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ABSTRACT 
We investigate the gravitational instability of a thin, Keplerian protoplanetary disk including the effects of a 

largely azimuthal magnetic field. The model follows that of our previous work (Noh, Vishniac, & Cochran 
1991) except for the inclusion of a magnetic field. The disk is assumed to consist of neutral and ionized gas 
and neutral dust which are coupled by gravity and friction. The growth rates and eigenfunctions are calcu
lated numerically using nonaxisymmetric linear perturbation methods. The results show that the growth rate 
has a maximum at some intermediate azimuthal number m, but for each value of m it is reduced relative to 
the unmagnetized case. The effects of the magnetic field appear more strongly on small scales. As the strength 
of the equilibrium magnetic field increases the growth rates decrease, and the maximum instability occurs at a 
lower value of m due to the increasing magnetic pressure. The response of each component to the magnetic 
field is discussed using the behavior of the eigenfunctions in the radial direction. With the inclusion of the 
magnetic field, the effects of the ionization fraction and friction on the growth rates also appear to be impor
tant for high m modes. Increasing the ionization fraction or the friction suppresses instability, but only slightly 
changes the maximally unstable azimuthal scales. The enhanced growth rates due to a dust component for 
which thermal pressure is negligible are somewhat reduced by the inclusion of a magnetic field. The effects of 
different boundary conditions (reflecting and transmitting) on the growth rates are also shown. 
Subject headings: instabilities - MHD - planets and satellites: general - stars: formation 

1. INTRODUCTION 

Strong evidence for the existence of disks around young 
stellar objects and pre-main-sequence stars based on the IR 
and UV observations (Aumann et al. 1984; Bertout, Basri, & 
Bouvier 1988; Strom et al. 1989) has stimulated interest in the 
investigation of star or planetary formation in such disks. 
Gravitational instability is one of the mechanisms which may 
lead to star or planet formation and recently several attempts 
have been made to explain the observational properties of 
these disks using the nonaxisymmetric normal mode pertur
bation methods (Larson 1984; Papaloizou, & Lin 1989; 
Adams, Ruden, & Shu 1989; Shu et al. 1990). 

In a previous paper by Noh, Vishniac, & Cochran (1991, 
hereafter NVC), we discussed the stability of a thin, Keplerian 
protoplanetary disk which consists of gas and dust. The main 
result is that there are some intermediate scales in both the 
azimuthal and radial direction which are gravitationally 
unstable, and the fastest growing modes correspond to the 
growing "lumps." Also, the instability of the disk increases 
with the inclusion of dust for which the pressure is negligible, 
although the dust is only a small fraction, by mass, of the disk. 

The purpose of this paper is to extend this work by including 
a global magnetic field. We will discuss the evolution of non
axisymmetric linear perturbations in a Keplerian, magnetic 
disk consisting of gas and dust. Here we just assume the exis
tence of a strong field without regard to its dynamics. 

A magnetic field can play an important role in instabilities in 
a disk with even a slight degree of ionization if it is strongly 
coupled to the disk material. In particular a nonaxisymmetric 
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perturbation in a shearing disk can be strongly influenced by 
the magnetic field, i.e., the perturbation can be twisted by 
Coriolis forces, while magnetic tension resists the Coriolis force 
and allows the perturbation to lose angular momentum 
(Elmegreen 1987). We will examine the effect of a magnetic field 
on the growth rates for each azimuthal number m. Our study is 
concentrated on high m modes using high numerical 
resolution. Instead of using two fluids (e.g., gas and dust) in 
NVC, we treat the disk as a three fluid system, consisting of the 
ionized gas, neutral gas, and neutral dust. We assume that 
these components are coupled by the gravity and the friction. 
We describe the equilibrium model and the linearized equa
tions with the boundary conditions in§ 2. In§ 3, the numerical 
methods are given. In§ 4, the results are presented and also the 
discussions are given. 

