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Rhombic patterns: Broken hexagonal symmetry
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Landau-Ginzburg equations derived to conserve two-dimensional spatial symmetries lead to the
prediction that rhombic arrays with characteristic angles slightly differ from 60° should form in
many systems. Beyond the bifurcation from the uniform state to patterns, chombic patterns are
linearly stable for a band of angles near the 60° angle of regular hexagons. Experiments
conducted on a reaction-diffusion system involving a chlorite-iodide-malonic acid reaction
yield rhombic patterns in good accord with the theory.

I. INTRODUCTION

Nearly a century ago Bénard observed the formation of
a hexagonal array of convection cells in a thin layer of fluid
heated from below.! Under different conditions convection
can also produce a periodic array of rolls? or squares.®
Such periodic arrays of hexagons, stripes (rolls), or
squares have been observed to form from the uniform state
in a number of physical systems, including garnet layers,*
ferrofluids,® and reaction—diffusion systems.®’

Recently we undertook an experimental study of pat-
tern formation in a reaction—diffusion system, expecting to
observe regular periodic arrays of hexagons, as had been
reported earlier.%” Instead we found, as Fig. 1(a) illus-
trates, that the system spontaneously forms multiple do-
mains, each of which contains a fairly uniform rhombic
array with characteristic angles near but in general differ-
ent from 60°;*° the angle is 66° in the domain shown in Fig.
1(b). The rhombic patterns emerge simultaneously every-
where, This contrasts with the well-studied target and spi-
ral patterns in excitable media, where the patterns are ini-
tiated by pace-makers (e.g, a dust particle or an
imperfection at the boundary). Histograms of the distribu-
tion of angles for patterns observed at two different values
of the bifurcation parameter are plotted in Fig. 1{c). The
band of observed angles increases in width as the bifurca-
tion parameter is increased beyond the transition to spatial
patterns,

The rhombic domains in the extended pattern of Fig.
1(a) appear to be stable. We checked the stability of the
patterns By imposing rhombic perturbations with different
characteristic angles. If the characteristic angle of the im-
posed patiern is close to 60°, the pattern remains stationary
after the perturbation is removed, indicating the stability of
the state. However, if the imposed angle deviates too far
from 60°, then the system rearranges after the removal of
the perturbation. For given external parameters the char-
acteristic angles of stationary states lie within an interval of
angles about 60°.
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il. THEORY

We will show that the existence and stability of the
observed patterns can be explained by a Landau—Ginzburg
theory constructed purely on the basis of symmetries, and
then we will describe experiments that test the theoretical
predictions. The theory is built on the assumption that an
extended system (where boundary effects can be ne-
glected) is invariant under rigid body motions, i.e., trans-
lations, reflections, and rotations. The uniform state with
all of these symmetries undergoes spontaneous symmetry
breaking leading to patterns. A theory of the loss of trans-
lational invariance, presented below, predicts the forma-
tion of rhombic patterns. The generality of the Landau—
Ginzburg theory suggests that many pattern forming
systems should exhibit the same behavior as we have found
for a reaction—diffusion system.

We characterize the pattern using a scalar field U(x,?),
which vanishes when the system is uniform. For our chem-
ical system, U/(x,f) could denote the difference between the
local concentration and the mean value of one of the chem-
ical species. For surface-tension-driven convection, U(x,t)
could represent the fluid surface velocity. Prior to the bi-
furcation the solution U(x,t) =0 is stable against all per-
turbations. The bifurcation produces a characteristic
length scale and hence an annulus of unstable modes. For
isotropic systems, the resulting pattern U(x,f) can be ex-
panded in a hexagonal planform as'®!!

