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1. Introduction and Summary. It is the purpose of this paper to examine the

work of J. L. B. Cooper on the representation of a continuous semigroup

{St, t 2 0) of isometries on a separable Hilbert space?ﬁ and to show how it

can be adapted to give a complete discussion of the representation theory of a
very general class of continuous parameter, weakly stationary stochastic pro-
cesses which included finite as well as infinite dimensional processes, [12].

The possibility of such a connection between Cooper's results and representations
of stationary processes has been noted by P. Masani and J. Robertson [15]. (also
[14].). However, the approach of these authors has been to reduce the study of
continuous parameter processes to certain discrete parameter processes associated
with them. ([15],84).

The point of view adopted in this paper enables us to dispense with the assoc-
iated discrete parameter process and to give a time domain analysis based directly
on the stochastic process itself. A significant tool in our analysis is the fund-
amental notion of multiplicity of a stochastic process introduced recently by H.
Cramer [2] and T. Hida [10], and studied extensively by the former author in
subsequent papers ([3], [4]). Before we can bring out the relevance of Cooper's
ideas to our present aims, it is necessary to complete his basic result in two
essential respects: firstly, to introduce the definition of multiplicity of
Cooper's representation and secondly to show that it is equal to the dimension
of the deficiency subspace RJ;R being the range of the Cayley transform V of
the maximal symmetric operator H, where iH is the infintesimal generator of [St},
Cooper's result thus completed and amplified is presented as Theorem 2.1 in
section 2.

In sections 3 and 4 we obtain some interesting points of contact with more
recent work on isometric operators in Hilbert space. We show in section 3 that
Theorem 2.1 immediately yields in a simple and natural way a direct integral
representation in terms of "differential innovation'" subspaces obtained earlier
by Masani, [14]. Indeed, the vector valued integral of [14] turns out to be
nothing other than the orthagonal sum of N 'stochastic integrals', N being the
multiplicity of the representation. Section 4 carries the study of the differ-
ential innovation subspaces further. Each such subspace is shown to be a
"weighted" orthogonal sum of V(R ) (n=0,1,...) which are the innovation
subspaces of the associated discrete representation (1.1) of [14]. We believe
that this theorem (Theorem 4.1) puts in better perspective, the intrinsic
relationship between the given continuous parameter process and its associated
discrete parameter process.

In sections 5 and 6 we apply Theorem 2.1 to the semigroup of isometries

induced by the unitary group of a stationary stochastic process X, (o< t< ®)
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defined on a separable Hausdorff space ¢ and satisfying certain continuity
requirements (Condition (5.1)). We obtain the Wold decomposition of such a
process, together with the desired representation for the purely non-determin-
istic component (Theorem 6.3). A consequence of our derivation is the very
natural and significant role played by the Cramer-Hida multiplicity of the process.
This multiplicity is, in fact, shown to be equal to the dimension of the defic-

iency subspace of the induced semigroup, which in this case turns out to be
L2(§;O) ] V-1L2(§;O), V being the Cayley transform of the unitary group and
L2(§§0), the past and present up to times O of the process. For finite dimen-

sional stationary processes, this result yields the corollary (proved in [12]
by a different method) that the multiplicity of the proéess equals its rank.

The first time domain analysis of a continuous in quadratic mean, univariate
stationary process {xt, -0 < t < w} was given by 0. Hanner in a remarkably
original paper [9]. Recently, with the help of the ideas of multiplicity
theory we have extended his approach to obtain representations of multivariate
(including infinite dimensiomal) stationary processes [12]. These representa-
tions are seen to be essentially the same as the ones derived in this paper,
thus effecting a synthesis between the ideas of Hanner and the ideas presented

in this paper.
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2. Continuous semi-groups of isometries on a Hilbert space. Let {St, tz 0}
be a strongly continuous semi-group of isometries on a separable Hilbert-space
14 with iH as its infinitesimal generator. J. L. B. Cooper has shown that H
¢

is a maximal symmetric operator with negative deficiency index say, a(a & 0) [1].

He further proved that every such semi-group yields the following decomposition of

e Y- @RweYy. -

where (i)}j“ = {;% StQJ) and the restriciton of §_ tol} is unitary, (ii) each
f(i) is chosen frmméaﬁ*, the domain of the adjoint H* of H in such a way that
EQm(H*f(i),f(i)) = -1 and (iii) mf(i) is the closed linear subspace consisting
of all elements of the form 4;%(u) d(S;u;f(i)), pe Le(u,[o,m)), the Hilbert-
space of complex-valued function op [0,0), square integrable with respect:to:the
Lebesque measure p. In the notation of [1] (pp. 837-839) the integral introduced
above is defined as the limit in norm of Riemann type sums. It will be seen
below that such an integral is, in fact, nothing but a 'stochastic integral'
with respect to an orthogonal homogeneous set function (J. Doob [5], Ch. IX,
¢2, 0. Hanner [9]).

