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Abstract

We realize the non-split Bessel model of Novodvorsky and Piatetski-Shapiro in [I]
as a generalized Gelfand-Graev representation of GSp(4), as defined by Kawanaka in
[2]. Our primary goal is to calculate the values of Iwahori-fixed vectors of unramified
principal series representations in the Bessel model. On the path to achieving this goal,
we will first use Mackey theory to realize the Bessel functional as an integral - as a
result, we will reestablish the uniqueness and existence of a Bessel model for principal
series representations, originally proved in [I] and by Bump, Friedberg, and Furusawa,
in [3], respectively.

Inspired by the work of Brubaker, Bump, and Friedberg in [4], our method of cal-
culation takes advantage of the connection between the Iwahori-fixed vectors in the
Bessel model and a certain linear character of the Hecke algebra of GSp(4). We will
also provide a detailed description of the conjectural program, originally appearing in
[5], connecting characters of the Hecke algebra for a more general reductive group G
with multiplicity-free models of principal series representations. In particular, we will
focus on the role played by the Springer correspondence in this program.

Additionally, using the formulas we develop for the Iwahori-fixed vectors, we provide
an explicit alternator expression for the spherical vector in the Bessel model which

matches previous results in [3].
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Chapter 1

Introduction

In the context of a group G acting on a vector space V, the term “matrix coefficient”
refers to a type of function on G. In general, a matrix coeflicient is any linear combina-
tion of functions of the form (f, g -v) where g € G, v € V, and f € V*, the dual space
of V. In particular, if we are in the finite-dimensional setting, with a basis {e1,...,e,}
of V, and a basis {e},...,e;} of V*, such that (e}, ej) = J;;, then the literal matrix
coefficient (e}, g - ;) is an example of a matrix coefficient. For example, the character
xv : g — tr((gi;)) of the representation V', where (g;;) denotes the matrix of g with
respect to these bases, is a powerful invariant of V.

Within the theory of automorphic forms, one important place where matrix coeffi-
cients appear is in the integral expressions used to construct automorphic L-functions.
Two well-studied examples of matrix coefficients that have this property are the Whit-
taker function and the Macdonald spherical function. Additionally, both the Whittaker
function and the Macdonald spherical function have been shown to have interesting con-
nections to the fields of algebraic combinatorics (see [6], [7]) and mathematical physics
(see [8], [9], [10])EI In this thesis, we will eventually explain a program for generating
a family of matrix coefficients with applications to the theory of automorphic forms
similar to those of Whittaker functions and the Macdonald spherical function, but first
we will provide an extensive study of a particular type of matrix coefficient, the Bessel

functions. In particular, we will be interested in the images of Bessel functions on the

! We note that the connections to physics arise primarily in the setting where the group G is a

reductive group over the real or complex field.
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universal principal series representation of an appropriate reductive group G - the uni-
versal principal series is a generalization of principal series representations of G. In
the language of matrix coefficients, Bessel functions are formed by choosing a special
vector in the representation space - such as a spherical vector, or, more generally, an
Iwahori-fixed vector - and by choosing the Bessel functional as the element of the dual
space.

In their 1973 paper [I], Piatetski-Shapiro and Novodvorsky defined the Bessel model
for irreducible admissible representations of the group G = GSp(4) over a p-adic field,
and showed that the dimension of such an embedding is at most 1. Since then, many
deep connections have been established between Bessel models and automorphic forms.
For the moment, let A denote the ring of adeles of a number field. In 1979, Novodvorsky
connected the Bessel model of an irreducible automorphic representation of GSp(4, A)
to the global integral representation of a degree eight L-function for GSp(4) x GL(2)
in [II]. Subsequent contributions in this area were made by Piatetski-Shapiro and
Soudry ([12]) and Bump, Friedberg, and Furusawa ([13],[3]). More recently, Roberts
and Schmidt proved, in [I4], that every irreducible, admissible representation of GSp(4)
over a p-adic field of dimension greater than one admits a Bessel functional.

In this dissertation, we will recreate the results from [I] and [3] regarding the unique-
ness and existence, respectively, of the non-split Bessel model specifically for an unram-
ified principal series representation using Mackey theory, which will allow us to realize
the corresponding Bessel functional explicitly as an integral. This will, in turn, allow us
to proceed to our ultimate goal of providing an explicit expression for the Iwahori-fixed
vectors in the model. In particular, the formula that we develop for the spherical func-
tion agrees with the formula for the spherical function in the Bessel model on SO(5)
established by Bump, Friedberg, and Furusawa in [3].

Along the way, we will describe how our construction of the Bessel functional fits into
a conjectural program for connecting characters of the finite Hecke algebra of G with
multiplicity-free models of principal series representations. This program, formulated
by Brubaker, Bump, and Friedberg in [4], was motivated by the study of the Whittaker
and spherical functionals, which it contains as special cases.

We will show momentarily that the most natural way to view this connection between

these models and characters of the finite Hecke algebra is from the perspective of the
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“universal principal series.” In this section, we will only provide the definitions needed
to give an overview of our results; a more in-depth treatment of the universal principal
series, following that provided by Haines, Kottwitz, and Prasad, in [15], will be given
in Section .11

Although our results in this paper will apply specifically to GSp(4) over a p-adic
field, we expect them to generalize considerably, much as the examples of the Whittaker
and spherical models do, and towards that end we will work in greater generality when
possible. In particular, for the rest of this section, let G be a split, connected reductive
group over a p-adic field F' with ring of integers o and uniformizer 7. Let k denote the
residue field o/(7), and let ¢ denote its cardinality. Let W denote the Weyl group of
G. Let B be a Borel subgroup of G with maximal torus T" and unipotent subgroup U
such that B = TU. Let U denote the opposite unipotent of U in B. We assume that
these subgroups, as well as G, are defined over 0. Note that this means that K = G(o)
is a maximal compact subgroup of G. Let J denote the Iwahori subgroup, which is
the preimage of B(k) under the canonical homomorphism G(0) — G(k). Let H denote
the Iwahori-Hecke algebra of G, which is the C-algebra of functions C.(J\G/J), with
multiplication given by convolution.

Our first definition of the universal principal series will be as the vector space M :=
C.(T(0)U\G/J), which we can regard as a right #-module under convolution. It will
also be useful to have the following alternate definition of the universal principal seriesﬂ

We begin by defining R to be the complex algebra C.(T/T(0)). We will write 7# to
denote the element u(7) € T'/T(0) where p is an element of the cocharacter group X, (7).
We regard R as a left (7//T(0))-module via the inverse of the “universal” character
Xuniv : ™ — . The universal principal series M is isomorphic to indg(x;}iv)‘] as
right H-modules, where the representation indg(xgnliv)“] is composed of the J-fixed
vectors of the representation indg(xgnliv) formed using normalized induction.

Recall that the spherical function ¢° in indg(x;}iv) is the image of the characteristic

function 1pyx € M under the isomorphism, which we will call 7, mentioned above.

2 We note that this definition gives more of an indication of the connection between the universal
principal series and principal series representations - we will state this connection explicitly in Section



Using the Iwahori-Bruhat decomposition, we see that we can decompose ¢° as

¢O: Z wa’

weW

where ¢, 1= 1(17(0)yw.s). In order to provide an explicit expression for the images of ¢°
and ¢,, in the Bessel model, we are going to need to use the H-structure of indg (X;nliv)‘]
and its image in the model as left H-modules. In order to define the appropriate H-
module structure on ind%(x,5,)”, we first note that M = H as a free, rank one right

1 we can see that R embeds into

‘H-module. Using this isomorphism, along with n~
H. In fact, as vector spaces, H = R ®@c Ho where Ho := C(J\K/J) is the finite Hecke
algebra. Eventually, we will show that the image of the universal principal series - and,
hence, the images of these functions - in the Bessel model are contained in a submodule
isomorphic to V. := H ®y, €, where € is a certain linear character of Hy. We will show
that the Bessel model contains V; with multiplicity one; this fact will be crucial to our
calculations.

We can see that V. = R as vector spaces, so we can transfer the H-action on V; to R
via v. — r, where r is any element of R and v, is the eigenvector of Hg corresponding
to . In fact, the model that V. appears in is dependent on the choice of normalization,
and this also affects the value r in the map above. Roughly stated, a goal of Brubaker,
Bump, and Friedberg is to find many examples where, if £ is an R-valued map arising
from a unique model, then there is a character € of Hg and a subgroup S C G such that
the transformation properties of £ under S imply that £ is an H-map from M to V.;
a key idea here is that the models are connected to the representations of Hg via the
Springer correspondence - we will discuss this connection further in Section [2.3

We will see momentarily that, due to the structure of Hg, there are not many
possible choices of €. First, we note that the set {75 | s a simple reflection in W},
where T := 1757, generates Hg. This set of generators satisfies the same braid relations

that the simple reflections in W satisfy, in addition to satisfying the quadratic relation
(Ts —q)(Ts+1) =0. (1.0.1)

From (1.0.1) we see that the only possible eigenvalues for the generators of Hy are —1

and ¢. The braid relations for Hy then imply that we either have two or four linear
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characters of Hp, depending on whether or not the Dynkin diagram for G is simply
laced.

The simplest examples in this program are the Whittaker and spherical models. If
we take £ to be the R-valued spherical functional, uniquely determined up to scalar by
the condition that L(4(gk)) = L(4(g)) for all ¢ € ind%(xg,) and k € K, and ¢ to
be the trivial character on Hp, then it was shown by Brubaker, Bump, and Friedberg
(based on the work of Casselman in [16]) that £ is an H-intertwiner from M to V; the
analogous result was shown by Brubaker, Bump and Licata, where L is taken to be the
R-valued Whittaker functional, uniquely determined up to scalar by the condition that
L(p(gu)) = (@) L($(g)) for all ¢ € indG(x,) and T € U, where 9 is a non-degenerate
character of U, and ¢ is the sign character of Hy. Most recently, in [4], Brubaker, Bump,
and Friedberg showed that the Bessel functional on the doubly-laced group SO(2n + 1)
is an H-intertwiner from M to V; in the manner described above; in this case, ¢ is the
character of Hp that acts by —1 on long simple roots and by ¢ on short simple roots.

In general, we start with a subgroup S of G’ and a linear C-valued character ¥ of S,

and we look for an R-module homomorphism £ : ind$ (lenliv) — R such that
L(s-¢) = (s)L(¢) for all s € S and ¢ € indG(x L), (1.0.2)

where the action of G on ind% (X;nliv) is given by right translation. In order to find L,
we will use Mackey theory. In the case where F' is a finite field, Mackey theory tells us
that the space of R-module homomorphisms satisfying (1.0.2)) is in bijection with the

vector space of functions A : G — R that satisfy the equivariance properties

A(sgb) = () A(g9) Xmiv (D) (1.0.3)

for all s € S, b € B; here we are thinking of v as taking values in R, since R is a
commutative C-algebra with C included in it.

When F' is a p-adic field, Mackey theory tells us that the space of R-module ho-
momorphisms satisfying is in bijection with the vector space of distributions
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satisfying 1) If such a A exists, we get the corresponding R-module homomor-
phism £ from the convolution

L($)(g) = e A(h N ¢(hg) dh.

If such an £ exists then the space Ind$ is called a model for indg(xgr}iv) - we say
that the model is unique for ind%(x, L) if the space Homg (ind% (x5, ), Ind§1) is one-
dimensional, i.e. if the space of functionals satisfying is one-dimensional.