U(x,t) =ay(x,0)e™1 ™ +ay(x,)e% X+ a3 (x,1)e*s™, (1)
where k; are a set of hexagonal basis vectors
B 1 )

ki=koj; ky=ko (Ti-i.i

(2)
eer (33 L
3—Ro | — 2 I— 2] ’ .
and a,(x,r) are slowly varying complex functions called
the envelope functions. The envelope functions for uniform

rolls parallel to the x axis are a;=const, a,=a;=0; for a
periodic array of hexagons, a=a,=a;=const.
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FIG. 1. (a) Extended reaction-diffusion pattern with different character-
istic angles in a band near 60°% the region shown is 6X6 mm.? (b)
Close-up of the region in the box in (a); each dot has nearest neighbors
at well-defined angles: 57°, 37°, and 66°. At first sight the pattern may
appear to be hexagonal, but a closer inspection reveals that the hexagons
are distorted. This is the signature of a rhombic array. {c} Distribution of
angles observed in patterns at two values of the control parameter. The
narrow distribution, which has an rms width of 2.3°, was observed not far
beyond the onset of patterns; the broad distribution, which has an rms
width of 4.5°, was obtained farther away from the transition.

A rhombic array can be obtained by stretching a hex-
agonal array along one of its symmetry axes.!> We can
deduce the form of the resulting envelope functions by
applying the transformation

St () - ((1+5) " 'x,p) (3)

to a hexagonal pattern. Transformation (3) stretches the x
axis, which is one of the six symmetry axes of the hexag-
onal array. Substituting in Eq. (1), we deduce that the
rhombic pattern Up(x,f) can be described as

3
Ur(o)= % g™ ST, (4)
n=

Since

ke (S71x) =k, °x,

Ky+ (S~ 1x) =k x+ ( 3/2)Bx,
and

K3+ (S 'x) =kg+x— (3/2)Bx,

the envelope functions for the rhombic array, expanded in
the original basis (2), are

Ay=a,, Ay=a,e®, Ay=aze= P, (3)

where 8 = ( \/5/2),@. The envelope function formalism is
applicable only if the envelope functions 4, are slowly
varying; thus the theory presented below will hold when 8
is small.

The qualitative properties of pattern formation, in par-
ticular the existence and stability of rhombic arrays, can be
studied through a lowest order expansion of the dynamics
of 4,’s constructed to retain all the symmetries of the orig-
inal system. In our case, the dynamics has to preserve the
invariance of the system under translations, rotations, and
reflections. The resulting spatiotemporal equations (which
we refer to as the Landau—Ginzburg equations) are!®

At =YTiA +pdy + ad A,

— (|4, 2+ p| 4| *+:p| 431D 4,
By =Y Ay+pudy+adyd,

— (|21 +pl 43|+ p| 4| )4, (6)
By =y Ay +pd;+od d,

— (4312 +p| 411>+ p| 42| ") 45,

where A4 is the complex conjugate of 4, and the parameters
i, &, p, and y are real. The spatially invariant part of the
equations is the normal form for systems with the required
symmetries;“’15 while the combination of spatial deriva-
tives [J,={k,* V — (i/2k,) V2] has been constructed to pre-
serve the rotational invariance of the set of solutions
exactly."* (Here k, is the unit vector along k, and k, is the
length of each of the vectors ky, k,, and kj, and V acts in
the plane.) Thus if the pattern U'{x,0) is rotated by R to
give F(x,0) = U(R™'x,0), then the dynamics given by Eq.
(6) implies that V(x,t)=U (R"lx,t) for any subsequent
time 2.

Equation (6) is different from other spatiotemporal
extensions of the normat form'® in that it preserves the
rotational invariance exactly. Thus even though the earlier
forms of the Landau-Ginzburg equations yield stripes and
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hexagons (and also rhombic arrays), those arrays point in
certain fixed directions. This cannot be the case for a phys-
ical system that is rotational invariant. The multiple-scale
analysis of Newell, Whitchead, and Segel” leads to ampli-
tude equations that are not rotationally invariant in any
finite truncation. Each individual term regains the required
rotational invariance when the perturbation is carried out
to higher order. Thus at the lowest order in perturbation
(of, say, the Sw1ft—Hohenberg equation) the amplitude
equations contain “noninvariant” terms like (k V)24,
However, on carrying out the perturbation to higher order
it is seen that this term is “‘completed” to the rotationally
invariant [124,. We will show in a subsequent publication
how a multiple scale analysis'’ can be modified to get the
combination of spatial derivatives [ and Eq. (6). Pattern
formation in nonvariational systems (such as a chemical
system) can be modeled by the addition of terms
GZAZD3A3, 0,4,0,4,, and [0,4,00,4, respectively, to
Eq. (6).!° However, the additional terms will not change
the conclusions presented here. In fact, purely on the basis
of their group structure, it can be shown that whenever a
hexagonal array is stable, there is a stable rthombic array
close to the same parameters.

