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Abstract

A predictive-decision theoretic approach is developed for the Bayesian design prob-
lem. The loss functions used are Fair Bayes (proper scoring rules) and are quadratic
measures of distance between probability measures. The results are applied to certain
normal regression models where explicit optimal designs are constructed.
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1 Introduct_ion

Wald’s decision theory provides a convenient framework in which to formulate some problems
of experimental design—especially those with a Bayesian bent when a prior distribution
is specified. Although the Bayesian design problem is easy to formulate in this way, the
resulting minimization problem is often intractable so optimal designs cannot be obtained
for concrete problems. In this paper, we present a Bayesian design problem in a decision
theoretic framework for which optimal design can be found in some important cases. In
essence, we consider a prediction problem which has a design aspect to it, and then cast the
problem in a decision theoretic model. Incorporating the prior distribution into the problem
leads to an objective function (namely, the Bayes risk) which is a function of the design.
Finally, selecting the design to minimize the objective function leads to a solution to the
design problem.

Before introducing the prediction aspect of the problem, it is useful to first review a
standard decision theoretic formulation of the Bayesian design problem. Suppose Y is an
observable random vector whose distribution belongs to a family '

(1.1) {P(16,2)|6 € ©,z € X}

where 0 is an unknown parameter of the model, and z represents a design which the ex-
perimenter can choose from the design set . Next, consider a particular decision problem
with an action space A and a loss function L defined on A x © x X. A decision rule § is a
function of Y and z which takes values in .A. The risk function of a decision rule é is

(1'2) R(‘s’ 6, m) = 80,-“-'[’(6(),,3)’0, z)

where &, denotes expectation under the distribution P(-|d,z). Given a proper prior distri-
bution 7 on O, the Bayes risk is

(1.3) ro(z) = inf /e R(5,0, 2)m(df)
where the inf ranges over all decision rules. Finally, any zo € & which satisfies
. (14) ra(2o) = inf r(z)

is a Bayesian optimal design for the decision problem at hand when the prior distribution is
-m. In other words, zo is optimal if it minimizes the Bayes risk (1.3).

In this paper, the decision problem is a prediction problem, although our formulation of
the prediction problem is somewhat unusual. It is based on work in Eaton (1982, 1992).
This formulation is described in detail in Sections 2 and 3, and leads to a useful expression
for the Bayes risk r.(z) defined at (1 3).

In Section 4, a prediction version of the normal linear regression model (w1th known
covariance) is treated in-detail. This leads to a criterion function (see 4.15) whose minimiza-
tion yields an optimal design. Various specializations of this criterion give some well-known
classical and Bayesian design criteria.



The prediction viewpoint in experimental design goes back to Lindley (1968), who as-
sumes an ignorance prior, and is also employed in a series of papers by Brooks (1972, 1974,
1976) who allows for use of prior knowledge. Piccinato (1980) sketches a useful outline. An
important contribution to Bayes designs for linear models is Chaloner (1984), who deals also
with designs for prediction at a point. The book by Pilz (1991) adopts a decision theoretic
approach to designs for estimation, and employs several Bayesian optimality criteria, some
of which can be thought of as specializations of the criterion of this paper. The same ap-
plies to some of the well-known classical design criteria for linear models that can be found
in the design literature, see for instance the books by Fedorov (1972), Silvey (1980), and
Pukelsheim (1993). An overview of modern trends in Bayesian designs is given by Verdinelli
(1992).

2 Quadratic Forms in Probability Measures

The loss functions for the prediction problem described in the next section are reviewed
below. In essence, these loss functions are quadratic forms in bounded signed measures, and
are natural analogues of quadratic forms on Euclidean spaces. Recall that for any n x n
non-negative definite matrix A, the quadratic form

(2.1) Q(z) =z'Az,z € R"

can be used to define a pseudo-norm and hence a pseudo-metric on R*. Namely, for z and
y in R", set
(22) llz = yl* = (z — y)' A(z — 9).

Then ||z — y|| = d(z,y) is a pseudo-metric on R"—but, not necessarily a metric since
d(z,y) = 0 does not necessarily imply that z = y.

Now, let p and ¢ be probability vectors in R" so these specify probability measures (p m.)
on the finite set {1,2,...,n}. Further, ||p — g|| is a “distance” between any two such p.m.’s.
The extension of this construction to p.m.’s on infinite sets follows.

Consider a measurable space (U,B) and let M(U) be the set of all bounded signed
measures defined on B. In particular, if P, and P; p.m.’s defined on B, then P, — P, € M(U).

