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SECTION I

INTRODUCTION

The commonly-used general equations of motion for an ailrcraft
in flight over a flat, nonrotating earth have a singularity for flight
path angles of plus or minus 90 deg. This singularity leads to the
fact that these equations of motion may only be integrated for flight
path angles of up to +/- (90-€) deg, where € 1s dependent on the
accuracy of the computations I1nvolved. These trajectories are
referred to here as trajectories of the first class, Second-class
trajectorlies, 1.e. those where the flight path angle merely passes
through +/~ 90 deg, or third-class trajectories where the flight path
angle may stay at +/- 90 deg for any finite amount of time are,
therefore, not permissible with this set of equations of motion.
There are many optimizaton problems, however, which have second- or
third-class trajectories as their solution. The solution to the
minimum-time-to=turn problem, for instance, i3 the so=called "Split-Ss%
maneuver, provided the initial speed is below the corner speed [Well].
In the m™Split-3" maneuver the aircraft starts out in straight and
level flight, wupaide down. The pilot then pulls through until the
aircraft achleves level flight again, where the airplane 13 now flying
right side up in the opposite direction. This would be a trajectory
of the second class. Other optimization problems, for instance the
problem of restarting a Jet engine in minimum time, may Iinclude

vertical dives or vertical climbs, i1.e. third-class trajectories.



The purpose of this work is to rewrite the equations of motion
such that even third-class trajectories can be optimized with the
current parameter optimization methods, At first the commonly wused
coordinate systems and Euler angles are presented in Section II, It
will be realized that the definition of the Euler angles introduces
additional singularities. A short derivation of the commonly-used
equations of motion follows for comparison and better understanding of
the later derived sets of equations of motion., Section II closes with
a reduction of the optimal control problem to a parameter optimization
problem. Some <characteristic properties and assumptions of the
parameter optimization problem are pointed out along with the

necessary equations and conditions needed to solve it.

Section III introduces geveral methods that allow integration
of second- and third-class trajectories as long as some restrictions
are Imposed on the allowable trajectories. The first method is the
so-called inertial-acceleration method. It is based on the idea that
the velocity yaw angle and the velocity pltch angle can be replaced by
the velocity components as measured in an inertial reference frame,
The so—-called two—system method is derived next. It employes the idea
of having two sets of equations of motion derived in different
reference frames, and thus, having their singularities at different
points. In detailed discussions the problems that appear with both
methods are explained, and solutions are presented, the emphasis
always being on the use of these equations with coptimization methods,

Section III also includes a method that allows integration of third -



class trajectories as long as they can be flown in the vertical plane.
This method results directly from the commonly-used equations of
motion after removing a restriction on the flight path angle. Because
all methods of Section III have still the bank angle as the control,

they are referred to here as Euler-angle methods.

Section IV presents the quaternion method. Although this
method has been investigated first, it is presented last because It
yields the best overall sclution and because mary details and
improvements were not found until the other methods were analyzed.
Understanding the Euler-angle methods will also help in understanding
the properties of the quaternion method. Because the avallable
literature on quaternions is either complex or erroneocus, the
quaternion 15 covered in much detall. The concept of the quaternion
is explained, and the rules of quaternion algebra are stated in the
first two sectlions. Next, some necessary relationships are developed.
It will then be rather straightforward to derive the actual equations
of motion, How to wuse the quaternion method for parameter

optimization methods 1s emphasized in the following sections.

A short conclusion is drawn in Section V. Readers wishing
some quick information about the results of this study should,
however, first read the comparison section and the discussion section

at the end of Sections III and IV, respectively, before reading the

conclusion.



A second two-system method is presented in Appendix A because
it seems promising but has not been tested numerically. Appendix B and
Appendix C contain parts of derivations that have been ommitted from

Section IV because they simply constitute elaborate algebraic

manipulaticns,



SECTION II

FUNDAMENTALS
1. Coordinate Systems and Euler Angles

When analyzing flight performance of alrceraft flying at small
velocities with respect to the escape veloclty over short ranges, the
earth can be regarded as ideally flat and nonrotating. Under these
assumptions four coordinate systems are usually defined: the ground
axes 3system E X Y Z, the local horlizon system O % ¥ 2o the wind

axes system O x, ¥ 2 and the body axes system O s Yo % [Miele],

W w W'

How these coordinate systems are related to each other can be seen in
Figures 1 through 3. The local horizon axes are always parallel to the
ground axes, and the body axes are related to the wind axes through

the angle of attack o and the sideslip angle o .

The two coordinate systems of main interest are the 1local
horizon system and the wind axes system. These two systems may be
related to each other in several ways. Usually, three consecutive
rotations are used to rotate the local horizon system into the wind
axes system, These three rotations are carried out through three
rotation angles, which are called the Euler angles. However, since
the three rotation angles depend on the order in which the rotations
are performed, one specific rotation sequence has to be defined. The
commonly-used sequence in flight mechanics is given by the velocity-

yaw-pltch-roll Euler angles, which are found by rotating the reference
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Figure 1

Flight Path Angle vy, Aircraft Angle of Attack a,

and Thrust Angle of Attack €



g

%

%y
T

AY)

d

X
% o
\Yw
Y

b

Figure 2 : Velocity Yaw Angle ¥, Sideslip Angle O,

and Thrust Sideslip Angle v

_——yh
u

Zn

Figure 3 : Velocity Roll Angle 1



system first around its z-axis into system 1 (through the velocity yaw
angle ¥ ), then system 1 around its y1-axis into system 2 (through the
velocity pitch angle Y ), and finally system 2 around its z-axis into
the wind axes system (getting the velocity roll angle u),. Hence, the
velocity yaw and veloclity pitch angles define the orientation of the
aireraft velocity vector with respect to the local horizon systenm,
whereas the veloclty roll angle U describes the angular position of

the airecraft around the veloclty vector.

Although necessary, one particular rotation sequence is not
sufficlent for getting a one-to-one relationship between the set of
possible rotatlion angles and the set of possible alrcraft attitudes.
For instance, an upside down attitude in level flight (y = 0 deg,y= 0
deg and p = 180 deg) may also be achieved by yawing 180 deg and then
pitehing 180 deg, 1.e. } = 180 deg, vy = 180 deg and u =0 deg. To
clrcumvent this ambiguity, the veloclty pitch angle ¥ 13 restricted
to +/- 90 deg, whereas x and p go from - 180 deg to + 180 deg.
However, this restriction on ¥ 1leads to singularities iIn X and u
whenever vy exceeds + 90 deg or -~ 90 deg during some second- or
third-class trajectory. For the above mentioned "Split-S" maneuver,
for instance, it is seen that Y = 0 deg and u = 180 deg for the first
part of the maneuver until the flight path angle hits — 90 deg. At
that point ¥ Jjumps from 0 deg to 180 deg and u jumps from 180 deg to
0 deg because the alrcraft 1s flying right side up In the opposite

direction for the second part of the maneuver (Figure 4),
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2. The Commonly-Used Equations of Motion

The dynamical equation for a vehicle in flight over a flat,

nonrotating earth is given by

T+A+mg=ma=nm %% (2.1
where

T - thrust

A - aerodyngmic force

m - mass

g — acceleration.of gravity

a - acceleration of aircraft with respect to earth
t - time
and where
— d.—.-.-—-
V=— .
at E (2.2)

denotes the velocity of the aircraft with respect to the earth, E and
0 being the origin of the earth-based system and the local horizon

system, respectively,.

~ ~

with V = Vi, and EO = Xi, + th + Zﬁh, "it follows from Eq.

W
(2.2) that
Viw = Xih + th - hkh (2.3)
where Z = - h + const has been used. Next, the relationship between

the wind axes system and the local horizon system is given by the



direction cosine matrix

iw cosY cosy
- siny siny cosy
Jul = - cosp siny
- cosy siny cosy
L8 + sinuy siny

Since the transformation matrix,

cosy siny

siny siny siny
+ CO3| cO8Y

cosy siny sony
~ siny cosy

or direction

- siny

siny cosy

cosy cosy

orthogonal, its inverse equals its transpose so that

kh - s3inyY

1y cosycosy sinusinycosy
- cosu sin?y

Jpi = cosY sinyY sind sinyY siny
+ cospHcosy

sinH cosYy

cosU siny cosy

+ 8inu sinY

cosU siny siny

- sinVy cosy

cosU cosy

This reduces Eq. (2.3) to the kinematic relationships

X =V cosycosy
YT =V cosysiny
h =V siny

cosine

11

(2.4)

matrix, is

(2.5)

(2.6)

The dynamical relationship (2.1) is broken down into scalar

equations by eXpressing all terms in the wind axes system. If V

denotes the thrust sideslip angle and e the thrust angle of attack

analogous to ¢ and g , the thrust is given by

T = T (cosSg cosv 1, + cose sinv j, - sine k)

(2.7



The aerodynamic force A is written as

~

A=-Di, - ij - Lk,

where D is the drag, Q the side force and L the lift. From g =

and Eqs. (2.5), it follows that

~ ~

€ = g (- siny i, + sinu cosy j, + cosi cosy k)
Next, the acceleration can be written as

d ~ _ LY ~
at (Viw) = Viw + V EEiW

With Poisson's formula

d? _ = o3
'-d—-lw-mxiw.

ot

where the angular veloclty & of the alrcraft with respect to

local heorizon system 1is glven by

~ Ll

D= pwiw + qij + Ko

Eq. (2.10) results in

~

d'ﬁ.'--a ~
-a-E—Vi +erjw-vqwkw

Consequently, Eq. (2.1) combined with Egqs. (2.7), (2.8), (2.9) and

(2.13) leads to the scalar dynamic relationships

=]
=]
n

T cosg cosv - D - mg siny

B
3
=
"

T cose sinv - Q + mg siny cosy

a8
=
Fel
=
1]

T sine + L - mg cosU cosy

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

the
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The velocity roll rate Py pitch rate a, and yvaw rate r, are

related to the Euler angle rates 11 ' 'Y and )( through the equations

‘o
il

w = B - xsiny

= Y cosi+ X sindcosy (2.15)

=]
3
]

ry = -N.fsinu+ icosucosY

which are found by knowing that yx occurs about the k - axis, Y occurs
about the J, -~ axis and 1y about the i, - axis. Combining Egs. (2.14)
with (2.15), solving for ¥ and v , and repeating the Kinematic

equations {2.6) yields the equations of motion

}.{ = V cosycosy

i = V cosysiny

fli = V siny

nﬂ; =T cogsecosv-~ D - mg siny (2.16)
mV).( = co;Y {T (coaesinvecosu+ sinesinu ) + L sinuy~- Q cosu}
mV:f = T (8ing cosp ~cose sinvsinu ) + L cosp+ Q sinu - mg cosy

h=- B

where B is the mass flow rate of fuel.

This set of equations has far more variables than equations.
However, since L, D, Q, T and B are functions of h, V, o, ¢4 ¢, v and
m™, wWhere m 1is the engine power setting, the independent variables

narrow down to uy, a , € v o, and m . Hence, this system of equations

has six degrees of freedom, For Imost case3 it 18 feasible to set the

sideslip angle ¢ and the thrust sideslip angle v to zero. If the
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engine is now assumed to be fixed with respect to the aireraft, then
€ = € - Q= const , and € becomes a function of o and is thus
eliminated as the control, This leaves the bank angle p , the angle of

attack o , and the power setting 7 as controls. Often the 1lift-

coefficient CL is used as control instead of o .

Eqs. (2.16) show why this set of equations of moticn iz not
suitable for second-class trajectories. As vy approaches +/- 90 deg,
the differential equation for X starts "blowing up" or, if x is
zero as in a Split-S maneuver or in a loop, the differential
equation for X becomes undetermined. Because of the singularities
in ¥ and p at Yy = +/- 90 deg, as discussed in the previous section,
this problem cannot be cured by choosing the integration steps such
that cosy does not get small enough to impose problems on x or by

extrapolating x over the period it would be undefined.