Based on the formalism of [4], it can be shown that if £ is restricted to the space
of Twahori-fixed vectors, ind%(xL,)”, then £ induces a left -module structure on its
image. In particular, the algebra R embedded in H, as described earlier, acts on the
image of £ by translation. What’s more, it turns out that the only H-module actions on
R, in which the embedded copy of R in H acts by translation, are those arising from the
isomorphism R = Ind%oe, with ¢ a linear character of Hy. Putting this all together, we

end up with Brubaker, Bump and Friedberg’s conjecture with regards to this program:

Conjecture 1.0.1 (Rough Form). [J] Let £ be an R-valued linear map on ind§(x L.
obtained from a unique model. Then L is an H-map from M to V, = Ind%oa for some
choice of linear character € of Hg and the following diagram commutes:

. G —
lndB (Xurllly) J

~
~
~
~
n ~
~
~
~
~
~

M%H%Va

v (1.0.4)
with ve = L(¢1) and F,, : h — h - v, where h acts on v, according to the module
structure on V.. In particular, there exists an r € R such that r - L is an H-map to the

module V; with eigenvector 1.

Of course, such an H-map £ is guaranteed to exist since F,_  and 7 are isomor-
phisms; rather, the dotted line is meant to reiterate the point made earlier that we are
looking for an explicit realization of this isomorphism using a subgroup S such that the
transformation property implies that £ is an H-map to V..

3 In practice, for the models that we are considering, any nonzero A satisfying (1.0.3) is defined on
an open set, so that, in these cases, such A are, in fact, functions.
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We will show in Section [4| that the Bessel functional on GSp(4) as defined by

Piatetski-Shapiro and Novodvorsky in [I] provides another example of such an L:

Theorem 1.0.2. Let G = GSp(4) and let € be the character of Ho that acts by multipli-
cation by —1 on long stmple roots and acts by q on short simple roots. Let V, = Ind%oe.
Then the diagram commutes by taking v. = TFPZ, where p. is half of the sum of
the long positive roots; and by taking L = B, the non-split Bessel functional as defined
by Piatetski-Shapiro and Novodvorsky.

It should be noted that the split Bessel model also gives rise to a functional fitting
into Conjecture - however, in this case one can show that this model is related to
the sign character of H.

Before we can prove this theorem, we will discuss the definition of the Bessel model
on GSp(4) and then use Mackey theory to prove the existence of a Bessel model for
indg(xl;}iv) in Sections and respectively. We conclude Section with an
explicit realization of the Bessel functional as an integral. And then, once we have
proved Theorem in Section [5.1] we will use that result to calculate the images of
the Iwahori-fixed vectors {¢, }wew on torus elements in the model V;, which has not

previously appeared in the literature. In particular, we prove the following theorem:

Theorem 1.0.3. For dominant A and fized w,

1
—A _ A
B(ﬂ' . d)w) = mTwﬂ' + Vg,
where the action of T on indg(x;lliv) is by right translation and where the action of

T on v, is the left action on v appearing in the definition of B.

Using Theorem [1.0.3] we will also be able to calculate the image of the spherical
function in the model, giving a new proof of the same result from [3] (in what follows,

aq is the short simple root of GSp(4) and ay is the long simple root):

Theorem 1.0.4. [3] Let p be the half-sum of the positive roots of ®, and let p. be as
defined in Theorem[1.0.4 Then, for any dominant coweight X,

mhe (1 — g )(1 — grte2)”)

_ oy _ o (aata2)Vy, 20 —pV+A
7_(_p\/ Haeq>+(1 . 7'['70‘\/) A((l qﬂ- ! )(1 qﬂ- )ﬂ- )7

Blr %) =
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where the action of T on indg(xgnliv) is by right translation and where A denotes the
standard alternator expression A(m") = Zwew(—l)f(w)wﬂ“ with W acting on X, (T)

in the usual way.

We note here that our proof of Theorem [1.0.2] does not rely on prior knowledge
of the image of the spherical function in the model - in this way our method of proof
differs from the proofs of similar results in [4]. Instead, we will calculate the relevant
intertwining constants directly. Additionally, the proof we give does not use uniqueness
of the model in an essential way, should we eventually find ourselves in a situation where
the space Homg (ind% (x L, ), Ind§%) is finite-dimensional instead of one-dimensional.
We will discuss how this situation might arise naturally within this program when we
discuss the Springer correspondence in Section and again in Chapter [6]

In Section [5.2] we discuss the fourth character, o, of the finite Hecke algebra of
GSp(4), which acts by multiplication by ¢ on long simple roots and —1 on short simple
roots. At this time we do not have a realization of the intertwiner L satisfying the
diagram that is also defined according to a subgroup transformation, but we
have matched the image of the spherical function under F,, for o to the image of the
spherical function in the Whittaker-Orthogonal models defined by Bump, Friedberg and

Ginzburg in [I7]. In particular, we prove the following proposition:

Proposition 1.0.5. Let WO be the Whittaker-Orthogonal functional on an unramified
principal series representation 7 of SO(6), such that T is a local lifting of an unramified
principal series representation of Sp(4). Then Fy, (7~ - Ipouk) and WO(z™* - ¢°)

agree, for any dominant coweight .

Finally, we note that Piatetski-Shapiro and Novodvorsky do not provide an explicit
integral formula for their functional, so part of our task in proving Theorem [1.0.2] is
coming up with the correct integral formula for £. Our method for doing this follows
what we believe to be the general method for connecting models of the form Indgw to
characters of Hg, which has its genesis in [2]. We will discuss Kawanaka’s conjectured
method for building unique models, along with the modifications we made to it, in Sec-
tion Then, in Chapters [6] and [7} we end this thesis with a discussion of how exactly
we expect Kawanaka’s generalized Gelfand-Graev representations to be connected to

irreducible representations of Hy and explain how this connection seems to have led us



to a (unique) Bessel model for G = GSp(2n).



Chapter 2

Background

2.1 Universal Principal Series

In this section, we retain the notation from Section |1} In particular, G will be a split,
connected reductive group over a p-adic field F' with ring of integers o and uniformizer
w. B will denote a Borel subgroup of G with maximal torus 7" and unipotent subgroup
U such that B = TU, and U will denote the opposite unipotent of U in B. We assume
that these groups are defined over o; in particular, this means that K = G(o) is a
maximal compact subgroup of GG. Let J denote the Iwahori subgroup, and let H denote
the Iwahori-Hecke algebra of G.

As mentioned in the introduction, our discussion of the universal principal series
is inspired by the treatment given in [I5]. We define the universal principal series M
to be the vector space C.(T'(0)U\G/J). Evidently, we can make M into a right H-
module where #H acts by convolution. Now, observe that 7'/T'(o) is isomorphic to the
cocharacter group X, (T') of G under the map that sends p € X,(T') to u(w) € T/T (o).
We will write p(7) as 7 throughout this thesis. Define R := C.(T/T(0)) = C[X.(T)],
and regard R as a left (7/7(0))-module via the inverse of the “universal” character

Xuniv : ™ — wH. If we use normalized induction to form ind%x;}iv, and then take its J-

1

fixed vectors ind%(x, L )7, then we can see that M = ind%(x %, )’ as right H-modules;

explicitly we have n: M — indg (X;nliv)J where

n@)g) = Y (") alo(rty).

neX(T)

10



11
Here we can see the motivation for our terminology: if we're given an unramified prin-
cipal series obtained from parabolic induction by a character y : T/T(0) — C*, then x

determines a C-algebra homomorphism R — C, and
Cor M = ndF(x "),

the Iwahori-fixed vectors of our original unramified principal series.

In order to gain a better understanding of the Hecke algebra H, we are going to
make use of an alternate point of view of M. First, we note that M is isomorphic to
‘H as a free, rank one right H-module; it has a C-basis made up of the characteristic
functions 17(4)17,.; where w is an element of the affine Weyl group W. The isomorphism
from H to M is given by the map h + 17,y s * h. We can define a left action of H on

M via this isomorphism: in particular, we identify A € ‘H with the endomorphism
h: 1T(0)UJ * h, — 1T(0)UJ * (hh,>

Using n, we can transfer this left #{-action to indg (Xgnliv)‘] , so that h € H sends ¢1xh' to
¢1%(hh'), where ¢1 = 1(17 (o) s)- Note that this left action identifies 7 with Endg (M).

As mentioned in the introduction, the spherical function, ¢°, will be a major figure

-1
X univ

in this thesis; we pause here to note that, as an element of ind%( )J , the spherical

function is defined as
¢°(g) =62 ()mH,

where g = tuk is the Iwasawa decomposition of g with v € U, k € G(0), and t € T'(F)
where t = 7# € T(F)/T(0). As mentioned in the introduction, ¢° can be decomposed

¢O: Z Pw,

weWw

into the sum

where ¢y = n(1r(oyrws) € ind% (x5 )7

Now, if we take the obvious left action of R on indg (X;nliv)‘] and transfer it via n~
to M, we see that R embeds into Endy (M), and hence embeds into H. Additionally,
the finite Hecke algebra Ho = C(J\K/J) is a subalgebra of H, and there is a vector
space isomorphism H = R ®c Hg. While we will often conflate 7# € R with its embed-

1

ded image in H, we would like to point out that the image of 7 is convolution with

the characteristic function 1.5 only when p is dominant. We use Ty to denote the
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generator 1,5 of Hg, where s is a simple reflection in the Weyl group, W, of G. The

generators of H satisfy the braid relations
(T%Tj)m(i’j) — (TjTi)m(i’j),

where m(i,7) is the order of the braid relation satisfied by the corresponding simple

reflections s;, s;, in addition to satisfying the quadratic relation
(Ts — ¢)(T5 +1) = 0.

Finally, to understand H in terms of these generators, we need the Bernstein relation,

first proved in [I8], which says that, for 7# € R and T, € Ho,

(D ——

Tyt = W, + (1 — q) (2.1.1)

1—qg—o’

where s = s, for a simple root « in the root system ® of G.

2.2 Generalized Gelfand-Graev Representations

We believe that the unique models that give rise to R-homomorphisms as described in
Conjecture [1.0.1] are related to Kawanaka’s construction of the “generalized Gelfand-
Graev representations” (gGGr) in [2]. Although Kawanaka’s results are given in the
context of algebraic groups over finite fields, we believe that they can be suitably adapted
for the p-adic setting. For this subsection, all notations for algebraic groups indicate
points over the finite field ' = Fj,.

We will now broadly describe the method for constructing a gGGr and leave more in-
depth discussions of certain parts of the construction for the subsections to follow. When
constructing a gGGr, we begin with a nilpotent Ad(G)-orbit with representative A. We
then use Kirillov’s orbit method to form the attached irreducible representation n4 on
U 4, where Uy is the unipotent radical of the associated parabolic subgroup P4 and U 4
is the opposite unipotent. We denote the stabilizer of the representation 14 contained in
the Levi L4 of Py by Z1(A), and we note that Zy(A) is a reductive group. We build a
representation 14 o on U 4% Zp,(A) from n4 and an irreducible representation « of Z,(A).

Then the gGGr associated to A is the irreducible representation I' 4 o, := Ind%AZL(A)nA7a'
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In Conjecture 2.4.5, Kawanaka offers a method of producing gGGr’s that contain
each unipotent representation with multiplicity one. Since the principal series repre-
sentations are precisely those representations containing a B-fixed vector, Kawanaka’s
conjecture implies that, for each irreducible Hg-module, there should be a unique gGGr
containing it with multiplicity one. After the conjecture, Kawanaka notes that the
nilpotent orbit containing A and the irreducible representation of Hy appearing inside
it appear to be linked via the Springer correspondence.

