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1. Introduction and Summary.

Let A, (i =1,2,..., k) denote a finite set of events associated

with the probability space (Q, &, P) and let Xi(w) denote the indicator

random variable of A,, Then max x4(w) 1is the indicator random
i .
'k 1=1,2,.0.,k k
variable of the set U Aj. In (4], Kounias found bounds for P{ U Ai}
i=1 i=1

in terms of P{Ai] and P[AiAj]. Kounias strenethens the Bcufe.roni
inequalities (cf. Feller [2]) by giving lower and upper bounds both of

the second degree (v = 2). 1In this paper we extend his result by considering
both lower and upper bounds on P{ g Ai} for any fixed degree vw(v =1,2,3,...,k)
and indicate some applications to ;:iichlet integrals,

In the case of exchangeable random variables xi(w) we let

P, = P{A, A, ... A, }. We obtain for any odd degree v<k

b .
v=1 k v
: a-1,k k-1 o-1,k
- < < -
() B TR, F (IR, SPLU AT S B TR,
and for any even degree v <k
v k v-1
-1k a-1,k k-1
(1.2) oIZ=31(-1) (a)Pa < P{iglAi] < a}.—?l(-l) (a)pa - (v-l)Pv .

One can easily construct examples wherevthese bounds are attained. 1In
fact, for v = k the left and right sides are equal in both (1.1) and
(1.2) so that equality is then attained. It should be noted that the left
sides of (1.1) and (1.2) can be negative (in which case we use zero for
the lower bound) and that the right sides can exceed 1 (in which case we
use 1 for the upper bound).

Some applications of these bounds to Dirichlet integrals are considered
in sections 4 and 5. These bounds are applicable for any problem involving a
union of events and, in particular to problems involving Dirichlet integrals,
For some further references where these integrals arise the reader may

refer to the references in [7].
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2. Derivation of the Bounds.

In order to express the results in a compact notation we will define
a Bonferroni indicator random variable and an operation denoted by * .,
Definition:

Let Br j with j <k and i < r <k denote the Bonfervo~’ function

of degree r on the j sets A, , A, ,..., A, defined by
i, 12 1j

j
. . = E - Z XX - r-l eee
(2.1) B Xu]_ XCY + + (-1) Xd XQ' x

r,] -
dl-l dl 2 <Cl <0. .‘QY

where x = xa(w) and 1<, <j (i = 1,2,000, T). We define By,y to
be identically zero.
Definition:

Let Br i* BS . denote the function defined by

* = -B_ .B .
(2.2) Bit Bs,5 7 Br,1 ¥ Bg 5 ~Pr,10s, ]
It is implicitly assumed in this definition that the i sets in B_ . do

r,i

not include any of the j sets in Bs j and vice versa i,e,, the index -

’
sets are disjoint, although the sets need not be, It is easily verified

%2
- *
2,2 = B1,1% B1,1 1,1°

It is easily verified that the ¥ product is both associative and

that B and we sometimes denote the latter by B

‘commutative, It should be noted that in general B_ .* B . + B s . e
r,i S,] r+8,i+]

We now state and prove a lemma on certain monotonicities among these
Bonferroni functions which will help us to deduce (1.1) and (1.2) when

the indicator random variables are exchangeable,

Lemma:

For any fixed k>2 with 0<v -1 < k and for any partition of

the index set (1, 2,..., k) into 2 parts of sizes 1 and k - 1, we have



*
(2.3) Bk S B Bk S Bk S By for v oodd

B >B for v even.

(2.4) w1,k-1 = B,k 2 By, k

> B, _%
B1,k 2 B11

Proof:

By direct substitution of (2.1) into the second expressio- ., (2.3)

we have for any v

% - _ v-1
(2.5) By 1* gkl = By * (P Z Xy, *°* Xy

which proves the first inequality in each of (2.3) and (2.4). To prove
the second inequalities in each of (2.3) and (2.4) we iterate the inequality

implied by (2.5) for v odd and even obtaining, respectively,

<B <1

(2,6) B v-1l,k-1 S 32,2* B\;—l,k-QS see S k,k = ©°

*
w1,k S By 1% B

* *
(2.7) Boo1,k 2B1,1% Byp, k-1 2B, 0% Bylg kep 2 000 2By 200

The remaining inequality in each of (2.3) and (2.4) is the well-known
Bonferroni bound; this completes the proof of the lemma, The first

inequality of (2.7) with v = 2, namely B s is the

> *
1,k — B1,1 Bl,k-l

inequality that appears in Kounias [4]. Of courée, this can be further

improved, possibly by using B but for the fixed degree 2 neither

3,k’

the Bonferroni bound B3 i bor the improved bound in (2.7), B
9

are allowed,since both are of degree 3.