It is possible, however, to integrate reasonably close to the
vertical attitude after using regularization, This is done by
multiplying both sides of Equations (2.16) by cosy , which removes the
cosY from the denominator of the )'( equation, The mass equation, for

instance, would change to

dm ~
gt cosY= RBecosy (2.17)

or, with dT = dt/cosy , to

= = - B cosY (2.18)
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Thus, all equations are now differentiated with respect to the new
variable T instead of the time t. This allows a constant integration
stepsize dt all the way to Y = +/~ 90 deg, which, however, is never

reached because dt is constantly decreased according to the

equation dt = dt cosy . To keep track of the time t , the
differential equation

dt

.a?z cos Y (2.19)

is integrated along with the rest of the equations of motion,



3. Reduction of the Optimal Control Problem to a

Optimization Problem

16

Parameter

A standard optimal control problem in trajectory optimization

is stated as follows: Minimize the performance index
J = fb(tf.xf)

subject to the n differential constraints
x = £f(t,x,u) ,

the prescribed boundary conditions

to =0 , X, = given

W(tf.xf) =0,

the state variable inequality constraints
8;(t,x) 20, 1i=1,...,p,

and the control variable inequality constraints
cj(t,x,u) <0, j=1,...,9,

where Xx 1is a n-vector of state variables and u 1is

control varlables, This optimal control problem can

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

a m-vector of

be reduced to a

suboptimal control problem which then can be solved using one of the

current parameter optimization techniques.
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First, the inequality constraints are considered. While the
control variable inequality constraints may be handled locally, which
will be described later, they are usually treated in the same way as
the state variable inequality constraints. These are handled by
imposing penalty functions on the performance index whenever the
constraint is vioclated. Fenalty functions may take different forms.
Consider the following penalty functions which are based on the one

given by Fletcher [ 7 1 :

1
- 2 -
P = J/;k ep dT , k= 1,...,(prq) (2.25)
o .

where the W, are Wweighting constants and where the e, are Eiven by

e min [ - s;, , 01 ., k=1,...,p
k 1 (2.26)

min[_oj.ol

~
1}

ey (p+1),...,(p+qQ)

Here the S4 and cJ are the constraints as defined above, The weighting
constants W, are varied throughout the optimization process in order

to aid convergence, If the (p+q) penalty functions (2.25) are

differentiated, and Pk is called Xtk * then
iI'H-k = wk eﬁ ] k = 1;----(P+q) (2.27)

where Pko = xn+k(0) = 0 and where Pkf = xn+k(tf) is desired to be
zero too (actually Prs will be at least on the order of 10'6 to
10"8 ). If the penalty functions Xnel through xn+p+q are now added

to the state vector x and the resultant (n+p+q) - vector is called vy,

the original problem reduces to the following: Minimize the
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performance index
J = ¢1(tf.yf)
subject to
¥ = £ty (2.28)
with to =0, Yo = given and
w1(tf.yf) =0

where the functions 4)1, f‘1 and \P.l are different from &, f and ¥,

respectively, because (p+q) states have been added.

The second step is to normalize the time. This introduces a
new variable T = t/tf Into the problem, The integration 1is now
carried out with respect to-'r. which allows the integration to cover
the full range 0 <T<1 regardless of how the final time tf is
changed during the optimization process. Hence, Eqs. (2.28) become the

following: Minimize the performance index

subject to

y' = A te fy(T,y,u,ty) = g(T.y,u,tf) (2.29)
with Ty = 0., ¥, = given , and
Tf = 1 N ‘PAI(tf,Yf) = 0
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Third, the control u is approximated with a known function of
scme unknown parameters Cqpeeey Oy i.e., u-= u(T.a1.....al) . Where
the oy are subject to optimization. Note that the a,; are m=-vectors
if u 1is a vector of m controls, If these parameters are spaced over
the interval from Ty & 0 to Tp = 1 and represent the control at
the times T, , then they are referred to as nodal points. The
approximation of the actual control between the nodal points is found
by interpolation, for example linear or higher-order interpolation
such as the cubic spline. In the case of linear interpolation, control
variable 1inequality constraints may be handled locally, as mentioned
earlier, This means that the constraints are imposed on every nodal

point. Throughout this report linear interpolation is assumed for

simplicity. However, remarks will be made whenever higher-order

interpolation would change results significantly.

If the (lem) - vector a = [0q,...,0,]7 1s defined, the

equation for ¥' with u = u(t,a) changes to

y' = g1(1,y,a,tf) . (2.30)
Integration of y' with To = 0 and Yo = Eiven yields

¥y = y(T.a,tf) (2.31)
which, at the final point where Te = 1, becomes

Ve = y(a,ty) (2.32)

Hence, the final states Y¢ are functions of (1-m + 1) parameters,
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If this vector of (lem + 1) parameters is called X , the
original optimal control problem has been simplified to the following

parameter optimization problem : Minimize the performance index

J = F(O (2.33)
subject to
C{X)y =0 (2.34)

This parameter optimization problem is ofteﬁ referred to as the
suboptimal control problem, because the function-space minimum 1is
approximated by the solution to this parameter optimization problem.
This is due to the approximation of the control. How well the actual
solution is approximated will depend on the spacing and distribution
of the nodal points over the time-interval as well as on the form of

interpolation.

To formulate trajectory optimization problems a certain set-up
procedure has to be followed. First, the adequate performance index is
found form a careful analysis of the problem., To find the numerical
value of the performance index at the final point, the differential
equations y' = g(T.y,a,tf) have to be integrated. They consist of
the n differential equations x', which are the equations of motion of
the vehicle, and of the (p+q) differential equations for the penalty
functions. To create the penalty functions, constraints have to be
formulated. Possible eontrol variable inequality constraints include

constraints for the thrust, such as T < T

max * ©°F for the 1lift-
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coefficient, such as OCp.;. < C 5 Cp.. » Such a double constraint
may be converted to the standard form c‘j < 0 in different ways. One

possibility is given by

Possible state variable inequality constraints are also given directly

by the specific problem and include constraints 1like h 2 0 or

V2 Vsean -

To be able to integrate the differential equations vy',
initial conditions have to be given, These initial conditions as well
as the final conditions that are needed for the optimization have +to
be stated in terms of the states. This is automatically done in
methods that use the all Euler angles as states. Methods that use
other states, such as inertial accelerations or quaternion elements,
require the boundary conditions to be transformed from the Euler angle
space to the respective state space. This may not always be trivial.
How to obtain these boundary conditions is shown in the appropriate

sections.

Choosing the nodal points, i.e. the parameters %y o reguires
scme thought. First a reasonable initial guess of the control has to
be found, which means that the user should have a good idea what the

solution might look like. Second, the number of nodal points has to be
chosen, which involves a compromise. Many nodal points allow the

control to be approximated better but, on the other hand, raise the
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cost, 1l.e., the computer time needed by the optimization. HNext, the
form of interpolation has to be chosen, which not only influences the
computation time but also depends on the parameter cptimization method

used, Spacing of the nodal points will then result from the chosen

interpolation form.



SECTION III

EULER - ANGLE METHODS
1. The Inertial-Acceleration Method

The idea behind this method is, as previously mentioned, based
on the fact that the two Euler angles that give the velocity vector
orientation may be expressed in +terms of the veloelty vector
components in some reference frame, for instance the 1local horizon
sysfem. Because the velocity V 1is given through i, % and ﬁ, the
three differential equations for V, ¥ and Yy are replaced by the

differential equations for X, Y and h. This should remove the

singularity in the {' equation,

1.1. Derivation

If the equations for the aercdynamic forces, the thrust and

the weight are inserted, the dynamic equation (2.1) takes the form

F=ma=(-D+T cose cosv )i, + (T cose sinv - Q)Jw -

- (T sine + L)kw + mg ky (3.1

The accleration 3 is given by

39
T dt
and, with v=9%0 . becomes

dt

23
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2 2

= _ d — _ d ~ -~ ~
a o —2 EO = _2 CXih + th + Zkh)
dt dt

If the relationship Z = - h + const is considered, and it is
remembered that the local horizon system is defined to be parallel to
the ground axes system at all times, the acceleration a can be

expressed with inertial accelerations as
3 = Xi, + 3, - hk, (3.2)

The wind axes in Egs. (3.1) are now expressed in terms of the
horizontal axes using the direction cosine matrix (2.4), 3o that Egs.

(3.1) and (3.2) can be combined to yield three scalar equations for

the inertial accelerations @

m¥ = (T cose cosv - D)cosy cosy + (T cose sinv - Q)(sinp sinY cosX -
- cosp siny ) - (T sing + L)(cosu siny cosy + sinp siny)

¥ = (T cose cosv - D)eosy siny + (T cose sinv = Q)(sinu siny siny +
+ cosyt cosy ) - (T sine + L)(cosy siny sinX - sinu cosy )

. (3.3)

mh = (T cose cosV = D)siny - (T cose sinv - Q)sinu cosy +

+ (T sin€ + L)cosu cosy - mg

In most cases these dynamical equations can be simplified with
the assumptions that the aireraft sideslip angle ¢ 13 zero as well as
the thrust sideslip angle v ., For symmetrical configurations this

results in the aerodynamic side force Q being zero too,
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The trigonometric functions of the velocity yaw angle y and

the velocity pitch angle y are expressed through the velocity

components X , Y and h according to Figure 5.

~ Ty
e
.
~
-~
\
l-
Y In
]' -
I 7 .
s X
i k
~ R2+Y2

Figure 5 : Euler Angles and Velocity Components

Thus,
R ¢ X
s3inX = - - L cos X = . .
\f-x§+ Y§ I+ Y
(3.1)
L] .2 .
siny = —3- . co3Y = X ; I

These formulas are easily verified for the allowed values of x and Y,
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With the simplifications o= v = Q=0 and the conversion

formulas (3.4), the second~order differential equations (3.3) become

mi{- = (T cose - D)E - (T sinc + L)(cos‘u h X + sinpu b )
v v‘\-i}'[!-r Y \-J}'[E-r Y§
v Y h Y s X
mY = (T cose ~ D)= - (T sine + L)(cosu = —r. = SINH e )
v VR 12 Vios 12
. ; .2 * (3-5)
mh = (T cosE - D)%- + (T sine + L)cosu —-————W ~ mg

where V = Ji2+ i2+ 1:12 . This set of second-order differential

equations can be integrated numerically, using for instance one of the
Runge-~Kutta algorithms, after reducing it to a set of first-order
differential equations and adding the mass equation @ = - B to it.
If Xy =X, X,=%, Xg=h, Xy =X X5=Y,X =handX =m, the

equations of motion are as follows :

Xy = Xy

X, = X

22 (3.6)

X3 = XG

. 1 )'{u X6 xll x5

X, = — {(T ¢co8e = D)— « (T sine + L) (30311 —_ + 8inu Jﬁ)

(T cose ~ D)——E’- - (T sine + L)

. o1 % VI %5 1
x6 = — ((T cosg - D)— + (T sine + L)cosy —— g

-qH
1]

]
™

. : { X X x5 X,
X -— (cosu — ~ sinn )
> X v Vxge X2 m }
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where V = ‘{xﬁ + xg + xg . Analogous to the equations of motion of
Section II.2., this set of equations has p, o and T as controls if

the engine is fixed to the aircraft.

To be able to 1integrate the above equations, initial

conditions for x1 through x7 are needed, While x1o and x20 are

usually chosen to be zero, x3o is the initial altitude h.. xu

o) o

through X60 are computed from the initial values of the veloclity Vo,
the flight path angle Yo and the velocity yaw angle Xo according to
the kinematic equations (2.6). Thus Eqs. (3.6) are integrated subject

to the initial conditions :

X =0 , X20 =0 , X3o = h0

o Vo coschosxb

]
=
1]

b
I
1]

o = Vg, cosY siny, (3.7

ha
Oh
u

Vo sian

My

bl
-
o]

H

The final conditions will usually be stated in terms of v,
the final aircraft attitude and/or the final altitude h. To yield a
feasible set of final conditions for optimization, Eqs. (3.7) are used
and combined in such a way that the variables with unspecified final
values vanish. These equations form then the set of final conditions
which may be added to the performance index as a penalty function as

has been shown in Section I1I.3.
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1.2. Discussion

Examination of the equations of motion as given by Eqs. (3.6)
discloses problems for Xu and XS being zero at the same time. Since
Xu = i and x5 = i y, this happens when the aircraft is flying
straight up or down. Comparison with Eqs, (3.4) shows that these

terms, which become wundefined for X =Y =0 , are exactly the
expressions for siny and cosy . Since the heading angle is not
defined when Y = +/- G0 deg, this result makes sense. It is noted,
however, that it is practically impossible to achieve i and % equal
to zero at exactly the same time during numerical integration, unless
the ¢tralectory Is started out at the vertical position. Because the
control can only be changed in finite steps, i and i will stay

nonzero even for third-class trajectories, as long as the tralectory

138 not started out in the vertical position.