2. MODEL DESCRIPTION 

2.1. Equilibrium 

Our model follows that of NVC except for the inclusion of a 
magnetic field. First, we briefly summarize the previous model. 
We consider geometrically thin (H/R ~ 1), and Keplerian disk 
(Q oc r - 312), where H is the half thickness of the disk, R is the 
radius of the disk, and Q is the angular frequency. We use 
cylindrical coordinates (r, cp, z), where r is the radial direction, 
cp is the azimuthal direction, and z is the direction perpendicu
lar to the disk. In a thin disk limit, the equations are vertically 
averaged, so the system becomes two-dimensional. We take the 
velocities in equilibrium as v0 , = 0, v0 </> = rQ(r), Voz = 0. The 
equilibrium surface density and temperature distributions are 
taken from Adams et al. (1989) in which all quantities are 
power laws in r[ a 0* r- P, T = T0* r- q( cs = C50* r - qf 2), where 
0'0*' T0*' Cso*' p, and q are constants]. 
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In this paper the disk is a three fluid system, consisting of 
ionized gas, neutral gas and neutral dust. Since dust is only a 
small fraction of the total mass, the effect of the ionized dust on 
the results may be small unless pressureless dust can initiate 
gravitational instabilities. As in NVC, the dust and gas are 
coupled by gravity and friction. Here, since there are three 
components, we need three different friction coefficients, i.e., 
A8n,gi• A8n,dn• and A8i,dn• where the subscripts gn, gi, and dn 
denote neutral gas, ionized gas, and neutral dust component, 
respectively. In order to describe the system, we need the basic 
magnetohydrodynamic equations, i.e., conservation of mass, 
momentum, magnetic induction equation, and Poisson's equa
tion. In the following equations, we denote the equilibrium and 
perturbed state by the subscripts 0 and 1, respectively. 

The continuity equations for the ionized and neutral gas and 
neutral dust are 

OO"gi,gn,dn . _ ot + v (agi,gn,dnvgi,gn,dJ - 0' (2.1) 

where, agi,gn,dn are the surface densities of the ionized, neutral 
gas, and neutral dust components and vgi,gn,dn are their veloc
ities. 

The equations of motion of gas and dust are 

x f '
00 

dz[(V x B) x B] 

- /si.gn - /gi,dn ' (2.2) 

(2.3) 

(2.4) 

where <I> is the gravitational potential, p8i,gn is the pressure of 
the ionized and neutral gas, We assume that the pressure is 
negligible for the dust. The quantity /gi,gn is the friction force 
between ionized and neutral gas and is assumed to be pro
portional to the relative velocity between two components 

(2.5) 

where/gi,gn = -/g0 ,gi· The quantity A is the friction coefficient 
and is defined as 

Agi,gn = (av)gi,gn/(mgi + mgn)' 

where (av\i,gn is the average collision rate between ionized 
and neutral gas with mass m8i and m80 , respectively (Spitzer 
1978) and the same form applies to the other components. 

The magnetic field interacts directly with the ionized gas by 
the Lorentz force. For the neutral gas and dust, the magnetic 
field is coupled indirectly by collisions with the ionized com
ponent. The dust will be ionized, but since the charge to mass 
ratio will be very small, the Lorentz force on the dust will be 
negligible. Therefore, the effect of the magnetic field on the 
system in which the neutral gas dominates is sensitive to the 
strength of the coupling to the ionized component. In this 
paper, we assume that the fluid is highly conducting in the 

sense that ohmic dissipation is negligible. We will return to this 
point in § 4.2. We assume that the gas is only slightly ionized, 
and the magnetic field moves with the ionized gas. The mag
netic induction equation is 

oB Br = V x (vgi x B) . (2.6) 

The equilibrium magnetic field components B0., B0 4> are 
assumed to depend on the radial distance (ex: r- 1) so that the 
magnetic pressure has the same radial dependence as the gas 
pressure and the inclination of the field lines does not vary with 
radius. In general we can assume that Boz is negligible com
pared with other field components since for a thin disk (H/ 
r ~ l}V · B = 0 implies Boz - (H/r)B0,. In this particular case 
we have taken B0, ex: r - 1 so that V · B = 0 for Boz = 0. Also, 
given the strong effect of shearing we take B0 4> ~ B0 ,. More 
realistically, this ratio is fixed by a balance between dissipation 
and some dynamo mechanism. Here we neglect this aspect of 
the disk dynamics, the details of any dynamo being highly 
uncertain at best, and simply assume this ratio is large enough 
that the radial magnetic field has a small effect on the 
dynamics. 

