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1, Summary

A statistic is proposed for a two sample unpaired nonparametric test
similar to Wilcoxon's test but more suitable for censored data; in life-
testing applications the data are times of failure, There are m + n units
put on test at the outset, m from one population and n from the other,
In the problem treated we wait for a total of at most r failures, r being
specified in advance, A statistic V?’n is defined in terms of the ranks of
the observations from each population. It is shown to be equivalent to a
generalized Wilcoxon statistic and a generalized Mann-Whitney statistic for
censored samples; for r=m+ n - 1l or r = m+ n it is equivalent to the

usual Wilcoxon test. The test based on [V:’nl is studied from the point of

view of power, expected number of failures and expected time until termination;

numerical comparisons are made with other tests under certain alternatives
for small samples, Asymptotic normality for the null case follows from the
results of Wald and Wolfowitz [14] and the non-null case is considered by

Basu [2].

*ork on this paper was begun while the author was with the Bell Telephone
Laboratories, Allentown, Pemnsylvania. (see[12]).



2. Introduction.

Let X and Y denote chance variables with continuous unknown distribution
functions (c.d.f.) F = F(x) and G = G(y), respectively. A censored sample is
observed consisting of the r smallest uncensored and the N-r largest censored
observations; m of the N observations have c.d.f. F(x) and are called x's
and the remaining n = N-m have c.d.f. G(y) and are called y's. Clearly the
number of x's among the r smallest observations is a random variable.

This sample is to be used to test the hypothesis that P{X < Y} = P{X > Y}
against the alternative that these are not equal, The same test is also used to
test Ho: F = G against alternatives in which the median is changing monotonically.
For example, it would be appropriate if we were dealing with translation alterna=~
tives. The corresponding one-sided test can also be used against one-sided alter-
natives of the form F(x) > G(x) for all x.

One area where this type of problem arises is in life-testing where the
observations are the times of failure., The experimenter puts N = m+n units on
test, m of one kind and n of another, and he terminates the experiment after
r failures so that the censored observations are the unfailed units. We assume
that r 1is preassigned. The test is nonparametric and the test statistic depends
only on the order of the x's and y's and the number of each that are among the
first r failures.

A statistic V:’n = Vr is introduced for this problem in section 3 and its
relation to other statistics is considered. In particular it is shown to be
equivalent to a generalization of the Wilcoxon [15] and Mann-Whitney[10] statistics.
The exact distribution is derived in section 4. 1In section 5 we discuss the cur-
tailed form of the two tail test based on IVrl. Formulas for the power of the
test, the expected number of failures and the expected time required by the test
are derived for two classes of alternatives in section 6. In section 7 these
characteristics are used to make small sample comparisons between our statistic
and several others that have been proposed. Asymptotic normality of Vr is

shown in section 8.
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Asymptotic properties of the test procedure based on Vr’ including the
consistency and the asymptotic distribution under the alternative F + G have
been recently considered by Basu [2].

Alling [1] considers a curtailed test in which failures are observed only
until the decision based on the ''complete' Wilcoxon statistic is determined;
this is equivalent to our test based on IVrl for r = N and r = N-1,

A related problem is considered by Halperin [9] where the test terminates
at a preassigned time and r becomes a chance variable. More recently Gehan [BT
has extended Halperin's formulation to include the case in which units are put
on test at different times so that different units have different censoring
points even though the experiment is stopped at a fixed time; tied observations
are also allowed in this formulation., The Halperin-Gehan statistic, as it
applies to our problem is included in the comparisons of section T.

This paper is also related to the work of Rao, Savage and Sobel [I1]
which considers locally most powerful (LMP) censored tests against various
alternatives, The LMP test against the Lehman alternatives, taken from [11],

is included in the comparisons in section 7,



3. Definitions of Vr and Wr.
In this section we define our statistic Vr = Vr’n based on r observed
failures out of the combined set of N = m+n units, m units (called x's)
with c.d.f. F(x) and n units (called y's) with c.d.f. G(y). We also define
a reiated statistic Wr = W?’n which helps to motivate Vr'
Let m, and n, denote the cumulative number of failures from F = F(x)
and G = G(y), respectively, up to and including the ith failure so that for

each 1

(3.1) m +n, = i (i =1,2,...,r).

Let EO denote expectation under the null hypothesis HO that F = G, For

any ordered sequence of x's and y's of length r, let

oM
v, = om -m, = mn(;r - 1;) (i =1,2,...,r)
m-m n-n
(3.2) vy = nEo{mj|mr} - mEo{nj|nr] = n[&r+(j-r)(N_rrj]- m[;r+(j-r)(N_rr)]
= (nmr-mnr)(gfg) (§ = t41,042,...,N) .

The proposed statistic (for any such sequence) is defined by

N r N-1l-r
(3.3) v, = .Zlvi = izl(nmi-mni) + 5 (nmr-mnr)
1= =

and we shall denote the uncensored portion of Vr’ i.e., the sum on the right

. ' - =y =y A
side of (3.3), by V... We note that.V = Vo, = Vg = Vg . and for any r, both

v, and V; depend on the order of the x's and y's in the sequence.

