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SUMMARY

Set concepts are introduced to derive general expressions for an
experimental linear model and their related effects, sums of squares,
components of variance, etc, Procedures are also described to system-
atize derivation of the coefficients, called K's, involved in the
expectations, variances and covariances of both the uncorrected sums
of squares, Uz's, and of linear functions of these Uz's. The use of
set ideas proved useful to arrive at simple expression for some K's
in particular cases. The random model is only discussed.

1. Introduction.

Components of variance have been discussed profusely in the literature
evidencing both the theoretical implications and practical uses to which
they lead to. Searle [1971] gives an excellent presentation of our
status of knowledge in this matter and his paper's references well
exceed a hundred in number.

Elementary algebra of sets are here introduced to represent a
linear experimental model in a concise and general manner, which covers
the nested, cfossed classification and combinations of these two situations
in an unbalanced case, Furthermore, the sums of squares and sums of
cross products, and other features arising in an analysis of variance
attain generalized expressions, from which interesting particular cases
can be discovered without much difficulty,

The attainment of algebraic formulas for the general case of the
variances of components of variance have been proved practically intractable.
Searle [1971] gives reference to those formulas available in the literature

for particular experimental situations. Hartley [1967] deviated from
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previous efforts to search for mathematical formulas and devised his
"synthesis'" method primarily geared to obtain numerical values of the
coefficients found in the expectations, variances and covariances of
quadratic forms. Rao [1968] extended the synthesis procedure. However,
Hartley's method becomes prohibitive as the number of levels and factors
increase,

This paper introduces a method to obtain the expectations, variances
and covariances of the uncorrected sums of squares found in the appropriate
analysis of variance of a random model in consideration. The writer
proceeds to deal with the expectations, variances and covariances of linear
functions of the uncorrected sums of squares. The method proposed involves
the construction of matrices called N(w,slz) and the Hadamard products
between pairs of those matrices. This procedure can be generalized to
the mixed model without difficulty, but estimation of the components of
variance is not as simply attained as in the random model case.

2. Notation and Concepts.

The purpose of this Section is to describe briefly the mathematical
concepts and notation used here which afe not common in the statistical
literature on linear models.

2.1 Sets.

A set is a collection of objects having some common characteristic.
Those objects are called elements. Sets are generally designated by
capital letters and their elements by small letters. If the element x
belongs to the set A we write x ¢ A. When x 1is not an element of A
then x é A. The elements of a set are written within braces, for

example, A = {-1, O, 2} means that the set A is composed of the elements
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-1, 0 and 2. An empty or null set is represented by @, and it is a
set with no elements, Two sets A and B are equal, A = B, if and only
if every element of A 1is an element of B and every element of B 1is
an element of A, The set A 1is a subset of B, written A — B, if every
element of A 1is also an element of B.

The union of sets A and B, denoted A UB is a new set whose
elements x are such that x is in A or x in B or in both, This

statement is written as follows:
AUB= (x|]x ¢ A and/or x ¢ B}.

The intersection of sets A and B, written A N B 1is the new set

of elements common to both A and B:
ANB={x|xeA and x ¢ B).

A and B are called disjoint if they do not have an element in common,
that is A NB = ¢.

The difference of sets A and B or relative complement of B
in A is also written B' and is defined as follows:

A-B=3B'"={(x|xecA but x ¢ B).

From definition B NB' = ¢ and B UB' =A.

If A 1is a finite set of m elements then the new set whose elements
are all the subsets of A is known as the power set of A, and denoted
by P(A). The set P(A) has o™ elements. For example, if A = (a, b, c)
then P(A) has 3.8 elements, and P(A) = {§, (a}, (b}, (c}, (a,b],

{a,c], (b,c} N A}.



2.2 Hadamard product.

If A= (aij) and B = (bij) are each matrices of the same order
n X p, then their Hadamard product, written A¥B, is a new matrix
C = (cij) of the same order n X p and such that iy = 344 X bij' In
other words the Hadamard product of two matrices A and B 1is only
defined ﬁhen both matrices are of the same order and the new product elements
are obtained by simple elementwise multiplication. Several properties
of this product arise from its definition:
i) Multiplication is commutative:
A¥B = B¥A,
ii) If a and b are scalars
(aA)*(bB) = ab(A*B).
iii) If A 1is square, I the identity, then
A¥T = D(a,),
where D(aii) denotes a diagonal matrix whose elements are a ;-
iv) The distributive property holds
(A+B)*C = AXC + B¥*C .
v) More generally if there are two linear functions of matrices

L1 = ZaiAi and L2 = Ebij

where all the Ai's and B.'s are matrices of the same order n X p,

3

and the ai's and b.'s are scalars, then L, and L, are also

j

matrices both of order n X p, and

(1)

* = ¥ *
L1 L2 i_g aibin Bj .
H]

Uses of the Hadamard product in statistics is reviewed by Styan [1968].

