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1. Introduction

The estimation problem considered in this paper can be described as follows:
x(t, M , 0<t<T called the "system process™ is a stochastic process on a
known probability space (QX, By PX)’ CHE(%Q which takes values in R" .

It is assumed that direct observation of the system process is not possible or
convenient but data concerning ' x(t) is provided by observations on an

m-dimensional process z(t) given by
T

(1.1) 2(7) =] h(w, x(u))du+y(t) , 0LvLT
0

where the ™oise" process y(t) is Gaussian, has independent increments and
is independent of x(t) . The available data, represented by $t=ﬁ[z('r) , 0<T<t] ,
the o-field generated by the family z(7) (0<T<t) , is to be used in

estimating same given functional
(1.2) g(Tl) EG[Q.C(T, 'ﬂ), 0<T<T]

of the system process. The precise conditions to be satisfied by h will be
stated later. The space QX on which the system process is defined corresponds
to the parameter space in the usual Bayes approach to the theory of estimation.
Thus the process x(t) may be regarded as the unknown parameter and PX the
a-priori distribution. If, as we shall always assume, g is an integrable random

variable its least squares estimate based on Ft is the conditional expectation

E[g|?t] (which for brevity, we write as Et(g)) . By suitably choosing g it
can be seen that this problem includes smoothing, prediction and filtering. A
"Bayes" formula for Et(g) is obtained in Theorem 2.1. This is a central result
from a theoretical point of view since the results of Sections 5 and 6 follow
from it. However, while such a formula might be considered satisfactory for
fixed t , if the data is coming in continuously we require an estimate which

can be continuously revised to take into account the new data. A practical
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method of describing the estimate or filter which depends continuously on time
is furnished by a stochastic differential equation. To achive this we have to
specialize to Markov system processes, |

Both these problems (discussed in Sections 2 and 5) have been investigated
by us in two earlier papers. In [6] is derived the formula for Et(g) when
x(t) and z(t) are one dimensional, h(t, x) =x and y(t) dis a one
dimensional standard Wiener process. Here in Section 2 we give the extension
to vector valued processes and with nonlinear h as in (1-1), In Section 5
we consider the model (1.1) with x(t) Markov but assume both system and
observation processes to be one dimensonal, The main theorems of this section
give conditions under which the conditional expectation Et[f(x(t))] satisfies
a stochastic differential equation of Ito type whenever f belongs to‘the
domain of the extended infinitesimal generator of x(t) . The proofs of these
results being lengthy and rather formidable have been omitted since they would
greatly overburden the paper. For the special case h(t, x) = x these details
are to be found in our second paper [7] which has been submitted for publication.
However, in order to give the reader some idea of how weproceed we have collected
in Sections 3 and 4 the concepts and auxiliary results which are found essential
in establishing these results.

As our only application of the theorems of Section 5 we give a rigorous
derivation of the important results of R.E. Kalman and R.S. Bucy on linear
filtering [8]. Although the Kalman-Bucy theory is by now familiar to engineers
working in problems of stochastic estimation and control and has even found its
way into textbooks in this field, we do not know of a published proof that is
completely satisfactory. Another reason for including it is the hope that it will
attract the interest of probabilists and statisticians.

Of the literature on the problems considered in this paper we mention
only the few that have a direct bearing: the paper of W.M. anh;ﬁ [14] which

treats special casesj the short note by R.S. Bucy [1], and the recent paper by



H. J. Kushner [9]. The last mentioned paper derives the stochastic differential
equations for Et[f(g(t)] when x(t) is the solution of a diffusion equation
under conditions which seem more stringent than ours. To our knowledge the

work that comes closest to ours is a recent paper, in two parts, by R.Sh. Liptzer
and A.N, Shiryaev [10]. Without studying it carefully it is difficult to compare
their results with ours. They consider a model in which the system process is
the (unobservable) component of a two dimensional diffusion process. Their

paper also contains a discussion of the Kalman-Bucy results and discusses several

examples.
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2. A Bayes formula for the conditional expectation. E[g|z(7) 0<7T<t] .

In [6] we have obtained a formula for the conditional expectation -

Elg|z(7) , 0<T<t] when both the system and the observation p;ocess are one
dimensional. In this section we present the vector-valued version of that resul
Only a sketch of the proof is given and the auxiliary results that point the way
to the proof are stated. We have elaborated only on fhoge aspects of the
argument where the vector-valued situation presents features absent from the
scalar case while details, mostly of a tedious nature, have been omitted.

The reader interested in a meticulous construction of the proof of Theorem 2.1
will find these complementary details in our paper cited abéve.

M
We begin with a brief explanation of notation. a' denotes the transpose of

the row vector a in R" . The co-ordinates of & w1th respect to some.fixed i

basis will be denoted by &,(j=l,...,m) afdthe inner product in R™ by (,).

N .

We shall write ||a||°= '21 a; .