Poisson's equation for these three fluids is given by 

(2.7) 

2.2. Perturbed Equations 

As in NVC, we consider normal mode perturbations of the 
form 

(2.8) 

where mis the azimuthal number, w is the frequency, and a 1(r) 
is the radial component of the perturbed surface density. For 
other variables (v, B, p, <I>), we use the same perturbation forms. 
The eignevalue and the variables are the complex numbers. 
The real component wR of the eigenvalue w gives the phase 
velocity, and the imaginary component w1 gives the growth 
rate. For an unstable system, w1 must be negative. In order to 
make these equations dimensionless, we adopt the following 
variables: 

- r r=-
rv' 

- w 
W=-

flv' 

- __ h_1_ - __ A_ 
h1 - ( 0 ) 2 , A - 0 _ 1 , (2.9} 

rvun uvao 

B 
jj = r Q a112 H-112' 

D D gtO 

where rv, and On are the disk radius, and the angular velocity 
at rv, respectively. Substituting the perturbed forms into the 
equations in § 2.1 and using these dimensionless variables, we 
obtain the following equations for the ionized and neutral gas 
and the neutral dust. 

Continuity equation: 

diigilr,gnlr,dnlr _ P - 1 - im _ 
dr - r Vgilr,gnlr,dnlr + r Vgil<f>,gnl<f>,dnl</> 

- i(w - mO)O'gil,gnl,dnl · (2.10) 
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Equation of motion: 
r component: 

- Agn.gliignir - Vgilr) 

-Agn,dn(Vgnir - Vdnir), (2.11) 

i(w - mO)iigilr - 20iigil<f> = - :r (<f>i + iigii) + 2
1rc 

[ - dBiq, 2Boq, 
x -B0,,.-----

.,, dr ;: 

- dB0 q, _ - dBop] 
- Biq, dr + agiiBoq, dr 

- Agi,gn(iigiir - iigni,) - A'gi,dn(iigiir - vdni,), (2.12) 

i(w - mfl)iidnir - 2Qvdni<1> = - :r a'>i - Adn,gn(iidnir - vgni,) 

- Adn,gi(vdnir - iigilr) · (2.13) 

</J component: 

_ B0 , B0 q, - dB0 q, _ - dB0q,J 
- agii --;:-+Bi, dr - agnBo, dr 

- A'gi,gn(vgii<1> - iigniq,) - A'gi.dn(iign<1> - vdniq,), (2.15) 

1 n- "(- n - im - - - -2 vdnir + I w - m )vdniq, = r <Di - Adn,gn(vdniq, - Vgniq,) 

- Adn.glvdniq, - iignq,) , (2.16) 

where the perturbed enthalpy of the ionized and neutral gas 
hgil,gni on the adiabatic assumption is defined 

(2.17) 

Also, we used the epicyclic frequency K = n for a Keplerian 
disk, where 

Induction equation: 

1 d 
K2 '= - - [(r2Q)2] . 

r3 dr 

( Bo, imB0 q, dB0,)- imB0 , _ 
- T -~ - dr vgiir + -----p- vgil<f> 

(2.18) 

- i(w - mO)Bi, = 0, (2.19) 

( - - .!!_ _ ~)- (- .!!.__Bo,) 
Boq, dr dr Vgiir + Bor dr r 

30 - ?... -
x vgnq, - l Bi, + i(mu - w)Biq, = 0 . (2.20) 

We note that V ·Bi = 0 is implied by these perturbation equa
tions. Poisson's equation: 

<Di= - 2~~ ri)p-ip-p+i joo Km(x)x-p 
D Jo 

X (adnO* 0-dni + O"giO* 0-gil + O"gnO* 0-gni)dx · (2.21) 

Equation of state: 

c2 h -~ -q-2 * = n1 rD (2.22) 

2.3. Boundary Conditions 
For the outer boundary condition (BC), we assume that a 

constant pressure is given by the external medium at the outer 
boundary. Then the Lagrangian perturbation of the total pres
sure (sum of gas pressure and magnetic pressure) is zero. 
Considering that the outer boundary is also deformed by 
the perturbation, the following condition must be satisfied at 
r = rD + Jrei(wr-m<1>>, where Jr is a constant to be determined by 
Vi,(rD) = iw Jr. On the assumption of adiabatic perturbation, 
the outer BC to the linear order is 