He also discusses its application in multivariate analysis. He does not
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refer to property (v) above and deals mostly with properties of rank
and positive definiteness of Hadamard products.

We also denote by Jnxp a matrix of order n x p whose elements
are all ones., 1p represents a row vector of p elements, every one

equal to one. If A = (a is a matrix n X p the summation of all

13)

its elements will be written A, that is

TA = i?j a s = tr(AJbXn) . (2)

3. The Model.
Let F = {o, By..., B) be the factor set with the m elements
Qs Bseoes 8. Let I = {i, j,..., q} be the index set of m subscripts
i, jyeees 9. In order to have a unique correspondence between the elements
of F and those of I a one-to-one function f: F - 1 is defined

such that each element of F has a distinct image in I, as follows,
f(d) =i, f(B) = Jreees f(e) = q.
Let us now define the power set of F as follows,
m
P(F) = {F(W)lw = 1,2,..., 2 ]c

Therefore F(w) 1is a subset of F and these subsets are numbered in a
certain fashion. Consider the same function f defined above but extended

as to be an associated set function, that is, f[F(w)] = (f(x)|x ¢ F(w)} = I(w).
This means that to each subset of factors F(w) there corresponds a unique
subset of subscripts I(w). There will be 2" subsets F(w) and 2™

subsets I(w), among which the null subset ¢ and the complete sets F

and I are included in P(F) and P(I) respectively.

We assume that factor « is tested at L{w) levels, that is,

i=1,2,..., L(o); that factor B 1is tested at L(B) 1levels, or j = 1,2,..., L(B).
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In general, the subscript subset I(w) will go from 1,2,... up to L(w).
This means that L(w) represents the summation of subscripts’contained

in I(w). L then represents the summation over all subscripts in Ehe

set I, 1L 1is then equal to the total number of factor combinations.

Y is the observation corresponding to the combination of

ijoooq’r

the m factors o, B,.s., 6 at levels i,j,..., 9 respectively on

experimental wunit ij...qr. There are nij q replications for the

LN ]

testing of combination of the m said factors at levels i, j,..., q.

1jeeeq,r YI,r 1je..q n, where I is the index

set referred to above, However, to identify more clearly particular

We may write Y and n

combinations of levels of the factors we will write' Y as the

(I,0),r

observation when the subscripts in I attain the combination A\ of levels,

In similar manner, n(I ) is the number of observations for the combination
’

A of levels in I.

With the above preaﬁbles we can write an experimental linear model

as follows:
£

Y(I’X)’r = ;Ei F(W)I(w’l) * e(I:R):r ’ (3)

F(W)I(w,k) is the effect, main effect or interaction,of factor(s)
involved in subset F(w) at levels A of subscripts in I(w). The
summation sign extends over all or some of the possible 2™  subsets F(w),
depending upon the assumptions made by the experimenter, In general,
w=1,2,..., £, where f < Em, for some effects might be considered null,
We also use the convention that for w = 1 the subsets F(1l) = I(1) = ¢,

the null subset, and F(1) ) =, the overall mean in model (3). Finally,

(1,2
€(1,0),r is the error term, whose characteristics will be discussed below,
’ ?
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4, Nested, Crossed and Combined Classifications.

Model (3) is a general expression that includes the nested and
crossed classifications as well as combinations of those two types as
particular cases, To deal with a given model it is only necessary to
establish proper equivalence between the model effects and the required
F(w)'s. Examples will be given to clarify this assertion.

4,1 Nested classification.

For the nested or hierarchical model, say with 3 stages:

=u +Ai +'Bij + Cijk + eijkr

Yijkr
we require a set F with 3 factors, F = {o, B, Y} and I = {i, j, kJ].

The sets F(w), their respective I(w) and their equivalent correspondence

to the above model are shown as follows:

w 1 2 3 L
F(w) | ¢ @ o8B a,B,Y
I(w) | ¢ i 1i,j i,3,k
Equivalence | Ai Bij Cijk

4,2 Crossed classification.

Let us suppose the model

Yijk =u+A+ Bj +C, +(AB)ij + (A.c)ik ey -

The sets F(w), I(w) and their equivalence will be

W 1 2 3 L 5 6

F(w) | ¢ o B Y B a,y

I(w) | ¢ i j k i,ij i,k
Equivalence | A Bj Ck ABij ACik

The subsets (B, y) and (o, B, Y) are not required in this case.
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4.3 Nested and crossed classification.

