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The coupling between subsurface flow and reservoir geomechanics plays a critical role in
obtaining accurate results for models involving reservoir deformation, surface subsidence,
well stability, sand production, waste deposition, hydraulic fracturing, CO, sequestration,
and hydrocarbon recovery. From a pure computational point of view, such a coupling can
be quite a challenging and complicated task. This stems from the fact that the constitutive
equations governing geomechanical deformations are different in nature from those govern-
ing porous media flow. The geomechanical effects account for the influence of deformations
in the porous media caused due to the pore pressure and can be very important especially
in the case of stress-sensitive and fractured reservoirs. Considering that fractures are very
much prevalent in the porous media and they have strong influence on the flow profiles, it
is important to study coupled geomechanics and flow problems in fractured reservoirs. In
this work, we pursue three main objectives: first, to rigorously design and analyze iterative
and explicit coupling algorithms for coupling flow and geomechanics in both poro-elasitc
and fractured poro-elastic reservoirs. The analysis of iterative coupling schemes relies on
studying the equations satisfied by the difference of iterates and using a Banach contrac-
tion argument to derive geometric convergence (Banach fixed-point contraction) results.
The analysis of explicit coupling schemes result in analogous stability estimates. In this

work, conformal Galerkin is used for mechanics, and a mixed formulation, including the
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Multipoint Flux Mixed Finite Element method as a special case, is used for the flow model.
For fractured poro-elastic media, our iteratively coupled schemes are adaptations, due to
the presence of fractures, of the classical fixed stress-splitting scheme, in which fractures
are treated as possibly non-planar interfaces. The second main objective in this work is to
exploit the different time scales of the mechanics and flow problems. Due to its physical
nature, the geomechanics problem can cope with a coarser time step compared to the flow
problem. This makes the multirate coupling scheme, the one in which the flow problem
takes several (finer) time steps within the same coarse mechanics time step, a natural can-
didate in this setting. Inspired by that, we rigorously formulate and analyze convergence
properties of both multirate iterative and explicit coupling schemes in both poro-elastic
and fractured poro-elastic reservoirs. In addition, our theoretically derived Banach con-
traction estimates are validated against numerical simulations. The third objective in this
work is to optimize the solution strategy of the nonlinear flow model in coupled flow and
mechanics schemes. The global inexact Newton method, combined with the line search
backtracking algorithm along with heuristic forcing functions, can be efficiently employed
to reduce the number of flow linear iterations, and hence, the overall CPU run time. We
first validate these computational savings for challenging two-phase benchmark problems
including the full SPE10 model. Motivated by the obtained results, we incorporate this
strategy as a nonlinear solver framework to solve the nonlinear flow problem in multirate
iteratively coupled schemes. This leads to a scheme that reduces both the number of flow
and mechanics linear iterations efficiently. All our numerical implementations in this work

are built on top of our in-house reservoir simulator (IPARS).

viii



Table of Contents

Acknowledgments
Abstract

List of Tables
List of Figures

Chapter 1. Introduction
1.1 Motivation . . . . . . . . . e
1.1.1 Examples of Subsidence Events . . . . . . .. ... ... ... ... ..
1.2 Overview of Flow & Geomechanics Coupling Approaches . . . . . . . . ..
1.3 Literature Review . . . . . . . . . . . ...
1.4 Research Objectives . . . . . . . . . . . . .. .

Chapter 2. Iterative Coupling Schemes for Poroelastic Media

2.1 Introduction . . . . . . . ..
2.1.1 Preliminaries . . . . . . . . . ..o

2.2 Model Equations and Discretization . . . . . . .. . ... ...
2.2.1 Assumptions . . . ...
2.2.2 Geomechanics Model . . . . . . . .. ..o oo
2.2.3 Single Phase Flow Model . . . . . .. ... ... ... ... .....
2.2.4 Mixed Variational Formulation . . . . . .. .. ... ... ... ...

2.3 Fixed Stress Split Iterative Coupling . . . . . . . . ... ... .. ... ...
2.3.1 Standard Fixed Stress Split Algorithm . . . . . . .. ... ... ...
2.3.2 Single Rate Formulation and Analysis . . . . .. ... ... .....
2.3.2.1 Fully Discrete Scheme for Single Rate . . . . . . . ... ...

2.3.2.2 Single Rate Iterative Scheme . . . . . . . . .. .. ... ...

2.3.2.3 Proof of Contraction . . . . . ... .. .. ... .. ... ..

2.3.2.4 Convergence to The Discrete Form . . . ... .. ... ...

2.3.3 Multirate Formulation and Analysis . . . . . .. .. ... ... ...
2.3.3.1 Fully Discrete Scheme for Multirate . . . . . . .. ... ...

2.3.3.2 Original Multirate Iterative Scheme . . . . . . . . ... ...

X

vil

XV

XVvi

DD W NN ==

co @



2.3.3.3 Proof of Contraction of the 1% Scheme . . . . . .. ... .. 27
2.3.3.4 Convergence to Discrete Multirate Formulation (15 Scheme) 31

2.3.3.5 Modified Multirate Scheme . . . . ... ... ... ... .. 37
2.3.3.6 Proof of Contraction of the 2"¢ Scheme . . . . . . . ... .. 39
2.3.3.7 Convergence to The Discrete Form (2"® Scheme) . . . . . . . 42

2.4 Undrained Split Iterative Coupling . . . . . . . . . .. . ... ... .. ... 44
2.4.1 Single Rate Formulation and Analysis . . . . .. ... ... ..... 46
2.4.1.1 Fully Discrete Scheme for Single Rate . . . . . . . ... ... 46
2.4.1.2 Single Rate Iterative Scheme . . . . . . . . .. .. ... ... 46
2.4.1.3 Proof of Contraction . . . . .. .. ... ... ... ..... 48

2.4.2 Multirate Formulation and Analysis . . . . .. ... ... ... ... 52
2.4.2.1 Fully Discrete Scheme for Multirate . . . . . . .. ... ... 52
2.4.2.2 Multirate Iterative Scheme . . . . . . . . ... .. ... ... 52
2.4.2.3 Proof of Contraction . . . . .. .. ... ... ... ..... 54
2.4.2.4 Convergence to The Discrete Form . . . ... ... ... .. o7

2.4.3 Conclusions and Discussion . . . . . .. ... ... ... ....... 60
2.5 Numerical Results . . . . . .. . . ... 62
2.5.0.1 Convergence Stopping Critera . . . . . . . .. . . ... ... 63

2.5.1 Validating the Accuracy of the Scheme - Mandel’s Problem . . . . . 64
2.5.1.1 Results. . . . . . .. . .. 65

2.5.2 Single-phase Flow Coupled Problems . . . . . . . ... .. ... ... 70
2.5.2.1 Numerical Model . . . . . . ... ... ... ... ..., 70
2.5.2.2 Fully Discrete Formulation . . . . . .. . ... .. ... ... 71
2.5.2.3 Frio Field Model Results . . . . . . .. ... ... .. .... 73
2524 Results. . . . . . . 74

2.5.3 Two-phase Flow Coupled Problems . . . . . . . ... ... ... ... 81
2.5.3.1 Two-phase IMPES Numerical Model . . . .. ... .. ... 81
2.5.3.2 Fully Discrete MFMFE Coupled Model . . . . . . . .. ... 82
2.5.3.3 Quarter Wellbore Model Results. . . . . . ... ... .... 86
2.5.3.4 Frio Field Model Results . . . . .. ... .. ... ...... 89

2.5.4 Conclusions . . . . . . . . .. 91



Chapter 3. Error Analysis of Single Rate Iterative Coupling Schemes for

Poroelastic Media 98
3.1 Brief Literature Review on Error Estimates for Coupled Flow-Mechanics
Problems . . . . . . .. 98
3.2 Model Equations and Discretization . . . . . . . ... .. ... ... .... 100
3.3 Error Analysis for the Fixed-Stress Split Scheme . . . . . . .. ... .. .. 100
3.3.1 Step 1: Banach Contraction Estimate on the Difference between Iter-
ative and Implicit Solutions . . . . . . . . .. ... ... ... ... 100
3.3.2 Step 2: Stability Estimate for Implicitly Coupled Scheme . . . . . . 104
3.3.2.1 Flow Equations . . . . . . . ... ... ... ... 104
3.3.2.2 Elasticity Equation . . . . . . ... ... 0oL 105
3.3.2.3 Combining Flow and Elasticity Equations . . . . . .. . .. 105
3.3.3 Error Estimate Result . . . . .. ... ... ... ... ........ 108
3.4 FError Analysis for the Undrained Split Scheme . . . . . . . .. ... .. .. 109
Chapter 4. Explicit Coupling Schemes for Poroelastic Media 110
4.1 Model Equations and Discretization . . . . . . . ... ... ... ... ... 111
4.1.1 Assumptions . . . . . ... 112
4.1.2 Mixed Variational Formulation . . . . . ... ... ... ... ... .. 113
4.2 Single Rate Explicit Coupling Formulation and Analysis . . . . . . . . . .. 114
4.2.1 Fully Discrete Scheme for Single Rate . . . . .. .. ... .. .. .. 114
4.2.2 Single Rate Explicit Coupling Algorithm . . . . . .. ... .. .. .. 114
4.2.2.1 Assumptions . . . . ... 114
4222 Result . . ... .. . 115
4.2.3 Stability Analysis . . . . .. ... 115
4.3 Multirate Explicit Coupling Formulation and Analysis . . . . . .. . .. .. 119
4.3.1 Fully Discrete Scheme for Multirate . . . . . ... ... ... .... 120
4.3.2 Multirate Explicit Coupling Algorithm . . . . . . .. ... ... ... 120
4.3.2.1 Assumptions . . . . ... 120
4.3.3 Stability Analysis . . . . .. ... 121
4.4 Numerical Results . . . . . . . .. . 126
4.4.1 Tterative vs. Explicit Coupling Schemes . . . . . . . ... .. .. .. 126
4.4.1.1 Brugge Fileld Model . . . . . .. ... ... ... ... .. 126
4.4.1.2 Results and Discussion . . . . . .. ... ..., 127
4.4.2 Validating Theoretical Assumptions . . . . . . . .. ... ... ... 131
4.4.2.1 Results and Discussion . . . . . .. ... ... ... 131
4.5 Conclusions . . . . . . . . . e 134

X1



Chapter 5. Localized Banach Contraction Estimates for Heterogeneous

5.1
5.2

5.3

5.4

Poroelastic Media 135
Model Equations and Discretization . . . . . . . .. ... .. ... .. ... 135
Localized Single Rate Formulation and Analysis . . . . .. ... ... ... 136
5.2.1 Continuous in Space Global Weak Formulation . . . .. .. ... .. 136
5.2.2 Fully Discrete Weak formulation . . . . ... .. .. ... ... ... 138
5.2.3 Proof of Contraction . . . . . . . ... ... Lo 140
Localized Multirate Formulation and Analysis . . . . . .. ... ... ... 141
5.3.1 Continuous in Space Global Weak Formulation . . . . ... ... .. 142
5.3.2 Fully Discrete Weak formulation . . . . .. ... .. ... ... ... 143
5.3.3 Proof of Contraction . . . . . . . . ... ... 144
Multirate Banach Contraction Estimates for Homogeneous vs Heterogeneous
(Localized) Poroelastic Media . . . . .. ... ... ... ... ... ... . 149

Chapter 6. Iterative Coupling Schemes for Fractured Poroelastic Media 151

6.1

6.2

6.3

6.4

6.5

6.6

6.7

Introduction . . . . . . .. 151
6.1.1 Notation . . . . . .. . . . .. ... 151
6.1.2 Reservoir and Fracture Domains . . . . . . . ... ... .. ... .. 154
Model Equations and Discretization . . . . . . . . . ... ... ... .... 155
6.2.1 Fractured Poroelastic Model . . . . . .. .. ... ... ....... 155
6.2.2 Assumptions . . . . . . ... 159
6.2.3 Mixed Variational Formulation . . . . . .. ... ... ... ... .. 160
Fixed Stress Split Algorithm For Fractured Poroelastic Media . . . . . . . . 162
Single Rate Formulation and Analysis . . . . . .. .. ... ... ... ... 163
6.4.1 Fully Discrete Scheme for Single Rate . . . . . . .. ... ... ... 163
6.4.2 Single Rate Iterative Scheme . . . . . . .. . ... ... .. ... .. 164
6.4.3 Proof of Contraction . . . . . .. ... .. .. ... ... .. .. ... 168
6.4.4 Convergence to the Continuous Form . . . . . . ... ... ... ... 172
Multirate Formulation and Analysis . . . . . . .. . .. ... ... ... .. 175
6.5.1 Fully Discrete Scheme for Multirate . . . . .. ... ... ... ... 175
6.5.2 Multirate Iterative Coupling Scheme . . . . . . . . . ... ... ... 176
6.5.3 Proof of Contraction . . . . . . .. ... ... 0oL 178
6.5.4 Convergence to Discrete Multirate Formulation . . . . . . . . . . .. 187
Modified Multirate Formulation and Analysis . . . . . . .. ... ... ... 191
6.6.1 Modified Multirate Iterative Coupling Scheme . . . . . . . . . . . .. 192
6.6.2 Proof of Contraction . . . . . . . ... ... ... ... ... ..., 194
Conclusions and Discussion . . . . . . . . . .. ... 197

xii



Chapter 7. Explicit Coupling Schemes for Fractured Poroelastic Media 198

7.1 Model Equations and Discretization . . . . . . .. ... ... ... ... 198
7.1.1 Assumptions . . . . . . ... 200

7.2 Single Rate Explicit Coupling Formulation and Analysis . . . . . . . . . .. 201
7.2.1 Fully Discrete Scheme for Single Rate . . . . . ... ... ... ... 201
7.2.2 Single Rate Explicit Coupling Algorithm . . . . . . . ... ... ... 201
7.2.2.1 Assumptions . . . . . .. ... 202

7222 Result . . . .. . 202

7.2.3 Stability Analysis . . . . . .. 203

7.3 Multirate Explicit Coupling Formulation and Analysis . . . . . . . .. ... 208
7.3.1 Fully Discrete Scheme for Multirate . . . . . .. ... ... ..... 208
7.3.2 Multirate Explicit Coupling Algorithm . . . . . . .. ... ... ... 209
7.3.2.1 Assumptions . . . .. ..o 209

7.3.3 Stability Analysis . . . . . ... 210

Chapter 8. The Global Inexact Newton Method as a Nonlinear Solver

Framework for Flow in Iteratively Coupled Problems 218

8.1 Introduction . . . . . . . . . . . 218
8.2 The Global Inexact Newton Method and Linesearch Backtracking Algorithm 219
8.2.1 Algorithm . . . . . . . . ... 220
8.2.2 Choice of Forcing Terms . . . . . . . . . ... ... ... ... ... 222

8.3 Contraction Factor Minimization Models . . . . . .. ... ... ... ... 223
8.4 Implicit Two-phase Model Results . . . . . . .. ... ... ... ...... 226
8.4.1 SPE10 First Layer Results . . . . ... .. ... ... ... .. ... 226
8.4.2 SPE10 Full Model Results . . . . .. . ... ... .. .. ....... 228

8.4.3 Comparison Between Contraction Factor Optimization Algorithms . 235
8.5 Iteratively Coupled Problems (Implicit Two-phase Flow Model Coupled with

Geomechanics) Results . . . . . ... ... oo o 237

8.5.1 Test Case: Frio Field Model . . . . . . . ... ... ... .. ..... 239

85.2 Results . . . .. . 239
Chapter 9. Conclusions 248
9.1 Contributions . . . . . . . . . .. 249
9.2 Future Work . . . . . . . . . 251
Appendices 253

xiii



Appendix A. The Multipoint Flux Mixed Finite Element Method

A.1 MFMFE Spaces .

A.2 Quadrature Rules
Bibliography

Vita

X1v

254
254
256

257

267



2.1
2.2

2.3

24
2.5
2.6

2.7

4.1
4.2

4.3

5.1

8.1

8.2
8.3

List of Tables

Input Parameters for the Mandel’s Problem . . . . .. ... ... ... ..

Accuracy versus efficiency for different values of ¢ (the number of flow finer
time steps within one coarser mechanics time step) at time ¢t = 640 seconds.
Discrete ¢ norms are computed over the top boundary of the domain (y = b),
as x-displacements depend only on z-coordiantes. CPU time savings and
reductions in the number of mechanics linear iterations are computed against
the single rate case (¢ =1). . . . . . . . . ...

Accuracy versus efficiency for different values of ¢ (the number of flow finer

time steps within one coarser mechanics time step) at time ¢ = 20480 seconds.

Input Parameters for the Frio Field Model . . . . . . . ... ... .. ...
Input Parameters for the Quarter Wellbore Model . . . . . . . . . ... ..

Numerical Contraction Estimates: Contraction estimates observed numeri-
cally are shown for different values of ¢ (the number of flow finer time steps
within one coarser mechanics time step). These are obtained by taking the
ratio of the norms of o, computed at the last two iterative coupling iterations
during the first coarse time step: At, 2At 4At, and 8At for ¢ = 1, 2, 4,
and 8 respectively. The first coarse time step involves four iterative coupling
iterations for all the four cases. . . . . . . . . ... ... 0.

Input Parameters for the Frio Field Model . . . . . . . ... .. ... ...

Input Parameters for the Brugge Field Model . . . . . .. ... ... ...

Computational savings of explicit coupling schemes versus iterative coupling
schemes for different values of “¢” (the number of flow fine time steps within
one coarse mechanics time step). . . . . . . .. ...

Input Parameters for the Frio Field Model . . . . . . ... . ... ... ..

Banach Contraction Estimates for Homogeneous vs Heterogeneous (Local-
ized) Poro-elastic Media . . . . . . . ... oo

Different Choices of Forcing Terms . . . . . . . . ... .. ... ... ...
Input Parameters for the Frio Field Model . . . . . . . ... .. ... ...

7

Computational savings of “Case (2)”, “Case (3)”, “Case (4)”, and “Case
(5)” relative to “Case (1)” for the whole simulation run. We see that for
g = 16, which corresponds to “Case (5)”, the efficiency of the scheme is
severely affected by the increase in the number of flow linear iterations, as a
result of the increased number of flow-mechanics iterative coupling iterations
shown in figure 8.13d. . . . . . . . . ..o

XV

66

67

70
5
86

39
90

127

127

132

150

223
240



List of Figures

2.1  Flowchart for the iterative coupling algorithm using single rate and multirate
time stepping for coupled geomechanics and flow problems . . . . . . . .. 11

2.2 Flowchart for the undrained split single rate and multirate iterative coupling
algorithms. In the single rate scheme, both the flow and mechanics problems
share the exact same time step At. In the multirate scheme, the flow finer

time step is At, and the mechanics coarser time step is gAt. . . . . . . .. 45
2.3 Mandel’s problem original and computational domains . . . . . . ... .. 64
2.4 Mandel’s Problem Multirate Savings . . . . . . .. ... ... ... ..., 67
2.5 Accuracy of our Multirate Scheme on Mandel’s Problem Pressure Solution 68

2.6  Accuracy of our Multirate Scheme on Mandel’s Problem Displacement Solution 69

2.7 Frio Field Model Pressure and Displacement Fields at the End of the Simu-
lation . . . . . . . L 76

2.8 Frio Field Model Simulation Results: CPU time savings of two multirate
schemes (¢ = 4 and 8) over the single rate scheme (¢ = 1) are shown in the
top left plot. The top right plot illustrates the huge reduction in the number
of mechanics linear iterations for the corresponding multirate schemes over
the single rate scheme. The bottom left plot illustrates the increase in the
number of flow linear iterations for the multirate schemes. This is a direct
consequence of the increase in the number of flow-mechanics coupling iter-
ations observed for multirate schemes over the single rate scheme as shown
in the bottom right plot. . . . . . . . . . ... o 7

2.9 Numerical Contraction Estimates per Time Step. The maximum contraction
estimate across flow-mechanics coupling iterations is considered for each time
Step . . e 79

2.10 Numerical contraction estimates for different values of Young’s modulus (E,
psi) for the single rate scheme for the first 12 simulation days. As the
value of Young’s modulus increases, the gap between theoretically predicted
contraction estimates and numerically observed values shrinks, validating

our theoretical derivations shown in remarks 2.3.3 and 2.3.4. . . . . .. .. 80
2.11 Quarter Wellbore Model . . . . . . . . . .. .. ... ... ... ... ... 88
2.12 Frio Field Model . . . . . . . ..o 92
2.13 Pressure Profiles after 128.0 simulation days (psi) . . ... ... ... ... 93
2.14 Displacement in (x) direction after 128.0 simulation days (ft) . . . . . . . . 94
2.15 Displacement in (y) direction after 128.0 simulation days (ft) . . . . . . .. 95
2.16 Displacement in (z) direction after 128.0 simulation days (ft) . . . . . . . . 96

4.1 Flowchart for the explicit single rate and multirate time steppings for coupled
geomechanics and flow problems . . . . . . . .. ... ... 111

Xvi



4.2
4.3
4.4
4.5

6.1

6.2

7.1

8.1
8.2
8.3

8.4

8.5

8.6

8.7

8.8

Brugge Field Model Numerical Results . . . . ... ... ... ... ....
[terative Coupling Pressure and Displacement Fields . . . . .. ... ...
Explicit Coupling Pressure and Displacement Fields . . . . . . . .. .. ..

Pressure profiles of the multirate explicit coupling scheme (¢ = 2) for the
Frio field model. . . . . ...

Flowchart for the iterative flow and mechanics coupling algorithm using sin-
gle rate and multirate time stepping in fractured poro-elastic media. We
assume that the flow in the reservoir and the fracture are solved monolithi-

Flowchart for the explicit single rate and multirate time steppings for coupled
geomechanics and flow problems in fractured poro-elastic media . . . . . .

SPE10 First Layer Results . . . . . . .. ... ... ... .. ... .....
SPE10 First Layer Results (serial run): Running Times vs Simulation Days

Full SPE10 Model Runtime Results (parallel run on Bevo3 cluster, 16 pro-
CESSOTS). v v v v e e e e e

Full SPE10 Model Linear and Nonlinear Iterations Results (parallel run on
Bevo3 cluster, on 16 processors). . . . . . . . ...

Running times vs simulation days for 100 days of simulation, (full SPE10
model, parallel run). The blue curve shows the run time for (Method 3).
This result shows that for large and challenging reservoir models, as in the
case of the full SPE10 model, the use of a small fixed linear solver tolerance
value, as in (Method 3), can increase the run time dramatically. In contrast,
(Method 2) reduces the run time but does not ensure global convergence.
The global inexact Newton method, globalized by line search backtracking
i.e. (Method 1), reduces the CPU run time efficiently, while ensuring global
convergence. For multirate iteratively coupled problems, ensuring global
convergence for the flow problem is of high importance as the accuracy of
the obtained solution directly affects the number of flow-mechanics coupling
iterations and hence the efficiency of the scheme. Therefore, we will be
comparing the efficiency of (Method 1) versus (Method 3) for coupled flow
and geomechanics problems in the next section. . . . . . .. . .. .. ...

Comparison of different optimization algorithms for obtaining the value of 8
for the SPE10 first layer model. We conclude that the efficiency of choosing
6 = 0.5 for all line-search backtracking iterations is comparable to the effi-
ciency of the optimal algorithm (Algorithm (2): the three point parabolic
model). Due to its simplicity and optimality, we will follow this approach
(0 = 0.5 for all line-search backtracking iterations) when solving the flow
problem in multirate iteratively coupled problems. . . . . . . . . . ... ..

Multirate Iterative Flow and Mechanics Coupling Algorithm with The Global
Inexact Newton Method as a Nonlinear Solver Framework. . . . . . . . ..

Water Pressure Profiles (psi) of the Frio Field Model after 48.0 Simulation
Days for the Five Different Cases. . . . . . . . . ... ... ... ... ...

152
155

199

229
230

232

233

234

236

238



8.9

8.10

8.11

8.12

8.13

Water Saturation Profiles of the Frio Field Model after 48.0 Simulation Days
for the Five Different Cases. . . . . . . . . . . . ... .. ... ... ...

Displacement in (z) Direction (ft) for the Frio Field Model after 48.0 Simu-
lation Days for the Five Different Cases. . . . . . . . ... ... ... ...

Displacement in (y) Direction (ft) for the Frio Field Model after 48.0 Simu-
lation Days for the Five Different Cases. . . . . . . . . ... .. ... ...

Displacement in (z) Direction (ft) for the Frio Field Model after 48.0 Simu-
lation Days for the Five Different Cases. . . . . . . . . ... .. ... ...

Frio Field Model (Multirate/Global Inexact Newton) Numerical Results . .

xviil

243

244

245

246
247



Chapter 1

Introduction

1.1 Motivation

Recently, the accurate modeling of flow-structure interactions has gained more attention
and importance for both environmental and petroleum engineering applications. A clear
understanding of the fluid flow and the solid-phase mechanical response is needed for the
accurate modeling of multiscale and multiphysics phenomena such as reservoir deformation,
surface subsidence, well stability, sand production, waste deposition, pore collapse, fault
activation, hydraulic fracturing, COy sequestration, and hydrocarbon recovery [45], [63].
Of particular interest is the coupling between subsurface flow and reservoir geomechanics.
Traditionally, the main purpose of simulating reservoirs was to obtain accurate results for
reservoir flow, simplifying the influence of porous media deformations by a constant rock
compressibility factor. In fact, such an influence affects pore pressure which, in turn, affects
the accuracy of reservoir flow models [63]. By oversimplifying the rock compressibility
coefficient with a constant rock compressibility term, the solid phase stress and strain can
never be accounted for. This poses several concerns on the accuracy of flow models in
stress-sensitive and naturally fractured reservoirs [63]. Therefore, it is only through the
accurate coupling between subsurface flow and reservoir geomechanics that accurate and

trusted results can be deduced from flow models in such types of reservoirs.

1.1.1 Examples of Subsidence Events

Due to oil extraction, especially in stress-sensitive reservoirs, rock compaction may occur
inducing a subsidence event. Such subsidence events might not only affect the surrounding
environment adversely, but also can result in a dramatic impact on reservoir production [85].

Below are two examples of oil fields which experienced subsidence events in the past, due



to oil extraction activities:

e Valhall Field: The Valhall field was discovered in 1975, and its development started in
1981. It started producing oil and gas in October, 1982. It is located about 180 miles
offshore in the central graben of the North Sea, at a depth of 7875 ft. It consists of
two oil-bearing formations: the Tor and Hod. The Tor is a soft chalk formation with
a very high porosity (around 50%) and very high oil saturation (more than 90%). In
mid 1986, surface subsidence was observed by satellite surveys, and infrared-wave-
height measurements. After investigation, it was found that the pressure depletion of
the high-porosity chalk caused plastic deformation and compaction of the reservoir
which translated into the observed subsidence of surface facilities. In addition, a
significant part of hydrocarbon recovery was driven by the rock compaction (lithic-

drive process) [76].

e Wilmington Field: The Willmington field is located in California, near the southern
edge of the Los Angeles sedimentary basin. It was producing from seven zones located
at various depths (ranging from 2000 to 6000 ft), with a porosity range of 33%
to 37% and a permeability range of 500 to 2000 md in the different zones. The
upper zone reservoir sands are loose and unconsolidated. As a result, these sands
compacted rapidly as oil was produced, resulting in decreasing its porosity by at
least 3%. Consequently, the reservoir surface has subsided as much as 29 ft at its
center. According to the City Civic Center, this subsidence caused millions of dollars

of damage, and put the Long Beach Naval Shipyard at the threat of inundation [5].

1.2 Overview of Flow & Geomechanics Coupling Approaches

Three different coupling approaches are usually employed in modeling fluid flow coupled
with reservoir geomechanics. They are known as the fully implicit, the explicit or loose
coupling, and the iterative coupling methods. The fully implicit approach solves reservoir
multiphase flow and mechanics equations simultaneously. It is an unconditionally stable

approach [53], and considered to be the most accurate one. Typically, Newton-Raphson



method is used to linearize the coupled system [53], and the obtained solution is self-
consistent. However, the main drawback of this approach is its huge computational cost
compared to the other two types of coupling. In addition, it poses several numerical
and computational challenges to the underlying linear solver. On the other hand, the
loosely coupled approach is less accurate, but has the attractive advantage of having lower
computational cost. It requires estimates of when to update the mechanical response of
the system, and at best, it provides only an approximate solution to the problem. The
iterative coupling approach lies in between the two extremes, and solves the two coupled
subsystems iteratively by exchanging the values of the shared state variables in an iterative
manner. The procedure is iterated at each time step until the solution is obtained with an

acceptable tolerance [26,53,60,63,87].

1.3 Literature Review

The coupled flow and geomechanics problem has been intensively investigated in the past.
The seed of this work can be tracked down to the work of Terzaghi [84] and Biot [15,16].
Terzaghi was the first to propose an explanation of the soil consolidation process, in which
he assumed that grains forming the soil are bound together by some molecular forces
resulting in the formation of the porous material with elastic properties. Based on such
concepts, he analyzed the settlement of a column of soil under a constant load and prevented
from lateral expansions. It is the success of Terzaghi’s theory in predicting the settlement
of different types of soils that lead to the creation of the the science of soil mechanics [16].
More details about Terzaghi’s theory of consolidation can be found in [84]. Biot then
extended Terzaghi’s one dimensional work to the three-dimensional case, and presented a
more rigorous generalized theory of consolidation [16]. In subsequent work, Biot continued
to develop the theory of elasticity and consolidation for isotropic and anisotropic porous
media, including the theory of deformation of a porous viscoelastic anisotropic solid [14,
17,18]. A treatment of thermoelasticity and the mechanics of deformation and acoustic
propagation in porous media can be found in [19,20]. Several studies and interpretations
baed on Biot’s consolidation theory can be found in [41,74]. To name just few, Geertsma [41]

utilized Biot theory to present a united treatment of rock mechanics problems in the field



of petroleum production engineering. Rice and Cleary [74] presented applications of the
Biot linearized quasi static elasticity theory of fluid-saturated porous media. Few years
later, Coussy [28] presented the general theory of thermoporoelastoplasiticy for saturated
materials. The work of Settari and Mourits [78] proposed robust iterative and explicit
coupling schemes for coupling flow with geomechanics along with fracture propagation. A
comprehensive treatment of the theory of mechanics of porous continua and poromechanics
can be found in [29,30] by Coussy. Other nonlinear extensions of the theory of poroelasticity

can be found in [25,26,35,37,79,83].