Since}ﬁ is separable it is clear from (2.1) that N can at most be equal to'>{;.
Beyond this, Cooper's method of proof does not give any information about N.
We shall show that there is an intrinsic connection between N and the semigroup

{S.}. Let V= (H—iI)(H+:i.]Z)”1 be the Cayley transform of H. (It will be often

t
convenient to write C(H) for the Cayley transform of H). Let R = ng) and R ,
the orthogonal complement of R. We first prove that N = dim(R ) = . The
essential point involved in showing this is to recognize that&BH* is generated

by the subspaces ég%i and R (§z. Nagy B. [20], p. 38) and to see that the elements
f(i)in(2.1)(ii) can actually be chosen from R . 1In order to bring out the
significance of this result for weakly stationary stochastic processes we

introduce a spectral resolution of the identity associated with {St}° Let

36%1*5%%» and let E(t) be the projection onto St(EP(t z 0). If we define
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* (2.2) E(t)=1-TB(t)if tz 0, and = 0 for t< 0, then {E(t), -» < t < w} is the
desired resolution of the identity. Oux next step is to show that N is gqual to
the multiplicity of the maximal spectral type p with respect to {E(t)}, p
being of positive Lebesque type, i.e., E'is equivalent to the restri;tibn U+
of 4 on [0,0). (In fact, '; is a uniform spectral type, although this fact is-
not.used here). ‘Thefe ?ﬁées, presented in Theorem 2.1, enable us to give a com-
ple;g_discussion of the representagion and multiplicity theory of stationary
pfocesses of the most general kind and to put it in the perspective of the multi-
plicity theory of purely non-deterministic processes developed by H. Cramer ([21,
[3], [4]) and T. Hida"([10]). It also enables us essentially to identify the
multi-dimensional extension of the time domain analysis of Hanner [9] worked out
by us [12], with the theory developed here.

We begin by recasting the elementsof'TnE(i) as stochastic intggrals. In
doing so we shall freely use the properties of the integralf&; p(u)d(S;u;f(i))
obtained by Cooper ([1] p.83Iand p.840). For each finite interval [a,b) (0= a < b < ),

let §(i)[a,b)

° (osus6(1)), (1= .
6I[a’b)(u)d(s,u,f )» (1=1,2,....N) where I ,,(u) =1
if uefa,b) and = O, otherwise. It can be seen that g(i)[a,b) is a homogeneous

orthogonal interval function; i.e., for each i and 0 s a < b < c,
@  Bap)s g(i)[ﬁ,c) = e a,ey

(2.3) (B) g(i)[a,b) is orthogonal to g(i)[b,c) , and
(v) S, §(i)[a,‘b) = §(i)[a+t,b+t) for all t z O.

Since Le(p,[O,m)) is generated by the family {I[a b)(u) 0= a<b<wx} we have
b
Tﬂ%(i) = the subspace of‘E;generated by [g(l)[a,b), 0s a<b<owl, By the

definition of stochatic integrals ([5]) it then follows that

(2.4) M) = IS p(w)de P (u), pe Lyuws[0=))) = T (q) -



It is convenient to recall at this point some of the terminology of multi-
plicity theory in a separable Hilbert space . Let A be any self-adjoint operator
with the resolution of the identity ({E(t)}. For any.element £ in'}Jlet Ps
be the finite measure on Borel sets of the real line (sometimes called the spectral
function of f) given by prA) = ||E(a) £]||3, where if A = [a,h,E(A) = E(b) -.E(a).
The family of all finite measures on the line is divided into equivalence classes
by the relation of equivalence between measures (equivalence here means mutual
absolute continuity). If p is used to denote the equivalence class to which Pg
belongs, p will be called the spectral type of f with respect to A (or {E(t)}).

p is also referred to as the spectral type belonging to A. If elements f and g
are such that Pe = pg they obviously have the same spectral type p. We say that
the spectral type p dominated the spectral type o(p> o or o < p) if any (and

thus every) measure belonging to ¢ is absolutely continuous with respect to any
measure belonging to p. p 1is called a Lebesque type if every measure belonging
to p is equivalent to the Lebesque measure. p and o are said to be independent
spectral types if for any spectral type v such that v < p and v < g we have y = 0.
An element f is said to be of maximal spectral type p (with respect to A or {E(t)})
if for every g in 1J pg << Pge The closed linear subspaqe {E(A)f, A ranging
over all finite intervals} is called the cyclic subspace (with respeéf to A)
generated by £. If this subspace coincideswith13, f is called a cyclic or gener-
ating element of A and A is cycf&c. Also if f is a generating element of A,

f is of maximal spectral type and the latter is referred toas the spectral type
of the cyclic operator A, It is to be noted that if A is any self-adjoint
operator (since}) is separable) there always exists a maximal spectral type
belonging to A. Any system of mutually orthogonal cyclic parts of A of type p

is called an orthogonal system of type p relative to A. An orthogonal system of
type p which cannot be enlarged by adding to it more cyclic parts of A is called
maximal, It is a known result of this theory that all maximal systems of type p

have the same cardinal number., This uniquely determined cardinal number is defined

-5 .



to be the multiplicity of the spectral type p with respect to A.