"1( ) c;, ( da uo) Pu+ Pmag = H O"gi + ~ dr 

B0 ( dB0 ) + 4rc Bi + ~ dr = 0, (2.23) 

where~ is the Lagrangian displacement vector. Using the rela
tion between ~and the Lagrangian velocity perturbation L1vuir 
(Adams et al. 1989), 

(a a) . 
at + Q aB ~ = L1vuir = Vgir + ~ . V(Qr8) (2.24) 

the outer BC can be rewritten as 

~( ivgir dauo) Bo (B ivgir dBo) O O"i- +- i- - = . 
H u w - mQ dr 4rc w - mQ dr 

(2.25) 

Here we assumed that the disk thickness is a constant for a 
simplification. For a more physically reasonable BC we need 
to consider the effect of the perturbation on the disk thickness. 
The BC is usually important in determining an instability for 
the global modes. However, as we showed in NYC, for high m 
modes the effect of the BC on the growth rates appears small, 
i.e., even with the transmitting BC, the growth rates change 
only slightly. 

The inner BC is much more complicated because of the 
difficult physical properties of central star and disk interface. 
As in NVC, we simply take two different BC; reflecting and 
transmitting BC. For the reflecting BC, we assume that the 
radial velocity of each component is zero at the inner bound
ary. For the transmitting BC, we assume that the perturbation 
propagates only inward (to the central star). Then for each 
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variable the following condition must be satisfied (i.e., dagil/dr 
+ i I k I a gil = 0). In principle, we can determine the radial 

wavenumber I k I both numerically and analytically. Numeri
cally, the wavenumber (I k I = 2n/ A) can be obtained from mea
suring the wavelength near the inner boundary. An analytical 
wavenumber can be obtained approximately from the WKBJ 
dispersion relation. However, in our system in which a mag
netic field and friction effects are included for three com
ponents, the analytical dispersion relation turns out to be very 
complicated, and several simplifying assumptions are needed 
for an analysis. For this reason, here we use the numerically 
determined wavenumber rather than the analytical one. The 
importance and the effect of the BCs on the results will be 
discussed in § 4.2. 

3. NUMERICAL METHODS 

We use the same numerical iteration method as in NYC to 
solve the set of integrodifferential equations in§ 2.2. Summari
zing briefly the numerical method in NYC is the following; We 
used the Runge-Kutta method to integrate the system of the 
differential equations from inner to outer boundary, the 
Newton-Raphson method to find the eigenvalues wR, w1 which 
satisfy BC, and the Simpson method for calculating the poten
tial. 

The difference between this work and NYC is that here we 
treat more components and magnetic field equations, so we 
have more variables (e.g., vgil" vgil</" B1,, B1<1>) and equations. 
Since the effect of the magnetic field is more important in the 
inner region of the disk, we divide the disk radius into equally 
spaced zones in logarithmic intervals. The results vary some
what depending on the numerical resolution, and we usually 
take 3000 grid points. Even when we increased the number of 
grid points up to 5000, the eigenvalues changed by less than 
1 %. Therefore our numerical resolution may be sufficient to 
calculate the growth rates. High m modes require higher 
resolution, and we increased the grid number up to 5000 for 
m ~ 10 modes. We iterated until the error range was less than 
10- 3 for finding the eigenvalue and also for the convergence of 
the variables and the potential. Typically, 8-9 iterations were 
required to obtain the converged solutions. 

4. RESULTS AND DISCUSSION 

4.1. Parameters 

As in NYC, we choose the power law indices p = 3/2, 
q = 1/2 for the surface density and the temperature distribu
tion in equilibrium. The temperature at the inner boundary is 
taken to be 3000 K following Adams et al. (1989). The masses 
of the central star and the disk are chosen to be 0.5 M 0 , and 
the effect of the different mass of the disk on the instability will 
be shown. The ratio of the mass surface density of the neutral 
gas to that of the dust is 50 except as noted. The inner and 
outer disk radii are taken as 0.01 and 100 AU, respectively. In 
this paper, one of the new parameters is the ionization fraction 
x, the ratio of the equilibrium surface density of the ionized gas 
to that of the neutral gas. The fractional ionizations of the 
disks of young stellar objects are not well determined. Here we 
take a standard value of x = 10- 10, estimated from the rela
tion between x and the number density n, i.e., xis proportional 
to n- 112 (Elmegreen 1979). In our disk n is large, i.e., near the 
outer edge of the disk, n - 109 cm - 3 . The main sources of 
ionization are hydrogen ionizations by cosmic rays and radio
active elements (for temperatures less than several hundred 