Recently, the work of Mikeli¢ and Wheeler [64] established geometric convergence (con-
traction with respect to appropriately chosen metrics) for different flow and geomechanics
iterative coupling schemes. In addition, stability convergence analysis of similar schemes
was extensively explored in the work of Kim, Tchelepi, and Juanes [51,52]. In their work,
von Neumann type of analysis was carried out to study stability of linear flow and geome-
chanics coupling problems, while energy methods were used to analyze nonlinear coupling
problems. Moreover, techniques from matrix algebra and spectral analysis were used to
derive a priori error estimates for different coupling schemes, including drained, undrained,
fixed-stress, and fixed-strain splits. In the drained and undrained split methods, the pres-
sure field and the fluid mass content are frozen during the geomechanics sub-step respec-
tively [51]. In the fixed-stress split method, which is the method we heavily investigate in
this research, the volumetric mean total stress is kept constant during the flow sub-step.
This implies that the volumetric total stress is evaluated explicitly when solving for the flow
problem [52,64]. On the other hand, the rate of the total strain is fixed during the solution
of the flow problem in the fixed-strain split method [52]. Using von Neumann analysis
and energy-based methods, the undrained split method was shown to be unconditionally
stable for “backward Euler” and “midpoint rule” time discretization. On the contrary, the
drained split method with the midpoint rule time discretization is unconditionally unstable.
For “backward Euler” time discretization, the drained split is conditionally stable, and its
stability is independent of the time step size [51]. The von Nuemann analysis also revealed
that the fixed-stress split is an unconditionally stable scheme while the fixed-strain split is

only a conditionally stable and oscillatory scheme [52]. It was also shown in [51,52] that



the drained split method with a fixed number of iterative coupling iterations is not conver-
gent, while the undrained split method is convergent for a compressible system (finite Biot
modulus), and non-convergent for an incompressible system (infinite Biot modulus) with
a fixed number of iterative coupling iterations [51]. It was also found that the fixed-strain
split is not always convergent for a fixed number of iterative coupling iterations [52]. On the
other hand, the fixed-stress split is convergent with a better accuracy than the undrained

split method for a fixed number of iterative coupling iterations [52].

The existence, uniqueness, and regularity of the Biot system without fractures were inves-
tigated by a number of authors (Showalter [81], Phillips & Wheeler [70], and Girault et
al. [44]). The interaction between fractures and the surrounding poro-elastic medium was
traditionally modeled in a number of different ways. One approach, applicable to narrow
fractures, treats the width of the fracture as a small parameter ¢ which tends to zero [39].
The work of Morales and Showalter [67,68] followed this approach, in which they con-
sidered only the flow problem without coupling it with geomechanics. In their work, the
fracture was modeled as a flat basis with a vertical height of the order of ¢ and the pressure
was assumed to be continuous at the interfaces. Another approach treats the fracture as a
thin domain in the framework of domain decomposition. Following this approach, extensive
work was carried out by Jaffré, Roberts et al. [4,62] on Darcy flow models for thin fractures.
It should be noted that the approach we will follow in this research models the fracture
as a thin domain, which corresponds to a lower dimensional geometrical object. Follow-
ing this approach, fractures can be considered as non-planar surfaces in three-dimensional
simulations. Recently, the modeling of fracture propagation received huge attention, and is
considered an active area of research. One approach to model the propagation of fractures
employs a phase-field energy minimization method to track the movements and expansions

of fractures [65,66,91].

The numerical analysis of the coupled flow and geomechanics problem in a fractured poro-
elastic medium was heavily investigated by Girault et al. [45] in which a fully implicit
approach is considered for coupling flow with mechanics. The work of Ganis et al. [39]
considered the numerical approximation of a fracture model in a poro-elastic medium.

In their work, the fracture is represented as a curve or a surface with its width being



incorporated into the fracture’s flow equation. The Multipoint Flux Mixed Finite Element
(MFMFE) method is used for flow discretization in the reservoir, and the Mimetic Finite
Difference method is used for flow discretization in the fracture. It should be noted here
that the Mimetic Finite Difference method is implemented in Python, and the MFMFE
discretization scheme is implemented in IPARS. The two frameworks are coupled together
through a C++ socket interface, written solely by the author of this dissertation [2]. In
addition, it was primarily through this socket interface that the Python mimetic code was
coupled to the IPARS compiled framework in the dissertation work of [3]. Moreover, this
interface was used to couple the two frameworks to model multiphase flow with nonplanar
fractures in [2]. More recently, the work of [22] used Stokes equation to model the flow in
the fracture, and showed the stability of the proposed numerical scheme based on Nitsche

method for Stokes-Biot model.

From such a quick survey, it is clear that the accurate modeling of reservoir flow cou-
pled with geomechanics has received much recent attention for both environmental and
petroleum engineering applications. However, the development and analysis of theoret-
ically convergent iterative coupling algorithms in both poro-elastic and fractured poro-
elastic reservoirs have received quite less attention. The main objective of this research
is to bridge this gap by devising and analyzing different iterative and explicit coupling
schemes for coupled flow and geomechanics problems in poro-elastic as well as fractured

reservoirs.

1.4 Research Objectives

In this research, we pursue the following broad objectives:

1. To develop single rate and multirate iterative and explicit coupling schemes for solving
coupled geomechanics and flow problems in poro-elastic and fractured poroelastic
media. For poro-elastic meida, we will be considering two flow-mechanics splitting
schemes: the fixed-stress split and the undrained split iterative coupling schemes [64].
For fractured poro-elastic media, our iterative scheme is an adaptation, due to the

presence of the fractures, of the classical fixed stress-splitting scheme [43]. This is



due to the fact that the fixed-stress split scheme is the first iterative coupling scheme

used to model fracture propagation in poroelastic media [65].

. To rigorously analyze the convergence properties of the devised single rate and mul-
rirate coupling schemes. We will carry out a thorough mathematical analysis of the
convergence properties of different variations of the “fixed stress split” iterative cou-
pling algorithm for poro-elastic and fractured poro-elastic media. In addition, we will
study convergence properties of the the undrained split coupling scheme for poro-
elastic media. Most of our theoretically derived results are original, and are natural

extensions of the work carried out in the literature.

. To numerically investigate the efficiency of multirate iterative and explicit coupling
schemes as natural candidate schemes for solving coupled flow and geomechanics
problems as the geomechanics problem can cope with a coarser time step compared
to the flow problem. Multirate schemes allow for taking larger time steps for the

geomechanics problem and finer time steps for the flow problem.

. To investigate the efficiency of the global inexact Newton method, combined with
a line-search backtracking globalization technique, as a nonlinear solver framework
for solving fully implicit nonlinear flow problems. When incorporated in solving
the nonlinear flow problen in multirate iteratively coupled schemes, the number of
flow and mechanics linear iterations are reduced efficiently, resulting in an efficient,

convergent, and robust scheme.



Chapter 2

Iterative Coupling Schemes for Poroelastic Media

2.1 Introduction

In this chapter, we study single rate and multirate iterative coupling schemes for coupling
flow with linear elasticity, based on two different coupling algorithms: the fixed-stress split
coupling algorithm, and the undrained split coupling algorithm. Our work is inspired by
the previous work of Mikeli¢ and Wheeler [64] (see also [42]) and extends their results to
cover the case of fully discrete multirate iterative coupling schemes. Convergence properties
of multirate explicit coupling schemes have been heavily investigated in [80,92] for the non-
stationary Stokes-Darcy model. In contrast, we consider multirate iteratively coupled flow
and geomechanics problems in this work. Figures 2.1a and 2.1b illustrate the differences
between single rate versus multirate iterative coupling schemes. Figure 2.1a represents a
typical single rate scheme, in which the flow and mechanics problems share the exact same
time step, and the coupling iteration continues until convergence. In contrast, Figure 2.1b
demonstrates a typical multirate scheme, in which the flow problem takes multiple finer
local time steps within one coarser mechanics time step for each iterative coupling itera-
tion. The process is iterated until convergence. In this work, we propose different multirate
iterative schemes and their analyses and deduce the contracting character of each scheme.
Convergence follows immediately by applying Banach’s fixed point theorem. The presence
of two different time steps for different equations in such a system of PDEs introduces
several complications. We define an appropriate expression of the volumetric mean stress

for the multirate scheme and use the flow and mechanics estimates to derive a contraction

The theoretical work in this chapter is a collaborative work with Dr. Kundan Kumar, under the
supervision of Prof. Mary Wheeler. Numerical implementations in IPARS are done primarily by Tameem
Almani, with helpful discussions with Drs. Kundan Kumar and Gurpreet Singh. Dr. Ali Dogru reviewed
some of the obtained results. This research work has been published in [6,7,11,13].



for the difference of two successive coupling iterates. In addition, we employ mathematical
induction along with a contraction argument to deduce strong convergence of the pressure
and flux unknowns for flow finer time steps within a coarser mechanics time step. Our
analysis also reveals the optimal values of the fixed stress split regularization term in the
mass conservation equation, and the undrained split regularization term in the mechanics
equation. Moreover, for the fixed-stress split method, we introduce a modified multirate
iterative coupling scheme that successively corrects the fluxes in even coupling iterations so
that the resulting scheme has the same convergence properties as of single rate scheme. To

the best of our knowledge, this is the first analysis of multirate schemes for Biot equations.

For completeness, we note here that these iterative methods can be also used as a pre-
conditioner for the fully implicit method. The work of Gai et al [36,38] was the first to
interpret the fixed stress split iterative coupling scheme (the single rate scheme) as an effec-
tive physics-based preconditioning strategy applied to a Richardson fixed point iteration.
The same preconditioning operator can be applied to the fully implicit coupled system,
enhancing the underlying Krylov subspace iteration as well [23,24,36]. We do not pursue
this direction in this research as we consider the fully decoupled system. However, our
theoretical work lays down a solid background for the choices of the regularization terms
used in the fixed-stress split and undrained split methods. Moreover, the extensions of the
proposed methods to the preconditioning of the fully coupled system will be considered in

future work.

To summarize, our contributions in this chapter are as follows:

e We formulate two multirate iterative coupling schemes for the Biot system that can
be viewed as the extensions of the classical fixed-stress split coupling algorithm (see
[64]) to the multirate settings in which flow takes finer time steps compared to the

mechanics problem.

e We establish the contracting behavior of both schemes leading to geometric speed of

convergence with an explicit expression for the contracting factor.



We derive an optimized Banach contraction result for the single rate undrained split
iterative coupling scheme (compared to the result obtained in [64]), with a sharper

contraction coefficient.

We formulate multirate undrained-split iterative coupling scheme for the Biot system,
and establish its contracting behavior with an explicit expression for the contracting

factor.

In terms of numerical analysis, for multirate schemes, the novelty is in combining the
contraction property with an induction argument to show that the obtained solution
converges to the unique solution of the original weak formulations given in Definitions
2.3.2 (for multirate fixed-stress split scheme) and 2.4.2 (for multirate undrained-split

scheme).

Moreover, the numerical examples show the sharpness of the theoretical estimates.
They also reveal the CPU time savings as a result of the reduction in the number
of mechanics linear iterations for the multirate scheme versus the single rate scheme,

without jeopardizing the accuracy of the results.

We establish the effect of different Young’s modulus values on the contracting property

of the scheme, both theoretically and numerically.

Finally, our proof outlines a general strategy that is likely to be useful for obtaining

similar estimates in other contexts.

2.1.1 Preliminaries

Let © be an open, connected, and bounded domain of IR?, where the dimension d = 2

or 3, with a Lipschitz continuous boundary 0f). For the pressure unknown, we assume

that the boundary is decomposed into Dirichlet boundary I'p, and Neumann boundary

I'y, associated with Dirichlet and Neumann boundary conditions respectively, such that

Fp UT'y = 09Q. In addition, Let ®(2) be the space of all functions that are infinitely
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Figure 2.1: Flowchart for the iterative coupling algorithm using single rate and multirate

time stepping for coupled geomechanics and flow problems

differentiable and with compact support in Q, and let ©'(2) be its dual space, i.e. the

space of distributions in . As usual, we denote by H'(Q) the classical Sobolev space
HY Q) ={ve L*(Q); Vv e L* ()},
equipped with the semi-norm and norm:

1/2
Wlm@= IVl »  [vlmo= (”UH%Q(Q)_'—lUﬁ{l(Q)) 2.
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More generally, for 1 < p < oo, W1P(Q) is the space
WP(Q) = {v e LP(Q); Vv € LP(Q)%},

normed by

olwis= IV ol + Iollwis@= (ol ol 7,

with the standard modification for the case when p = co. We also define:
Hy () = {v € H'(Q); v]pa= 0},
and for the divergence operator, we shall use the space
H(div; Q) = {v € L*()*; Vv € L*(V)},
equipped with the norm
0]l 1 (aiviyi= ([0[|72()a 1V - UH%Q(Q))I/Q'

We recall the definition of the symmetric strain tensor: e(v) = 3(Vo+ (Vv)T), for a vector
v in R?. For completeness, we list below two useful inequalities that will be used in this

chapter:

e Poincaré’s inequality in H}(2):

There exists a constant P depending only on €2 such that

Yo € Hé(Q) y HUHLQ(Q)S TQ‘U‘Hl(Q) (211)

e Korn’s first inequality in HJ ()%

There exists a constant C; depending only on €2 such that

Yo € HYQ®, 0]y < Culle ()] p2(ayana. (2.1.2)

2.2 Model Equations and Discretization

We assume a linear, elastic, homogeneous, and isotropic porous medium 2 C R? d = 2 or

3, in which the reservoir is saturated with a slightly compressible fluid.

12



2.2.1 Assumptions

We have the following assumptions on the model and data:

1. For mechanical modeling, the reservoir is assumed to be homogeneous, isotropic and
saturated poro-elastic medium. The reference density of the fluid ps > 0 is given and

positive.

2. The Lamé coefficients A > 0 and G > 0, the dimensionless Biot coefficient «, and the

pore volume ¢* are all positive.

3. The fluid is assumed to be slightly compressible and its density is a linear function

of pressure. The viscosity py > 0 is assumed to be constant.

4. The absolute permeability tensor, K, is assumed to be symmetric, bounded, uni-

formly positive definite in space and constant in time.

2.2.2 Geomechanics Model

Using a quasi-static (i.e. ignoring the second order time derivative for the displacement)
Biot approach to obtain the displacements (see [16]), the “geomechanics” model is as fol-

lows:

o’ (u,p) =o(u) —apl, (2.2.3)
o(u) = AV -u)l+2Ge(u), (2.2.4)
—dive?™(u,p) = f inQ, (2.2.5)

where oP°" is the Cauchy stress tensor, I is the identity tensor, w is the solid’s displacement,
p is the fluid pressure, o > 0 is the dimensionless Biot coefficient, o is the effective linear
elastic stress tensor, A > 0 and G > 0 are the Lamé constants, f is a body force, which is
usually assumed to be a gravity loading term. The last equation represents the balance of

linear momentum in the solid.

13



2.2.3 Single Phase Flow Model

Following a slightly different formulation compared to the one described in [45], we assume
a linearized slightly compressible single-phase flow model for the fluid in the reservoir. As
listed in the assumptions above, we also assume that K, the absolute permeability tensor,
is bounded, symmetric, and uniformly positive definite in space and constant in time (for
discrete time intervals). The fluid density, ps is assumed to be a linear function of pressure:
ps = psr(1+ cg(p — pr)). The porosity, or the fluid content of the medium, denoted by
©* is related to the “mechanical” displacement and “fluid” pressure by this relation: ¢* =
cp0+aV-u+%p, where ¢ is the initial porosity, and M is the Biot constant. The fluid mass
balance in the reservoir, denoted by €2, reads: %(pfgo*) +V-(pyv?) = ¢s, where g, is a mass
source or sink term, and v? is the velocity of the fluid in Q, v” = —#K(Vp — prgVn).

Substituting the definitions of v, p;, and ¢* into the mass balance equation, we get:

%(pf,r(l +ci(p—pr))(po +aV - u+ %p)> + V- (pra(1+cr(p — pr))0”) = ¢

which can be written as (after re-arranging terms):

1 1 ) B
pf,r(M(l +cr(p—pr)) +cplwo +aV-u+ Mp)) 5Pt prra(l+ci(p—p,))V - P

+V - (ppr (L4 ¢4(p =)o) = s
For the sake of linearization, we assume that the fluid compressibility c; is small, in the
order of 107 or 107, and the term ¢;(p — p,) is also small as well (of the same order). We
make the following approximations: ﬁ(l +cr(p—pr)) = %, crlpo+aV-u+ ﬁp) R CrPo,
pro(L+cr(p—pr))a = prea, pro(l+cp(p = pe))v” = ppov?, ppe(1+cp(p —pr)gVn ~

prrgV n. With such approximations, the mass balance equation now reads:

1 0 0 D
Pf,r(M + Cf‘Po)ap + prraV - BT +psrV 07 =g
which can be written as (after dividing by p;,, and submitting the expressiotn of v?):
0/, 1 1
2= Veu) =V (—K(Vp-poVn) =a 2.2.6
at((MJrCsto)era u o (Vp—=psgVn)) =g (2.2.6)

where ¢ = pqs This completes the derivation of the poro-elastic equations, modeling the

for

displacement u and pressure p in ).
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Therefore, our quasi-static Biot model, which is quite standard in literature [16,45], reads:

Find w and p satisfying the equations below for all time ¢ €]0, T'[:

—diveP"(u,p) = f in Q,
o (u,p) =o(u) —apl in Q,
o(u) = AV -u)I +2Ge(u) in Q,
%((ﬁ +crpo)p+aV - u) - V- (ﬁK(Vp —psrgV 77)) =¢ in Q,
Boundary Conditions: w =0 on 9Q, K(Vp—ps,gVn)-n=0 onTy, p=0onTp,
Initial Condition (¢t =0): ((ﬁ +cppo)p+aV - u) (0) = (55 + crp0)po + aV - ug.

where: ¢ is the gravitational constant, 7 is the distance in the vertical direction (assumed
to be constant in time), py, > 0 is a constant reference density (relative to the reference
pressure p,), ¢o is the initial porosity, M is the Biot constant, § = % where ¢, is a mass
source or sink term taking into account injection into or out of the reservoir. We remark
that the first three equations describe the mechanics whereas the fourth one is the flow

equation. Note that the above system is linear and coupled.

2.2.4 Mixed Variational Formulation

We will use a mixed formulation for the flow and conformal Galerkin formulation for the
mechanics equation. The mixed method defines flux as a separate unknown and rewrites
the flow equation as a system of first order equations. Such a formulation for the flow
is standard and is preferred because it is locally mass conservative and has an explicit
computation for the flux. Accordingly, for the fully discrete formulation (discrete in time
and space), we use a mixed finite element method for space discretization and a backward-
Euler time discretization. Let %), denote a regular family of conforming triangular elements
of the domain of interest, . Using the lowest order Raviart-Thomas (RT) spaces , we have

the following discrete spaces (V, for discrete displacements, @, for discrete pressures, and
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Z,, for discrete velocities (fluxes)):

V= {’Uh € Hl(Q>d; VT € Sh, Up|r € Pld, Vploq = 0} (227)
Qn = {pn € L*(Q); VT € Tp, pujr € Po} (2.2.8)
Zy ={q, € H(div;Q2);VT € Ty, qy, 7 € P,% q,-n=0 on Iy} (2.2.9)

The space of displacements, V', is equipped with the norm:
d
1/2
wllvi= (> _llvill o).
i=1

We also assume that the finer time step is given by: Aty = t,—tx_1. In this work, we assume
uniform fine flow time steps, so for simplicity, we will drop the subscript k£, and denote the
fine time step by At. If we denote the total number of timesteps by N, then the total sim-
ulation time is given by T = At N, and ¢; = iAt, 0 < i < N denote the discrete time points.

For the fully discrete scheme, we have chosen the Raviart-Thomas spaces for the mixed
finite element discretization. However, the proof extends to other choices for the mixed
spaces and we will state the results for Multipoint Flux Mixed Finite Element (MFMFE)
spaces [87,90] in Remark 2.3.6.

Remark 2.2.1. Notation: Throughout this chapter, there will be two indices, one for the
time step and the other for the coupling between the flow and mechanics. To avoid any
confusion, let us emphasise the following notations, n denotes the coupling iteration inder,
k is the coarser time step iteration index (for indexing mechanics coarse time steps), m is
the finer (local) time step iteration index (for indexing flow fine time steps), At stands for
the time step, and q is the “fired” number of local flow time steps per coarse mechanics

time step. A schematic showing the relations between k, m,q, and At can be found in figure

2.1b.
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2.3 Fixed Stress Split Iterative Coupling
2.3.1 Standard Fixed Stress Split Algorithm

In the fixed stress split iterative coupling algorithm, we first solve the flow problem followed
by the geomechanics problem. Even though we use the splitting strategy at the discrete
level, it is probably easier to see this in the continuous strong form. Recalling that n
denotes the coupling iteration index between the flow and mechanics problems, the steps
are as follows:

Step (a): Given u", we solve for p"™1 zn+!

a?\ 0, n n a® 9,.n 0 ,n o
(37 +cro0+ ) op +1+$v-z+1:7§p —aV-Su"+q

zn+1 — _K<vpn+1 - pfﬂ"gv n)

Once the flow is computed, we update the displacement solution.

Step (b): Given p"*, 2" we solve for u™™! satisfying

—div o_por(un—l-l’pn—i—l) — f

apor(un+1,pn+l> n+1) o Odanrl

o(u™) = NV - u"™I +2Ge(u™)

=o(u

with the initial condition, independent of n,

1 1
(<M + cr0)p" T + aV - u”“) (0) = (M + crpo)po + aV - uy. (2.3.10)

Note that the flow equation has a regularization term o?/A\9;p"™ added to the left hand
side and a similar term added to the right hand side for consistence while the mechanics
equation remains unchanged. In the case of convergence, this term vanishes retrieving the
original equation. Indeed, this has been analyzed in literature and we simply state the
results to elucidate our approach. Following result is obtained in Mikeli¢ and Wheeler [64],

and adapted to our model equations.

Theorem 2.3.1. [Mikeli¢ & Wheeler [64]] Let Q' := Q x (0,t), 0, := 0,0+ AV - u — ap,

Oplt—0= 0y (the initial volumetric mean total stress), ol := 0,0 + AV - u" — ap”, and 0
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denoting the difference of two successive iterates, the fived stress split scheme as given in

Section 2.3.1 is a contraction given by

2
+ AMo?
qt (Mo +A(14+Mcreo))

2
2 2
—|—>\2HV . (5un+1,kHQt < (W) ‘

2
Hataogﬂ K126V (¢) HQ + 4G e(,0ur |2,

2

n
815(50'1) o

The proof of the above results can be adapted to the fully discrete case in which a mixed
formulation is used for space discretization (see section 2.3.2.2 and Theorem 2.3.2). More-
over, in the Theorem 2.3.1, the contraction is obtained on the volumetric mean stress,
0y, involving both pressure (flow) and displacement (mechanics) unknowns. A relatively
straightforward argument shows that the converged quantities solve the original coupled
equations in a weak form.

Our ultimate goal in this chapter is to derive similar estimates for the case of the multirate
iterative coupling scheme. Two different multirate iterative coupling algorithms will be
discussed and analyzed. Even though our approach is similar to the one in [64], the fact
that we solve for multiple flow finer time steps within one coarser mechanics time step leads
to several complications. The adaptation of the fixed stress algorithm requires defining an
appropriate mean stress quantity and the analysis introduces two adjustable parameters.
Careful algebraic manipulations are required to show the contraction. Even after the con-
traction is achieved, the presence of the two different time scales in the coupled problem
requires non-trivial arguments involving the mathematical induction to show convergence

to the weak formulation (2.3.33) — (2.3.36).

We start by analyzing the single rate fixed-stress split iterative coupling scheme, adapted

to our fully discrete model.

2.3.2 Single Rate Formulation and Analysis
2.3.2.1 Fully Discrete Scheme for Single Rate

As discussed above, using the mixed finite element method in space and the backward Euler
finite difference method in time, the weak formulation of the single rate scheme reads as

follows.
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Definition 2.3.1. Find p} € Q, and 2z} € Z), such that,

(flow equation)

Vo, € Qn, Ait((% + ¢¢0) <pfi - p’ff1>>9h) + Mif(v -z, 0h) =
_ A%(V . (ug _ ug—l),eh) n (qh,9h>, (2.3.11)
Vq, € Zy, (K_lzlquh> = (%V : Qh) + (pf,rgV nvqh), (2.3.12)

and (mechanics equation)

find uf € V'), such that,
Yo, € Vi, 2G(e(ul), e(vy)) + MV - uf, V- v,) — a(pf, V - v,) = (F, vn), (2.3.13)
with the initial condition for the first discrete time step,

ph, = Do. (2.3.14)

2.3.2.2 Single Rate Iterative Scheme

Here, we provide a single rate formulation of the “fixed stress split” iterative coupling algo-
rithm and analyze its convergence properties in the next section. We begin by describing

the algorithm.
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Algorithm 1: Single Rate Iterative Coupling Algorithm

1 for k=0,1,2,3,.. do /* Time step iteration index */
2 forn=1,2,.. do /* coupling iteration index */
3 FIrRST STEP: FLOW EQUATIONS
4 Given uZ’k (assuming an initial value is given for the first iteration:
ud¥
5 Solve for py™* and 2 satisfying:
1 pp p'ff1> Lo ik _
(M+Cf<p0+ )\)( Al —|-va z, =
n,k k—1 n,k k—1
P Ph ) v (M) g 2.3.15
By ( At “ At T an (2:3.15)
2 = K (VY = ppgV) (2.3.16)
SECOND STEP: MECHANICS EQUATIONS
6 Given py+" * and, 2t *solve for uZ’Ll’k satisfying:
— divaPo (u) THE Ry = f (2.3.17)
o_por( n+1 k7p’;l71+1 k) a_( 7hl+1 k}) apn+1,k I (2318)
o(u "+1’“) AV - u TP 42 Ge(u)tHF) (2.3.19)

The weak formulation for the flow and mechanics equations (2.3.15)-(2.3.19) (in the context

of fixed stress split coupling scheme) reads:

Step (a): Find p}*" ke Qn, 2 e ¥ e Z), such that:

1 PZH . —pi ! 1 1k
vehEQha <<M+Cf§00+ )\)(T>’0h> Mf(v Zp, 9 ):
n+1,k k—1 n,k k—1
IR iy S B ekl '
(- S(— a4 AV (B T) 00) + @) (23.20)
Vg, € Zn, (K2 q,) = (o™ V - @) + (V(pragn), an) (2.3.21)

Step (b) Given ]othl k, "H’k, find uZ“’k € V', such that,
Yoy, € Vi, 2G(e(u} ™), e(wp))+MV-u, ™ Vevy)—a(pi ™" Vo) = (f, 1), (2.3.22)

For a given time step t = t, we define the difference between two coupling iterates as:

k k k
5£n+1, — gn—&—l, _gn, 7
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where ¢ may stand for pp, 2z, or uy,. The volumetric mean total stress can be defined as

follows:

opt = ol AV gt —a(ppt = pf). (2.3.23)
In terms of coupling iteration differences, this can be written as:

Sok = AV - sut — adpt (2.3.24)

Now, In terms of “coupling iteration” differences, the weak formulation reads:

1 n+1,k 1 n+1,k Q k
(Y. ; — (- =557 p
Vo, € Qn, (At(M+Cf<P0+ )\)52% 9h> Mf(v 0z, ", 0n) ( )\Atéav : h>
(2.3.25)
Vg, € Z,, (K 'z, q,) = (6p) ",V - q,,) (2.3.26)

Yo, € Vi, 2G(e(0u) "), e(vp)) + AV - dup T V- vp) — a(op) ™ V- v,) = 0 (2.3.27)

2.3.2.3 Proof of Contraction

+ 25 o —i— , which represents the coefficient in front of the first term on the

Let 5 = QQ
left hand side of (2.3.25).

e Step (1): Flow equations
Consider (2.3.25), and choose for 8), = op ",

280p ", op ) + M—f(v o2 R o) = =5 (G, o)

<At AAL

=

1

n 1 n
aéph K(( Q€5p h k))(a)al;k)

2 1
x H ‘ + #_f (v . (;zzﬂ,k7 5p2+1,k:> _

2 0 2
< - n+1,k ’ H s nk ’
( 2 Ho‘dp + gz | 50 |)

Letting €2 = /3, we obtain
g

2
‘ —i—Z—At(V 52 n+1k ¥ n+1k><i

n,k
p oz do,’

1,k 2
5Ha§pz+ : ‘ . (2.3.28)
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n+1,k

Now, consider the flux equation, (2.3.26), and choose for q;, = 0z}, to get
(K102 T0F 520t 0ky = (5pithh v - g2 hF) (2.3.29)
Substituting (2.3.29) into (2.3.28) and dividing by [, we obtain:
2At 2
adp) Lk HK 1255k ‘ < Jonk ‘ 2.3.30
H * B EDE (2:3.30)

e Step (2): Elasticity equation
Consider (2.3.27), choose v), = 5u”+1 * and multiply by 2\ to obtain:

AG|e(6u) ™M) 17 4 202V - dul 8|1 — 2xa(op) TV - dup ) = 0. (2.3.31)
Adding (2.3.31) with (2.3.30) and substituting the value §, we obtain:

{Haap"“kH — 2(adp AT - 5T AV - Gul 2 }

e IS g
NV - ou T < ()\ n MAZC\;[ZZ + Ma2> H‘Sag’k }
Thus we have:
R Al BREYera
2|V - dul R < (A - MAZ;‘; - Ma2> H(Saﬁ’k (2.3.32)
It is clear that the contraction constant is strictly less than one as (WM) ’ <

1.