Let us consider the following model

Yijkr =ptA+ Bij +C + (Ac)ik + (Bc)ijk € ke

Here we require an F = (o, B, y) and I = {i, j, k}. The subsets

F(w), I(w) and their equivalence to the above model are as follows:

W 1 2 3 L 5 6
F(w) 4) o4 o,B Y a,Y a,B,Y
Iw) | ¢ i i,j  k  ik i,j,k
Equivalence | Ai Bij Ck ACik Bcijk

It can be seen that we have eliminated the effect Bj’ used the
interaction (aB)ij as the nested effect Bij’ and the interaction

(aﬁy)ijk as the effect (Bc)ijk‘

5. Sums of Squares,

In order to obtain a general expression for a sum of squares in an
analysis of variance it is convenient to designate I'(w) as the subset

in I which is the complement to the subset I(w). We can then write
I(w) NI'(w) = ¢ I(w)UL'(w) =1,
The subscript set I at levels A will be written
(T, A) = 1(w, X)) I'(w,2,)

which means that combination A of levels in I 1is equivalent to

combination A, of levels in I(w) and levels A, in 1'(w).

Similarly we define L'(w) as the summation of all subscripts

contained in I'(w), or

L'(w) =2 1'(w, 7‘2) and L(w) + L'(w) =L .
N
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A general expression for Uz which denotes the uncorrected sum
of squares corresponding to the source of variation of component F(z),
where 2z 1is any of the possible w values, z = 1,2,..., £ will be now

obtained, We can write

Yra)e = M1za)) 1 (2o 3™ M) T Pi(za), I (20,)

and we denote, following general nomenclature,

Y= Z X = Y(ea )1t (2

= Y R
YI(z,hl)O- I(z,xe),l'(z,xe)-

>
]
kzel (z)

R {CRW 1z ()

L I '(z)

where the last two summations extends over all L'(z) combinations L

of levels in subscripts contained in I1'(z). Also

Y = 2

Y , N
S e )

k eI(z

so Y . is the grand total over all observations and n is the total
number of observations,
The uncorrected sums of squares for F(é), denoted by Uz, is
Y2
I(z,xl)-.
u= T — 1 ()
Klel(z) nI(z,ll)°

valid expressions for z = 1,2,..., f£f. In particular, for z = 1, I(z2) =

and I'(z) = I, U, corresponds to the correction factor:

1

-2
Uy = Y9, / n .
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We also call Ut the uncorrected sum of squares for total:

Ut = )\?r Y%I’X)’r ’ (5)

The corrected sum of squares for all sources F(z), z = 2,3,..., f,
total and error are linear functions, of the (f+l) expressions (4) and
(5), which will depend on model (3).

6. Expectations of Sums of Squares,

6.1 The random model,

Model (1) is random when all effects F(w) for w=2,%,..., £,

I(w,2)’

and e(I A),x are random variables, Furthermore, we assume that these
3 2

f random variables are uncorrelated within themselves and that any of

the (g) pairs of different random variables are uncorrelated for any

coordination of subscripts. These random variables have means equal to

zero and their variances are

V[F(W)I(w,h)] = cg(w) , for all A

(6)
V[e(I,h),r] =0, for all A and r
It is convenient to adopt the convention
= 2 — a2 = 2
V[F(I)I(l)] = %p(1) = °¢ =W . (7

We will now discuss the estimation of the components of variance (6)

first and then the variances and covariances of such estimates.

6.2 Expectations of uncorrected sums of squares, Uzlg.

Define n(w, £z, A) as the number of F(w)I(w contained in

»£)
YI(z,A)-- . By F(W)I(w,s) we mean the effect F(w) when its respective
subscript index I(w) takes up the particular combination of levels £.

The possible values of £ are 1,2,..., L(w). For a given I(z, A) the
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number n(w,£|z,\) can be zbro for some £. It is not difficult to

see that

n(w,glz,}) = (2, \)U I(w,8) (8)

where the subscript I(z,\)U I(w,f£) means the union of the subsets
I(z) and I(w) when the respective subscripts take the values A and §
respectively, The dot means summation over the subset complement to
I(z,\)U I(w,£).

n(w,8£|z,\) 1is also equivalent to the coefficient of F(W)I(w,s) in

the expectation of Y are, for only

I(z’)\)” a&s)
such purpose, assumed as fixed. This property can be helpful to obtain

if the effects F(vw)I(w

the n(w,g|z,)\).
1f K[CﬁlE(Uz)] stands for the coefficient of the component of
variance o;(w) in the expectation of Uz, it can be seen that
T n3(w, £ z,\)

RloZ|E(U,)] = © L 9
alB(0)] = AeI(z)  Mi(z,A)e ©)

expression valid for all z and w for the random model (3). The
inside summation is over the levels £ =1,2,..., L(w) of the subscripts
in I(w) for each of the levels A\ in I(z).