Finally, we need the notion of a uniform spectral type. The spectral type p
is said to be uniform if every non-zero type o dominated by p has the same multi-
plicity as p itself. Most of the above definitions have been taken from the article
of A. I. Plessner and V. A. Rohlin [16] to which the reader is referred for further
details,

Let us denote by A, the self-adjoint operator oniE(:!Ji} given by the resol-
ution of the identity (E(t)}. Our aim is to show that each YIE( i) reduces A
and that the restriction A( i) of A to]”}(l) is cyclic with a generating element

(i) R, We need the following characterization of R ([20], p.38),

(2.5) K= (9]oeB,, H¥o = - i9)

"and the relations due to Cooper{[1], p.840 (5.12)(5.13));

(c1) E(t) = StSt for each t 2 0,

(c2) s, I p(w)a(ssuse()) = 7 plu-t)a(ssuset))  for per,(u.[0,9)),

il

(3)  s* J p(w)a(ssuse(H)) o 7 plure)a(ssuse( ).
Since E[a,b) fg’p(u)d(s;u;f(i)) = (E(a) - ﬁ(b)} f;,p(u)d(s;u;f(i))
we have from (Cl), E[a,b) férp(u)d(s;u;f(i)) = {Sas: - sbsﬁ] fgop(u)d(s;u;f(i)).
However, by (C3) and (C2)
st 17 p(wa(siuse) = s, 17 p(un)atssuseM) = £ p(u)a(ssusel)),

Hence it follows that

(2.6) E[a,b) f;op(u)d(s;u;f(i)) = f p(u)d(s;u; f(i) f (u)I ’b)(u)d(s;u;f(i)).

Lemma 2.1. For each i, there exists an element g(i)eRl; such that

]ngi)dgif[a,b)g(i), where [a,b) is a finite subinterval of the line}.
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Proof. Let us define g =2 f e'd §(l). Clearly from (2.6),

- - «© i

m%méﬁ=é‘?Ihbﬂ@aaméﬂ)mr@<a<b<+w. Also, ¥ > 0
b

for u2 0 and Le(p,[o,oo)) is generated by {I[a b)(.)’ 0 £ a < b<w}.. Hence
H
‘mf(i) =@{E[a,b)g(l), -0 < a<b<+ o), To complete the proof of the lemma,
we now show that H¥g (1) . (i) so that by (2.5) g(i)eRL Let fel?,, the domain

of H. Then lim (t~ [S* I]g(l) f) exists, since for each t > 0
t=-0

(2.7) 1im (t [s 1121 £) = 1im (g(i),t-l[st-l]f) ~g'1), 1ns).
t-0 t=0

Also, from (C3),
S: g(i) = 2 {:’E(u+t) d(S;u;f(i)) = Etg(i)

Hence

(1), me) = 11m @) (6, 6) = () ,6) for £elsite.,

t-0

g(i)eoa{* and -i(H*g(i),f) = -(g(i),f) for all fa@H.

Thus H*g(]') = -ig(l) and the lemma is proved.

Lemma 2.1 immediately implies that A is reduced bym (1)> and that
f
(2.8) A= A(l) + A(Q) .. A(N),

where A(i), the restriction; of A to m( i) is cyclic with the generating element
(i) = 2 f e d(S;u; f(l)) 1f, further, p *(a) = p(AN[0,0)) for each A (Lebesque)

measurable on the real line, we get

(2‘9) pg(l) = pg(e) = e pg(N) =M

N
Since X = 'Z]_@mf(i)’ it follows from Lemma 2.1 that
1=

(2.10) ¥ = z @ E(Ela, b)g( )w<a<b<+ w} = ' g{ﬁ[a,b)g(i) 05 a<b< 40},

IlP1Z

The last equality in (2.10) is a consequence of the fact that E[a,b:[‘g(i) =0
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for -0« < a < b < 0. We now state the main theorem of this section.
Theorem 2.1. Let {St, t 2 0O} be a strongly continuous semigroup of isometries
on a separable Hilbert-sPace‘}) . Then

1) H: El@mg(i) @9“,, where (i)ym = tl;.é St(”', ) and the restriction of

S. to U 1is unitary;
t N L
2) 1@&;(1) ={f6wp(u)d§(i)(a), pe Le(u,[O,w))} where g(i) is a homogeneous,
3

o .
orthogonal interval function and the integral fO p(u)dg(l)(u) is a 'stochastic

integral';

3) For each i,(i=1,2,...,N), Y1k (1) is a cyclic subspace of A with generating

element g( )eR such that p ( ) = p , Where p is the restriction of the Lebesque

measure p to [0,® );

4) N is equal to the multiplicity of the common spectral type p of p (1) with

respect to Aj;

5) Finally, N = the dimension of the deficiency subspace R%Z

Proof. Conclusions 1) and 2) follow from (2.1) and (2.4) respectively. 3) is
precisely Lemma 2.1. To prove 4) observe that from (2.8) and (2.9) {A(i)} is

an orthogonal system of type p. To show that this is a maximal system of type 0,
we have recourse to an arguﬁent based on the ideas of A, I. Plessner and V. A.
Rohlin [16] and used by us in [12] (Theorem 5.2).

Let{A'} be an orthogonal system of type p and cardinality M'; i.e., a system

B

of orthogonal cyclic restrictions A!