[

“Let €(t) be a process of independent increments with E§(t) 0 and variance

operator

(2.1) E[g(t)]'[§ (t)]=A(t) (0<t<T) , where

At) =[a;; (0] 7 (4, 1=1 ey m)

We shall adopt the following conveniant notation due to Skoroknod [12, If

a(t) is a measurable function such that

(2.2) jo 2, a;(t) a;(t) aa;,(t) <o,

the integral

T T
(2.3) fo (a(t), dg(t)) =3 J‘O a, () dg,(¢)
is defined as in the gcalar case. We then have
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T
(2.4) EIO (alt), <c&(t)) =0

and

T

T .
(2.5) B (J (e, ag(t))1? =] LEACENOR RO

0

The notation for the integral given on the left hand side of (2.3) is Skorokhod's
[12] and enables us to write the formulae in a more compact form.
Let us now describe precisely the model for the observation process introduced in

the last section. First, we make the following assumptions:

(2.6) y(t) , t€[0, T] (y(0)=0) is a separable, m-vector valued

Gaussian process of independent increments such that

(2.7) Ey(t)=0 , and

(2.8) E [y(e)][x(+)]1=E(t) ,

where F(t) is a continuous functimn of t and F(t) #0 for each t>0 .

(2.9) x(t, W) is an n-vector valued, jointly measurable stochastic

process defined on a probability space (QX, By PX) (0<t<T , T]EQX) .

(2.10) The x(t) and y(t) processes are independent.
From (2.8) it follows that p(t) =Trace of F(t) is also continuous in t .
Since F(t) is a positive semi-definite operator in R™  the following

statements are verified easily.

(2.11) p(t) 1is a non decreasing function of 1t ,

and

(2.12) p(t) >0 for t>0.

(2.13) Fij(t) is absolutely continuous with respect to p® (4, 5=1, «v., m)

and the derivative of the matrix function
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(2.14) Z =F(t)

where

(2.15) F(t) is a symmetric, positive semi definite operator in R" .

With respect to some fixed basis in R° let hj(t) be the eigenvalues with

corresponding orthonormal eigenvectors gj(t) (j=1, «o., m) of i(t) .

Clearly xj(t) >0 and we may assume xl(t) D ees 2xm(t) >0 . Since the

kj's are the roots of a determinantal equatinn whose coefficients are

measurable functions of t , it follows that the eigenvalues kj , and

consequently, the eigenvectors gj(t) are Borel measurable functions of t .
Let gj(t) (=1, «s.y m) be one dimensional, mutually independnet

Gaussian processes with independent increments with
204y =
E §j(t) =0 and E §j(t) =u(t) .

Although the main result of this section can be proved without the following
additional assumption on w(t) we make it nevertheless because it is easier
to verify the various steps in the proof by comparing with the proof given in

detail in [6] for the one dimensional case.

(2.16) p(t) is an absolutely continuous function of t with
p'(t) >0 for (t>0)

Let
(2.17) h(t, x): [0, T]xR*=R"

be a Borel measurable function of (t, x).

Abusing the notation somewhat we shall write h(u, M) for h(u, x(u, M) .

The conditions to be satisfied by the process h(u, M) are as follows.
There exists a jointly measurable m-vector valued process plu, M)

such that for 0<uflT



(2.18) h(u, n = 2 P; (u, M) n/k (v gj(u) p! (W) a.s°Py .

j=1
T 2
(2.19) f lpCuw, M||* p'(Wdu<e a-s- Py -
0
A.S. PX
(2.20) pj(u, M) =0 for all u in [0, T] for which )\j(u) =0
. p-(u’ T])
When this happens we shall set W——O .
The observation process _:_z_(t) takes values in R™ and is defined by
t
(2.21) z(t) = h(u, z(u, M))du+g(t) , 0<LLT
0
or
(2.21') . dz(t) =h(t, x(t, M))dt +dg(t) .

Observe that from (2.6) and (2.21), z(0) =0

It is easy to see that (2.18) is equivalent to the relation

(2.22) (h(u, M, e (u))-Jx (v ( u, M) p'(w) j=1,..., m,

Let us now set

.
(2.23) wj('f) :fom dgj(u)

and

2. = .
(2.24) Z (1) f u)p. = d_z_(u))

Then wj('r) (0<T<LT) (j =l, ..., m) are independent standard Wiener processes

and we have from (2.21) and
t
m
() =2 [ A () e.(v) & (v

that
(2.25) déj(u) =V (W pj(u, Tl)du+dwj(u) s, 0<ulT, j=1,e..,m .