. Definition 2.1 Let K(u,v) be a bounded measurable complex valued function defined on
U x U. Then K is non-negative definite (n.n.d.) if

(i) K(u,v) = K(v,u) where “ ” denotes complex conjugate
(ii) for all a € M(U).
(2.3) Q@) = [ [ K(u,v)a(dua(dv) > 0.
The quadratic form @ defined by such a kernel K defines a pseudo-norm
llell* = Q(a)



and the pseudo-metric :
(24) d(a, B) = |le = Bll, &, B € M(U).
In particular, when @ = P, and § = P, are p.m.’s, ||P, — P,|| is a “distance” between P,
and P 2.
For our purposes, the following example is of special interest.

Example 2.1 Consider # = R™ and for each t € R™, let

(2.5) k(u) = exp[it'u],u € R™.
For any probability distribution H on R™, it is easy to check that
(2.6) K(u,v) = /R _ k(w) k(o) H(dz)

is n.n.d. Obviously K(u,v) is just the characteristic function of H evaluated at u — v.
Furthermore, kernels of the form (2.6) define “translation invariant” distances between p.m.’s
on R™, as the following discussion shows.

Given a p.m. P on R™ and a vector ¢ € R™, define the p.m. gP by

(2.7) (9P)(B) = P(B ~ g)
so gP is a “translate” of P.
Lemma 2.1 When the kernel K in (2.6) is used to define the pseudo-norm || - ||, then
(2.8) |1Pr = P|| = |lgPr — gP2|l, g € R™
for p.m.’s P, and P,.
Proof: This follows easily from the relation
K(u,v)=K(u+g,v+g). O
When K is given by (2.6), it is easily verified that

1P = Ball* = [ 16:(8) - ba(t) PH (de)
where ¢; is the characteristic function of P;,i = 1,2. This completes Example 2.1. o

Now, return to the general case of an n.n.d. kernel K and its resulting pseudo-norm || - ||
on M(U). Consider a family of p.m.’s {P(:|9)|0 € O} defined on (U, B) where (,() is a
measurable space and P(B|-) is a measurable function for each B € B.

Lemma 2.2 For each p.m. 7 on (0,(), let

(2.9) B = /e P(-|8)r(d8).
For each p.m. P,
(2.10) I |IP = P(:|0)|[*x(d6) >

I 1B = P(10)[*x(d6) =
I 1PC18)][x(d8) — || Px]*.
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Proof: The p.m. P, is the mean of the family P(-|§) when 6 has the distribution 7. Relation
(2.10) simply asserts that

(i) the mean minimizes mean squared error, and
(ii) “variance” equals the second moment minus the square of the mean.

The rigorous verification of (2.10) is little more than the proof when U is a finite set. The
details are omitted. O

3 Design and Prediction

Consider again the decision theoretic description of the design problem described in Section
1. The data available is a random vector Y € R™ whose distribution is P(-|f,z) where 8 is
an unknown parameter and z € X’ is a design variable.

In order to employ the design criterion introduced in Section 1, we now formulate a
prediction problem. Suppose Z is a random vector in R™ to be predicted. It is assumed
that given @ and the design z,Z has a distribution S(-|,z) and Z is conditionally (given
0,z) independent of Y. The action space for this problem is taken to be M;(R™)—the set
of all probability distributions on R™. Thus, given a design = and an observation Y =y, a
decision rule é(-|y, z) is a probability distribution on R™—namely, é(-|y,z) is our guess at
the distribution of Z when the design is £ and Y = y is observed.

To introduce a loss structure for this problem, let || - || be a pseudo-norm on M(R™)
defined by an n.n.d. kernel as described in Section 2. Consider a loss function given by

(3.1) L(e,0,2) = |la — S(-18, 2)II*

where a € M;(R™). An action « is a p.m. on R™ and the loss for action « is the “distance”
squared of a from the true distribution of Z when the parameter value is 6 and the design
is z—namely, S(-|9, z). _

Now suppose = is a proper prior distribution for 8. To:derive a Bayes rule for our decision
problem when the prior is #, we proceed as follows. The model assumptions for Y and Z
together with the prior 7 determine a joint distribution for Y, Z and #. (Assume the design
used is € X.) From this joint distribution, we can determine the conditional distribution
of Z given Y = y when the design is z—say

(3.2) Qx(-ly, z).

Theorem 3.1 Given the prior m and the design x, the conditional distribution Q.(-ly,z)
for Z given Y =y is a Bayes solution to the prediction problem for any loss function given

by (3.1).