A different problem arises, though. As discussed in Section
II.1, the bank angle and the velocity yaw angle have simultanecusly a
singularity during second-~ or third-class trajectories. The
singularity in X will be determined by i and i. namely when i
and i go through zero at the same time, Unless the integration
stepsize 1s varied so as to integrate right up to that point, i and
i almost certainly will go through zero inside an integration step.
Since the bank angle 1s a control, which 1Is only changed at
predetermined times tk by the optimization algorithm, a conflict

arises., What happens if U is not changed at exactly the time where X
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and Y go through zero is shown in Figs. 6 and 7. Simulated is the
Split-S maneuver, started for simplicity in the ¥ = 0 direction, so
that % = 0 for the whole trajectory. From Figure 6 it i3 seen that
Y stays at a fixed value after it is supposed to hit Y = - 90 deg.
Whether or not the vertical line has been crossed will depend on the

signs of X and Y after that point. Why v stays fixed is explained

by Fig. T, which shows X and i every time the integration routine

(classical RK4) evaluates the differential equations, along with the

equations for X and X. These are rewritten here as follows:

x - x"_

. . X X X

X = Xy= fl t(T cOsSE - D) i (T sine + L) coslx—g 4
7 v v X

where x5 = % = 0 has been used. Note that i stays positive until the
negative i drives i through zero to a negative value (point 1 1in
Fig. 7). Since cosu 13 not changed and because xu/v is small, the
sign change in i changes the sign of i (point 2). This drives i
back to a positive value (point 3), whiéh in turn changes i back to
a negative value the next %time the differential equations are
evaluated. This goes back and forth, and the position of the aircraft
at the end of the integration step will be determined by the value of

X as computed by the integrator RK4. This uncertainty in whether ¥

will change or not makes it hard to check numerically if Y = +/- 90

deg has actually been achieved,
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To solve this problem, it 18 necessary to integrate with
decreasing stepsizes up to the vertical position, after predicting
when this point is likely to occur. Such an estimation will be fairly
easy for most second-class trajectories such as the Split-5 where ¥

changes almost linearly. A simple algorithm may look as follows :
1. Compute the last increase in vy Ayy = IYk "'Yk-1]

2. 1f |y | + &y, 2 w/2, choose as the new stepsize

T/2 =
|Vl Aty
A'Yk

Atk+1 = Const

The constant is chosen between 0.5 and 0.9 , depending on the
expected trajectory, =0 as to assure that vy = +/- 90 deg is not
crossed and the integration errors do not pile up too much due to a
Slow convergence of Y . The vertical attitude is then achieved within

a certain border once the stepsize falls below a given limit,

At this point the program will ask for a new pu , which ought
to be the old U plus or minus 180 deg. Since the vertical position
is not achieved completely, X and i have not gone through zero but
are close to zero. To pass through the vertical position, i and i
are driven through zero at the 3ame time the new bank angle is input.
This is done by simply changing their signs (this compares with
flipping the heading angle around). Not changing these two signs makes
the aircraft come out with the same heading angle it had before
entering the vertical position, but because u is changed, a half roll

is performed at the vertical position. If the sign of only one
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velocity component is changed, a directlon change between 0 deg and
180 deg is made, depending on the last heading angle and the velocity

component being changed.

The inertlal-acceleration method will work fine 1in =simple
interactive programs, where the operator specifies the initial values
and the control history up to vy = +/- 90 deg. When the program then
asks for a new j3 at the vertical position, the new p 1is input and
the program continues until some final criteria are met. That new pn
may also be specified automatically when T.z +/~ 90 deg 1Is reached

since it is known that p, .. = Y 14 +/- 180 deg.

In parameter optimization methods where the control history is
given by interpolation between nodal points, the inertial-acceleration
method seems to create problems at first, If the singularity 1in 1
occurs between the nodal .points at times tk and Lyt the actual jump
in p will be approximated by interpolation, where the change of 1y

will depend on the spacing of the nodal points, The number of nodal

u,u*A

- True Control

\\\ Approximate Control
0 ' . . v . . .

Pl
e Frnl

t

Figure 8 : True Control and Control Approximation for the Split-3
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points, however, should be kept as low as possible, as mentioned in
Section I1I.3. The true control history for the Split-S maneuver and

the approximation used in the optimization are shown in Figure 8 .

The idea might arise that such a control would simply lead the
trajectory around the exact vertical position into the right post-
vertical direction, Some computer runs have shown this to be wrong.
Figures 9 through 11 show the time interval from t, to %t , for
different initial conditions. It is seen that the trajectory might
break away 1In any direction, depending on the combination of 1lift-
coefficient and the starting point of the rolling maneuver. The closer
¥ =2 =90 deg 1is approached, the higher the associated change in the
heading angle (see Fig.11). Because the control history changes after
each 4iteration of the optimization algorithm, it will not be knowm
exactly when vy = 90 deg will occur, and it seems almost impossible
to find the correct control that leads around the vertical position
and still ends up in the right direction (as in Figure 10). It is also
very difficult and costly for the optimization algorithm to find the

Jump 1in u if it occurs between the wronmg nodal points in the initial

guess,

The problems associated with the use of the inertial~
acceleration method for parameter optimization are easily solved using
a dummy control for the optimization and another control for the
integration of the equations of motion. It should be remembered that

the vertical position 1s predicted 1in the 1nertial-acceleration
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method, and the trajectory is integrated up to that point. The bank
angle is then changed by plus or minus 180 deg, which can be done by
the integration-leading subroutine., It 1is easy to simply add or
substract 180 deg to Y at all subsequent nodal points while holding
at the vertical position. The optimization is then carried out with
respect to some continuocus dummy control, say u'. The real control U
which 1s relevant for the Integration agrees with that u' up until
Y = 90 deg 1is reached first. From then on y differs from u‘ by 180
deg until the vertical position is encountered again. This may be
illustrated by an example. If an aircraft starts with a steeply-banked
right turn, continues rolling into the Split-5 maneuver and then
rolls out into a level left turn, the bank angle history U and the
dummy control history 11' might look as illustrated in Figure 12. Note
that the jump in 1 could now occur anywhere between two nodal points,

that is when the vertical position is achleved.

Figure 12 : The Dummy Control 11'
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This shows that the inertial-acceleration method will perform
weli for parameter optimization of second-class trajectories. Third-
class trajectories cannot be integrated in the strict mathematical
sense but will cause no problems unless started out in the vertical
position. Only in that case would the horizontal speed components be

exactly zero and make some terms in the equations of motion undefined.
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2. The Two - System Method

Since the singularities in the Euler angles appear when one
angle, namely vy, hits +/- 90 deg, it might be possible to switeh to
some other set of equations when approaching vy = +/- 90 deg. That set
of equations of motion, in the following called set 2, would be
derived on the basis of a vertlcal reference system in a way similar
to the derivation of the usual equations, Therefore, it would have its
singularities for horizontal flight, and by switching back to set 1,
the set based on the horizon axes system, long before horizontal
flight 1is achieved, no singularities would appear. Analogous to the
Euler-angle sequence used in set 1, set 2 i3 derived using a yaw-
plteh-roll Euler-angle sequence, although any other sequence such as
roll-pitch-yaw could be used as long as %the necessary conversion
formulas from set 1 to set 2 and vice versa are given. This 1is
mentioned because specific Euler-angle sequences might have advantages

for certain trajectories, as will be seen later.

The Euler angles based on the vertical reference system will
be called Yy for the velocity yaw angle, O for the velocity pitch
angle, and ¢ for the velocity roll angle. These angles are measured
from the vertical reference frame, which has its x-axis pointing
along ‘the z~axis of the horizontal system ("downwards"), its y-axis
coinciding with the y-axis of the horizontal system, and its z-axis
S0 as to complete the right-hand set (see Figure 13). Thus, the

reference attitude of the aircraft is a vertical dive, and the
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Figure 13 : (a) - The Vertical Reference System (for Set 2)

(b) - The Horizontal Reference System (for Set 1)

velocity pitch angle & , for instance, 1is measured from the vertical

iv-axis. The body-axes system stays the same for set 2 as it is for
set 1, which means that the sideslip angle o and the angle of attack

¢ are defined as before, as well as the thrust sideslip angle v and

the thrust angle of attack ¢ .

Since the velocity roll rate, Pye the velocity pitch rate, Ay

and the velocity yaw rate, ry. are measured in the wind axes system,
they are independent of the reference system used and, thus, stay the
same as before, They are related to the angular velocity ®» through

Eq. (2.12) :

~

~ .9
w = pyly + qdy + Tk,
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2.1. Derivation

Because the same yaw-pitch-roll rotation sequence 1s used, the
same direction cosine matrix i3 valid for the rotation of the vertical
reference system into the wind axes system. Replacing the corres-

ponding unit-vectors and Euler angles in Egs. (2.4) leads to

~ 1 - -h

i, cosB cosy cos @ siny - 8ing b

n sind sin@ cos¥ sind sin® sinYy sind cosh -

gl = ~ cos¢ siny + cosd cosy Jo| €3.8)
n cosP sinB cosY cosP sin® siny cosd cosB -

Lkw + sin¢ siny =~ 8ing¢ cosy K,

Agaln, the 1inverse of the direction cosine matrix is given by 1its

transpose.

The actual derivation of the equations of motion for the
vertical reference system is now very similar to the one presented in

Section II.2, where use of the following identities is made:

-
-
n
I
~

[ =S
=2
£
[
<

(3.9

=
=

1]

)

These identities are easily verified using Figure 13, Thus, Eq. (2.3)

converts to

~ *n LY

Vi, = - Xk, + Yj, - hi, (3.10)
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which leads with Eqs. (3.8) to the three kinematic relationships

-3
1]

V 3in®

=Y
0

V cos® siny (3.11)

h ==V cosbt cosy

The dynamic equation is given by

— p— _-_- _g.—-
T+ A+mg=ma=z=anm Tt v
where
T =T (cose cosv iw + cose sinv j - sine kw)
A=-Di -Qj, - Lk,

d o - - A [al "~
ge V= Vig+Vrd,-Vak,

but, because kh = 1V '

g =gl . (3.12)

A ~

After expressing iV in terms of iw' Jw and k, using the transpose
of the direction cosine matrix (3.8), this results in the three scalar

equations

mV = T cose cosv~ D + mg cosB cosy

T cose 3inv - Q + mg (3ind sinb cosP - cosd sinP ) (3.13)

3
=
-3
n

mvVq, = T sinv+ L - mg (cosd 3inB cosY + siné sinY ) .,

Again, because the rotation sequence has not changed, Py 9y and ry,
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are related to the Euler angle rates ¢ ’ é and $ according to

Eqs. (2.15) after substituting the corresponding angles ;

(i)- li;sine

o
x
n

B cos + $ sin¢ cos8 (3.14)

L0
X
1]

- 8 3ing + ¢ cosd cosb

-
i

Substituting Egs. (3.14) into Eqs. (3.13) and solving for { and 6
leads to the dynamical relationships which, along with the mass
equation and the kinematic equations (3.11), form the following set of

differential equations :

-

=V sinb

Y =V cos8 siny

h ==V co36 cosVy

mV = T cosE cosSV~ D + mg cosB cosy (3.15)
mvy = 33%7; {(T cose sinv - Q)cosd + (T sine + L)sing - mg sin¢}

mve = (T sine + L)cos¢ -~ (T cos€ sinv - Q)sind - mg sinb cosy

lﬁ:-B

With the same assumptions as in Section II.2, namely fixed
engine and o= v = Q = 0, this set of differential equations has three
mathematical degrees of freedom. The three controls will usually be
the bank angle ¢, the power setting 7 and the angle of attack o, or

the 1ift coefficient CL' respectively.