Shifting back to the p-adic setting, we note that in [19], Mceglin and Waldspurger
give a treatment of those representations - also referred to as gGGr’s in [2] - that are
constructed by inducing 14 from U 4 up to G directly. However, when we try to construct
gGGr’s (as defined in the previous paragraph) in the p-adic setting, the obstacle that we
encounter is that the representation 14 . is not necessarily guaranteed to be a genuine
representation; we are only guaranteed that it is projective. However, if 14 is a character
and « is a character of Z1,(A), as is the case for the Bessel model on GSp(4), then 74
will be a genuine representation.

Unlike the Whittaker model, which served as the inspiration for the definition of a
Gelfand-Graev representation (see [20]), the spherical model and Bessel model are not
realized directly as gGGr’s. Instead, we realize these models by extending n4 from U 4
to Ua x (Z1,(A) N G(0)), and then inducing to G. In the case of the Whittaker model,
Z1,(A) is trivial, so it appears that this method of extending 14 to the semidirect product
of Uy and Z1,(A) N G(o) is a step towards understanding the general construction of

gGGr’s over local fields.

2.2.1 Kirillov’s Orbit Method

A complete treatment of the orbit method can be found in [21]. As originally formulated,
the orbit method gives us a way to construct all unitary irreducible representations of
a connected and simply connected real nilpotent Lie group G.

To construct an irrreducible unitary representation of GG, we begin with an element
F of g*, where g is the Lie algebra of G and g* is the dual space of g with respect
to the coadjoint representation. Our next task is to find a maximal Lie subalgebra
b of g subordinate to F, i.e. such that [h,h] C ker F. We then define the character
x(exp(X)) = e2™F(X) of H = exp(h). That x is a character of H is a consequence of
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the Baker-Campbell-Hausdorff formula. The representation T} = Indgx can be shown
to be an irreducible unitary representation of G. The Kirillov orbit method tells us
that every irreducible unitary representation of G can be constructed in this manner.

In particular, Kirillov proved the following theorem, listed as Theorem 7.2 in [21]:

Theorem 2.2.1. 1. Fvery irreducible unitary representation T of G has the form
T = IndGxrm,
where H C G is a connected subgroup and F' € g*.

2. The representation Tk = InngRH 1s irreducible if and only if the Lie algebra b
of the group H is a subalgebra of g subordinate to the functional F' with mazximal

possible dimension.

3. Irreducible representations Tk, u, and Tk, u, are equivalent if and only iof Fy and

F5 belong to the same orbit of g*.

Switching back to the situation where G is a connected reductive linear algebraic
group defined over Fy, we will say a few words about how the orbit method appears
in the construction of the gGGr associated to a nilpotent Ad(G)-orbit, according to
Kawanaka in [2]: Suppose that we choose such an orbit, O, and choose a representative
A from that orbit. By Dynkin-Kostant theory, there is an sly subalgebra with nilpositive
element A whose semisimple element H is invariant under the choice of representative
of O. Exponentiating H gives us a one-parameter subgroup, ¢(s), which we then use
to define the associated unipotent subgroup Ua: Uy, is the subgroup of G whose Lie
algebra is composed of elements X such that

lim ¢(s) - X = 0.

s—0

As stated in Springer’s book [22], U4 is the unipotent radical of a parabolic subgroup of
G, which we call P4. Finally, we can use the orbit method to construct an irreducible
representation 774 of the opposite unipotent subgroup U 4 from the coadjoint U 4-orbit
of the dual element A* of A in %, the dual space to Lie(U 4). The construction of the

associated gGGr then proceeds as described above.



15
2.2.2 From 74 to the Generalized Gelfand-Graev Representation 'y,

In our initial discussion of the construction of gGGr’s, we introduced the notation Zr,(A)
for the stabilizer of the representation 74 in the Levi subgroup L4 of P4. We will often
shorten this notation to Zy, = Z1,(A) when there is no risk of confusion. The motivation
for this notation comes from the fact that the stabilizer of n4 in L4 is equal to the
centralizer of the element A in Ly, the proof of which can be found in [23]. In order
to construct a representation 74, of UaZy, as described above, we will use Wigner’s
method of little subgroups. In particular, we must start by extending 14 from U 4 to
U xZ; and extending o from Z, to U 4% Z;. In the case where N4 is a linear character
of U 4 (as it is for the Bessel model) this process is straightforward and yields a genuine
representation of U4 Zy,. If n4 is a higher-dimensional representation, then the method
of little subgroups is only guaranteed to yield a projective representation of U 427}, (see
the discussion preceding Proposition 2.2 in [23]). However, as proved in Proposition 2.3
in [23], with G defined over a finite field, this extension of 774, which we denote by 74, is
a genuine representation. We define the representation 14 o on UaZr asn Ao = NAQ«

and, finally, we define the gGGr

_ G .
1—\A,oz = IndUAZL(A)nA,av

here we abuse notation and let « refer to the extension of a to U Z;.

When we adapt this theory to the p-adic setting, we find that the extension of 14
to UaZy, is no longer guaranteed to be a genuine representation. Kawanaka offers a
version of Conjecture 2.4.5 modified for this case at the end of [2], and, as mentioned
previously, Mceglin and Waldspurger provide some answers to these conjectures for the
gGGr’s of the form IndgAnA. However, our results seem to be related to the more
refined gGGr’s induced from U 4Z, that we have been discussing. In [4], the authors
suggest that, in order to suitably adapt the more refined gGGr’s to the p-adic setting,
we should be using a representation of Z(A) N G(o) to construct 74, rather than a
representation on Z7,(A). Taking this tack, (as described in [4] one can realize both the
spherical model and the non-split Bessel model on SO(2n + 1), as well as the non-split
Bessel model on Sp(4) (as we will show in this thesis).

In particular, we can realize the spherical model as a gGGr by taking A = 0, so

that U4 is trivial and Z(A) = G; putting the trivial representation on G(0), gives
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us the spherical model. As for the non-split Bessel model on G = SO(2n + 1), we
let A be an element of the orbit corresponding to the partition [2n — 1,12] (see
for further explanation), so that U4 is the unipotent subgroup generated by the root
subgroups corresponding to the roots aj, g, s + 3. In this case, Zp(A) is a non-
split one-dimensional torus embedded in the central SO(3) block. If we put the trivial
representation on Z7, NG(0) and form the associated gGGr, we see that we end up with

the non-split Bessel model on SO(2n + 1) as defined in [5].

2.3 The Springer Correspondence

As mentioned in Section [1} we expect the model containing V. as defined in Conjecture
to be a gGGr I'y o, where A and « are closely related to the character e of Hy.
In particular, we believe that the Springer correspondence plays a major role in this
connection between € and I'4 ,. We pause here to summarize the known results again: if
€ is the trivial character, then V. lives inside the J-fixed vectors of the spherical model;
if € is the sign character, then V, lives inside the J-fixed vectors of the Whittaker model,;
and if G = SO(2n + 1), then if € is the character that acts by —1 on long simple roots
and by ¢ on short simple roots, then V. lives inside the J-fixed vectors of the Bessel
model (in this thesis we will show that this result holds for G = Sp(4) as well).

The Springer correspondence is a bijection between irreducible representations of W
and pairs (O, u), where O is a nilpotent orbit of the Lie algebra and p is an irreducible
representation of A(Q), a subgroup of the G-equivariant fundamental group. The ir-
reducible representations of W are in bijection with those of Hg by Tits’ Deformation
Theorem. Geometrically, the Springer correspondence arises from the realization of the
irreducible representations of W in the top degree cohomology group of partial flag va-
rieties. For classical groups, this bijection can be represented by a combinatorial recipe
between the two sets, which is generally more useful in practice than the general defini-
tion. Since, in the rest of this thesis, we are primarily concerned with G = Sp(4), we will
describe this recipe for type C,. We note that the recipes for type B,, and D,, are quite
similar, while type A,, is much simpler. A description of the Springer correspondence
for each of these types can be found in Chapter 10 of [24] and in Chapter 13 of [25].

In this section, we will give an overview of the Springer correspondence, and then, in
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Chapter [6], we will give a description of how, for a given e, we think one might construct
I'4,o so that V; is contained in the J-fixed vectors of this gGGr. In particular, we will
start by describing the correspondence between nilpotent orbits and representations of
the Weyl group W. Once we have done this, we will describe how to determine the

character of A(Q) corresponding to a given representation of W.

2.3.1 The Combinatorics of Nilpotent Orbits

We will begin by offering parametrizations of both the set of nilpotent orbits of type
C, and the set of irreducible representations of W. Once we have done this, we will
describe an injective map from the set of nilpotent orbits into the set of irreducible
representations of W formulated by Lusztig in [26].

Recall that, for type Cp,, W = S,, x (Z/2)". As noted in Chapter 10 of [24], since
(Z/2)™ is abelian, we can use Wigner’s method of little subgroups to obtain the following

parametrization of W (|d| will denote the sum of parts of the partition d):

Theorem 2.3.1. The irreducible representations of the Weyl group W of type C, are
parametrized by ordered pairs (p,q) of partitions such that |p| + |q| = n. The resulting

representation has dimension

dim 7, o) = <|p|> (dim 7p ) (dim 7).

We also have
T(®a) = T(ap) © 597
where p denotes the conjugate partition of p, and sgn denotes the sign character. The

representation m is characterized by the following property. Let V be the subspace of

P,a)
T(p,q) consisting of all vectors on which the first |p| copies of Z/2 act trivially while the
remaining |q| copies act by —1. Then Sip| X S|q| acts on'V according to the representation

Tp X Tq-

Going forward, we will abuse notation and refer to the representation 7y, o) as (p,q).
We will make the same abuse of notation with respect to our parametrization for the

nilpotent orbits of sp(2n), which we recall from Section 5.1 in [24]:

Theorem 2.3.2. Nilpotent orbits in sp(2n) are in one-one correspondence with the set

of partitions of 2n in which odd parts occur with even multiplicity.
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Now, let d be a partition of 2n corresponding to an orbit of sp(2n). We ensure that
d = [dy,...,do] has an even number of parts by calling the first part 0 if necessary, and
we arrange the parts in increasing order (so that d; > 0 for ¢ > 1). We then define a
new strictly increasing sequence of integers (eq, ..., eax) by setting e; = d; +7— 1. Next,
we use the e;’s to define two new strictly increasing sequences of integers (fi,..., fa)
and (g1,...,95), where 2f; +1 < 2fy +1 < --- < 2f, + 1 are the odd ¢;’s and 2¢; <
2g9 < -+ < 2gp are the even e;’s. It turns out that a = b = k.

Next, let p; = fi—(i—1) and ¢; = g; — (i—1) for all i. Once we have discarded any 0
parts, we find that we have an ordered pair of partitions (p, q), with p = [p1,...,p;] and
q = [q1,.-.,q¢. In particular, it is always the case that the ordered pair of partitions
(p,q) that we get from this process satisfy the property that |p| 4+ |q] = n. Thus,
using Theorem [2.3.1] and Theorem [2.3.2] we can see that this method gives us a way to
associate a nilpotent orbit of C), to an irreducible representation of the Weyl group of
Ch.

As an example, let’s suppose that n = 3 and calculate the calculate the irreducible
Weyl group representation corresponding to the nilpotent orbit d = [22,1%]. In this
case, we have that (e, es,es,eq) = (1,2,4,5), and so (fi, f2) = (0,2) and (g1,92) =
(1,2). Then (p1,p2) = (0,1) and (¢1,92) = (1,1). Thus, the irreducible Weyl group
representation corresponding to this nilpotent orbit is ([1], [1%]).

We will end this subsection by investigating the image of the map d — (p,q). It
will turn out that the method we will use to identify which irreducible representations
(p,q) of W are hit by this map can be adapted to give the Springer correspondence, as
we will show in the next subsection.