Proof: A Bayes solution to the prediction problem is found by minimizing the posterior
expected loss. This is

(33) Yo(e) = [ lla = S(16,2)|°Gx(d8ly, )



where Q.(-|y, ) denotes the conditional distribution of # given ¥ = y and the design z. A
direct application of Lemma 2.3 shows that () is minimized by

(34) &a('ly,2) = [ S(16,2)Qx(dbly, )
A moment’s reflection shows that (3.4) is just the conditional distribution (3.2). ]

Remark 3.1 There are other interesting loss functions in the prediction problem for which
@x(+]y, z) is also a Bayes solution to the prediction problem. For example, if the loss function
is
Li(e,2) = || - 52”2

where || - ||? is a non-negative definite quadratic form and ¢, is the p.m. with mass 1 at z,
then @«(-|y,z) remains a Bayes solution to the prediction problem. See Eaton (1986) for the
details of this argument and other examples of loss functions for which @, (-y, z) is a Bayes
solution. =

Theorem 3.2 When the prior is # and the design is z, let M.(-|x) denote the marginal

distribution of Y. A m-optimal design for the prediction problem is found by minimizing the
Bayes risk

(35) ra(z) = [ 15016,2)IPx(d0) = [ 11Qu( v, ) Me(dyc).

Proof: A direct application of the equality portion of equation (2.10) and the definition of
the Bayes risk gives

(36) re@) = [ [ 11QsCly.) - S(16,2)I’Gx(dbly, =) Mr(dyle)
L. [ 1C18,2)1°Q(dbly, =) Ma(dyl)
= [ Qs s )P M)

which is just (3.5). O

In some situations, the first term in the final expression for r,(z) in (3.6) does not depend
on z. In this case, the criterion for finding a 7-optimal design for the prediction problem is
the maximization of

(37) 32(2) = [ 11Qu(ly, )| Mr(dylc).

This will be the case in the normal regression example considered in the next section.

Remark 3.2 In the prediction literature (see e.g. Aitchison and Dunsmore (1975)), @(:]y,z)
is called the predictive distribution of Z given Y = y. On a priori grounds, @, is the Bayes
solution to the prediction problem since it incorporates all we know about Z after seeing
Y = y (given the model assumptions and the priori). The decision theoretic formulation of
the prediction problem provides another method for finding a Bayes solution—namely one



minimizes the integrated risk. From the point of view of inferential consistency, it seems es-
sential to require that the two arguments yield the same solution to the prediction problem.
It is this desired consistency (established in Theorem 3.1) that prompted our formulation
of the prediction problem, and in particular, the choice of loss function (3.1). Loss func-
tions which yield such consistencies were introduced in Eaton (1982)—called Fair Bayes Loss
Functions, and are obviously related to proper scoring rules (see Savage (1971) for example).
Further discussion and related issues can be found in Eaton (1982, 1992).

4 A Normal Regression Example

4.1 Basic Theory

In this section, we analyze the Bayesian design problem for a normal regression model with
known covariance. It is assumed that the data vector Y € R" satisfies

(4.1) . Y = X0 +e

where X is an n X p design matrix of rank p, the parameter vector 6 is in R? and € has
an N,(0,%,) where X, is a full rank known covariance matrix. Therefore, the conditional
distribution of Y given 6 is

(4.2) L(Y]0) = N,(X6,%,).

For this problem, the set of designs is just the set of all possible X matrices under consider-
ation. In the calculations that follow, X remains fixed. Particular design sets are introduced
in the next section where some special linear models are considered.

Remark 4.1 The rows of the matrix X will typically be row vectors of the form f(x) =
(f1(x), ..., fo(x)), where x is a point in a suitable design space, S say, usually a subset of
R¥, and the f; are known functions. A design is given by a finite collection of such points
X; (called the support points), with respective multiplicities n; such that ¥°; n; = n. When
observations are uncorrelated (i.e. £; = ¢2I) it is common practice not to restrict the n;’s to
be integers, but to approximate them by non-negative real numbers. The non-integer design
can then be rounded to an integer design in some systematic way (Pilz, 1991, page 183). O

The variable Z € R™ to be predicted is assumed to have a normal distribution
(4.3) L(Z)|0) = N,(T6,%,)

‘where T is a known m x p matrix, 0 is the vector of unknown parameters and X, is a known
m X m covariance matrix (possibly singular). The prior distribution for 8 is assumed to be

(44) 1= L(6) = Ny(6o, Ts)

where 8 is known and X3 is a known p X p non-singular covariance matrix. The variables Y’
and Z are assumed to be conditionally independent, given 4.