2~4
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The arguments used in [6] can now be applied to vector valued system and
observation processes related by the model (2.21) or (2.25). Theorem 2.1 and its
corollaries are based on two results stated below. The first of these, given
in [6], constitutes a.generai version of Bayes' theorem. The second is an
eitension due to Skorokhod [12] of a theorem of R. Cameron and R. Graves (see
[6] for reference).
Lemma 2.1

(i) On the probability space (Q, @, P) 1let g(w) be an integrable
random variable measurable with respect to a sub o-field OX and let Q(A4, W)

be a version of the conditional probability

(2.26) 4, w) =E(1,| a,) a-s:

for A€ GZ , a sub o-field of (G . Then Pg defined by
(2.27) 0g(8) = [ glw) Q4, u) Plaw)

is a finite signed measure on (Q, 02) . It is absolutely continuous with
respect to PZ (¢g<<<PZ) , the restriction of P to OZ with Radon-Nikodym

derivative given by
dep
= —8 ece
(2.28) E(g|C;) ®, ° s+ Fy .

(ii) Suppose that the following conditions are fulfilled.

(2.29) The conditional probabilities Q(A, W) are regular (see

[11), p. 137).

(2.30) Q, is generated by a countable family of sets.
(2.31) There exists a probability A on (Q, aé\ such that

Q+, W) KA for wWeQ' where P(Q') =1.

Then



(2.32) P, <A,

(2.33) there exists a function q(w', w) which is measurable on

(Qxq , a,x O-X) and satisfies

(2.34) qr, ©) =8 (-, V)@ aenxe,
(2.35) 0<[ qur, w) P(@w) <= a.s. P,

and

(2.36) E(glc,) _J g q(wr, ©) Plaw) o P,

J. Q(w', w) P(dw)

for g Gx—measurable and integrable.

Lemma 2.2 [12]. Let y(t) (0<t<T) be as in (2.6) - (2.8) and x(l)(t)

be such that
(2.37) v (£) =x(4) +a(t)

where the non random mean function g satisfies

t
(2.38) 80 = [ 3 oy T £ wildau
J:

T 2
(2.39) IO le(w) || p' (w)du<e

where pj(u) are Borel measurable functions and p(u) , )\j(u) -e'j(u) and y(t)
have been defined earlier.

If PX and P (1) denote the respective probability measures then,

P <LP
1
.Y( ) v

with Radon-Nikodym derivative given by



(u)

m (u) , dy(w)

t
(2.40) expf >: J

t
’% jgl 'ro p:?(u) w' (wau} .

In applying the Lemmas 2.1 and 2.2 to deduce Theorem 2.1 the following
probability structure is assumed.

B [0, t] .
Let (R) be the space of all m-vector valued functions
z(t) (0<T1<t) , fB[O t] the product o-field in (R )[0 t] , defined
in the usual manner, and let Cm[O , T] be the space of all continuous functions

on [0, T] taking values in R"™ . Define

(2.41) wmzcm[o, T] , By =W nna[o t]

m

’ Zm =Cm[0, t] ’

W
m

) amd (QX,rB

8, =zmnaa£1°’ t] (0<t<T) . Let P be a standard (m-dimensional)
m

Wiener measure on (wm, R is the probability space in

X’ X)
m
(2.9). Elements of Qy and W will be denoted by 1T and w respectively.

W P

We then take

(2042) (Q, a, P) =(QXme > @XXme ) PXX Pwm) .
Consider the transformations

(2.43) ¢: (Q, @) ~(0y, By)

defined by

(2.44) 8N, w =1

and

(2-45) Q: (Q, a) "(Zm’ Bzm)

defined by

(2.46) ej(n, w (1) = 93%(71) (1) +wj('r) » 0<T<t where §* is
give 1 by



.
(2.47) gx(m) (1) =[ (W) py(u, Mau for o<T<t and j=1, wevpm
0

N ,
m

if _Elj p?(u,_ﬂ)u'(u)du<°°, and 93:‘(“)(7) =0 for 0<T<Lt and j=1,
=1 %0
n .t

ir 2 | p3(u, M) p'(Wdu=o
j=1°0 J

The o-fields GX and GZ, are then defined by

(2.48) o, =47'@y) , 0= g‘l(a?zh'li .

Lastly we identify

(2.49) ik, ) =Bgurg (1 (E0)
and
(2.50) AR) = Pwm Ve (aea)

where § defined on Wm by
(2.51) [b(w)J(m)=w(T) O0g7<t .

The methods of [6] now yield

Theorem 2.1 . Let the assumptions (2:6) - {(2:10) and (2:16) - (2-20) hold.
Then for any integrable random variable g(7) defined on (Qy, By, PX) we

have the formula

E[g|z(1), 0<7< t]

t m ﬁ s(u, M) es(w)
(2.52) [[eMiew [ 2 ) x o s de(w)

1 t m h(u’ TI)

31, 2 "]—‘—u o v (o 4} Prlam

. ﬁ](u, m gi(u)

f exp[jo =1 H t(w A (w) o7 dz(w))

t m h,(u, T])
0 j§1 bt (u) Ay w) dul Pylan)

Qﬁu

1
w2

2-8



where the denominator is positive a.s., and hj(u, M =(alu, M), gj(u)) .
It is also understood that the summation on the right side of (2.52) is taken

over those indices j for which }\j(u)>0 .