Given an ordered pair of partitions (p,q) with |p| + |q| = n, write p = [p1, ..., Pk
and q = [q1, - . ., q¢] with the parts of p and q given in increasing order. For the following
correspondence to be defined, we must make sure that p has exactly one more partition
than q. To achieve this, we simply pad the given partitions with 0’s in front as necessary
(we now reindex the parts of p and q to reflect these added zeros, so that k = ¢+ 1).
From these partitions we consider the symbol (originally defined by Lusztig in [27], and
referred to as the “Lusztig symbol” of the representation (p,q) in the sequel)

p1 P2+ 2 pr+2(k—1)
q+1 @+3 - q+20-1
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Ifp < +1<p+2<q@+3<---<q+20—1<p;+2(k—1), then (p,q) is in the
image of the injection from nilpotent orbits to irreducible representations of the Weyl
group defined above. To figure out the nilpotent orbit associated to a given symbol, just
decompose the symbol back into p;’s and g;’s (as in the original definition of the symbol)
and then work backwards towards the partition d associated to a nilpotent orbit using
the algorithm described in the paragraphs above. Note that in the construction of the
symbol, we end up with p having one more part than q (including the zeros), even
though, in our map from nilpotent orbits to irreducible Wy-representations, these two
partitions were constructed to have the same number of parts. Thus, to make it possible
to work backwards through the injection d — (p, q), either remove p; from p if p; = 0,
or add a 0 to q if p; # 0. Then p and g should have the same number of parts and it
should be possible to recover the original partition d.
As an example, consider the irreducible representation ([2], [1]) of the Weyl group of

C3. After padding [2] to [0, 2], we get the symbol

(=)

Since 0 < 2 < 4, ([2],[1]) is the image of some nilpotent orbit under the map defined

above. Working backwards, we can see that the associated nilpotent orbit is [4, 2].

2.3.2 The Springer Correspondence in Type C),

Using the symbol of a representation of W as defined in the previous subsection, we
can give a description of the Springer correspondence, following Lusztig. We begin
with the observation that each irreducible representation of W can be associated to
a Lusztig symbol as described in the previous section. In particular, we can see that
(p1,4q1), (P2, q2) will have the same Lusztig symbol if and only if p; = p2 and q; = qa.
In order to determine the nilpotent orbit d and representation p of A(d) associated to
(P, q) under the Springer correspondence, we must first reorganize the Lusztig symbol
of (p, q) so that the symbol satisfies the condition p; < ¢1+1<pa+2<g+3<--- <
qr+20—1 < pr+2(k—1) given in the previous section. The nilpotent orbit associated
to (p,q) is the orbit d associated to this rearranged Lusztig symbol.
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In order to determine u, we first need to be able to say what A(d) is. In Chapter 6
of [24], the authors prove the following theorem:

Theorem 2.3.3. In type C,,

A(d) = (Z./2)° if all even parts have even multiplicity
(Z/2)>=1  otherwise,

where b is the number of distinct nonzero parts of d.

Next, let S be the set of integers appearing with multiplicity one in the Lusztig

symbol, and break .S into intervals, where an interval of S is a subset
(i+1,...,5) CSwith0<i<jandi,j+1¢S[]

The group A(d) is generated by elements of order 2, where each generator, ay, corre-
sponds to an interval I of S, with the additional relation that the sum of the generators
is defined to be 0. In type C,,, u is always a character, and the value of u(ay) is deter-
mined by the Lusztig symbol. In particular, u(ay) = 1 if the associated interval I lies in
the same row of the rearranged Lusztig symbol as it did in the original Lusztig symbol,
and p(ar) = —1 otherwise.

For example, consider the irreducible representation (0, [3]) of the Weyl group of Cs.
After padding 0 to [0?], we get the symbol

()

Since this symbol does not satisfy the inequalities p1 < ¢1 +1 < ps + 2, it is not in
the image of the map from nilpotent orbits to irreducible representations of the Weyl

group. Hence, we associate (g 3}) to the nilpotent orbit that corresponds to the symbol

(=)

which we saw earlier was the nilpotent orbit [4, 2]. Next, we observe that A([4,2]) = Z/2;
hence, p is either trivial or the sign character. We see that S = {0,2,4}, and hence

1 Tt turns out that the number of intervals is equal to the number of distinct even parts of d.
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that we have two intervals, I} = (2), Is = (4), giving us two generators a; and ag of
A([4,2]). Since 2 is in the first row of the original Lusztig symbol but is in the second
row of the rearranged Lusztig symbol, we have p(a;) = —1. Thus, x must be the sign
character of A([4,2]), and so we see that the Springer correspondence associates (0, [3])
to ([4,2], sgn).



Chapter 3

The Bessel Model and the Bessel

Functional

We return now to the setting where G = GSp(4), and show how the Bessel model as
formulated in [I] fits into the narrative formulated at the end of the previous section
before we move on to establishing our main results. We carry all of our notation through
from the previous section. We will have need to realize specific elements of GG, and so

we will explicitly define G as
G:={g e My(F)|g"Qg=kQ ke F*},

where

As in the first section, we let ® denote the root system of GG, with simple roots a1, ao,
and let s1, s9 denote the corresponding simple reflections in W. Let p denote the half-
sum of the positive roots of ®, and let ®* and ®~ denote the sets of postive and negative

roots of @, respectively.

22
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3.1 The Bessel Model as a Generalized Gelfand-Graev

Representation

The transformation property satisfied by the Bessel model depends on the parabolic
subgroup P4 of G containing the subgroup corresponding to the short simple root —a;.
We can factor P4 = LaUs where L4 is the Levi component of P4, and Uy is the
unipotent component of P4, as outlined previously. In this case, the nilpotent element
A can be chosen so that A is the sum of non-zero elements in the long simple root as-
subalgebra and in the (2 + ag)-subalgebra. Let U 4 denote the opposite unipotent of
Uga. Let ¢ be a non-degenerate additive character on F'*', and let 14 (u) = 9o (tr(ru’))
for u € U 4, where u' is the lower left 2 x 2 block of u and r € Ms(F). We assume that
r is non-degenerate. Then the linear character v 4 is the representation of U 4 that we
denoted as n4 in the previous section.

We wish to extend 4 to a character 1;14 of Ug x Zr,, where Z;, = Z1(r) is the
centralizer of r in L4 (this is the same group as Zr(A) as described in the previous
section, by duality). If we look at the orbits of the elements of U 4 under the conjugation

action of L4, we see that each orbit contains an element with

:((1’ ‘0“).

Piatetski-Shapiro and Novodvorsky show that Zj is a torus in L4 — if it is non-split

then the upper left 2 x 2 block of an element of Z, looks like

(O‘ “5> € GL(2).

8 «

We can then define 94 (ut) = ¢4(u) for t € Zy and u € U4. Note that this represen-

tation is the one denoted by 714 in Section going forward we will continue to use

1/; to denote the representation 1& ® 1, where 1 is the trivial character of Z1,(A). Then,

following the previous section, we can define the Bessel model to be IndgA Z (Pa).
The Bessel functional for an irreducible admissible representation 6 on G is defined

to be a linear functional B on the representation space Vy of 6 such that

B(0(ut)v) = a(ut)B(v),



24
for v € Vp, t € Zr, and v € Uy. In particular, note that this means that 1/;14 must
agree with the central character of 6. Following [3], let Z1(0) = Zr N SL(4,0), so that
Zp, is the semidirect product of the compact group Zr (o) and the center of G. In
particular, this means that the model Ind%A Z0(0) (1/; A) is a scalar multiple of the model
defined in the preceding paragraph. Going forward, we will take this second definition
as the definition of the Bessel functional, so as to be consistent with the discussion
in Section We want the character 14 to have o as its conductor, so we choose
w € 0. In order to ensure that Zy (o) is non-split, we choose w & 02. In the next section
we will discuss the existence and uniqueness of a Bessel functional for indg(x;}iv)‘] .
As mentioned previously, the latter condition was covered in [I] in greater generality,
but the Mackey theory argument outlined in Section has the additional benefit
of suggesting an integral realization of the functional, as described in Section We
end this section with the statement of Novodvorsky and Piatetski-Shapiro’s theorem

regarding the uniqueness of the Bessel functional:

Theorem 3.1.1. [1] Let 0 be an irreducible admissible representation of the group G
in a complex space V. Then the dimension of the space of all linear functionals B on V'
for which

B(O(ut)v) = P s(ut)B(v), for allt e Zp(o), uc U, veV

does not exceed one.

3.2 Existence and Uniqueness of Bessel Functionals for

Principal Series Representations

In this section, we will use Bruhat’s extension of Mackey theory as described in [2§] in
order to first show that indg(xl:nliv) admits a Bessel model, and then to give an integral
realization of the corresponding Bessel functional. In particular, much of the argument
used to prove this result for SO(2n + 1) given in [29] can be applied without significant
alteration, so, in the discussion to follow, we will refer the reader to the relevant results
in [29] where appropriate. Before we begin, we note, per [I5], that while the treatment
in [29] ultimately yields a C-valued functional on principal series representations, the

method of proof applies equally well to a functional taking values in any commutative
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C-algebra, and so the fact that X;nliv takes values in R does not introduce any new
complications when translating results from [29].

As mentioned above, the argument that we will use to show that
: 3G, —1 G 7 _
dim Homg(mdB(Xumv),IndUAZL(O)1/JA) =1
originated with Rodier in [2§], and it makes use of the following theorem of Bruhat:

Theorem 3.2.1. [30] Let G be a locally compact, totally disconnected unimodular group.
Let Hy and Hs be two closed subgroups of G, and §; the module of H;. Let T; be a smooth
representation of H; in the vector space E;, w; be the induced representation Ind%n mn
the Schwarz space of T;.

Then the space of all intertwining forms I of m and mwo is isomorphic to the space
of (En ® Eg)-distributions A on G such that

A(hy) % Ak A(hy ) = (81(h1)d2(h2)) /2 A o (71(h1) @ Ta(h2)) (3.2.1)

where h; € H; and \(z) is the Dirac distribution in x. The correspondence between I

and A is given by

I(p1(f1),p2(f2)) —/Gdg2/Gf1(91gz)®f2(92)dA(91)7 (3.2.2)

where f; are locally constant functions on E; with compact support, and p; is the pro-

jection from this space of functions to the Schwarz space of ;.

Let D(X, R) denote the space of R-distributions on a locally compact, totally dis-
connected space X. Following [29], we begin by noting that

HomG(inng;nliva Iﬂd%AZL(U)iﬁA) = Homg (indgAZL(o)i/;X indg (X;nliv)*%

*

where 7,/;1’21 and (X;nliv) are the smooth contragredients of ¥4 and Xgnliw respectively.

Then, by Theorem this latter space is isomorphic to the subspace DJJA’X;}W(G, R)
of D(G, R) of R-distributions A on G satisfying

A(B) * A x Mh™Y) = 632 (0)x oL, (D)4 (R)A. (3.2.3)

Xuniv

for all h € UaZp(0) and b € B. With this condition in mind, we will use a double-

coset decomposition of G to analyze D a G, R). The Bruhat decomposition G =

A 7lenliv (



26
Uwew BwU tells us that every element of G lies in some double coset Bwz _q, (t)U 4 Z1,(0),
where z_,, (F') is the —aj root subgroup of G, and where w = sy, s251, $15251, or wy,
since s1 € UaZp(0). In fact, for each of these w, wz_o,(t) = zo(t)w € Bw, where
either a = a1 or @ = @1 + a2, so we can refine our double coset decomposition and say
that every element of G lies in one of the double cosets BwU 4 Zp,(0).

In a series of results, starting with Proposition 2.4, Friedberg and Goldberg show
that, for a given non-zero A € D I;A’X;;iV(G, R), A can only be supported on one specific
double coset, and that, in addition, A is completely determined by its restriction to
that double coset. The same thing is true in our case, and we will show that the only
double coset that can serve as the support of A is BU 4 Z1,(0). Once we have done this,
our proof of uniqueness of the Bessel model concludes in the same way described in [29].