2.3.2.4 Convergence to The Discrete Form

From the above discussion, we obtain the following lemma.

Lemma 2.3.1. There exist limit functions pf,uy, 2% such that

o ph i Q). wt ok i HNQ) 2 o2 in H(di, Q)

converge strongly in the norms of the above spaces.
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n+1,k

Proof. The contraction result in (2.3.32) implies that |60 ™1*||,, ||V - du, ", and

| K~1/2525 |, converge geometrically to zero. This implies that o+1* V. 4} ™"* and
2T* are Cauchy sequences in L2(2). By the definition of o™, i.e. (2.3.23) and (2.3.24),
and the fact that the addition of two Cauchy sequences is a Cauchy sequence, we obtain
that pZ’k also converge geometrically in L?*(€2), and hence is a Cauchy sequence in Hilbert
(complete) space and has a unique limit in L?((2).

Similarly, for the displacement, (2.3.32) implies that e(du)™"") converges geometrically

to 0 in L2(€), which implies that u""* converge geometrically in H'(Q)?. Thus, u!™"*
is a Cauchy sequence in a complete Hilbert space, and hence has a unique limit in the

corresponding space.

For the divergence of the flux, we note that (2.3.25) amounts to the following equality in
L*(Q) a.e.,

1 o? e
v5 n+1,k _ ﬁ - = 5 n+1,k f 5 n.k
Zp, At(M+Cf900+ )\)ph AAL Oy
The convergence of V - zzﬂ’k in L?(Q) follows from the convergence of pZH’k and o™*

in L*(Q). Therefore, we have both V - zZH’k and zZH’k converging geometrically to 0
in L?(€), hence 27" converges in H(div,Q)?. The existence of the limiting function in

H(div, Q)? follows from the completeness of the space. O

It remains to pass to the limit in (2.3.20)—(2.3.22). This is straightforward since the equa-
tions are linear and all operators involved are continuous in the spaces invoked in the
statement of Lemma 2.3.1. Moreover the convergences are strong. Therefore, we easily

retrieve the discrete in time formulation.

The above discussions are summarized in the following main result:

Theorem 2.3.2. The iterative scheme is a contraction given by

2 2
oz | AGA (G I + XV - R

2AtAM o? —1/25 n+Lk
- pr(Mo2+A(1+Mcseo)) HK 6zh

Ma? 2 k 2
—a n’
< <A+M)\Cf<po+Ma2> Héo‘v Q

Furthermore, the converged solution is a unique solution to the weak formulation (2.3.20)

- (2.3.22).
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2.3.3 Multirate Formulation and Analysis
2.3.3.1 Fully Discrete Scheme for Multirate

Using the mixed finite element method in space and the backward Euler finite difference

method in time, the weak formulation of a multirate scheme reads as follows.
Definition 2.3.2. For 1 <m <g, find pZ“Lk € Qn, and th+k € Z), such that,

(flow equation)

1/, 1 B 1 .
Vo € Qu 5 (7 + ereo) (B =7 4),00) + (7200 =

M
o ~
- E (V . <ui+q — Uf’;) s 0/1) + (qh, Qh), (2333)
Va, € Zy, (K’1ZT+k,qh> = (pZ”’“,V : qh) + (pf,rgV n,qh>, (2.3.34)

and (mechanics equation)
find ™ € V', such that,

Yo, € Vi, 2G(e(uf ™), e(vy)) + MV - uf ™V -vy) — a(ph T,V -vp,) = (f,v1). (2.3.35)
with the initial condition for the first discrete time step,

Ph = Po. (2.3.36)

Note that the pressure unknowns p; and flux unknowns z, are being solved at finer time
steps trim,m = 0,...,q whereas the mechanics variables u,, are being solved at t;;,7 € N.
Therefore, for each mechanics time step of size ¢At, there are g flow solves justifying the
nomenclature of multirate. Moreover, the above system of PDEs is linear but coupled with
the coupling terms being computed at the coarse time steps. Instead of solving the problem
in a coupled manner, as discussed before, we will apply a splitting algorithm to decouple
the two equations and iterate between them until the solutions satisfying the above system
(2.3.33) — (2.3.36) are obtained. We recall that in practice, there are 4 major splitting
algorithms (drained, undrained, fixed strain and fixed stress) used for studying the Biot
system depending upon whether one solves the mechanics first or flow and the physical
variables which are being lagged. We will use the fixed stress splitting algorithm here
because of its well established stability and excellent convergence properties as shown in

Mikeli¢ and Wheeler [64], and Mikeli¢ et al. [63].
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2.3.3.2 Original Multirate Iterative Scheme

Here, we provide the first multirate formulation of the “fixed stress split” iterative coupling
algorithm and analyze its convergence properties in the next section. Recall that n denotes
the coupling iteration index, k the coarser time step iteration index (for indexing mechanics
time steps), m the finer (local) time step iteration index (for indexing flow finer time steps),
At the unit time step, and ¢ denote “fixed” number of local flow time steps within one

coarse mechanics time step. We begin by describing the algorithm.
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Algorithm 2: Multirate [terative Coupling Algorithm
1 for £k =0,q,2q,3q,.. do /* mechanics time step iteration index */
2 forn=1,2,.. do /* coupling iteration index */
3 FIrRST STEP: FLOW EQUATIONS
4 Given uZ’k+q (assuming an initial value is given for the first iteration:
0,k+q
u,” )
5 for m=1,2,..,q do /* flow finer time steps iteration index
*/
6 Solve for pi™ MR ond 2+t MR satisfying:
1 pn+1,m+k pn+1 m—1+k 1 ) .
_ L ( h h ) . ntlmtk
(M+Cf<P()+ ) AL +va Zp
n,m+k n,m—1+k n,k+q n,k
Py — Dy Up Up ~
i ) -av (WY G s
At av aAt tan )
zZH’m“C = —K(VpZH’mHc —prrgVn) (2.3.38)
7 SECOND STEP: MECHANICS EQUATIONS
8 Given p} "9 and, 27V solve for TR satisfying:
— div gPOr (uy T Rt = f (2.3.39)
a'por(u;frl k+q,pz+1 k+q) a(uzﬂ’kﬂ) c)cp"Jr1 kra (2.3.40)
o (up T = NV TR T 2 Ge(u) ) (2.3.41)

The weak formulation of equations (2.3.37) - (2.3.41) reads:
For k=1q,ie N, n=1,2,..

e Step (a) For 1 <m < ¢, find p”+1m+k € Qp, and 2z} Mtk e Z, such that,

1 1 mn m n ,Mm—
Vo, € Q) E<(M+Cf(’00+[’)< +1mtk ph+1 1+k) 9h>

1 1 o
+ AV zn+1m+k 0 <L<pnm+k: pnm 1+k> el viN < nk+q nk:) 0 )
qu( h ) At h h q uy h
+ (@h,9h>,
(2.3.42)
Vq, € Zn <K 1 n+1m+k7qh) _ (pz+1,m+k7v ) Qh> + (pf,,,gVn,qh>, (2.3.43)
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with the initial condition, independent of n, for the first discrete time step,

o0 = po. (2.3.44)

e Step (b) Given pZH’kJrq and, zZ+1’k+q, find uZH’Hq € V, such that,

Yo, € Vi, 2G(e(u) ™ 1), e(vy)) + AV - u) TV L)
—alpp ™V v) = (f o). (2.3.45)

In the above scheme, L is the adjustable coefficient that will be chosen appropriately later
(this choice completely determines the scheme) and ¢ is a user-defined number of finer flow
steps. Below we analyze the above weak formulation and deduce the contracting character
of the iterative scheme. The proof relies on studying the difference of two successive iterates
and uses Banach’s fixed point theorem. The final step is to show that the converged

quantities satisfy the weak formulation (2.3.33) — (2.3.36).

2.3.3.3 Proof of Contraction of the 1¥ Scheme

Recalling that for a given time step t = ¢, the difference between two coupling iterates is
given by:

5£n+1,k — £n+1,k o én,k

Y

where ¢ may stand for py,, z5,, and uy,. In addition, for notational convenience, we define,

1
B=qf terpot L (2.3.46)

e Step 1: Flow equations
For n > 1, by taking the difference of two successive iterates of (2.3.42), which
corresponds to one local flow iteration and its corresponding local flow iteration in

the previous flow and geomechanics iterative coupling iteration, testing with 6, =

5PZ+1’m+k — 5p2+1’m_1+k, we obtain
- ? At n+1lm n+1,m n—+1.m—
5H5p2+1,m+k _ gprtim 1+kH n Iu_f(v g2 +k’5ph+1, +k spith Lty
B & n n n+1l,m n+1l.m—
(L(5p2’m+’“ _ gprmiky _ . <V Uy 5uh,k> | SpthmE _ gpnt, 1+k>.

(2.3.47)
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Similarly, for the flux equation (2.3.43), by taking the difference of two successive
iterates, followed by taking the difference at two consecutive finer time steps, t = t,,, ¢,

n+1,m-+k

and t = t,,,—14%, and testing with g, = 0z, , we obtain

—1 n+1,m+k n+1lm—1+k n+1,m-+k

= (g = gyt W Lz ) (23.48)

We combine (2.3.47) with (2.3.48), apply Young’s inequality and use V - du]"* = 0 to

obtain

/BHépZ—l-l,m—l-k o 5pz+1,m—1+kH2 + g <K7]_ <5Z2+1,m+k . 5zz+1,m—1+k> 7 5ZZ+1,m+k> S
,uf

L HL 5pn m—+k 5pn ,m— 1+k> V 5un Jk+q 5]7

H(Spn-‘rl m+k n+1,m— 1+kH ‘

The choice € = 8 absorbs the pressure term on the right hand side. Together with a

simple expansion of the flux product, we derive

ﬁH(;pZH,erk B 5pz+1,m—1+k 2 {HK 125, n+1 m+kH ”K_1/25ZZ+1,m—1+k:H2
2pg
4 HK—I/Q(dszrl,erk B §zz+1,m71+k> }

The right hand side constitutes an expression for a quantity to be contracted on.
Introducing a new parameter y, we define the volumetric mean stress for (1 < m < q)

as
XGaT Tk = L(sppemtk — gppmithy 2y sk (2.3.50)
q

The value of x will be chosen such that contraction can be achieved on the norm

n,m+k

of o} , summed over ¢ flow finer time steps, within one coarser mechanics time

step. Multiplying (2.3.49) by %, summing up for 1 < m < ¢, substituting the new

n+1,k

definition of the volumetric mean stress (2.3.50), and noting that 0z} =0, we
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obtain

Z Lmtk 1m—1+k Lk
H6pn+ m+ Z+ m—1+ H HK 125, n+ +q

By

2
1/2 n+1,m+k n+1,m—1+k
/B,uf Z HK (0z) — 0z, >H <

e Step 2: Elasticity equation

For n > 1, we take the difference of successive iterates of the mechanics equation

2.3.45), multiply by a newly introduced parameter, ¢o, and test with v), = du] ™4
h
to get
2Gco||€(5u2+1,k+q)”2 + Aeo||V - 5uz+1,k+qH2 (5ph+1 g 5u”+1 k+q) 0.
(2.3.52)

For the iterative scheme to be contractive, a quantity similar to the right hand side of
(2.3.51), for the next iterative coupling iteration, n + 1, has to be formed. To achieve
that, we introduce a term involving a summation over all flow finer time steps in

(2.3.52) by noticing that

q
Z <5pn+1 mAk 5pn+1m 1+k> = 6p2+1’k+q. (2.3.53)

m=1

Substituting (2.3.53) into (2.3.52) leads to

2Geole(duy )P + Acol| V7 - dugy T
q

— acof Z <5pz+1,m+k B 5pz+1,m—1+k> ) (2.3.54)

m=1

e Step 3: Combining flow and elasticity equations

By combining (2.3.54) with (2.3.51), and rearranging terms, we form a square term,

in expanded form, summed over flow finer time steps within one coarser mechanics
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time step,

q
A
2Gco|’€(6uz+1,k+q>”2 4 Z {H(;pzﬂ,mk _ 5pz+1,mfl+kH Aco
m=1

‘V Su n+1 k4q

— ac <5pn+1 mtk 5pn+1 m—1+k V. 5un+1 k+q> } HK 125, n+1 kg

Buf
+ 3 <52 Z H50—"m+kH . (2.3.55)

It remains to choose the values of our newly introduced parameters, y, L, and co,

q
ZHK 12(52 Z+1m+k 52yt 1+k)
M

such that the coefficients of the expanded square contributes only positive terms to

the left hand side of (2.3.55). Therefore, we expand the right hand side of (2.3.55) as

n m+k

2aLL
Hé‘o_n ;m+k n,m— 1+k“ « <(sz7m+k 5pnm 1+k V . §uz,kz+q>

ax?

—0py’

_Hv Sl 2

(2.3.56)

Now, we match the coefficients of the expansion in (2.3.56) to the coefficients of the
expanded square on the right hand side of (2.3.55). For the left hand side of (2.3.55)

to remain positive, the following inequalities should be satisfied

= L? 2oL Aco - a?
= 5 —F = Q(p, _— = .
X? ax’ ¢ X¢
The second inequality gives rise to ¢y = 2L . The third inequality gives L > . Since

the contraction factor is monotone With respect to L, its minimum is achleved when
L= % The first inequality gives x? > L2. The minimum value of the contraction
factor is achieved when x? = L?. Therefore, with
2
« 2L
L:ﬁa X =L COIQ—XQ,
we group the terms of the expanded square on the left hand side of (2.3.55) to form

the quantity of contraction for the next iterative coupling iteration, n + 1, as

q
2G00H5(5u2+1’k+q)||2 n Z H(SUZHMMH HK 125, n+1 k+q

By

_ nom 2
ﬁﬂfZHK 252 h+1 +k 5zh+1, 1+k>H < +cfgoo+L> ZH&U +kH

(2.3.57)
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Clearly, the contraction coefficient is strictly less than one:

L 2 Ma? 2
(% + crp0 + L) - (2)\ + 2MAcrpo + a2M> <1
and independent of ¢. This is not the case for the multirate undrained split coupling
scheme, which we will consider later in this chapter. In the undrained split scheme,

q appears in the denominator of the contraction coefficient.

2.3.3.4 Convergence to Discrete Multirate Formulation (1¥ Scheme)

From the derivation above, we establish convergence of the sequences generated by the
multirate fixed stress split algorithm and show that the converged quantities satisfy
the weak formulation (2.3.33) — (2.3.36). The proof uses the mathematical induction

for the finer flow equations combined with the contraction estimates obtained above.

Lemma 2.3.2. For every coarser mechanics time step, t = ty, there exist a limit

function u¥ such that
ul® = ub strongly in HY(Q).

Proof. The contraction result in (2.3.57) implies that for a coarser time step t = ty,
le(du) ") || converges geometrically to zero. This implies that e(u)™"*) is a Cauchy
sequence converging geometrically to a unique limit in L*(Q). It follows immediately
that uzﬂ’k is a Cauchy sequence converging geometrically to a unique limit in H 1(Q)d,

being a Hilbert space. ]

Lemma 2.3.3. For every two consecutive coarser mechanics time steps, t = ti, and

t = titrq, and for every 1 < m < q, there exist limit functions p}?*k, zZ”k such that
pZ’m+k — p?’k in L?(Q), zZ’m+k — zZ”k in H(div,Q)?,

with strong convergence in the norms of the above spaces.

Proof. The contraction result in (2.3.57) implies that the quantities

2 2

q —1/2 n+1,m+k n+1,m—1+k q n+1,m-+k
m=1 HK (52h —5Zh ) , and § m—1 doy converge geomet-
2

Y

rically to zero. It follows that for 1 < m < ¢, HK‘l/Q((SzZH’erk — 5z2+1’m_1+k)‘
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2
and Héaﬁ“’“k ‘ converge geometrically to zero. Moreover, by (2.3.38), and Poincaré

2 2
inequality, HK1/2V(5PZ+Lm+k _ 5pz+1,m—1+k) ’ and H(SPZJerJrk _ 5pz+1,m—1+kH COM-

verge geometrically to zero, respectively. This implies that for every 1 < m < ¢, the

: : k —1+k k —1+k :
finer time step differences (p)™ " —pp ™) (20T — 2T and the volumetric
n,m—+k

mean stress defined by o are Cauchy sequences in L?((2).

(%

We will show strong convergence of the pressure sequence by induction. The proof
of strong convergence of the flux sequence follows in the same way. Given an initial
pressure value for ¢t = to: p}"® = py, from the above discussion, (pj"" — po) is a Cauchy
sequence in L?(Q), and, in turn, pZ’l is a Cauchy sequence in the complete space
L?*(Q), and thus has a unique limit. This completes the base case for induction. For
the inductive hypothesis, we assume that for any coarser mechanics time step t = t;,
and for any 1 < m < g, pZ’k+m is a Cauchy sequence converging to a unique limit
in L2(Q): ppFt™ — p™in L2(Q) . We will show that pi"*™™ ™ is also a Cauchy
sequence converging to a unique limit in L?(Q2). However, this follows immediately,

n,k+m+1 n,k+m
h

as (p -y ) is a Cauchy sequences in L?(2), converging to a unique limit

in L?(Q). This completes the inductive step. Therefore, we obtain that for all coarser

mechanics time steps ¢t = t;, and for 1 < m < g, pZ’m+k, zZ’m+k

are Cauchy sequences
converging geometrically to unique limits in L*(Q).

For the divergence of the flux, we note that (2.3.42) amounts to the following equality
a.e. in L*(Q):

n+1,m+k 5:“ n+1,m-+k n+1m—1+k HrX n,m
V-(Szhﬂ + :_A_tf((Sth + _(5ph+1 H)_ALt(SUU +h

The convergence of V- 2} in L2(Q) follows from the convergence of the difference

(pp™ ™ — pp™ ™) and o™ ** in L2(Q), established above. Thus, we have both V -

2P and 2™ converging geometrically to unique limits in L2(2), and hence
2 converges to a unique limit in H(div, Q). O

It remains to pass to the limit in (2.3.33)—(2.3.35), which is straightforward as the
equations are linear and the operators involved are continuous in the spaces invoked

in the statements of Lemmas 2.3.2 and 2.3.3. In addition, the convergences are strong.
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Thus, we retrieve the fully discrete formulation.

The above discussions are summarized in the following main result:

Theorem 2.3.3. [Multirate (1)] For L = %, X2 = L% and ¢y = %, the multirate
iterative scheme is a contraction given by

2 2
2Gcolle(Guy NP + 50, o |+ a iz

By
At q -1/2 n+1,m+k . n+1lm—1+k
T By 2em=1 HK (0z) 0z,
Ma? 2 q +k ?
n,m
< <2)\+2M)\Cf<po+a2M> m=1 60_1} H :

Furthermore, the sequences defined by this scheme converge to the unique solution of

the weak formulation (2.3.33)—(2.3.35).

Remark 2.3.1. The scheme presented in algorithm 2 can be modified such that the coarse

mechanics time step is kept fized as At, and the fine flow time step is considered as %

)

for ¢ > 1. The proof of contraction follows in the same way except that the quantity of

contraction is redefined as:
X56,;1,m+k — qL((Sp;ZL,m-Hf . 6pz,m—l+k) —aVv- 5uz,k+q

where x 1s a newly introduced parameter. In this case, we have the following contraction

result:

Theorem 2.3.4. For L = %, Y2 = ¢*L?, and ¢y = 2X—L2q, the multirate iterative scheme s
a contraction given by

2 2
2o le(Fuy P+ 50, |||+ AL

‘K71/25z2+1,k+q

By
At q —-1/2 n+lm+k n+1,m—1+k
+ 251 2m=1 K /% (0z, 0z,
2
Ma? q ~n,m+k
S 2)\+2M)\Cfgoo+a2M> m=1 60v .

Remark 2.3.2. We note that the contraction coefficient obtained in Theorem 2.3.4 exactly
matches the contraction coefficient of the single rate optimized fixed stress split iterative

method in the work of Mikeli¢ and Wheeler [64]. In fact, in the theorem above, for ¢ =1,
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we get the same optimized single rate contraction result as the one obtained in [64] but for
a fully discrete formulation (mized formulation for flow, and CG for mechanics). Also,
for the contraction results, we have assumed the compressibility term 3 to be positive. In
case of incompressibility limits (B approaching zero), the contraction coefficient tends to 1.
Howewver, as the next remark shows we can still obtain contraction as long as the permeability
remains positive. When \ approaches infinity, there is no change in the porosity in the flow

equation and the contraction coefficient tends to zero.

Remark 2.3.3. We can sharpen the contraction coefficient obtained in 2.3.4 as follows.

By triangle’s inequality, the quantity of contraction can be written as
||5O_n+1 m—l—k” < _“V 5 n+1 k+q||+ ”(Spn—l—l m~+k 5pn+1 m— 1+k||

The volumetric strain term can be bounded by Korn’s inequality. In addition, using Poincare

inequality, the pressure term can be estimated by the flux. This leads to

Z ||60_n+1 m+k:“ < C ”8( n+1 Jk+q ” + Z HK 1/2 (6zn+1 m+k 5zn+1m 1+kz> Hz)

m=1

< C<H€((5uz+l,k+q 12+ Z HK 1/2(5zn+1 otk _ gy nlm= 1+k)H n HK—1/2(SZZ+1,k+q

(2.3.58)

)
for a constant C' > 0. Now, we define Jp™1F1 qs:

Jn+1 k+q __ 2G00H8(5u”+1 k—i—q)H 4+ = Z HK 1/2 5 n+l m+k 6zz+1,m—1+k> 2

ﬂu
HK /25, n+1k+q

ﬁuf

Inequality (2.3.58) can be written as, for a generic constant C' > 0:

q
D llooy kP cgpttita, (2.3.59)

m=1

The improved contraction result, based on theorem 2.3.4, can be written as:

(l + 1) i H50_n+1,m+kH2 < ( Ma2 )2 i Héo_n,erkH2
C f——’ v B 2)\+2M/\cfg00—|—042M — v
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which lead to the improved contraction constant,

Mo
Z oo+ < <1 +C> (2)\+2M)\Cfg00—|—oz2M> Z o7 (2:3.60)

It is difficult to estimate C' in practice. However, we expect its value to increase with larger

Lamé coefficients (for a fized value of the Poisson’s ratio). The derivation above implies
that the contraction coefficient obtained earlier is multiplied by a factor strictly less than

one: g7 < 1. We can conclude that the contraction estimate obtained in theorem 2.3.4 is

C’

sharper for C > 1 (as the damping factor -5~ < 1 approaches one in this case), and looser

C+1
for smaller values of C. These computations highlight the impact of the extra positive terms

on the left hand side of the contraction result obtained in Theorem 2.3.4.

Remark 2.3.4. We can theoretically derive the value of the constant C' given in the previous

remark. For simplicity, consider the single rate case ¢ = 1. For L = 2/\,X = L, and by
Poincare’s and Korn’s inequalities, we write:
[6o 1| < —HV dugy 2oy 1 a2
< %\5un+lk|m(ﬂ)+||5pn+ B |F215)
< ”f (0 ey + Pl VO 2
< PO e (5 |y + Pall K52 e

Thus, we have:

4/\0

n 2 n+1,k\ |12 — n+1,k
HéUUH’kH e (5uh+l )HL2(Q)+:P?‘£HK 15zh+1 H%Q(Q)

ANC,.P " e n
S L A [ PP [ et e

L2(Q)

< (4)\2052 2\C.. ngE)

a2

. zAc'?Q .
ey ™) e + (Ph+ 2 ) 1K 02 g

(2.3.61)

For e > 0. Assuming that the permeability tensor K is uniformly bounded and uniformly

elliptic. There exits positive constants Apin, and Az, such that

Aminl|€]7 < €K (2)€ < AmasIE ] (2.3.62)
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We write:

H(;O‘TH_L]CH2 S (4)\2052 2)\0 ?QE)

a2

2ACPON |« nst,
=) o

n+1,k\ (12
e ™) ey + 50— (P + 22y

min

(2.3.63)
Therefore, we have:
o <

Max((‘l”(’ﬁm”’“) — (7 + MD(” O™ gy + 102 )

a? a A2 e
(2.3.64)
For the single rate case (recall: ¢y = %), i];‘“’k takes the form:
2At
Ty = 26 le (G ™) 20 + \M*”Z“kwm
8G)\ 1k (2 1 2At || < nv1k
0w e + 5= 3, 0™ L
8GA 1 2At
> Mi ( , )( Sup |17 H5 e ‘ ) 2.3.65
> Min(“r 520 ) (lew ™y + o=, ) 2369)
Combining (2.3.64) and (2.3.65), we have:
Max(<4’\20~2 n QACECPQG) 1 <iP?) i 2Acﬁﬂ>g>)
H(;O,g+1,k||2 < ( “ “ Amin * >jg+1,k
- (8GA 1 2At
MZTL<7, Noan m)
with the constant C' given by:
Maa:((“i%Q n zxcg?96)7 /\21 (?5224_ 2)\?);?9))
C= (2.3.66)

Min <8G)\ 1 2At>

a? ) Apag Bﬂf

Clearly, C' scales monotonically with the values of Lame’s parameters (or more specifically,

with the ratio of the Lame parameter X to the shear modulus G ). Therefore, for larger Lame

_C

parameters, the value of the constant C' increases, and in turn, the damping factor 7

start approaching the value of one. This results in reducing the gap between the theoretical
2 ntl, k

value of the contraction coefficient (2A+2M%;‘:0+QQM> , and the ratio of [ H  This is

validated numerically for the Frio field model in figure 2.10.

oo
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2.3.3.5 Modified Multirate Scheme

We introduce the modified multirate iterative coupling algorithm which results in Banach
contraction on the volumetric mean total stress as defined by Mikeli¢ and Wheeler [64] for
the single rate fixed stress split iterative method. The algorithm involves a slight modifi-
cation in the iterative coupling algorithm, in which we employ “successive corrections” in
the flow problem (the corrections cancel out in the limit). We split the iterative coupling
iteration into an even and odd iterations: in odd coupling iterations, we solve exactly the
same mass balance equation solved in the single rate case, in contrast, for even coupling
iterations, we add flux correction terms to the left and right hand sides of the mass balance
equation. The idea is to correct for the flux, as we take finer time steps within one coarser
mechanics time step, so that the summation of the finer flow equations over one coarser
mechanics time step retrieves the weak formation of the single rate case, hence, deduce a
contraction result similar to the one obtained by Mikeli¢ and Wheeler [64] but for a fully

discrete setting.

The modified multirate scheme gives a mechanism by which the multirate iterative coupling
scheme is reduced to a corresponding single rate scheme, with a coarse time step for both
flow and mechanics. Flux corrections terms correct the error introduced by not solving
mechanics at every flow fine time step. This reduces the scheme into a single rate scheme,
and as a result, all established theoretical results for the single rate case will be applicable
here as well. Another aspect is the fact that in the modified multirate scheme, the quantity
of contraction is independent of ¢ (the number of flow fine time steps within one coarse
mechanics time step). This is due to the fact that the modified scheme contracts on the
same volumetric mean total stress as defined in the single rate case [64]. This is not the
case in the original multirate scheme, as volumetric strains are divided by ¢ in the quantity
of contraction (2.3.50). This means that as the value of ¢ increases, volumetric strain
contributions to the quantity of contraction gets reduced. This restriction is completely

eliminated in the modified multirate iterative coupling scheme.
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Algorithm 3: Modified Multirate Iterative Coupling Algorithm

1 for £k =0,q,2q,3q,.. do /* mechanics time step iteration index */
2 forn=1,2,.. do /* coupling iteration index */
3 FIRST STEP: FLOW EQUATIONS
4 Given uZ’kJrq (assuming an initial value is given for the first iteration: ug’kﬂ)
5 For the first local flow timestep iteration, solve for pZH’Hk and zZH’Hk satisfying:
1 a? pz+1’l+k - PZ+1’k 1 41,14k
— e+ ) () v R
(57 +ereo+ 50 N P
a2 p:,l+k _ p:,,k un,k+q _ un,k
(e Fh ) v (R )4 g 2.3.67
by ( At ) * ( gt ) an ( )
Zi LR — (it tR _p gv) (2.3.68)
if mod(n,2) = 1 then /* coupling iteration index (n) is odd */
6 for m=2,..,q do /* flow finer time steps iteration index */
7 Solve for pzﬂ’mHﬂ and zZH’erk satisfying:
1 Oé2 pz+1,m+k _pz+1,m71+k 1 1 o
— +ese0+ ) )+ — Vet =
(M CfPo B\ ) Al 1y Zh
a2 pz,m+k _pz,m—l-‘—k un,k+q _ un,k
— - V-( h h)tg 2.3.69
by ( At ) o aAt ) an ( )
zz+1’m+k = —K(sz+1’m+k —prrgVn) (2.3.70)
8 else /* coupling iteration index (n) is even */
9 for m=2,..,q do /* flow finer time steps iteration index */
10 Solve for pitH ™R and 27T satisfying:
1 a2 pz+1,m+k _ p7+1,m—l+k 1 ek
— +ese0+ ) g )+t
(M CfPo b\ ) At T Zp
1 a 2 n,m+k _ n,m-—1+k
— g lmelk O‘—(ph P ) (2.3.71)
wf A At
ot &
—aV~(uZ qffu,z )+qh_iv.zn,m—l+k
qAt n h
z2+1‘m+k = —K(sz+1’m+k —prrgvVn) (2.3.72)
11 SECOND STEP: MECHANICS EQUATIONS
12 Given p2+1’k+q and, ZZH”H'Q, solve for u2+1’k+q satisfying:
— div gPor ()l TR prt ke — g (2.3.73)
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Remark 2.3.5. As indicated earlier, in contrast to the original multirate iterative coupling
algorithm (Algorithm 2), in (Algorithm 3), we split the iterative coupling iterations into
even and odd iterations. For the first finer flow time step, we solve exactly the same set
of equations for both cases, as shown in line 5. For subsequent finer flow iterations, in the
case of an even coupling iteration, we subtract flux correction terms, ﬁv : zZH’m_Hk, and
uifv . zZ’m_Hk, from the left and right hand sides of the mass balance equation respectively,
as shown in line 10. Upon convergence, zZH’m_Hk = zZ’m_Hk and both terms cancel
each other. In the case of an odd coupling iteration, we solve the same set of equations
as in the single rate case, as shown in Line 7. With the newly introduced flux correction
terms, a summation over finer time steps result in reducing the weak formulation of the
multirate scheme to that of the single rate scheme. This allows us to obtain exactly the
same contraction coefficient as the one obtained in the single rate case, Theorem 2.5.2.