The coefficients K(aﬁlE(Uz)] attain simpler expressions in
particular circumstances. These are given in Table 1 and are easily
obtained from the general expression (9). With the knowledge of all those
coefficients the expectations of the uncorrected sums of squares for all
sources can be written as_follows:

; |
B(V,) = L(z)o® + T KloZ|E(V,)10Z

w=1l
f fOl‘ zZ = 1,2,..0’ f (10)

=nlo? + O
E(U,) = nlo -_'-w=1 F (w)]
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6.3 Estimation of components of variance.

The usual procedure is to calculate the corrected sums of squares
for each of the f sources of variation F(z), z = 2,3,..., £ and
error, and equalize these sums of squares with their respective expectations.
This procedure furnishes a system of f simultaneous equations with the
f components of variance as unknowns. The solution of that system of
equations is simple for the balanced case, However, when there is
unequality in the numbers oy it can be worthwhile to proceed directly
from the following system of f 4+ 1 simultaneous equations, obtained

from (10),

£
L(2)52 + WZJI K(ole(Uz)]c?Pg,(w) =U,

4 =‘1,2,.00, f (11)
£
n(é% + T 62, )=uv
we1 F(w) t

The solution from the system with corrected sums of squares and the

solution from system (10) vill be identical.

The corrected sums of squares are linear functions of the Uz's and

UT and their expectations can be obtained from the same linear functions
of expressions (10). Another procedure will be shown in Section 8.3,

T Components of Covariance,

Let us consider the same experimental situation described in Section 3
with the factor set F = (o,B,..., 8} and the index set I = {i,j,..., q}
both with m elements. A one-to-one correspondence is established between
the elements of I and those of F and the relevant subsets F(w)'s
and their respective I(w)'s are similarly defined. However, there are

now two characteristics measured on each experimental unit. Denote by
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and Y the measurements for characteristics 1

T1,(10),r 2,(I,A),r
and 2, respectively, both measured in the same experimental or observation
unit specified by the subscript (I,\),r. This subscript indicates that

the respective measurement corresponds to the r-th replicate of combination

A of levels of the m factors a,B,...; §. Model (3) can be extended

as follows:

= 2
Yla(I’)\)’r - w:I FI(W)I(W’)\) * el:(:[’)\)’r
Yo, r),e = 2 Fargun) * %2,

Fv(w)I(w,k)’ (where v equals 1 or 2), is the effect, main effect or
interaction,of factor(s) involved in set F(w) for characteristic v,

at levels of subscripts in I(w). The summation sign in the above expression
extends over the relevant subsets F(w) according to the experimenter's
assumptions. In general w = 1,2,..., £ < 2™, Whenw =1 then we follow

the rule F(1l) = I(1) = ¢, the null set, and

Fl(l)l(l) =, and F2(1)I(1) = Wy

where By and Wy are the overall true means of measurements of
characteristics 1 and 2, respectively.

There are n units for each combination (I,\) of the m

(T,2)
factors. We assume that the 2 models written above are random, that is,
all of the terms on the right side, except By and Wy are random variables

with means zero and variances

V[Fv(w)l(w,h)] = ogv(w) > v[ev,(I,)\),r] = ci

where v =1 or 2, We also assume that the only covariances, between
pairs of those random variables, not zero, are the following,
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COV[FI(W)I(W,X)’ F2(W)I(w,h)] = GFI(W)FE(W)

fOI‘ W=2,3,..., f; 3nd

C°V[el,(1,k),r’ 62,(1,1),r] = oelee )
It is to be noticed that the covariances written above are only defined
for exactly the samé combination of subscripts corresponding to F(w)'s,
and ¢'s. |
The uncorrected sum of cross products for source of variation F(z),
called UCz, can be written

s a1
A 1 (z,0\) e

Uuc_ =
z

If KC(w|z) denotes the coefficient of the component of covariance

cFl(w)Fa(w) in the expectation of UCZ, it can be shown that

= T nZ
e S (U TR TCRVELL TPRNE
which is identical to K(c§|z) given in (9). 1In other words, the
coefficient of the component of covariance oFl(w)Fg(w) in UCz is the

same as of component of variance U;(w) in Uz. The expectations of

the UCz's and UC, (for total) are

E(Ucz)

L(z)c.ve’e2 + ;Ei KC(w|z)cF1(w)F2(w)

E(UCT) = n[oe’ee + WE]_ O'Fl(w)Fe(w)] .