The following lemma allows us to determine which of these double cosets do not

satisfy the compatibility condition

Xoanie (0) = a(w ™ bw) (3.2.4)

for some b € B with h = w™tbw € U 4Z(0). By Theorem 1.9.5 in [31], any double coset
that fails to satisfy (3.2.4)) for all such b is not part of the support of any distribution
in 'Dd; -1 (G, R)

»Xuniv

Lemma 3.2.2. If w(a) € ®F for any o such that x4 (t) is in the support of P4, then
1 (G, R) must vanish on BwU 4Z1 (o).

every element of DlﬁA L

Proof. In this case, we have X;r}iv(xw(a)(t)) =1 for all t € F, but ¢a(za(t)) is not
constant, so (3.2.4) does not hold on BwU 4Zr (o). O]

Since w(—ag) € Ot for w = s9, 5152, $25152, Lemma tells us that every A €
D"Zi&(univ (G, R) must vanish off of BU 4Zr(0).

In the rest of this section, we will discuss the integral realization of the Bessel
functional for indgxl;lliv, as well as the issue of convergence of the functional. We
will leave the proof of the existence of a non-zero Bessel functional for Section [l If
indgxgnliv has a Bessel model, then Theorem tells us that, if A is a non-zero

element of D, \-1 (G, R), then the corresponding intertwining form, I, of indgxgnliv

AsXuniv

and IndgA ZL(U)J)A’ is given by (3.2.2)). Hence, the corresponding Bessel functional is
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realized as the inner integral of I, which in this case is
B(©)(a) = | olhg)ar(h
_ / [ (@) é(ahg) dudh,
Zp(0) JUA

with g set equal to 1.
Upon showing that this integral is non-zero in the next section, we will have proved

the following theorem:

Theorem 3.2.3. The space of Bessel functionals on ind$, (lenliv) is one dimensional and
there exists a unique such Bessel functional whose restriction to functions supported on

the big cell PoU 4 is given by
¢) = mP< / W(u)p(uh) du dh.
Zn, Ua

Here we have normalized the Bessel functional so that the diagram will
commute with v, = 7?¢ as in Theorem Of course, we could just as easily define
the outer integral to be over all of Zj, since we can see Z, is compact in the non-split
case, so that the functional as defined is just a constant multiple of the Bessel functional
we would get by integrating over all of Z;. Note that, in the split case, Z7, is no longer
compact, so that we will have to worry more about convergence of the functional in
this case. Because of this, we expect the integral realization of the functional to have a
slightly different form, so that, as a Hecke algebra map, it behaves like the Whittaker
functional and intertwines the sign character.

We conclude this section with a brief discussion regarding the convergence of the
functional B. We will start by discussing the convergence of B(¢), ¢ € ind% X, in
a particular completion of R, as described in Section 6.2 of [15] for the Whittaker
functional. Let J = {—ay,(—a1 — a2)¥, (201 — a2)"}, and let C[J] denote the
subalgebra of R generated by J. Let Rz denote the completion of C[J]| with respect
to the maximal ideal generated by J. Our initial claim is that B(¢) € Ry. Since
¢ € mdBXumv is compactly supported mod B, we can see that we do not need to
include any positive coroots in 7. Additionally, since B(¢) is an integral over U 4 Z (o),
we can see that there is no need to include —a}/ in J either. In order to see that

B(¢) € Ry, we apply the following lemma from [15]:
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Lemma 3.2.4. [15] Let p € X.(T). Then the set U N7HUK is compact.

Finally, we observe that, due to the oscillation of the character ¢4, all but finitely
many of the coefficients of the Laurent series B(¢) will vanish, which means that B(¢)
is indeed an element of R, not just Ry. Note that, if we were to specialize X;nliv to
a C-valued character on B, we could show that the resulting functional converges in
C on elements of the corresponding principal series representation using an argument

analogous to that presented in [29].



Chapter 4

The Bessel Functional as a Hecke

Algebra Intertwiner

4.1 Principal Series Intertwining Operators

We will now introduce the principal series intertwining operators. These operators turn
out to be closely connected to the left action of the elements of the finite Hecke algebra
on indg(x;}iv)‘] , and we will exploit this connection in order to show that our functional
acts as a Hecke algebra intertwiner in the way predicted in Theorem

Our initial goal is to define a family of intertwining operators, one for each w € W,
that take M to itself. Our first guess at such an operator

Ty:¢—  d(wug) du,
UnwUw=1

does not quite work, because it does not preserve M. As shown in [I5], there is a way

to extend M by scalars to a completion of R according to the roots
o i={acd" |wl(a)cd},

such that this extension of M is preserved by Z,,, but instead of doing this, we choose

to use normalized versions of these intertwiners, A,,, where

Ay = H (1 —ﬂav) Tws

acdt

29
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since, using basic properties of Z,, recorded in Lemma 1.13.1 in [I5], we can see that
Ay preserves M. Now, since A, € Endy (M), we can regard A, as an element of H
acting on the left of M. In particular, we see that, for a simple reflection s4, the desired

relation between Ag, and Ty, is
A, = (1 =g Hr* +¢7' 1 — 7). (4.1.1)

We pause here to note that it was Rogawski in [32] who first used to recover
earlier results of Rodier and others on the structure of the unramified principal series
representations. However, Rogawski was using to recover information about the
intertwining operators from his knowledge of the Hecke algebra action, which is the

opposite of what we will do.

4.2 Calculating Intertwining Factors

In order to prove Theorem we will use to reduce the problem to under-
standing the interaction between the principal series intertwiners and the functional. In
particular, since the Bessel functional is unique and since Bo A, is a Bessel functional
on ind% (s, - X, ), We know that it must be a constant multiple of s, o B. Hence, for

each simple root «, we want to calculate ¢, € R such that
Bo As, = ca(sq0B).
This turns out to be a tractable calculation, yielding the following results:
Proposition 4.2.1. With notation as above, we have that
BoA, =(1—q '7)(s10B), (4.2.1)
and
Bo Ay, = (7% — ¢ V) (sy0B). (4.2.2)

Remark. We expect that, for the rank n case, (4.2.1) will hold for all short simple roots
and (4.2.2)) will hold for the long simple root.

In order to prove (4.2.1), we will need to calculate the image of the Iwahori-fixed
vectors ¢1 and ¢g, in the model. It turns out that the difficult part of this is calculating
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the intersection of our domain of integration, U 4 Z,(0), with the support of these func-
tions. The goal is to express the intersection as a set whose measure we can calculate
when it appears during evaluation of the functional. As a first step towards determining
these intersections, then, we note that Zp (o) is contained in the Iwahori-Bruhat cells
J and Js1J. Recalling the definition of Z (o) from Section we see that elements
of the stabilizer are in J if and only if & € 0* and S € (w). Since Zp(o) N Js1J is
the complement of J contained in Zp (o), we see that Zz(0) N Js1J consists of those
elements of Z1(0) such that 5 € 0*. Hence, an element of Zj (o) is in Js;J if and only
if 5 € 0 and a € 0. We choose our Haar measure so that m(Zr(0o) NJ) = 1, which
means that m(Zg (o) N Js1J) = q.

If g € U 4 has Iwahori-Bruhat decomposition bwj with b € B, w € W, and j € J,
and z € Zr(0), then w4z can be in the support of ¢y, BJ, only if z € J and w = 1,
or if z € Js1J and w = s;. Likewise, g2 can be in the support of ¢g,, Bs1J, only if
z€ Jand w=sy orif z € Js;J and w = 1. With this in mind, once we develop our
understanding of UaNBJ and Uy N BsiJ, we should be able to calculate B(¢1) and
B(¢s, ) easily.

In order to determine that U 4N Bs;.J is empty, we are going to appeal to the Iwasawa
decomposition of G with respect to P4 and to the Bruhat factorization of G(o0) with
respect to P4(0). In other words we will be using the “block” Iwasawa decomposition
G = P5G(0), which is just a more coarse version of the usual Iwasawa decomposition.
The “block” Bruhat decomposition of G(o) is achieved analogously - we begin by defining
Ja to be the preimage of P4(k) under the canonical homomorphism G(0) — G(k), so
that G(0) = JaU JasaJa, which gives us the decomposition G = P4 J4 0 PgsaJ4. Since
Bs1J C PaJa, we will be able to use the result of the following lemma to figure out
what U4 N BsyJ is.

Lemma 4.2.2. UsNPaJs=UsNJ4.

Proof. Let iy € U N PyJa. We see that the standard argument for the rank 1 Iwahori
factorization J = (J N B)(JNU) can be adapted here to give J4 = (Ja N Pa)(JaNU 4).
Using this, we see that we can factor iy = pj, with p € P4 and j € J4NU 4. Rewriting
this as ﬁAj_l = p, we see that ﬂAj_l cUsNPy,sotig=75€JanUa. O

Lemma tells us that U4 N BsyJ is contained in U4 N Jy4. In particular, note



32

that U4 N Js C J, which means that U 4 N BsyJ is empty.
Our next step is to show that Uy N BJ = U N J. To do this, we will use the result
analogous to the one above for the usual Iwahori factorization. This result follows by

an argument similar to the one given in the proof of Lemma
Lemma 4.2.3. UNBJ=UnNJ.

Proof. Let w € UNB.J. Then, using the standard Iwahori factorization, J = (JNB)(JN
U), we see that we can factor u = bj, with b € B and j € U N J. Rewriting this as
wj ! = b, we see that, whileuj ' ¢ UNB,sou=j€UnNJ. ]

For our purposes, suppose that w4 € U4 N BJ in the argument above. Then,
using the factorization of w4 from the proof of Lemma we see that uqg = j. In
particular, this means that j € U 4, as well as meaning that 4 € .J, so that we see that
UanNBJ=UanNJ.

With these results behind us, we now see that
UaZp(o)NBJ = ({UanJ)(Zr(o)NJ) (4.2.3)

and that
UaZp(0)NBsiJ = (UanJ)(Zp(o)NJs1J). (4.2.4)

We make the choice now to normalize our Haar measure so that m(U4 N J) = 1. We
are ready to prove Proposition (4.2.1)):

Proof of Proposition[{.2.1. In order to make our calculation of ¢, easier, we will eval-
uate Bo Ag, on the Iwahori-fixed vector ¢1 + ¢5,. From Lemma 1.13.1 in [I5], we know

that
B(As, (¢1 + bs1)) = (1 — 7)) B¢ + o).

Note that, if we can show that B(¢1) and B(¢s, ) are both invariant under the reflection
$1, then we will have proved . Now, it follows from that B(¢1) = e , and
hence B(¢1) is invariant under the reflection s;. Similarly, it follows from that
B(¢s,) = qn?? , and so we see that B(¢s, ) is also invariant under the reflection s;.
Next, we calculate co,. Finding this intertwining constant is similar to the corre-

sponding calculation for the Whittaker functional on GL(2). Let ¢ be an element of
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ind%(x ., )7 on which B is non-zero. A priori, we do not know that such an element
exists - however, in our proof of (4.2.1) we showed that ¢; is such a function. We see
that

B(As,, #)(1) = m* /Z o /U /F VA (W) (S92, (T)Uz) dr du dz,

where zq,(7), with 7 € F, denotes an element of the as-root subgroup of G. Note
that we only need to evaluate the functional at 1 in order to determine the intertwining

constant. Using the rank 1 Bruhat decomposition
52y (T) = ha, (Tﬁl)xaz (7)37—&2 (7—71)7

where h,, is the semisimple subgroup of the embedded SL(2) triple corresponding to

ag, and excluding the point 7 = 0, we can rewrite this integral as
[ eaanhthe (7 )é( () dr dudz,
Zy, (0) Uy JFX

After factoring @ into root subgroups and performing some linear changes of variables,

we find that

B(As,,¢)(1) = 7 /

Ya@o(@z) [ Ya(—wr Xk, (hay (T71)) dr dudz
Zr(0) JUA Fx

= Cay(Say © B(¢))(1),

where
Cop = [ Val=em ™ uniy oy (7))

This last integral can be evaluated by shells so that, after normalizing the Haar measure

so that m(xq,(0)) = 1, we get the familiar Whittaker intertwining constant

Cay = (7r0‘2V — q_l).