Given the model assumptions (4.2) and (4.3) and the prior distribution (4.4), the condi-
tional distribution of Z given Y = y (and the design X) is needed. To this end, let X be the
(n + m) x (n + m) matrix

(% 0 X xY
s 2=(% 8 )+ (X)m(2).
Next partition ¥ as

[ T Zr
(46) 5= ( o En)
where

(47) Yoo = Xy + TE3T"

212 = XE3T’ = 2'21

Lemma 4.1 The conditional distribution of Z given Y = y is m-dimensional multivariate
normal with mean vector v(y) and covariance matriz L3., where

{ Tnu=%;+ X% X

(4.8) v(y) = Tbo+ 22121_11(!/ — X6o)
| o210 = Z22 — En 2 Sha.
Proof: This is a standard multivariate calculation whose details are omitted. (m]

Lemma 4.2 In terms of £, X,,23, X and T, the conditional covariance matriz of Z given
Y=yis

(4.9) 222.1 = 22 + T(E;l + X'Z;IX)-I T’.

Proof: Routine matrix calculations using (4.7) and (4.8) establish (4.9). D
Finally, the loss function for the prediction problem is assumed to be of the translation

invariant type discussed in Example 2.1. In other words, the pseudo-norm || - || defined on .

M(R™) is generated by a kernel K of the form

(4.10) K(u—v)= /R explit'(u — v)] H(dt)

where H is some fixed distribution on R™. For £ € M(R™),
(4.11) eI = [ [ K(u— v)e(du)é(av)

_which in turn defines the loss function for the prediction problem via (3.1). With this loss
function, it is now possible to describe explicitly the optimal design criteria.

Theorem 4.1 Consider the normal regression model and the prediction problem described
above. When the loss function is specified by (8.1) via the pseudo-norm ({.11), the Bayesian
optimal design is that X, in the design space which mazimizes

(4.12) C(X) = /R _ exp[~t'Spat) H(dt).

Here, 221 (as a function of X) is given in (4.9) and H is the distribution which defines
Il 11- :



Proof: Since the conditional distribution of Z given 6 does not depend on the design,
an optimal design is found by maximizing s, in (3.7). From Lemma 4.1, the conditional
distribution of Z given Y =y is

(4’13) Qﬁ('lya X) = Nm(u(y), 222-1)-
Because ||- || in (4.11) is translation invariant,
(4.14) 1Q=(-1gs X)II? = || Nm(v(y), B22)|I* = [|Nm(0, Z224)|[* = C(X).

The final equality is established from Fubini’s Theorem and the form of the kernel in (4.10)
which defined || - ||. Since C(X) does not depend on y, the integral in (3.7) defining s, is
equal to C(X). Thus, the Bayesian optimal design is the one which maximizes C(X). O

A particularly convenient choice for H in (4.12) corresponds to a Ny, (0,X,) distribution
where X4 is a known non-singular covariance matrix.

Theorem 4.2 When H in (4.12) is the N(0,%,) distribution, the Bayesian optimal design
is obtained by minimizing (over X ’s)

(4.15) B(X) =det[3Z7' + Z, + T(Z31 + X'S71X) 71T

Proof: For H equal to the N(0,Z,) distribution, the function C(X) in (4.12) is given by
(4.16) C(X) = [det(E,) det(Z;?! + 2822.4)] /2.

From equation (4.9) for X,.1, maximizing (4.16) is clearly equivalent to minimizing (4.15). D

For the remainder of this section, we focus on the criterion function (4.15) for various
special cases.

Case 1 By taking p=m,T = I, and X3 = 0, we see that Z = § so the prediction problem
becomes an estimation problem. In this case, the Bayesian optimal design is found by
. minimizing

(4.17) B.(X) =det[3Z;' + (23! + X'=71X) 7).

Formally setting £;1 = £3 = 0, (4.17) yields the classical D-optimality criterion in a linear
regression problem.

Case 2 By taking m =1 and £3! = 0, the criterion becomes the minimization of
(4.18) Br(X)=T(X'E'X)™'T' € R..

This is the classical c-optimality criterion (with T' playing the role of c).