8. Variances and Covariances of Components of Variance,

8.1 Means, variances and covariances of sums of squares,

Here we present a procedure to obtain the expectatiomns, variances

and covariances of sums of squares in an analysis of variance for the
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random model (3). Section 6 dealt only with the expectations of the sums
of squares, which will be obtained here also but as a step to arrive at
the expressions for the variances and covariances. The method is justified
itself for the procedures follow exactly the definition of a summation
YI(z,k)-/nI(z,h)o but taking into account the obvious consequences of
these successive operations on each of the effects F(w) contained in
model (3). This reason made the writer eliminate unnecessary justification
in the assertions that will foilow.

i) 1If E(Yi(z,l)-olF(w)Ifw)) stands for the expectation of
when the effects F(W)I(W,S)’ for all £=1,2,..., L(w), are

Y1(z,\) o0
fixed and all others are random variables with mean zero, then

E(YI(Z’U..lF(w)I(W)) = En(w,£|z,h)F(w)I(w’£) .
s

Call N'(w|z,\) the row vector with L(w) elements, its £-th element being

n(w,£|z,l) . The ordering of elements must be kept throughout. 1In
similar manner we define the row vector N'(s|z,\) related to the effects
F(S)I(s) in the expectation of the same summation Yx(z,x)~- .

ii) oObtain the matrix
N(w,s|z,\) = [N(w]z,h)N'(s]z,h)]/nI(z,k). .
The colum vector N(w|z,A) with L(w) elements is multiplied by the
row vector N'(s|z,\) with L(s) elements giving a matrix of order

L(w) x L(s), which is then divided by the scalar " (z,0)e

iii) Obtain the matrix

N(w,s|z) =2 N(w,s|z,\) (13)
A

a matrix of order L(w) x L(s). Matrix N(w,s|z) contains the numbers
of each of the terms F(W)I(W,S)F(S)I(S.m) in U, the uncorrected sum
of squares for component F(z).
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Matrix (13) is defined for all values of w,s = 2,3,..., £ for
effects; w and s will be also referred to the error term, a total of
f values., Matrix N(w,s|z) 1is also valid for all U, where z =1,2,..., f
for components F(z) and also valid for z =t or U, uncorrected sum
of squares for total. There exists then f(f+1)2/2 matrices N(w,s|z).
However, many of them attain simple forms easily to write down without’
the necessity of going through stepé (i) to (iii).
iv) It can be seen that the coefficient of Gg(w) in the expectation
of Uz is

K(ole(Uz)] = tr[N(w,w|2z)] . (14)

v) Consider the following two matrices of the form (13), N(w,s|z)
and N(w,s|v). Both referred to the same terms F(w) x F(s) in U, and

Uv respectively, Obtain the Hadamard product
H(w,s|z,v) = N(w,s]|z)*N(w,s|v) . (15)

H(w,s|z,v) 1is a matrix of order L(w) x L(s). Expression (15) is valid
for w,s = 2,3,..., £, and error (f values); z,v = 1,2,..., f and total ,
(£+1 values), giving a total of f(£f+1)2(f+2)/4 different matrices
N(w,s|z,v). Fortunately, many of them have simple forms which can be
written directly without need of following previous steps. These cases
are shown in Table 1,

vi) We make the assumption that all terms, except y = F(I)I(l)’ in
model (3) are normally and independently distributed with means zero and
variances as stated in (6). The normality assumption is made in order
that the fourth moment of the F(W)I(w)'s and €(1,0),x attain the
.simple form of being equal to 3 times the square of the respective variance,

reducing the derivations that follow.
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, L
vii) Let K[awlcov(Uz, Uv)] and K[oéoilcov(Uz, Uv)]

L 2 2
. , i
be the coefficients of terms UF(W) and oF(w)cF(s) in the covariance
between the uncorrected sums of squares Uz and Uv’
viii) We remind here notation introduced in (2) that if A = (aij) is
a matrix then ¥A represents the summation of all elements in A, that
is, ZA =-‘2aij.

ix) It can be shown that

K[céoi!cov(Uz, UV)] = 4z H(w,s|z,v)
and (16)

L
Klo_|cov(U,_, u,)] =2 H(w,w|z,v)
Special cases of (16) are

K[050§|V(Uz)] = Lt H(w,s|z,2)
and (17)

K[oiIV(Uz)] = 2% H(w,w|z,z)

where V(Uz) means the variance of U_.