4.3 Proof of Theorem [1.0.2

In order to show that B is an H-intertwiner as claimed in Theorem [1.0.2] we will need

to know the action of T, on V; = R explicitly for simple reflections s,. The calculation
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of this action follows easily from the Bernstein relation: for a basis element m#v., where,
as before, v, denotes the eigenvector of H( corresponding to e, (2.1.1]) gives

sa(n) _ rh
oty — ~Sal) )T
Ty, - e = mWe (T, Jve + (1 — q) T —av e
1—gq q—1
= <€(Tsa) + = W_av> moay, 4 Ppp—— e,
where in the second equality we have rearranged terms so that we can see how Ty, - 7" v,
is expressed as a linear combination of 7#v, and 7%y, over R. Thus, regarding T,

as an operator on R, we see that T, acts on f € R by

Ty, : [ — (E(Tsa) + 1iwq> - 7,1avf (4.3.1)

Proof of Theorem[1.0.3, The main result we need to prove is that B is indeed a left
H-module intertwiner from ind% (x5 )7 to Vi, where ¢ is the character that acts by
multiplication by —1 on long simple roots and acts by ¢ on short simple roots. Once we
have done this and checked that F(17(,)r.7) = B(¢1) = 7P¢ | we can see that the diagram

—1
Xuniv

consequence of Lemma as shown in the proof of Proposition B(¢1) = e
and we observe that F(]_T(U)UJ) =F(lreus *1y) = Pe

commutes since ind%( )Y =2 M = . That the diagram commutes on L@y is a

In order to prove that B is a left H-module intertwiner, it suffices to show that, for

any ¢ € indf (xgui)”
B(h-¢)=h-B(¢),

for a set of generators {h} for H. In particular, we will choose our set of generators
to be those elements of the form 7#T;, where p € X.(T) and s, is a simple reflection.
Since 7 acts by translation on both V; and indg(x;}iv)‘] , we can reduce to checking
the equality on T, .

From , we immediately see that

1= 7)B(Ty, - ¢) = B(As, ) — (1 —q )7 B(9).

Now, we need to split into cases since the left action of H on elements of V. depends on
the length of the simple root a.. From Proposition (4.2.1]), we see that

Y

- v (1= 17" ) (50 0 B)(¢) + (¢ — )7 B(¢) ifa=a
Y1 —7)B(T,, - ¢) = y
| ol 0) { —q V(s 0B)(@) + (¢ =) B(¢) if a = as.

(n
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Dividing by ¢~ 1(1 — 71'&\/), we see that the operator acting on B(¢) is

Fry 4 { (1 =g m® ) oo 4 (¢ = D)r' f ifa=

1— o’ (m — g Ve + (¢ = Da f if o= o

If we compare this with the operator that we got in (4.3.1) that described the action
of T, on R, we see that it matches it exactly in both cases, remembering that (T, ) = ¢
and e(Ts,) = —1. Thus, B(Ts, - ¢) = Ts, - B(¢) for any ¢ € ind%(xy,) and simple

reflection s,. ]



Chapter 5

Calculating Distinguished Vectors

at Torus Elements

In this section, we will focus on calculating the images of distinguished vectors in unique
models of the universal principal series of GSp(4). In we will conclude our discus-
sion of the Bessel functional with proofs of Theorem and Theorem Then,
in Section [5.2] we will move on to discussing the connection between the Whittaker-
Orthogonal models defined in [17] and the proposed H-intertwiner corresponding to the
fourth character, o, of the finite Hecke algebra of GSp(4).

5.1 Calculating Distinguished Vectors in the Bessel Model

As mentioned in Section [I} we will use Theorem to calculate the images of certain
distinguished vectors under B on anti-dominant, integral torus elements - in particular,

we will use it to prove Theorems [1.0.3] and [I.0.4 Before we can prove Theorem [1.0.3]

we must first prove the following Iwahori factorization:
Lemma 5.1.1. J = (JN B)(JNUaZ(0)).

Proof. Using the usual Iwahori factorization, we can see that it suffices to show that
the subgroup x_, ((7)) of J is contained in (J N B)(J NU 4Z(0)). To see that this is

the case, observe that, for 7 = ur? with u € 0* and j > 0, we can factor z_,, (7) = bh,

36
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where

g 0 . 1—-wt)™ —wr(l —wr?)™!
b= with g = ;
0 detg-(¢")! 0 1

0 1
h= 7 with v = “T.
0 detvy-(y)! T 1

proof of Theorem [1.0.3. We begin by looking at the right-hand side, T,,7* - v.. We will
use the commutativity of the diagram (1.0.4]) and the dominance of A to show that

and

O]

B(¢w * 1J7r>‘J) = Twﬂ)\ " Vg,

so that it suffices to show that

Br )= —

WB(@U *1ypng)-

In order to see that this second equality holds, first note that 7= - ¢, = Ny vwim)
by definition (here we emphasize the definition of 7 as a vector-space isomorphism from
C.(T(0)U\G) to indg(xgnliv)). Now, if we look at B(¢w*1 ;.5 ) = B((Lroyvws*1izrs))s

we see from the definition of the convolution that

B(pw * 152 ;) = DM (Lriovirws) (hi7) dj dy dh.
Gostion= [ [ [0 ki) dids

Using Lemma and making the change of variables h +— hj !, the integral above

simplifies to

()L (o)trwsnr) (R) dh,

UaZy,

Blw s Lypy) = m(Im) |

since the conductor of ¢ is 0. This is the equality that we wanted to establish.
To see that B(¢y * 1.5 ;) = Ty - v, we first note that

bw * Ly = n((Lpyws * Tw) * 1y g) = 0(Twm™) - Ireyo.),

where the second equality follows because A is dominant. Thus, using the commutativity
of the diagram ((1.0.4]), we see that

B(¢w * 1Jﬂ.>\J) == Twﬂ'/\ * Ve
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As noted at the beginning of the section, the linearity of B gives us the following

immediate corollary regarding ¢°:

Corollary 5.1.2. For dominant X,
1
B “A L0y - - Tw A N
(w2 ¢%) m(JrrJ) ;V T

In order to prove Theorem we will to make use of an identity of operators
on Frac(R). Recall that when we recorded the action of T, as an operator on R in
, it was with R regarded as a left H-module with eigenvector 1. Our goal is to
calculate the image of the spherical function in the model V., and, as noted previously,
R is isomorphic to V. under the isomorphism 1 — 7P¢ . Then, extending the action
of H to Frac(R), we realize the operator associated to T, via this isomorphism (now

regarded as an isomorphism of Frac(R)) as
Ty 1= WpEVTsaﬂ_prV’

so that we can rewrite Corollary (5.1.2)) as

“A o n P A+2pY
B(ﬂ' . ¢ ) = m Z Twﬂ' T2pe .
weW

Explicitly, the action of T, on Frac(R) for a simple root « is given by

T f = L (7.[.04\/ _ q—l)ﬂ_avfsa + (q—l _ 1)7_‘_an if @ = o
S * 1—- 7'('04\/ (1 o qflﬂ_a\/)fsa + (qil _ 1)7I'avf i o= o,

The operator identity that we will use is a deformed version of the Weyl character
formula, established in [4] in a more general setting where G is only assumed to be
split, connected and reductive. Let €2 denote the operator on Frac(R) given by the

Weyl character formula-like expression
Q:=n7" H (1—7 ) AT,
acdt

The deformation depends on the choice of character of the Hecke algebra, as described

in the following theorem:
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Theorem 5.1.3. [J] If we have a character T of Hy for G, then

YoTw=| ] =) || [[ O—a) |,

weWw aE@fl a€<1>q+

where ‘IDJ_FI, resp. CI’;, are those positive roots that are the same length as the simple

roots a such that () = —1, resp. 7(a) = q.

In the case of ¢, @fl = {a2,201 + as} and @;1" = {a1, 1 + as}, and making these
substitutions gives us Theorem The image of the spherical function in the Bessel
model evaluated on torus elements was already calculated by Bump, Friedberg and
Furusawa in Corollary 1.8 in [3], and, indeed, it can be confirmed by observation that

our formula matches theirs, up to normalizationﬂ

5.2 Whittaker-Orthogonal Models and the Shalika char-

acter

In this section, we consider the character o of Hg, which was defined in Section [I] to be
the character which acts by ¢ on long simple roots and —1 on short simple roots. For
each of the other three characters of Hy on GSp(4), we have found a subgroup S C G
such that the model formed by inducing S to G contains that character with multiplicity
one - ¢ is the only character for which we have not found an explicit integral realization
of £ as in the diagram . However, even without this information, we can still say
what the image of the spherical function under £ in V,, evaluated on torus elements,
would have to be, by the commutativity of combined with Theorem Upon
completing this calculation, we notice that the result matches the image of the spherical
function in the Whittaker-Orthogonal model (WO-model) defined by Bump, Friedberg,
and Ginzburg in [I7], which we record in Proposition

The WO-model is defined as a representation on SO(2n +2). Let U be the opposite
unipotent radical of the parabolic subgroup of SO(2n + 2) with a Levi component that
is diagonal except for a central SO(4) block and let ¥ be a character of U defined as

Y(w) :=Yo(Uo1 + Uz + -+ + Up—2pn—1 + Un—1,n41 + Un—1n42),

Y n [3], they work with a choice of unramified principal series ind%y instead of the universal principal
series. The parameters denoted o, a2 in [4] can be expressed as of = X(ﬂ_(a1+a2)v) and a3 = X(ﬂ'alv).
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where g is a nontrivial additive character of F' with conductor 0. Let Z(¢) = SO(3)
be the stabilizer of this character contained in the Levi. Then, for an unramified rep-
resentation € of SO(2n + 2), we say that 6 has a WO-model if there exists a nonzero

linear functional WO on the representation space Vy of 6 such that
WO(8(@h)r) = h(@WO(x),

forw € Uy, h € Z(3), and © € Vy. The uniqueness of WO-models is established in
Theorem 4.1 in [I7]. The authors then show, in Theorem 4.2, that, if ¥ = ind§ () is
an irreducible unramified principal series representation, then y admits a WO-model if
and only if x is a local lifting of an unramified principal series representation of Sp(2n).
We call x a local lifting from Sp(2n) if one of the Langlands’ parameters of x is 1. The
authors note that this is in conformity with Langlands’ functoriality since the L-group
of Sp(2n) is SO(2n+1), and that if one of the Langlands’ parameters is 1 then the given
conjugacy class is in the image of the inclusion of L-groups SO(2n + 1) < SO(2n + 2)E|

Now, suppose that we have an unramified principal series representation of SO(6),
% = ind%x, where x = (X1, Xnt1) With X1,..., Xn41 quasicharacters of F*. Let
z; = xi(m) for each i, and let z = x(w). Then, if 2,41 = 1, we have the following
formula from Theorem 4.3 in [I7] for the image of the spherical vector of x under WO

evaluated at torus elements 7, with A = (A1, A2, 0):

Theorem 5.2.1. [17] Let WO be the WO-functional on V5, such that WO(¢°) = 1. For
A€ X (T), we have

_ _ AP 2 (1 — gt h)
A . A%) — 21 . 1 1
WO(Z ¢ ) Zl A(va)

Remark. Note that all of the root data here are given with respect to the root system

for SO(2n + 2), with p defined analogously to how it was defined for GSp(4).