Corollary to_Theorem 2.1 Suppose there is an integer r , 1<r<m such that

for j-——l’ ...,r

(2.53) xj(u)>o for 0<u<T and for j=r+1l, ..., m,

Aj(u) =0 for 0<u<T.

Then formula (2.52) holds with the sum on the right hand side expression

extending from j=1 to r .

It is possible to cast the formula in a more compact form in the case of

full rank i.e., when r =m .

Theorem 2.2 Let the assumptions of Theorem 2.1 hold. Further suppose that

~

the matrix function F(t) is invertible for 0<t<T . Then

(2.53) Elg|z(T), 0T <t]

-~

t
[ e lop [[ ([ () F(w)]™ by, M , dz(w)

_% j'z ([p' (w) E‘(u)]-l h(u, M), h(w, M))dul} Py (dm)

t ~
 ol] ([u(w ¥ 17! b(w, M), dz(w)

t
¥ [, (Turtw P(u) )7 B, 1), Bla, M)au] Pylan) .

If the "noise" in the model (2.21) is an m-dimensional, standard Wiener process,
ice. if y(t) =w(t) =(wl(t),...,wm(t)) where the wj‘s are independent, standard
one dimensional Wiener processes, then the right hand side of (2,53) take on an

even simpler form, since [p'(w) F(u)]-]':I , the identity matrix.
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3. Stochastic Integrals and Differentials of Ito Type.

Since the: stochasticiintegralof K. Ito [5] is a basic tool used in the solution
of the problems considered in this paper, it seems desirable to list some of
its important properties. We state a very important result on stochastic
differentials also due to Ito which might be looked upon as a "change of
variables'" formula for an Ito iﬁtegral. The reader is referred to the book
by I. I. Gikhman and A. V. Skorokhod for proofs and details [4].

We shall be concerned with stochastic integrals defined with respect to

the system

(3'1) (Qaq aP)a \agta W(tsw)’ 0=st=sT, wen

where (Q,(z,P) is an arbitrary probability space. It will be assumed

that the \51 are complete with respect to P, that

(3.2) "Zzlcﬁqtz - d for 0st St,sT,

2

and that w(t,w) is a Wiener process such that
(3.3) w(t,+) 1is éﬁi-measurable for 0<t<T,
and for 0t sT
(3.4) \$£ is independent of w(v) - w(t) for t Sv < T.

The notation CT indicates the completion of the o-field with respect to
P. We shall consider two classes of processes defined on (Q,Cl,P). The
class 7651 consists of those processes a(t,w), 0SS t=<T, we which

satisfy the following conditions:

(3.5) a(t,w) is measurable on ([0,T] X Q, @[0,T] Xd, WX P)
where 4510 7] is the family of Borel subsets of the interval [0,T] and

u is Lebesgue measure on [O0,T],

3-1



'y

': (3.6) a(t,) is j-measurable a.e. W,

t
and
- T
(3.7) [ la(tw)]ae < = a.s. P.
0
-
The class @2 is defined to consist of those processes b(t,w)
- (0stsT, we) which satisfy (3.5), (3.6) and
T
(3.8) I [b(t,w)]%dt < o a.s. P.
- 0
T
: The stochastic integral J' b(t,w)dw(t,w) is defined for b ¢ % as follows:
P 0]
(i) - If b 6%2 is a step function
= (3.9) b(t,w) = b, (w) for t,stet
* ’ B | i i+l
where
‘-’
| (3.10) 0 = ty<t; <o <t = T,
- then define
y T m-1
- (3.11) J;)b(t,w)dw(t,w) = 1§o bi(w){w(ti+1,w) - w(ti,w)} a.s. P.
- (ii) If b e %2, there exist step functions bn e%, n=1, 2,...
such that
o
T
(3.12) J [b (t) - b(t)]?dt — 0 in probability
- 0]
and the integrals
T
'
(3.13) J b (t)dw(t)
0]
- . converge in probability to a random variable. We then define
T T
- (3.14) J\b(t)dw(t) = prob 1imf bn(t:)dw(t).
) 0 n—"e 0
‘'’ .
The following lemma states some of the familiar properties of the Ito integral,
-



n

Lemma 3.1:
(1) 1f bne7y2 n=0,1, 2,...
and
T
(3.15) [ [b (t) - by(t)]%dt » 0 in probability
0
then
T T
(3.16) b_(t)dw(t) - I b(t)dw(t) in probability.
0]

0

(ii) 1If bl,b2 € fzg and oy, @, are real numbers then
T T T
(3.17) j(‘) [y by (£) + agby(€)] aw(t) = o jobl(t)dw(t) +a, fobg(t)dw(t) a.s. P.
t
(iii) If b ¢ 52% and I E °[b2(u)]du < = a.s. for 0<Ss<us<tsT, then
s
/-
(3.18) E s{ f b(u)dw(u)} = O
s

and

t t
(3-19) Eég {[f b(u)dw(u)]®} = f Egi[bz(u)]du a.s. P.
s s

Integrals on the restricted range [s,t] as in (3.19) are obtained by

considering functions b ¢ G?Z for which
(3.20) b(u,w) = 0 for 0<u<s and t<u<T.