*
2’2 Bl’k-g,

For exchangeable indicator random variables we take expectations in

(2.5) and obtain for any v



(2.8)  E(B, % B ) = (P- (DB, + e+ ((D)VE( SR (-1

Hence from the last two inequalities in (2.3) and (2.4), we obtain

o ] o o \)"1 v - i ] 1 = \),k v

which are equivalent to (1.1) and (1.2).
It is clear from (2.3) and (2.4) that our bounds are improvements on

E{ }. This has been achieved by increasing the degree from v - 1

Bv—l,k
to v for the new lower bound in (2.3) for v odd and for the new upper
bound in (2.4) for v even.

3. Further Improvement of the Bounds.

From the inequalities (2.6) and (2.7) we can actually obtain bounds
which are as good or better than those in (1.1) and (1.2). Since these are
quite useful for small v we write them explicitly for v=2, 3 and L
and then give a general expression at the end of this section.

To derive these improved bounds of common second degree we gset v = 3
in (2.6) and v =2 in (2.7) and obtain after taking expectations

k

(3.1) Max(0, E{B, 1) < P[il=l A;} < Min(E(B) ;% B; | 4}, 1).

1
For the bounds of common third degree we set v =3 in (2.6), v=14
and v=2 in (2.7) obtaining

k
(3.2) Max(0, E{B, ,*
1,1 ,

i=1
For the bounds of common fourth degree we set v=5 and v =3 in

(2.6) and v =14 and 2 in (2.7) obtaining

- L -

k-1
v-1

)P v

Be’k_l}) < P{ U.Ai] < Min(E{B3,k], E[Bg’e* Bl,k_Q], 1).



k

(3.3) Max(0, E(B, \J, E(B, ;¥ B, | ,}) < P{ig1 A}

< Min(E{Bl’l* 33’k_1}, E{B3’3* Bl’k_3}, 1).

In (3.1) no new expressions arise and the result agrees with (1.2)
for degree 2., 1In (3.2) two of the expressions already appear in (1.1) for
degree 3; the new expression for the exchangeabl: case with any k > 3

is
(3.4) E{B, ,* By 1 o) = kP;- (2k-3)2, + (k-2)P, .

In (3.3) two of the expressions already appear in (1.2) for degree L4; the

two new expressions for the exchangeable case with any k > 4 are

(3.5) E(B, ,* By o) = KPy - (g)p2 + (k-2)2P3-(k;2)Ph,

(3.6) E{B ¥ Bl,k-3} =k, - 3(k-2)p, + (31<-8)P3 - (k-3)p,.

It is interesting to note that for any Bonferroni product of two B's as
in (3.4), (3.5) and (3.6) the sum of the coefficients is identically one.

In fact, if Q denotes the operation of setting all X5 equal to 1

(3.7) (B, ¥ By ;b =qfl - (1-8 )(1-B, )} =1-Q(1-B  )Q(1-B, ) =1

r
since Q{1 - B_ r] 2 (-1)0(;) = 0.
’ a-_-O

More generally, it can be shown (the proof is omitted) that in symbolic

notation we can write the vr'-E degree bounds as
RV B .
.8 E(B, .* B =1~ (1-p)J -1)i(kcdypt
(38 Blsy g ) =1 () D0

where, after expanding,we replace p% by Pa for all . For any fixed
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degree v this gives a lower (upper) bound if v - j is even (odd).
As j varies we obtain all of our bounds,

In the next section we shall illustrate these bounds by means of a
numerical example involving Dirichlet integrals,

4, Application to Dirichlet Integrals.

Suppose n balls are dropped independently into k + 1 cells, k

of which have a common single-trial cell probab’'lity p < 1/k (and one

- 5a -



with probability 1 - kp). Let Min(k, .n) denote the observed minimum
of the k cell frequencies in this mltinomial problem, Then it is shown

in [6] that for r>1 and n > kr

(h.1)  p{Min(k, n) > 1) = Iék)(r, n),

where

(&.2) I(k)(r n)= [(n+l) p... fp(l - §5x )n-kr ; Tl .
‘ P ’ I‘k(r)r(n-kr+1) 0 0 j=1 & o=l @ o

For n< kr we defing Iék)(r, n) to be zero, Similarly we let Max(k, n)
denote the observed maximum of the k cell frequencies, In [7] the properties
of this type I-Dirichlet integral (4.2) have been investigated and tables

have been computed in [3]; for k = 1 it reduces to the incomplete beta
function, Iél)(t, n) = Ip(r, n-r+l).

If we let the set Ai denote the event that the frequency in the

k

i1 cell is at least r, then U A; denotes the event that Max(k, n) >r
i=1

and the event A A ... Ad (for any collection of size j) denotes the

o, &
172 k|
event that Min(k, n) > r. Hence by using the inclusion-exclusion principle,

it is easy to see that

k
(4.3) P{Max(k, n) > r} = E{ = 2 (-1)“‘1(§)P[mn(a, n) > r)
a=1

By 1

1

L -1,k ()
;Ei(-1)“ (a)xgd (t, n).