We will conflate x with the representation of GSp(4) of which it is a local lifting
(and, hence, we will also conflate the spherical functions for both representations). In
the following proof, let Aj, A2 € X (T') with A\; = (1,0) and A\ = (0, 1).

proof of Proposition [1.0.5. We begin by evaluating the two functionals at z* and 71,

respectively, where A; (resp. A2) is embedded in the cocharacter group of the torus of

2 Recall that the L-group of SO(2n + 2) is SO(2n + 2).
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SO(6) as (1,0,0) (resp. (0,1,0)). In this case, we have that

A(va 21) — q_lA(zpv)
A(zr") ’

In order to give explicit expressions for these alternators, we will need to make a choice

WO(z™ - ¢°) =

of quasicharacters u; such that ,u? = x; for each ¢ - there are two options for each u;,
and we make one arbitrarily. Let & = p;(7) for each i. Then, evaluating these two

alternator expressions, we find that

(E+ DG+ D) (G —D(E + 1)+ &) (6 — &)
£¢3 7
&85 + 6365 — 5152 +& 4+ A

A(Eie) =

A(€6) = (£¢2).

Simplifying, we see that

A¢2 | 204 ¢202 | 02 02 —1¢242
WO(2— . ¢°) — §16 + 8186 — & + &1 +8 — g &6
= 78

=Zl+Z2—1+251—|—zf1—q_1.

(5.2.1)

On the other hand, in order to calculate F (7~ L1y ), where F is the functional

from the universal principal series M to V, defined in the diagram ([1.0.4)), we can use

Theorem with @fl = {1, 1 + ag} and @; = {9,201 + ag}, along with the
commutativity of (1.0.4). Hence, we have that

F(r ™ lpowk) = Z Ty - 7

weWw
r2AtA2 + qaAMT2A2 q—1ﬂ->\1+)\2 — qphitAe + S| 4 A2
o A2 ’
—1 -1\ A A1+A -1
—(¢7' + (g2 — ) (et — g7

where N = = YED

As defined in (1.0.4), F is not normalized so that F(1prk) = 1, as WO is in Theorem
Indeed, we see that

Flreur) = Y Tw

weWw
= N.

Thus, after normalizing F(17()rx) = 1, we see that

F(r ™ Apeur) = a™ + % = 1422 4o~ — g7
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which agrees with (5.2.1)), indicating that the WO-functional is a lift of the proposed

intertwiner corresponding to o.

O]



Chapter 6

Unique Models and the Springer

Correspondence

In this chapter, we assume all of the definitions, results, and notations discussed in
Section We begin by finishing up a thought from that section before describing how
we expect to construct a gGGr containing V- in its J-fixed vectors for a given irreducible
representation 7 of H.

As noted in Section the trivial character and the sign character of H, are
connected to the spherical model and the Whittaker model, respectively, in the sense
described above, and the character € of Hg that acts by —1 on long simple roots and by
g on short simple roots is similarly connected to the Bessel model for G = SO(2n + 1)
or G = Sp(4). Using the parametrization from Section we see that these three
characters correspond to ([n],?), (0,[1"]), (0, [n]), respectively, with the fourth character
o corresponding to ([1"],0). In Section [6.1] we will describe a version of our conjectured
connection between Hy and gGGr’s in the context of G = Sp(4), and then, in Section
we will discuss the impact that initial investigations into extending the results of

this paper to Sp(6) have had on the current state of this conjecture.

6.1 A First Pass: G = GSp(4)

If G = Sp(4), the Springer correspondence can be represented in the following chart:
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(p,a) | (d,po)
0,01%) | (1%, 1)
((21,0) | ([4],1)
([17,0) | ([2,1%],1)
@,12) | (2%, 1)
([13,11]) | ([27], s9n)

In particular, we note that, in this cse, we have four nilpotent orbits corresponding to
the partitions [4], [22],[2,1?], and [1%], and for each of these partitions, the group A(d)
is trivial except for the partition [22], for which A(d) = Z/2.

If we use Kawanaka’s gGGr construction to build the Whittaker functional, we
see that the nilpotent element A that we start with lives in the orbit [4] according
to Theorem If we do the same thing for the spherical functional, we see that
we begin with an element of the orbit [14]. However, Brubaker, Bump, and Licata
showed in [33] that the Whittaker functional is an intertwiner for the sign character of
Ho, which is associated to [14] via the Springer correspondence, and Brubaker, Bump,
and Friedberg showed in [5] showed that the spherical functional is an intertwiner for
the trivial character of Hg, which is associated to [4] via the Springer correspondence.
This led to the conjecture that, if one starts with an irreducible representation of Hy,
then one should be able to construct a gGGr in which this representation is realized
with multiplicity one from an element of the nilpotent orbit whose associated partition
is the transpose of the partition associated to the nilpotent orbit associated to the
original Ho-representation via the Springer correspondence. In the example established
in this paper, we see that the Bessel functional is associated to the character e of Hy,
which, via the Springer correspondence is associated to the nilpotent orbit parametrized
[2,12]. However, the transpose of this partition is [3, 1], which does not parametrize a
nilpotent orbit in sp(4). The issue here is that, while, for type A,,_1, the transpose
is an order-reversing involution of the Hasse diagram for the nilpotent orbits of sl(n),
the analogous involution for type C), is a bit more complicated. In particular, if d
parametrizes a given nilpotent orbit, but d " does not, then we follow further instructions
in [24] for how to manipulate d' in order to find the image of d in the order-reversing
involution; these manipulations are referred to as the C-collapse of d'. In the case of

the partition [3,1] = [2,1%]T, the C-collapse of this partition is [2%], which is exactly
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the orbit containing our original nilpotent element A in Section [3.1}

As for the fourth character that we discussed in Section[5.2] the Springer correspon-
dence tells us that this character should be associated to the orbit [22]. Since [22] is its
own transpose, our conjecture tells us that the gGGr that should contain this character
with multiplicity one is the Bessel model. However, this cannot be correct since the
values for the spherical function on torus elements in the Bessel model do not agree
with the values for the spherical function in a model that intertwines o.

The search for a unique model containing the remaining irreducible representation
of Hy - the two-dimensional representation ([1], [1]) - also provides us with some avenues
of future research. In Kawanaka’s conjecture, there are no restrictions on the type of
orbit from which the nilpotent element A is chosen, so we expect this connection be-
tween unique models and Hecke algebra representations to extend to higher-dimensional
representations of Hg. Attempting to do this will also require some development of the
original conjecture, however, since, as seen from the table, the gGGr we would naively
construct according to the conjecture would start with the nilpotent orbit [2%]. Tt is
not surprising that that this orbit seems to be overloaded, since, up to this point, we
have completely ignored the group A(d). Specifically, we would expect that the sign
representation of A([22]) would be a factor in the construction of the gGGr for the
representation([1], [1]). In fact, this seems to be borne out in Conjecture 2.4.5 in [2],
where the connection between A(d) and the gGGr appears to be realized in the exten-
sion of the character 4 from U 4 to the representation 74 on Z (A)x U 4. In particular,
recall that this extension is achieved by taking the tensor product of n4 and a repre-
sentation of Z1(A). In each of the examples computed so far, we have had the trivial
representation of A(d) as part of the pair (d, uq) associated to our irreducible represen-
tation of Hg, and in each case we have taken 74 = n4 ® 1, but Kawanaka implies that
there is a connection between the character pg and the character of Z1(A) that we use
in the definition of 774. Figuring out this connection seems like another logical next step

in this story.
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6.2 The Next Step: G = GSp(6)

We hope to extend the main results of this paper from G = Sp(4) to G = Sp(2n). In
particular, we have some preliminary results that suggest that the gGGr that we believe
should be connected to ¢ should itself be constructed using a nilpotent element A taken
from the orbit [2"] and the trivial character of the stabilizer of n4. Focusing on the case

where n = 3, we record the Springer correspondence in the following chart:

(p,q) (d, po)
((3,0) | ([6],1)
(2,1],0) | ([4,1%],1)
([1°1,0) | ([2,1%,1)
(2,[1]) | ([4.2],1)
([1?], (1) | ([2°],1)
([1,[2) | ([387],1)
([, [1?]) | ([2%,1%],1)
(0.03]) | ([4,2],s9n)
(0,[2,1]) | ([2%,17], 5gn)
@,01%) | ([1],1)

In particular, we note that neither ([23],1) nor ([3%],1) correspond to &, as we might have
predicted. Instead, we now believe that the path from an irreducible representation of
the Hecke algebra to its associated gGGr goes through the Langlands dual group, “G, of
G (recall that both G and G have the same Weyl group, so having this correspondence
go through the dual group versus through G is not something that would be detectable
from #). Explicitly, our idea is that, in order to determine from which nilpotent orbit
A should be chosen, we start with an irreducible representation 7 of Hgy and apply the
Springer correspondence to “G to get the pair (d,x). We then take d’ to be the image
of d under the appropriate order-reversing involution of the set of nilpotent orbits, and
pick A from the special orbit of G corresponding to d’ under the bijection between the
set of special nilpotent orbits of G' and the set of special nilpotent orbits of “G. In types
B,, and C,, a special nilpotent orbit is simply a nilpotent orbit d such that d ' is also

a nilpotent orbit.
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In order to make this all a bit more concrete, we first take a step back and define
the partial order on the set of nilpotent orbits that we referenced above as well as in
the last section: geometrically, if @ and O’ are two nilpotent orbits, then we say that

O < O if O C O'; translated to our parametrizations, we have that d < d’ if

Y di< ) djfor 1<k<N,
1<j<k 1<j<k

where d = [di,...,dn], d’ = [d],...,d}] are partitions of N. This partial order on
partitions is referred to as dominance order. Refocusing on the case where G = Sp(6),
whence “G = SO(7), we have the following list of special orbits, listed according to the

partial order described above:

Sp(6) | SO(T7)

[6] [7]

[4,2] (5,12

[3%] [3%,1] (6.2.1)
[2%] 3,27

[22,12] | [3,1%]

1°] 17]

The bijection between orbits of G and “G mentioned above is simply the one sug-
gested by the partial ordering, which is depicted in . Thus, according to our
revamped conjecture, we see that  corresponds to the pair ([32,1],1) for G = SO(7).
Since [32,1] is a special orbit, its transpose [3,2?] is its image under the usual order-
reversing involution, and we see that [3,22] corresponds to [23] under the bijection
between special nilpotent orbits of G and special nilpotent orbits of “G, as desired.

We also point out that the trivial character of H, still corresponds to [1*] under this
new conjecture, and the sign character still corresponds to [4]. One can check that this
new conjecture is also compatible with our results for Sp(4). Additionally, one can check
that this conjecture is also compatible with the results of [4], in which G = SO(2n + 1)
and “G = Sp(2n).

However, just as with our original conjecture set forth in Section we are still
completely ignoring the group A(O) in this updated conjecture. The connection between

the character up and Zp(A) is slightly more mysterious given this longer path from O
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to A, but, as explained in the last section, we can still be sure that the final version of
the conjecture will prominently feature the role played by pe in the construction of the

associated gGGr.