In addition to the properties mentioned above the proofs of the principal
theorems of Section 5 require results of a rather specialized nature concerning
Ito integrals in which the integrand process depends on two probability
parameters. More precisely, the situation is as follows:

Let (Qx”éax’Px) be a probability space and define

(3.21) @43 = (Q % Q, @xxﬂ, P, X P),
(3.22) Jt = 'fgx x?{ (0=t s T).

The product system



[y

~

(3.23) @45, 4

~/ ~ ~
£ w(t,w) 0st=sT, weQ

~r
satisfies the conditions (3.2), (3.3) and (3.4) where w(t) on Q is

defined by
(3-2)4-) W(t’m’) = W(t,'ﬂ,w) = W(t:w)' -

~ ~
Let 4zz and ??é be the classes of processes for the product system
(3.21) defined by (3.5), (3.6), (3.7) and (3.5), (3.6) and (3.8), respectively.
The following results (of which Lemma 3.3(ii) appears to be new) are Fubini-

type theorems about the Ito stochastic integral. [See [T ]).

o
Lemma 3.2: If a e'fZ%

T
(3.25) [ If a(u,fw) pan)]tan < = a.s. P
0 QX

and either

(3.26) a(u,M,w) = 0 a.e. W XP
or
(3.27) [ la(une)] p(an) < o a.e. p XP,
Q
X
then
(3.28) J‘Q a(u,Mw) P (dN) e 7}21 for i=1, 2
X
Lemma
(i) Lf ae»{l and
. T
(3.29) [ fQ la(t,n,0)] P (dN)dt < = a.s. P,
0

then X

(3:30) ] a(tne) Befan) e 7,

X



T T
(3.31) fQXJ;a(t,‘l|,w)dt P (dll) = j(‘) j‘Q a(t,Myw) Py(dn)de a.s. P.
X

P4
(ii) Let b e Zz% satisfy

t
(3.32) J [ Ip(une)[e(am)]Pan < o a.s. P
s 0
X
and
¢ L
(3.33) J 4 B Ob3(u,,0)]aul B () < = a.s. P.
Qs
X
Then

(3’3)‘“) J‘Q b(us'nsw) Px(d'ﬂ) € 7?2
X

and

t t
(3°35) f [.r b(us‘”sw) Px(d‘")] dW(U,(.D) = I [I b(u,‘”’w)dw(u,w)] Px(d'ﬂ) a.s.
s 0 s
X X
and the integrals in (3.35) are finite a.s. P,
It is with the help of Lemma 3.3 that we are able to obtain the
stochastic differentials for the process referred to in Section 2.
We now turn to Ito's definition of a stochastic differential ([5], p. 187).
R4 ~t
A process t(t) defined on (QJC\,P) [or(Q,Z&,P)] has a stochastic

differential of Ito type
(3.36) de(t) = a(t)dt + b(t)dw(t) 0OStsT

provided

(3.37) a ¢ 7 (or 2)

(3.38) boe X (or ),

and
t t
(3.39) e(t) - t(s) = [a(u)au + [ bu)aw(u) a.s. P (or P)

S s

for all 0<s<tsT,
3-5



The following result of Ito's ([3], p. 222) 1is used extensively in the
proofs of the theorems of Section 5 and 6.
Lemma 3.4k: Assume that the processes gi(t) (i=1, 2,...,n) have

differentials
(3.40) dgi(t) = ai(t)dt + bi(t)dw(t) 0<t<T.

Let ['(x) be a real-valued function of the n-vector x=(x,,..,x )
1 n
defined on an open subset G of R" which contains almost surely all

points (cl(t),...,gn(t)) (0 €t <T). Further suppose that

(3.41) % (x)
3xiaxj

is continuous on G for i, j =1, 2,...,n. Let

(3.42) e(e) = I(e(e)) where ¢(t) = [gl(t),...,gn(t)].
Then £(t) has a differential

(3.43) de(t) = A(t)de + B(t)dw(t) 0OStsT
where

(3.44) A(t)

. 2 .7, .
i i i,j i

Bay(e) 52 (t(e)) + 5 5 LLED b (e (o)
J

and

(345  B(e) = 3 ELED (o),



k, Markov Processes With Extended Infinitesimal Generator.

