thus,

E[s]] L r—c—2\/c,'<;E |+ n+cg
S = =
‘ q(L) %(T—C—(T—C—Q\/CK,E —I—r]—l—cg))
B T‘—C—Q\/CIQE | +n+cg
B \/CK/E |+n+cg
B r—c
\/CIiE —|—n+cg
r—c
=2+ Esj]
\/cmE |+ n+cg
(T_C)2 * *12
=44+ 4FE[s]| + E|s;
ckE[sf]+n+cg +4EBlsi] + Blsi]
(r—c)? = (4+4E[si] + E[s{]>)(ckE[s{] + 1+ cg)

= 4crE[s}] + 4ckE[s}])? + erE[s)]?
+4(n + cg) +4(n + cg) Elsi] + (n + cg) Es;]”
0 = ckE[s}]® + 4(ck +n + cg)E[si]> + 4(ck +n + cg)E[s}] +4(n + cg) — (r — ¢)?,
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so Els!] = £(g). Similar steps to those leading to (3.2.3) imply that for all

g>1 Cl ((r=c) - nr> : (3.2.4)

Cc

firms strictly prefer to not attack in equilibrium, E[s}] = s = 0.

I finally turn to the case of g in between (3.2.3) and (3.2.4). Note that L = L(g, s7).
Define By = 4 [(r —c¢)—/(r—c)?— 817] as the right hand side of (3.2.2). Then (3.2.2)
implies that attacking is a strict best response when f/(g, 1) > By and that not attacking
is a strict best response when E(g, 0) < By. If both are best responses, then E(g, s¥) = By.

Thus, (3.3.3) is proven.

3.3 Proof of Proposition 3.3.3

As noted at the beginning of Proposition 3.3.1, hiring any quantity ¢; € (0, kE[5_;]+
g) is strictly dominated by choosing ¢; = 0. Thus, I can work simply with delivered quan-

tities ¢; = ¢; — (kE[5_;] + g) without loss of generality. The payoff of firm i is

Vi = (1— 8)ui(d, 5) + 0 [(1 —F(0))V + F(e)ﬂ .

Suppose the best response is an interior solution, i.e. ¢; > 0. Then §; satisfies the first order

condition
oV; Ou; _ 00
0= =(1-94 of(0 AV.
9qi ( )3@' o )3@'
Writing u; in terms of delivered quantities gives
up = (r—Gqi—q-i)4i — cGi — c(kE[3] + g) — nE[5]

= (r—c—q4-)4 — 4 — c(E[s] + g) — nE]3]

yielding the derivative
ou;
94

r—c— (j_i — 2(}1'. (3.3.1)
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Note that
D _ D
p(q) =G —d4-

é:

8o its derivative is
00 p 00 0
b = (3.3.2)

94— p(@)?94 (@)

Substituting (3.3.1) and (3.3.2) gives

0=0-=06)(r—c—q4-;—2G) —5f(§)m

O=(r—c—q-i—2¢;)(r—q¢ —q—i
( q—i Qz)( qi — ¢ z) 1—¢
The restriction to symmetric strategies means that ¢; = §_;, yielding

0= (r—c—3G¢)(r—24¢)— mf(é)éA‘/u

which can be rearranged to

J

Applying the quadratic formula gives

Br — 2¢ + \/(r +20)2 + 45 F(0)0AV
q; = .
12

It is straightforward to verify that the “—” solution yields the one-shot equilibrium in Propo-

sition 3.3.1 for AV = 0, and so is correct. Thus, (3.3.8) and (3.3.9) are proven.

6 must solve the following maximization problem:
m(?x(l — 8)ui(4(0)) + 8[(1 — F(A))V + F()V] (3.3.3)

where T omit the index i from the delivered quantity §(f) given by (3.3.9). If the solution
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is interior (f € (0,00)), it satisfies the first order condition

Qi 04 _ seayav (3.3.4)

0=0=9% 5

Note that if 6 is interior, then AV > 0 (otherwise a corner solution would be optimal). Since
v(0) is single peaked at Inf = —%CQ, 4(0) has a single minimum 6 = exp(—%@). Thus, for

any 6 > exp(—%CZ), there exists 6" < exp(—%(z) yielding a higher value for (3.3.3).
Applying symmetric strategies gives
ui(@) = (r = 24)q — cq = (r — ¢ = 29)q = =2¢” + (r = ©)q,

which can be differentiated to obtain

?;g =—4¢+(r—c¢)
Differentiating the delivered quantity function itself obtains % = —%(Cl +7(0)AV)"2AV.
Substituting into (3.3.4) gives
0 (1—68)(r—44—c) %AV Sf(O)AV. (3.3.5)
=—(1-0)(r—4qg—-c = - : 3.
24/Ch + ’Y(@)AV