kelvin and thermal ionization of alkali metals (for tempera
tures larger than several hundred K) (Umebayashi 1983; Ume
bayashi & Nakano 1988). In our model, we assume that the 
ionization balance is mainly determined by cosmic rays and 
take 10- 17 s- 1 as the ionization rate (Spitzer 1978), although 
thermal ionization might be important near the inner edge of 
the disk. However, the ionization balance also depends on 
several other poorly known factors. For example, ionization in 
the disk might be increased due to the decay of the 26 Al in the 
early solar nebula (Lee, Papanastassiou, & Wasserburg 1977), 
although this point is still controversial. Also, the ionization 
depends on the ratio of gas to dust, i.e., a larger ratio gives 
higher x (Umebayashi & Nakano 1988). This paper includes a 
comparison of results obtained with different values of x. Of 
course, in a realistic model of the protosolar nebula the ioniza
tion will be a function of radius and distance from the disk 
midplane. Our calculation is meant merely as an illustration of 
the effects of a magnetic field in a significantly conducting disk. 
In particular we note that the calculations of Umebayashi and 
Nakano indicate that the gas conductivity is very small from a 
radius of -15 AU to within a fraction of an astronomical unit 
(roughly comparable to the radius of Mercury's orbit). If these 
results are correct then our work should only be applied to 
perturbations at large and small radii. On the other hand, such 
a low ionization in the inner solar system makes it difficult to 
understand results of Levy & Sonett (1978) who found that 
carbonaceous chondrites show signs of cooling in a 1 G mag
netic field, presumably at a solar radius of about 3 AU. Given 
the lack of chemical differentiation in such objects, this would 
seem to imply that the protosolar nebula was highly magne
tized, or that cooling typically occurred in the neighborhood of 
some extreme field inhomogeneity, i.e., a strong flux tube or a 
hydromagnetic shock. Given these uncertainties, it seems 
worthwhile to explore the hypothesis that the protosolar 
nebula was uniformly strongly magnetized. 

To determine the equilibrium magnetic field, we adopt the 
parameter p- 1 = B~ H /(2na 0 c;.) which is the ratio of the mag
netic pressure to the gas pressure in two dimensions. As men
tioned earlier, we assume the azimuthal component of the 
magnetic field is much larger than the radial component 
(B0 <1> = 100B0,) and they depend on the radial distance, i.e., 
B0 <1>.r = B0 </>,r* r- 1• Then, the coefficients B0 "'*' B 0 ,* are deter
mined when p- 1 is fixed. We have found that our results are 
insensitive to B0 ,/B0 <1> for values close to, or smaller than, the 
assumed ratio of 1: 100. We show the effect of the magnetic 
field strength on the instability by varying the value of p-. 
Also, we need to determine the friction coefficient A which 
depends on r - 1, where r is the collision timescale. We assume 
that the gas consists of mostly neutral hydrogen and a little 
amount of positive ions which have about the mass of carbon. 
We take <av) n,gi - 2.2 x 10- 9 cm3 s- 1, mdn - 4 x 10- 14 g, 
Pdn - 2 g cm-~, and rdn - 3 x 10-s cm (Spitzer 1978). We also 
vary the value of A and show the effect on our results. 

4.2. Results and Discussion 

In Figure 1, we show the growth rate ( = - w1) for each 
azimuthal number m. As in the case of no magnetic field 
(NYC), the growth rate has a maximum at some intermediate 
value of m. Using our parameters, the disk with a strong mag
netic field (p- 1 = 1) has a fastest growing mode with I w1 I -
0.48QD at m - 11. This corresponds to a growth time of order 
103 yr, much smaller than the usual evolution timescale of the 
protostellar or the protoplanetary disk (-106 yr) (Adams et al. 
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Fm. !.-Growth rates ( = -w1) in units of nv are plotted as a function of an azimuthal number m. The different inner BCs (transmitting, reflecting) and outer BCs 
(zero Lagrangian pressure perturbation, transmitting) are used. Filled circles show the growth rates with no magnetic field using transmitting inner BC and zero 
Lagrangian pressure perturbation outer BC. Filled triangles show the growth rates with magnetic field (p- 1 = 0.1) using the same BCs as for filled circles. Crosses are 
the growth rates with magnetic field (p- 1 = 1) using the same BCs as for filled circles. Open triangles are the growth rates with no magnetic field and no dust using 
the same BCs as for filled circles. Open circles show the growth rates with no magnetic field and with increasing gas pressure (by a factor of 2) using the same BCs as 
for the filled circles. Open squares are the growth rates for p- 1 = 1 using reflecting inner BC and zero Lagrangian pressure outer BC. Filled squares are the growth 
rates for p- 1 = 1 using transmitting BC for both inner and outer boundaries. 