B

Aésbeing D. According to our definition N is the multiplicity of g if we prove
' 3

M' = N. By the separability of ’Hneither N nor M' can exceed )(o. There is

of the operator A, the spectral type of each’

obviously nothing to prove if N =/>(0. Thus the only case to be considered is

where N is a finite cardinal. If possible let M' > N. Let gé be a generating

-8 -



element of A}. Clearly there is no loss of generality in assuming that all these

B
elements have the same spectral function p' (i.e., p' =p_ , =p (i)) From (2.10)
g

%

if follows that

' _ N ® ol (1) N ® 241 PR
g = iﬁl fo FiB(u)dE(u)g where J’.E-l fo lFiB(u)I dp'(u) 1is finite.

For every finite interval A we obtain
Ee)gy, 82) = [, 2 By (w)F, (u)do'(u).
&> By A B ir

The left hand side of the above relation is zero if B :l: v and equals p'(A) if B = 7.

Hence for u not in a set JW of zero p'-measure we have

By

N
ﬁzl Fis(u)FiY(u) = aﬁr for all B, 7.

Since M' is at most)(

o . the set N = UC)\FBY is measurable and pY (M = 0.
B,r

Choosing a fixed point u, in the complement ovaowe see that

0

N
(2.11) ZF

- is(“o) Fir(uo) = 8(37‘ for all B,y.

1f ay = (Flﬁ(uO)"“’FNB(uO)) the relations (2.11) imply that the aB's are M'
orthonormal vectors in N dimensional space. Hence M' £ N. In other words p
has multiplicity N.

Proof of 5) Let us consider for a(=1,2,...,N) he@ =99 /\m .
H(a) H ()

Then °8H
(x

[+ o]
is dense in 'n%f(a) and h = fo q(a’m)(u)d(s;u;f(a)). It follows that

)

the set {q(a’l»\), hea_l(a,)} is dense in Le(u,[O,oo)) for every . It is known
(see N. Dunford and J. Schwarz [6] p.1258) that (Hh,p) = < iDth,h’ch>’ where
Q= g f°° p (u)d(s-u;f(a))’< >denotes the inner product in L_(u,[0,x)) and
oy 0 Fo g d 2
iD is the differential operator i a%— . 1f, further, cpeRJ', from (2.5) we have,
(2:12) (@) = (h8%) = (,-19) = {dg o100,

-0 -
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But since the operator iD is formally self-adjoint ([6], p.1287),

(2.13) <ian,h’po;> = <qa,h’ iDPa> = <qoz,h’ "ipoz>
from (2.12). The set {qa he he'og (a)}being dense in L2(p,[0,oo)), from (2.13)
| ’ ()

we get a%- pa(u) = -pa(u) for every &. The above differential equation has the

e . Hence cpeR'L implies that

solution in Le(p.,[O,oo)) given by pa(u) = a,

N ® —y () N E (@)
= 2 a e d(S;u;f = X a_//J2 ; i.e. the orthonormal. system
cp —1 a fo ( bl b ) 1 a g b ? y

{g(a), a=1,2,...,N} in R"L is complete, giving N = dim(K"') . The proof of Theorem 2.1

is complete.
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(3.1)

(3.2)

(3.3) -

3. An alternative derivation of a direct integral representation of P. Masani.

It is well-known (P. R, Halmos [8]) that if V is an isometry on a Hilbert space

H onto a subspace R of H , then
H - koéo@ V() @@ Vk(g)’

where for j ¢ k Vk(KL)_L_Vj(R47 and restriction of V to 4:})Vk(}a) is a
>

unitary operator. Recently P. Masani [14] has obtained a continuous parameter
generalization of the decomposiﬁion (3.1) as follows.

Theorem M ([14], Thm. 6.5). Let [St} (t 2 0) be a strongly continuous
semigroup of isometries on }J into }J , 1H its infinitesimal generator and V

the Cayley transform of H. Then for every a, non-negative,

S2(Y) = [T (=D +yw A dtmLu-}d

where R = V(}J), }J twO t(EJ) and for each a,b (0 £ a < b)

Tob vr_ {s,-s £ S, dh} is an operator-valued measure and f Tdt(R ) is defined

as a direct ihtegral of differential innovation subspaces.

In this section we deduce Theorem M as a consequence of Theorem 2.1. In
fact, Theorem;2.1 even enahles us to give an explicit representation for each
"differential innovation subspace" in terms of the subspaces Vn(R4). The latter
result furnishes another generalization of (3.1) and as such we treat it in the
next section.

Noting that the subspace Yﬁi(i) of the preceding section reduces Sa for
each a 2 0, we can write the representation obtained in Theorem 2.1 in the following

somewhat more general form:

N
Sa(H) = ?esamg(i) @U

The elements of SaYTz (1) are 'stochatic integrals'. Hence, we can rewrite (3.3) as,

- 11 -



N © k
(3.4) (Y = o= £ 0] e, (e (), il 02N BY,
where, if N(= dim R ) is infinite then the sum of stochastic integrals repres-

enting ¥ converges in the sense of norm.

