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Abstract - Evaluation of torque pulsation associated with the
harmonics of pulse width modulated (PWM) inverter-fed drives is
important for a quiet and smooth operation. This paper discusses an
analytical method for the steady state torque calculation of the voltage
source PWM inverter fed induction motors. Equations derived from
the 1-2-0 coordinate system are used. A sample calculation is
included for the illustration of practical application.

INTRODUCTION

The PWM inverter fed induction motors offer a number of
advantages over other types of drives. The construction of induction
motors is simple and robust with minimal maintenance requirements.
The rapid development of advanced microcontrollers and fast
switching power electronic devices enables various optimizations of
adjustable speed induction-motor drives. The currents or voltages of
either voltage source or current source PWM inverter fed induction
motors generally contain a certain amount of harmonics. These
harmonics produce torque pulsations that affect the noise and
smoothness of the drive. There is a trade-off between the smoother
torque and the increase of commutation losses. A smoother torque
corresponds to an increase in the number of pulses per cycle. In
order to evaluate the torque pulsation [1,2] associated with harmonics
of a PWM inverter fed drive (especially at low speed) the technique
for the steady state torque calculation is important.

Apart from the initial switching on, pulse-width modulation
involves a series of switching transients. The numerical method [3]
can be used to investigate the steady state torque solution. Numerical
method is the logical approach in a nonlinear situation, However, for
the steady state solution that requires a full attenuation of the initial
switching-on transient, additional computation time is required by the
numerical method for a certain period to reach to the steady state.
Furthermore, the numerical processes introduce certain errors of
various types; small computation steps are normally needed for
accuracy. These small steps inevitably further prolong the
computation time for the steady-state solution. Various computer
aided design programs (such as the PWLIB program developed by
Bowes et. al. [5]) have been reported for the analyses of the
computation of PWM drives.

The frequency-domain technique, based on Fourier analysis,
gives a clear picture of the harmonic content of the PWM waveform.
However, the torque calculated for each individual order of
harmonics is smooth. Special treatment would be required to
evaluate the torque pulsations, and the evaluation can be time
consuming. The time-domain technique generally takes less time for
the computation of the current and torque [1,4,5,6,7].

There is a rich body of knowledge in the classical, induction-
motor equations derived by Park [8], Stanley [9], Lyon [10], and
others through various coordinate systems that were mainly used to
solve problems associated with sinusoidal supplies [11-15]. This
paper uses these classical t:qu:;uionsj for induction motors with a
nonsinusoidal, continuously switched supply.

The simple approach described in this paper shows the
analytical logic to reach to the steady state of the voltage source PWM
induction motors without a lengthy attenuation calculation. Using
this method, the steady-state current can be obtained analytically.
Consequently, the flux associated with the current and voltage can be
calculated. Once the current and flux are known, the torque can be
obtained through the proper products of current and flux,

ASSUMPTIONS

The analysis is based on the following assumptions:

a. Carrier wave is synchronized with the fundamental output wave.
The negative half of voltage pulses in one cycle is the mirror
image of the positive half,

b. The rotor and load inertia is large enough to hold a constant
speed. The experimental result of a six pulse, current-source
drive [1] shows that even at low frequency (5 Hz), with a small
oscillation of speed, the calculated torque under this assumption
is still acceptable.

c. Saturated motor parameters are used, otherwise the motor
magnetic circuit is considered to be linear.

d. Core, friction, windage, and stray-load losses are not considered
in the analysis,

e. The commutation time is negligible to assume the Heaviside unit-
function nature of the voltage pulses.

ANALYSIS

This paper uses the 1-2-0 coordinate system [10, 14] and the
per-unit values for the analysis. Since the value of coordinate 2 is
always the conjugate complex number of the value of coordinate 1,
attention can be drawn mainly to the values referring to coordinate 1.
Resultant equations established in the available literature, such as the
transformation from a, b, ¢ values to 1, 2, 0 values, or vice versa
[10, 14] and the definition of the operational impedances [14] are
mentioned and used directly without repeating the derivations.




Per-Unit Values

The reactances of the induction motor are normally measured
under the supply frequency with sinusoidal voltage. For adjustable
frequency, the inductance can be considered as a constant at different
frequencies, but the reactance (a product of 2xnf and the inductance)
changes.