1989). As explained in NVC, at small wavenumbers the growth 
rate is small because the disk is dominated by shearing due to 
differential rotation. The disk is unstable on some intermediate 
scales in which the gravity dominates the thermal and mag
netic pressure. At large wavenumbers, the instability is sup
pressed by thermal and magnetic pressures and the disk is 
stabilized. 

We show the effect of the magnetic field on the growth rate 
by changing the value of fr 1 ( = the ratio of magnetic pressure 
to the gas pressure). As tr 1 increases, the growth rate for each 
m becomes smaller. This is largely due to magnetic pressure. 
The inclusion of the magnetic field shifts the value of m*, where 
the growth rate has a maximum, to a lower value. The reason is 
because for other parameters fixed (e.g., surface density) m* 
decreases as the total pressure increases. 

The effect of the magnetic field is also shown in the eigen
functions. For each component (gn, gi, dn), the perturbed 
surface density as a function of the logarithmic radial distance 
is presented for different strength of the equilibrium magnetic 
field in terms of tr 1 = 0.1, 1 (Figs. 2, 3, 4, and 5). Since this is a 
linear calculation, the scales of the perturbed quantities are 
arbitrary . Generally the eigenfunctions are oscillating and the 
wavelength increases as the perturbation moves to outer part 
of the disk. This is due to the decreasing amount of the total 
pressure as the radial distance increases. The perturbed mag
netic fields in radial direction show very similar behavior to 
those in azimuthal direction (Figs. 6 and 7), although their 
amplitudes are very small. As we mentioned earlier, in equi
librium the radial magnetic field is assumed to be much smaller 

than the azimuthal magnetic field, and its contribution to the 
instability is almost negligible. 

For a different value of 13- 1, we can compare the behavior of 
the eigenfunctions for three different components. The neutral 
gas and dust change only slightly with the magnetic field. Both 
of these components interact indirectly with the magnetic field 
through the collisions with the ionized gas component. On the 
other hand, the ionized gas component (Figs. 3 and 4) which 
interacts directly with the magnetic field is affected substan
tially by the magnetic field. In a differentially rotating disk, the 
azimuthal magnetic field resists the shearing which would 
otherwise limit the growth of the perturbation. This results in 
the enhancement of the surface density of the matter which 
moves along the magnetic field (mostly in the azimuthal 
direction). This effect appears to be sensitive to the strength of 
shearing (Elmegreen 1987). 

For the same value of 13- 1, the neutral gas component shows 
very similar behavior to the dust component in most regions of 
the disk. However, near the inner the boundary of the disk, 
there appears some difference in phase and amplitude. This is 
due to our assumption that the dust has no thermal pressure, 
and pressure effects are important in the inner part of the disk. 

The presence of a magnetic field also changes the number of 
radial nodes in the eigenfunctions. With the other parameters 
fixed, the number of radial nodes decreases slightly as the 
strength of the magnetic field increases because of the increased 
magnetic pressure (e.g., Figs. 3 and 4). 

In order to see more details of the magnetic effect, we show 
the growth rates (open circles in Fig. 1) in which the magnetic 
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FIG. 2.-Real part of the dimensionless perturbed surface density of neutral 
gas is shown as a function of log r for p- 1 = 1 and m = 11. The real and 
imaginary eigenvalues are (9.6, -0.48) in the unit of Op. 

field is removed with the fixed amount of total pressure (~vi 
+ c;) for fr 1 = 1, ~e gas pressure increases by a factor of 
2, where vA = B0/..;4np 0 is the Alfven speed. Then, as shown in 
Figure 1, the growth rates with no magnetic field (open circles) 
are somewhat smaller than those with magnetic field for 
p- 1 = 1 (crosses) for each m. This result shows that the mag
netic field enhances the instability somewhat due to magnetic 
tension [ =(B · V)B/4n] as well as suppressing the instability 
due to its pressure (=VI B 12 /8n). However, the effect of tension 
is much smaller than the pressure effect, so the total growth 
rates are reduced. This result is in agreement with the work of 
Elmegreen (1987), who found that for a strongly shearing 
environment the destabilizing effect of the magnetic field 
tension was more balanced by the effect of magnetic pressure . 