In addition, the modified scheme contracts on the volumetric mean total stress as defined

in [64] for the single rate scheme.

2.3.3.6 Proof of Contraction of the 2" Scheme

e Step (1): Reduction to single rate weak formulation
Extending the work of [64] to the fully discrete formulation, we define the volumetric
mean stress, constituting the quantity to be contracted on, for n > 1, as:
gmtE — gk LAVt — a(pp ™ — it for1<m<qg—1, (2.3.74)

okl = gk LAY R (it — ) for m = q. (2.3.75)
In terms of the difference between two coupling iterates, we have

SonThmrk — —a5p2+1’m+k for1<m<gqg-1, (2.3.76)

S HVRTE — NG . g TR g gt for m = q. (2.3.77)

In order to obtain the single rate weak formulation, we sum up local flow iterations
across one coarser mechanics time step. As we solve different mass balance equations

in even versus odd coupling iterations, we need to consider each case seperately:
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— Coupling iteration index, n, is odd:

(M +cfg00+ N )At Z <ph+1, +k ph+1 1+k) n V Z +lmtk _
—1

Hf
2 q
% Z (pz m+k pZ,m—Hk) V Z < nktq qu) + ¢dn
" (2.3.78)
Z zn-‘rl m+k KV( Z pn+1 m—i—k) %quf,rgv n (2379)
f

— Coupling iteration index, n, is even:

Equation (2.3.79) remains unchanged. For (2.3.71), we have:

(M—i_cfgpojLT)KtZ(phﬂ +k _ppth 1+l~c)+ tv. Zz +1,mtk

Lo S S ()
q
« n,k+ n,w+k
- S () s L9 S 2350
gAt Y +an 0 Zh ( )

Assuming, without loss of generality, that “n + 1” represents an even coupling itera-
tion, and “n” represents an odd coupling iteration, subtracting (2.3.78) from (2.3.80)
to form the difference between two consecutive coupling iterates, and taking advan-
tage of (2.3.53), we derive

2

et )\>At s AAt

(31

where do™* 1 = AV - du"* 9 — adp!* 9 by (2.3.77). Equation (2.3.81) involves only
coarser time step variables. Considering the modified multriate iterative coupling
scheme as a single rate scheme, in which both the flow and mechanics problems

share the coarser time step, the weak formulation in terms of the differences between
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coupling iterates reads

1
V6, € O, ( (7 oo+ T )5;0”H et eh> + u—f(V LGk gy
- i i n,k+q
- ( 00 ,9h>, (2.3.82)
Va, € Zn, (K102 q,) = (5p) 79,V - qp), (2.3.83)

Yo, € Vi, 2G(e(0u) T 1) e(vy)) + A(V - du) T v L)
— a(p TR L) = 0. (2.3.84)

e Step (2): Flow equations

Recall 8 = 575 + 5o+ 5; testing (2.3.82) with 0), = opy 49 and applying Young’s

inequality, we obtain

L+ 1 Flktq 5 Lt
n q + —(V ) 5ZZ q,(gpz q) _

ntlitq L n,k+q>
Hy

— aedp,, o

adp,,

il ail

n+1,k+q

+ H(Scr" hta

< 53z oo )

The choice €2 = 3 absorbs the pressure term on the right hand side by its correspond-

52)\2

ing term on the left hand side, leading to

2At
ﬁHaéan k+q‘ n Tf(v gkt spntlitay o e H(;Un Ftq (2.3.85)
Testing (2.3.83) with g, = 6z)""*, we obtain
(K02 1F 62700y = (6ptF W - 620, (2.3.86)

Combining (2.3.86) with (2.3.85) leads to a sum of two positive squared norms on
the right hand side of (2.3.85), in which the right hand side constitutes the quantity
to be contracted on,

o (2.3.87)

2
1,k
ﬁHa(;p;lH- k+q

HK 125, n+1 k+q

e Step (3): Elasticity equation
Testing (2.3.84) with v, = du] """, we obtain

2G |e(du) TN+ NV - dup TP — a(0pp TV - sul M) = 0. (2.3.88)
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Combining (2.3.87) with (2.3.88), we infer

2
{Hoé5pz+1,k+q _ 2(Oé§p2+1’k+q, AV - 5uz+1,k+q> + )\QHV ) 5uz+1’k+q”2}

2AtAM o
pr(Ma? + X1+ Mcrpo
Ma?
A+ MXcgpo + Ma?

2

+ 4G ||e(Sul )12 4 T HKq/z(szzﬂ,mq

2

2 n+1,k+q |2 2 n,k+
NIV - o < ) |jootrs

(2.3.89)

The first three terms form a square of the volumetric mean stress defined in (2.3.77),
establishing the quantity of contraction for the next iterative coupling iteration, n+1,

on the right hand side of (2.3.89), as

2 2AtAMa? 2
Son Lk HK71/252n+1,k+q 4G le(Sut R |12
H v pr(Ma? + X1+ Mcgpo)) h le(0ws )l
Ma? 2 2
NV - P < ) Ha i 2.3.90
TNV - 0w < A+ Mcypo + Maz) 11770 11 (23.90)
Ma? 2
with a contraction coefficient strictly less than one: <Wgo+w> < 1.

2.3.3.7 Convergence to The Discrete Form (2"¢ Scheme)

In the next lemma, we establish convergence of the sequences generated by the modified

multirate iterative coupling scheme for coarser mechanics time steps.

Lemma 2.3.4. For k = 0, q, 2q, .., there exist limit functions p§,u¥, 2% such that

PP pb in LA(Q), wlt sk in HY(Q)Y, 2 = 2 in H(div, Q)Y
with strong convergence in the norms of the above spaces.

Proof. The contraction result in (2.3.90) implies that for coarse mechanics time steps,
[607 1k, ||V - duf ||, and || K—1/262) ||, converge geometrically to zero. This im-
plies that ¢?t5* V. 4" and zZH’k are Cauchy sequences converging to unique limits

in L*(Q). By (2.3.77), we conclude that pZ’k is a Cauchy sequence converging geometrically
to a unique limit in L?(§2), being a Hilbert space.
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For the displacements, (2.3.90) implies that e(du)™"") converges geometrically to 0 in

L3(Q). It follows immediately that uzﬂ’k converges geometrically to a unique limit in the
Hilbert space H'(Q)".
For the divergence of the flux, we note that (2.3.82) amounts to the following equality a.e.

in L?(Q):
2
«

: )5pn+1,k _ Mfaéag’k.

n 1
V-ézh“’k = 'uf(—+cfgoo—|— h A7

T AL'M

The convergence of V - zZH’k in L?(Q) follows from the convergences of pzﬂ’k and ™" in
L*(Q). Therefore, we have both V - 2/"™* and 2/"""* converging geometrically in L?(Q),
hence 2z} converges in H(div, Q)% The existence of the limiting function in H(div, Q)

follows from the completeness of the space. ]

It remains to pass to the limit in the weak formulation of (2.3.67)—(2.3.73). This is straight-

forward in view of the linearity of equations and strong convergences obtained.

Theorem 2.3.5. For coarser mechanics time steps, k = 0,q,2q, .., the modified multirate

iterative scheme 1s a contraction given by

2
k
Jooze],
< Ma? 2 5 n,k
= <)\+M)\Cf<p0+Ma2) H Ty
Furthermore, the sequences defined by this scheme converge to the unique solution of the

weak formulation of (2.3.67)—(2.3.73).

2
n+1,ky 2 n+1,k) 2
\Q+4GA\|€<5uh+1 Mg+ N2V - Sup ™

2AtAM o —1/2 5. n+1k
T (a2 A0t Mer o)) HK 0z},

Q'

Remark 2.3.6. All our obtained results remain valid when the multipoint flux mixed finite
element method (MFMFE) [88,90] is used for flow discretization. For clarification, consider
the modified multirate scheme. Using the MFMFE method for flow discretization, (2.3.90)

translate to

2 2AtAM o
pr(Ma? + X1+ Mcspo))
Ma?
A+ MAcppo + Ma?

H(;O_n-l-l,k-HI
v

) R o O

2

2 n+1,k+q | 2 2 n,k+
XV - dup P < ) (oot

(2.3.91)

where (K 1., .)¢ is the quadrature rule defined in [90] for the MFMFE corresponding spaces.
It was shown by Wheeler and Yotov in [90], and then extended to distorted quadrilaterals
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and hexahedra in [88], that for any z;, € Zy, (K 'z, z1) > C||z4||%, for a constant C' > 0.
This immediately leads to a similar contraction result. The same argument holds for
previously derived results in the first multirate scheme described earlier. Similarly, our
results can be extended to other multi point flux approximation control volume method,
MFPA, when used for flow discretization [54,55]. The coercivity of the bilinear form of the
fluxes has been established in [55] for quadrilaterls, and in [54] for triangular elements using

the broken Raviart-Thomas, and the lowest order Brezzi-Doulas-Marini spaces respectively.

2.4 Undrained Split Iterative Coupling

In this section, we consider one of the iterative schemes often used in practice: undrained
splitting and propose a multirate iterative scheme, as illustrated by Figure 2.2b. We recall
that this scheme considers a finer time step for the flow model and a coarser time step for
mechanics (¢ flow steps for each mechanics step) and then performs an iteration between
the mechanics and finer flow steps. In contrast, in the single rate scheme, as illustrated
by Figure 2.2a, the flow and mechanics problems share the exact same time step, and the
coupling iteration continues until convergence. Both schemes are iterative in the sense
that for each coarse mechanics time step, we solve for ¢ flow finer time steps followed by
a mechanics step and we further repeat the process. Details about convergence criteria
can be found in [63] (also discussed in details in the numerical results section). The con-
verged solutions solve the coupled time-discrete system consisting of ¢ flow solves and one
mechanics solve. The flow finer solve uses the mechanics at the coarse step and hence, the
coupled system is fully implicit. Since the cost of mechanics is often much more than the
cost of flow, fewer mechanics solves lead to considerable computational savings. This work
is motivated by the recent work of Mikeli¢ and Wheeler [63,64] where they have considered
different iterative schemes for flow and mechanics couplings and established contractive
results in suitable norms, (see also [53] for studying the von Neumann stability of iterative
algorithms, [80] for multirate schemes for Darcy-Stokes, and [72, 73] for the relationship of

these iterative methods to the linearization procedures).

We start by analyzing the fully discrete single-rate undrained-split coupling algorithm, in
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(a) Single Rate (b) Multirate

Figure 2.2: Flowchart for the undrained split single rate and multirate iterative coupling
algorithms. In the single rate scheme, both the flow and mechanics problems share the

exact same time step At. In the multirate scheme, the flow finer time step is At, and the
mechanics coarser time step is gAt.

which both flow and mechanics share the exact same time step. This can be viewed as an
extension of the work of Mikeli¢ & Wheeler [64], in which conformal Galerkin is used for flow
discretization (versus mixed form for the flow in this work), and the contraction coefficient

obtained here is optimized. In addition, understanding the strategy of the single-rate proof
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serves as a good introduction before tackling the more complicated multirate case.

2.4.1 Single Rate Formulation and Analysis
2.4.1.1 Fully Discrete Scheme for Single Rate

Using the mixed finite element method in space and the backward Euler finite difference

method in time, the weak formulation of the single rate scheme reads as follows.

Definition 2.4.1. (mechanics equation)

Find ui” € V', such that,
Yo, € Vi, 2G(e(uf ™), e(vy)) + MV - uf™ V- vp) — a(pf™, V- vp) = (F,vn). (2.4.92)

and (low equation) find pi*' € Qu, and 2™ € Z), such that,

1 1 1
Vo, € Qy, E(<_ + ¢ro) (pi“ — pi),@h) + N—f(V . zi“, 0,) =

M
- ﬁ (V . (u;j“ _ uij),eh) + (qh, 6h>, (2.4.93)
Vq, € Z), (K‘lz’ﬁl,qh) = (p’,i“,V : qh> + (ﬂmgV 777qh>, (2.4.94)

with the initial conditions for the first discrete time step,

Ph=Po, U =Uo. (2.4.95)

2.4.1.2 Single Rate Iterative Scheme

The scheme starts by solving the mechanics problem followed by the flow problem, and iter-
ates between the two until convergence is achieved. The iteration assumes a constant fluid
mass during the deformation of the structure (and can be interpreted as a regularization

of mechanics equation). We start by presenting the scheme.
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Algorithm 4: Undrained Split Single Rate Algorithm

for k=0,1,2,3,.. do /* mechanics time step iteration index */
forn=1,2,.. do /* coupling iteration index */

FIRST STEP: MECHANICS EQUATIONS
n+1,k+1
h

N VN

satisfying (assuming an initial value is

given for the first iteration: pg’kﬂ):

, k+1
Given p;" ", solve for u

—2GV - (e(u) T — A+ L)V - (V- u TR ) =
—aV - () LV - (Va4 f (2.4.96)

SECOND STEP: FLOW EQUATIONS

5 Given uZH’kH, solve for pzﬂ’kﬂ and zzﬂ’kﬂ satisfying:
n+1,k+1 k n+1,k+1 k

Dy, *Ph) LV- nt+lk+1 _ v.<uh *“h> ~ 2.4.97

5( Al +Hf z, a A7 +qn  (2.4.97)

2T — K (VT s gV ) (2.4.98)

In the above, we have used = (ﬁ + cripp) for the notational convenience. L is a regular-

ization parameter and the corresponding term vanishes in the case of convergence.

The convergence proof is based on studying the difference of two successive iterates and
deriving the contraction of appropriate quantities in suitable norms. We recall the defini-
tion:

5€n,k _ 5n+1,k o fn’k, where 5 =p,u,0r 2.

Considering the difference between two consecutive iterative coupling iterations, the weak
formulation of equations corresponding to (2.4.96), (2.4.97), and (2.4.98) can be written as

follows.

Mechanics step: Given 5p2’k+1 from the previous coupling iteration, find 6uz+1’k+1 ceVy

such that,

Yo, € Vi, 2G(e(0u) ™ ) e(vy)) + (A + L)(V - dup T Vo wy) =
a(Gpp* TV wy) + LV - 0u)™ Vo wy), (2.4.99)
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Flow step: Given du) ™" A find opp e O, (5zz+1’k+1 € Z), such that:

B n+1,k+1 1 n41,k+1 o« n+1,k+1
Vo), € Qn t(a 9h> (V52T g, = E(V o] ,eh)

K
(2.4.100)
Vg, € Zy,, (K627 q,) = (op TV - q,) (2.4.101)

2.4.1.3 Proof of Contraction

The quantity to be contracted on is a composite one consisting of both pressure p™* and
volumetric strain terms V - u™*. For a particular coupling iteration, n > 1, and for time

step ti, we define the quantity to be contracted on as:

L
nk _ il v un,kz + gpn,k
Y Y

where v is an adjustable coefficient that will be selected carefully such that the scheme
achieves contraction on m. The presence of v does not alter the contractivity, however, it
simplifies the algebra and provides a systematic technique for obtaining similar results for

other problems.

e Step (1): Elasticity equation
First, we analyze the mechanics equation. Testing (2.4.99) with v, = 6uz+1’k+1, we

get:

2G||€(5un+1k+1)||2+ )Hv 5un+1k+1||
C]{(Spn k41 + LV 5un k‘-l—l’v . 6uz+1,k’+l)

~ 1,k+1
5mn Jk+1 V 5un+ + )

Il
DN ™ A

< ||V 5un+1k+1H + ’y H(5~n,k+1H2

by Young’s inequality. For ¢ = A + L, we obtain,

4G

o eGP 9 A <

m e - * . (2.4.102)

e Step (2): Flow equations
Testing (2.4.100), with 6, = 5p2+1’k+1, and multiplying by At, we get: (recall § =
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ﬁ + ¢ro)

2 At
+ —(V - 5ZZ+1’]€H, 5PZ+1,k+1) _ —a(V ) 5uz+1,k+1’ 5p2+1,k+1>

BHéan,kH
h oy
(2.4.103)

Testing (2.4.101) with g, = 5zZ+1’k+1, we get and taking the difference between them,

we get
|’K—1/25z2+1,k+1|’2 _ (5pz+1,k+l’ v. 5z2+1,k+1>. (2.4.104)
Substituting (2.4.104) into (2.4.103), we have

5”(Spn+l,k+1
h

2 n %HK_I/Qaz;LH-l,k—i-lHQ + a(v . (5uz+1,k+17 (5p;ll+l,k’+l> = 0.
f
(2.4.105)

Step (3): Combining Mechanics and Flow
Multiplying (2.4.105) by another free parameter ¢* and adding (2.4.102), we obtain

AG .
Nt L ||€(5uh+1’k+1) ||2

2
+ {C2B + 02a<V . 5u2+1’k+1, 5pz+1’k+1) + |V - 5u2+1’k+1||2}
At
1223

n+1,k+1

+

2
—1/2 5 n+1k+1
HK 52!

04 n
< e P

(2.4.106)

Step (4): Identifying the parameters

Below we provide the procedure for determining the three adjustable parameters
(c?,7, and L) yielding a contraction. These parameters should be chosen such that
the terms on the left hand side of (2.4.106) remain positive, and the scheme achieves

contraction on m. Clearly,
2 2
||5mn+1,k+1H2 _ L_ Hv ) 5un+1,k+1”2 + a H(Spnﬂ,kﬂ”?
~? ~?
20 L
A2

(5pn+1,k+1, v. 5un+1,k+1) '
~
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Matching coefficients by comparing with the terms in the curly brackets in (2.4.106)

provides us with the following conditions:

h
N
o

DO

Q

&~

M

= 5, — =c"a.

2
no
Qw| Q
2
no

This gives, L = v = %, ¢ = 2. Substituting in (2.4.106) leads to a contraction
2
factor of the form (ﬁ) , which is strictly less than one.

Our main result summarises the above contraction result.

2
Theorem 2.4.1. With L = ;_5 and ¢ = i—@, the undrained single rate iterative

scheme defined by (2.4.96) - (2.4.98) is a contraction given by

At

——|le(dup TP+ — T [l

L ~n
< (x5g) lomms|”
(2.4.107)

HK 125, nt, k+1

)\+L

Furthermore, the sequences defined by this scheme converge to the unique solution of

the weak formulation (2.4.92)—(2.4.94).

Remark 2.4.1. The above contraction result implies that the composite quantity m™H*+1

( n+1, k+1) n+1,k+1

symmetric strain €(u , and flur z, converge at a geometric rate. Relatively
stratghtforward arguments that include standard mized method for controlling pressure by
flux, Korn’s inequality to control the H' norm by the L* norm of the symmetric strain

Lk+1 LE+1 ,
tensor, imply the unique convergence Ofpn+ + 'u,Z+ *in L? and H' norms respectively.

Remark 2.4.2. The above remark 2.4.1 can also be used to strengthen the contraction

coefficient in theorem 2.4.1. Using triangle’s inequality,
lom™*| < —||v e

and using standard mized method to estimate the pressure by the flux and the Korn inequal-

ity, we obtain

o] < € (||etous™) | + [|o=r*

‘ ) (2.4.108)
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Now consider the result in the theorem 2.4.1 and denote the first two terms on the left by
Jrtlh+l that s,

4G
A+ L

The above inequality (2.4.108) can be rewritten as using a generic C,

gL+l _ At

He((suz-i-l,k-i-l)u HK /25, n+1 k+1

||6mn+1,k+1H2 < QJntLktL (2.4.109)
The inequality (2.4.107) takes the form

<l + 1) H5mn+17k+1”2 < < L )2 ||5mn,k+1H2

C A+ L
yielding an improved contraction constant,
C L \? 2
o < (=) (7)o 2.4.110
s < (52 (527) o) 24110)

In practice, it is difficult to estimate C', however, the above computations show the relative
contributions of the extra positive terms in (2.4.107) affect the contraction result observed
in practice. Moreover, we can theoretically derive an explicit expression of C' in a similar

way as shown in remark 2.3.4. The details are spared.

Remark 2.4.3. The single rate undrained split iterative coupling scheme has been rigor-
ously analyzed by Mikeli¢ and Wheeler [64]. In their analysis, a contraction on the fluid
mass per bulk volume, defined by: m = mgy + poaV - u + 55(p — po), has been obtained for
a continuous in time and space formulation. The value of the introduced free parameter L
has been chosen a priori to be L = Ma?. Following their approach, and adapting to our
fully discrete formulation (mized form for flow, and conformal Galerkin for mechanics),
we have the following result:

Theorem 2.4.2. [Mikeli¢ € Wheeler [6/]] Let L be a predetermined coefficient: L = Ma?,
Oi™E = o +aV - 'u,Z’k + ﬁ(pzk — po), and § denoting the difference of two successive

iterates, the undrained split scheme as given in algorithm (4) is a contraction given by
2
—1/25_n+1lk
K527 H

2Cfe00||5pn+1k;” +|‘5¢Zn+1,k+1H2§ (A-]&\-/[]\(/}12> Hégo*nkJrlH

stz le(u )| + 5t

Furthermore, the sequences defined by this scheme converge to the unique solution of the

weak formulation (2.4.92)—(2.4.94).
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We note that our proof is optimized in the sense that it reveals the optimal value of the pa-
2

o 2 , 2
o . . . . L _ a“ M
rameter L = —26, which leads to a sharper contraction estimates: (—HL) = <2/\+2/\Mcf%+a2M) .

2.4.2 Multirate Formulation and Analysis
2.4.2.1 Fully Discrete Scheme for Multirate

The weak formulation of a multirate scheme reads as follows.

Definition 2.4.2. (mechanics equation)

Find ul,frq € V', such that,

Yo, € Vi, 2G(e(ul ™), e(vp) + MV -4y TV - vp,) — alpy ™,V - vy) = (f,vp).
(2.4.111)

and (low equation) For 1 < m < q, find pi"™* € Q,, and 2]"** € Z), such that,

1/, 1 - 1 m
W0 € Qs 57 (57 + ereo) (i = o), 00) + — (V- 25,01) =

M iy
a ~
- (v- (uffq _ u’;) , 9h> n (qh, eh), (2.4.112)
Vg, € Zy, (K_lzzwrk?qh) = <phm+k7 V- Qh) + <pfﬂ"gv 7]7‘1}1)7 (2.4.113)

with the initial conditions for the first discrete time step,

Ph =Do, U = Uy, (2.4.114)

2.4.2.2 Multirate Iterative Scheme

The scheme starts by solving the mechanics problem followed by a sequence of flow prob-
lems, and iterates between the two until convergence is achieved. The iteration assumes a
constant fluid mass during the deformation of the structure (and can be interpreted as a

regularization of mechanics equation). We start by presenting the scheme.
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Algorithm 5: Undrained Split Multirate Algorithm
1e
2 for £k =0,q,2q,3q,.. do /* mechanics time step iteration index */
3 forn=1,2,.. do /* coupling iteration index */
4 FIRST STEP: MECHANICS EQUATIONS
5 Given p}""*, solve for w; ™" satisfying (assuming an initial value is
given for the first iteration: pg’Hq ):
—2GV - (e(up T — A+ L)V - (V- up T ) =
—aV-(PTI) —LV - (Va4 (2.4.115)
SECOND STEP: FLOW EQUATIONS
. n+1,k+q
Given u,
7 form=1,2,...q do /* flow finer time steps iteration index
*/
8 Solve for py ™" and 2T satisfying:
B(pz-l-l,m-‘rk _pz—&—l,m—l-&-k) N iv ] Zn+1,m+k —
At L h
n+1,k+q k
v (Y T L
av ( A ) Yan (2.4.116)
2Pt — (ViR e V) (2.4.117)

In the above, we have used § = (ﬁ + ¢ypp) for the notational convenience. L is a regular-

ization parameter and the corresponding term vanishes in the case of convergence.

Following a similar approach to that of the single rate case, the convergence proof is based on
studying the difference of two successive iterates and deriving the contraction of appropriate
quantities in suitable norms. We recall that §¢™F = ¢ntbF — ¢nk - where € = p,u,or 2. It
is interesting that the contracting quantity is a composite one consisting of both pressure
p" A and volumetric strain terms V - w54 For a particular coupling iteration,
n > 1, and between two coarse mechanics time steps t;, and ¢;,, we define the quantity to

be contracted on as:

L o
Th”+1’k+m =—V- ’U,n+1’k+q + _(pn—l-l,k—l-m - pn—&-l,k—i-m—l), for 1 S m S q,
I vq v
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where ~ is an adjustable coefficient that will be selected carefully such that Banach con-
traction holds on 7,. As in the single-rate case, the contractivity of the scheme is not
altered by the presence of ~, as it only simplifies the algebra, and scales the the quantity

of contraction is a way such that the contraction coefficient is most optimized.

Considering the difference between one local flow iteration and its corresponding local flow
iteration in the previous coupling iteration, and the difference between two consecutive me-
chanics coupling iterations, the weak formulation of equations corresponding to (2.4.115),

(2.4.116), and (2.4.117) can be written as follows.

Mechanics step:  Given dp;”* ™ from the previous coupling iteration, find du)*'**4 € Vv,

such that,
Yo, € Vi, 2G(e(du) ™ ), e(vy)) + (A + L)(V - dup TV - vy,) =

a(0p TV s vy) + L(V - 6wV vy (2.4.118)

Flow step: Given du) ™™ for 1 <m < ¢, find op} ™" € Qy, 621" € Z,, such

that:

5 n+lm+k (S n+1lm—1+k 1
V0, € Qn, B2 P )+ —(V -0z g, =
At [if
o
— L (v stk 9) 2.4.119
th( U h ( )
Vg, € Zy,, (K152 q,) = (opp TV - qp) (2.4.120)
2.4.2.3 Proof of Contraction
e Step (1): Elasticity equation
First, we analyze the mechanics equation. Testing (2.4.118) with v), = 5u2+1’k+q, we
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get:

2G|e(up NP+ (A + L)V - Gug TP
= (adp} ™t 4+ LV - dup* TV - 5u”+1’k+q)

= (zq:( (Opp™tE — sppm 1+“3)+ v 5u”k+q> V- (5u"+1k+q>

m=1

q
9wy St 3 e

m=1

IN

by noting that Z ((5]9" etk — opp™ Hk) = 0p,’ K+ and using Young’s inequality.
=1
Fore = A+ L, We obtain after some simplifications,

4G

2 q
n+1, n+1, Y ~ n,k+m 2
—/\ i LHE((s’thrl k+q)H2 + HV . (5’U/h+1 k+q||2 S m E H&mq ket H . (2.4.121)

e Step (2): Flow equations
Testing (2.4.119), with 6, = 5p"+1 otk 5p"+1 M1k and multiplying by At, we get:
(recall § = 17 + crpp)
_ 2 At _
5H5pz+1,m+k _ 5pz+1,m 1+kH 4 Iu_f(v 5zh+1m+k 5p n+1m+k 5p2+1,m 1+k) _

et <V 5un+1 Jk+q (S n+1 m+k 5pn+1 ;M= 1+k> (24122)
q

Now, consider (2.4.120) for two consecutive local flow finer time steps, ¢ = t,, %, and

n+1,m—+k

t = tm—14k, and test with g, = 0z, and taking the difference between them,

we get
(K—l <5Z2+1,m+k _ (SZZ—H’m_H_k) 75zz+1,m+k>
<5pn+l m+k 5pn+l meltk g 5zn+l m+k) (2.4.123)

Substituting (2.4.123) into (2.4.122), we have
ﬁuépn-l—l,m-l—k _ 5pn+1,m—1+kH2
h h

At
R —

_ Lm+k 1m—1+k Lm+k
(K 1(5,22”“ mEE 5z2+ m=lit ),5z2+ et ) -
Hy

. g (v . 5un+1,k+q 5pn+1,m+k 5pn+1 m— 1+k>
h ) h
q

%)



By Young’s inequality, with further simplifications,

BH(Spn—&-l,m—i-k _ 6pn+1,m—1+kH2 N o (V SR 5pn+1,m+k 5pn+1 m— 1+k)
h h h » OPp,
q

2py

2
n 1,m+k — n+1lm—1+k
e (L I L i

+ HK 1/2 5 n+1m+k: 52n+1m 1+k>H2> —0.