One possible motivation of the statistic is that under H,. we expect to

0

have mi/m equal to ni/n for each i and hence to have V.=0. For

example, if m=3,n =2, r =4 and we observe xyxy then u, =2, u = -1,

1 2

= 1,1ﬂ+= -2, u_ = 0 and hence Vh = 0, Other motivations for our statistic

u

3 5
will appear later; for example, for r = N-1 (and r = N) it reduces to the
Wilcoxon statistic. The statistic V; was introduced by the author in [12].

Following the same line of argument as given in Basu [2] it can be shown

that the asymptotic distribution of Vr under the alternatives is again normal.

- L -



An alternative definition of Vr is based on the reverse ranks of the r
fajlures, i.e., counting the rth failure as 1, the r--1St as 2, etc, Define
Sx(i) to be i if there is an x in the i'l position and zero otherwise;
define Si(i) to be i if there is an x in the (r+1-i)th position and zero
otherwise (i = 1,2,...,r). Define & (i) and 5;(1) similarly, Then
8, (1) +8(1) = 1, 6:(1) + 8;(i) =1 and

(3.4) 38 (i) + ; 8%(i) = (r+l)m_; 5 5 (i) + { 8*(i) = (r+l)n_ .
i=1 X i=1 ¥ r" i=17 i=1Y r
The statistic Wr is defined as the sum of the scores of the x's, where each
uncensored x has its rank as a score and each censored x is scored as (N+r+1)/2,
the average of the numbers from r+l to N inclusive, We wish to show that

the statistics Vr and Wr are equivalent for any r. Let WL denote the uncen-

sored portion of W, i.e., the first sum in (3.4), so that

N+r+1,
5/

(3.5) W= W+ (mem )(

As an auxiliszry statistic we zlso define

% rox
= [ 2 Sx(i) - = 8 (1)1,
LR | j=1 7

1=

(3.6) b=

TV

and we note that(with or without stars) the 2 sums in (3.6) add to the con-
stant (rgl),
To show the equivzlence we first prove
Lemmz 13 For any r
r
(3.7) z
i=1 i=1 : i=1
Proof: Consider the jth position from the point of censoring. If it is an
x then it contributes j to the first sum in (4.1) and it contributes 1 to
ezch of mr+1aj’ mr+2mj,..,, m., i.e., it adds j to Zmi. If there is a y in
the jth position it contributes zero to both sides of the equation. This

proves the first equaticn in (3.7}; the proof of the second is similar and

is omitted,



Lemma 2: The statistics V; and D; are equivalent.

Proof: Using (3.1) and the definition of V; after (3.3) we obtain

r r+l r r+l
{3.8) Vi=NZm - m( 5 ) ==-NZn, +n(",
i=1 i=1

).

Taking % the sum of these 2 results and using lemma 1 gives the desired result

(3.9) vi=p!+ (B (Y .

Lemma 3: The statistics Vr and Wr are equivalent.
Procf: Using (3.%4) and (3.5) we can write D; in terms of the "forward" ranks

Sx(i) as

D! = X [m(N+r+1) - (1) - 20 - m (N-x-1)1.

ol =

Substituting this and the definition of V; from (3.3) into (3.9) gives the

desired result

(3.10) vV = m(Ngl) - N

For r = N we note that Vr is equivalent to the uncensored Wilcoxon or
Mann-Whitney statistic U (defined in[10}). Let U,; denote the number of
pairs (x,y) with y < x among the r uncensored observations. To this we
add nr(mmmr) for the pairs (x,y) with x censored and y uncensored and also
the expected number of such pairs, %(mymr)(nanr), under H

0

(x,y) with both x and y censored, and we define the result to be Ur’ i,e.,

for the pairs

(ﬁ;mr)(n+nr)
5 .

© S 2 3 S
(3.11) T,=0C +

Lemmz L4: The statistics U, and V_ are equivalent.

Proof: Starting with (3.10), we replace Wr by W; using (3.5). For any
fixed m and n, we mzke use of the known relation (with n replaced by r)
between the Wilcoxon and Mann-Whitney statistic, viz.

mr+1‘ r
(3.12) W= T+ o ) = 121 ‘Sx(i) o



_ Finally, using (3.11), we replace Ul by U_ obtaining
m .
(3.13) V.= N(§- -U).

We conclude this section by proving

iemma 5: 1If m_ = mor n_=n for some r = ro then the value of Vr is the

same for all r 2 LAY

Proof: 1If m o=m then m.q =M 0 4= nr+1 and r-n = m, Hence, for

rz r, from (3.3)

N-1 N-l-r
(3.14) Ve ¥y = [a-bm - m 3D - (am - mo ) (B35
M-
N-r r m LomR
=-m(2)+(2 )—-é-(r-nr)--e—-—o.

The proof for the case n_=n is similar and is omitted.

This property makes the statistic Vr more desirable than V; since it shows .
that the value of Vr will not change if one waits for further failures when all the
units from one source have already failed; the corresponding property does not

hold for V'.
r



L4, Exact Distribution and Moments of Vr under HO'

In this section we obtain the exact distribution of Vr under HO in terms

of the distribution 7(u|m,n) of the Mann-Whitney statistic U or in terms of a

partition function A(u,m,n) defined in [6] as the number of ways it is possible
to select exactly m nonnegative integers, none greater ‘than n, whose sum does

not exceed u, For any fixed pair m., n_we start with U; with c.d.f W(ulmr,nr)
based on r observations defined above, Using (3.10) and (3.12) the symmetrical

1 : Ty _ - 1 2 .
dual of Ur defined as IIr =mn, Ur is given in terms of Vr by

m \
(4.1) !I; =mn_ - IT; = §£ (2r+1-mr) + ﬁz - Eigill = h(Vr) (say).