For each finite subinterval [a,b) (0 £ a < b) let T_, be the bounded linear

ab
Lo (k) A
operator on R° which transforms the complete orthonormal system {g‘' ’} in R
as follows:
k k
(3-5) Tabg( ) = §( )[a:b) (k = 1’2:---’1\])'
Then Tab is an operator valued measure on intervals which has the following

properties ([14] p.627(4.2));

Q) T T =T (0sa<bsc),

v

(3.6) B) 5¢Tab = Tast,bit (tz20,0sa<hb),

4 e
T) For everyr,,r,eR” and finite intervals J,,J,

(TJlrl’ TJ2r2 = u(Jlf\ Jz)(r19r2)‘

We shall show (Theorem 3.1(a)) that T,, 1s identical with the operator

b

valued measure -Tab on R . Following Masani we denote by Le([a,b],Ri), the
Hilbert-space of all strongly (Lebesque) measurable functions x on [a,b] with
values x(t) in Kl and such that f: ||x(t)||3dt 1is finite. Since each element x

N
of L2([a,b],Rl) has the form x(t) = 2 cn(t)g(n) where c_ eLg(p,[a,b]) the
=1

b
integral fa Tdt(x(t)) can be naturally defined as follows,

b
a

(3.7) 2 ory (x(e)) = £ 1% e (£)ag(™(e).
a 1 n

The above definition is unambiguous because the functions cneLe(p,[a,b]) are uniquely
determined by x. From the properties of stochastic integrals, one can show that

(3.7) is a "generalized vector-valued integral"™ of the kind introduced by Masani[14]

- 12 -
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and satisfies the following properties:

(1) (D g x(e)), J7 7 () ) =[] (x(e),y(e))de, for all x,yer, (faib), @3

b

(ii) f: Tdt(Klﬁﬂt)+%2Y(t)) =N fa Tdt(x(t)) RN f: dt(Y(t)),forlxl,h complex numbers;

2

(3.8) (iii) Ilf: Tdt(x(n)(t)) - f: Tdt(x(t))ll converges to zero as
flex(n)(t) - x(t)||3dt tends to zero;
(1v)-s, e (x()) = [ (ues) for s 2 0.
Let us now define
(3.9) 12 v (8D =tvlv = [2 7, (x(2)), xel,([a,b],ED)].

Then f: Tdt(RAj is a closed linear subspace of li isomorphic to L2([a,b],Rl).

From (3.4) and definitions (3.7), (3.9) it follows that

G105 = T BY,s [ LY,

The direct integral representation of Masani is identical with the one obtained

in (3.10). We show this by proving that Tt = ~T T for all a,b(0 £ a<b)

and rertand [Or ) (x()) = -/° T, (x(t)) for all xeL,([a,b],K). stnce [Pr (R )

is a subspace the result will then follow.

Theorem 3.1 (a) If Ty = Top 18 defined as in-(3.5) then.T x = -T x for all
B T
= = (s;-I-[ s, dn);- .-

xéR and t 20, .where T > t

ot
b) For xeLg([a,b],Rej and all a,b (0 S a <b)

(3.11) [2 v (x(0)) = -2 1, (x(1))

where f: Tdt(x(t)) 1s the generalized vector-valued integral due to Masani([1k4],

(5.2)(a)).

Proof of a) It suffices to prove that Tt(-g(k)) = g(k)[o,t) for each t 2 0

- 13 -



and k = 1,2,...,N. Now,

Ttg(k) = j% {Stg(k) - g(k)-[fgshdh] g(¥)y.

For each t 2 O (See Section 2 (C3))

(3.12) St(-g(k)) = -\[§ét f:jzud(s;u;f(k)) = - f§ et f:’€“dg(k)(u).
But

(3.13) J2 e 72y = o550 L2 oF 1o T atMw) = M2 of gy,
where ¢(t) = f; E“dg(k)(u).
Since [f; Shdh](—g(k)) = Ig Sh(-g(k))dh - -g(k)fg ehdh+j§‘fg et (h)dh
= g (et) + 7 efi(e) -2 g ehar(w),
we get from (3.12), (3.13) and the definition of T, that

1 (™)) = - % (%5 7 et (e) -8 )M (eE-1)4 2 eFe(t)-[2 [Eea t(n)).

ice., 1,80 o1 () o JE Pag(n). Bue

(9, (Mg e] = v g

11/g e"at (n)- s as®(m)||2 = 0. Hence Tocd o> °*

for k = 1,2,...,N.
Proof of b) It suffices to prove (3.1l)for the functions xeLe([a,b],R ) of the

N
form x(t) =2 I; (t)g(k), where I, is the indicator function of the subinterval
I “k k

J, of [a,b]. By (3.7),

b N b k N k N k
SEMCCIEEE S OLERIORE: ;4680 =20, 6™

a

N
But TJk(g(k)) = TJk(-g(k)) and hence fb Tdt(x(t))ﬂ= - % TJk(g(k)) = -f: Tdt(g(k)).

(See [14] (5.2)(a)). The proof is complete.
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(.1)

(4.2)

k. A representation of T, 4in terms of (V', nz 0} . The representation (3.1)

of Section 3 closely resembles the Wold decomposition of a weakly stationary
stochastic process into a sum of innovation subspaces and its remote past. Inter-
preting k as the time, Vk(R'L) can be regarded as an innovation subspace of .
In the continuous parameter situation we shall refer to Iab(R'L) » (0% a<b<w)
as the differential innovation subspace of the continuous semi-group {St, tz 0}
([14], p. 624). The purpose of this section is to express each Tab(R'L) in terms
of the discrete subspace Vn(R‘L) » (n=0,1,2,...) .