To be able to switch from one set of differential equations to

the other, the relationships between the Euler angles x , y and § of
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the horizontal reference system and the Euler angles ¢y, 6 and ¢ of
the vertical reference system are needed. Since every aircraft
attitude could be achleved from elther reference system by rotating
that reference system <through the appropriate Euler angles, the

expression for the wind axes unit vectors as given in Eqs. (2.4) and

~

Egs. (3.8) can be equated. For 1, this leads to

1, cosy cosX + Jj co3Y sin) - k, siny =

= 1, co30 coay + Ev cos0 siny - ky sin®

v

Remembering that 1, = ky Jv = Jh and k, = - iy yields three
identities. Applying the same procedure to the equations for j“ and

~

kw results 1in a total of nine identities between the two sets of

Euler angles :

o038 cosy = - siny (3.16)

c0s6 sinY = cosy siny (3.17)

sin® = cosY cos¥ (3.18)

sind sin6 cosY ~ cosd sinY = sinu cosy (3.19)
sind sin® siny &+ cosd cosY = sinu siny siny + cosy cosy (3.20)
sin¢ cos8 = - siny siny cosy + cosy siny (3.21)

cosd sinb cosP + sind siny = cosy cosY (3.22)
cosd sin® siny - sind cosYP = cosy siny sinX - sinp cosX (3.23)
cosd cosB = - cosH s3inY cosX ~ siny siny (3.28)

The same 1idea holds for the angular velocity of the wind-axes

gystem, @ , Equating Eqs. (2.15) and Egs. (3.14) gives the following
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three relationships :

¢ - P 8in® = p - x siny (3.25)
8 cosdp+ ¥ 3ind cosO = ¥y cosy + X siny cosy (3.26)
- é sing + $ cos¢ cos0 = - % siny + i cOSU cos8Y . (3.27)

The velocity yaw angle as measured from the vertical reference

system is now given by Egqs. (3.16) and (3.17) as

Y = arctan COETQ?iix . (3.28)

This will yield the full range of ¢ when using the computer 1library
functlion ATAN2 , except for X = 0 deg and Y =.0 deg or X = 180 deg
and Y = 180 deg, at which points the set 2 equatlons are not used

anyway. The velocity pitech angle 8 1s simply given by Eq. (3.18),

since it is resticted to +/« 90 deg. Therefore,
B8 = aresin (cosy cosy ) (3.29)

Finally, Eq. (3.21) is divided by Eq. (3.24) to yield the velocity

roll angle

- 3inu siny cosy + coslU sinX
- cosy siny cosy - sinl siny

¢ = arctan (3.30)

which again will give the full range of the bank angle, except for
X= 0deg and Y = 0 deg, or X = 180 deg and Y = 180 deg respective-
ly. Note that signs should not be cancelled in Egs. (3.28) or (3.30)

if ATAN2 1is to give the correct angle.
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When switching back to set 1, the set 1 Euler angles have to
be computed from the set 2 Euler angles. The nedessary equations are

found as above and are given by

X = arctan SiZE;EFSB (3.31)
Y = - aresin (cosy cos 6) (3.32)
U = arcten sin¢ sin® cosy - cos¢ siny (3.33)

cos¢ sin® cosy + sing¢ siny
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2.2 Discussion

The two-system method uses two sets of equations of motion,
where the set 1 equations are based on a local horizon system, and
where the set 2 equations are based on a vertical reference system,
Both sets of differential equations use the power setting, the angle
of attack and the velocity bank angle, as measured from the correspon-
ding reference system, as controls, Since the controls T and ¢ are
independent of the reference system used, they are the same for the
set 1 equations as for the set 2 equations, thus being continuous when
Switching from one system to the other. The bank angle, however, 1is
tased on the reference system and, therefore, 1is different when
measured from the loecal horizon system than when measured form the
vertical reference system. Figure 14 shows the set 1 and the set 2
Euler angles for a loop that is started upside down like a Split-S. It
shows that switching from one set of equations to the other set of

equations generally results in a discontinuity in the bank angle, i.e.

control.

Three possibilities exist to handle this discontinuity. First,
the discontinuity can be removed by retaining the bank angle of system
1, i.e. p , as control throughout the whole trajectory. In this case’
¢ , the bank angle of set 2, has to be computed from ﬂ as long as the
set 2 equations are used. Because X and v are no longer available, ¢
may be found from u, ¢y and 8 after replacing the expressions for X

and vy in Eq. (3.30) wusing Eqs. (3.16) through (3.18). This leads to
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the following equation:

siny cosy sinfB + cosyu siny
cosy cosYP sinf - sinu siny

$ = arctan (3.38)

This updating formula is used to compute ¢ every time the differen-
tial equatiohs are evaluated, Since U has to be input as contreol, the
integration has to be stopped at the vertical position where u is
changed. The optimization 1s now carried out in a way similar to the
one presented for the inertial-acceleration wetheod, 1i.e. by using a

dummy control.

The second way of handling the switching discontinuity in the
bank angle employes a roll-pitch-yaw rotation seduence for the set 2
eéuations. It should be understood that every trajectory behaves like
the Split-S or the Immelmann maneuver near the vertical position as
long as the sideslip angles are set to zero, This 1s true because the
vertical position can only be assumed if the bank angle p i3 either 0
deg or +/~ 180 deg. 1If a roll-pitch-yaw rotation sequence is chosen
for the vertical reference system, it turns out that the velocity roll
angle stays constant throughout a.Split—S or a loop and corresponds to
the heading angle X as measured from the local horizon system. The
equations of motion for such a rotation sequence are derived 1In
Appendix A along with the necessary Euler angle conversion formulas,
It turns out that this system allows integration across the vertical
line without having to stop the integration procedure, under the

assumption that the roll-rate p,, can be set to zero during the time



50

this system is used. Third-class trajectories can be integrated as
long as they include no vertical rolls, i.e. only straight, vertical
climbs or dives. This roll-pitch-yaw two-system method will give the
right control u when switching back to the set 1 equations. At this
point the integration should be stopped, and the dummy control p'.
used in the parameter optimization, should be changed by +/- 180 deg
to yleld the correct values for p at the nodal points. This dummy
control is also necessary for the first derived yaw-pltch-roll two—
system method, the difference being that the nodal points are updated

while stopping at Y = +/-90 deg.

The third possibility of handling the switching-discontinuity
in the control involves more effort on the user's part, since both
bank angles are kept as control, As long as the trajectory 1is not
close to the vertical position y is used as control, where p is found
through interpolation from the nodal points., When a certain pre-
determined flight path angle close to ¥ = +/= 90 deg is reached, the
integration is stopped. The integration leading subroutine goes back
in time to the last nodal point. Now the next set 2 nodal points can
only be computed from the corresponding set 1 nodal points if Y and
Y for these points are known besides y . Otherwise they have to be
guessed. Now the integration is continued with the set 2 equations of
motion. When the aireraft is well clear of the vertical position, the
integration 1is switched back to the set 1 equations. This is done as
above after going back in time to the last nodal point. It is seen

that this procedure is quite troublesome. It is only useful if the
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user has a very good 1idea how the scolution to his trajectory
otimization problem has to look like. The user should know where the
switching to the set 2 equations takes place, and he should be able to
provide initial guesses for the set 2 nodal points. Hence, this method
is very restrictive. It cannot be used for problems where it is not
known if and where the vertical position is assumed, unless the user
takes the risk of high computation costs, These result when the set 2
nodal points are not provided initially and have to be found from
scratch in the optimization procedure. The only advantage of this
method 1s that it allows even third-class trajectories that include
rolls at the vertical position to be optimized, This results from ¢

being the control in the vicinity of that point.
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3. A Trivial Solution for Flight in the Vertical Plane

For flight in the vertical plane the heading angle X and the
bank angle u can only have values of 0O deg or 180 deg. The positive
X direction will be characterized by X = 0 deg, whereas the negative
X direction will be assumed for ¥ = +/— 180 deg. The idea of this
method is to remove the +/- 90 deg constraint on ¥, thus covering
the negative ¥ direction with flight path angles of more than 90 deg,
while at the same time leaving X equal to zero. It appears that this

method has been previously used [ 4 ].

Since the differential equation for X is not needed anymore,
the usual set of equations of motion can be integrated for all flight
path angles. These equations of motion are given by Eqs.(2.16) after

omission of the differential equation for Y and X , and with X = 0:

i = V cosy

ﬁ = V ainy

m& =T cose~D ~-m g siny (3.35)
mv% = (T sine+ L) cosu- m g cosy

k= - B

Because this system 1s only valid for flight in the vertiecal
plane, the sideslip angles and the sideforce Q have been set to zero.
For a fixed engine this set has mw, o and u as control, where U can
only assume the value of 0O deg or +/—- 180 deg. The bank angle for

the Split-S maneuver, for instance, would be 180 deg all the way,
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along with a heading angle of zero deg, and a flight path angle
raﬁging from zero to - 180 deg, The real set of Euler angles is found
by simply checking on |Y| > 90 deg and, 1if the test 1is positive,
adding +/- 180 deg to ¥ and B, and setting Y to its complement of

+/- 180 deg using

»
Y =

Y = ETCT Y (3.36)
%.
where |y | >90 deg is the flight path angle used in the integration.

This method wlll permit optimization of third-class
trajectories with any parameter optimization method, as long as the
trajectory can be flown in the vertical plane. Since this method 1is
based on removing the i equation, it cannot work for three-

dimensional flight.
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4, Comparison

Three basic ideas have been presented that seem to remove the
singularities that occur during integration of second- or third-class
trajectories., For trajectories that can be flown in the vertical
plane, the simple sclution presented in the last section should be
used, It is valid for third-class trajectories and allows a trajectory
to be started in the vertical position without changing the algoritim.
This method is also the easiest to set up among all those presented.
In optimization problems where it is not known if the sclution 1is a

trajectory that can be flown in the vertical plane, one of the other

methods has to be used.

To simplify the comparison of the remaining Euler-angle

methods, they are referred to in the following as:

Method 1 - the inertial-acceleration method

Method 2 -~ the two-system method that uses yaw-pitch-roll Euler angles
and that uses y as control for both systems.

Method 3 =~ the two-system method that uses roll-pitch-yaw Euler angles
for the set 2 equations.

Method 4 - the yaw-piteh-roll two-system method that uses ¢ as

control while in set 2

If third-class trajectories can be excluded as possible
solutions and only second-class trajectories are to be integrated, the
inertial~acceleration method should be used, because it requires only

one set of differential equations.
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If third-class trajectories that include vertical rolls can be
excluded as possible solution, method 4 should not be used because it
is very restrictive and hard to set up. The choice of the right method
among the remaining methods is not easy, however. Although only method
3 1s wvalid for vertical flight in the strict mathematical sense,
method 1 may be used also, as long as the trajectory is not started in
the vertical position. Method 2 should not be used for third-class
trajectorles, because it does not allow trajectories to be as close to
Y= +/-90 deg as method 1 does. This is due to the fact.that the
siny and sin8 terms in the updating formula in method é become zero
long before X and Y are zero. Whether method 1 or method 3 should
be used for third~class trajectories will depend on the specific
demands. Method 3 1s harder to set up than method 1 because two sets
of differential equations are used. Method 3 requires the assumption
of zero roll rate while iIn the second set of equations. Both methods
require an estimation when the vertical attitude is 1lilkely to be
reached, but only method 1 requires the stepsize to be decreased and
the integration to be stopped at y= - 80 deg. Method 3 may be started
with vertical aircraft attitudes Iif the inltial conditions are
specified 1in the set 2 Euler angles, whereas method 1 cannot be
started in the vertical position at all. Both methods will find the
singularity in u at y = - 90 deg themselves, and therefore, both can

be used for parameter optimization if a dummy control is used.
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If a rolling maneuver in the vertical position cannot be
excluded as solution, the user should use the gquaternion method which
is derived in the next section. However, 1Iif the solution is almost

known, method 4 may be used to find the exact solution.

Finally, it should be mentioned, that the user may combine any
of the presented methods in a variety of ways to come up with better
solutions, An easy Implemented possibility could be a combination of
the usual set of equations of motion as presented in Section II with
the ¢trivial solution of the last section. This would allow three-
dimensional third-class trajectories to be Integrated, as long as no
roll at the vertical attitude has to be performed. It would allow

rolls near the vertical attitude, however, just as with the inertial-

acceleration method,



SECTION IV

THE QUATERNION METHOQD

1. The Quaternion Concept

The use of three Euler angles to relate one coordinate system
to another has the advantage of being well defined geometrically and
fairly simple to visualize. The commonly used yaw-pitch-roll Euler
angle sequence makes use of the faect that a system may be related to a
reference system through the vaw angle and the pitch angle of its x-
axls with respect to the reference system. It then only has to be
rotated around its x-axis to achieve the desired orientation. It has
been polnted out earlier that allowing the yaw and pitch angles both
to assume values between - 180 deg and <+ 180 deg results in covering
the globe twice. Hence, one angle has to be restricted. It was seen
that this restriction leads to various problems which are relatively

unpleasant to deal with,

The whole dilemma may be avoided if some other method of
relating two coordinate systems is used. Here, the idea of using the
quaternion comes into play. Although established by Hamilton as the
general result of the division of two vectors, the main interest in
quaternions today Is focussed on its ability to relate two coordinate

systems in a somewhat optimal way.
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The.reader will accept Euler's theorem, which states that any
two coordinate systems with common origin can be aligned through one
single rotation. This rotation takes place around an axis which passes
through the common origin of both systems (see Figure 15)., This axis
is often referred to as the Euler axis. It is characterized by two
vectors, one pointing in one direction of the axis, the other one in
the opposite direction having merely an opposite sign., To get a
complete description of the rotation, the angle through which the
rotation %takes place needs to be specified too. This means that a
rotation of one system into another of common origin can be described
by four parameters: one scalar for the rotation angle and three for

the components of the vector pointing along the fixed rotation axis.