Remark 4.2 With M = X'E7' X (the so-called moment matrix of the design), the function
(4.19) Y(M) =det[iX7 + 571 + T(Z3' + M)™'T)

is just the criterion function (4.15). In Appendix I, the convexity of ¥ and some related
results are established. )

Remark 4.3 The formal device of setting £;! and/or £3” to 0 is just that—a formal device.
Of course, the criteria obtained in Cases 1 and 2 are continuous functions of £3* and £;? so
one can certainly argue that (4.17) and (4.18) are limits of criteria obtained by proper Bayes
arguments. However, it appears to not be possible to take either H(dt) or the prior for 8 to
be “flat” (i.e. Lebesgue measure) at the outset, since some of the relevant expressions are
not well defined. O

Remark 4.4 The classical D-optimality criterion is invariant under non-singular transfor-
mations. However our criterion of minimizing (4.15) is not invariant since it involves a
prior distribution (via X3). Of course, non-trivial criteria involving proper prior distribu-
tions cannot be invariant under all non-singular transformations since prior assessments are
necessarily coordinate dependent. O

4.2 Moment Matrix Considerations

We now return to a discussion of (4.19). Observe that in working with W(M) there is no
need to invert the matrix £3 + X'E7' X since, writing for simplicity W = 1£;! 4+ £, and
R=1x3,
(4.20) U(M) = det(W+T(M+ R)™'T")

= det(W)det(M + R+ T'W™'T)/det(M + R)

so minimization of ¥(M) means finding

(4.21) A%& det(M + R+ T'W~'T)/ det(M + R).

~ where M indicates the set of all moment matrices.

The optimization problem is in general too hard to be solved directly, but the search for
optimal designs can be simplified using properties of ¥. In Appendix I the convexity of ¥ in
M and some related results are established. This enables us to apply the well-known theory
of convex design criteria (see Pukelsheim, 1993), and in particular the Equivalence Theorem
(Whittle, 1973).

Theorem 4.3 Assume M is convez. For My, M, € M let Fy(M,, M) be the directional
derivative of ¥ at M, in the direction of M,. The following conditions are equivalent:

() ¥(M") = mig ¥(1);
(i1) infpem. Fo(M*, M) = 0.

10



where M, denotes the extreme points of the set M.

Proof: This is a consequence of Corollary A.2 and Theorem A.2 of Appendix I and the
Equivalence Theorem of Whittle (1973). (

Condition (ii) above simplifies when X, = o?] since the extreme points of M are the
moment matrices of one point designs, i.e. M = nf(x)'f(x). Then (ii) of Theorem 4.5
becomes

If ©; = 0?1 the points of support of an optimal design with moment matrix

(4.22) M* are among those points x for which Fy[M*,f(x)'f(x)] = 0.

This is a useful tool for finding the design since it restricts the choice of potential design
points in the design region. Observe that

(4.23) Fo[M,f(x)f(x)] = det(W+T(M + R)™'T")
x trace[(M + R)™'T'(W + T(M + R)™'T')™!
T(M + R)™ (M —£(x)'f(x))].
Together with convexity, invariance w.r.t. a group G of tranformations of the design space &
can be used to find optimal designs. The group G induces a transformation of designs over

S and consequently of the moment matrices: V g € G denote by M, the transformed matrix.
We shall be interested in cases for which the following is true.

(4.24) Vg € G3 a non-singular p x p matrix @, such that M, = Q; MQ VM.

A typical case of (4.24) is with M, a permutation of the rows and columns of M. Sometimes
also the following can be assumed

(4.25) Q;RQQ = R and Q;T’ W‘ITQg =T'W-1TvVgeg.
Then

Theorem 4.4 If there is a group G such that (4.24) and (4.25) hold, the search for an -
optimal design can be restricted to designs which are invariant w.r.t. that group.

Proof: (4.20), (4.24) and (4.25) imply that ¥ is G-invariant i.e. ¥(M,) =Y (M)Vge g,
V M. The result follows from combining invariance with convexity; the idea is essentially
Kiefer’s (1959, §2E): see also Giovagnoli, Pukelsheim and Wynn (1987) for more detailed
applications of those ideas to designs. O

In the next section these results will be applied to finding designs for particular regression
problems.

5 Some special linear models

Case 1: Multiple Linear Regression Assume a normal model satisfying (4.2) with
(5.1) E(Y;|0) = 00 + 0131 + ...+ 0k$k

where x = (z4,..., ) is a point in a suitable design space, usually assumed to be a closed
rectangle of R*.-It is easy to see

11



Theorem 5.1 If £, = o2 there is an optimal design for (5.1) whose support points are
among the extreme points of the design region.

Proof: The rows of the matrix X are row vectors of the form f(x) = (1, zy, ..., zx) = (1,%).
Simple algebra shows that (4.23) can be rewritten as:

(5.2) Fy[M,f(x)'f(x)] = ¢ —c(1,%)[(M+ R)™?