N
From Theorem 2.1 we recall that H = {,@Yﬂ;(l)(@yw where N = dim(R'L) and
3
N
the restriction of §_ to H“ is unitary. Let us set X = %_:@m(i) . It is well
g

known (See, e.g., Sz. Nagy [20], p. 40) thatx also has the decomposition

N * i i i i ,
X = §$77Ef vhere NET =@{g(l), vgt), v3g(1) .y where (1), im1,2,...,m
is the complete orthonormal system in R'L introduced earlier. Since H is

reduced by m(i) , 1its Cayley transform V is also reduced by n'b (1) and thus
g g

for each i %(1) =nz‘§-_' Hence, for each finite subinterval [a,b) (0= a<b) .
g
Vi « i
tha,n) = % o a,0) V()

and

Vng(i) = f"‘o" wt(li)(u) dg(i)(u) where W(i)e L2(“,[O’°°)) .

n

From (4.2) and the fact that {V‘ng(i)} (n=0,1,2,...) is a complete orthonormal

system in Wb(l) we obtain the following relations:
g

- 15 -
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a [P Pm am =0 @

#3)5) [P =1

o0

[

e wgi)(u)du(u) =0 for nzl .

Further the system [wﬁi)(u), n=0,1,...} 1is complete in La(p,[o,w)). Let us now

denote by Lﬁi)*(u) = l; euwil)(u) . Then Lgl)*(u) satisfy the equations:

e}

2 fd e 28 L£i>*(u) Lii)*(u) dy(u) = 8 m (m,n = 0,1,...)

In other words, we have

© . ¥ %
(4.4) foe Lﬁi) (u/2) Léi) (u/2) du(u) =8 =~ for allm, n.

From the completeness of the system {wél)(u), n =0,1,2,...} in Le(u,[o,w))
and the orthogonality relations (4.4) it follows that the functions Lﬁl)*(u/2),

n=0,1,2,... are complete in the space of functions on [0,0), square integrable

- i )%
with respect to measure e 'dy(u) . Hence for each i=1,2,...,N, Lgl) (u/2) = Ln(u),
where Ln(u) is the nth Laguerre polynomial (G. Sansome [19]). Hence for each i,

wii)(u) = 2 e'“Ln(eu) and

-]

(1.5) ) et ) 4

From (4.1) and (%.5) we have

. b
(1.6) ¢_(a,b) = (g(i)[a,b), v“g(l)) = 2 £ e L (eu)du .
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Theorem 4.1. (a) If T b (S -85, - f §,dh) (0= a<b), then on gt

-

(-]
n
(%.7) - T, = nﬁo ¢ (a,b)V

b _
where Cn(a,b) 2 fae u Ln(2u) du(u) and the operator-valued power series on

the right-hand side converges in the strong sense on Rl‘.

o
(b) The differential innovation subspace Tab(le = Cn(a,b)Vn(RJﬂ .
n=0

Proof of a). Let us observe that

(4.8) - T, g( i) . (i)[a b) = z c (a b)Vg (1) for every i = 1,2,...,N .
n-O

1
For any £feR ,

0 [ -}
(b0 || £ c_(a,b)V'e]|2 = = |c (a,0)|2]|V7¢||2 = [[£]|® £ |c (a,b)]2 .
n=0 n=0 n=0
T o2u g
But ]C (a,b)|2 = ,% e b)(u) du(u) , by Parseval's identity .
n=0

Hence from (4.9 it follows that the operator-valued series e (a b)V"
n=0

converges strongly on RJ'. Clearly the operator 2 c (a b)V"? is linear and
n=0 "

bounded (See (4. 9)). This along with (4.3) implies that - Ty = 2 c (a b)V"
n=0 "

Proof of b). From a) we have - T b( ) 2 c (a b)Vn(Kl) Since Tab(Rl)
n=0

is a subspace, Tab(Klj = - Tab(RL) . This completes the proof.

In the next two sections we shall apply the results hitherto developed to the
representation and multiplicity theory of weakly stationary stochastic processes.
The processes considered in Sections 5 and 6 constitute a large class of stochastic

processes which include multidimentional stationary processes as special cases.
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(5.1)

5. Stationary stochastic processes and the associated semigroup of isometries.

We consider the stationary stochastic process (henceforth, S,P,) of the following
kind. Let ¢ be a Hausdorff space satisfying the second countability axiom. .We
say that it(-w <t<w) is a S.P, on & if for each e, it(¢) is a complex-

valued random variable on a probability space (Q,P) with mean zero and &lxt(¢)|2
finite. The process {Et] (-» < t < +0) is called weakly stationary (or briefly,

stationarx) if for all ¢,yed and arbitrary real numbers s, t and T, we have

E.[Et_,_.,-(?w = & [Et(fp)m]. The covariance function &[it(¢)§s(qf)] of the

process depends on t-s,p,¥y. It should be noted that the stationarity considered

here is a temporal one and does not involve &. Nevertheless, it is sufficiently

general and useful for our purpose since it includes as special cases many stat-

ionary random processes of practical interest. For instance, if ¢ is a q-dimen-

sional euyclidegn space and 5t(¢) is linear with respect ta ¢ for each t, then the

X -process can be regarded as a g-variate stgtionary process (See Yu. A. Rozanov[18]).
Associated with the X -process are the following spaces. (a) The The past

and present up to time t of the x -process, Lg(i;t) is the subspace G§{§T(¢),¢e¢,7 st}

of LE(Q,P) generated by the random variables {ET(Q),Q€¢,T £ t}. (b) The remote

past of the process L2(§;~m) =/:\L2(§;t). (¢) The space of the protess L2(§)

is the smallest subspace of LQ(Q,P) containing L2(§;t) for each t.