By the symmetry of U; about mon it follows thatIJ: has the same distribution
as Ué . Since h(v) is a monotonic function of v, we have from (4.1) and

the first page of [6], letting u = h(v), that under H

0o
r
(k.2) P{Vr s v|mr,nr} = W(ulmr,nr) = A(u,mr,nr)/(mr).
Hence the unconditional distribution of Vr under HO is
T\, 0
. ‘A(u,mi,nr) (mr)(r-mr) N-r
(4.3) P[Vr' svl=2X = N =52 A(u,mr,nr)(m_m )
' n () ) M) e :

where the limits of summation on m_ need only run from Max(0,r-n) to Min(r,m).
The function A(u?m,n) is easily computed for small m and n (see [6] for
details) and for larger values the tables in [6] are useful,

For m = n and any r we can show that Vr is symmetrical under HO by
defining for each sequence a complementary sequence (with the same probability
under HO) obtained by interchanging x's and y's. Since Eb(Vr) is shown to
be zero below this symmetry must be about zero.

Of course the probability under HO of any given sequence Sr of length

r with m, x-components and n, y-components is given by

GyEy @)
(k.k) P 8:Im o0 ) = —— = ——— .
orEE o Te) B

-8 -



. We can also regard the derivation of the distribution of W; (and hence also

— Vr) under H. as a finite urn (or card) problem with r balls marked 1 to r

0
and N-r balls all marked. (N+r+l1)/2; then W; is the sum of the scores obtained

by selecting m balls at random without replacement.

The first 4 moments of Vr under H, will be needed below; we now derive

0
them. FOL’ o= 1,2,...,1‘ let

n 1if ath observation is an x

(4.5) ty

-m if ath observation is a vy.

Then v, = t +t bo oty for 1= 1,2,...,r and vi= vr(N-j)/(N-r)-for j>r.

Hence by (3.3)

r N r r r
(4.6) V.= T v, + T v,= I (r+l-0)t, -1-.-..(N—';—'—1-‘) £t,= % (N+;"'1' - )t .
LR | j=r+1 4 o=l o=1 o=1

Clearly Eo{gu} = 0 for all m, n, @ and hence by (4.6) and (3.3)
(4.7) E (v} = E;{v} = O.

For the covariance of any two t's under Ho we easily obtain

'.%?T for 0 # B; é‘r, Bsr
(}4"8) oo(ta3 tﬁ) =
m forad=pPps=sr

and hence for i £ j as an auxiliary result we have

mni(N-3)
N-1

mnr (N-1) (N-j)
—(—N_—l-)—(ﬁi_?)—— for r < i,

From (4.6) and (4.8) (or from (4.6) and (4.9)) we obtain after simplification

for is=sr

(h'9) UO(Vi’ Vj) =

(%.10) 02 (V) = %g{gjiy {(3N(N-r)+r2-1} .

The third and fourth moments of Vr under HO are similarly obtained; the final

results for N> 2 and N > 3, respectively, are

1 3, _ (n-m)Nr(N-r-1)(N-r)(N-r+1)
(.11) Bolve) = = ré(ufl)2§-2§)( =) ’

-9 -




mnNT _-BT T

- (k.12) EO{Vi] = phg (BT, + —gE3 4 %S:T??N-E) (T, - ﬁ§§ )}
where B = m© + n® -m and the Ti's are given by
T, = 15NlL + 30N2(r2-1) + (r2-1)(3r2-7),
T, = (r-L)[BSN + 30N%(e+1)(z-3) + (2+1) (553 - 952 - 5 + 21)],
T, = (x-1)[105N" + 30N2(r+1)(3r-T) + (x+1)(553 - 212 - 5¢ +49)],

T, = 2(r-1)(z-2)[UsN" + 15N3(r+1)(£-6) - (r+1)(z-3)(5e47) 1,

Ty = 3(r-1)‘,(r-2)(r;-3’)'[15N“- 30N (1) #2{e+1) (5E+7) 1.

We note that the third (central) moment vanishes for m = n (any r) and for
r=0Nand r = N-1 (any m,n). If N =2 or 3 then (4.11) and (4.12) still
give the correct result if an equal number of zero factors in the numerator
and denominator are cancelled,

Exact probabilities of V_ under Hy for m=n =1 = 4(1)8 are given in
Table I. The integers in the second column have to be divided by a common
denominator D (given at the head of the columm) to obtain the required prob-
ability. Thus the second entry for m = n = r = 6 shows that 6/924 = ,0065