The envelope functions given by (5) satisfy (6) with
Ay=a;=const and A,=A;=a,=const, where ¢; and
a, are solutions of

pay+adi—a; (@i +2pat) =0,

(J? i

2
p=r 76+-2~k—0) +aay—(1+p)a3—pat=0. (7)
This model based purely on symmetries leads to some
surprising predictions that can be tested by experiment.
One immediate consequence of the form of the envelope
functions (i.e., 4;| =|43|}4,]|) is that the spatial Fou-
rier transform for the rhombic state will contain three pairs
of peaks, and that the magnitude of one pair will differ
from the other two. This result, which is a consequence of
the spatial derivatives, was indeed observed in previous
experiments on reaction—diffusion patterns'® and in numer-
ical simulations of a reaction—diffusion system.!® {For per-
turbations of the type (3) it can be shown that
| 42| =431 < |4;]. If the hexagonal pattern is stretched
along the y axis, then |4,| = |4;| > |4,].]
For given values of p, o, and y there is a finite range of
p for which hexagons are stable. The model {6) predicts
that for values of u in this stability domain, different rhom-
bic arrays can coexist with hexagons. The characteristic
angles of the stable rhombic patterns lie within an interval,
Rhombic arrays whose characteristic angle is outside this
interval will be unstable and will evolve by spontaneous
generation of defects.
The domain of linear stability of the rhombic solution
(5) is evaluated by spectral decomposition. The rhombic
pattern is perturbed _ to A=a+ (u1 +ivy),
Ay =[ay+ (uy+iv,) 1€ and Ay=[a,+ (u3+iv;)]eP*, and
the perturbations #, (and v,) are expanded as
u,=uVe? %% Then (6) reduces to a matrix equation
relating @ and K. The domain of linear stability is the set of

10 L 7
a
-~ s uniform ()
z v -
EJ state rhombs . stripes
& 0
=
3 St |
-10L ]
1 0 1 2 3 4 n
- .
2, (b)
g ] 4
a ®
<
= 2k )
g .
< ::a;tf:rm ‘hombs \\ stripes
1 L J
/ \
0 / \
45 40 35 30 25

malonic acid (mM)

FIG. 2. Predicted and observed bifurcation diagrams. (a) The band of
allowed values of Af for linearly stable rhombic arrays as a function of
the bifurcation parameter p¢. The range of A@ depends on the values of &,
p, and ¥ (here chosen to be 1, 2, and 1, respectively). The bifurcation
from the uniform state to rhombic arrays and the bifurcation from rhom-
bic arrays to stripes are both slightly suberitical. (b) The root-mean-
square width of the distribution, A8, of angles observed in the reaction—
diffusion patterns as a function of the bifurcation parameter, the malonic
acid concentration in reservoir B.?

parameters ¢ and B for which @ <0 for all K. The growth
rate o has to be calculated numerically {for K=0, it can be
done analytically); the results are presented in Fig. 2(a).
We have checked that o is negative for 10 values of
| K| <0.25k, and for 20 directions K.