Formulas (16) and (17) are valid for all w,s = 2,3,..., £ and error;
also for all z,v =1,2,,.., f and total (UT)'

x) The variance of an uncorrected sum of squares Uz or the covariance

between Uz and Uv can be written as follows:

v(U)) = w}’:‘,s K[ﬁoﬁlV(Uz)log(w)og(s)

Cov(U,, U,) = ;Zi K[cioilcov(Uz, Uf)loi(w)cg(s)

where the summation is over all values w,s = 2,3,..., £ and error.
The estimated variance of Uz’ G(Uz) is obtained by substituting the
true unknown components of variance with their respective estimated values.

A similar statement applies to the estimated Cov(Uz, Uv)'
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8.2 Simple expressions for some K's,

The coefficients of the terms ah and c?(w)ca in V(Uz) and

Cov(Uz, Uv) can be obtained using the general method explained in

Section 8.1 which leads to formulas (16) and (17). The terms 0'h and
og(w)oa involve the error terms €(1,0),r of model (3), and for this
reason the matrices required are of order n xn or L(w) X n. Fortunately
and due to the fact that to each observation there corresponds one

single error the matrices N(e,e|z,\) and N(w,e|z,\) have elements,

which are either one or zero, multiplied, such matrices, by the scalar
llnI(z,x)- . This feature simplifies the derivation of the respective

K's. It can be shown that

( )2
L cov = E nI(z’x)U I("a&)‘ . 8
K[o |cov(U_,U )] = 2 R AT Cormpre (18)

For the application of the above formula we construct a two-way
table with columms 1,2,..., L(z); and rows 1,2,..., L(v). The cell
A, £ would contain the number nI(z,X)U 1(v,£) which is the common
number of observations. The marginal table would contain the numbers
nI(z A)e and nI(v £) for columns and rows respectively,

’ ’ d

It is also not difficult to see that

K[020%|cov(U,,U )] (19)

=4

= P 1,99 2 Crmu 160 ) Crmu 1(v, 9.

A& (nI(Z,)\)‘)(nI(V,S,)G)
The calculation involves a two-way table with L(z)‘ columns and L(v)

rows which is equal to the one constructed for the solution of (18). But

now in each cell the number indicated by the inside summation in (19) have
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to be indicated, The operations indicated by (19) can then follow to
arrive at the value of the corresponding K.

A simplified version of (19) is obtained when the set I(v) is
equal to I(w). The same result is obtained when I(v) = I(z) in (19).

23('1‘]'.(‘~1,111)U I(z,l)o)a

K[ciozlv(Uz)] = K[aﬁgzlcov(Uw,Uz)] =40 I

A U (z,0) .

. (20)

More special cases of expressions (18) to (20) are given in Table 1.
However, it must be emphasized that the procedures indicated in Section
8.1 can be developed in a routine and systematic manner, especially with
the help of processing of data devices, which make unnecessary these
formulas (18) to (20), and those other special cases shown in Table 1.

8.3 Mean and variance of a linear function of Uz's.

A corrected sum of squares in an analysis of variance as well as
the estimator of a component of variance are linear functions of the
Uz's, uncorrected sums of squares, defined by (4) and (5). Let us

consider the linear function

L==X . (21)

Our aim is to obtain E(L) and V(L), for which we find coefficients
K[°§IE(L)]: K[°i|V(L)] and K[csc:[V(L)], as follows:

i) For each U, in (21) we obtain the matrices N(w,w|zg) and
N(w,s[zg) for all w,s = 2,..., £ and error g.

ii) Construct the matrices

N(w,w|L) = £ aN(w,w|z ), and N(w,s|L) = T a N(w,s[z,). (22)
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iii) Calculate the Hadamard products,

H(w,w|L,L) = N(w,w|L)*N(w,w|L) and H(w,s|L,L) = N(w,s|L)*N(w,s|L). (»3)

iv) The coefficients K we are searching for are
K[cle(L) = tr[N(w,w|L)]
K[c£|V(L)] = 2ZH(w,w|L,L) (2k)
K[o'soglv(l-)] = 4zH(w,s|L,L)

v) Formulas (24) assume that we have actually obtained matrices

N(w,w|L), H(w,w|L,L), and H(w,s|L,L) as stated in steps (ii) and (iii)

above, There is also the following way which may be easier to apply in

certain cases, First, it is easy to see that

K[célE(L)] =3 a, tr[N(w,w|zg)] . . (25)

Also, using (1) in (22)

H(w,s|L,L) = £ 2,3, N(w,s]zg)*N(w,s|zj) =Z a,a; H(w,s|zg,zj) .