is the probability under H  that Vg = 17k,

- 10 =



Table I: Distribution of Vz’n =V forn = 4(1)8

Indiv. | Cumu- Indiv. Cumu- Indiv. Cumu-
Y (D=70) | lative V5 (D=252) | lative Vs (D=12870) | lative
6l 1 .0l429 | 125 1 .00395 | 512 1 .00008
L 4 .07143 | 95 5 -02381 tgg g Iggfgg
36 4 .12859 85 5 .0k365 | 408 8 .0019L
8 b .a87L| 75 5 o639 | 328 00256
20 b .86 | 65 5 8333 | 35 3 " 0a5s
16 6 32857 | 55 15 - 14286 ggi 22 188223
8 6 Jak2g | 45 10 -1825% | 336 o .00878
0o 12 58571 | 35 20 -26190 | 355 g .009%0
v Indiv. | Cumu~- 25 20 34127 | 320 56 .01375
7 | (D=3432| lative | ;o 5 Jioos3 | 30+ 56 .01810
343 1 .00029 5 20 .50000 g?g gﬁ :8%??2
287 T .00233 Indiv. Cumu-
213 T ookzy |6 | (0=92k) | lative e 5 “oen
259 T .00641 | 216 1 .00108 ggg gg :8;23;
b5 7 o085 | 1Th 6 .oors8 | 22+ Bk 06162
i1 oow | e 6 omar |25 M2 0
217 28 .01865 | 150 6 .02056 | 208 56 08772
203 28 .02681 | 138 6 .02706 igﬁ egg :ggggg
189 ko .03904 | 126 6 .03355 176 o8 .11166
175 iTe) .05128 | 120 15 04978 | 168 280 +13341
: 160 28 .13559
161 63 L06964 | 11k 6 .05628 152 336 -16169
147 63 .08800 | 108 15 .07251 | 136 336 .18780
133 98 .11655 96 30 .10498 | 128 70 ,19324
119 7 13899 | 8+ 30 13745 i?g 3?3 ;3;233
105 112 17162 72 45 .18615 | 104 336 .25089
o1 126 20833 | 60 30 1861 | PO -26177
7 161 25524 | 5k 20 2hozs | 50 290 o
63 140 20604 | 48 30 27273 T2 224 .31725
b9 175 .3h703 | 2 20 .29437 glg 228 : g;‘%‘g
35 175 .39802 36 15 .31061 18 350 38469
21 175 L4901 30 Lo .35390 | 40 112 .39339
7175 .50000 | 2k 15 31013 | 2% 422 :tgégg
18 60 43506 16 k9o 47390
6 60 . 50000 8 56 L7825
0 560 52176

- 11 =




. 5. The Test Based on |Vr[ and its Curtailed Form.

In this section we construct the test based on IVr| with size @ for
testing the hypothesis that P{X > Y} = P{Y > X} against the alternative that

o' F=G

against any alternatives in which the median is changing monotonically. For

these probabilities are not equal. We then use the same test to test H

example, this would be appropriate if we were dealing with a family which is
generated by varying a single location parameter,

Consider the case m=n=r = 6, Since m= n,V6 is symmetric under Ho
and we use an equal tail test based on |V6]. Sixteen sequences with the
largest values of |V6| are shown in Table II; only eight rows are needed because
of the duality that is present; the sequence S* is dual to S if it is obtained

from S by interchanging x's and y's.

: Table II: Test.Based-on {Vé[ form=n=6

Sequence S Dual Sequence s* |V6| Po(s) + PO(S*) = 2Pp(S)
ihdivl Cumuldtive
KXXXKX yYYyyy 216 1/462 .0022
KXXXXY YYYYyX 174 6/462 .0152
KXXXYX YYYYXY 162 6/462 .0281
XXXYXX VYYXYY 150 6/462 Obhl11
KXYXXX yyXyyy 138 6/462 L0541
XYXXXX YXYYYY 126 6/462 0671
XXXXYY VYYYXX 120 15/462 .0996
YKKXXX Xyyyyy 114 6/462 .1126

The proposed test is to reject Ho for large values of |V6|' To obtain an
@ of exactly .05 we reject H, when |V6| > 138, accept (or fail to reject) H,
when |Vg| < 138 and randomize when |V| equals the critical value |Vr|c = 138,
More precisely, if |V6| = 138 we perform an independent experiment which will

reject H, with probability .68.

0
If randomization is not allowed then we might still consider putting one

of the two sequences with |V6| = 138 in the rejection region (and the other in
- 12 -



the acceptance region) but in this case it would destroy the symmetry of the
test and we do not consider it.

1t is evident that the result of the test may be determined before 6
failures are observed and hence the test can be put in a curtailed form.
Table III gives the results for the above example allowing randomization,
We use the symbols |Vr|R and Ivrlﬁ according as randomization is or is not
allowed. Since the test is symmetric we can restrict the tabulation to those
sequences starting with an x. Let EO{Nf} denote the expected number of failures

required by the test under H.; for the example in Table III we obtain

o’
Eo{Nf} = 3.348.

Table III: Test Based on |v2’6|R in Curtailed Form
Stopping 2P(8) Vgl Action
Sequences S

XXXXX T/462

XXXXYX 6/462 |V6| > 138 Reject H,
KXXYXX 6/462 :

KXYKXX 6/462 |V6|=~138§‘P{Rejecﬁ HO]:= .68
XXXXYY 15/462

KXXYXY 15/462

XXXYY 35/462

XXYXXY 15/462 |V6[ < 138 Accept H,
XXYXY 35/462

KXYy T0/462

Xy ’ 252/462

It should be pointed out that the caluculation of Table III, which mgy
be tedious for large values of m, n and r, is not necessary for carrying out
the test, The critical value IVrIc can be obtained by means of the normal
approximation when r is not too small (see discussion in section 8),

Briefly the curtailed test is to stop as soon as the decision (or action)
to be taken is determined. In the above example suppose we observe xxy:-
initially. Then we compute the smallest and largest values that V6 can attain

with 3 more observations; these are -24 and 138. Since they do not all lead

- 13 -



to the same action with probability one, we wait for another failure. If we
then obtain xxyy then the possible extremes are -24 and 72. All possible values
now lead to the same action and we terminate the test (accepting HO).