T (W +T(M + R)™'T")'T(M + R)™')(1,x)’
where ¢;, ¢; do not depend on X, and this is a concave function of x (see Marshall and Olkin,
1979, Ch.16, E.7.a). The proof follows from (4.22). o

If the design region is a hyperrectangle, w.l.o.g. we can take it to be the cube [—1, 1], since
a non-singular linear transformation & = B~10 of the parameter space leads to:

X = XB
T = TB
M = B'MB
R = B'RB

and
W4+ T(M+R™T =W+ T(M+ R)™T".
Furthermore observe that for estimating the parameters we can let T' = I w.l.o.g. by changing
the X4 matrix to B'E, B, since det(-) is invariant w.r.t. non-singular linear transformations.
The extreme points of the cube [—1,1]* are the 2¥ vertices, which give rise to the row
vectors v; = (1,£1,+1,...,£1) for the X matrix. The problem reduces to calculating the
optimal number of observations n; (n; > 0) to take at each vertex. Let M = ¥; n;vivi/o?

and write for simplicity 02R = R = (r;) and o?T'"W-'T = A = (ai;), i,§ = 0,..., .
Minimization of (M) in this case becomes

(5.3) ming,,} det(z nvivi + R+ A)/ det(z n;vivi + R)
subject to E n,~$= n ‘
n: > 0.
An explicit solution can be found in the following case:
Example 5.1 (Simple linear regression): Assume (4.2) with X; = o?] and
(5.4) E(Yz|0) = 6o + z6,.

By theorem 5.1 the support points of the optimal design are -1 and 1. Let n; and n; be the
number of observations at -1 and 1, and put ¢;; = n+ 7y, ¢t = 0,1, b = cooa11 + cr1a00 +
(agoa11 — a)) and A = b? — 4a2,cooc11. It is easy to show that

Theorem 5.2 An optimal design for model (5.4) is obtained by taking n, observations at
-1 where ny = median{0, (n — 8* + r01)/2,n} and

ﬁ. = { (b - \/5)/(2001) ifam # 0
0 t:fam =0

12



Proof: Let 8 = n + ro; — 2n;; (5.3) reduces to

ming (b—2Ban)/(coocn1 — B?)
subject to —-n+4rm S ﬂ S n =+ To1

whose solution is median{—n + ro1, 8%, + o1 }- D

Theorem 5.2 shows that for simple linear regression one point designs at either +1 or
—1 are possible optimal designs. For instance, if am < 0 and ro; 2> n then an optimal
design puts n observations at —1, if ag; > 0 and rg; < —n then an optimal design puts n
observations at +1. If A is diagona.l then n; = median{0; (n + ro1)/2;n} which turns out to
be the Bayes A-, D-, and E-optimal design (Pilz 1991, page 173). This happens for instance
for estimation of 8 with £, diagonal.

If we want to predict Z at zo, T = (1,%0) and the solution is the Bayes c-optimal design
which does not depend on ¥4 and Z,. Simple algebra shows that the design depends on R
and on zg as follows:

(i) if |zo| < y/e11/coo then ny = median{0, (n + ro1 — oC00)/2,7};
(1) if |zo] > y/e11/coo then ny = median{0, (n + ro1 — ¢11/%0)/2,n}

Observe that if roo = r1; then (i) and (ii) correspond respectively to interpolation and ex-
trapolation (see Chaloner, 1984).

There does not seem to be a simple way of obtaining a general solution of (5.3), but if
both the prior covariance matrix of the parameters and the matrix A have a hlgh degree of
symmetry then an explicit solution can be found as follows:

Theorem 5.3 If both A and R are invariant w.r.t. the group of all the permutations and
sign changes which leaves the first row and column fized then a design that solves (5.8) is
the one with the same number of observations n/2* at each point v; i = 1,...,2%,

Proof: Taking the group of all the permutations and sign changes of {z1,...,zx} as the
group G acting on the design space, conditions (4.24) and (4.25) are satisfied with @, a
block diagonal matrix @, = diag(1,II) and II a +1-permutation matrix. Thus Theorem 4.6
can be applied. An optimal desngn is the unique one invariant under all permutations and
sign changes of the coordinates z;’s. m]

This ends Example 5.1. o

Note that the optimal design found in Theorem 5.3 is the classical D-optimal design for
multiple linear regression. Two interesting cases covered by Theorem 5.3 are the following:

Example 5.2 (Estimation of 6: m=k+1,5,=0,T = Iyr). If

(i) the parameters 8o, 6, ..., 0 are a priori independent with R= diag(rog, 711, -+, T11), and