The summation extending over all g's and j's. Substituting this result
in (24):
RloHV(L)] =2 T aa,[sH(w,u]z,,2,)]
w g 3 g8 ]
8s] A
(26)

K[030§|V(L) =4 Zaagaj[zn(w,slzg,zj)]s
8 S

where 2H(w,s|zg,zj), we emphasize it, represents the summation of all
elements in matrix H(w,slzg,zj), following notation (2).
Formulas (25) and (26) are to be recommended when we are interested

in the expectations and variances of a few linear functions,
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We are now able to write down E(L) and V(L),

E(L)

n(Zag)uz + w§2 K[O“zle(L)]O'lf(w)

(27)

v(L)

w’§>=2 K[O’é@i IV(L) ]O?(W)O';(s)

where the summation is over W8 = 2,354.0, f and error (e).

8.4 Variances and covariances of estimated components of variance.

Expression (27) provides the variance of the estimator of any
component of variance 6§(w) as long as the corresponding linear function
(21) is known., There is, however, a more general and compact presentation
of the variance-covariance matrix of the vector of estimators of the
components of variance,

Let us write down the system of £ + 1 simultaneous equations (11)

in matrix form
A =1U (28)

where O is the colum vector of unknowns with f + 1 elements: iZ and
f components of variance 8§(w) (including 0%). A 1is the matrix of
coefficients, square of order f + 1, U is the column vector of f + 1
Uz's. The solution of (28) is

Q=aly. (29)

1f V(ﬁ) denotes the variance-covariance matrix of O and v(u)

is the variance-covariance matrix of the Uz's, then
a - -1 '
V(@) =A™ . (30)

But V(U) can be written as follows:
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.
d

R
4

W,y8=2 F

viu) = T cz(w)cg(s) ¥(w,s) (31)
where o;(w)cé(s) -is a scalar and ¥ (w,s) is a square matrix of order
f + 1 whose elements are the coefficients K[cﬁgilcov(Uz,UV)] and
K[céoilV(Uz)] for all z,v = 1,2,..., £ and total, (Ui). Expression
(31) indicates that the V(U) 1is equal to the summation of £(£f+1)/2
variance-covariance matrices X(w,s) for each one of the terms og(w),

w=2,3,..., £, and error, and for each c%(w)oé(s)’ wis=2,3,..., f

and error, Substituting (31) in (30) we find

& 2 -1 -1y,
v(Q) =-.w%')8 og(w)oF(S)A ¥(w,8)(A™7)' . (32)

Elements of matrices }(w,s) are obtained by the general expressions
(16) and (17), by using the expressions (18) to (20) for special cases
and by making reference to Table 1 for the simpler cases,

Expression (32) contains the variance of {I? as well as the covariance
of {12 with all estimated components of variance, If this information
about {1 is of no interest we then partition matrix A"l and take the
f rows corresponding to the f components of variance, Call B this

1

partitioned submatrix of A~ -, B is rectangular of order £ x (f+1).

Denote by 61 the partitioned column vector of f elements drawn from

Q, by eliminating (2. We can write

A -~ 2 2 1 -
Q, = BU, and AV(QI) = w;i GF(W)GF(S)BM(w,s)B . (33)
s
For the estimator of the variance-covariance matrix of 61 we use
A LA _ “2 “2 ' ,
v(Q,) = ZGF(W)OF(B)BR(W,S)B . (34)
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TABLE 1: K COEFFICIENTS