The quaternion is simply a compact form of representing this
rotation angle and axis and consists of the sum of a scalar and a

vector., It is given by

Q = qO + a = qo + [cho Q2r Q3]T . .
The scalar q_ and the vector q are defined by
= )
qo = C03 E
= = _. B

where © 1s the rotation angle that will be discussed in detail later
and where £ i3 the vector pointing along the rotation axis, having

the components €1, Ep and €3 in the reference system. This gives the



Rotation Angle

Figure 15 :

Euler Axis

Rotation Around the Euler Axis
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. _ .0 _ .0 - . B
qugternlon elements Q4 = €48in 5 Gy = €£psin 5 and 93 = €3sin 5 -

If € is a unit vector, i.e.

then, and only then, the norm of the quaternion, which is defined in

analogy to the vector norm, is given by

165

+ q% + q% = cos® 2 + sinz-% =1, (4.3)

This special quaternion 1is called the unit gquaternion or rotation
quaternion. It will be seen in the next section that a unit quaternion
rotates a vector into a vector of equal length, whereas arbitrary
quaternions also stretch or contract vectors. Because only pure
rotations are of interest here, only unit quaternions are considered

in the following., For simplicity they will just be called quaternions.

Visualize again the rotation axis and the rotation angle. Let

one direction of the rotation axis be defined through the unit vector

~ ”~

ep, and the other, through &, = - €pe Define the rotation angle 98 to
be positive in the mathematical positive sense, i.e. conforming to the
right-hand rule. From Figure 16, it can now be seen that any rotation

from one system {or vector) to some other system (or vector) may be

described in four ways., These four possibilitlies are the following:

(a) - rotation around €p through the positive angle 8p1

(b) - rotation around €p through the negative angle Bn1' where

8n1 = - (21T - ep'[)
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P1 8'[12

m>
>

(a) (b) (e) (d)

Figure 16: Possible Rotations Around an Axis

(c) - rotation around ¢

En = —- €4 and sz = 27 - 6p1

n through the positive angle epz. where

p

(d) - rotation around ;n through the negative angle 8 ,, where

Bn2=—(2‘n'-9p2)=-9p1

It 1is immediately seen that cases (a) and (d) represent a physically
identical rotation, just as the cases (b) and (e) do. Therefore two
possibilities can be eliminated by allowing only  positive rotation
angles, This leaves the cases (a) and (e), which are characterized by
positive rotation angles where one is less than 180 deg and the other

one greater than 180 deg.

It is easy to establish the quaternion of a rotation for which
the axis and the angle are known when using Eqs. (4.1) and (4.2). When

using these equations, the quaternion for case (a) of Figure 16 is
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given by

_ Op1 ~ fp1
Q, = cos -g— + e,8in -g— (4,4)

p

whereas that for case (¢) is given by

=C 2 n 2 "
Substituting 6p2 = 2T - 0p1 and €, = - €s yields for Q,
8 ~ 8
= - el _ ~pl
Qe = ~ cos —5 €psin —% (4.5)

where the relationships

B 8 8

cos —B2 = cos (7 - ZPly - _ oos -P1 , and
2 2 2
G 8 B

sin —gg = sin (7 - —gl) = sin —gl

have been used. Comparison of Q, as given in Eq. (4.5) with Q_, shows
that the two quaternions which are asscciated with each rotation
merely differ in the sign of their components. In other words, for
every rotation of one vector into another two quaternions can be
established if the rotation angle is restricted to positive angles:
one for the rotation with a positive angle of less than 180 deg around
one axis direction and a second one for the other rotation with an
angle of more than 180 deg around the opposite axis direction., The two
assoclated quaternions differ in the sign of their components.

Furthermore, it is seen from the definiktion of the guaternion

) - 8
= cos = € =
Q > * sin >
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that the scalar part will remain nonnegative for all 0 < 8 < w (the
rotation angle was restricted to positive values earlier). A

quaternion with a nonzero scalar part is called a positive quaternion.

The ambiguity of having two quaternions for every aircraft
attitude, 1i.e. the positive quaternion and the negative quaternion,
may be removed by allowing only positive quaternions which amounts to
the restriction 0 £ 86 £ v . This would reduce the two remaining cases
of Figure 16 to case (a), Allowing only positive quaternions makes
sense 1in certain applications, as in spacecraft attitude control
systems. There, the quaternion i3 used to find the minimum control
that 1leads to a desired angular position of the. spacecraft, Because
the present orientation and the desired orientation of the vehicle are
known, the two quaternions c¢an be established. The positive quaterniocn
will then give +the minimum control Because it gives the smaller

rotation.

This property of the quaternion, however, 1is not of interest
in this investigation. The quaternion 1is used here to describe
aircraft attitudes in a singularity~free way, thus enabling
integration of all possible aircraft attitudes. Restricting the
quaternion to positive quaternions introduces singularities in the
quaternion history for certain trajectories, as will be seen in the

following.
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Assume an alircraft flying straight and level rolls about the
positive X - axis., The quaternion and bank angle histories for a
horizontal roll 1is given in Figure 17, where the quaternion 1is
restricted to the positive one. First, note that q, and q3 stay zero
for the entire time, This makes sense because the Euler axis for this
trajectory coincides with the x-axls of the wind axes system and the
reference system the entire time. For the first half roll the Euler
axis points along the positive X ~ direction, and the qq curve is
created through the multiplication with sin(6/2). For this half
roll the rotation angle & equals the bank angle u. In the second
half roll it becomes suddenly more Yefficlent to rotate the
reference system arcound the negative X - direction into the wind axes
system, where the rotation angle is smaller than 180° and also
positive. This csguses the Jjump in Qqs which desceribes the axis
orientation, It appears at first that such a singularity is unwanted,
The consequence would be to allow positive and negative quaternions.
If started out with the positive quaternion, the same rolling maneuver
has the quaternion and bank angle history as shown in Figure 18, The
singularities vanish, but the quaternion for the u = 0 attitude that
is achieved after 1.0 s and one complete roll is now the negative
counterpart of the initial quaternion. It should be stated that these
plots have been generated using the quaternion representation of the
equations of motion which is derived later in this section. The
quaternion elements are found by integrating the quaternion

differential equations. The continuous derivatives simply drive the
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quaternion to be negative, ending up at the negative quaternion after
one roll, This ambiguity is irrelevant, however. When starting the
integration, the given initial Euler angles are converted to either
quaternion, say the positive one. The integration is then carried out
in the quaternion domain. Although two quaternions exist per alrcraft
attitude, only one aircraft attitude exists per quaternion. Therefore,

the current Euler angles can be obtained at any point of the

quaternion history.

In the case of parameter optimization, where final conditions
have to be stated in terms of the quaternion elements, this ambiguity
of having elther the positive or the negative gquaternion for every
attitude does not create problems either. The final conditions are
simply stated in term3s of the positive quaternion and 1if the
trajectory ends up with a negative quaternion, which is readily seen
in the sign of Qg s then the signs of 9, through q3 are changed, and
the check is performed on the now positive final quaternion, How final
conditions in terms of quaternion elements can be found will be

explained at the end of Section IV.

The conclusion is that it does not matter whether the
restriction on q, is imposed or not. If the user wants to allow only
positive quaternions, then the check on the sign of q, has to be
performed after every integration step. 1In that case the quaternion

element histories have forced discontinuities as in Figure 17. These

discontinuities compare +to Euler angle discontinuities that result
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from restrictions as -t < p < +m as seen in Figure 17 (bottom),
Since no problems arise when negative quaternions are allowed, the
check on the sign of d, after each Integration step is unnecessary.
The quaternion element histories are In that case continuous, and the
check only has to be performed at the final point. This second

poasibility has been used by the author.
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2.Quaternion Algebra

In this section the necessary quaternion algebra is presen-
ted, Due to the nature of this study, the desire to provide an easy
understanding of the topic is emphasized, rather than giving complete
mathematical proofs. Those can be found in Hamilton [ 2 ], as well as

in various later publications.

2.1. Fundamental Opqrations

2.1.1, Identity

Two quaternions are identical iff all four elements are equal.

Hence,
. (4.6)
2.1.2. Quaternion Addition

If A=a  + a, B= b, + B and C = e, + € are quaternions,

then the addition of A and B 1is defined as

C=A+B 4.7)

2,1.3., Multiplication with a Scalar
If A= a, + 4 18 a quaternion and s is a scalar, then

sA = sa_ + 33, (4.8)
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2.1.4. Quaternion Multiplication

Let the quaternions Q and R be given by

g=q0+ﬁ=qo+q1i+q2j+q3k
R = r, + ¥ = ry + r1i + r2J + r3k
the unit vectors i, J and k are assumed to follow Hamilton's
amental Formula" [ 2, p.160 ]
2213k -1, (4.9)
expands to
1j=-3i=k
Jk=z=-k j=1 (1,10)
ki=z-1k=17]3.
plying Q with R leads then to

”~

(qy + aql + 4y + q3k) (ry + rod + rpj + rak) =

t

QQly - (q1r1 + Qor'y + q3r3) + qo(rTE + r23 + rSE) +
103 K
+ ro(q11 + q23 + q3fc) *+ 19 9 93| =
P T2 T3
= qgry = (qqrq + Qors + q3r3) + (g rqy + q4rg + qQpr3 = q3r2)z

+ (qory + Qury + A3ry - q1r3)j + (qor3 + Q3 + qqry - q,ry k.
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This can be written in vector form as

QR=(qr,-T.F) + (q,F + r G+ gx¥) (4.11)

where q+T denotes the vector dot product and gxF the vector
cross product. Note, that the first term in Egq. (4.11) is the scalar
part of the resulting quaternion, and the second term, the vector

part.

Since every vector is a speclal quaternion with zero scalar
~ ~

part, the unit vectors 1, j and k may be written as

0+1;

[l ]
4]
-
[

0 + 13 (4.12)

[
n

| &
f

0 + 1k .

~
"

1=
n

If Eq. (#4.11) is now applied to Eqs. (4,12), then Egqs. (#.9) and

(4.10), 1.e. the assumptions on which (%.11) is based, are verified.

Close examination of Eq. (4.11) will reveal that quaternion
multiplication 1is assoclative and distributive but because of the
cross product generally not commutative, Note that Eq. (4.11) reduces

for vectors to @ F = ~qe+Tr + qxr, which gives the general vector

multiplication resulting in a quaternion.
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2.1.5. Conjugate

Because of the "imaginary" nature of the unit vectors as seen

from Eqs, (4.9), it makes sense to define the conjugate of

to be

Q =g,-1a. (4.13)

With (4.11) this leads to the conjugate of a quaternion multiplication

@ ®" = r"q" . (4. 14)
Note that
@hH" =g . (%,15)

2.1.6. Norm

The norm of a quaternion is found like the norm for imaginary

quantities by

' a - — —
” Q” = g g = (qo + Q)(qo - q) = q02 + Q+q =
=agedf+a3ea . (4.16)

Note that |[Q]||= 1 for rotation quaternions.



2.1.7. Inverse

From (4,16) follows

10
1o

o

which allows the inverse to be given by

Q-1 -

For the rotation quaternion, where || Q|f = 1,

-1 *

o
1
o
-

2.1.8. Derivative

The derivative of a quaternion is defined by

=N
(=]

I

1
ﬂ.l .
ol o

+
= i

.
<r

For a fixed coordinate system this equals

dQ _dgy  dqq 1 . dgp + + daj i

dtE “at T dt at Yt dt ’
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(4.17)

(4.18)

(4.19)
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2.2 Transformations Using Quaternions

A léw is established that allows one vector to be rotated into

another vector using a quaternion instead of a transformation matrix.

Consider the vector D with the components Pqr P2 and P3 in the

coordinate system OXYZ, Rotate that vector through the angle 8 around
the Z-axis into the vector D', which has the same length as p. Let I,

J and K be the unit-vectors along the X, Y and Z-axis respectively.

Consider again the vectors to be special quaternions, and define

P=04+p=0+pI+pod+ pX and P' =0+ Dp'.

It should be remembered that for every rotation for which the rotation
axis and the rotation angle are known, a quaternion can be found. For
the special rotation defined above, the quaternion rotating P into p'

has 1its axis pointing along the Z-axis, The necessary quaternion 1is

‘|

Figure 19 : Vector Rotation
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found using Eqs. (4.2) and is given by

Q= 9, + 941 q5d +q3K=cos—g-+sin K .