Summing for ¢ local flow time steps and after some simplifications (telescopic can-

cellations together with the fact that 5z2+1’k = 0), we get

q 2 a
3 Z (Hapz—kl,m+k _ 5pz+1,m—1+kH n E<V ‘ 511’2+1,/<:+q7 (5p;b+17m+k _ 5p;b+1,m—1+k>>

2Ly

HK 125, n+1 J+q

=0.

2 At G B 2
I ﬂ Z HK—1/2 (5ZZ+1,m+k B 5Z2L+1,m 1+k>
£

(2.4.124)

e Step (3): Combining Mechanics and Flow

Multiplying (2.4.124) by another free parameter ¢ and adding (2.4.124), we obtain

4G

0206

2
>\+L"€((5uz+1,k+q H 4 Z{ 25H5pn+1 otk Z+1,m—1+kH

4 T(V ke gpnlmtk g ntdm— 1+k> V- Sut 2 }

At HK 1255tk @ i HK—1/2 (5ZZ+1,m+k _ 5z7,;‘+1’m*1+’“) 2
21uf 2,U,f ]
< - 72 i H(gmn,k—&-m’f. (2.4.125)
- ()\ T L)2 m=1 !

e Step (4): Identifying the parameters

Note that we have three free parameters: c¢2,v, and L. Below we provide the pro-

cedure for determining these parameters yielding a contraction. These parameters

should be chosen such that the terms on the left hand side of (2.4.125) remain posi-

tive, and the scheme achieves contraction on m. Clearly,

~ 2
H5m2+1,k+m H

L? n+1k+q||? O‘_Q n+lk+m _  ntlk+m—1Y]||2
0 R ]
201

((pn+1,k+m . pn+1,k+m—1) V . 5un+1,k+q) '
72q ’
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Matching coefficients by comparing with the terms in the curly brackets in (2.4.125)
provides us % =1, 3—2 < ?f, and 27% = CQTQ. This gives, L = qvy, L > % and

since the contraction factor is monotone with respect to L, its minimum is achieved
when we choose,
2 2 2
o o o 4¢P

L = — implying v = — and ¢ =
26 q

Using above in (2.4.125) we note that the contraction factor is ﬁ and is smaller
when ¢ is larger. Also, when ¢ = 1, the above contraction rate reduces to that of the

single rate case [64] (when the time steps for the mechanics and flow are the same).

Our main result summarizes the above contraction result.

2
Theorem 2.4.3. With L = g— and ? = 43226 , the undrained multirate iterative

scheme defined by (2.4.115) - (2.4.117) is a contraction given by

AL HK_1/25ZZ+1,k+q 2 I At i HK—l/z (5ZZ+1,m+k B 5zz+1,mfl+k) 2
245 2unp 2
q 2 q
~ n41,k+m ||2 4G n+1k+q\ |12 L ~ n,k+m||2
P fom e S e < S o

(2.4.126)

Furthermore, the sequences defined by this scheme converge to the unique solution of

the weak formulation (2.4.111)-(2.4.113).

Remark 2.4.4. The scheme presented in algorithm 5 can be modified such that the coarse
mechanics time step is kept fized as At, and the fine flow time step is considered as %,
for ¢ > 1. The proof of contraction follows in the same way except that the parameter c is

chosen to be ¢ = 4;1—5. The same result, presented in theorem 2.4.3, hold in this case.

2.4.2.4 Convergence to The Discrete Form

From the result obtained above, we establish convergence of the sequences generated by

the multirate undrained split algorithm and show that the converged quantities satisfy the

57



weak formulation (2.4.111) — (2.4.114). The proof uses the mathematical induction for the

finer flow equations combined with the contraction estimates obtained above.

Lemma 2.4.1. For every coarser mechanics time step, t = ti., there exist a limit function

u¥ such that
ult = ub strongly in H Q).

Proof. The contraction result in theorem 2.4.3 implies that for a coarser time step t = t;,
Hs(éuzﬂ’k)H converges geometrically to zero. Using Korn’s inequality, this implies that
(9xi(uz+1’k),i = 1,2,3 is a Cauchy sequence converging geometrically to a unique limit in
L2(Q)4. Tt follows immediately that uZH’k is a Cauchy sequence converging geometrically

to a unique limit in H'(€2)”, being a Hilbert space. O

Lemma 2.4.2. For every two consecutive coarser mechanics time steps, t = t;, and t =
thtq, and for every 1 < m < q, there exist limit functions p;Z”Jrk, zZ”k such that
pZ’m+k — pthin L2(Q), zZ’m+k — 2 in H(div, Q)¢

with strong convergence in the norms of the above spaces.

Proof. The contraction result in theorem 2.4.3 implies that the quantities
q 9 q 9
Z HK71/2(§ZZ+1,m+k B 5z7};+1,m71+k)H and Z HMZ“”MH
m=1 m=1

converge geometrically to zero. It follows that for 1 < m < g, HK -1/ 2((5z2+1’m+k —

2 2
6zz+l’m71+k)H , and Hémgﬂvm%H converge geometrically to zero. Moreover, by (2.4.117),

2 2
Kl/?v(5pz+1,m+k_5pz+1,m—1+k) H and H(spz—&—l,m—l—k_(spz—&—l,m—l—i-kH

converge geometrically to zero, respectively. This implies that for every 1 < m < ¢, the

and Poincaré inequality,

finer time step differences (pZ’m+k - pZ’m_Hk), (zZ’m+k —zZ’m_Hk), and the quantity defined

by % are Cauchy sequences in L*(Q).

We will show strong convergence of the pressure sequence by induction. The proof of strong

convergence of the flux sequence follows in the same way. Given an initial pressure value
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for t = to: pZ’O = po, from the above discussion, (]02’1 — po) is a Cauchy sequence in L*(€),
and, in turn, pZ’l is a Cauchy sequence in the complete space L*(f2), and has a unique
limit. This completes the base case for induction. For the inductive hypothesis, we assume
that for any coarser mechanics time step t = 5, and for any 1 < m < q, pZ’k+m is a Cauchy
sequence converging to a unique limit in L2(Q): p}"*™ — pt+™ in L2(Q) . We will show
that pZ’kerH is also a Cauchy sequence converging to a unique limit in L?(Q2). However,

n,k+m+1 n,k+m
Py )

this follows immediately, as (p), is a Cauchy sequences in L?(Q), converging

to a unique limit in L?(Q2). This completes the inductive step. Therefore, we obtain that
for all coarser mechanics time steps ¢ = ty, and for 1 < m < ¢, pp""™ ", 2™ * are Cauchy
sequences converging geometrically to unique limits in L?(€2).

For the divergence of the flux, we note that (2.4.119) amounts to the following equality a.e.
in L?(9):

.

n+1,m+k BM n+1,m+k n+1,m—1+k
V-(szhﬂ +k _ f((;phﬂ + — &p +1 1+> ”y

N , V - Su R

The convergence of V - z2+1’m+k in L*(Q) follows from the convergence of the differ-
ence (pythmHR Ry and gt in L2(Q), established above (the convergence
of (pZH’erk - pz+1’m+k) and m) 1™ * implies the convergence of V - uZ+1’k+q by defini-
tion). Thus, we have both V- 2™ ™* and 2/"™** converging geometrically to unique limits

in L?(€), and hence z) """ converges to a unique limit in H (div, Q). O

It remains to pass to the limit in (2.4.111)—(2.4.113). This is straightforward since the
equations are linear and all operators involved are continuous in the spaces invoked in the
statements of Lemmas 2.4.1 and 2.4.2. Moreover the convergences are strong. Therefore,

we easily retrieve the fully discrete multirate formulation.

Remark 2.4.5. As in the single rate case discussed in remark 2.4.2, in the multirate case
too the contraction in theorem 2.4.3 can be improved. The above proof already provides the

arguments required. Note that using triangle’s inequality,

L
e A A o T |
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and using standard mized method to estimate the pressure by the flux and the Korn inequal-

ity, we obtain

ZH5~n+1k+mH < C(||e(bu n+1k+q )2 +ZHK 1/2(5 ntlmtk _ 5 net1m— 1+k>”

m=1

< C(\\e(5u2+17k+q)”2 " Z HK—1/2 <5ZZ+1,m+k B (5ZZ+1’7”_1+"3>
m=1

X HK—1/2(SZZ+1,k+q

2). (2.4.127)

Now consider the result in the theorem 2.4.3 and denote Jg“’kﬂ

2 q
j;z+1,k+q _ /\4fL||€(5uz+1,k+q)H2 + CQAt Z HK71/2 (5ZZ+1,m+k _ 5Zz+1,m—1+k> H2

AL
2Mf

HK 125, n+1k+q

The above inequality (2.4.127) can be rewritten as using a generic C,

q
> ||ttt Cgrtita, (2.4.128)

m=1

The inequality (2.4.126) takes the form

_|_1 ZH5 n+1k+mH ( )\+L> ZH5~nk+mH

yielding an improved contraction constant,

ZH&WHMH (c+1)< )\+L> ZHM”'““H (2.4.129)

In practice, it is difficult to estimate C', however, the above computations show the relative

contributions of the extra positive terms in (2.4.126) affect the contraction result observed

i practice.

2.4.3 Conclusions and Discussion

In this section, we have considered single rate and multirate iterative coupling schemes

for the sequential coupling of flow with mechanics based on the undrained split iterative
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coupling algorithm. For both schemes, we have proved Banach fixed-point contraction, and
convergence to the weak solution of the corresponding fully discrete scheme follows imme-
diately. The multirate is a natural extension of the single rate scheme, and contracts on a
composite quantity consisting of pressure and volumetric strain terms. Contraction proofs
are optimal in the sense that contraction quantities are scaled such that more terms on
the left hand side are absorbed. Compared to previously obtained results [64], our derived
contraction coefficients are shaper. To the best of our knowledge, this is the first time a
contraction result has been rigorously obtained for the multirate undrained split iterative
coupling scheme. However, It should be noted that our analysis in this chapter limits to one
coarser time step and we have not considered and investigated the propagation of error due
to spatial and temporal discretizations. These error estimates providing the convergence
rate can be studied and analyzed, for example, in the spirit of [45] (a priori error estimates
for the fixed-stress split scheme have been derived in Chapter 3. The same technique
can be used to derive a priori error estimates for the undrained-split scheme). Further,
the nonlinear extensions of these schemes, their mathematical analyses and computational
performance are interesting questions that will be addressed in future work. Moreover,
the performance of these algorithms should be investigated numerically, and appropriate

convergence stopping criteria for should be devised accordingly.
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2.5 Numerical Results

The first multirate iterative coupling algorithm (Algorithm 2) is implemented in the in-
house reservoir simulator (The Integrated Parallel Accurate Reservoir Simulator - IPARS
[57,58]). As discussed above, the flow problem is solved using mixed method and the
mechanics by conformal Galerkin (see [82,86] for more details on mechanics discretization).
In the mixed method for the flow, the flux unknowns are locally eliminated and a pressure

stencil is obtained. The flux is then computed by post-processing.

We consider three numerical experiments in this section as follows:

e The Mandel’s problem: which is a standard benchmark problem with an analytical
solution and is used to validate the accuracy of our proposed scheme. It also highlights
the expected trade-off between multirate-savings and maintaining an acceptable level

of accuracy of the obtained numerical solution.

e Single phase flow MFMFE model coupled with mechanics (linear elasticity): in which
we will be evaluating the efficiency of of the multirate scheme (Algorithm 2) against a
realistic field-scale problem, that includes a challenging reservoir geometry (the Frio

model). Details about the MFMFE scheme can be found in Appendix A.

e Two phase low MEFMFE (IMPES) model coupled with mechanics (linear elasticity):
for which we will be running a simple quarter wellbore model (used to study the
sharpness of our derived theoretical contraction estimates against numerical observed

values), and the Frio field model.

We note that except for the parallel SPE10 model considered in Chapter 8 and the Mandel’s
problem, all simulations considered in this dissertation were run serially on an “x86_64 In-
tel(R) Core(TM) 15-4590 CPU @ 3.30GHz” Linux workstation with 4 CPUs. The Mandel’s
problem was run serially on Bevo3, and the parallel SPE10 model, considered in Chapter
8, was run in parallel on 16 processors on Bevo3. Bevod is a 15 node compute cluster, with

a 2 x hex core 2.93 GHz Intel Xeon X5670 processors and a total of 180 cores.
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2.5.0.1 Convergence Stopping Critera

In spite of the fact that the solution of the fully implicit scheme is considered as the
reference solution for iteratively coupled flow and geomechanics problems, this solution is
not accessible in practice. Instead, a convergence stopping criteria should be devised in
order to determine whether the iterative scheme has converged or not. Even though we
implement multirate iterative coupling schemes, we still use the same convergence criteria
as the one used in the single rate scheme. This is justified as follows: the multirate iterative
coupling scheme can be viewed as a single rate scheme at the coarser mechanics time step
level, considering the sequence of ¢ flow solves as one coarser flow time step solve, with
the last obtained pressure value being passed to the mechanics problem. We define two

porosity expressions as follows:

sonire = (L4 90 ke 2.5.130
Bkt — o7 - gy g L gyt (2.5.131)
Spmech «Q uh M ph s

The expression (2.5.131) is the standard definition of the fluid content of the medium
[45]. The definition of 590%%" can be justified as follows: upon convergence, due to the

contracting property of the scheme, (2.3.24) leads to
5o = AV - 6u27’“+q _ a5pZ’k+q _0
Therefore, we have
AV - dup " = adpt Tl = v - sut T = % SprH

This leads to:

1 1 a?
S — o - fu T 4 M&pfb’k” = (M + 7)(5;02’“" = 5@’}/;';‘7
justifying the definition (2.5.130) above. Thus, upon convergence, we have 5@?71’5;‘1 =
5(,0?;];;:61, or equivalently, aV-du "9~ 0‘725p2’k+q = 0. Accordingly, the convergence stopping
Lpn’IH»q*(pn'kJrq av‘un,k+q_o¢72pn,k+q
criterion is defined as follows: ‘ —mech_—flow = L S A b < TOL. We note
mech Lo mech L

that specifying the coupling iteration convergence criterion, especially in the multirate case,
is still a subject of research. This is a critical subject as a “harsh” convergence stopping

criteria might ruin the efficiency of the multirate scheme.
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Figure 2.3: Mandel’s problem original and computational domains

2.5.1 Validating the Accuracy of the Scheme - Mandel’s Problem

The well-known Mandel’s benchmark problem consists of a 2D saturated poroelastic slab of
a rectangular shape with width 2a ft and height 2b ft. The sample is loaded by a constant
compressive force, of intensity 2F psi.ft, applied on the rigid impervious top and bottom
plates (y = +b). The slab can drain laterally, with stress-free lateral edges © = 4+a. The
force is applied instantaneously at time ¢ = 0, and gravity is neglected in this setting [86].
The original configuration of the problem is shown in figure 2.3a. The problem highlights
the necessity of incorporating a poroelastic model into existing reservoir simulators, as it
captures the unexpected Mandel-Cryer effect, and is a standard problem for verifying the

accuracy of poroelasticity algorithms [70].

The model considered here is the linearized quasi-static Biot model [63,86]. The initial and

boundary conditions are given as:

0 0 .
plea=0. w0, w0 ) (o) x (00
p =0, U(u)elzdnzo, onxr = *+a

2z, =0, o12=0, / o9 dv = —2F, wu, = unknown constant, ony = *+b
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Following a similar approach as in [63] and noting that u, = wu,(y,t), and u, = u,(z,1),

the impervious rigid plate condition (on y = +b), is replaced by:
zy=0, 012=0, wu,=U,(tbt) ony==b

where U, (=£b,t) is the value obtained from the closed form solution of the Mandel’s prob-
lem [63]. It should be noted that the problem is symmetric about the x and y axes. There-
fore, only the upper-right quadrant ((0,a) x (0,b)) is going to be considered for numerical
simulation, as shown in figure 2.3b. This restriction should not affect the initial conditions
of the problem. However, the updated boundary conditions of the computational domain

are given as follows:

p=0o(ue =0,=0, onz=a
2, =0, u,=0, o012=0, on xt=0
z,=0, 012=0, u,=U,bt) ony=>b

zy=0, u,=0, o012=0, on y=20

The original analytical solution of the problem, as given by Mandel [61], specifies a closed
form solution of the pore-pressure only, for the isotropic case. Later, Abousleiman et
al. [1] generalized the problem to include material transverse isotropy, with compressible
solid constituents and pore fluid, and they presented detailed analytical solutions for pore
pressure, displacements, and stresses [1]. We refer the reader to [36,70] for the exact ex-
pressions of the parameters involved in this problem, including the Skempton pore pressure
coefficient B, the fluid diffusivity coefficient ¢, the undrained Poisson ration v,, and the
analytical solutions including pore pressures p, displacements (u,,u,), and stresses. For
our numerical tests in this paper, the input parameters are shown in Table 2.1. In addition,

for the convergence stopping criterion, we set TOL = 5.E-7.

2.5.1.1 Results

Figures 2.5a, 2.5b, 2.5¢, and 2.5d show numerical versus analytical results for the pressure

variable at times t = 640, 1280, 5120, 10240, and 20480 seconds, for ¢ = 1,2,4,, and 8
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Total Simulation time: 50,000 seconds
Finer (Unit) time step (At): 80 seconds
Dimension in x (a): 328.084 ft
Dimension in y (b): 32.8084 ft
Number of grids: 1600 grids (40 x 40)
Grid spacing in x (Ax): 8.202 ft
Grid spacing in y (Ay): 0.8202 ft
Permeabilities: (K, kyy) 100, 100 md
Initial porosity, (¢o) 0.2
Fluid viscosity, (u) 1.0 cp
Fluid compressibility (cy) 2.089E-6 (1/psi)
Fluid density, (ps,): 62.4 Ib,, / ft>
Young’s Modulus (FE) 8.6152507E+5 psi
Possion Ratio, (v) 0.2
Undrained Possion Ratio, (1) 0.44
Biot’s constant, («) 1.0
Biot Modulus, (M) 2.3931227E+6 psi
Skempton coefficient, (B) 0.8333
Diffusivity coefficient, (c) 5.0052 ft*/s
Introduced Fixed Stress Parameter (L) %

Table 2.1: Input Parameters for the Mandel’s Problem

respectively. Results are most accurate for the single rate case ¢ = 1, and accuracy degrades
slightly as the value of ¢ increases, which is expected. A similar behaviour, although at
a much smaller scale, for z-displacements as shown in figures 2.6a, 2.6b, 2.6¢, and 2.6d,
for ¢ = 1,2,4, and 8 respectively. CPU run times for the whole simulation run (50,000
seconds) are shown in figure 2.4a. For ¢ = 2, we save 20.86 % in CPU runtime. For ¢ = 4,
and 8, we save 42.51 % and 60.09 % in CPU runtime respectively. Runtime savings can
be attributed to the huge reductions in the total number of mechanics linear iterations for
multirate cases. For ¢ = 2,4, and 8, the total number of mechanics linear iterations for the
whole simulation run went down by 38.15 %, 65.25 %, and 82.43 % respectively. Tables
2.2 and 2.3 show the accuracy of the obtained solution against the analytical solution at
two time steps during the simulation run (¢ = 640, and 20480) seconds respectively. We
see that for both time steps, the accuracy of pressures degrades only slightly. Similarly, for
displacements, the accuracy is only slightly affected. The numerical tests demonstrate that
the multirate scheme maintains the accuracy of the solution whereas providing significant

computational advantages.
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Figure 2.4: Mandel’s Problem Multirate Savings

| a=1 ] q=2 g=4 q=38

lpn — p(O)I7, 1.0863e-03 | 1.6490e-03 | 3.3955e-03 | 7.9480e-03

|t — ua(2)]1, 9.1711e-12 | 3.4294e-11 | 3.4218e-10 | 1.6005e-09
Reduction in CPU runtime - 16.35% 27.90% 45.78%
Reduction in mech. linear iterations - 42.41% 67.61% 83.46%

Table 2.2: Accuracy versus efficiency for different values of ¢ (the number of flow finer time
steps within one coarser mechanics time step) at time ¢ = 640 seconds. Discrete f5 norms
are computed over the top boundary of the domain (y = b), as z-displacements depend
only on z-coordiantes. CPU time savings and reductions in the number of mechanics linear
iterations are computed against the single rate case (¢ = 1).

67




Pressure match for the single

rate case (q=1)
T T

b

Normalized Pore Pressure (ap/F) at y

|
0.1 0.2 03 0.4 0.5 0.6

x/a

(a) Analytical vs Numerical Results (¢ = 1)

Pressure match for the multirate case (q=4)

b

d

Pressure match for the multirate case (q=2)
T T T

T T T T T T 045 T T T T T
——Analy. Sol., t=640s ——Analy. Sol., t =640
o o Num. Sol.,t =640 s oo o Num. Sol.,t =640 5
N _ Analy. Sol, t=1280s || Gl ﬂe‘wg\% —_ Analy. Sol, t=1280's ||
;. o Num.Sel.,t=1280s o o Num.Sol.,t=1280s
Y ——Analy. Sol,, t=5120 s R ——Analy. Sol., t=5120 5
o Num. Sol..t=5120's 2 ", | © Num.Solt=5120s
0.35 ——Analy. Sol., t=10240 1 035k ——Analy. Sol., t = 10240 5|4
o Num. Sol., t=10240s > 5> Num. Sol.,t=10240s
Analy. Sol., t=20480s = Analy. Sol., t=20480 s
Num. Sol., t =20480 Py . Sol, b=
03 um. Sol 5 n 05- Num. Sol., 1 =204805 | |
4
5 5
o
0.25 5025+ El
w
o gt
oo o *L“--L'-k_u_ 0 E i vuu__.g._,'_(‘_._‘ﬂ
fis nx © ozt e " 1
g o o
& 5 ) 5 S
\"\4‘“ o o o
. '™ P ° .
0.15 R @ 015+ T bl
*a e e
£
0.1 o 01F Bl
2
N
\v. - -
0.05 A\«\ 0.05
| | | | | 1 | 1 x O | | | | 1 | | 1 |

0 0.1 02 03 04 05 06
xla

(b) Analytical vs Numerical Results (¢ = 2)

Pressure match for the multirate case (q=8)

Normalized Pore Pressure (ap/F) at y

T T T T T T T T T 045 000 T T T T T T T T T
3000 e a ——Analy. Sol.,1=640s 000888@°°88300060 ' ——Analy. Sol., t=840s
—20 04 o Num.Sol.,t=640s =y B " o Num.Sol., t=640s
——Analy. Sol., t=1280 s 04k ~ Q. ——Analy. Sol.,t=1280s ||
o Num. Sol,1=1280s : e © Num.Sol, t=1280s
< ——Analy. Sol.,t=5120s \ ——Analy. Sol.,t=5120 s
o Num.Sol.,t=5120s & | o Num.Sol t=5120s
35 Analy. Sol., t=10240s 1 0.35F, Analy. Sol., t=10240 5|4
o Num. Sol.,t =10240 s > o Num. Sol.,t=10240s
Analy. Sol., t=20480 s & Analy. Sol.,t=20480 s
Num. Sol., 1 =20480 s e Num. Sol., t =20480 s
03 w 03fF
B [
L3 %
4]
025} E 50250 N .
g [}
[T T 0t o B a
ke o
02 T B o 02 . .
D\:"‘c\ ]
Ly o
P °
0151 L B .g 015 7
I
£
|- 4 o L 4
041 2 01
005+ B 0.05+ g
2
0 1 1 Il 1 1 1 1 " 1 O ! 1 1 1 1 1 | 1 Il
0 01 0.2 0.3 04 05 0.6 07 0.8 09 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
xla x/a

(c) Analytical vs Numerical Results (¢ = 4) (d) Analytical vs Numerical Results (¢ = 8)

Figure 2.5: Accuracy of our Multirate Scheme on Mandel’s Problem Pressure Solution

68



5% 10 . X—DisPIacement match for the single ratle case‘ (g=1) ‘

T T T T
—— Analy. Sol., t=640s Pl
o Num. Sol.,1 =640 s A
4.5 — Analy. Sol.,t=1280 s oS k!
o Num. Sol.,t=1280 5
a —Analy. Sol..t=5120 s
1 4F o Num.Sol t=5120s
> —— Analy. Sol., t=10240s
" o Num. Sol., t =10240s
33.5 - Analy. Sol., t= 20480 5 E
B Num. Sol., t =20480 s P o
=) o
= B8F pes 4
c ¢ 5
(] o " gl
s2s5t P B
K % (‘({ g
% ,<',"(
h 2 &° hil
x o
b g
N15F e
©
E
o 1} 4
2 1
05+ 4
O J 1 L L 1 L L 1 Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 09 1
x/a

45+ Analy. Sol.,t=1280 s

o Num. Sol.,t=1280 s

o —Analy. Sol.,t=5120 s
I 4 o Num.Sol,t=5120s

Normalized x-displacement (Ux/a) at y

5><1CFd

(a) Analytical vs Numerical Results (¢ = 1)

X-Displacement match for the multirate case (q=4)
T T T T T T T T T
—— Analy. Sol., t=640s
o Num. Sol.,t=640 s

—— Analy. Sol.,1=10240s
Num. Sol., t=10240s
Analy. Sol., t=20480s

Num. Sol., t =20480 s

L
0.5
x/a

03 04 06 07 08 09 1

(c) Analytical vs Numerical Results (¢ = 4)

5 % 107 . X—Difplacement match for the multiratle casel[q=2)

T T T T T
Analy. Sal., t=640s o]
o Num. Sol, 1=640's =
45F Analy. Sol., 1= 1280 s
o Num.Sol,t=1280s
o ——Analy. Sol.,1=5120 s
0 AH e Num. Sol.,t =5120 s
- ——Analy. Sol., t=10240s
= > Num. Sol.,t=10240s
~35}F Analy. Sol., 1= 20480 s i
K] Num. Sol., 1 =20480s e
2 _ Pl
3 «
z 3 1
=
[}
E 25
62
T
2
T 2 1
x
9
N15 H
T
£
[}
z ! i
0.5 B
O 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X/a

(b) Analytical vs Numerical Results (¢ = 2)

5 X 10 X-Displacement match for the multirate case (q=8)
T T T T T T T ! T
——Analy. Sol., 1= 6405 o 82
o Num.Sol.,t=640s Q),y
45| —Analy. Sol.,t=1280 s v &
o Num.Solt=1280s o
——Analy. Sol.,1=5120 s
-‘; 4l o Num.Sol.t=5120s
o ——Analy. Sol.,1=10240s
- o Num. Sol.,t=10240s
ﬂ 351 Analy. Sol., t=20480s ]
K Num. Sol., t =20480 s
x <l
2
= 3r b
[ = -
£ 55"
o5t 4 -
& £
a
@2
o 2r 1
x
3
N15f ]
©
£
o L 2|
31
05} 1
0 L 1 1 L L 1 L 4 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x/a

(d) Analytical vs Numerical Results (¢ = 8)

Figure 2.6: Accuracy of our Multirate Scheme on Mandel’s Problem Displacement Solution
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| o=t [ a=2 [ a=% [ ¢=8 ]
I — 2O, 5.08380-05 | 6.11030-05 | 2.37480-04 | 9.22650-04
Tty — (D)2, 3.1261e-11 | 5.1934e-13 | 1.6641e-11 | 1.4160e-10
Reduction in CPU runtime - 26.27% 48.57% 65.51%
Reduction in mech. linear iterations - 42.71% 69.50% 85.20%

Table 2.3: Accuracy versus efficiency for different values of ¢ (the number of flow finer time
steps within one coarser mechanics time step) at time ¢ = 20480 seconds.

2.5.2 Single-phase Flow Coupled Problems
2.5.2.1 Numerical Model

The multirate iterative coupling algorithm has been implemented in the single-phase and

two-phase flow models coupled with linear elasticity in IPARS. For the single-phase model,

the existing implicit MEMFE formulation (details about its formulation can be found in

[82]) has been modified to match the analyzed theoretical model. For a slightly compressible

single phase flow model, we have:

Mass Conservation:

a *
(So'of)—i—v-z:qs in Q x [0,7T]
ot
Darcy Law:
z=-K"L(Vp—pgVn) in € x (0,7
Hr
Constitutive Equations:
y 1
' =po+aV-u+—(»-p)

M
pf f— pf,’f‘e(Cf(pipT))

Boundary and Initial Conditions:

p=p” on I'p x [0,7]
z-n=2z" onI'y x [0,7T]
p=poatt=0 in
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(2.5.134)
(2.5.135)

(2.5.136)
(2.5.137)
(2.5.138)



where n is the outward unit normal vector on 0, I'p U 'y = 08, ¢* is the reservoir
porosity (in coupled poromechanics models [86]), py is the fluid density, p; is the fluid
viscosity, ¢y is the fluid compressibility, g is the gravitational constant, 7 is the distance
in the vertical direction (assumed to be constant in time), ps, > 0 is a constant reference
density (relative to the reference pressure p,), ¢ is the initial porosity, ¢s is a mass source

or sink term taking into account injection into or out of the reservoir.

We note that in IPARS, the single-phase MFMFE flow model is nonlinear. In contrast,
our theoretical model is a simplified, and linearized single-phase flow model. Therefore, in
order to better match our theoretical formulation, we carry out the following modifications.

Consider the accumulation term in (2.5.132), and expand it as:

(" py) LOpy dp*

a Yo My
_ .Opy I(V-u) psop
=g W + Oépr + Ma (25139)

Together by (2.5.134) and the product rule. The mass balance equation (2.5.132) can then

be written as:

Opy OV -u)  psop _
v +apy 5 + & +V.z=g¢g (2.5.140)

Recall that “n” denotes the coupling iteration index, and “k” denotes ”coarser mechanics”
time step iteration index. At this stage, we introduce the fixed-stress regularization term

to the right and left hand sides of (2.5.140) as follows:

8pn+l pn+1 CYQ o n41
s\n+1 f f e P . ontl
T +< M +2)\> g TV E
w1 OV -u™) o op™

Equations (2.5.133), and (2.5.141) give the single-phase flow model in the context of the

fixed-stress split coupling algorithm that we will be testing against our theoretical model.