13



(li) 24 = dia.g(S()o, 8114 eoey su)

then it is straightforward to show that the hypotheses of Theorem 5.3 hold with A = 202X,
so that the design of Theorem 5.3 is optimal. O

Example 5.3 Assume that the aim of the experiment is the prediction of an observation Z
at the centre of the design region, i.e. T = (1,0,0,...,0). If (i) of Example 5.2 holds, then
the same design of Theorem 5.3 is optimal. D

Case 2: One-;vay analysis of variance: Assume a normal linear model satisfying (4.2)
with

(5.5) E(Y;|0)=0,i=0,....,k,j=1,..,n;

and I, = 0?7 as in case 1. The design problem is finding the optimal number of observations
n; for each treatment §;. Minimization of ¥(M) becomes

(5.6) I{nll}'l det(diag(no, ...,ni) + R + A)/ det(diag(no, ...,nz) + R)
subject to ) mi=n
n; 2 0.

If R and A have a special structure, (5.6) can be easily solved. Note that the problems of
estimation and prediction of the treatment effects are essentially equivalent: in both cases
T=1

Example 5.4 Estimation/prediction of the effects of exchangeable treatments If
the treatments are exchangeable then the matrix R is permutation invariant. If X4 is permu-
tation invariant too, then by Theorem 4.6 we can restrict the search of the optimal design
to designs invariant w.r.t. permutations of all the treatments and hence an optimal design
is the one with the same number of observations n/(k + 1) at each treatment. The solution
is the classical “universally” optimal design (Kiefer 1959, §4). - 0

Example 5.5 Assume 3

(5.7) R= diag(roo, T119 eeey Tu). »

(5.7) will hold, for instance, if the experiment involves k new test treatments 8;, j =1, ..., k
which are a priori exchangeable and uncorrelated and a control y, which is assumed to be
uncorrelated with the treatments. Furthermore, assume

(5.8) ¥4 = diag(so0, 511, .-+, 811), and Ty = 021, where o2 can be 0.

R and A are invariant under permutations which leave the first row and column fixed.
Thus by Theorem 4.6 there exists an optimal design which is invariant under the group of
permutations of the test treatments, and hence an optimal design will have no observations
at 6y and n, observations at each 8;, j =1,...,k.

Let . .
280001 28110‘1

A = diag (2sooa§ +1' 25102 +1
Define t = trace(R), b= a11[2k(n +1) + ago(k +1)] and A = b* +4ay;(ago — F2ay)(n +1)(n +
i+ aoo).

I) = diag(ago, @11, .-, a11)-
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Theorem 5.4 If T = I and (5.7) and (5.8) hold, an optimal design for estimating the
treatment effects has ny, = median{0, 8* — r11,n/k} at each 8;, j =1,...,k where

g = { (—b-l- \/Z)/[2(aoo — kzau)] tf Qoo 75 kzau
(m+t)[(n+1t)+a)/[2k(n+t)+a(k+1)] ifap=Fkay =a
Proof: Let 8 = n; + ry;. Then (5.6) reduces to

(5.9) ming  [1+aeo/(n +1t— kB)][L + anr/BI*
subject to ™M1 S ﬂ S n/k +ra

whose solution is median{ry1, 8*,n/k + r11} O

Note that if sgo = 511, and thus we use a uniformly weighted distance, then n, = median{0; (n+
roo—711)/(k+1); n/k} which is the Bayes D-optimal design for the estimation of 8 (Verdinelli,
1992). O

Example 5.6 Assume X4 = 04/ and that the aim of the experiment is the estimation of the
differences between 6, the control, and the other treatments, so that T' = (-1 : I). Then
the matrix A is invariant under permutations which leave the first row and column fixed.

Assume also that R is invariant under the same permutation group, e.g. assume o and
6; uncorrelated Vj and 6; (5 = 1,..., k) exchangeable, so that R = diag(reo, (r11 — p)I + pJ)).
Then a similar argument to that of example 5.5 implies that an optimal design is the one
which has ny and n; observations at 6, and at each 8;, where no and n; can be found by
minimizing (5.6) subject to ng + kn; = n.

If ¢ = trace(R), h = 20202 and B = n; + 111 — p, then (5.6) becomes

(5.10) ming (1 +h/B) 1+ h/(B+ kp) + hk[(n +t — kp — kB)]
subjectto ry—p<B<nfk+rn—p

If k = 1, the criterion reduces to Bayes c-optimality and the solution is no = median{0, [» —
(roo — r11)]/2,n}. The number of observations to put at 8 and 6, depends on the differ-
ence between their prior precisions: the greater the precision, the smaller the number of
observations. D

Example 5.7 Assume all the treatments are a priori uncorrelated, i.e.
) (5.11) R = (Too, T11y eeey rkk)
and let £4 = 021. The proof of the following theorem is straightforward.