Mol

In appendix B is shown that P' 1is found using the formula
»
Pr=QPQ , (4.20)

where g‘ 1s the quaternion conjugate of Q as defined in the
]
previous section. Premultiplying (4,20) by Q and postmultiplying

by Q gives

With Eq. (4.,18) follows the inverse transformation

P=q P'Q. (4.21)

If the rotation around the Z-axis is visualized again, Eq. (4.21)
makes sense. P is found by rotating P' through the angle -0 around
the + Z-axis, P could also be found, however, by rotating P!
through the angle +§ around the - Z-axis. For thls rotation the

quaternion rotating P' into P is then given by

~ - #
Gy + 93(-k) = ¢, -3 =Q .

Applying this directly on Eq. (4,20) and using Eq. (4.15) gives

p=a"pr @) =0"Pa,

which verifies (4.21).

Although Eq. (4.20) and Eq. (4321) have been derived for the
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special case of a rotation around the Z-axis, they are valid for every
three-dimensonal rotation. It is known that every rotation can be
defined by three Euler angles as defined in Section II.1. If g1. Qb
and g3 are the quaternions corresponding to the yaw, piteh and roll
Euler angles X, ¥ and p respectively, the oversall rotation of one

vector R 1into another vector R' (of equal length) is given by the

three rotations

R

1
)
—
=0
Fo)
g

1

I‘L’::u:f
ﬂj
L:o
L

|=o
i
]
w
IL:U
o
(WA ]

This simplifies to

O

R' = Q39,9 R 9] @ 93

and, after using {(4.14), to

If Q= 239221 is defined, where Q will generally have a rotation
axis that does not point along a coordinate system axis, Eq. (4.20) is
shown to be right for any Q. Eq. (4,22) also states that the
quaternion may be handled much the same as the direction cosine
matrix, in that successive rotations result in successive quaternion
multiplications. Because a multiplication of two quaternions takes
leas effort than the multiplication of two direction cosine matrices,
extensive use of the quaternion is being made on the onboard Space

Shuttle Computer System for attitude computations.
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3. Some Necessary Relationships

In this section some relationships are developed that are
needed to derive and work with the quaternion representation of the

equations of motion, which will be derived in the next section.

3.1. A Coordinate Transformation Matrix Using Quaternions

A matrix will ©be needed later that relates one coordinate
system to another coordinate system just like the direction cosine
matrix but which is written in terms of elements of the corresponding
transformation gquaternion. The use of this matrix simplifies the
transformation between two coordinate systems greatly over the use of
the quaternion rotation formula as given by Eq. (4.20). It also leads
to relationships between the quaternion elements and the Euler angles
by comparing corresponding terms of the direction cosine matrix with

terms of the quaternion matrix.

This matrix is found by rotating the unit vectors of the
reference system into the unit vectors of the second system using
Eq. (4.20). Let Q be the rotation quaternion that is defined in the

reference system as

Q=9+ qqI + gyl + q3K

~

where I, J and K are the unit vectors of the reference system. Q

rotates the reference system Into the second system In one rotation

-~

around the Euler axis. Thus, the unit vectors i, Jj and k of the
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second 3ystem are found according to Eq. (4.20) through the

relationshiﬁs
2 ol )
j=qJq" (4.24)
k = g_ﬁ g? . (4.25)

For Eq. (4.23) this yields

[l ]
]

QI (qp~ qqI - qpd - q3K) =

i
1]

(qy + qqI + qpd + q3K)(qq + GoT + Q3] = qpK)

11

+

(4pq7 = Q195 =qpa3 + q3dp) + (a3 + af - a3 ~ q§)1

+ (9543 + Qq9p +Q39, + 9909 + 2(q4a3 = 3K

[ o]
n

(qg + q% - qg - q%)I + 2(q,q5 + q1q2)J + 2(q1q3 - Q,9,K .

Eqs. (#4.24) and (4.25) are solved in a similar manner and result in

J = 2(q49, - qoq3)I + (qg - q? + qg - q%)J + 2(q,a, + Q2q3)K
k = 2(q,9, + 449501 + 2(q,03 - 9,9, + (dg -a7 = Q5 + 43K .

This gives the desired transformation matrix

(4.26)
1| |(ad+af-ad-~af) 2(qua;+ a5 202385 - 9,q) || I
3= |2(ayap = aga3) (@ - af + a5 - aF)  2(q,qq + 9pa3) || J
k| |20a% + a5a3)  2(ax83 - 9,3y (aF - af - a3 + o) || K




79

This matrix may now be used just as the direction cosine matrix, It is

orthogonal, and thus, its inverse is found by transposing it.

3.2. The Quaternion Differential Equation

Consider a vector P rotating with the angular veloeity

Q= prefi + Qg ol rrefﬁ relative to the reference system 0 X Y Z,
and a fixed vector F that coincides with p at time t = 0, 1i.e.,
* = pl0) . Note, that for any time t a rotation may be established,
which rotates T into p(t), Let Q(t) be the quaternion that
defines this rotation from T to Pp(t). If Q, denotes Q(t) and Q,

denotes Q(t + At), then

o 1]

Q1 (4.27)

Q, F O (4.28)

P1 = B(t) = Q

plt + At)

o
o
1

holds., According to Figure 20, the rotation 92 can be split in two

rotations, This ylelds

Figure 20 : Rotations Using Quaternions
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N

Py =Qqy rQy , and
- - *
P2 = Qpg Py pgo

whereupon ,

a—n

- |
Pr = Qpp 9 F (Qpy 9y)

which gives with Eq. (4.23)

Q =9y 9 - (4.29)

The quaternion gAt. which denotes the rotation from 51 to 52 can be
specified because the rotation angle and rotation axis are known., With
Q = cos (6/2) + € sin (B8/2) , where 8 = QAt and where the axis €

is in the Q direction, gAt is given by

- QAt . @ _. QAt 4 20
QAt-cos—2—+ Qsin——-z— (4.30)

The same rules of differentiation that are valid for scalars
or vectors are valid for quaternions, as was shown in the last

section, Thus, Q may be found by

. Qlt +At) - Q(t)
Q(t) =, 1im rt A (4.31)

This yields with Eqs.(4.29) and (4.30)

o QP -Q1 _ .. Qa ~ 1097 _
9 =, 418 =7 =% At =

- 1 Q At 9 i.0At
_AEQ [At (cos——-2 1 + o) Sln———2 )]9_1 .
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Upon expression of cosg—%ﬁ- and sin9—§E in Taylor seriles,

. 2 3
R (QAL) 3 [aat @A)
i [ (- S e e e S )

and the sought differential equation is

g-1%g. (4.32)

This relates the angular velocity of some vector or coordinate
system with respect to the reference system to the associated
quaternion change. If the angular velocity is given in terms of the
rotating system, a coordinate transformation has to be performed. Let
o= pwz + qw3 + rwa denote the angular velocity of some rotating
system with respect to the reference system, where 1, 3 and ; are the

unit vectors of that rotating system. Then, the coordinate transfor-

mations are given by

I:QEQ'
3:&39_'
;:QEQ*I

Since f and @ denote the same angular velocity vector, Just ex-
pressed 1n different coordinate systems, Q is found from o using

these transformations. Hence,

& = 8 =p,QIQ +q,27Q +r,aKQ" .
ef .
system

The angular velocity components are scalars and can be brought inside
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the transformation, if Eq.(4.8) 13 extended to the multiplication of a
qﬁaternion product with a scalar, This leads with the distributive
property of the quaternlon product to
g=Q (pwi - qw3 + rwﬁ) gf
=1 Q@ Q (4.33)

where EI i3 a newly defined vector, which has the same components as
@, but is defined in the reference system. It 1s important to make the
distinction between & and EI, because the quaternion could not
operate on the vector &, which has different unit vectors than the

quaternion, Now Eq. (4.32) changes with Eq. (4.33) to

1 *

Q=2@& ) Q

which glves the relationship hetween the angular velocity rates, as
measured In the wind axes system, and the associated quaternion

change, as
Q=398 - (4,34)

Eq. (4.34) may now be expanded into four scalar equations for q,

through q3 using the multiplication rule for quaternions. This yields

immediately

Lle
e}
i

d; = 0.5 (g.p, + Qsry = 924,,)

! otw T 2w - T3 (4.35)
dp = 0.5 (q.q, + 3Py ~ T,

a3 = 0.5 (gyry + 949, - QP,) -
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3.3. Euler Angle to Quaternion Transformation

To derive a formula to compute the quaternion for given Euler
angles, the rotation 1Is split up in three Euler angles, and the
quaternion for each rotation is established. The overall quaternion is

then the product of these three provisional quaternions.

The transformation which corresponds to the velocity yaw-
pitch-roll Euler angles transforms the horizontal reference system
into the wind axes system through three consecutive rotations. The
first rotation 1is around the z,~axis into an intermediate system,
call it system 1, the second one is around the y1-axis into system 2
and the final rotation is around the x2-axis into the wind axes

~ ~

system. Note, that X5 and X3 are identical. Let I, J and K denote
the unit vectors of the horizontal raeference system, and 1, j and k
be the unit vectors of the wind axes system. The quaternion <Qz for

the first rotation around the zh—axis is then given by

~

= Xy -
Q, = cos é + sin 5 K = g0 + 453K (4,36)
where vy 1s the velocity yaw angle. The second rotation around the
y1-axis is represented by
" Y 1
Qy = °°5'§ + sin - J4

Mo |

P~

where J, can be expressed in terms of I and J using direction

cosines

1 = - sinX I + coaX J .
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Hence,

~ ~

Qy = cos % - sin % sin I + sin 5 coay J =

rol-<

= qyo + qy1I + qY2J . (4.37)
The final rotation is given by

_ U Uz
Q = cos = + sin 5 I

where f2 can be stated as

12 = cosYi1 - sinle1 = cosY (cosx I + sinxs) - sinYE‘E .

Thus,
Q, = cos & 4+ sin & cosycosx'I‘ + sin & cosY sinxs - sin b sinylz =
-=X 2 2 2 2
T Qyo + Qpql + quod + qp3K . (4.38)

In Section 2.2 of this chapter it has been shown, that the
overall quaternion is found through successive multiplication of the

component quaternions. Therefore,
R=9,+9,+9+0q3=0,0,9, .

This multiplication is carried out in Appendix C, It reduces to the

following four Euler angle to quaternion relationships :

gy, = coOs % cos % cos-% + sin % sin % sin %

qq = sin % cos % cos % - Q03 % sin % sin % .39)
Q5 = CO38 ; sin % eos % + sin ; co3 % sin é .

Q3 = cos % cos % 8in % - 8in % sin % cos %
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3.4, Quaternion to Euler Angle Transformation

Because the equations of motion will be integrated in terms of
the quaternion elements and it is desired to print out the results in
terms of Euler angles, the transformation from quaternions to Euler
angles 1is sought, It can be found by equating the direction coaine
matrix, given by Eq. (2.4), to the quaternion matrix, given by Eq.
(4.26), If the matrix elements (1,1), (1,2), (1,3), (2,3) and (3,3)

are equated, the following relationships result :

siny =2 (q,q, - q1q3) (1)
cosy cosy = qg + q% - q% - q% (2)
cosy siny = 2 (q°q3 + q1q2) (3) (4,40)
cosY cosy = qg - qg - qS +q§ (%)
cosy sinu = 2 (q.qq + 9a3) . (5)

If the velocity pitch angle 7Y 1is restricted to the range

-m/2 £ y< + /2, a unique inverse sine value exists, and Y 1is

found from (1) :
= arecsin 2(qoq2 - q1q3) . (4,41)

The veloecity yaw angle X is given by (2) and (3) as

2 (qea3 + 4a1q2)

a% + af ~ a5 - &§

¥ = arctan . (h.42)

Finally, the velocity roll angle py results from (4) and (5)

2 (qpa1 + 9293)

Z-C-Br L

H = arctan

(4.43)
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Because q% + q% + qg + q% =1, Eqs. (3.32) and (4.43)

simplify to

¥ = arctan 2993 +2q1q22 (4.44)
0.5 - g5 - a3
1 = arctan 301 +2q2q32 . (4,45)

0.5 - a5 - q

The full range of y and pu will be found if the library function

ATAN2(a,b)} 1is used for evaluation of Eqgs. (4.3%) and (%.%5),

The Euler angle to quaternion transformation formulas (4,39}
and the reverse formulas (4.41), (4.44) and (4.45) have been checked
numerically on a CDC Cyber 170 computer using single arithmetic. A set
of Euler angles has been converted to the corresponding positive
quaternion, which in turn has been transformed back into Euler angles
after its norm had been computed, While the error in the norm always
stayed on the order of 10"1”. the Euler angles were given back with
an aceuracy of over 10 digits for | y|< 89.99999 deg. For larger
fight path angles, the error in the Euler angles ing¢reased. The
highest observed error occurs for <Y = +/- 90 deg, where the returned
¥ and u have an accuracy of at least one decimal place after the
decimal point. Because the Euler angles are merely used for informa-
tional purposes to ™"see" the trajectory history, these minor errors

have no 1nfluence on the accuracy of the program.
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4., The Equations of Motion

The equations of motion in the guaternion representation are
derived in much the same way as the equations in Section II, the only
difference being that the quaternion transformation matrix (4,26) is

used instead of the direction cosine matrix (2.4).