Expanding dv/df and simplifying gives

5§ d 1 _(log§~l—%02)2
1—0d0 [cvan P\ 22

1 5 1 . (log § + 3¢?)? 210g§+%C21

o X _ = ——=

61—0cyar ¥ 22 207 0
1 4 logﬁ_—l-%Cz

= 515 a0 (3.3.6)

[£(0)0] =

SR
=

L
o~ 610

Substituting (3.3.6) into (3.3.5) yields

0=0(44(6) ~ (r — o)) 12¢2,/Cy +~(0)AV
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; —(log + 3¢*) () AV

0= (10(0) ~ ¢ ) | 5 LETE — f@av
0 = (44(8) — (r — ) —(log0 + 5¢°) 1, (3.3.7)

12¢2\/C1 +~(0)AV
thereby proving (3.3.10). Rearranging (3.3.7) gives

12¢%/C1 +~(0)AV

~(ogf+ 360 = — o — =0

Note that because v(f) is single peaked at exp(—%CQ), for all § < exp(—%gﬂ), the numerator
of the right hand side is increasing in 6 while the denominator is decreasing, so the entire
right hand side is increasing. The left hand side is clearly strictly decreasing in 6, so (3.3.10)

has a unique solution.

3.4 Proof of Lemma 3.3.2

Suppose by contradiction that (W) ¢ Z({W}). Let V/ < W be some element of
W such that B(W) € B({V'}). Define V' = (1—61)uN+6TV" and W = (1—67)uN +6TW.
By Definition 3.3.1, there exists @ € A A enforced by p and V. Denote (g, §) as the expected

actions of a.

First, suppose that p € {0,00} (a corner solution). From Corollary 3.3.1, it is
straightforward to see that (1 —6)7" 4+ 6 max{W, W} is decomposed by &, p, W (since a is

the static Nash equilibrium given g) and that
(1 =8N 4+ dmax{W, W} > (1 —6)7" + dmax{V',V'} = B(W),
a contradiction.

Second, suppose that p € (0,00) (an interior solution). From Proposition 3.3.3,

g = Co — \/C1 +7(é)(vl—‘7)+ﬁ§i+§.
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Since W — W > V' — V', there exists Oy < 6 such that

g = Cpy— \/Cl —I—’y(éw)(W—W) + KS; +G.

Since attacks are observable, § is also enforceable. Thus, @ is enforced by py, = O5p(@)

and W, so they can decompose payoff
(1—6)ui(@)+5[(1—F(_W))W+F(§W)W] > (1—5)ui(o7)+5[(1—F(@))V’—i—F(é)f/’] =B(W),

a contradiction.

3.5 Proof of Corollary 3.3.2

Lemma 3.3.2 and part 3 of Proposition 3.3.2 immediately imply (3.3.13). To see
that & is the payoff of a T-GPE, construct the following 7-GPE: in the reward state,
always play action profile Q(&), switching to the punishment state for prices below U(&).
By Lemma 3.3.2, Q(&) is enforced by U(&) and &. Definition 3.3.1 implies that there are
no profitable one-shot deviations in the reward state, and there are clearly no profitable
one-shot deviations in the punishment state since firms play the static Nash equilibrium

without intertemporal incentives. By the one-shot deviation principle, this T-GPE is an

equilibrium, and since Q(&), U(&), & decompose &, its payoff is &.

3.6 Proof of Lemma 3.3.3

Recursively define the sequence {V;,,},, as follows: Vo =V and Vi1 = B({Vin}).
First, suppose there exists m such that V11 < V,,,. Pick the lowest such m. If V,,,11 = Vi,
then {V,,} € #({Vin}) is a self-generating set, so V;,, > Vo = V is an equilibrium payoff,
and hence & > V,, > V. Now suppose that V41 < Vi, Then Z({Vy,..., Vin}) = Vi,
yet by Lemma 3.3.2, Z({Vo, ..., Vin}) = ZB(max{Vy, ..., Vin}) = B({Vin}) = Vinr1 < Vin, a

contradiction.

Now suppose that V11 > V;, for all m. It is clear from Definitions 3.3.1 and 3.3.2
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that {Vy, }m is bounded (to see why, note that from (3.3.6), V41 is a linear combination of
Vpn and some feasible payoff v < .Z for all m), so there exists some limit V* = lim,;, 00 Vip-
The following lemma and proof is virtually identical to its analogue in Abreu, Pearce,
and Stacchetti (1990), so its proof is omitted (see Lemma 7.3.2 of Mailath and Samuelson
(2006)).

Lemma 3.6.1. If W is compact, then (W) is closed.
Define the set W = {V* Vy,V1,...}. By Definition 3.3.2, {V1,Vs,...} C B(W).
Since lim,, o0 V;, = V* and W is compact, Lemma 3.6.1 implies V* € Z(W). Since there

exist no «,p, V;, that decompose V*, there must be «,p, V* that decompose V*. Hence

{V*} € #({V*}) and so V* € &, implying that V < &.
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