2.5.2.2 Fully Discrete Formulation

A fully discrete formulation of the flow equations, based on the multipoint flux mixed

finite element (MFMFE) space discretization, and backward Euler temporal discretization
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is described in this section. A brief review of the finite element spaces and quadrature rules

used in the MFMFE scheme can be found in Appendix A.

Single-phase MFMFE Coupled Model

For simplicity, we assume zero Dirichlet and no-flow boundary conditions. For a time
step t = txy1, and for an iterative coupling iteration “n + 1”7 between two consecutive
time steps (tx and tx.q1), the fully discrete formulation reads: Find pZH’kH € Qp, and

zZH’kH € Z), such that,

Flux Equation:

2 —1_n+1k n+1,k n+1,k
Vg, € Zy, (TkaK lzhﬂ +1>Qh) - (Phﬂ v %) = (Pf“ Y 77>Qh)
Py Q.E E E

(2.5.142)
Mass Balance Equation:

n+1,k+1 . n—+1,k+1

w0 (1 (g =) ) (P 50) (=)o)

Voupttt vl
V. 2L g _ n+1,k+1< h h>,9
! ( o )\ gAt "

E
n,k+1

(%i(J%A—zf_Mz>’9h)

We note that the above formulation is nonlinear. Its linearization is given in the next

n (qg“v’f“, 9h>E (2.5.143)
E

paragraph.

Linearization

For the linearized formulation, we introduce a third index “I” for Newton iterations. For
simplicity, we “Newton” iteration lag the porosity and density coefficients in the first two
terms of the mass balance equation. The linearized formulation in terms of the unknowns

Opn, and 6z, is as follows:
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Flux Equation:

K —15_lntlk+l L1kl B
( I,n+1,k+1 K 5Zhn ’ qh) - (5phn ) V- qh) -
Py Q.E E

12 ln k In+1lk n+1,k
- ( l,n—‘rik—l—lK tzth quh) - <5ph i +17v : %) + (P h Hgv 7%%)
Py Q.E E E

(2.5.144)

Mass Balance Equation:

l,n+1,k+1 2

Ltk LntLktls Lntlh+l g (pf 04_)(5 LntLk+l g
<<90> p P ) h>E+< Vi "‘2)\ P , Un
<Atv 5 ln+1 k+1 0 > - _ <<¢*)l,n+17k+1(pl,n+1,k+1 . pk) eh)
E d / E
ln
ek 042 In+lk+l In+1k+1
> (p ), 9h AtV Z s Qh
2)\ 5 =

pl n+1,k+1 2
_ (a f (V unk+1 V- uZ)’9h> + (2)\@2 41 pi),%) <Atql n+1,k41 0 >
E E E

E

q
(2.5.145)
This simplifies to
I,n+1,k+1
<((p*)l,n+1,k+lc Pl | Py a2>5p Lk g
! f M 2)\ h s Uh .
+ (Atv . 5z§;n+1,k+1’ eh) _ _ ((w*)l,n-&-l,k—&-l(pl]én—i-l,k-i-l o pfc)’ Hh)
E E
pl nt1,k+1
. ( f 7 (plthrl k1 pi)79h) . (AtV ) z2n+1,k+1’9h)
E E
apl,n—i—l,k:—i—l
_ ( f—>(v ) uz»’ﬂﬂ v uﬁ),&h)
q E
2
(a (piln-i-l Jet1 e By 9h) <Atql Lk g > (2.5.146)
2\ 5 E

2.5.2.3 Frio Field Model Results

This test problem consists of a realistic field-scale reservoir model, located near Dayton,
Texas, at South Liberty oil field on the Gulf Coast. The field contains several geometrically

challenging thin curved faults, and is curved in the depth direction [48]. In this work, we
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try to consider the challenging geometry of the field along with its permeability distribu-
tion. Gravity effects are included in the model, and other input parameters are shown in

Table 2.4. In addition, for the convergence stopping criterion, we set TOL = 1.E-10.

2.5.2.4 Results

Pressure profiles and displacement vector fields for the single rate scheme, and multirate
schemes (¢ = 4 and 8) after 480 simulation days are shown in figures 2.7a and 2.7b respec-
tively. For all three cases (¢ = 1,4, and 8), results are almost identical. Accumulated CPU
runtimes for the three cases are shown in figure 2.8a. Multirate schemes (¢ = 4 and 8)
result in 20.43%, and 34.91% reductions in CPU run times respectively. Reductions in CPU
run times come as a direct consequence of the huge reductions in the accumulative number
of mechanics linear iterations for the whole simulation run. For ¢ = 4, the total number of
mechanics linear iterations is reduced by 58.88%, and for ¢ = 8, mechanics linear iterations
are reduced by 79.44%. The overhead introduced by the multirate coupling scheme over
the the single rate scheme is illustrated in figures 2.8c and 2.8d. As shown in figure 2.8c,
multirate schemes (¢ = 4), and (¢ = 8) result in 92.26%, and 93.40% increase in the total
number of flow linear iterations for the whole simulation run. This overhead is attributed
to the observed increase in the number of flow-mechanics coupling iterations for multirate
schemes over the single rate scheme, as shown in figure 2.8d. It should be noted that, with
respect to running times, the decrease in the number of mechanics linear iterations outper-
form the overhead introduced by the increase in the total number of flow linear iterations.
It is this particular feature that allows the multirate scheme to outperform the single rate

scheme with respect to CPU running times.
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Wells:

3 production wells, 6 injection well

Injection well
Injection well
Injection well
Injection well
Injection well
Injection well
Production well (1):
Production well ?2 :
Production well (3

—~ O O N~

Pressure specified, 4000.0 psi
Pressure specified, 3300.0 psi
Pressure specified, 4000.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 3700.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi

Total Simulation time:

480.0 days

Finer (Unit) time step:

1.0 days

Number of grids:

1428 grids (34 x 14 x 3)

Permeabilities: kyq, kyy, k-

highly varying, range: (5.27E-10, 3.10E+3) md

Initial porosity, ¢o 0.2
Fluid viscosity, p 2.0 cp
Initial pressure, pg 400.0 psi

Fluid compressibility c;:

1.E-4 (1/psi)

Rock compressibility:

1.E-6 (1/psi)

Rock density:

165.44 1b,, / ft°

Initial fluid density, py:

56.0 by, / ft*

Young’s Modulus (E) 1.2E6 psi
Possion Ratio, v 0.35
Biot’s constant, a 0.9
Biot Modulus, M 1.0ES8 psi
Ev :

L (introduced fixed stress parameter)

a* (1/psi)

Flow Boundary Conditions:

no flow boundary condition on all 6 boundaries

Mechanics B.C.:

“X+4+” boundary (EBCXX1(

Ozz = 0 -y = 10,000psi, (overburden pressure)

u = 0, zero displacement

“Y+” - boundary (EBCYY1())

u = 0, zero displacement

)

“X-" - boundary (EBCXXNTI())
0
(

“Y-” - boundary (EBCYYN1())

Oyy = 0 - ny = 2000pst

“Z+” - boundary (EBCZZ1()

u = 0, zero displacement

)
“Z-” - boundary (EBCZZN1())

0., =0 -n, = 1000psi

Table 2.4: Input Parameters for the Frio Field Model
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Single Rate (q=1): PRES Multirate (q=4): PRES Muttirate (q=8): PRES
2137e+032509 2881 32523.624e+03 2.137e+03 2509 2881 3252 3.624e+03 2.137e+03 2881 3.624e+03

AN

(a) Pressure Profiles after 480.0 simulation days (psi)

Disp. (q=1) Magnitude Disp. (q=4) Magnitude Disp. (q=8) Magnitude
0.000e+00 2.1 4.3 6.4 8.526e+00  0.000e+00 2.1 43 6.4 8.526e+00 0.000e+00 2.1 4.3 6.4 8.526e+00
WHIHH\HIIIHHM Hmm\mmmw Wmmmummw

(b) Displacement Field after 480.0 simulation days (ft)

Figure 2.7: Frio Field Model Pressure and Displacement Fields at the End of the Simulation
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,;Accumulated CPU Run Time vs Simulation Period soone_Accumulated # of Mechanics Linear Itrns vs Simulation Period
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(c¢) Total Number of Flow Linear Iterations (d) Number of Iterative Coupling Iterations
vs Simulation Days Per Coarser Time Step

Figure 2.8: Frio Field Model Simulation Results: CPU time savings of two multirate
schemes (¢ = 4 and 8) over the single rate scheme (¢ = 1) are shown in the top left
plot. The top right plot illustrates the huge reduction in the number of mechanics linear
iterations for the corresponding multirate schemes over the single rate scheme. The bottom
left plot illustrates the increase in the number of flow linear iterations for the multirate
schemes. This is a direct consequence of the increase in the number of flow-mechanics
coupling iterations observed for multirate schemes over the single rate scheme as shown in
the bottom right plot.
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Theoretical Vs. Numerical Contraction Coefficients
In this section, we compare theoretical contraction estimates against numerically com-
puted values. Based on the parameters given in Table 2.4, the theoretical contraction

2
estimate, as given in Theorem 2.3.4, is computed as: <2A+2M%;“;0+Ma2) = 0.0003665.

By computing the ratio of the quantity of contraction between two consecutive iterative

coupling iterations, numerical contraction estimates can be obtained. Numerically, this is

computed as follows (for xy* = L? x? = o5, and L = %)

4AN2)

Znéanm%n? Zu—apnm% Spp ") = S gupt P

X4
_ Z/ 6pnm+k 5pnm 1+k) p

Xv Jul ’f*q)Q

= a2 nk+q _ Z/ V Sl k+q) (5p2,m+k . 5p2,m71+k>
+ Z / 6pn m—+k 6pz,m—1+k>
)\2
= % — <v 5un k+Q> |Zj7kv<i7j7 kj)
n,k—+q n,m+k n,m—1+k .o
Z > (7w g (0™ = o) 1V G R)
m=1 1,5,k
+ Z Z <5pn ;m+k 5pz,m—1+k>2|i7j7kv<i7j7 k‘)

m=1 i,k

where V (i, j, k) is the bulk volume of the (i, 7, k) grid block. Following this approach,
2
JU;LJFUC

/

k
doy’

the ratio of ( > for the single rate scheme (¢ = 1) is shown in figure 2.9.

The maximum value, across all iterative coupling iterations, for each time step is plotted.
Results illustrate that the theoretical estimate acts as an upper bound for numerically
computed estimates. In addition, numerical contraction estimates are larger for earlier

time steps. This is expected as the coupled problem has not reached the steady-state yet.
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Numerical Contraction Estimates per Time Step

0.00008y

— Singlerate:q =1

0.00007¢

0.00006¢

0.00005

0.00004

0.00003f

0.00002¢

Numerical Contraction Estimates

0.00001¢

0.00000; 100 200 300 400 500

Simulation Period (days)

Figure 2.9: Numerical Contraction Estimates per Time Step. The maximum contraction
estimate across flow-mechanics coupling iterations is considered for each time step

Effect of Lame Parameters on Contraction Coefficients
Next, we validate the theoretical results obtained in remark 2.3.3. We consider the anal-
ysis of the single rate case for simplicity, as the analysis of the multirate case follows in a

similar way. The improved contraction estimate for the single rate case, as given in remark

2
2 C Ma? nk |2
" < (c+1) (2A+2MACf<po+Ma2) |83 *||” for a constant

C > 0, which is difficult to compute in practice. However, we anticipate that it scales mono-

2.3.3 for ¢ = 1, is given by [|do7+!*

tonically with the values of Lamé’s first parameter A, and Young’s modulus E. Therefore,

theoretically, we expect the value of the damping factor (CLH) to approach one, as the
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value of Young’s modulus increases, which means that our derived contraction estimate is

sharper for larger Young’s modulus values. This behavior is validated numerically for the

frio field model in figure 2.10.

Numerical Contraction Estimates For Different Values of Young's Modulus

0.0009
— Young's Modulus (E) = 1.E+4, Theoretical. Est. = 0.4921
0.0008| — Young's Modulus (E) = 5.E+4, Theoretical. Est. = 0.1018| |
~—— Young's Modulus (E) = 1.E+5, Theoretical. Est. = 0.0360
0.0007 ~—— Young's Modulus (E) = 5.E+5, Theoretical. Est. = 0.0020| |
— Young's Modulus (E) = 1.E+6, Theoretical. Est. = 5.2E-4

o o

o o

o o

o o

H Ul
,

0.0003f

Numerical Contraction Estimates

0.0002r

0.0001f

0.0000,

g 6 8
Simulation Period (days)

10 12

Figure 2.10: Numerical contraction estimates for different values of Young’s modulus (E,
psi) for the single rate scheme for the first 12 simulation days. As the value of Young’s
modulus increases, the gap between theoretically predicted contraction estimates and nu-
merically observed values shrinks, validating our theoretical derivations shown in remarks

2.3.3 and 2.3.4.
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2.5.3 Two-phase Flow Coupled Problems
2.5.3.1 Two-phase IMPES Numerical Model

The multirate iterative coupling algorithm has been implemented in the two-phase IMPES

(implicit pressure explicit saturation) flow model coupled with linear elasticity in IPARS.

For completeness, we describe the formulation of the IMPES model, as implemented in

IPARS. More details can be found in [86]. For a slightly compressible two phase flow

model, we have:

Mass Conservation:

A(p;S;¥*)

2LV gz =g 0 x[0,T]

Darcy Law:

kr‘ .
zj=—-K—(Vp;—pigVn) in Q x [0,7T]

J

Constitutive Equations:

1
90*=soo+on-u+M(p—pr)

pi = p; Te(cj (pj—p0))

Do = Dw + pcow(Sw)

So+ Sy =1
Boundary and Initial Conditions:
Pw = pD on I'p x [OvT]
Sy = SP on T'p x [0,T]
zj-n=0 on 'y x [0, 7]
P =7p at t =0 in

Sp=282att=0 in Q

(2.5.147)

(2.5.148)

where the subscript index (j) refers to the oil or water phases (j = w for water phase,

and j = o for oil phase), n is the outward unit normal vector on 0Q,T'p U Ty = 09, ¢*
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is the reservoir porosity (in coupled poromechanics models [86]), p;, ij, krj and c¢; are
the density, viscosity, relative permeability, and compressibility of phase (j) respectively.
Moreover, peo, is the capillary pressure, which is a function of water saturation (S,), g
is the gravitational constant, 7 is the distance in the vertical direction (assumed to be
constant in time), p;, > 0 is reference density (relative to the reference pressure p;) for
phase (j), ¢ is the initial porosity, ¢; is a mass source or sink term taking into account
injection into or out of the reservoir. In this model, the water phase saturation ,,, and

the water pressure p,, are chosen as the primary unknowns for the two-phase flow model.

Dividing equation (2.5.147) by the reference density of each phase, and summing up the

mass balance equations for both the water and oil phases, we obtain:

890* (ﬁwsw _'_ ﬁ050>
ot

+ V- (PwzZw + PoZo) = Guw + o (2.5.158)

where p, = 2>, p, = L=, G, = 2, and ¢, = -Z=. Now, define the total velocity z; as:

Pw,r Po,r ’ Pw,r ’ Po,r

Zi = PwZw T PoZo- (2.5.159)

Substituting Darcy’s law (2.5.148) into (2.5.159), and adding and subtracting the term
(Kp, ’ZoopwgV) to the right hand side, we have:

_’ll)kT"LU _Ok’f‘O
= —Kp—(va—ngvﬁ)—Kp (V]?w+VPcow—P09V77)
ﬁwkrw ﬁokro ﬁokro
=—K( + )V Pw = pugV ) — K (V Peow = (po — pw)gV 1) (2.5.160)

Haw Ho Ho

Define the normalized total mobility A; and the normalized oil mobility A, as:

7w k:'/'w 70 kro 70 kro
N = Dudre y Pore, A, = Potre
Hoaw Ho Ho
Then, (2.5.160) can be written as:
zi = =K N(Vpy — pwgV 1) — KXo(V Peow — (Po — puw)gV 1) (2.5.161)

2.5.3.2 Fully Discrete MFMFE Coupled Model

For a time step t = ty,1, and for an iterative coupling iteration “n + 17 between two

consecutive time steps (¢ and tx,1), the fully discrete formulation reads (remember that
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our primary unknowns are water pressure, and saturation):
Find pttA+l € @y, and 214+ € Z) such that (for simplicity, we will drop the subscript

(h) for discrete quantities),

Flux Equation:

n Jk+1 n
Vg, € Zy, ( P b ,Qh) (pwH s , Vo Qh> -
Q.E E
n+1k+1
( pat LV qh) (/ﬁ“ MgV, qh)
E

n+1,k+1
(<At ) (P = oy gV, qh)

E

E
" )\0 n+1,k+1 "
— g = (52) T g e (2.5.162)
t
Mass Balance Equation:
veh € Qh?
~ - n1k+1 - ~ k
(w*prw + 0" po(1 — Sw)) - (w*prw + " po(1 — Sw)) )
At ) h
E
4 (V ) z;z—l—l,k—i-l’eh) (QZH Ly gnl+d 0h>E (2.5.163)
E
We note that the above formulation is nonlinear. Its linearization is given in the next
paragraph.
Linearization

For the linearized formulation, we introduce a third index “I” for Newton iterations. For
simplicity, we “Newton” iteration lag mobility coefficients. The linearized formulation in

terms of the unknowns dp,,, and dz; is as follows:
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Flux Equation:
K Lnt1k+1 n
<m5zt’ g ) (Vg ) =
At Q.E E

Ao\ LrtLktl K™ e
<()\_> pi’oJl”““,V-qh) B <mzt’ T
¢ E >‘t QE
B E

Ao\ bt L1
i <(}\_> (plo,n—i-l,k—‘rl _ pil,)n—i—l,k—&-l)gv m, (Ih>
t

)\o I,n+1,k+1
— (py T gy, - m)p — <<A—> phIEL g ) g (2.5.164)
t

E

Mass Balance Equation:

For the mass balance equation, we note that the fixed stress assumption implies that the
volumetric mean total stress is kept constant during the flow solve within the iterative
coupling iteration. Assuming that the prefix “0” is used to indicate the difference between

two consecutive Newton iterations, the fixed stress assumption implies that:

o_ql)—i—l,n—&-l,k—&—l _ 0_ql},n+17k:+1 _ 50’5}+1’n+1’k+1 — )\V . 5ul+1,n+1,k+1 _ Oéépl—i—l;n—&—l,k;—&-l =0

This implies that V - 5ul+1,n+1,k+1 — %5pl+1,n+1,k+17 where 5ul+1,n+1,k+1 — (ul+1,n+1,k+1 _

ul,n+1,k+1)7 and 5pz+1,n+1,k+1 _ (pl+1,n+1,k+1 _pl+1,n+1,k+1)‘ So, we have: (5¢*)z+1,n+1,k+1 _

aV - gyttt tbitl L gpttlnt i+l - Rearranging terms, we can write:

(gp*)l—l—l,n-i-l,k:—&-l — (SO*)l,n—i-l,k—i-l + (5S0*)l+1,n+1,k+1

1
= (QF)PFLAL L gV L Gyl bR M(;plﬂ,nﬂ,kﬂ

#\[,n+1,k+1 o 1 I+1,n+1,k+1
s (G

— (pF)lntLkL (CVTQ 4 %)(pl+1,n+l,k+l _ phmtLi

. . . " 8@*l+1’n+17k+1 o Oé_2 L
So, we can approximate the derivative of ¢* by pressure as ST = \x T )

The last expression will be used in the derivation below. It should be noted that this is

a different way of looking at the fixed-stress split iterative coupling method [86]. By the
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product rule, the derivative of the first term in (2.5.163) w.r.t. pressure can be written as:

S+1n+1,k+1 0, x\l4+1,n+1,k+1
6(pw (") )
Sl,n—l—l,k—l—l

w

OpitLntLi+1

[ o=i+1,n41,k+1 #l+1,n+1,k+1
_ glntlktl Opy, *lnt Ll | Oy I nt1,k+1
- Mw apl+1,n+1,k+1 (c)pl+1,n+1,k;+1 w
i 2
o 1
_ Qln+1k+1 —In+1,k+1/, *\l,n+1,k+1 —,n+1,k+1
- Sw Cw Py (90 ) + Puw <_ + _)
A M
2
Qo 1
_ Qln+1,k+1 A n+1,k4+1 *\l,n+1,k+1
= Sy P [Cw(SO ) + (7 + M>

A similar derivation for the derivative of the oil term can be obtained:

a(—l+1,n+1,k+1 * z+1,n+1,k+1>
(1-5 )lJH-Lk—i—l Po (")
w

Opitlntli+l

o

Lnb1k+1 <Lnt1 k+1 elnt1k+1 |
(1= Sy gy o™ +<—+—)

The linearized mass balance equation reads:

2
—b, M * n Of ]' n
<Sf[,n+1’k+1pi{, +1’k+1<0w(80 )l, +1,k+1 + T + M)épl’ +1,k+179h> +
E

2

(1 B Sw>z,n+1,k+1ﬁgn+1,k+1 (Co(w*>l,n+l,k+l 4 a” 4 i)épl,n+1,k+1’ 0,
A M .

v (At strrrg) - (w*%siz )b - sw>’aeh)

£ E

w o

s\l,n+1,k+1 =l,n+1,k+1 Ql,n+1,k+1 #\l,n+1,k+1 =l,n+1,k+1 I,n+1,k+1
- ((90 ) p Sy +(¢") p (1—Su) ,9h>
E

i <qfl,)n+1,k+1 4 gk 9h>E (2.5.165)

o

- (AtV e 9h>

I4+1,n+1,k+1

E

Once the value of p is obtained, water phase saturation (S4"1A+1) is updated

explicitly by (2.5.147) as follows:

1
I+1,n+1,k+1 I+1,n+1,k+1
P (pr)Hhimt b

Sl+1,n+1,k+1 _
w

ok =k ok 1,041 k4+1 _I+1,n+1,k+1 I4+1,n41,k+1

[(90 ) prw — AtV - (pw Zw ) + Atqw ]

85



Total Simulation time: 1.024 days
Finer (Unit) time step: 0.0001 days
Number of grids: 4200 grids (7 x 20 x 30)
Permeabilities: kyz, kyy, k2. 5, 20, 20 md
Capillary Pressure: 0
Initial porosity, ¢o 0.2
Water viscosity, piy, 1.0 cp
Oil viscosity, o 2.0 cp
Initial oil concentration, c, 0.0 Ib,,/ft* (running as a single phase)
Initial pressure, pg 500.0 psi

Water compressibility cy, :

1.E-6 (1/psi)

Oil compressibility cy,:

1.E-4 (1/psi)

Rock compressibility:

1.E-6 (1/psi)

Rock density:

165.43 Ib,, / ft°

Initial water density, p,,:

62.34 Ib,,/ ft°

Initial oil density, p,

56.0 Ib,, / ft°

Young’s Modulus (E) 1.1E7 psi
Possion Ratio, v 0.4
Biot’s constant, « 0.75
Biot Modulus, M 0.5E14 psi

L (introduced fixed stress parameter)

o> (1/psi)

Table 2.5: Input Parameters for the Quarter Wellbore Model

2.5.3.3 Quarter Wellbore Model Results

In this test case, we consider a quarter 3D wellbore model. The model domain is a 25.0
ft x 25.0 ft x 25.0 ft cube with a quarter of a cylindrical wellbore centered along one of
its edges. The mesh contains 4200 grid elements, with 30 elements in the radial direction,
20 elements in the hoop direction, and 7 elements in the vertical direction. Finer grids
are used near the wellbore, and they coarsen as they distance apart from the wellbore. A
constant wellbore pressure of 300 psi is enforced on the wellbore surface. No flow boundary
conditions are enforced on the rest of the boundary faces. For the mechanics model, we
apply a zero displacement boundary condition on top of the cube. For the remaining
boundaries, we apply zero normal and zero shear traction boundary conditions. Gravity is
neglected in this model. In addition, although the code can handle two-phase flow, we run
it as a single phase model by assuming the initial oil concentaion to be zero throughout the
whole domain. Detailed specifications of the input parameters can be found in Table 2.5.

Moreover, detailed results for this test problem can be found in Almani, et al [6].

86



Convergence Stopping Critera
Similar to the single-phase case, the stopping criteria are based on the difference of two

successive iterates of porosity, and are given by

s — (L 00N 5 e 2.5.166
flow - M + T Ph ( s )
5 Zlec:;lq N v 5uz,k+q + M(gp” ktaq (2.5.167)

where the pressure variable here is the primary pressure unknown (in this formulation,
water pressure). The expression (2.5.167) is the standard definition of the fluid content of
the medium [45]. Upon convergence, (2.3.77) leads to doF+4 = AV -du,"* 9 — adp;* 7 = 0.

n,k+q n,k+q
cpmech L‘Dflow
n,k+q
mech

Lo

Accordingly, we define two convergence stopping criteria as follows:

Pp

n k+q
Pmech

H Vun Jk+q a2 nk+q

< TOL1, and ||R}l;§$q+1||< TOL2, where the latter is the residual of
LOO
the flow volume conservation equation using the last computed pressure and displacement

values pZ’IHq and uZ’k+q. For the quarter wellbore model, we set TOL1 = TOL2 = 0.0001.

Results and Discussion

Figure 2.11a shows the accumulated CPU run time for the single rate case (¢ = 1), and
for multirate cases: ¢ = 2, 4, and 8. The case ¢ = 2 results in 14.28% reduction in CPU run
time compared to the single rate. ¢ = 4, and ¢ = 8 result in 20.97% and 25.09% reductions
in CPU run times respectively. Figure 2.11b explains the reduction in CPU run time ob-
served in the multirate case. By just solving for two flow finer time steps within one coarser
mechanics time step (¢ = 2), the total number of mechanics linear iterations was reduced by
45.21% with reference to the single rate case. Multirate couplings (¢ = 4, and ¢ = 8) result
in 70.46% and 84.36% reductions in the number of mechanics linear iterations respectively,
which in turn, reduce the CPU run time as well. For this problem, the total number of flow
iterations for both the single rate and multirate coupling algorithms are found to be the
same. In addition, all four cases perform the same number of flow/mechanics coupling iter-
ations for each coarse mechanics time step, reducing the number of accumulated mechanics
linear iterations for multirate schemes, without affecting the total number of flow linear

iterations. This results in multirate coupling schemes to outperform the single rate scheme.
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Figure 2.11: Quarter Wellbore Model

We also compare the value of our theoretically driven contraction coefficient against nu-

merically observed contraction coefficient values. Theorem 2.3.4 gives an expression of the

Ma?
2M+2M Xcgpo+Ma?

2
contraction coefficient ( ) for the multirate algorithm considered in this

case (L = g—f\), leading to linear convergence of the multirate scheme. For this test case, we

5 2
have (2/\ 5 Mf\‘ﬁi&ﬁ Ma?) = 0.006747 . Table 2.6 lists the values of contraction coefficients

obtained numerically for ¢ = 1, 2, 4, and 8. We consider the iterative coupling iteration
for the first coarse mechanics time step, which takes four coupling iterations to converge,
according to the stopping criteria described earlier. We compute the values of the volu-
metric mean stress defined in (2.3.50) for the last two coupling iterations. Ratios of those
computed values give estimates of contraction coefficients, obtained numerically, as shown
in Table 2.6. We notice that contraction coefficients computed numerically are smaller
than the predicted theoretical estimate. This is expected since the extra terms on the left
hand side of the contraction result listed in theorem 2.3.4 are not included when computing
numerical estimates (i.e. we have not included the effect of the damping factor derived in
remark 2.3.4). In addition, we notice that as the number of flow finer time steps solved
within one coarser mechanics time step increases, the values of the computed numerical

contraction coefficient estimates decrease.
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q

2.

m=1 / q 0.0009485 | 0.0007602 | 0.0004718 | 0.0001791
> el

m=1

2

3,m
oo,

2,
Sos™

Table 2.6: Numerical Contraction Estimates: Contraction estimates observed numerically
are shown for different values of ¢ (the number of flow finer time steps within one coarser
mechanics time step). These are obtained by taking the ratio of the norms of ¢, computed
at the last two iterative coupling iterations during the first coarse time step: At, 2At 4At,
and 8At for ¢ = 1, 2, 4, and 8 respectively. The first coarse time step involves four iterative
coupling iterations for all the four cases.

2.5.3.4 Frio Field Model Results

Here, we consider the Frio field model, described earlier, but as a two-phase problem coupled
with geomechanics. The problem specifications are shown in Table 2.7. Moreover, gravity

effects are included in this model.