The unit (or base) value of time is (1/2xf); therefore, the per-
unit value of time, t, is given in radians. As far as the equations in
this paper are concerned, there is no restriction for selecting the unit
values based on either the input or the output of the electrical
machine. However, since the calculation is mainly for motors, the
shaft output is chosen as the unit power for convenience. The unit
values under a particular frequency can be defined as follows:

Unit power [watts] = 746 e hp = motor output power
Unit voltage [volts] = phase voltage

unit power
number of phasese unit voltage

Unit current [amps] =

Vit impediiis [O] =20 YOUAE
unit current
unit power * l;—
Unit t N-m]=
nit torque [N - m] ot

The symbols used are defined in the following input data:
p = number of poles
f = line frequency (Hz)
X)g = stator leakage reactance (per unit value)
Xjr = rotor leakage reactance (per unit value)
Rg = stator resistance (per unit value)
R; = rotor resistance (per unit value)
Xm = magnetizing reactance (per unit value)
E = dc source half voltage(per unit value)
N = shaft speed (rpm)

Switching Funti | C :

Figure 1 shows a voltage source inverter connected to an
induction motor. The power-electronic switching devices are
represented by switches. The switching function for phase A is
defined as

Sa=1
Sa=-1
The Sp and Sc for phase B and phase C are also defined similarly.

when Sw1 is on and Sw2 is off

when Sw1 is off and Sw2 is on

The phase voltages of a delta-connected winding are
vA=E(SA—SB)

vg=E(Sg—S¢)

ve=E(Sc—Sa) Y}
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Fig. 1. Voltage source inverter connected to induction motor

The conversions between a,b,c and 1,2,0 coordinates [10,14] are
given below:

vy = ;— (VA+avB+a2vc] VA =Vvitvatyy

v2=%-{vA+asz+avC) o /B =avi+avy+vy

V(}=‘3L(VA+VB+VC) ‘ve =avi+talvy+vy (2)
i2n

where 2 = ¢ 3 = —0.5+j0.866

Relating switching functions to the 1, 2, 0 voltage values
gives

vy = %{(Sa-ss) +a(Sp—Sc) +a2 (Sc—Sa)]

vy = E{(s A-Sp) +a4Sp-Sc) +a (Sc-Sa)]
and

V0=£:;‘[S,.\-—SB+SB-SC+SC-SA]=0 3)

It is worth mentioning that the current and flux of coordinate 0 do
not produce torque.

For a three-phase bridge inverter there are a total of eight
switch combinations, the corresponding values of voltage v for
these switch combinations are listed in Table 1.

Table 1. Eight switch combinations

Switch Combination
c [0 o [r o [m Jiv Jv [w
Sa [-1[1 [1 1 [- [0 -1 |1
Sp [-1 |1 [-1 [t 1 |1 [ [4
Se [-1 1 -1 |- [ 1 1 1
vi |0 [0 JAb |ADB?2[Ab® [Ab* |AD® |A DS




where
A= %{2 - 2a)

and

b=e3 = 05+j0.866

Since b® =—1 | it is observed from the above table that the
value of v; of switch combination I equals the negative value of vq of
swilch combination IV. A similar relationship can be observed
between switch combinations II and V, and switch combinations III
and VI. Once the value of vy is obtained, either from equation (3) or
directly from equation (2), the calculation of torque can be proceeded
further as given in the following sections.

Vol E ;

The principle of superimposition can be applied to PWM
induction-motor drives. For instance, a voltage pulse with a & span
as shown in Fig. 2a can be considered as the result of a negative
voltage step superimposed on the previous positive voltage step after
a time span as shown in Fig. 2b. The motor is initially switched on
through a voltage-source inverter without any residual flux or current
in the motor. The subsequent voltage step shown in Fig. 3a is
considered to be a voltage increment (Fig. 3b) to the previous voltage
step, or is the result of two new components (a new opposite step
having the same amplitude as the previous step and the new voltage
step) that are superimposed to the previous continuous step as shown
in Fig. 3c. All the voltage increments are treated mathematically as
Heaviside unit functions. As far as the new voltage increment is
concerned there is no initial residual flux or current associated with it.
The increments in current and flux caused by this new voltage
increment are added to the attenuated values of the previous fluxes
and currents for the resultant values. Using A to represent
increment, the equations of the voltage increment and flux-linkage
increment in Heaviside expressions are:

Avy =P Ay +1, 41y @
and
Ay = X(P - jo) Ay (5)
where
@ = rotor per-unit speed
P = parameter used to solve a Laplace transform

When applying the Laplace transform to solve a differential equation,
P also stands for d/dt of a function while the initial value of the
function is 0. X(P —jo) from [14] at a constant speed is the
operational impedance.
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Fig. 2. Principle of superimposition
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When the increment of voltage AV1 is a flat step, the inverse
Laplace-transform solution [14,16] of the current ij can be obtained
from (4) and (5).