Close to the middle of the interval in g where the
hexagons are stable there is a relatively wide range of an-
gles characterizing linearly stable rhombic arrays. An ex-
perimental pattern evolving from a random initial state can
locally settle to any one of the states lying within this
range. An array of regular hexagons will in general be
observed only at the ends of a stability interval where the
width of distribution of allowed angles decreases to zero.
The width of the distribution will increase toward the cen-
ter of the stability domain.

lll. EXPERIMENTS

The theoretical predictions are in good accord with
experiments that have been conducted on a chlorite—
iodide—malonic acid reaction in a thin disk reactor. The
reaction occurs in a polyviny} alcohol gel disk (0.6 mm
thick, 25.4 mm diameter), which is sandwiched between
two thin membranes (Anopore from Anotec, 0.06 mm
thick) that are in comtact with continuously refreshed

GHAQCS, Vol. 3, No. 4, 1993
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(b) ()

FIG. 3. The evolution of the patterns observed following the removal of a perturbation, which was a perfect rthombic pattern with a characteristic angle
of 50°. The imposed pattern was unstable and decayed after the perturbation was removed, The time asymptotic pattern achieved after 20 h has domains

with different characteristic angles. The region shown is 6X 6 mm.’

chemical reservoirs.” The gel prevents convection but al-
lows for the diffusion of chemicals. The gel also changes
the effective diffusion coefficient of iodide by immobilizing
the triiodide complex;?® the latter is dark red and hence
-serves as a color indicator. The rigid Anopore membrane
provides structural support.

A bifurcation from a uniform state to a spatial pattern
is observed on decreasing the concentration of one of the
feed chemicals {malonic acid). Darker regions in Fig. 1
correspond to regions of high triiodide concentration, the
reduced state of the reaction; lighter regions correspond to
low triiodide concentration, the oxidized state. After the
control parameter value is switched from the spatially uni-
form regime into a regime where patterns arise, hundreds
of target pattern-like light circles appear and grow in a
dark background. Within an hour these patterns break up
into light stripes and then into a pattern of light dots that
evolve more slowly, The distribution of light dots is ini-
tially random, but as time evolves the dots organize into
many domains of hexagonal and rhombic arrays that are
nearly stationary. Boundaries between the domains, visible
in Fig. 1(a), move very slowly, typicaily only a few lattice
constants per day.

The robustness of the rhombic patterns was deter-
mined in experiments wsing light as a perturbation (the
CIMA reaction is slightly photosensitive}. The perturba-
tion was carried out by using a light projector which illu-
minated the reactor with intense light in a perfect rhombic
lattice of dots. The wavelength of the perturbation was
carefully chosen to be essentially the same as the intrinsic
wavelength determined from spatial Fourier transforms of
the unperturbed system. Experiments were conducted with
characteristic angles of the rhombic arrays ranging from
45° to 75°. Since the Anopore membrane absorbs all UV
light and a large part of the visible light, a long perturba-
tion period (2 to 5 h) was needed. After the perturbation
was removed, regular hexagonal patterns were always

CHAQOS, Vol. 3

found to be stable beyond the bifurcation to patterns.
Rhombic patterns with angles within a band near 60° was
also stable, but rhombic patterns with angles significantly
different from 60° were unstable. Figure 3 shows the evo-
lution of the system following the removal of a perturba-
tion with an unstable rhombic pattern. This supports the
prediction of a band of linearly stable rhombic arrays.
Patterns that spontaneously form from the uniform
state have multiple domains with different characteristic
angles. The root-mean-square width Af,, of the angular
distribution functions, such as those in Fig. 1(c), changes
with the bifurcation parameter, as Fig. 2(b) illustrates.
This is in good qualitative accord with the theoretical pre-
diction in Fig. 2(a). A quantitative comparison of experi-
ment and theory would require the evaluation of the coef-
ficients in the Landau-Ginzburg equation from the
chemical kinetics and diffusion coefficients of the reaction.

IV. DISCUSSION

We know of no other laboratory system that has been
found to yield rhombic patterns, but the theory is quite
general and should apply to other essentially two-
dimensional continuum systems.”! The symmetry assump-
tions lead to model-independent features that can be
checked in experiments, just as we have done with the
chlorite—iodide-malonic acid reaction. 1t will be interesting
to see if, nearly a century after Bénard’s discovery of hexa-
gons and Rayleigh’s prediction of convection rolls, another
type of periodic pattern is common in these systems. We
hope that our work will stimulate a search for rhombic
patterns in surface-tension-driven convection, ferrofluids,
driven capillary waves, and other systems.
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