If n < kr then some of the terms on the right side of (4.3) will vanish
so that we need only sum up to [n/r], the integer part of n/r. The
distribution of Max(k, n) can be obtained from (4.3) using tables for

Igd)(r, n) (¢ < k). However for higher values of k some of these tables

-6 -



are not available and it becomes useful to obtain bounds for the left side
of (4.3), preferably of the same degree, Thus we utilize the results of
sactions 2 and 3 as illustrated below.

Suppose, for example, we wish to find lower and upper bounds of degree
3 for P{Max(k, n) > r} when k=10, r =2 and n =8, Using

(3.2) and (3.4) for the upper bound we obtain 98715 since

(4.1) E{ } = .98715 ; E{Bee* 31,8] > 1.

B3,10

For the lower bound we use (3.2) or (1.1) and obtain

(4.5) E{B, ,* 32,9} = 10, - b5, + 36P3 = .85132,

The exact value, using (4.3) and tabulated values in [3], is .98186.
The comparable bounds given by Mallows [5] are

-kP

(4.6) Max(l - e

, ke = (5),) < Pluax(k, n) > r) < Min(kp,, 1)
and for the above example with k = 10, r =2, n = 8 this gives
(4.7) Max(.84572, .79311) < P{Max(10, 8) > 2} < Min(1.86895, 1),

so that both of our bounds for the third degree are closer to the exact
value than the corresponding bounds in [5].

For many values of k, r, and n it should be noted that 'degeneracies'
will enter into our problem in different possible ways. For example, if

n > kr then
(+.8) P{Max(k, n) > r} = E{(B, ,} =1,

since for any distribution of n balls in k cells the maximum frequency



is at least [n/k] > r. Another type of 'degeneracy' is when E{B, k]
?
already gives the exact answer. For example, if [n/r] > v then IéJ)(r, n) =0

for j > v and we seen from (4.3) that
(4.9) P{Max(k, n) > r} = E{B, .} = E(B ],

so that the vgl- degree bounds give exact answers., In this -« ie the
bounds in (1.1) and (1.2) cannot be further sharpened.

5. Other Applications to Dirichlet Integrals.

In the previous section we developed bounds of the \»ﬂ degree for
the P(Max(k, n) >r} in terms of P{Min(i, n) >r} for 1<i< v,
However, if k is large, tables of P{Min(k, n) > r} itself are not
available and it is useful to have V‘Ell order bounds for this quantity
(for any k) in terms of P{Min(i, n) > r} with 1<i< v, We first
develop these bounds in the context of exchangeable random variables and
then specialize to the case of multinomial probabilities,

Let A, denote the complement of Ai (i =1,2,¢.., k) and let i-r j
b

i
with j<k and 1< r<k denote the same Bonferroni function as in

(2.1) for the j sets Ki R Xi seces Ki . We now use (3.2) with all
1 2 j
B's replaced by B's to obtain, after taking expectations, for the case

v=3
S fned k A N St ~
(5.1) Max(0, E{B, ,* B, , ;) < P{igl A;) < Min(E(B, |}, E(B, ,* B) k-2)e1)-

For the exchangeable case we now let Q, denote P{A A ... A ] and
i oy o, o
obtain from (5.1) as in (3.3)

k k-1 ko
(5.2) Max(0, WYy - ()T, + (7,70Q3) < P{iul A}

~ k -— nd bd Aot ~
< min(i)- QIF, + Gy, 1) - (2307, + (620, 1),

-8 -



Using the inclusion-exclusion princible, we find that 3; for

any 1 can be written as

qQ 53 L i)
. = -1 P
63 = B0,

where P, =P{A- A ...A } as in section 1 and P. = 1. Subetituting

h| o) o, aj (0]
these in (5.2) gives us for the third degree

k Eoand
0, 5

(5:4)  wax(0, 1= (Fpy ¥ (k1)(ke3)py - (300 <PLU

<min(1 + (51 - k(5P + (e3)(r,m (P, 1+ (ke3)p, (k202 0.

For the multinomial case (where k cells have common probability p and

L

one cell has probability 1 - kp), Ai denotes the event that the frequency

k
of the iEE cell is less than r, i,e., Ni n <r and hence U K}
’ i=1
denotes the event that Min(k, n) < r. Since Iék)(r, n) = P(Min(k,n) > r} = L
we take the complement of all three expressions in (5.4) and obtain the
final result for k > 3
k ky k-2 k-1 (k)

-2, <mn(ey, (Sheg- (e (302, + (GPe),

where we have replaced the upper bound 1 by P, < 1l. For k = 3 we obtain

3

S P and in this sense the bounds

from (5.5) the "identity check" P_ <P 3

3 3

are sharp.