Another interesting property of the statistic Vr is concerned with the
result obtained by using (3.3) or (4.6) with r replaced by d for any curtailed
sequence S of length d < r.

Lemma 6: For any curtailed sequence of length d < r the value Vd obtained
by using (3.3) with r replaced by d is the conditional expectation under
H of‘Vr given the source of the first d failures,

0
Proof: From (3.3) we have

d r
Ner-1l
(5.1) Ed{Vr} = iil(nmi- mni) + Ed{i;§+1(nmi- mni)}+ (——Er-ﬁga{.mr- mnr},

where Ed denotes the conditional expectation given the first d failures. For

i > d,using the hypergeometric distribution, we obtain
m-m n-n

(5.2) Eym) = m+ (1-0)(mgD) 5 Eglnd= ng + (1-0)(g=gD)-

Substituting these in (5.1) and letting A = nm,- mn, gives

d r-d+1l
2 N-r=1 r-d
(5.3) Ed{Vr}=i§1(nmi- m, ) + Alr-d- —=— + (=) (1~ §=5)]
d
N-d-1
= Z (nm,- m,) + (——=)A =V,
PP ! 2 d

which is the desired result,

Lemma 5 can be regarded as a special case of the above lemma in which
the random variable is constant if the source of the first d failures is
given. Lemma 6 proves that the observed values of Vr for increasing r

form a martingale,

- 14 -
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€. Formulas for the Power and Expected Time Under Two Alternatives,

In this section we derive formulas for the power of the test based on
|Vr| (for m = n we shall write Vﬁn) or Vg when there is no danger of confusion)
for two classes of alternatives; numerical computations are carried out for one
particular alternative in each class. These formulas can be used for any non--
parametric test,

Epstein [5] has made some sampling (i.e., Monte Carlo) studies of the power
of several nonparametric tests. We wish to compare exact results for the test
based on |Vr| for @ = ,05 and a small common value of m = n with the tests he
considers., Epstein considered a run test, a rank sum test (not the same as
W above), a set of exceedance tests based on Ez (r=1,2, 3; n=10) and a
set of maximum deviation tests based on M: (r=1, 3, 6, 10; n = 10); E? was
studied by Epstein [L4] and M: by Tsao [13]. A statistic'%:’n which scores +1
for each pair (x,y) with y < x and -1 for pairs with x <y (and zero if x and
y are both cené;red) was considered by Halperin [9] and Gehan [8]; we include
a test based on lﬁ'?’n[ in our small sample comparisons and denote it by
[Q':| for m = n. Another statistic P: called the precedence life test statistic
was studied by Eilbatt and Nadler [3].

We wish to compare some of these tests with a corresponding test based on
|V:| with the same n, We compare not only the power P{Correct Decision IHi }
= Pi{CD] under alternatives H, (1 = 1, 2) but also the expected number of

failures Ei{Nf} under H, and the expected time required by the curtailed. test

i
Ei{T} under H, (1 =0, 1, 2). The rest of this section is devoted to describing
the two particular alternatives selected and the derivation of special formulas
for these alternatives., A general formula for the probability of any rank order
under any alternative appears in Rao, Savage, Sobel [11] and our Pi{CD}-expressions
can be regarded as special cases of this,

We consider two sets of alternatives denoted as ng) and Héc). Under ng)

the two cumulative distribution functions F(x) and G(y) have the respective

densities (omitting the values of x and y where the density is zero)

- 15 -



s (6.1) £o(x) = 5 e*/° xz o0,
(6.2) 89(}') = yz%;;y e-yle yz2 eln(—l%ﬁ)

In the numerical calculations of Table IV only the case p = % denoted by Hl’

is considered. Under Héc) the density of fy(x) is as in (6.1) and

(6.3) go(y) = l@ e7y/e8 yz o0,
[+

so that one has a mean that is c¢ times the mean of the other,: This-is a so-
called Lehmann alternative since for any t we have [1-G(t)] = 1-F(t). 1In
the numerical calculations of Table IV only the case ¢ = 2, denoted by H2,
is considered. These two alternatives were clearly chosen because of their
interest in life testing applicationms,

In order to compute the power it is necessary to first develop some for-
mulas for the probability of observing a particular sequence of x's and y's

under ng) and Héé). Let Xl’ X2,..., Xi and Y YE""’ Yj denote the ordered

1’
X's and Y's in a sample of size d =i + jwhere i £m jEnand d s r, Let

Ri denote the ranks of ¥, in the combined sequence Sd of length d (i = 1,2,...,3)

i

and let Pi{Sd} denote the probability of S, under H (i = 0,1,2).

d

Case 1l: Suppose j = O so that d £ m and we observe only x's. Then

1 Gln t‘_P’ d=1 m-d
(6.1) Py (5y) = o xg) [1-F(x) 1™ ar(x,)
0

. S f F(x » (18 (x) 1™ [1-6(x ) I ar(x,)
f1ln

m-d

W)