In this section it will be assumed that x(t,|), 0 tsT, TNe Qs
is a Markov process. We will say that x(t,T)) has jointly measurable

transition probabilities provided it has regular transition probabilities
(4.1) P[x(t) e B|x(s) = x] = P(s,x;t,B)

(x real and O s s s t <T) which are jointly measurable in (s,x,t) for
all Borel sets of the real line B ¢ ¢3R. We will be concerned with the
generalized semi-group (in the sense of Loeve [11], p. 568) Pst (0ss=<tsT)
defined by
@
(4.2) (2.°6)(x) = [ £(y) B(s,xst,dy)
-0
on the Banach space with sup norm of bounded measurable functions of a
real variable; i.e., for f ¢ B(R, q(). The generalized semi-group

property which corresponds to the Chapman-Kolmogorov equation for Markov

processes, is given by
(4.3) p* = »"° (OsssustsT).

We suppose that {Pst} has a generalized infinitesimal generator Gt
(0=t <T) defined on a domain ,Qc B(R, BR). Specifically, it is
assumed that for 0s t < T, Gt is a linear operator with domain 0&>
and range B(R, @R) which satisfies

(b.4) sup I(th)(x)l <e
~0<Xn
Ost=T
and

(L - £) ()
(4.5) suzquctf(x) -t - | - o
ose<T

as h-0 for all f ¢ 4?9 where



(4.6) [t + h] t+h if t+h < T

It can be shown that if x{t) is a measurable Markov process with jointly

measurable transition probabilities (4.1), then for £ ¢ {9

(4.7) (G, £) (x)

is jointly measurable in (t,x) and
t t u
(4.8) (B, - £)(x) = [ (6 £)(x)du (0ss<tsT) (-e<x<a).
s
For purposes of application we need to obtain stochastic differential
equations for Et[f(x(t))] for certain unbounded functions £. The most
*
natural class, say 49 of functions for which we can derive the basic
*
stochastic differential equation is defined as follows. ‘AQ is the class

of Borel measurable functions £ which satisfy
(4.9) E|£(x(t))| < = for each t;
*
there exists a (t,x) Borel measurable function (Gt £)(x) such that
T *
(k.10) J’El((;t £)(x(t))|dt < e,
0

and for 0ss<tsT

t
(k.11) (B,°6)(x(s)) - £(x(s)) = [ (%6, "E)(x())du  a.s. B

*
We shall call Gt the extended infinitesimal generator of the process
*
x(t). It is easy to see that 29 contains AS?. The definition of a
generalized or extended infinitesimal generator of a vector-valued Markov

process presents no difficulties.



5. Ito Stochastic Differential Equation For Et[f(x(t))].

In this section we make the following assumptions concerning the process

x(e,M), 0st<T, MeQ.

(5.1) x(t,N) is a jointly measurable Markov process.

(5.2) x(t,N) has regular transition probabilities given by (k4.1)

which are jointly measurable.

* *
(5.3) x(t,N) has an extended generator G with domain [9 .

t

Further let h(x,t) be a real valued, Borel measurable function of (x,t)

satisfying the following conditions:

T
(5.1) /(;E[h(x(t),t)]“dt < o

there exists a A > 0 such that

~ EHA
lé/ h3(x(u),u)du
e “t

(5.5) E

for all t for which 0 < t < t+A € T.

Theorem 5.1: Let x(t,N) satisfy (5.1 - (5.5) and let

T
(5.6) j E[£(x(t))]dt < e,
0
T
(5.7) £E[ct*f(x(t))]“dt < o,
and

‘\T T
8 [ Emee.0eem) - [ )alte < -

fe A?* satisfy

Then the process Et[f(x(t))] on (Q,[?,P) has a stochastic differential



(5.9) aE"[£(x(t))] = E°[(6.7)(x(t))]at
+ {E[h(x(t),t) - £(x(t))] - E[h(x(t),t)] « ES[£(x(t))]}
. {dz(t) - ES[h(x(t),t)]dt].

Condition (5.5) can be replaced by a stronger but more easily verifiable
condition. Then, for functions £f in /& the above result assumes the
following particularly simple form.

Theorem 5.2: Suppose x(t,T) satisfies (5.1), (5.2) and the following

condition:

(5.10) There exists a positive number ¢ such that for all t ian [0,T]

E[eche(x(t),t)] <M< o,

where M does not depend on ¢t.
Then for f ¢ 4;, Et[f(x(t))] satisfies the stochastic equation (5.9).
Proof: By a use of Jensen's convexity inequality ([1@], p. 159) it is
easy to see that (5.10) implies that condition (5.5) holds with A such
that O < A < c¢/16. Moreover, it follows that for every positive integer n,

E|n(x(t),t)|" is finite for all t in [0,T] and that

T
(5.11) LEIh(x(t),t)Indt < .

In particular, (5.4) holds and since f ¢ AQ, f and th are bounded
functions. Hence conditions (5.6) - (5.8) are all satisfied and equation
(5.9) follows.