The stationary S,P, considered will be assumed to satisfy the following condition.
(1) 1f ¢~ ¢ then 6|§t(¢n) - 5t(¢)|2->0 for each t.
(ii) For each ¢e0, |§t(¢) - §S(¢)|2—9O as s -t
(111) Ly(x;-=) = (0}.

It has been proved by us ([12], Lemma 2.1) that, under (5.1), L2(§) is a
separable Hilbert space. If we define the operator U, from LQ(E) to LE(E) by
Utxs(¢) = xs+t(¢), @ed and s, t real, then U_ is a unitary operator for each t.

Under condition 5.1(ii) and stationarity {Ut -0 < t < 40} 1is a strongly continuous

- 18 -
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B

group of unitary operators. We shall refer to this group as the unitary group of

the stationary S.P,. For t20,, U¥=1U_ is reduced by L2(§;O). If s,
denotes the restriiction of U¥ to L2(§;O) then clearly {St}(t 2z 0) is a strongly
continuous semi-group on isometries omn L2(§;O) which we shall call the semi-group
of isometries associated with the process {it}. In what follows we shall write‘Ea
in place of Lé(§;0). From(5.1)(iii), we have %fﬁ,st(\j) = 0. The following
lemma gives the relation of the infinitesimal generator iK of {Ut} to iH, the
infinitesimal generator of {St}.
Lemma 5.1. 1) The infinitesimal generator of the unitary semi-group {Uﬁ, t = 0}

is -iK;

2) -iK is reduces by the space 12(5;0);

3) iH is the restriction of -iK to L2(§;0).
Proof of 1); By the definition of K we get that for every real t, U, = exp(itK).
From this it follows U¥ = exp(-itK) for t 2 0. Since {U?, t 2 0} is a strongly

continuous semi-group of unitary operators, from Theorem XII.6.1([6], p.1243) it

follows that [Uﬁ] has a unique infinitesimal generator iK

o 8&lven by U¥ = exp(itKo).

Hence KO = =K,

Proof of 2) and 3); For each t > 0 and fe}J, by the definition of S_we have

(5.2) t-l[St-I]f = t'l[Uﬁ—I]f.

1f feo,, then 1lim t-l[Uﬁ-I]f exists; 1.e.,eﬁt§:£9- r\}J.
t=0 =K

Also from (5.2) we get, by a similar argument, that @-KHHE&{ For each
feoE%Kf*Ej, -iKf belongs to‘}j and equals iHf. Hence it follows that iH 1is
‘the restriction of -iK to‘}J.

Let W = ¢(H) and V = ¢(K). Since -K is reduced bygEJ and c(-K) = vl e

follows that V™' is also reduced by'LJ. Further, from (2) and (3) of Lemma 5.1,

-19 -
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. g -1
It is easy to see that Q&W = og'v_lnld and Wg =V g for all geoQ-’_l ﬂH .

Hence we have

Corollary 5.1 (a) vt is reduced by Le(gc_;O); and

(b) W 1is the restriction of vl oo Le(_:g;o).
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6. Representation of stationary S,P,'s: Multiplicity as generalization of rank.

The rank of a discrete parameter q-variate stationary S.P. is defined as the rank
of its q X q' prediction error matrix, [21]. This definition brings out the import-
ance of this notion to prediction theory and to the development of the spectral
theory of stationary S.P,.'s. The definition of the rank of a q-variate, continuous
parameter stationary S.P., however, is less direct. In this case, the rank is
defined to be the rank of the associated discrete parameter process. Let

xt(-w < t < w) be a continuous in quadratic mean, univariate stationary S.P.,

and let {Ut] be its unitary group with infinitesimal generator iK. If V is

the Cayley transform of K, the S.P. {VgQ

» n=0,+1,...} 1is called the associated
discrete parametér process [15]. This definition extends easily to infinite
dimensional stationary S.P.'s (see [12]). Using this extension we were able to
show that the multiplicity of an infinite dimensional stationary S.P, is the éroper
generalization of rank.

In this section we rederive this result and also obtain a representation of

the purely non-deterministic component of the S.P., basing ourselves on Theorem 2.1

jand Theorem 6.2 below. The representation and multiplicity theory of continuous

parameter stationary S.P.'s is thus put on an independent footing without any
appeal to discrete parameter processes. For the proof of Theorem 6.2 we need the
following result proved by us in [12].

Theorem 6.1 [12], Theorem 5.2). For each t,let E(t) denote the projection
operator from L2(§) onto L2(§;t)(cf. gection 5). Then {E(t)}(=o < t < 4x)
is a resolution of the identity in L2(§) and its maximal spectral type p has
uniform multiplicity M.

The fact that the multiplicity is uniform, is of great importance in the
ensuing argument, For each t 2 0, E(t) = E(0)-E(-t) and E(t) = O for t <O.