Ip(d,mpd+1)+» Il_p(N¥lad,d)‘

where Ip(a,b) is the standard notation for the incomplete beta function; here

- 16 -



. we have used the fact that for t = 6ln[1/(1-p)]

_ 1-F(t)
(6.5) 1-6(t) = 5
and made the transformation u = F(xd). v,

]

Case 2: Suppose j > O and Rj d so that the dth observation is yj. Then

EHWIWE '
: S AL f/ [1-6(y ) 1% [1-r(y 1™

1
t
]:[l(Ra—Ra_l-l). 91n(T_—P)< yl < y2 < ceoe < yj < o

(6.6) P, (s,) =

3 R_-R_ .-1
o a1
'aﬂl [F(y,)-F(y, ;)] d6(y,,)
N-d
= ‘(‘;; (1-p)™ 1, (1R, R)) .

To obtain the above we used (6.5) and we iteratively integrated out Yy Vi1

etc,, leaving only the integral on Yy here (and in the next case below)

= O and R. = 0. The details are straightforward and are omitted,

Yo 0
Case 3: Suppose j > O and Rj < d so that the dth observation is X, =X (say).
Then
SEH ) .
i - -
' 1% = : 1]1 Vg L
(d-Rj-l) .o{=1(Ra-Ra_1-l). 61n(1_p) <y <... < Y <x<ow

(F(x)-F(y.) 1R L . RaBa-17t
x)-Fy )15 ) ] [B(r)-Fly,.)] de(y,) ¢ dF(x)

o=1
N-d
= —(‘-“:iz— I, (N+1-R., R.) .
(-p)?CH

This result is the same as in (6.6); the derivation is similar to that in Case 2
and is omitted. Thus we note from (6.4), (6.6) and (6.7) that in all cases the

P{Sd|Hl} depends only on R., the rank of the first y in the combined sequence,

1
- 17 -



. For p = O all three give the same result for HO, namely,
N-d, ,/N
(6.8) P84} = (L71)/())

which agrees with (4.4) for d =

To compute the expected time E{TlHl} under H1 we again consider the
individual terms of the result corresponding to any particular stopping sequence
Sd' We consider the same three cases as above; the resulting expressions again

depend only on d and R, and again Cases 2 and 3 give the same result,

1

The results depend on a lemma dealing with a function J(x,y) defined for x > O,

y > 0 by
r(x+y) x=-1 -
(6.9) 3(my) = s fo 1) T

for convenience we define Jq(x,O) to be zero for any x > O and any q(0 < q = 1),

Lemma, For x >0, y>land 0= qs1l

1n(—) Ir(x+y) g-1 Iq(x,y)
(6.10) Jq(x,y) = -FT§:T7TT§7__ q*(1-q)7 o+ Jq(x+l, y-1).

If y2 1 is an integer and q = 1 then we can iterate (6.10) and letting

s = x+y we obtain

y
I (s-a, @)
(6.11) 3 (s3> 9) = 10(d) 1 (oy, ¥) + zl .
O=

In particular, for q

1 we obtain from (6.11) a sum of reciprocals and it is

easily verified that for any integers r > s > t > u
(6.12) Jl(r-s, s-t) + Jl(r-t, t-u) = Jl(r-s, s-u) .

This lemma can be obtained by starting with a simple integration by parts in
(6.9) to obtain (6.10). Then (6.11) is obtained by iteration and (6.12) is a
consequence of (6.11) for q = 1. The details are omitted.

It should also be noted that we can write
x+y=-1 x-1

(6.13) J;(x,y) = Z 2 = D(x+y-1) - D(x-1)
i=1 j=1 - 18 -



. where D(x) is the well-tabulated digamma function; we note that the first and
largest fraction in J{x,y) is 1/x and y is the number of fractions. Consider

a stopping sequence S, = Sgi’J) of length d, with 1 x-observations and j = d-i

d

y-observations; suppose Sd

denote the contribution to (i.e., the term in ) the expected time (under Hl)

*
falls in Case 2, i.e., it ends in Ve Let El{TISd]

corresponding to the stopping sequence S these are not expectations but the

a’

numerators of conditional expectations. Using the above lemma we obtain for

Case 2: E. =d

R,~1
o(¥-4) L1 (M-, owl)
* me-i 1-p
D
m a=0

1
+ L) (N1-Ry, Ry) [In(g55)+3; (8+1-d, d-Ry)TE .

1’

Sketch of Proof: To obtain (6.1h4) we start with

HOIH - -
(6.15) Byirlsg = ——I— [ [ 5,000 0ere )1

(R-R_ ,=1)! 1
OLL o 0=l 91“(125) <y <y, << v5 <

o R -R_ -1
+ JLFt) o )1 ® %1 ey, ,

use (6.5) to eliminate [1»G(yj)], make the same substitutions u, = 1-F(yj)

j
and Wy = uj/uj-l with u) = 1 as for (6.6) and write
(6.16) y; = logQ%;) + log(u;;l) .

This gives rise to two integrals; in the first one we can use (6.1l) with g=1
as well as (6.12) and the second one is the same as the original integral with
j reduced by one. The details are omitted.

It turns out that if Sd falls in Case 3 the result (obtained by the same
method as above) is exactly the same as for Case 2 in (6.13). We note that the

- 19 -



. results for Cases 2 and 3 depend only on d and R

L @ in (6.6) and (6.7).