Convergence Stopping Criteria

For this test case, the convergence stopping criteria are given by:

2
aV - uz,k-‘y—q _a? nk+q

A h
e < TOL1
Prmech Lee
Rn,k+q+1
H flow < TOL2
mowater + mooil

The first convergence stopping criterion is exactly the same criterion used in the first
test case, the quarter wellbore model. The second criterion, involving the residual of the
flow volume conservation equation is slightly different. For this one, we scale the norm
of the residual by the initial mass of the oil and water, originally found in place. The

initial mass of the water, my,,,.,, and initial mass of the oil, my_, are defined as follows:

oil
mowater = Zi,j,k‘ Nw(z7 j’ k)‘/po’f'(i7 j’ k)’ mooil = Zi,j,k‘ N0<i7 j’ k)‘/POT (27 j? k)? Where Nw(z7 j’ k)’

No(i, 7, k), and V,, (i, j, k) are the concentration of water, concentration of oil, and the pore

volume of the (i, 7, k) grid block respectively. We set TOL1 = TOL2 = 10~%.
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Wells:

3 production wells; 6 injection well

Injection well (1
Injection well (2
Injection well (3
Injection well (4):
Injection well (5):
Injection well (6):
Production well gl :
Production well (2):
Production well (3):

Pressure specified, 4000.0 psi
Pressure specified, 3300.0 psi
Pressure specified, 4000.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 3700.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi

Total Simulation time:

128.0 days

Finer (Unit) time step:

0.05 days

Number of grids:

891 grids (33 x 9 x 1)

Absolute Permeabilities: kyu, kyy, k2-

highly varying, range: (5.27E-10, 3.10E+3) md

Initial porosity, ¢g 0.2
Water viscosity, fiy, 1.0 cp
Oil viscosity, 2.0 cp
Initial oil concentration, ¢, 44.8 b,/ ft3
Initial oil pressure, p, 400.0 psi

Water compressibility cy,

1.E-6 (1/psi)

Oil compressibility cy,

1.E-4 (1/psi)

Rock compressibility:

1.E-6 (1/psi)

Rock density:

165.44 1b,, / ft°

Initial water density, p.,:

56.0 b,/ ft*

Initial oil density, p,

62.34 Ib,, / ft>

Young’s Modulus (E) 1.2E6 psi
Possion Ratio, v 0.35
Biot’s constant, o 1.0
Biot Modulus, M 1.E8 psi
Ev .

L (introduced fixed stress parameter)

o (1/psi)

Flow Boundary Conditions:

no flow boundary condition on all 6 boundaries

Mechanics B.C.:

“X+” boundary (EBCXX1(

Oz = 0 -y = 10,000pst, (overburden pressure)

u = 0, zero displacement

)
“X-" - boundary (EBCXXN1())
)

u = 0, zero displacement

)
(
“Y+4” - boundary (EBCYY1())
“Y-” - boundary (EBCYYN1())

Oyy = 0 - Ny = 2000psi

“Z+” - boundary (EBCZZ1()

u = 0, zero displacement

)
“Z-” - boundary (EBCZZN1())

0., =0 -n, = 1000ps?

Table 2.7: Input Parameters for the Frio Field Model
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Results

Figures 2.13, 2.14, 2.15, and 2.16 show water pressure profile and mechanical displace-
ments in the x, y, and z directions respectively for the Frio field model after 128.0 simulation
days. We clearly see that the results for both single rate and multirate implementations

are identical.

Figure 2.12a shows the accumulated CPU run time for the single rate case (¢ = 1), and
for multirate cases: ¢ = 2, 4, and 8. The multirate iterative coupling algorithm with
two flow finer time steps within one coarser mechanics time step (¢ = 2) results in 12.25%
reduction in CPU run time compared to the single rate case. Multirate couplings (¢ = 4 and
q = 8) result in 18.18% and 20.05% reductions in CPU run times respectively. Figure 2.12b
explains the reduction in CPU run time observed in the multirate case. By just solving for
two flow finer time steps within one coarse mechanics time step (¢ = 2), the total number
of mechanics linear iterations was reduced by 47.78% with reference to the single rate case.
Multirate couplings (¢ = 4 and ¢ = 8) result in 73.07% and 85.75% reductions in the number
of mechanics linear iterations respectively, which in turn, reduce the CPU run time as well.
Figure 2.12¢ shows the total number of flow linear iterations in the four cases. We see a
slight increase in the total number of flow linear iterations for multirate iterative coupling
schemes. The case (¢ = 2) results in 1.25% increase in the total number of flow linear
iterations. Multirate couplings (¢ = 4) and (¢ = 8) result in 2.89% and 4.82% increase in
the total number of flow linear iterations respectively. From these results, we see that the
huge decrease in the number of accumulated mechanics linear iterations outperform the
overhead introduced by the increase in the number of accumulated flow linear iterations.
This is a key factor to the success of the iterative multirate coupling scheme in reducing
the overall CPU run time. Figure 2.12d shows the number of flow/mechanics coupling

iterations per coarse mechanics time step for the four cases.

2.5.4 Conclusions

We identify three factors that determine the efficiency of multirate schemes:

1. The relative computational cost of the flow solve versus the mechanics solve: if the
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Figure 2.12: Frio Field Model
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Figure 2.13: Pressure Profiles after 128.0 simulation days (psi)
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Figure 2.14: Displacement in (z) direction after 128.0 simulation days (ft)
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Figure 2.15: Displacement in (y) direction after 128.0 simulation days (ft)
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Figure 2.16: Displacement in (z) direction after 128.0 simulation days (ft)
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computational cost of solving the coupled problem is dominated by the mechanics
solve, then reducing the number of mechanics solve will substantially reduce the
overall running time compared to single rate schemes. The multirate schemes are

expected to be more useful in this case.

2. Longer simulation periods lead to larger time savings. During early time steps in
the simulation, relatively larger numbers of coupling iterations are observed. As the
model reaches mechanics equilibrium, the number of iterative coupling iterations per
coarse mechanics time step gets reduced. This suggests a dynamic iterative coupling
scheme, in which a single rate scheme is employed during early time steps in the
simulation, and as the problem approaches mechanics equilibrium, multirate scheme

should be employed with adaptive q.

3. Tolerance values used in the convergence stopping criteria affect the efficiency of
multirate coupling schemes as well. Loose tolerance values reduce the number of
iterative coupling iterations per coarse mechanics time step, which in turn reduces
the overall running time. It is a tradeoff between the desired level of accuracy versus

computational efficiency and is problem dependent.

Although the theory provided in this work is for single phase flow model, we anticipate
that the multirate iterative coupling schemes will be of more importance for nonlinear flow
problems coupled with geomechanics, as nonlinearities in the flow problem impose restric-
tions on the flow time step size. The multirate iterative coupling scheme would be a natural

candidate for such nonlinear flow problems coupled with geomechanics.

The work considered in this chapter has been published in [6,7,11,13].
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Chapter 3

Error Analysis of Single Rate Iterative Coupling
Schemes for Poroelastic Media

The work in this chapter addresses the error analysis for iteratively coupled flow and
mechanics problems. More specifically, we derive a priori error estimates for quantifying the
error between the solution obtained at any iterate (in iteratively coupled problems) and the
true solution. Our approach is based on studying the equations satisfied by the difference
of iterates and utilizing a Banach contraction argument to show that the corresponding
scheme is a fixed point iteration. Obtained contraction results are then used to derive

theoretical convergence error estimates for the single rate iterative coupling scheme.

3.1 Brief Literature Review on Error Estimates for Coupled Flow-
Mechanics Problems

We first note that the rigorous mathematical analysis of the iterative and explicit coupling
schemes, proposed in literature, has received relatively less attention compared to the pro-
posed linear and nonlinear extensions. To the best of our knowledge, the first asymptotic
error estimates for spatially discrete Galerkin approximations of the Biot’s model were
presented by [69]. Few years later, [40] considered finite difference methods for the Biot’s
model on staggered grids, derived stability estimates, and analyzed convergence for the
discretized system. In a sequence of two papers, [70,71] studied the continuous in time

and fully-discrete Biot’s model in which mixed formulation is used for flow and continuous

The theoretical work in this chapter is a collaborative work with Dr. Kundan Kumar, under the
supervision of Prof. Mary Wheeler. This work has been presented at the ECMOR XV conference [10],
and submitted as an ICES Report [12]. The ECMOR conference paper contains numerical simulations
performed in IPARS. The numerical implementation is done primarily by Tameem Almani with helpful
discussions with Drs. Kundan Kumar and Gurpreet Singh.
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Galerkin is used for mechanics. A priori error estimates are derived in both cases respec-
tively. [34], on the other hand, derived a posteriori error estimates for the quasi-static Biot
model, resulting in reliable error bounds with all constants involved in the estimates are
being specified. Such error estimators can be used to perform adaptive simulations. Re-
cently, [89] derived a priori error estimates for the quasi-static Biot model in which flow is
discretized by the multipoint flux mixed finite element method, and elasticity uses contin-
uous piecewise linear Galerkin finite elements. [75] considered finite element discretizations
of the Biot’s model based on MINI and stabilized P1-P1 elements, and derived error es-
timates of the fully discrete system accordingly. The work of [59] considers a formulation
of the Biot’s system in four unknowns including pore pressure, fluid flux, stress tensor,
and solid displacement, using a combination of two-mixed formulations for the flow and
mechanics, and derived a priori error estimates of the fully coupled system accordingly. We
note here that all previously derived error estimates consider simultaneous coupling of flow

and mechanics.

In this work, we consider iterative coupling schemes instead, and drive error estimates
for the fixed-stress split iterative coupling scheme for the quasi-static Biot model. The
approach we follow in deriving our a priori error estimates utilizes previously established
results in a clever way, under the assumption that the solution obtained by the iterative
coupling scheme converges to the solution obtained by the simultaneously coupled scheme.
Under such assumption, the problem is simplified into estimating the error between the
solution obtained by the iterative coupling scheme, and the one obtained by the simultane-
ously coupled scheme. In fact, we show that the former converges to the later geometrically
by a Banach contraction argument. To the best of our knowledge, this is the first rigor-
ous derivation of a priori error estimates for the fixed-stress coupling scheme for the Biot

system.
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3.2 Model Equations and Discretization

We assume a linear, elastic, heterogeneous, and isotropic poro-elastic medium in which
the reservoir is saturated with a slightly compressible fluid. We follow exactly the same
quasi-static Biot model [16,45] described in section 2.2 in Chapter 2. Moreover, the same
assumptions listed in 2.2.1 apply here. Furthermore, we will follow the same mixed varia-

tional formulation described in section 2.2.4 in Chapter 2.

3.3 Error Analysis for the Fixed-Stress Split Scheme

For a given time step ¢t = t;, and a given iterative coupling iteration n > 0, we need to
estimate ||§Zk — &(tx)]|, where £ may stand for pp, zp,, and uy,. By the triangle inequality,

we can write:
16" — )l < IE° = €RIL+ 1168 — ()

where £F is the solution obtained by solving the coupled flow and mechanics equations
simultaneously. Error estimates for the second term on the right hand side have been
derived in the work of [70,71]. It only remains to estimate the first term ||€"* — &F||. This
can be done in two steps: first we derive a Banach contraction argument on the difference
between the solution obtained at a particular iterative coupling iteration §Z’k, and the
solution obtained by solving the coupled system simultaneously (fully implicit scheme, £F).
Then, we derive stability estimates for the fully implicit scheme, and combine the two to

bound the term [|£™* — &F||. The two steps are detailed below.

3.3.1 Step 1: Banach Contraction Estimate on the Difference between Itera-
tive and Implicit Solutions

We first derive a Banach contraction estimate on the difference: ||€™F — £F||. We note that

the weak formulation of the fully discrete single-rate fixed-stress split iterative coupling

scheme is given in equations (2.3.20) - (2.3.22). In contrast, the weak formulation of the

fully discrete implicit scheme reads:
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Find pf € Qp, 25 € Zj, and uf € V, such that,

Vo € Qn, é((% + Cfgao)<ph ) eh) + M—f(v zh,6h>
= _%<V : (uﬁ - uﬁfl)a9h> + (thaeh>a (3.3.1)
Vq, € Z, (K‘l%qh) = (pﬁ,V : qh> + (pf,rgV n,qh>, (3.3.2)

Yo, € Vi, 2G(e(ul), e(vy)) + MV -ub, V- vp) — a(ph, V- vr) = (5, vn). (3.3.3)

Subtracting equations (3.3.3), (3.3.2), and (3.3.1), from (2.3.22), (2.3.21), and (2.3.20)

respectively, and noting that f;"* = £¥ we get:
1 nLk ok 1 nt1,k
VHh € Qh, _A ( + cfgpo) — D 79h + —(V- (Zh — Zh) t9h
t I

() )

(33.4)
Vg, € Z},, (K Hapthh — 2k, qh> (pZH F_pk v qh) (3.3.5)
Yo, € Vi, 2G(e(up ™" —uf),e(vn) + AV - (up ™" —uf), Vo) —a(pp ™ = pf, V- oy).

(3.3.6)

Lk Lk Lk :
Define el = pp ™% — pkentt = up ™ —uf and et = 237" — 25 Equations (3.3.4),

(3.3.5), and (3.3.6) can be written as:

11 1 |
W0 € Qns 55 (57 +Cf¢O+L)< ntl 9h> n ,U_f<v . @g+1,9h) - Kt(—av.e%m;,eh),

(3.3.7)
Va, € Zy, (Kt q,) = (47,9 q), (3.3.8)
Von € Vi, 2G(e(e)™),e(vn)) + A(V - €™, V- vp) —ale)™, V- v,,) = 0. (3.3.9)

Let 3 = 57 + ¢ppo + L. Testing (3.3.7) with 6, = ™', and (3.3.8) with g, = eI, we

obtain:
n+1 2 At \V4 n+1 _n+1 _ vV - L n+1 3.3.10
Blle, Q+_Mf< el ey o= —aV-e; + Ley, e o (3.3.10)
K tertt entl) = (enth v ettt | (3.3.11)
z z Q D z Q
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Substituting (3.3.11) into (3.3.10), defining e} as ey = Ley — aV - e}, where x is an

adjustable parameter, and applying Young’s inequality, we obtain:

2 At 1 2 € 2
n+1 —-1/2 _n+1 n n+1
el lre e = e+ 5l
The choice € = f gives (after multiplying by 3):
2 2At
eg“H HK 1/2 "“” 2HX6 (3.3.12)
By B

Multiplying the elasticity equation (3.3.9) by a free parameter ¢y, and testing with v;, =

entl we get:

2Gcolle(en™) g + AcollV - € g — aco(ey ™, V- el = 0. (3.3.13)
Combining flow (3.3.12) with elasticity (3.3.13), we obtain:

2Geolle(el I+ {

en-i-lHQ — acy(el, V- ety —i—)\CoHV - eZHH?}}

P
2At 21 a2
HK 1/2gn+1 < X ler (3.3.14)
5Mf g
Expanding the right hand side to match terms on the left hand side (to form a complete
square):
2 2 2 2al 2 2
el =Sl - S5 (e veer) + 5] v-oen
X 2 X 2 X Q
The following inequalities should be satisfied: 1 > L2 2L — ey, and Ay = i—z The
second and third equalities lead to the following parameter assignments: ¢y = i—%, and
L = &. The first inequality leads to the condition: x > §5. Now, (3.3.14) can be written
as:
2At L? 2 2 2 2
n+1y(|2 1/2 n+1 = n+1 n+1 X n
2Geo||e (e V)12 + HK Q+(1 Xg) e Q—i-‘eg Q§(6> e
(3.3.15)

For contraction to hold, we require 5 < 1. Together with the previous condition x > 5,

the value of x should be chosen such that
A s
—+c
R VA L)
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This imposes the following condition on our given parameters (which corresponds to the

condition on the constrained specific storage coefficient in the work of [70, 71]:

1
i + cppo > 70 > 0. for some positive constant . (3.3.16)

In general, for n > 0, we can write:
2 2
< (3
B

- (%) 2(n+1)

n+1
€s

(&

o

Q.

2(n+1) 2
< (%) Le, —aV - e, (3.3.17)
Combining (3.3.15) with (3.3.17), together with Young’s inequality, we can write:
2 X\ 2(n+1) 2
=l o= (5 e o
( Z 3 e)—aV - e, 0
2(n+1) 2
< (%) ( v -ed 0" 2La(eg,v-eg)>
X>2(n+l ( H 0 2 1 H 0 2 € B 2 )
< (= 2|V - 2La(— —|V-
= (5 Cullg T 2Pl |en]l + 3|V el
2(n+1) 2 2
< (K> ( + (a® + Lae)||V - e ) for € > 0.
g Q Q
(3.3.18)
Similarly, we can write:
2(n+1) L 2 2
2Gico|le(em |3 < (%) ((L2+—O‘) ¢ Q+(a2+Lae)Hv-eg Q) (3.3.19)
2AL 2y 2nt) La_|| 12 2
S| < (X)) (@2 =) 24 Lae)||[V el ). (3320
BMfH A (S 5 (L* + 6)6P9+(a+ «e) |, ( )
Combining (3.3.18), (3.3.19), and (3.3.20), we have:
n+1 2 n+1y(2 —-1/2 n+1 2
et et + | K| <
3 (e Tl e s aa]v )
(ﬁ> (@2 + =) eb|| +(@*+Lae)| Ve ). (3.3.21)

2 . —
where C = {# + ﬁ + %] Noting that: eg = pg’k —ph = pﬁ ' pk and €2 =
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u)t —ulf = uf! —wuf, (3.3.21) can be written as:
2
‘pz+1k Ph‘ T Y HQ+HK /2 n Lk ok QS
Y\ 2(n+1) 2 Y\ 2(n+1) 2
(5) (w2t + () e 2o i
(3.3.22)
Let 7y = C1(L* 4+ £2), and 7 = Ci(a? + Lae) for € > 0, (3.3.22) reduces to:
2
[ = o + et — b + [0 - 2h)
Y\ 20+1) [ It 2
(™ (ol -k
(3.3.23)

3.3.2 Step 2: Stability Estimate for Implicitly Coupled Scheme

The second step involves deriving a stability estimate on ||€F — &F7'||. We recall that
the weak formulation of the implicit scheme is given by equations (3.3.1) - (3.3.3). The
derivation of the stability estimate for the implicit scheme is carried out in three steps: by
first considering the flow equations, followed by the mechanics equation and then combining

the two to derive the final estimate. For simplicity, we define ¢; = % + crpo-

3.3.2.1 Flow Equations
Testing (3.3.1) with 6, = p} — p];’;_l, and multiplying the whole equation by At, we obtain

2 At _ _ - _
k- 1‘ _|_Iu_f<v 28 b —pk 1) :a<V-(uZ—ul;; Y, pF —pk 1) + <Qhapi_p’fi 1>

(3.3.24)

ook =

Next, we consider the flux equation (3.3.2). Taking the difference of two consecutive time

steps t = t; and t = t;_; and testing with g, = 2%, we obtain:

(K- 2h2h) = (bh =2V - 25) (3.3.25)
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Substituting (3.3.25) into (3.3.24), with some algebraic manipulations of the resulting term

using the identity: a(a — b) = 1(a® — b + (a — b)?)), we derive
2

2
1

2
~1/2 k-1
HK zp

)

= —a(V (kb ok = o)+ (nh - pf ) (3:326)

e

o LR CE

ook =i
I |Pn 2,uf

3.3.2.2 Elasticity Equation

Considering (3.3.3) for the difference of two consecutive time steps, t = t; and t = t;_1,

and testing with v;, = uf — uf™', we obtain

et i ot o

)
= (f- ) (3327)

3.3.2.3 Combining Flow and Elasticity Equations

Combining (3.3.26) with (3.3.27) yields

2 2
L e O N )
2
LRl Y L SR L, BN ¢ SRV R
z% Ry
(3.3.28)

To bound the terms (R; and Ry), we will use Poincaré’s (2.1.1) and Korn’s inequalities

(2.1.2). By Poincaré, Korn, and Young inequalities, we bound R; and R, as:

2

2 ¢
s ol + -
Bl < 5 ||| + 3
1 k k—1||? 21k — b 2
|R2|§2_€2 In—171n +§Huh Uy, !
1 _ 2 62?202
< o= e 2
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and summing for 1 < k < N, where

for €;,and €5 > 0. Choosing €; = ¢y, and €, = TQ 02,
N denotes the total number of time steps (note telescopic cancellations), we derive

2
(et +ZHK V-2
N
K120 + Z 2
9 Gr 4 dh

N
°f k=1 =
zszh Pa ‘ +2W

2

k=1
N ) N
+ GZ Hs(uﬁ — uﬁ_l)‘ + )\Z HV (uf —uph
k=1 = 2Mf
J’Q 02
Z Hfh (3.3.29)
Therefore, we can write:
N N N
1 2 PHC? 2
k 12,0 - ok k
DPn — HK +T ’CIh + 547 ’f - )
; H h ,U,fo C?c ; 2GCf ; h

(3.3.30)
N N s 2o N )
V. (uh — ubl H HK 1/2 oH ’~‘ oLk ‘ ko k—l“

;H (wr —w )] = 2,3 +chA,; L BTes £ Fu= 1o

(3.3.31)
Combining (3.3.30) with (3.3.31), we have
N 2
Zth - +ZHV-<ui§ —uj™)
H (3.3.32)

gAtﬁgHK 1/2 OH +7742thH +n5ZHfh

i). Combining (3.3.23) with

P2 C2
bYe. Cg, and CQ =\7

where 73 = ic% Ny = %C% Ui
(3.3.32), for a generic constant C3 > 0 (which will be revealed by the end of the derivation
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2

n+1,k n+1,k — n+1,k
P ph|] e — )+ B - o)

but we suppress its value now for the sake of simplicity), we can derive:
Q
k—1

2 2
st ot )
2
|

+sz uf -]
7 zuqh\f+ﬁ5z1\fz—
k=1 k=1
_ s N s N 2
Ol k22| + 3 faf| + |k - A1)
k=1 k=1

k

1

+HV-uh ub™!

Cs th k

)
)
)3 -t
)
)

w

C AtﬁgHK 12,0

]

Therefore, we can write:

n+1,k k n+1,k k — n+1,k k
[of e = ok g et ) g + [ —m\m
N
X () 1/2 o 2 ~ 1/2
<a(f) (o o )+ 2 o)
- B Q)+; on +Z fi - 12(9)
(3.3.33)

Now, we assume that the permeability tensor K is uniformly bounded and uniformly

elliptic. There exits positive constants \,,;,, and A,.., such that

Amin [P < €K (2)€ < Anaa||€]1%. (3.3.34)
We can write
- n+1,k n k
||K 1/2(Zh+1 —ZZ)||L2(Q)Z 1/2 ||Z +1, Z]Z||L2(Q)

In addition, by Poincaré’s inequality (2.1.1) and Korn’s first inequality (2.1.2), we have:

1
leCus™ = up) @2 5l ™ — il
Therefore, (3.3.35) can be written as:
ntlk _ k ntlk ok ntlk  _k
o = “hHm 7 =
Y (1) 1/2
§C3<E> [ tHK 1/2,0 *ZH% o +ZHfh HL )] (3.3.35)
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We conclude that for every coupling iteration n > 0,

n+l,k n+l,k n+l,k
’ph p(tk>Heoo(L2) Huh u<tk>H oo (H1) +‘zh b HZOO(B)
n+1,k n+1,k k ntlk  _k
’ph _theoo (L2) Hu uh"zw(Hl)+’Zh Zthoo(m)
=0y, + [k =t Hz"’—“ |
ok = w0 Mlﬁ IO .
N
Y (D) 1 ol? ) 1/2
<az) [adee ]+ 2 o)
=3 I} Zh LQ(Q)+; n +Z fh L2(Q)
k k k
S N R H - =l
+th p(tr) ZOO(L2)+ w, — u(ly) €°°(H1)+ zy, — z(tk) 21
3.3.3 Error Estimate Result
By Phillips and Wheeler (2007) [70,71], we have:
k 2 k 2 k 2 C h2 +2 hQ O(A 2
=20 g+ k= 280+ [ = 200y < OO 1) O
o= v o + [k =@ ][ = 200, < OO 1 OaR)

for a positive constant C' > 0 and mesh size h. We note that r; denotes the degree of the
polynomials used in the mixed space (Qn, Z1,), and 5 denotes the degree of the polynomials
used in the displacement space V. In our case, r; = 0, and ro = 1. Therefore, our final

estimate takes the form:

P =) u u<tk>H

ZZ+1k Z(tk>H

+2Hfh

+ 3(20h2 + O(At2)> v

o (HY) ‘

+ZH%

|

<C3(%)("H) [AtHK 1/2,0

£°(L?)

1/2
L2( )}

2
where C5 = 3(1 + PaC, + A},{i) (Max(ﬁl, 72) X Max(7s, 774,775)> . The above discussions

are summarized in the following theorem:

Theorem 3.3.1. For a particular time step ti, and a particular flow-mechanics coupling
iteration n > 1, and assuming the lowest order Raviart-Thomas spaces for flow, and contin-
uous piecewise linear approzimations for mechanics, and assuming equations (3.3.16) and

(3.3.34), and sufficient regularity in the true solution, the following finite element error
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estimate, to the leading order in time, for the single rate fixed-stress split iterative coupling

scheme holds:

n,k n,k n,k
F o0t gy + [ w0, o 20
‘p” PUR) | 1 uhg i €°°<H1>+2 () P > 12
<O a4l S L 2 )
RN 2| oy T2k 8] gy F 2o {/hQ "l
+(Can? + 0(a2))

2
where Cy = 3(1+PoCy + M2, ) (Mas(iin, i) x Mas(iis, s, ) )
and Cy = Co(T, K, M, cy, o, Pa, Cﬁ,pﬁ,pﬁvt,zﬁ,uﬁyt).

3.4 Error Analysis for the Undrained Split Scheme

In a similar way, we can derive a priori error estimates for the single rate undrained-split
iterative coupling scheme, presented in section 2.4 in Chapter 2. In this case, only the
first step of the proof (shown in section 3.3.1) needs to be changed. Deriving a Banach
contraction estimate on the difference || — £F|| follows similar ideas presented in section
2.4. The second step of the proof present presented in section 3.3.2 remains unchanged, as
both the fixed stress split and the undrained split iterative coupling approaches converge
to the solution obtained by the simultaneously coupled scheme. Due to space restrictions

(in this dissertation), the details are spared.

Deriving a priori error estimates for the multirate coupling schemes is more complicated.
We have initial results in that direction under certain assumptions (which require more

validation). This will be considered for future work.

Finally, it should be noted that the work involved in this chapter has been presented and
published in [10].
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Chapter 4

Explicit Coupling Schemes for Poroelastic Media

In this chapter, we consider single rate and multirate explicit schemes for the quasi-static
Biot system modeling coupled flow and geomechanics in a poroelastic medium. These
schemes are the most widely used in practice that follows a sequential procedure in which
the flow and mechanics problems are fully decoupled. In a typical explicit coupling scheme,
the flow problem is solved first with time-lagging the displacement term followed by the
mechanics solve. The decoupling of the two equations makes it easy to implement and the
time marching without any iterations leads to a lower computational cost. The drawback
is that this scheme is only conditionally stable. For the single rate scheme, the rigorous
stability properties have been investigated in the work of Mikeli¢ and Wheeler [64]. How-
ever, in the case when the multiple flow time steps are taken for one mechanics time step,
it is unclear how these stability properties change. In this chapter, we focus our attention
on the explicit coupling approach, establish its stability theoretically for both fully discrete
single rate and multirate schemes, and investigate its computational time savings numer-
ically. More specifically, we will provide fully discrete schemes for both the single rate
and multirate approaches that use Backward Euler time discretization, mixed spaces for
flow, and conformal Galerkin for mechanics. We perform a rigorous stability analysis and
derive the conditions on reservoir parameters and the number of finer flow solves to ensure
stability for both schemes. Furthermore, we investigate the computational time savings for
explicit coupling schemes against iterative coupling schemes. To the best of our knowledge,

this is the first analysis of the multirate explicit coupling scheme for Biot equations.

The theoretical work in this chapter is a collaborative work with Dr. Kundan Kumar, under the
supervision of Prof. Mary Wheeler. It has been published as an ICES Report [9], and submitted to the
“Computers & Mathematics with Applications” journal. The numerical implementation in ITPARS is done
primarily by Tameem Almani with helpful discussions with Drs. Kundan Kumar and Gurpreet Singh.
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For illustration purposes, figures 4.1a and 4.1b illustrate the differences between single rate
versus multirate explicit coupling schemes. Figure 4.1a represents a typical single rate
scheme, in which the flow and mechanics problems share the exact same time step. In
contrast, Figure 4.1b demonstrates a typical multirate scheme, in which the flow problem

takes multiple finer local time steps within one coarser mechanics time step.

(initial time = 0)
k = 0

i

‘ m = 1 (flow iteration index) ’

‘ tflowa tmech = 0 ’

I
>

Fluid Flow: tflow = tflow + At
Compute pore pressure, pk+m

(initial time = 0)

tfloun tmech = 0 ’
k = 0

m = (Max
flow
iterations:

q)?

Fluid Flow: £ 100 = & 100 + At [ m=m+l ]

Compute pore pressure, pF+!

i

Mechanics (Biot Model):

tmech = tmech + At
Compute displacement, uf+1
Update pore volume

@—

(a) Single Rate (b) Multirate

Mechanics (Biot Model):
tmech = tmech + qAt
Compute displacement, uf14
Update pore volume

Figure 4.1: Flowchart for the explicit single rate and multirate time steppings for coupled
geomechanics and flow problems

4.1 Model Equations and Discretization

We follow the same model equations and discretization techniques as described in Chapter

2. For this chapter to be self-contained, we briefly discuss the model and its discretizations.
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We assume a linear, elastic, homogeneous, and isotropic poro-elastic medium 2 C R%, d =

2 or 3, in which the reservoir is saturated with a slightly compressible fluid.

4.1.1 Assumptions

The fluid is assumed to be slightly compressible and its density is a linear function of pres-
sure, with a constant viscosity py > 0. The reference density of the fluid p; > 0, the Lamé
coefficients A > 0 and G > 0, the dimensionless Biot coefficient «, and the pore volume
@* are all positive. The absolute permeability tensor, K, is assumed to be symmetric,

bounded, uniformly positive definite in space and constant in time.