-—jm+L a——jm+TL
Ail= ; 2—AV1+ p 2
X op aX(a—B)

et Ayy

B—jo+-
.______.__..lcﬁl Avl

B X[o—p)

=Cj Avy + Ca et Avy + Ca eBt Avy )



where

X =1 X,

=—1 4

o Tm+_|u)1

:-—_L 1

B T, Hio

_1_=_1_[L+_L__1_

Tm 27\T1 T2 To

Jdaod floal ¢ 1

Te 21t1\Ty T Tp

1 _jay= 4(1“—T}+_l___1__jm}z

1Ty 2Ty Ty 1Ty 1T

wp =0.5 (0 — ay)

w; =0.5 (o + ap)

o +p=0
—_](0+—1—

Ci=— 12
Xap
()'.—-jm-f—l—

C=— 12
a X (a—p)
B—jm+—1~

% T

3— 1
BxX(p—o)

At t = 0, the value of current Ai; calculated from (7) is 0.
This fits the physical nature of an inductive load.

For a given voltage step, the resultant current ij is the
summation of the present and all the previous attenuated current
increments. Assuming the negative half of voltage steps in one cycle
is the mirror image of the positive half, the resultant current during
the m!" time span of voltage (vq)nm is

(in =C1 (Vi)m + Co(Vi)me*t + C3 (Vi) Pt

n=(m—1)
1 B ot || et
+ Cz{(l«rcﬂ-! ﬂT}n-(§—K) [(e= 1) (vik et ]\ e
i 2
n={m—1) l
+ O Y (B8 —1) g ]l et
(1+0587) _ (n-%)
2 @®)
where
T = period which equals 27t in per unit value
t = per-unit time measured from the beginning of the time
span of (v1)m.
K = The number of voltage steps v} per period (or per cycle)

An = time interval between the nth voltage step to the mth
voltage step.

The terms (655' = 1) and (c“‘a‘ — 1) indicate that the
superimposition shown in Fig. 3c is applied. The denominators with

(1 +¢e05 BT} and [1 +¢lsa T) refer to the assumption that the negative

half of voltage steps in one cycle is the mirror image (or inverse in
sign) of the positive half.

Figure 4 shows that Y, is the time in radians of the beginning
of the mth time span, 8. Within the range of n = (m — K/2) ton =
(m — 1), certain numbers of n may be less than 1. Therefore, when n
< 1, the data corresponding to n, such as 8, vy, and v, can be looked
up from the step (n + K), which is one period ahead of n. For
instance, when n = 0 is less than 1 and out of range of the data array,
the data can be looked up from the step (n + K) = (0 + K) = K,
which is one period ahead of 0 and is the last step of a cycle. Under
this situation, the time 7y, is adjusted back 2x. This makes

Tn =Y (n+K)™ 2‘“. ln can be obtained from 11,= Yo — Yo+1)
When the steps of (vi)m are given, (i1)m can be written as

(ihn = C1( vi)m HC2( Vi) + (Ko)m] €2
+[C3(Vi)n + (Ka)n] Pt ©)

where

(K2Jn =C2 {

]
n=m

2”& et — 1)(va) cw\-]}

g L.
(1 +050aT) D=(m

(10)

n=ml

S [leBa—1)(mk e'”']}

(1 +e0.5 BT) n=(m—§)

(K3)n= Cs{
(11

i is the complex conjugate of iy.
Elux Linkages

The resultant flux linkage (1)m corresponding to the mth time
span of voltage (v1)m can be obtained from the voltage equation

(V1) m= Ryiy)m + %

or

VOLTAGE
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Fig. 4. Ymis the time in radians of the beginning of the mth time
span 8,



(Wl)m=f [Vl}md'-_f Rs(il)md("'("lllkm-—l)al Sm—1)

=1 - CR) (Vi)m t = [Co{v1)m + (K2)m] Rs

—1)

(e2t—1)

—[Ca(vi)m + (K3)m Rs( + (Wikm—1)at $us

(12)
The value of (W1): at the end of (1 can be obtained from
Wi s ;—}:Z S {u-crimns
{Cavi + (ko] R, L)
~[Cafvi)n + (Kak] R,[%l} .