If 5, contains only x's then we use a similar method in (6.4) (details

are omitted) and obtain for Case 1: R. >d

-1
Ip(a+1, m=Ct)

* 1
(6.17) El{Tlsd] = 6 Z — - 1n(-1-_-5) Il_p(m+1-d, d)

0=0

N-d d-1 ‘

6( I, (N, ol)
m-1 1 1-p

+ m H ln(-]-.-_-_-ﬁ) Il_p(N+1-d, d) + Z e
P/ g [. =0

For p = O both (6.14) and (6.17) reduce to the common result for all stopping

sequences S, under H

d (0]
N-d) T de-l N-d
(6.18) ES(T]s,) = © (;‘;1 | =6 ?N; [D(N) - D(N-d)].
m =0 m

For the alternative H, the results given in (6.3) on the power PQ[CD},

the expected number of failures E2(Nf] and the expected time EQ{T} required
until termination are again obtained by treating each stopping sequence Sd
separately. We now give the required formulas; derivations are similar to those

for H, and are omitted,

1
Case 1: Sd ends in a y so that Rj = d,
k| ( n+j-0 .
m, n, i c j+1-0
(6.19) pg{sd} = = ;)' (n_t)' (%) II I{m+1+ n+j-q: RJ ) .
T 37 o=1 TI'(m+1l+ s - Rj-a)
Case 2: Sd ends in an x so that Rj < d.
j+1 n+j+1-0f
r(m+l+ ——=———— R,
(6.20) P (s,) = (m'fi). (ﬁr_l;). (-:';)j I ( =TT J+2’°‘).
o=1 P(m+1+"_“8"" - Rj+1-a)

where Rj+1 = d and RO = 0.

To compute the expected time EE{T] we derive the contribution

- 20 -



*
; EQ{T]Sd} = PQ{Sd} EE{I'Sd} from each stopping sequence Sd and the sum of these
over all stopping sequences yields the value for EZ{T}' Considering the same

two cases as above we obtain for Case 1

) = m! n, 6
d’ 7 (mei). (n~j). cj ¢

(6.21) EZ{T}S

i

. - g B }
. R.) z Iy (Ng_;-Rgs Rg=Ry ;) i (Ny o Rs 1)
j-173

L I‘(NB_I-RB) i P(NB_a-RB_a)
and for Case 2 we obtain
. * m! n! e
(6.22) E (T[s )} = w07 a7 7
j+1 B
r(N,-R, .) z Jl(NE“fRB’ %51 f_(.Nﬁ-O"RB-O"fl)
i+l L TNy _;-Ry) a1 (g o Re o)

in both cases NB = mB+1+{n-B)/c{B=0,1,.,.,3+1l) and 3, (x,y) is given by

(6.13) since y is an integer.

- 2] -
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TABLE IV: COMPARISON OF NONPARAMETRIC CURTAILED LIFE TESTS

& = ,05 (unless. stated otherwise); m= n = 5 for first 6 tests below and m = n = 6 for the last T tests below

Test O] critical @PR D 1o N, Null Hypothesis H, Alternative H, Alternative H,
Based On|  Value @EO{Nf] @EO{T]/G P (cp) | B N3] E (T3/0 | BoleD} | E N | E (T} /6
E 1 .01500| 6 b, 722 .60595 .16403 | 5.199 | 1.0993% | .13013 | 4.928 | 1.93001
Mg L .58889 6 4,683 .59802 .23939 | 4.959 | 1.05104 | .11623| 4.854 | 1.84gk42
ILMPlg 2.028,..| .07500 6 4,722 ..60959 17160 | 5.199 | 1.09934 | .13076 | 4.928 | 1.93001
|?36| 16 .90000 6 198 ¢ .52262 42050 | 4.558 | 0.7145k | 2011k | 4.336 | 1.41826
|V2|R T2.5 .60000 6 4.159 ?1&68 Lbk28 | h.4i8 | 0.82890 | .19858 | L.270 | 1.37451
lvglR 80 .80000 8 L.540 .60198 bo3k2 | 5.9%2 | 1.29917 | .21785] 4.811 | 2.10885
Eg 1 .53667 T L .866 .50116 21624 | 5.786 | 1.0uk1k | .12923] 5.192 | 2.03679
- Mg L 27750 7 4,838 .49683 .30801 | 5.421 | 0.97078 | .12727 5,108' 1.96870
lﬁgl' o, 64545 T L.554 . 50007 .35072 | 5.542 | 0.99094 | .12815] 5.040 | 2.07k28
|v,6(|R 1k 64545 T L .55k .50007 .35072 | 5.542 | 0.9909k | .12815] 5.0%0 | 2.07428
|vglR 138 .68333 6 3.348 .32756 .32013 | 5.1k | 0.93309 | .1291%) 3.633 | 1.127k1
|LMP|2 1.540...| .68333 6 3.348 .32756 .32013 | 5.14% ] 0.93309 | .1291k4] 3,633 | 1.127k1
@lﬁg 23 .68333 6 3.348 .32756 .32013 | 5.14% § 0.93309| .1291k] 3.633 | 1.127k1

@ E is an exceedance test from [6]; M is a maximum deviation test from [6]; LMP is a locally most powerful test from [10].

@ PR denotes the "randomization probability" to achieve & = ,05.
A z
|LMP|2 , lvgl and |Ug| turn out to be identical; also |V$|is identical with |U$| .