”~

If the term for 1, 1is inserted from Egs. (4.26), the

kinematic equation

-~ *n *A A

Vi, = Xi, + Yj, - hky

leads to the three scalar equatlons

X =V (e +qf-aj-a) (4.46)
Y=2V (9505 + 3ap) (4. 57)
ﬁ =2V (qoq2 - q1q3) . (4,48)

The only term that changes in the dynamic equations 1is the

expression for the weight W. With the transpose of Egs. (4.26),
W:mgkh
changes to

W=2nmg (q,953 - 9,904, + 2 mg (q,qy + Qxq3)J, +

+ mg (qg - q% - g% + q%)ﬁw . (4.49)

Consequently, the force equation
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g
o2

=T +A+W,

where T and A are given by Egqs. (2.7) and (2.8), respectively,

results in the dynamic relationships

mV =T ¢cosg cosV~-D + 2 mg (q1q3 - qoqz) (4.50)

myr = T cose sinv -~ Q + 2 mg (qoq1 + q2q3) (4.51)
- 2 2 2 2

mVq, = T sine + L - mg (qf - qf - q5 + q3) . (4.52)

The quaternion elements a, through dq have to be integrated
simultaneously with the kinematic and the dynamic relationships using
Eqs. (4.35). Collecting Eqs. (4.46) through (4.48), the dynamic
relationships (4.50) through (4.52)}, the quaternion differential

equations (4,35) and the mass equation, the equations of motion

consist of the following set :

X =V (qﬁ + q? - q% - qg)
Y=2V (qoq3 + q1q2)
h =

2 V (9595 - 9193)

mV = T cos€ cosV = D + 2 mg (qqa5 - q,95)

dp = — 0.5 (aqp,, + dpq, + a3t} (4.53)
52 = 0.5 (qoqw + Q3P - q1rw)

d3 = 0.5 (qyry + q19, = 4P

m= - B

where the velocity yaw rate 'y and the velocity pitch rate q, are
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given by
mer = T cosg 3inv - Q + 2 mg (qoq1 + q2q3)
avq, = T sine + L - mg (qg - q? - qg + q%) .

If the engine 1s again assumed to be fixed and iIif the
assumptions of zero sideslip angle ¢ and zero thrust sideslip angle v
are made, this set of differentlial equations has three mathematical
degrees of freedom, Agaln, &the power setting m and the angle of
attack o or the lift coefficent CL are controls, The interesting
point i3, however, that the velocity roll rate Py is now the control

instead of the bank angle u.

The reader might get the ideé, that the quaternion

relationship
qg + qs + qg + q% =1 (4.54)

should be included in the equations of motion, thus replacing one of
the quaternion differential equations. This should not be done,
because it would be hard to determine the sign of that quaternion
element from Eq. (#.54%), and it would also add the errors of three
gquaternion element integrations into the remaining element. It should
also he realized that Eq. (#.54) is present in the equations of motion
in an implicit form and is satisfied automatically. Examination of the
equations of motion reveals the origin of the quaternion expressions
present in Eqs. (4.53). Summing the squares of Egqs. (1), (2) and (3)

and of Eqs. (1), (4) and (5) of Eqs. (4.40) proves this., However, it
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is a good idea to scale every quaternion element by

1

@+l s+ q§

C =

when the Integration extends over many steps and integration errors
start piling wup. This scaling wculd of course occur between

integration steps,

Having the roll rate p, as the control will require 3some
rethinking on the user's part, It will be seen in the next section,
however, that this ia a more %natural™ control than the bank angle,
because a constant bank angle does generally not correspond to a =zero
roll rate (remember Eqs. (2,15)). Note also, that the pilot controls

directly the roll rate, not the bank angle.
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5. Parameter Optimization Using the Quaternion Method

To help the reader get aquainted with the roll rate as
control, the control history for two simple trajectories is analyzed.
Then, the Implementation of the quaternion method In parameter

optimlzation is discussed.

The control for the Split-S maneuver is given by P, 0 deg/s
all the way because the aircraft actually flies no roll at the
vertical position even though the bank angle jumps from 180 deg to O
deg at that point. The control for loops and Immelmanns is also Py =
0 deg/s. A maneuver that ylelds a continuous bank angle change when
flown with zero roll rate is the so-called YLazy Eight", of which the
First part is shown in Flgure 21. Started with some bank angle, say
30 deg, a too high power setting or lift coefficient for a level turn
willl lead to a climbing turn. This increases the bank angle as long as

the aircraft roll rate stays zero. The first of Egs. (2.15),
pw'-.ﬁ-kSinY )

confirms this. As the bank angle becomes steeper the flight path angle
becomes shallower, which finally leads to the descending part. It is
seen that this maneuver would be hard to simulate with p as a
control, It also follows that a climbing turn with constant bank angle
will require a continuous nonzero roll rate. Hence, some trajectories
with constant bank angle may be hard to simulate with p, as a control.

It is not possible to state generally if the roll rate history or the
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bank angle history is of an easier form. This depends on the specific
trajectory being investigated. With these considerations in mind, it
should not be too hard to come up with reasonable control guesses for

optimization purposes.

Having the roll rate as a control has the big advantage of
being able to perform rolls at any attitude. The disadvantage 1is,
however, that now three nodal points are needed for a roll instead of
only two polnts, as in bank angle controlled methods. The control
history for a 180 deg roll is presented in Filgure 22, where 1linear

interpolation between nodal points again has been assumed. This

oy}

X
X
¥

! aT At:T; t
Figure 22 : Control History for a Roll

results in a guadratic bank angle change as shown in Figure 23. Note
that an nbb order interpolation for p, will result in an (n+1)3%
order function for jp . Hence, 1t takes two time intervals At to
complete a roll, whereas a roll is completed after only one tlme

interval for bank angle controlled methods, as seen from Figure 24,
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—T; L — W - - T v -
t

Figure 23 : Bank Angle History for a pw-controlled Roll

')
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Tr/z‘l

+ ’ . v . ——

Figure 24 : Bank Angle History for a 1y -controlled Roll

Therefore, the user might wish to increase the nodal point density if
the trajectory includes several rolling maneuvers. This, however, is

somewhat offset by the fact that only a (n—1)5t-order polynomial is‘

th

required to achleve a n"'-order polynomial for the bank angle history

In the case where the roll rate is the control. If on the other hand
the order of nodal point interpolation is given, then the roll-rate-

controlled method will result in a higher-order approximation of the

bank angle.
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When optimizing trajectories, the 1iInitial bank angle 1is
usually left open because no initial constraints on the control are
desired. This corresponds to an open initial roll rate in a roll rate
controlled method., Nevertheless, it is desirable to be able to leave
the initial bank angle even in such a method open. For the quaternion
method this seems impossible at first, because the Euler angle to
quaternion transformation requires the bank angle for every quaternion
element. However, when the possible quaternion elements for a
horizontal attitude with open bank angle are analyzed, a solution 1is
readily found. This has already been done with the horizontal roll
presented in Figure 17. Since Qs and qg3 are zero for this case, gqg

and q, have to follow the relationship

@ +af =1

which allows one element to be optimized. If the initial quaternion is
required to be positive, 1i.e. 45 > 0 , choosing qq between -1 and
+1 will correspond to bank angles between - 180 deg and + 180 deg.

The remaining quaternion element g, is then computed from

Hence, only one parameter, i.e. Qg needs to be added to the parameter
list if the initial bank angle is to be left open. If the iInitial
attitude 13 fixed, the risk of losing at least two nodal points is
taken 1if a roll has to be performed at the beginning of the

trajectory. Note that two nodal points correspond to 2m parameters,
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where m 1is the number of controls used.

To be able to state the final conditions in terms of quater-
nion elements, the same procedure as for the initial conditions has to
be applied. The user has to analyze the possible quaternions to come
up with some relationships which are then the final c¢onditions. This
may be done by a simple program that runs all possible Euler angle
combinations and plots out the corresponding quaternions using Eq.
(4.39)., Often, especially if two final Euler angles are left
unspecified, it is much quicker tc analyze Egs. (4.39) and (3.430)
directly. If the final condition is ¥ = 0, with ¥ and U being open,

the first of Egs. (4.40} gives the relationship

B2 = 9193
which is now the final condition iIn terms of the quaternion elements,

Since it generally is not known if the trajectory ends up in a
positive or in a negative quaternion, the final conditions have to be
stated in terms of the positive quaternion. If a check on d, at the
final point reveals a negative quaternion, the final quaternion has to
be coﬁverted to a positive one before the final conditions can be
applied., However, this check and conversion is unnecessary in many
cases, as in the above example, where the final conditions do not
change if the sign on all quaternion elements is - changed

simultaneously.
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6. Discussion

A singularity-free method for integration of all third-class
trajectories has been derived using quaternions, The differential
equations for the Euler angles in the equations of motion are replaced
by four differential equations for the quaternion elements. The bank
angle is replaced by the roll rate p,, as control. This and the fact,
that the 1integration 1is carried out with respect to quaternion
elements instead of Euler angles causes some inconveniences for the
user who wants to use this method for parameter optimization. Methods
have been shown, however, for finding initial and final conditions in
terms of quaternion elements. Having the roll rate as contrel might
call for a slightly higher nodal point density if the trajectory

includes several rolling maneuvers,

The method derived here is different from the quaternicn
method derived by Goodman [ 3 ]. Goodman replaces only the velocity
yaw angle and the velocity pitech angle with the quaternion, which
leaves the bank angle as control. Therefore, Goodman's method cannot
solve the problems assoclated with the singularity in the bank angle
that occurs at y = +/- 90 deg. This makes the performance of
Goodman's method comparable to that of the inertial-acceleration

method, although the author did not test Goodman's methed numerically.

A nice property of the quaternion method, which has not been
mentioned yet, 1is its ability to give a cheap measure of the

integration errors without having to use error controlled integrators.
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Because the quaternion elements are found by integration, the sum of
their squares will generally not equal exactly one. The integration

error € may therefore be indicated by

€=q§+q%+q%+q:23-1

This integration error will depend on the actual quaternion change
over the integrated time interval which in turn depends on the
integration stepsize and the quaternion derivative, Because of the
quaternion differential equation §Q = U.5 Q &, the error will be a
function of the stepsize At and the magnitude of the angular
veloeity, w = |w|. Figure 25 shows the error € versus the product
of the stepsize and the magnitude of the angular velocity. This
product gives the change in the angular position per integration step.
It is seen from the plot, that in order to keep the integration error
below, say, € = 10‘9. the stepsize At has to be chosen such, that

the aircraft attitude changes not more than 8 deg per integration

step. Knowing w from

A

the stepsize is then computed from

At =

gl

where X 1s given from the plot for given & . Although not obvious

from Figure 25, it has been observed from print-outs that the error

will stay in the truncation error range as long as the attitude change
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does not exceed 1 deg per integration step. Only in that case may the

quaternion normalization between integration steps be omitted as long

as the total number of integration steps stays on the order of 102.
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for varying w-At



SECTION V

CONCLUSIONS

Several methods have been investigated that seem to remove the
singularities associated with the Iintegration of third-class
trajectories. These methods can be devided into Euler-angle methods
and the quaternion method. The Euler-angle methods are characterized
by still requiring the bank angle as control whereas the quaternion
method derived here has the roll rate as control. While all Euler-
angle methods remove the singulari;y in the i equation of the
commonly-used equations of motion, they cannot remove the singularity
in 4. The ohly exceptions to this are the two-system method presented
in Section III.2 that uses different bank angles as the controls for
the two sets of differential equations and the method presented in
Section TI11.3. While the former method 1s difficult to code and does
not seem promising in cases where the user does not know exactly how
the soclution to his trajectory optimiztion problem might look like,
the latter method is restricted to flight in the vertical plane.
Whereas all presented yu-controlled Euler-angle methods are capable of
dealing with second-class trajectories,they cannot handle every third-
class trajectory. If third-class trajectories that involve not only
vertical dives or c¢limbs but also a rolling maneuver during those
vertical dives or climbs are called fourth-class trajectories, then
the following has been shown: none of the Euler-angle methods that use

! as control all the way is capable of integrating fourth-class

100
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trajectories, whereas they may be used to integrate the remaining
third-~class trajectories in the practical sense. The reason for this
lies 1in the fact, that the bank angle p has to be 0 deg or 180 deg
when hitting the vertical position as well as when departing from that
position. A roll in the vertical position effectively reduces to a
pure heading angle change where the bank angle has to be assumed
constant, because it is the same before and after the rolling
maneuver. Hence, no method that uses the bank angle p as control all
the way will be capable of controlling vertical rolls, i.e. fourth-

class trajectories,

It has been shown that the quaternion method provides a
singularity-free way for solving even fourth-class trajectory
optimization problems, what Goodman [ 3 1 has not been able to show.
Goodman replaces only the heading angle and the-flight path angle with
the quaternion, thus leaving the bank angle as control. In the method
derived here all Euler angles are replaced by the guaternion, which
leads to the roll rate as a control, This accounts for the
controllability of fourth-class trajectories. After the user gets
acquainted with having the roll rate as control, no problems should
occur when optimizing trajectories with this method. Compared to some
of the Euler-angle methods the quaternion method is easy to set up and
can be used for all possible trajectories, whereas each Euler-angle
method 1is restricted 1in the c¢lass of possible trajectories, The
guaternion method has the further advantage of providing a cheap

integration error control without having to use error controlled
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integratora. Euler-angle-to-quaternion and quaternion-~to-Euler-angle
transformation formulas have been derived and it has been shown how to
obtain initial and final conditions for the optimization in terms of

the quaternion.