The phase A flux linkage is calculated in a like manner to
that shown in (1):

Va = Y1+ VYat+VY, (14)

where 7 is the complex conjugate of Y1, and yq is 0.
Torques

The torque equation for the 1-2-0 coordinate system can be
derived or obtained directly from [12]

Torque = j2[ iz y1 — i1 y2] (15)

Substituting the current calculated from (9) and the flux linkage
calculated from (12) into (15) gives the torque in the time-domain
format. Equation (15) can also be expressed through the a-b-c
coordinate system in per-unit values as

Torque = 32 [ia(ve=wo) +ib |va — e ) + ic("l’b“l’a)](lm

SAMPLE CALCULATION

PWM._Sel 1 Simplificati [
Iculati

The arbitrarily-chosen sample is a single chip,
microprocessor based, PWM control scheme [17]. Although
synchronization between carrier wave and fundamental signal wave
is unnecessary in this kind of control, the sample used here is
synchronized. The steps of vy, their corresponding time spans §,
and the beginning time, 7, of each § are calculated and given in the
following tables. The number, K, of voltage steps per cycle in this
example is 288. The voltage V| in a half cycle is the mirror image of
the adjacent half cycle that consists of 144 voltage steps. The values
of time spans, 8, repeat every 1/6 cycle (i.e. every 48 voltage steps).
The line voltage across A and B corresponding to Table 2 is shown
in Fig. 5.

Motor Parameters

The unit torque and the phase parameters of a three phase,
ten hp, four pole, squirrel cage induction motor are derived from the
60-Hz values and given in Table 3.

The per-unit line voltage across terminals A and B vs. yat 50
Hz is shown in Fig. 5. The corresponding locus of (vi * §) is
plotted in Fig. 6. Two similar line voltages and locus of (v] *8) for
4 Hz with extremely low number of pulses per cycle are shown in
Figs. 7 and 8 respectively. The roundness of this locus reflects the
smoothness of the rotating flux.
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Table 2. V
e alues of y, §, and v; for each step of a sample calculation
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Table 3. Parameters of a three phase, ten hp, four pole,
squirrel cage induction motor

f (Hz) 60 50 4
Unit Torque (Nm) | 39.58 47.49 593.65
Unit Current (A) 13.24 13.24 13.24
Unit Voltage (V) | 187.79 187.79 187.79
Unit Impedance () 14.18 14.18 14.18
Xis 0.0503 | 0.0419 0.0034
Xir 0.0503 | 0.0419 0.0034
Xy 1.4102 | 1.1752 0.0940
Rg 0.0395 | 0.0395 0.0395
R, 0.0240 | 0.0240 0.0240
E 0.4000 | 0.3334 0.0333
N (r/min) 1450.0 115.0
+6 1
+5 1
g +4 1
o
2 434
)_
E +2
=
SE +1
=
= o]
'1 T T T ) T L] 1
-5 -4 -3 -2 -1 0 +1  +2
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6401.0095
Fig. 8. Locus of (v1 *8)
Currents

The current (i)m is calculated from (9). The complex
conjugate values of (i)m is (izhn .

Flux Linkages
The flux linkage (V1) is calculated per equation (12).

Torque

The torque is calculated per equation (15). The torque, flux,
and line currents of the 50 Hz case are plotted in Fig. 9. The
relatively smooth torque is a contrast to that of the 4-Hz case shown
in Fig. 10. The steady-state current and flux for this case shown in
Fig. 11 with extremely low number of pulses per cycle are also
pulsating.

CONCLUSIONS

Evaluation of torque pulsation associated with the harmonics
of PWM inverter-fed drives is important for a quiet and smooth
operation. This paper discusses an analytical method for the
calculation of the voltage-source PWM inverter fed induction motors.
Equations derived from the 1-2-0 coordinate system are used. A
sample calculation is included for the illustration of practical
application.
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Fig. 9. Steady per-unit torque, flux, and line current vs. vy at
1,450 rpm (50 Hz)
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Fig. 10. Steady per-unit torque vs. y at 115 rpm (4 Hz)
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