N

} ]

]

¥ )

L

3

}

}

¥

3

£ and T denote the number of failures and the time required to terminate the curtailed test,

L
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T. Discussion of Empirical Results,

The numerical results in Table IV show that the test based on ‘V:| is
superior to the exceedance tests and maximum deviation tests for the cases
considered, For m= n = 6 the test based on |Vg| turned out to be equivalent -
to the LMP test from [11] but for m = n = 5 the tests based on lvgl and |Vg|
are both superior to the corresponding LMP test. The performances of the tests
based on the [Vzl and the [U:[ statistics appear to be approximately the same
for both alternatives considered,

Table IV also shows that one should not assume that the performances will
improve simply by increasing the value of r with fixed m = n or by increasing
the common value of m = n with fixed r. It appears that some values of r are
better than others for fixed values of m, n; this has not been investigated.
The only criterion used in selecting values of m, n and r in Table IV was to
make them large enough to serve as typical illustration and not so large that
they could not be handled on a desk calculator,

Another test was suggested by the referee of this paper and he claims
that it is suggested by the work of Gart [T7], but it is clearly not the control
median test described in that paper. 1In the suggested test we take r and

N = min as above and form the 22 table and base the test on the

Population Number of faiéﬁres Number of Censored Total
Source before the r Observations
X m¥
Y z n¥
r=-1 N-r N-1

observed z and the rtn observation or (using an approximation) on the associated
chi-square 'xi) statistic with one degree of freedom
¥
o Uz- 0] -2
(7'1) x].: ’
n¥, , m¥, N-r
(r-l)(N-l)(N-l)(N-Q)

- 23 -



which also contains a so-called continuity correction, Here m¥ = m - 1,

n¥ = n if the rth failure is an x and m¥ = m, n¥ = n - 1 if the rth failure
is a y. Clearly a two-sided test on z-values corresponds to a one-sided
test on xj-values.

This test gives strong weight to the number of failures that are x's
and y's and little weight to the order of the failures, For example, for
m=n=5, r =6 the 2 sequences xxxyyy and xyxyxy are treated alike; also
xxxxyx and yxxxxx are indistinguishable if z(or the associated xi) is used,
Finally it was noted that for the two cases considered in Table IV the

exceedence tests (Eg and E6 respectively) were identical to the tests based

2
on z (or the associated X?) and the tests based on (7.l) were therefore omitted

from Table 1V,

-2 -
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*. 8, Asymptotic Normality of v..

We wish to show that under H, the distribution of Vr/ O‘O(Vr) tends to a
standard normal distribution as m, n and r all approach infinity so that the
triple ratio approaches a fixed triple ratio with positive finite components.

For t, in (4.6) we can write nz - m(l-za) = Nz~ m where z, = 1 or O

according as the oP observation is an x or a y. Hence we obtain from (4.6)

Nrm

Vo +8:= r N

(8.1) r 2 _ 5 (N+rg;43x)za = I agz,
N2 o=1 i=1

where fgr i=1,2,..., 1

Id
N+r;;-21 if the 1™® observation is an x
(8.2) 8 =
0 otherwise

-

and a; = O for 1 = r+1, r+2,..., N, It is easy to check the conditions of the

theorem of Wald and Wolfowitz [i4 ], i.e., to show that

1 N — \8
7 = (243

(8.3) ;‘:1 ; = O/(l) (5 = 3, ,-l-,...)
[I% . (ai- EN)Z]S 2
i=1
and that
N
1 — \S
¥ (2;- 2y)
(8.4) i= ~ - S (s =2, 3,...)
1 - s/2
5 = (z,-2z)%]
NS %y
N N
where EN = X ai/ N and EN = £ 2z/N; the details are omitted. It follows that
’ i=1 i=1 *

the left side of (8.1) and hence v, is asymptotically normal.

We conclude this section with some empirical remarks about the rapidity of
approach to normality. We find that for fairly small values of m = n (with r
not too small) we can find the correct critical value |Vr|c and carry out the
test based on |V:| without constructing the tables of stopping sequences as in

Tables IT and III.
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.. The first approximation of |Vr|c for the 2-sided test of size ' = ,05 is
obtained by computing the closest V_-values to + 1.96 ao(Vr) where ag(vr) is
given by (4.10). Successive values of IVr|_differ by multiples of N/2 and it is
possible to make the usual "continuity-correction" to approximate the prob-
ability of particular values of V.. A useful "rule-of-thumb” (empirical in
origin) is to use this one-term normal approximation (NA) when m2 5, n2 5
and r 2 |m~n| + 1/-/8?. If this is not satisfied then it is desirable to use
exact computations or to use more than one term of the Edgeworth expansion

(EA) with continuity-correction

(8.5) PV s v}~ o(x) - (L

M3 o (3)
- 3‘ -—3 o=/ (x))
%

S,

1My 4 10 6
bl (G - 3) of )( ) + 2 (3) o® @) + ...
% o
61) th .

where &(x) is the standard normal c.d.f., ¢"(x) is the i~ derivative of &(x),
g is the ith moment of Vr under HO given in section U4, ao = ’“2’ Xx=v+c'
and c' (some multiple of N/4) is the continuity correction which depends on
the difference of successive values of Vr at the point of interest,

The asymptotic distribution of Vr under the alternatives has been con-

sidered by Basu [2].
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