In many important applications the process x(t,T) is supposed to be
a dynamical system. In probabilistic terms this means that the temporal
development of the process is described by a stochastic différential
equation. Accordingly we shall assume that x(t) (0 <t s T) is the

solution of the Ito stochastic differential equation
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(5.12) dx(t) = m[t,x(t))dt + o[t,x(t)]dB(t), O=<t=<T,
or equivalently of the equation
. t t
(5.13) x(t) = x(s) +\/\ m{u,x(u)Jdu +L/1 olu,x(u))dB(u) (0=ss<tsT).
s s

Here B(t) is a standard Wiéner process and x(0) = Xy

random variable. The coefficients m and ¢ are Baire functions of

a given initial

(u,t) which will be assumed to satisfy the following conditions

(5.14) In(u,e)] s k(1 + e2)M/2 (-0<t<w, OSusT)
(5.15) Im(u,e,) - mu,ey)| < Klg - ¢,
(5.16) 0< o(u,t) =K
and
(5.17) lo(u,e,) - ofu,g)| = Klgy - gl

Under these conditions it is well known ([2], Chapter VI) that =x(t) is a
Markov process and is the unique solution of (5.12) almost all of whose
sample functions are continuous.

The probability space on which equations (5.12) and (5.13) hold is,
of course, that of the system process (QX,BX,PX)°

Lemma 5.1: Let x(t) be the solution of (5.12) where m(t,x) and
o(t,x) satisfy (5.14) - (5.17). Suppose further, that the initial value
x(0) satisfies

(5.18) E[ecox (0)

] €« for some cO>O.

Then the functions of the form

(5.19) £(x) = x"p(x)
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where n is any nonnegative integer - and p, p' and p'* are bounded
continuous functions, belong to . The extended infinitesimal generator

*
Gt is given by

(5.20) (Gt*f)(x) = m(t,x) £'(x) + 1/2 o2(t,x) £'"(x).

With the aid of the above lemma and Theorem 5.1 we can derive stochastic
differential equations for the conditional moments of x(t) and, if so
desired, a stochastic differential equation for the conditional characteristic
function of x(t).

Theorem 5.3: Let x(t) be the solution of the equation (5.12) and let
the conditions (5.4), (5.5), (5.1%) - (5.18) be satisfied. Then if p, p'"
and p'' are bounded and continuous and n is a nonnegative integer

Et[xn(t) p(x(t))] has a stochastic differential of Ito type
(5.21). aE [x(t) p(x(£))] = E[(6," x"p)(x(t))]ac

+ {E°[x"(e)h(x(t),t) p(x(t))]
- E°[x"(t) p(x(t))] E[h(x(t),t)]}

e {dz(t) - Et[h(x(t),t)]dt} 0Sts<T

*
where G is given by (5.20).
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6. The Linear Filter: The Kalman-Bucy Theory.
We shall consider now the important special case of the linear filter,

i.e., when the observation process is given by

(6.1) dz(t) = k(t)x(t)dt + dw(t) (0st=<T), 2z(0) =0,
where
(6.2) k(t) is a continuous function of t.

Theorem 6.1: Suppose the system process x(t) satisfies the
stochastic differential equation (5.12) whose coefficients m(t,x)
and o(t,x) satisfy the conditions (5.14) - (5.17). Let the initial value

x(0) satisfy (5.18). If the observation process is defined by (6.1) then
(6.3) dE [x"(e)p(x(c))] = E°[(6, x"p)(x(t))lat
+ k(6 E ™ (e)p(x(e))] - E°[x™(e)p(x(t))1-E" [x(¢)])
- faz(t) - k(t) E°[x(t)lat).

Let us now specialize to the case when x(t) is a Gaussian process which is

the solution of the equation

(6.4) dx(t) = m(t)x(t)dt + o(t)dB(t) (0st=sT)
where

(6.5) x(0) = Xy @ Gaussian random variable,
and

(6.6) m(t) and o(t) are Baire functions and o(t) is bounded and
nonnegative.



For the process x(t) satisfying (6.4) - (6.6) the following corollary
is easily deduced from Theorem 6.1.

Corollary to Theorem 6.1: Suppose that the assumptions (6.1), (6.2),

(6.4) - (6.6) hold for the processes z(t) and x(t). Then
(6.7) dE"[x(t)] = m(t) E°[x(t)ldt
+ k(e){E [x3()] - (E°[x(£)1)2}dz(t) - k(e)E"[x(t)]dt]
and, for n22
(6.8) aE°Lx(t)] = (am(£)E°[x"(e)] + 3 03(£)n(n-1)ES[(x(£))" 2 Jae
+ k() E [ (E)] - B Ix(e) IES[x(t) 1} {dz(€) - k(t)ES[x(t)]dt]

The above corollary, together with Ito's lemma given in Section 3 erables
us to obtain a rigorous derivation of the basic result first obtained by
R. Kalman and R. S. Bucy [8].

For convenience let us first set

Ae) = E°[x(t)]

(6.9) and

R(t) = ET[x2(¢)] - [%(£)12.