Theorem 5.5 An optimal design is found by

4
(5.12) ming;)  [I(1+k/(n; +r3))
i=1
subject to Y _n;=n
J
n; 20,

15 .



where h = 20202/(c302 +1). If

n + trace(R)

(5.13) max7j; < — 1

the solution is n; = (n + trace(R))/(k + 1) — rj;.

Note that in this case the optimal design does not depend on ¥;, as expected, since we
are assuming that 4 = 021 and hence we use a uniformly weighted distance. If (5.13) does
not hold, then the solution of (5.12) is on the boundary of the constraint region so that a
numerical search is needed. o

Appendix

We denote by W(m xm) > 0 a non-negative definite matrix, and by M(p x p) > 0 a positive
definite one. Matrix concavity of a matrix function ¢ is defined by ¢(AA4; + (1 — A)Az) >
(Aé(A1) + (1 — X)¢(Az)) for all Ay, Az and 0 < A < 1 where > is the Loewner ordering of
symmetric matrices, namely A >y B <=> A — B > 0. Similarly for matrix convexity. Let
T be an m X p matrix of rank m. Define

(A1) : B(M)= (W +TM™'T"),

A Convexity and a Monotonicity Result

Theorem A.1 IfW(mxm) >0, then ¥ defined by (A.1) over a convez set of px p positive
definite matrices, is a concave matriz function of M

Proof: This result generalizes the one by Olkin with W = O (see Marshall and Olkin, 1979,
p-469) and the proof is essentially the same. For given M;, M;, and 0 < A < 1 define

M(X) = AM; + (1 = A\)M,

and
Q) =W +TMO)™T".

It is enough to show that Q())™! is a concave matrix function of A for any given M; and
M,, or equivalently that the second derivative is non-positive definite. Now

Q71 /dX* = 2Q71(dQ/dNQTH(dQ/ANQ™ - QTN Q/A)Q™

so that
Q7 1/d3? <0

iff
: 2(dQ/dN)Q1(dQ/d)) — 2Q1/d)? < 0.
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Furthermore . 5 .
dQ/d\ = —TM"(dM/d/\)M‘1 T

and
d?Q71/d)\? = 2T M~ (dM [dA\) M~ (dM [d\)M ' T’

since 2M~1/d)\? = O . Thus we want to show that
TM~ Y (dM[dN[MT'Q'TM™ — M~*)(dM/d\)M'T' < 0.
In order to prove the last statement, we put X = M~/2T" and show that
M7'T'Q'TM™ - M <0,
ie. XQ1X' <y I, with I, the p X p identity matrix. This is equivalent to
QX' XQ M <y I

which is true since @ — X'X =@ — TM™'T' = W > 0, thus completing the proof. (]
Corollary A.1 Let
(A.2) W(m xm)>0,M(p x p) > 0,R(p x p) >0.

Then ¥,(M) = (W + T(M + R)~*T")! is matriz-concave in M.
Theorem A.2 Under assumptions (A.2)
(i) (M) =det(W+T(M+R)"'T")isa coﬁvea: function of M.
(ii) ¥(M) is decreasing w.r.t. the Loewner ordering, i.e. A >1 B = U(A) < ¥(B).

Proof: (i) Since the real function log det(-) is concave and increasing w.r.t. the Loewner
ordering, by Corollary A.1 —logdet(W + T(M + R)™'T") = log det(W + T'(M + R)™1T")™?
is a concave function of M, thus det(W + T'(M + R)™'T") is log-convex and hence convex in
M. '

The proof of (ii) follows from well-known facts about det(-) and the matnx inverse, see
for instance Marshall and Olkin (1979), Ch.16 Sect.E. 0

Theorem A.3 ¥(M) is differentiable.

Proof: Given any two moment matrices M; and M, the directional derivative of ¥ at M,
in the direction of M, exists, because of convexity, and can be shown to be:

(A3)  Fe[My, M) = Lm[U(My +e(My — My)) — U(My))/e
= trace[T(M1 + R)-l (M1 - Mz)(M] + R)-l
T'(W + T(M; + R)™T')"") det(W + T(M, + R)™'T")
and thus it is linear in Mj. ) (]

Corollary A.2 If M = M(v) is a linear function of the vector v, then W(M(V)) is convez
inv.

Proof: This statement is straightforward. (]
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