For v=2 and v =14 we give the corresponding bounds for Pk in

terms of Pl""’ Pv without derivation, For v =2 and any k > 2



k k-1
(5.6) Max{(k-1)P,- (k-2)P,, O} <P, < Min{P,, (;)P,- g(k-a)pl+ Qi P
For v=»U4 and any k> 1L
(5.7 max{(Jhry- (B (GhE g DG (PR, (ke3)py-(kb)R, 0)

<p <minle,, (G7,- (k2) (kB2 (532, (P~ (-0)(e,

+ Or, k((Preye (1)

In a similar manner we can obtain bounds of the \:E--tl degree for Pk in
terms of Py P2,..., P, for any v. In fact, a general expression (given
without proof) which gives all of our bounds for any degree v is given by

secey L\’ } st S Min[l'ay th---s L\) ]’

5.8) MHX{L y L
( 1 3 0 e

where v (v ) 1is the largest odd (even) integer < v and

-8 G (s

a=0

(5.9 1=

A device to express (5.9) more succinctly is to write the generating

function of LB

(5.10) L(x) = Z) L, <
B=0

in symbolic notation. It can be shown (proof is omitted) that we can

write L(x) symbolically as

(5.11)  L(x) = (-1)Bp™B(1ox)"(k=V) (1_px k-8

p

where, after obtaining the coefficient of x", we replace Pj by Pj' In

the interesting special case k - v=1 we have

- 10 -



B
_ B+a,B+1
(5.12) L = E (-1)" R, g4

and hence from (5.8) we can write all of our bounds in the single

symbolic form for all B.(0<PB < v)
(5.13)  2VP()P o (1)P(- 2 >0

An immediate corollary of (5.13) for B = 1 is that the sequence P Pz, P

1’ 3,...

is convex with respect to the subscript since for any v<k

(5.14) P 1tP 1222 .

It should be noted that all of the above inequalities (5.1) - (5.1k4)
are valid for any set of exchangeable events, though we are discussing
them in the context of the multinomjal distribution.

To illustrate numerically the third degree bounds in (5.5), consider
the multinomial example with k =10, r =2, n =40 and p = .09. 1In
this case the exact value of PIO = Ifég)(2, 40), available from [3], is
.24434, Our lower bound is Max(.23809, .02826, 0) = ,23809 and the
upper bound is Min(.29487, .68801) = .29487.

This idea of bounding P, can also be used for the case of a

k

muiltinomial distribution with unequal cell probabilities
k

P = (pl, Ppseess Py 3 1l - Zpi). Alam [1] has already shown the interesting
1

property that
(5.15) Iék)(r, n} < ]’.!(;k)(r, n)

_ where 7 = (p1 + Pyt oees + pk)/k and Iék)(r, n) is defined by

- 11 -



6 (k) ) I'(n+l) 1 P %5 ackr X ro1
.1 I ’ n = eee 1 - X, TT -- P
(5:16) R (= [F(r) T (n-ke+1) O '(J; ( i=1 ) o1 L 4

In getting an upper bound for the left-side of (5.15) it may happen (for
example, when k is large) that the right side of (5.15) is unavailable,
Then our bound for (k)(r, n) given for v =3 in (5.5) can then be
used as an alternative upper bound for the left side of (5.19).

.For the lower bound Alam [1] gives

*%

(k) n T(n+i) p* v PP 1 -%x n-kr 11'?}:".'-1
(5.17) IE. (=, )Z‘[I‘(r)]kr'(n-krﬂ) 'J; {) g ( 1 1) =11 e

* , * *% k
where p = min(p,, P,seess> P,) and (k-1)p +p = 2 p,. In this
1’ "2 k 1=1 i
case our lower bound cannot be directly used for the right side of (5.17)
since we do not have homogeneity in the k cell probabilities. A lower

bound can, however, be obtained by writing

k k-1 .
(5.18) P(U A <P{U A]) +P(a)
i=1 i=1
where A1 denotes the event that the frequency Ni n of the ish cell
?

is at least r. We apply this to the case of a multinomial distribution
*
with k - 1 cells having probability p and the kEE cell having

*% , ,
probability p , and obtain, by taking complements in (5.18),
(5.19)  P(Min(k, n) >z} > P(Min(k-1, n) > ) + PN __>7r) - 1
?

= I(i-l)(r, n) + I(il (r, n) - 1.
P P

Since the right side of (5.17) equals the left side of (5.19) we can use
the right side of (5.19) as a lower bound for Ié?)(r, n) in (5.17)

(when both members of (5.17) are not available). If k is large, so

- 12 -



that I(:-l)(r, n) 1is also not available, then we can substitute the

P
lower bounds from (5.5) into (5.19).
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