All derived methods and equations have been tested numerically
on a CDC Cyber 170/750 computer system at the University of Texas at
Austin. The author has not, however, implemented any of the presented
methods 1in an actual parameter optimization problem. This should be
deone to verify the derived results, especially for the quaternion

method.
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APFENDIX A

The Equations of Motion for a Vertical Reference System

Using a Roll-Pitch-Yaw Rotation Sequence

Let the reference system be the same vertical reference system

as defined in Figure 13,

1V-axis

Roll the reference system first around the

through the velocity roll angle ¢ into the intermediate

~

system J1-axis through the

1. Rotate then system 1 around 1its

velocity pitch angle 8 into system 2. Finally, rotate system 2 about

its kp—axis, which coincides with the k ~axis, through the velocity
vaw angle Y into the wind axes system, These partial transformations

are described by the direction cosine matrices

i1 1 0 0 iv
3| = o cos¢  sing | |3, (A.1)
_kI_ i 0 - sing cosd | k,
i, cos® 0 =~ sin® i
bl =10 1 0 j.‘ (4.2)
| K2 | | siné 0 cosf | | kq
i, co3y sinyy O i,
ol = | - siny cosy O o (A.3)
_kw_ ] 0 0 1 k2

Multiplication of these matrices leads to the relationship between the

vertical reference system and the wind axes system,

which is given by
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the direction cosine matrix

;w [ cosyP cos® cosyp 2in6 sin¢g =-cosyP sinb cos¢d (1v
+ siny cos¢d + 5iny sing

aw = | =s3iny cos® -siny 3ind sin¢ siny 8inb cos¢ 3y (A.4)
+ cosy cosd + cosy sing

_kwj i sinb - ¢c0890 sind cosb cosd | Lka

The use of this direction cosine matrix reduces the kinematic equation

Vi, = - Xk, + YJ, - hi,

to the scalar kinematic equations

I
1]

V¥ (cosy sinb cosd - siny sind )

(S
(1]

V (cosy sinb sind + siny cos¢ ) (A.5)

~ V cosyp cosb .

The dynamic equatlons are derived as in Section III.2.1, where

the different relation for iv in the welght equation should be

remembered. This yields

mV¥ = T cos€ cosV - D + mg cosyP cosd (A.6)
mVr" =T coae sinv - Q - mg siny cosH (A.T)
mVq, = T sin€+ L - mg sinb . (A.8)

The yaw rate ry and the plteh rate q, are found from the equation

for the angular velocity, which Is given as

~

w = Pi,+ qd,+rk, = o1, + 03+ ¥ ks
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where the intermediate system axes are related to the wind axes systenm

by the matrix equation

i, cosBb cosy —cosH siny sinb i,
31 = sinV cosVy 0 el - (A.9)
k2 0 0 1 kw

This gives the angular rates

p; = ¢ cosP cosb + 6 siny (A.10)
q, = - $ sinV cos6 + 6 cosy (a.11)
r. s $ sinb + ¢ (A.12)

It is seen that the needed equations for the yaw- and the piteh-rate
involve the differentials of all three Euler angles. Therefore, the
solution 18 not as trivial as in the case of yaw=-pitch-roll Euler-
angles, To solve Eqs. (A.10) through (A.12) along with Eqs. (A.7) and
(A.8), one variable has to be picked as control. If Eqs. {(A.10)
through (A.12) are inverted, three differential equations for the

Euler-angle rates ¢ . é and $ result.

v = 33%7; (- p,sin6 cosy + qwsinw sinb + rwcose )
é = g,cosy + p siny (A.13)
¢ = 33%7; (pwcosw - qwsinw )

These equations can now be iIntegrated along with the other

differential equations, if the terms for qQ, and r, are inserted from

Eqs. (A.7) and (A.8) and if the roll rate p, 1s picked as a control.
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If the user is sure, that the trajectories being optimized do
not include actual rolls during the time this set 2 is used, then the
roll rate can be set to zero during this time 1interval. With this

assumption the complete set of equations of motion is as follows :

X = V (cosy 3inb cosd - siny sing )
Y = V {cosy s3in® sind + siny cose )
h = = V cos¥ cosh
°m§ = T coseg cosV - D + mg cosfPcosh
. 1 (A.14)
P o= Sos & (qwsinw sind + rwcose 3
g = qwcos¢
pooo= 1
¢ = 505 5 qwsinw
mz - B

where w1 and a (through ¢ = €q+ o) or CL are the remalning controls
and where r _and p_ are given by Eqs. (A.7) and (A.8). Because p,
1s set to zero, any control changes in y will be ignored during the
time this set of equations 1s used, although they are taken care of
after switching back to system 1. HNote that for every Split-S or
Immelmann maneuver = 0 deg or ¥ = 180 deg, which lets - the
differential equation for ¢ vanish and which confirms the statement
of constant ¢ for these maneuvers made in Section III.2.2. Whether or
not $ can actually he set to zero depends on the slze of the time
interval during which the set 2 equations are being wused, and how
closely the actual trajectory corresponds to a Split-S or Immelmann

during that time.
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The relationships between the two sets of Euler angles are
found by comparing the appropriate terms that appear in the direction
cosine matrices (2.4) and (A.4), while remembering the relationships
between the two sets of unit vectors given in (3.9). This yields the

nine equations

cosyp cosfh = ~ siny
cosP sinB sind + sinyY cosd = cosy siny
cosVP s3in® cosd « 3iny sind = cosy cosy
- ginY cos8 = sinu cosYy
cosy cosd - siny sinb sing = sinu sinY siny + cosU cos¥ (A.15)

siny sin0 cos¢ + cosyY sing

cosy sin¥ - siny siny cosy

sing

cosy cosy

~ cos8 sing

cosy siny siny - siny cosy

- ¢0s0 cos¢d = cosy siny cosy + sinu siny .

The sought relationships are readily found, From set 1 to set 2 they

are
- 3iny cosy
- t. n -
¥ = arctan ——— (A.16)
6 = arcsin (cosu cosy ) (A.17)
¢ = arctan — cosy siny siny + siny cosy (A.18)

- COSU Siny cos¥ - siniu siny

Note again, that the negative signs in (A.16) and (A.18) should not be

cancelled iIf ATAN2 1is to find the right angle.
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The reverse transformation, which gives the set 1 Euler angles

back from the set 1 Euler angles, is given by the formulas

cosy 8inf sind + siny cosd

X = arctan cosy sind cos$ - siny sind (4.19)

Y = - aresin (cos® cosf ) (A.20)
~ siny cos®

u = arctan Y . (A.21)
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Appendix B

Transformations Using Quaternions

Proof of Equation (4.20)

The quaternions P = p1I + p2J + p3K and Q = cosg + siﬁé K
have been defined in Section IV.2.2. Postmultiply P by the quaternion
conjugate Q' » and premultiply P g' by the quaternion Q. With the

multiplication rule of Eq, (4.11) this leads to

' _ Y ~ -~ X B X ~ ~
QP9 =2 (pI + pod + p3K)(cos-§ - sin £ K) =
_ X o X v i X X _ X 2
= (cos -é- + 31n E K) p3s:Ln E + (P1GOS > P2sin -2- Y I +
?i 4 1(. 3 .X- - =
+ (pecos 5 + pysin 3 ) J o+ pycos 5 K
- 2 o X X _ 2 Xy T
= (p1cos % - 2 pysin 5 cos 5 ‘PTSln 5 Y I+
2 X - 2X 4y 3 ”
+ (pzcos % + 2 pysin 5 cos é Po3in 3 Y J o+ p3K . (B.1)
With the trigonometric identities
cos® % = 0.5 (1 + cosY) (B.2)
sin® % = 0.5 (1 = cosX) ' (B.3)
. X X _
2 sin 5 08 5 = sinx , (B.4)

Eq. (B.1) simplifies to

QP g* = (pqcos¥ - pasinx)i + (pycosX + p1sinx)3 + p3§ . (B.5)
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¥

Toe show that the operation Q P Q is really the operation
that rotates the vector P into the vector p', P can be rotated
using a direction cosine matrix, and the result, compared with that of

Eq. (B.5). This rotation is given by

cosy = 3iny 0
P' = | sin¥ cosx 0 P (B.6)
0 0 1

which expands to
P' = (pcosy = pysiny I + (pysiny + p,COSX )2 p3K (B.T)
Comparison of Eq. (B.7) with (B.5) proves Eq. (4.20),that is,

Pt=QPQ , (B.7)

for the case where P and P' are vectors. The case where both are
general quaternions 1s not of interest, since a vector transformation
is sought, and it i3 known anyway that quaternion multiplications
result generally in quaternions. That Eq. (B.7) holds for any
quaternion Q and not only for the special quaternion considered

above 13 shown in Section IV.2.2.



APPENDIX C

Euler-Angle-To-Quaternion Transformation

To derive Eqs. (4.39), the multiplication Q,Q,2, has to be
carried out, where Q,, gy and Q, are given by Eqs. (4.36), (4.37)
and (4.38) respectively. With the multiplication rule of Eq.(4.11)

this gives

I J K
= Qy {qyoqzo * Q0091 * Az09y00 * Ayodgz * | dyq 9y O b=

0 0 Az3

(dgo + gl + Qypd + quK){qyoqzo + (qzoqy1 + Qypdz3ll +

+ (Azdyp = Qgqdz30 + Ayolggk} o (C.1)

This leads to Eq. (C.2)
Q = Qyo90920™ Ax19z0%y1~ Ax19y29z3~ x29z09y2* x2%y19z3~ x3dy0dz3 *+
(Ay09209y1+ 9yody29z3* x19y09z0* 9x2%y0923~ 9x39z0dy2* q:\t3qgﬂqz3)i M
(qxoqzoqy2' Qx09y19z3*+ 9x29y09z0~ 9x19y092z3* 9x39z09y1* qx3qy2q23)3 +

{Qy0y09z3* Ax39y0dz0* 9x19z0dy2 Ax19y1923™ 9x29209y1~ Ax2dy2923)K -

The terms for the Qy» Ays and q,y are found from Eqs. (4.36)

through (4.38) and inserted in Eq. (C.2)., With the trigonometric



identit

co

co

ies
8Y = cos
8Y = cos

and the fundamental relationship

Q

=qo+q1I+q2J+q3K,

siny

siny

2 sin

2 8in

Eq. (C.2) leads to the four scalar equations

qO
a4
a

a3

= co3

= s8in

= €038

= CO3

niE T ol e

co3

cos

s8in

CO3

NI< < )< )<

cos
cos
cos

sin

I Mo [ ol e

+

+

sin

cOS

sin

sin

sin

sin

co3

mie e e e

sin

D= R N]< N2

sin

sin

sin

co3

- COS

— ¢os
2

N[> M| R R

| o<

112

(C.3)

{(c.u4)
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