Theorem 6.2: Q(t) (0=t £T) is a Gaussian process satisfying the

stochastic differential equation

(6.10) dR(t) = m(t) R(t) dt + k(t)R(t){dz(t) - k(t)Q(t)dt] (0st=sT), ;?(0)=Exo
where R(t) satisfies the Riccati equation

(6.11) R _ o2(c) + am(e)R(t) - K2(£)R2(E).

Before proving the result we need the following lemmas:
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Lemma 6.1: Let t be fixed (0O< t<T) and let O0< t <-ee<t St

1

Then the conditional distribution of x(t) given z(tl),...,z(tn) is Gaussian.

Proof: For real constants Cys CpacecsCy define the random variable

E = cox(t) + clz(tl) Feoot cnz(tn).
tj n
Settin . = tfu)x(u)duy w-=w(t, '=cx(t)+ T c.,y. and
g vy J;,k()(.) v ows=w(ty), g = ex(t) A
¢'' = T c,w., we have
j=1 3 J
§ = E' + gl"
where ¢' and ¢'' are clearly independent. The random variable ¢'' is

Gaussian since w is a Gaussian process. From (6.4), a separable version
of the x(t) process (we consider only separable versions here) is a.s.
sample continuous, i.e.; almost all of its sample functions are continuous.
Hence by taking an appropriate sequence of subdivisions of the interval
[0,t] it is seen that ¢' 1is the almost sure limit of a sequence of
random variables each of ;hich is a finite linear combination of the random
variables of the family {x(u), O <u < t}. Since x is Gaussian it follows
that ¢' 1is Gaussian. Hence ¢ is Gaussian. Since the constants Co2e oSy
are arbitrary we have the joint normality of {x(t), z(tl),...,z(tn)}. The
conclusion of the lemma follows immediately.
Lemma 6.2: The conditional distribution of x(t) given ‘51 (= B (z(1),
O0< T<St) is Gaussian with mean Q(t) and variance R(t) given by (6.9).
Proof: It follows from (6.1) that a separable version of z(t) is

almost surely sample continuous. Let {Dn} (n=1, 2,...) be a sequence

of finite partitions of [O,t] such that DnC::Dn+1 for each n and

® . n n n+l
r};}an is dense in [0,t]. Now let ﬁt-: = B[z('r), TeE Dn]' Then gt C&t .
From the martingale convergence theorem and the a.s. sample continuity of the

z process it follows that
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S e

f . (6.12) 1im P{x(t) ¢ B|J§£} = P{x(t) ¢ B|<9%} a.s.,

’ n-=-e
for every Borel set B. By Lemma 6.1 the left hand side probabilities in
(6.10) are Gaussian. Lemma 6.2 follows.
Lemma 6.3: The process %(t) (0 St <T) is Gaussian.
Proof: The joint normality of the random variables Q(vl),...,gkvp)
(o= v1'< e < vp £ T) is shown by proceeding essentially as in the
preceding two lemmas.

Proof of Theorem 6.2: Equation (6.10) is nothing but equation (6.7)

of the Corollary to Theorem 6.1. What remains to be established is that
R(t) is the nonrandom function of t which is the solution of (6.11).
From (6.9) R(t) 1is the difference of the two stochastic processes

Et[xg(t)] and [Q(t)]z. Taking n = 2 in (6.8) we obtain
(6.13) dES[x3(t)] = {em(t)E"[x3(t)] + o3(t)}dt
+ k(E){ES[x3(e)] - EF[x2(£)10(t) Hdz(t) - k(e)R(t)ae).

Since the conditional distribution of x(t) given é;i is Gaussian with

mean Q(t) and variance R(t) (Lemma 6.2) we have

EFx3(6)] = [R(e)13 + 30R(e)IR(e).
Hence

[Ne) 13 + 308(e)IR(E) - R(e)IR(E) + {R(t)12]

2§(t)R(t).

EC[x3(e)] - ES[x2(e) H(e)

From equation (6.13) we then obtain the following stochastic differential for

EC[x2(t)]:
(6.14) dES[x2(t)] = {om(t)ES[x3(t)] + o2(t)]}dt
+ 2k(t)R(EVR(t) {dz(t) - k(t)R(e)at).

6-4



;

te

3

From (6.10) and applying 1£o's lemma to [£(t)]® we have
(6.15) d[R(£)12 = {om(t)[R(£)12 + k2(£)R3(c) Jt + 2k(£)R(e)R(E)[dz(t) - k(t)R(t)de].
Finally from Ito's lemma applied to

R(t) = E[x2(t)] - [R(t)]2 and from (6.14) and (6.15)

it follows that R(t) has the following stochastic differential from which,

however, the random term is absent.
(6.16) dr(t) = {em(t)R(t) + o3(t) - k2(t)R3(t)]}dt (0stsT).

Hence R(t) 1is, almost surely, a nonrandom function of t (0 S t s T)
satisfying the ordinary differential equation (6.11). The proof of Theorem
6.2 is complete.

In view of (6.10) it follows that th) is a Gaussian process which is

almost surely sample continuous.
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