Coefficient Condition for Formula or
of in Validity Value
E(Uz) any w and z (9), (1)
o;(w) E(Uz), E(U,) 1(w) c 1(2) n
E(C.F.) any w k
w
o? E(Uz.) any z L(z)
w2 E(Uz) any z n
Cov(Uz,Uv) any w,z and v (16)
V(Uz) any w and z (17)
o;: ) v(u, ) any w 2k n
(w Cov(Uw,Uz) 1(w) c 1(2) 2k n
Cov(Uw,Ut) any w 2k n
Cov(Uz,UV) 1(w) c 1(z) c 1(v) 2k n
Cov(Uz,Uv) any w, s, z, and v (16)
V(Uz) any w,s and z (17)
v(uw) and V(Us) 1(w) c 1(s) bk n
oﬁci Cov(U_,U_) 1(w) < I(s) bk n
Cov(Us,Uz) 1(w) c 1(s) c 1(2) ltksn
Cov(Us,Ut) I(w) < 1(s) hksn
Cov(Uw,Ut) 1(w) c 1(s) hksn
Cov(Uz,UV) any w,z and v (19)
Cov(U,,C.F.) any v and z bk
Cov(Uz,Uv) 1(w) c 1(z) < 1(v) 4n
cg(w)ce zov(Uw,Uz) any w and z (20)
ov(Uw,Uz) 1(w) < 1(2) kn
Cov(Uw,Ut) any w hn
Cov(Uw,C.'r‘.) any w hkw
v(u,), V(Ut) any w and z bn
v(C.F.) any w b
Cov(Uz,Uv) any 2z and v (16), (18)
\ Cov(Uz,Uv) 1(z) < I1(v) 2L(z)
c Cov(Uz,Ut)v any z 2L(z)
Cov(Uz,c.F,) any z 2
v(u,) any z 2L(z)
25350005 £ 3 2,v =1,2,.,,, £ and total (t); U, =C.F. , k = (Zn
2 1 ’
(nzl nI(S m). )/n . . w m
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9. Example.
A very simple case of a two-way crossed classification is presented

to show the methodology developed in this paper. We assume the model

Yijr =p+o ¥ Bj + eijr
where the number of levels for i and j are equal to 2. The numbers

n,,, n, and n are given in Tablé 2, The sets F = {o, B} and

ij ie ij

1(i,j) give rise to the subsets, relevant to the above model, shown in

Table 3, which also includes the values L(w).

TABLE 2: VALUES OF nij TABLE 3: SET NOTATION
oy 02 n.j w 1 2 3
s, (x| 6 FW o | o« | 8
32 3 5 8 F(w) ¢ j
L(w) | 1 2 2
ni' 5 9 14 =n|

Table 3 expresses the fact that F(1), F(2) and F(3) are the mean
w, and the effects o and B respectively. Also Uw’ for w=1,2,3

and t will be as follows. U1 is the correction factor; U_, U. and Ut

2”73
are the uncorrected sums of squares for colums (o), rows (B8), and for
total, respectively.

We will show now how to obtain several N(w,s|z) matrices. The
matrices for z = 2 are N(2,2]|2), N(3,3]2), N(2,3]2), N(2,e|2), N(3,e|2),
and N(e,e|2). Matrices N(2,2|2), N(3,3]|2) and N(2,3|2), for example
are those including forms aia{ , BjB; and aiBj , respectively in U,
and these are obtained from the expectations of the Yi..'s (i = 1,2)

assuming that effects oy and Bj (in this case) are the only ones to be

fixed, all others, including y, have expectation zero:
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E(Yl..ld,B) = 5a; + Ow, + 2B, + 3B,
(Yy,,lesB) = 0oy + 9, + 48, + 5B,

To obtain all the 6 matrices N(w,s|2) indicated above we would use

E(Y i"|r.vt,B ¢) for all i's. Now according to expression (13) we can write

(5,0)'(5,0) , (0, 9) (0,9) _(5 ©
N(2,2|2) = 5 (o 9)
g,z'g,) (4, gusz S5T78 3.h22
N(3,3|2) = 1223 5 == 2), @ hge 4.5 78)

where (5,0)' is the transpose of the row vector (5,0). In the same

manner

1
N(2,3[2) = (ﬁ g), N(2,¢l2) ={ °

1
2 h 1
Z1 =1 = J 0
N3.el2) =f 3 ° 2 19 s Nesel2) =f 2 20 ,
5 5l v\ © 5 Jox9

where 1m is a row vector with all of its m elements being one. mep

is a matrix of order m x p with all of its elements being one.

The K coefficients for the expectation of U2 and for the variance

of U, can be calculated by simply using formulas (14) and (17). Similar
matrices are calculated for each of the Uz's.
Table 4 includes the K coefficients for the expectations of the

4 Uz's. Table 5 gives the K's for the variance of U, and for the

covariances of U2 with the other Uz's. These K's are obtained from

(14), (16) and (17).
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TABLE L4: COEFFICIENTS K(cjlz(uz) TABLE 5: COEFFICIENTS K[c§o§|Cov(UEUz)]
Component

Uz .2 o2 .2 Component U1 U2 U3 Ut
2 3
og 122 212 122.17|212
U, 1 7.57 | 7.1 %
c 102.04|102.04 | 104,18{104.18
u, | 2 [ 7.15 B
- o 2 L 2,00 &
U 2 7.58 |1k
3 oZes | 216 {216 216 216
U, 14 1k 14 5
0302 30.28] 56 30.33| 56
cgoa. 28.57| 28.62| 28.62| 28.62
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