Chapter 7

The Bessel Model for GSp(2n)

In this section, we will give a description of what we believe to be the Bessel model for
G = GSp(2n), along with a proof that this model is a unique model for the universal
principal series. We will employ the same notation as we used in Chapter |3| (extended

appropriately, in some cases). In particular, we will explictly define G as

G:={G e My, (F) | g"Qg = kQ, k € F*,

where
—
0=
Q/
and Q' is the n x n matrix with 1’s on the antidiagonal. Let aq,...,, denote the
simple roots of the root system ®, and let si,...,s, denote the corresponding simple

reflections in W.

7.1 The Bessel Model for GSp(2n) as a Generalized Gelfand-

Graev Representation

As discussed in Section we believe that the nilpotent orbit that we will want to
use to construct our gGGr is [2"]; this means that the nilpotent element A will be an
element of the subalgebra ) «, where the sum is taken over the long roots in ®. It
also means that the parabolic subgroup P4 will contain the subgroups corresponding

to the negative short simple roots; we define L4, U, U4 analogously to Section
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Let 19 be a non-degenerate additive character on F'*, and let 14 (u) = 1o (tr(ru)) for
u € Uy, where u' is the lower n x n block of u and r € M,,(F). We assume that 7 is
non-degenerate.

In this case, we find that Z;, = Z1,(A) is the subgroup of L4 with GSO(n) blocks on
the diagonal according to the symmetric bilinear form Awg, where wy is the long Weyl
element. We extend 14 to a character 1/; 4 on Uy x Zp, in the usual way, and define the
Bessel model to be the gGGr Ind%AZL(O)(zﬂA), where Z1(0) := Z; N SL(2n,0).

Extending the GSp(4) case, we define a linear functional B on the representation

space Vy of an irreducible admissible representation 8 of G to be a Bessel functional if

B(O(ut)v) = da(ut) B(v),

for v € Vp,t € Z(0), and u € U 4.

7.2 Uniqueness of Bessel Functionals on GSp(2n) for Prin-

cipal Series Representations

The argument for the uniqueness of B on GSp(2n) for the universal principal series
follows the same arc as the proof given in the GSp(4) case given in Section . In fact,
most of the argument can be transferred over, virtually unchanged, so in this section
we will highlight the only true obstacle in generalizing this result to the rank n case,
which is the reorganization of the Bruhat decomposition that we will need to use. Even
this task is done in analogy with how it was handled in Section but the nature of

that analogy requires some explanation.

Proposition 7.2.1. Let Wi = (8;)i<n. The group G = GSp(2n) can be decomposed
into the disjoint union
G = |_| BU)UAZLO.
wEW/WL

Proof. As in Section we begin with the Bruhat decomposition

G = |_| BwU.
weWw
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This decomposition tells us that every element of G lies in at least one double coset of

the form

BwULU AZ(0), where Uy = H U |,
acdy
and where @7, = {a € ® | 24(F) C La}, and ®, := &, NP~ In fact, since s; € Z1(0)
for each i < m, we can refine this decomposition and assert that each element of G
lies in at least one double coset of the form BwU;UsZ (o) where Uy, is the product
of root subgroups whose corresponding roots are in CDZ = ®;, N ®T, and where w is
the coset representative from the group W/Wp, with minimal length. Note that, at this
point, our decomposition becomes disjoint again. Finally, observe that, for any such w,

wuw™ € B, and hence

G = |_| BwU AZ (o).
wEW/WL

O]

Recall from Section that one step in determining the uniqueness of the model is
showing that the subspace of R-distributions on G satisfying is one-dimensional.
In particular, we noted that, according to [31], any double coset that didn’t satisfy
the compatibility criterion could not be part of the support of any distribution
satisfying . This result still applies to our current case, G = GSp(2n), and, hence,
Lemma still applies, its proof unaltered. Since w(—ay,) € ®* for w ¢ Wi, Lemma
tells us that any distribution satisfying must vanish off of BUAZp(0),
implying that this substace of distributions is at most one-dimensional. From here, we
see that the Bessel model on GSp(2n) is a unique model for the universal principal

series.



References

[1]

2]

M. E. Novodvorskii and I. I. Pjateckii-Sapiro. Generalized Bessel models for the
symplectic group of rank 2. Mat. Sb. (N.S.), 90(132):246-256, 326, 1973.

Noriaki Kawanaka. Shintani lifting and Gel'fand-Graev representations. In The
Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), vol-
ume 47 of Proc. Sympos. Pure Math., pages 147-163. Amer. Math. Soc., Providence,
RI, 1987.

Daniel Bump, Solomon Friedberg, and Masaaki Furusawa. Explicit formulas for
the Waldspurger and Bessel models. Israel J. Math., 102:125-177, 1997.

Ben Brubaker, Daniel Bump, and Solomon Friedberg. Matrix coefficients and
Iwahori-Hecke algebra modules. Adv. Math., 299:247-271, 2016.

Benjamin Brubaker, Daniel Bump, and Solomon Friedberg. Unique functionals and

representations of Hecke algebras. Pacific J. Math., 260(2):381-394, 2012.

I. G. Macdonald. Symmetric functions and Hall polynomials. Oxford Classic Texts
in the Physical Sciences. The Clarendon Press, Oxford University Press, New York,
second edition, 2015. With contribution by A. V. Zelevinsky and a foreword by
Richard Stanley, Reprint of the 2008 paperback edition [ MR1354144].

Bogdan Ion. Nonsymmetric Macdonald polynomials and matrix coefficients for
unramified principal series. Adv. Math., 201(1):36-62, 2006.

A. Gerasimov, D. Lebedev, and S. Oblezin. Baxter operator and Archimedean
Hecke algebra. Comm. Math. Phys., 284(3):867-896, 2008.

52



[9]

[10]

[11]

53
Anton Gerasimov, Dimitri Lebedev, and Sergey Oblezin. On g¢-deformed gl;, -
Whittaker function. I. Comm. Math. Phys., 294(1):97-119, 2010.

Philipp Fleig, Axel Kleinschmidt, and Daniel Persson. Fourier expansions of Kac-
Moody Eisenstein series and degenerate Whittaker vectors. Commun. Number
Theory Phys., 8(1):41-100, 2014.

Mark E. Novodvorsky. Automorphic L-functions for symplectic group GSp(4). In
Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math.,
Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math.,
XXXIII, pages 87-95. Amer. Math. Soc., Providence, R.I., 1979.

Ilya I. Piatetski-Shapiro and David Soudry. L and e functions for GSp(4) x GL(2).
Proc. Nat. Acad. Sci. U.S.A., 81(12, Phys. Sci.):3924-3927, 1984.

Masaaki Furusawa. On L-functions for GSp(4) x GL(2) and their special values.
J. Reine Angew. Math., 438:187-218, 1993.

Brooks Roberts and Ralf Schmidt. Some results on Bessel functionals for GSp(4).
Doc. Math., 21:467-553, 2016.

Thomas J. Haines, Robert E. Kottwitz, and Amritanshu Prasad. Iwahori-Hecke
algebras. J. Ramanujan Math. Soc., 25(2):113-145, 2010.

W. Casselman. The unramified principal series of p-adic groups. I. The spherical
function. Compositio Math., 40(3):387-406, 1980.

Daniel Bump, Solomon Friedberg, and David Ginzburg. Whittaker-orthogonal
models, functoriality, and the Rankin-Selberg method. Invent. Math., 109(1):55—
96, 1992.

George Lusztig. Affine Hecke algebras and their graded version. J. Amer. Math.
Soc., 2(3):599-635, 1989.

C. Mceglin and J.-L. Waldspurger. Modeles de Whittaker dégénérés pour des
groupes p-adiques. Math. Z., 196(3):427-452, 1987.



[20]

54
I. M. Gel'fand and M. I. Graev. Construction of irreducible representations of
simple algebraic groups over a finite field. Dokl. Akad. Nauk SSSR, 147:529-532,
1962.

Representation theory and noncommutative harmonic analysis. I, volume 22 of En-
cyclopaedia of Mathematical Sciences. Springer-Verlag, Berlin, 1994. Fundamental
concepts. Representations of Virasoro and affine algebras, A translation of 1t Cur-
rent problems in mathematics. Fundamental directions. Vol. 22 (Russian), Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1988 [ MR0942946
(88k:22001)], Translation by V. Soucek, Translation edited by A. A. Kirillov.

T. A. Springer. Linear algebraic groups. Modern Birkhauser Classics. Birkhauser
Boston, Inc., Boston, MA, second edition, 2009.

Hiroshi Yamashita. Finite multiplicity theorems for induced representations of
semisimple Lie groups. II. Applications to generalized Gel'fand-Graev representa-
tions. J. Math. Kyoto Univ., 28(3):383-444, 1988.

David H. Collingwood and William M. McGovern. Nilpotent orbits in semisimple
Lie algebras. Van Nostrand Reinhold Mathematics Series. Van Nostrand Reinhold
Co., New York, 1993.

Roger W. Carter. Finite groups of Lie type. Wiley Classics Library. John Wiley &
Sons, Ltd., Chichester, 1993. Conjugacy classes and complex characters, Reprint
of the 1985 original, A Wiley-Interscience Publication.

G. Lusztig. Left cells in Weyl groups. In Lie group representations, I (College Park,
Md., 1982/1983), volume 1024 of Lecture Notes in Math., pages 99-111. Springer,
Berlin, 1983.

G. Lusztig. A class of irreducible representations of a Weyl group. Nederl. Akad.
Wetensch. Indag. Math., 41(3):323-335, 1979.

Frangois Rodier. Whittaker models for admissible representations of reductive p-
adic split groups. In Harmonic analysis on homogeneous spaces (Proc. Sympos.
Pure Math., Vol. XXVI, Williams Coll., Williamstown, Mass., 1972), pages 425—
430. Amer. Math. Soc., Providence, R.I., 1973.



[29]

[30]

55
Solomon Friedberg and David Goldberg. On local coefficients for non-generic rep-

resentations of some classical groups. Compositio Math., 116(2):133-166, 1999.

Frangois Bruhat. Sur les représentations induites des groupes de Lie. Bull. Soc.
Math. France, 84:97-205, 1956.

Allan J. Silberger. Introduction to harmonic analysis on reductive p-adic groups,
volume 23 of Mathematical Notes. Princeton University Press, Princeton, N.J.;
University of Tokyo Press, Tokyo, 1979. Based on lectures by Harish-Chandra at
the Institute for Advanced Study, 1971-1973.

J. D. Rogawski. On modules over the Hecke algebra of a p-adic group. Invent.
Math., 79(3):443-465, 1985.

Ben Brubaker, Daniel Bump, and Anthony Licata. Whittaker functions and De-
magure operators. J. Number Theory, 146:41-68, 2015.



	Acknowledgements
	Dedication
	Abstract
	Introduction
	Background
	Universal Principal Series
	Generalized Gelfand-Graev Representations
	Kirillov's Orbit Method
	From A to the Generalized Gelfand-Graev Representation A,

	The Springer Correspondence
	The Combinatorics of Nilpotent Orbits
	The Springer Correspondence in Type Cn


	The Bessel Model and the Bessel Functional
	The Bessel Model as a Generalized Gelfand-Graev Representation
	Existence and Uniqueness of Bessel Functionals for Principal Series Representations

	The Bessel Functional as a Hecke Algebra Intertwiner
	Principal Series Intertwining Operators
	Calculating Intertwining Factors
	Proof of Theorem 1.0.2

	Calculating Distinguished Vectors at Torus Elements
	Calculating Distinguished Vectors in the Bessel Model
	Whittaker-Orthogonal Models and the Shalika character

	Unique Models and the Springer Correspondence
	A First Pass: G = GSp(4)
	The Next Step: G = GSp(6)

	The Bessel Model for GSp(2n)
	The Bessel Model for GSp(2n) as a Generalized Gelfand-Graev Representation
	Uniqueness of Bessel Functionals on GSp(2n) for Principal Series Representations

	References