. 3 

.2 

.1 

i;5. 0 

-.1 
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-1.5 -1 -.5 0 
logr(A.U.) 

.5 1.5 2 

FIG. 3.-Real part of the dimensionless perturbed surface density of ionized 
gas is shown as a function oflog r for p- 1 = 0.1 and m = 11. 

-2 -1.5 -1 -.5 0 .5 1.5 2 
logr (A.U.) 

FIG. 4.-Real part of the dimensionless perturbed surface density of ionized 
gas is shown as a function of log r for rr 1 = 1 and m = 11. 

We note that the difference between the open circles and the 
crosses increases as m becomes larger, i.e., the destabilizing 
effects of magnetic tension are mostly seen at large m. 

For small m modes, the eigenfunctions are similar to those of 
high m modes, i.e., they are oscillating in the radial direction 
and the wavelengths increase with increasing radial distance. 
But the number of radial nodes is smaller due to the small 
value of the real component of the eigenvalue wR. As in NVC, 
wR is a slowly increasing function of m. 

The effect of BC is also shown in Figure 1. We fix the outer 
BC as L.p101 = 0. As shown in NVC, the effect of the boundary 
condition appears only for small m modes, and the growth 
rates using a reflecting inner BC are larger than those using a 
transmitting inner BC. For a transmitting BC, as we men-

.1 
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-.1 

-1.5 -1 -.5 0 

logr(A.U.) 

.5 1.5 2 

FIG. 5.-Real part of the dimensionless perturbed surface density of neutral 
dust is shown as a function oflog r for p- 1 = I and m = 11. 
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FIG. 6.-Real part of the dimensionless perturbed azimuthal magnetic field 
is shown as a function of log r for p- 1 = 0.1 and m = 11. 

tioned earlier, the wavenumber I k I is obtained numerically by 
measuring the wavelength near inner boundary. For high m 
modes, the corresponding wavelength is very small, so much 
better numerical resolution is required. But, as we show in 
Figure 1, the effect of the BC appears only for small m modes. 
Then the small error due to the numerical resolution does not 
noticeably affect the results of high m modes. Using a transmit
ting BC for both the inner and outer boundaries reduces the 
growth rates significantly for small m modes, as was shown in 
NVC. Even for the m = 1 mode, the instability almost disap
pears by using transmitting BC at both the inner and outer 
boundaries. Therefore the BC effect, especially the outer BC is 
important to determine the instability for small m modes. 
More careful treatment of the BC problem is one of our future 
projects. 

-2 -1.5 -1 -.5 0 
logr(A.U.) 1 

.5 1.5 2 

FIG. 7.-Real part of the dimensionless perturbed azimuthal magnetic field 
is shown as a function of log rfor p- 1 = I and m = 11. 

The mass of the disk is also important in determining the 
disk instability as it was stressed in NVC. The magnetic effect 
on the growth rate appears similarly for a small disk mass 
(0.1 M 0 ) in which /r 1 = 1 (Fig. 8). The growth rates of the 
same disk mass without magnetic field are compared (filled 
ones in Fig. 8). For m = 1 mode, we include "indirect 
potential" induced by the separation between the central star 
and the center of the mass of the system (Adams et al. 1989). 
For p- 1 = 1 the instability of a disk with mass 0.1 M 0 almost 
disappears for almost all of m except m = 1 and a few small 
values of m. As we show, the magnetic effect is important on 
small scales, and the m = 1 mode is not affected much by the 
magnetic field. 