For any stg(ﬁ) and -« < a<bs 0, ||E(a,b] E(0)£]|® = ||E(a,b)f| |2 = ||[E[-b,-a)£] |2
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Also for 0 = a £ b <, ||E(a,b]f”2 =5 = ||E[-b,-é)f||2. Therefore the spectral
function Bf of £ with respect to {E(t)} can be regarded as the spectral function
pg of E(0)f with respect to {E(t)}; i.e., every spectral type p of {E(t)} is a
spectral type of (E(t)}. But p is the maximal spectral type with respect to {E(t)},
so the p < p. The multiplicity of p being uniform by Theorem 6.1, we have M = multi-
plicity of every spectral type p with respect to (E(t)}. 1In particular, M equals
the multiplicity of the maximal spectral type p of {ﬁ(t)}. Hence from Theorem 2.1, M=N.
Theorem 6.2. The multiplicity M of a weakly stationary S.P, satisfying (5.1)
is equal to the dimension of the space L2(§;0)EB V'1L2(§;O) where V = c¢(K), iK
being the infinitesimal generator of the unitary group [Ut} (-=o < t < +») of the process.
Proof: It has just been shown above that M = N. From Theorem 2.1, N = dim(R‘L) =
dim.(Lg(i;O)GBWLe(i;O)) where W is as defined in Section 5. Corollary 5.1 shows
that W is equal to the restriction of v to LQ(E;O)' Therefore M{= N )-&qials
dim[L,(x;0)Q V'1L2(§;0) 1.
If in the definition of a stationary process, ® is q-dimensional and X, {s
linear on @, then {x  -» < t <w} is a q-variate process (see Rozanov' [18]).
Let us denote the associated discrete process by {g;}(n=0,il,...). The "predic-
tion error matrix" of {gn] has rank equal to the dimension of Le(g;o)eLe(g;-l)
where Le('g;n) = @{im(cp),CPeQ,ms'm,n-l,...]. But LQ(Z;O) = L2(§;0) and
V‘1L2(§;0) = LQ(zk-l). Thus the rank of the associated discrete process is equal
to the dim[Le(E;O)EBV'lLQ(i;O)]which by Theorem 6.2 equals the multiplicity.
Hence the multiplicity of the S.P. is, in reality the generalization of rank.
From the above discussion it is easy to derive the 'Wold decomposition"
of the continuous parameter stationary process {it} on &, Let us define for each k,
g(k)(u-t) = Utg(k)(u)(t 20) where {g(k)(u), u2 0} 1is as defined in Section 2 and
{Ut] is the unitary group of the é.P.. With this definition [g(k)(u), -0 < u < +w}
(k=1,2,...,N) are stationary processes with stationary orthogonal increments.
Theorem 6.3. Let tﬁt’ —0 < t < 40} be a stationary S.P, on a separable

Hausdorff space ¢ satisfying (5.1)(1)(ii). Then
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Et(Q) = 121 JO Fn(¢;u)d§n(u-t)fgt(m) where '

(i) M:is equal to the multiplicity of {Et}’

M
(ii) = fOIFn(Q;u)Iadu is finite for each ¢ and
n=1

(iii) [Et’ -0 < t < 40} is a deterministic stationary stochastic process on 0;

i.e.,LéE;-oo) = L2(E)
(iv) For each (t,0), (s,¥): &l[z.(¥), y,(¥)] =0 with y (¥) = gl Iy F_(viu)de_(u-s)
. n=

Proof: From Theorems 2.1, 6.1 and 6.2 we get

\

x,(9) = ngl f: Fn(op;u)dg(n)(u) * PLe(i;_w)i_!_t(CP)

where M is the multiplicity of {it’-m <t<®:}. But for each t,

x,0) = Uxg(@) = & I r @ar ey (o yx (@)

n

(n) =
by definition of § -process and the fact that UtPL2(§;-w) = PLg(i;qw)Ut'

Let us definelgt(¢) = PLe(x;aw)Et(¢) then {Et’ -0 < t < 4o} is a stationary

process on & and since Le(_r_c_;o) = Le(z;OELe(E;O) = Le(z;o)@Le(igfw),
L,(230) = Ly(x;=) = Ly(z;=).

As a corollary we obtain the following representation for finite-dimensional
processes due to E. G. GladysheQ ([7], see also [17]. For univariate processes the

corresponding result was first given by K. Karhunen [13] (aliso: [9]).

Corollary 6.3. Let [xl(t),...,xq(t))] be a continuous in q.m., weakly

stationary q-variate process. Then
M ) (n)
xi(t) = nil fo Fin(u)dg (u-t) + zi(t),
M o
where (1) M is the rank of the process, (ii) & [ O|F in(uL)|2<m is finite
1

(iii) [(zl(t),...,zq (t))] is a g-variate stationary process orthogonal to

[(3y(6); 207, ()] where 3,(8) = £ 08, (Wat™(ue), (1=1,...,0).
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Theorem 6.3 and Corollary 6.3 were obtained by us in [12].(See also [11]).
The method used there was an extension of Hanner's approach made possible by the
application of the ideas of multiplicity theory. The proof given here is directly
based on Theorem 6.2 and the modified version of Cooper's result given in section 2.

The essential unity of these two approaches ia thus demonstrated.
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