The ionization fraction x = (Jg;o/(Jgno is one of the important 
factors affecting the instability, because a large value of x cor
responds to strong coupling between the magnetic field and the 
neutral gas. The effect of x on the gravitational instability was 
previously studied by Langer (1978) for the case of axisym
metric perturbations in an isothermal interstellar cloud with 
no rotation, uniform density and magnetic field. Our result 
shows that different values of x do not change the main fea
tures of the growth rate, i.e., the maximum instability occurs at 
the same value of m (Fig. 9). But increasing the value of x 
somewhat reduces the growth rates, and this effect appears 
more clearly on small scales. For very small values of x, a 
decoupling between the neutral gas and the magnetic field 
might occur, i.e., the ionized component and the magnetic field 
may slip past the neutral components (Mestel & Spitzer 1956; 
Spitzer 1962, 1968; Langer 1978). In our model, a small values 
of x (-10- 11) makes the system slightly more unstable than a 
disk with x = 10- 10 on small and intermediate scales, and 
there is almost no difference in the growth rates on large scales. 

In this paper, we assume that the ohmic dissipation is negli
gible. The timescale of the ohmic dissipation turns out to be 
proportional to the square of the characteristic length of the 
magnetic field when the conductivity is constant. The ratio of 
the ohmic dissipation timescale to the Keplerian period 
( = 2n/!l) can give some idea of the importance of the magnetic 
field, i.e., if the ohmic dissipation timescale is much larger than 
the Keplerian period, the magnetic field is almost frozen to the 
gas and the field may be amplified due to the differential rota
tion of the disk (Umebayashi & Nakano 1988). Assuming that 
the scale of the magnetic field is comparable to the half thick
ness of the disk, this ratio was calculated as a function of disk 
radius, which shows that the magnetic field turns out to be 
coupled to the gas strongly at r ;;:-: 15 AU (for (J90/(Jdo = 1), and 
at r :2-: 2 AU (for (J90/(Jdo = 104 ). 

The instability is also somewhat sensitive to the strength of 
the friction. In Figure 10, we show the effect of friction on the 
growth rate for a different value of friction coefficient A which 
depends on the collision timescales between each component. 
In all cases, we fix the magnetic field strength as p- 1 = 1. As 
shown in NVC, a large A decreases the growth rate. However, 
decreasing A by a factor of 0.1 does not change the growth 
rates much. Therefore, the growth rates are almost saturated as 
the friction term decreases further. The effect of friction also 
appears to be large on small scales. 

The inclusion of dust enhances the instability because we 
assume thermal pressure is negligible for dust. However, for a 
strong magnetic field (e.g., p- 1 = 1 ), this effect is weakened 
because the magnetic pressure acts on the dust through the 
collisions with ionized gas. Therefore, growth rates with dust 
and a magnetic field of p- 1 = 1 are slightly larger than those 
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FIG. 8.-Growth rates as a function of mare shown for disk mass 0.5 M 0 with no magnetic field (filled circles), with magnetic field of p- 1 = 1 (open circles), and 

0.1M0 with no magnetic field (filled triangles), with magnetic field of p- • = I (open triangles) . 
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FIG. 9.-Growth rates as a function of mare shown for no magnetic field (crosses), x = 10- 11 (filled circles), 10- •o (open triangles), 10- 9 (filled triangles) and 10- 8 

(open squares). For all cases, p-• = I, ma= 0.5 M 0 . 
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FIG. 10.-Growth rates as a function of m for different coefficients O.lA (filled circles), A (crosses), lOA (open squares). For all cases, p- • = 1,m. = 0.5 M 0 . 

with no magnetic field and no dust (open triangles in Fig. 1), 
especially for the high m modes in which the magnetic effect is 
important. 

In conclusion, we have shown that a Keplerian protoplane
tary disk with a magnetic field is gravitationally unstable to 
nonaxisymmetric linear perturbations for some range of the 
azimuthal number m. The magnetic field generally suppresses 
the instability due to its pressure, although the magnetic 
tension increases the growth rates slightly. This effect is shown 
more strongly for high m modes. The value of m at which the 
growth rate has a maximum becomes a little lower as the 
magnetic field is stronger. The enhancement of the growth 

rates by the inclusion of dust is somewhat reduced due to the 
magnetic pressure which also affects the dust indirectly 
through friction with the ionized gas. The effect of the ioniza
tion abundance and friction on the growth rates are also 
shown. We have shown the effect of the boundary conditions 
on instability using two different boundary conditions, the 
reflecting and the transmitting boundary, and it appears to be 
important only for small m modes. 

This work was supported in part by NASA grant NAGW 
2418. 
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