A quasi-static Biot model [16,45] will be employed in this work. The model reads: Find u
and p satisfying the equations below for all time ¢ €]0, T':

Flow Equation:

2 ((ﬁ + cppo)p + V- u) -V (;ﬂK(Vp ~ P9V n)) =q in{
Mechanics Equations:
—diveP"(u,p) = f in Q,
o (u,p) =o(u) —apl in Q,
o(u) =AV-u)l +2Ge(u) in Q
Boundary Conditions:
u=0, K(Vp—psgVn) -n=0 ond

Initial Condition (¢ =0):

(G + e +aV - w) (0) = (3 + erpo)po + ¥ - up,

where: ¢ is the gravitational constant, 7 is the distance in the vertical direction (assumed
to be constant in time), ps, > 0 is a constant reference density (relative to the reference
pressure p,), ¢o is the initial porosity, M is the Biot constant, § = pq—s where ¢, is a mass

source or sink term taking into account injection into or out of the reservoir. We remark

that the above system is linear and coupled through the Biot coefficient terms.
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4.1.2 Mixed Variational Formulation

A mixed finite element formulation for flow and a conformal Galerkin formulation for
mechanics will be used. The mixed formulation is a locally mass conservative scheme, and
allows for explicit flux computation. The flux is defined as a separate unknown and the
flow equation is rewritten as a system of first order equations. Accordingly, for the fully
discrete formulation (discrete in time and space), we use a mixed finite element method
for space discretization and a backward-Fuler time discretization. Let ¥, denote a regular
family of conforming triangular elements of the domain of interest, 2. Using the lowest
order Raviart-Thomas (RT) spaces , we have the following discrete spaces (V, for discrete

displacements, @, for discrete pressures, and Z}, for discrete velocities (fluxes)):

V= {’Uh € Hl(Q)d; VT € ‘Ih,vh‘T € ]P)ld,’vh‘ag = 0} (411)
Qn = {pn € L*(Q); VT € T, puyr € Po} (4.1.2)
Z,=1{q, € H(diV;Q)d;VT € Th, gy € P,% q,-n =0 on o0} (4.1.3)

The space of displacements, V', is equipped with the norm:

0]

d

1/2

n= ().
i=1

We also assume that the finer time step is given by: At = t; — t,_;. If we denote the
total number of timesteps by N, then the total simulation time is given by T = At N, and
t; = 1At, 0 < i < N denote the discrete time points.

For the fully discrete scheme, we have chosen the Raviart-Thomas spaces for the mixed
finite element discretization. However, the proof extends to other choices for the mixed
spaces, and we will state the results for Multipoint Flux Mixed Finite Element (MFMFE)
spaces [90] in Remark 4.3.2.

Remark 4.1.1. Notation: We adopt the following notations, k denotes the coarser time
step iteration index (for indexing mechanics coarse time steps), m is the finer (local) time
step iteration index (for indexing flow fine time steps), At stands for the unit (finer) time

step, and q 1s the “fired” number of local flow time steps per coarse mechanics time step.
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4.2 Single Rate Explicit Coupling Formulation and Analysis
4.2.1 Fully Discrete Scheme for Single Rate

As discussed above, using the mixed finite element method in space and the backward Euler
finite difference method in time, the weak formulation of the single rate scheme reads as
follows.

Definition 4.2.1. (flow equation) Find p;*' € Q,, and 25" € Zj, such that,
k1

Vo, € Qh,( + cfgpo)(phT;ph eh) n M—f(v : z;j“,eh) + a(V ,eh)
(Qhaeh)
Vg, € Zy, (K ! ’““,qh> = ( MRV Qh> (V(pf,rgn),qh> (4.2.5)

Definition 4.2.2. (mechanics equation) Find u’”1 € V', such that,

Yoy, € Vh,QG( ( k—H),e(Uh)) +>\(V-UZ+1,V-U;Z) _ ( k+1 Vv ) ( Z+17Uh)

4.2.2 Single Rate Explicit Coupling Algorithm

We start by analyzing the single-rate explicit coupling algorithm, in which both flow and
mechanics share the same time step. To the best of our knowledge, this is the first rigorous
mathematical analysis of the fully discrete single-rate explicitly coupled Biot system. In
addition, the analysis reveals a more general stability condition compared to the one ob-
tained in [77] by elementary means. The algorithm is given as follows: Note that we begin
with & = 1 and we require both u} and u) for obtaining p?. In the first step, we use a fully
implicit method to solve for p},u}. Alternatively, to keep the problem decoupled, we can

use iterative techniques such as fixed stress splitting or undrained splitting [64].

4.2.2.1 Assumptions
For notational convenience, we define

1
B = (= +cpo)-

(31
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Algorithm 6: Single Rate Explicit Coupling Algorithm

1 Given initial conditions w9 and p%, solve fully implicitly for p;, u,ll satisfying
Biot model

for k=1,2,...do /* time step index */

FIrRST STEP: FLOW EQUATIONS

Given uf and uy~':

Solve for pk+1 and zﬁ“ satisfying definition 4.2.1

SECOND STEP: MECHANICS EQUATIONS

Given pk+1 and, zﬁ“:

Solve for 'u,];f“l satisfying definition 4.2.2

® N O wWN

For stability to hold, we assume the following:

2

(A1) B> 5.

4.2.2.2 Result

Our results make explicit the dependence of the stability on the difference of the above

quantities. we have the following stability result.

Theorem 4.2.1. [Single rate] Under the Assumption Ay above, the following stability result

holds for the single rate explicit coupling scheme for time steps to < tp, < t;:

2 2
(R S k“—z’f»H) ZH (i~

+ HV JH ui)

" < CAL+ Zth

4.2.3 Stability Analysis

The proof of the above theorem is carried out in three steps by considering the flow equation,

the mechanics equation and then combining the two together. Recall that g = % + ¢fpo-
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Proof. e Step 1: Flow equations
Testing (4.2.4) with 6), = pi™ — pf, we obtain

1 2 1
S+ (5 ) ()

(qh ittt — pi)
(4.2.7)

Next, we consider the flux equation (4.2.5). Taking the difference of two consecutive

time steps t = t;4+1 and ¢t = ¢ and testing with g, = zfﬁl, we obtain:

(K Yzt — 25, zzﬂ) <pi+1 —ph V- z“l) (4.2.8)
Substituting (4.2.8) into (4.2.7), after some algebraic manipulations of the resulting
term (using: a(a —b) = $(a® — b* + (a — b)?)), we derive

aill =kl g (et [ = e et - )

+ (V uf —up it —pﬁ> = (qh,p'ﬁ“ pﬁ)
(4.2.9)

e Step 2: Elasticity equation

Considering (4.2.6) for the difference of two consecutive time steps, ¢ = t;11 and

. . urti_uk .
t = t, and testing with v, = X, we obtain
2 2
uk k ut k k k k k
H H h)H HV H uh)” N (th —Dpy V- (thrl - uh))
1 k+1 k 1 k
= a7 = Al = )
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e Step 3: Combining flow and elasticity equations

Combining (4.2.9) with (4.2.10) yields

2

H hL _<HK71/2Z;§+1 HK 1/2 Z 1/2 k+1 _ b )
At
k+1_ NI v. k+1_ N V. (uf —u kl k41 k
uy,) + up)ll = A (uy, ), — DPh
R
~ 1
(b )+ (k) (A )

Rz R3 R4
(4.2.11)

Denoting by R, R, R3, and R4 the terms on the right hand side, together with

Poincaré’s, Korn’s, and Young’s inequalities, we estimate

a 1 o € 2
Rl < Ry [V = 5 ket k]
| 1|_At261 uy” At 2 |[Pr T Pn
o 2 (vEg 2
R, < V. (uF+! — ok _’k—i—l_ k;H
el < 2Ate, (w,” — || + 58P Pr
12
sl < 5|+ 5 e - PﬁH
1
Rl < ‘ k+1 H H k+1 kH
Rl < 2Ate, AP 2At ~ U
1 64:])2 Cn
< saic||#ir = A SR et - e
for €1, €, €e3,and ¢4 > 0. Choosing ¢ = €3 = §, €3 = %(5 — 0‘—/\2), €4 = % and
multiplying (4.2.11) by QTN, we derive
K12k K12k U2kt gk (L k) 2
)‘Nf Zp h) n)
PEC?
k k k k k
R I A MH% -
(4.2.12)
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Summing up (4.2.12) for 1 < k < J, for J time steps, with telescopic cancellations,

we get:

2
~1/2,, J+1 1/2 k+1 k+1_
W(HK L o H) 203 et - |

+HV i) SHv-wf%—u?»H el
My
k+1 k
ZH%‘ QG)\ ZHf th, (4.2.13)

Recall that u}, z} have been computed using the fully implicit time discretization. Us-

ing standard a priori estimates for the coupled Biot model (refer to equations (3.3.29)
2

and (3.3.31)), we conclude that |V -ul — V- uf|> < CAt and HK‘1/2z,1Z < C.

This completes the derivation.

]

Remark 4.2.1. The above proof also provides a way to devise an explicitly coupled algo-
rithm that is unconditionally stable. For the single rate algorithm, we replace (4.2.4) by

the following equation:
(flow equation) Find pi™ € Q) and 2} € Z,, such that,
1 a2 phtl — ph 1 ub — uh1
v ’ <h hﬁ) _( ‘ k+1’9> ( Uy, h ’9>
h € Qn, (— +cfg00+)\) A7 b +,Uf Vz;it o) +alV Az A

— (cjh,eh). (4.2.14)

Note that the stabilisation term /\zt (pi™™ — pf) has been added above in contrast to (4.2.4).
The stability result is then obtained with the assumption (A;) relaxed. The consistence
error is expected to be of order O(At) which is also expected for the scheme. This follows

by a very similar procedure as in [46] (the section of time-consistency error).

To see the unconditional stability of the new scheme, consider the analog of (4.2.11) and
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proceed as in the previous case,

2

a?

Al e e e
2
EEETI DT
?{1

o) 1

+ o (P =k V- (- u2)>+(%pﬁ“—pﬁ)+E( P ot )
Ra Ry Ry

(4.2.15)

Denoting by Ry, Ro, R3, and R4 the terms on the right hand side, together with Poincaré’s,

Korn’s, and Young’s inequalities, we estimate

a 1 NI o € 2
Ril < e |V k= |+ 55 o = ]
« 2 Q€g 2
Ral < g [V (it = [+ g ]
1. 2
|Rs| < %, qn ‘ + 5 ’pkH pIZH
1
R
[l < 2Ate, ~ |+ on 2At v U
1 e, PLC?
< E+1 H €7l k+1 k(12
< saic |l = g+ SR e |
for €1, €z,and ¢4 > 0. Choosing €, = §, €2 = ¢, €3 = Z—é, and €4 = % and multiplying
(4.2.15) by 28, we derive
K12, k+1 K2k 1/2 k+1 k+1_ 2
)\Mf Zh Zh uh
_ AL 12 ?2 C?
#v e =)< |7 -t U;?AH% 30 ﬁ“—fZH
(4.2.16)

and rest of the steps proceeds as follows.

4.3 Multirate Explicit Coupling Formulation and Analysis

Recall that in the multirate explicit coupling approach, the flow problem is solved ¢ times

(with a finer time step) within a coarser mechanics time step.
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4.3.1 Fully Discrete Scheme for Multirate

The weak formulation of the multirate scheme reads as follows.

Definition 4.3.1. (flow equation) For 1 < m < q, find p}f“‘” € Qp, and zZ”k € Zy, such
that,

1 /1 ) 1 -
Vo, € Qn A_t<<_ + Cf900)<p2n+k -y 1+k>79h> +—(V -2 0,) =

M iy
_ ﬁ(v- <u;§ _ u’;‘q),eh> + (~h,9h>, (4.3.17)
vay € Zn, (K= q,) = (5, V - @) + (pr09V 1.0, (4.3.18)

Definition 4.3.2. (mechanics equation) Find uffq € V', such that,

Yo, € Vi, 2G(e(ub ™), e(v)) + MV - uy ™V -vy) — a(ph T,V - vp) = (1719 vp).

(4.3.19)
4.3.2 Multirate Explicit Coupling Algorithm
Algorithm 7: Multirate Explicit Coupling Algorithm
1 Given initial conditions u) and p?, solve implicitly for
wy, pp 2z, m=1,2,...,q satisfying fully coupled multirate Biot model

2 for k = q,2q,3q, .. do /* mechanics time step iteration index */

3 FIRST STEP: FLOW EQUATIONS

4 Given uf

5 for m=1,2,..,qdo /* flow finer time steps iteration index */

6 L Solve for p;L”J’k and zZ”Jrk satisfying definition 4.3.1

7 SECOND STEP: MECHANICS EQUATIONS

8 Given it and, z™

9 | Solve for ulffq satisfying definition 4.3.2

4.3.2.1 Assumptions

The stability assumption in the multirate case takes the form:

(Ag) >3+ for g¢>1,
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where ¢ is the number of flow finer time steps within one coarse mechanics time step.

As in the single rate case, we need to prepare the initial data for starting the time stepping.
Accordingly, in the first step of the multirate algorithm (Algorithm 7), for & = 0, and
m = 1,2,...,q, the initial conditions are computed by solving the coupled Biot system
with fully implicit time discretization (with a time step of size At for the “¢” coupled
solves). Alternatively, decoupled iterative schemes [8,11] such as fixed stress iterative
single rate scheme can be used to compute uy’, pi*, 21", m = 1,2,...,q. Note that if ¢ =1,
the multirate condition (Ag) is identical to the single rate condition (A;). Our main result

is the following stability estimate.

Theorem 4.3.1. [Multirate] Under the assumption (Ag), the following stability result holds

for the multirate explicit coupling scheme for mechanics time stepsty <ty <t;, k =q,2q,..:

ZH k+q_uh +ZZHK 12(gmtk _ pm-Liky )

E S |st-si

(4.3.20)

HK 1/2,, J+q

Auf<
gAt?
2(B- 1 +9)5) i

2
+HV u) u,{)H < CAt +

4.3.3 Stability Analysis

The proof for the stability analysis follows the same ideas as in the single rate proof, however
the use of multiple time steps requires additional estimates. We follow the same principle
of estimating the flow equation followed by mechanics equation and then combining the

two together to obtain the stability estimates.

Proof. e Step 1: Flow equations
Testing (4.3.17) with 6, = p"™* — p" ' we get

mtk _ m— 1+k” i %f(v gk pmeh p;lnflJrk)

At”p ~Ph
(V-(uﬁ— k=a) pmk _ pm— 1+k) (q P — 1+k)

(4.3.21)

«

+ N
qAt
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In the flux equation (4.3.18), considering the difference for two consecutive finer time

steps t =tk and t = t,,,_11, and testing with g, = z’,f”rk, we obtain
(K (zszrk ZZ@ 1+k> zhch) <pzn+k ph —1+k V zm+k>_ (4_3_22)
Substituting (4.3.22) into (4.3.21), we derive
ﬁHpm-l-k m l+kH2 + H(K (zzn—i-k zzn l+k> zZl+k>
Mg
a m M — T m—
- _E<V.(u;€l _uh 9), itk — pr 1+k> +At<qh, oy 1+k;>

Summing across flow finer time steps 1 < m < g, we get (use a(a — b) = $(a® — b* +

(a — b)?) and the telescopic cancellations)

otk pme 1ok K-1/2 k+a HK 1/2 kH
53 | (e
+ Z HK 1/2 m+k m 1+k H ) ( . h Z m+k _pzn 1+k)>
q —
A ((jh, Syt - p;"—”’f)) (4.3.23)

m=1

Step 2: Elasticity equation

Considering (4.3.19) for the difference of two consecutive mechanics time steps, t = t;,

and t = t;4,, and testing with v;, = uZJ“q uf, we obtain

2 2
26 |e(u ™ — uf) |+ A| V- (= )| a@h - bk - ) =

k+q k _ k+q k
<h —Jp U, T Uy
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e Step 3: Combining flow and elasticity equations

Combining (4.3.23) with (4.3.24) gives

6 Z Hpm+k m 1+k

(Hl< 1/2,, k+q

2

+ ZGH Hq ui

g /\HV ubt k)

2 q
* Sy ] S - )
m=1

q

q
« m m— ~ m m—

= —g(V'(“Z—ui DD = ) A (G 3 0 )

m=1 m=1

S B
Fah b V) (- Sl )
Rs > g
4

(4.3.25)

Denoting by R; and R, the first two terms on the right hand side, Youngs’s and

triangle’s inequalities give

2
Ryl <& (612” mitk m1+kH -I—i
261

|R2’ < At( Z Hpm-&-k’ m 1+k qh

2
262 )

q
Using the fact that pi™ — pk = Z (pp™* — pi'**) together with Young’s and

m=1

triangle’s inequalities, the third term on the right hand side of (4.3.25), denoted by

R3, can be written as

R N I 1 AT INIEED

263

By Poincaré’s, Korn’s, and Young’s inequalities, the last term on the right hand side

of (4.3.25), denoted by Ry, can be written as
1

Z

k+f1

IA

| R4

k+q th + €4

64?90

k

| /\

2
k
e(u, ™ — u';;)H :

el +

264
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Choosing ¢; = ¢, €2 = i(ﬁ — %(é + q)%), e3 =1L ¢ = ?S—gQ, and multiplying by
QYR

At 2’

2 .
1 we derive

1/2 k+al|” _ 1/2 k 1/2 m+k m 1+k

S (e I ] P9I [ )
2G 2
+ 2 et — )|+ [V b || < [ Gl - b
AL’ 2, PR 2
th ax gl @sen

YD

We need to impose the following condition: 5 — %(% + q)"‘T2 > (, which is nothing but
the Assumption A,. Summing up equation (4.3.27) for ¢ < k < J (k is a multiple of
q, that is, k = ¢, 2q, ..), we write

26 H k+q N 2_J+
3 2 et b (HK” q
)\kzzq (h h )\,LLf

Sl

+ZZHK 12( m+k m1+k H)

2 2
A e AL

= g
qgAt?

+2>\<6 ( +q)8 )

LSS -

(4.3.28)

To estimate the first two terms on the right hand side, we need to obtain a priori
estimates for the fully implicit scheme for the multirate Biot. This a priori estimate is
obtained by a slight variation of the technique from the single rate scheme and yields

2
V-(u%—u%)‘ < CqAtand ||[K~Y/22]

< . We spare the details of obtaining these
a priori estimates (with reference to (3.3.29), we immediately conclude by triangles
inequality that HV (uf — ug)H <3 HV wt! uzn)H < q(CAt)Y/2. Squaring

both sides gives the desired result for a generic constant C in which one “q” is absorbed

in the constant). Putting together, we conclude the result.

O

Remark 4.3.1. As in the single rate case in remark 4.2.1, the multirate case can also

be made unconditionally stable by adding a stabilisation term. In the definition 4.3.1, we
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modify the flow equation (2.3.33) by adding a stabilisation term 7% (]ohmHC PRy,

where v = ( + ¢). The modified equation reads:

(flow equation) For 1 <m < ¢, find p]"** € Q), and 2}"** € Z,, such that,

1/ 1 VO ik meik m+k gy _
Vo, € Qn, E<(M + cripo + T><ph — D ) 9h> + ’u—f(v z, " 0h) =

_ ﬁ(v . (ug _ uf;q>,9h) + (qh, eh), (4.3.29)

The proof for the unconditional stability follows the same ideas as in the single rate case

and is skipped here.

Remark 4.3.2. For the numerical simulations we will be using the multipoint flux mixed
finite element method (MFMFE) [88,90] for the flow discretization. All our obtained results
remain valid for this discretization. Indeed, for such a scheme, the stability results (4.3.28)

translates to,

At 1 J 7
(K 1 h—&-q’ +‘1>

AL S~ (K - o4, (o - ),

Ay Mg & -
Z H ukte ok H + HV A u;{)H2 < £<K_1zz,zz> (4.3.30)
At Q
2 At? 2
|7 g )|+ ? a + 22 ZHf’“*q ,

A(B-3¢+0%) 5

where (K 1., .)g is the quadrature rule defined in [90] for the MEMFE corresponding spaces.
It was shown by Wheeler and Yotov in [90], and then extended to distorted quadrilaterals
and hexahedra in [88], that for any z, € Z;, Ci||zull> < (K zh, 21)g < Csllzn|?, for
a constant C7,Cy > 0. This immediately leads to a similar stability result. The same

argument holds for single rate case.

Remark 4.3.3. The well source/sink term () can be assumed to be varying with discrete

fine/coarse time steps, and all obtained results remain valid.
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4.4 Numerical Results

4.4.1 TIterative vs. Explicit Coupling Schemes

In this section, we compare single rate and multirate explicit coupling schemes versus
iterative coupling schemes. Both schemes are implemented in the Integrated Parallel Ac-
curate Reservoir Simulator (IPARS) on top of a single-phase flow model coupled with a
linear poroelasticity model. The Multipoint Flux Mixed Finite Element Method (MFMFE)
is used for flow discretization and Conformal Galerkin is used for elasticity discretization.
Mikeli¢ and Wheeler [64] have analyzed different iterative coupling schemes, and have shown
that the two often used techniques known as the fixed-stress split and the undrained-split
coupling algorithms are unconditionally stable. The numerical computations in [63] show
the relative performances of the two methods with fixed stress splitting performing better.
In the multirate case the unconditional stability of these two schemes have been studied
in Almani, et. al. [8,11]. For our numerical tests, we consider the iterative fixed-stress
coupling algorithm when comparing the efficiency of the iterative coupling schemes versus
explicit coupling schemes. Details about the single-phase flow model implementation in
IPARS can be found in section 2.5.2.1. We note that in explicit coupling schemes, the

fixed-stress regularization terms are not added to the mass balance equation.

4.4.1.1 Brugge Fileld Model

We consider the Brugge field model [82] for comparing the accuracy and efficiency of it-
erative versus explicit coupling schemes. The model consists of a 9 x 48 x 139 general
hexahedral elements capturing the field geometry, with 30 bottom-hole pressure specified
wells, 10 of which are injectors at a pressure of 4600 psi, and 20 are producers at a pressure
of 1200 psi. Producers are located at a higher elevation compared to injectors. No flow
boundary condition is enforced across all external boundaries. For the mechanics model,
we apply a mixture of zero displacement and traction boundary conditions. we also include
the effects of gravity. Detailed specifications of the input parameters can be found in Ta-
ble 4.1. We note here that assumptions (A;) and (A4) are both satisfied for the single rare

and multirate explicit coupling cases (¢ = 4 and 8), respectively.
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Total Simulation time: 64.0 days krx Range: (0.002122, 350.1372) md
Finer (Unit) time step: 1.0 days kyy Range: (0.022143, 4135.124) md
Number of grids: 60048 grids (9x48x139) k.- Range: (0.022493, 4163.053) md
Possion Ratio, v 0.35 Biot Modulus, M 1.E8 psi
Biot’s constant, o 0.9 A= myﬁﬁ 4.32E7 psi
Initial porosity, ¢o Range: (0.054244, 0.260265) Flow Boundary Conditions: zero flow B.C.
Fluid viscosity, pw 1.0 cp Mechanics B.C.:
Initial fluid pressure, po 1000.0 psi “X+” boundary Ogz = 0 - ng = 10,000ps:

fluid compressibility cg, :

1.E-6 (1/psi)

“X-” - boundary u = 0, zero displacement

Rock compressibility:

1.E-6 (1/psi)

“Y4” - boundary u = 0, zero displacement

Rock density:

165.44 1by, [ ft3

“Y-" - boundary Oyy = 0 - Ny = 2000psi

Initial fluid density, po

62.34 1b,, [ ft3

“Z+” - boundary u = 0, zero displacement

Young’s Modulus (E)

5.0E7 psi

“Z-” - boundary 0,2 =0 -ny = 1000psi

Table 4.1: Input Parameters for the Brugge Field Model

% of Reduction in: g=1 1] ¢g=4 | ¢q=8

CPU run time 62.24% | 79.51% | 79.75%

Number of flow linear iterations 51.50% | 76.88% | 77.85%
Number of mechanics linear iterations || 54.50% | 76.75% | 77.72%

Table 4.2: Computational savings of explicit coupling schemes versus iterative coupling
schemes for different values of “¢” (the number of flow fine time steps within one coarse
mechanics time step).

4.4.1.2 Results and Discussion

Figure 4.2a shows the accumulated CPU run time for the single rate case (¢ = 1), and for
multirate cases: ¢ = 4 and 8, for both iterative and explicit coupling schemes. In general,
for a fixed ¢, explicit coupling schemes are more efficient, compared to their counterpart
iterative coupling schemes. This is expected as explicit schemes eliminate any coupling
iteration between the two problems. This results in a huge reduction in the total number of
flow and mechanics linear iterations for explicit coupling schemes, as shown in Figures 4.2c,
and 4.2b respectively. The results obtained show that explicit coupling schemes can reduce
the accumulative number of flow linear iterations for the whole simulation run by more than
50.0% compared to iterative coupling schemes. In addition, the accumulative number of
mechanics linear iterations is reduced as well when comparing an explicit coupling scheme
to an iterative scheme for a fixed value of q. As shown in figure 4.2b, the single rate

iterative coupling scheme results in the highest number of total mechanics linear iterations.
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Figure 4.2: Brugge Field Model Numerical Results
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Single Rate: PRES Multirate (g=4): PRES Multirate (q=8): PRES
1.365e+03 2645 3.925e+03 1.365e+03 2645 3.925¢+03 1.365e+03 2645 3.925e+03
- |

[RERRRRRR ERNRRNNTSI [NENRENNRTRRINRNAN 'M""““‘\"““‘”

(a) Pressure field at 64.0 days (Iterative Coupling) (psi)

Single Rate: Disp. (Magnitude) Multirate (q=4): Disp. (Magnitude) Multirate (g=8): Disp. (Magnitude)
0.000e+00 0.44 8.706e-01 0.000e+00 0.44 8.706e-01 0.000e+00 044 8.706e-01
TN TR Y fory iR hrveivey TP

(b) Displacement field at 64.0 days (Iterative Coupling) (ft)

Figure 4.3: Iterative Coupling Pressure and Displacement Fields
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Single Rate: PRES Multirate (q=4): PRES Multirate (q=8): PRES
1.365e+03 2645 3.925e+03 1.3650+03 2645 3.925e+03 1.365e+03 2645 32853.925e+03

wmmuqummuw LTI M””HHW””HH‘M

se” ‘e’ ‘e’

(a) Pressure field at 64.0 days (Explicit Coupling) (psi)

Single Rate: Disp. (Magnitude) Multirate (q=4): Disp. (Magnitude) Multirate (q=8): Disp. (Magnitude)
0.000e+00 0.44 8.706e-01 0.000e+00 0.44 8.706e-01 0.000e+00 0.44 8.706e-01
Mummwmmmw Mmmm\mmm\w Mmmmwmmuw

(b) Displacement field at 64.0 days (Explicit Coupling) (ft)

Figure 4.4: Explicit Coupling Pressure and Displacement Fields
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In contrast, the multirate explicit coupling scheme (¢ = 8) results in the lowest number of
mechanics linear iterations for the whole simulation run. Computational savings of explicit
coupling schemes versus iterative coupling schemes are shown in Table 4.2.

Figures 4.3a and 4.3b show the pressure and displacement fields for the iterative coupling
scheme after 64.0 days of simulation of the Brugge field case. Figures 4.4a and 4.4b show the
corresponding fields for the explicit coupling scheme. The solutions for both the approaches
are fairly close with a slight difference between the iterative and explicit coupling being
more apparent for pressure fields. The differences in displacement fields for both schemes

are negligible.

4.4.2 Validating Theoretical Assumptions

In this section, we try to validate our theoretically induced assumptions for the single rate
and multirate explicit coupling schemes against the Frio field model (considered in Chapter
2 earlier). We recall that the Frio field model is an existing oil field located on the Gulf
Coast, near Dayton, Texas. It is a field-scale problem with a geometrically challenging
geological formation [48]. The field is curved in the depth direction, with several thin
curved faults [48]. In this work, we consider the challenging geometry of the field, and
its real permeability distribution. Gravity effects are included in this model. Other input

specifications are shown in Table 4.3.

4.4.2.1 Results and Discussion

We recall that for the single rate case, the stability assumption is (ﬁ + crpo) > %2 and in
the multirate case it reads (ﬁ + crpo) > %(é +q) a; We consider a particular choice for
g = 2 and for the parameters shown in Table 4.3, our assumption requires (5 + ¢ypg) >
(1.06 x 107°). For the numerical test cases, we consider two different compressibility values
corresponding to (1) satisfying the stability condition and (2) the stability assumption is

violated.

In the first case, we choose c; = 1.0 x 10* (1/psi) satisfying the stability assumption. The

pressure profile after 4010 simulation days is shown in figure 4.5a. Resulting pressures lie
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Wells:

3 production wells, 6 injection well

Injection well
Injection well
Injection well
Injection well
Injection well
Injection well
Production well (1):
Production well (2):
Production well (3):

A~ O U W DN

Pressure specified, 14000.0 psi
Pressure specified, 8300.0 psi
Pressure specified, 8000.0 psi
Pressure specified, 8400.0 psi
Pressure specified, 8700.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi

Total Simulation time:

4010.0 days

Finer flow (Unit) time step:

1.0 days

Coarse mechanics time step:

2.0 days (¢ = 2)

Number of grids:

891 grids (33 x 9 x 3)

Permeabilities: kyz, kyy, k-

highly varying, range: (5.27E-10, 3.10E+43) md

Initial porosity, ¢o: 0.2
Fluid viscosity, jif: 1.0 cp
Initial pressure, py: 400.0 psi

Fluid compressibilities:

Case (1), condition is satisfied, c;:

1.E-4 (1/psi)

Case (2), condition is not satisfied, c:

1.E-13 (1/psi)

Case (3), condition is not satisfied, c;:

1.E-8 (1/psi)

Rock compressibility:

1.E-6 (1/psi)

Rock density:

165.44 Ib,, / ft>

Initial fluid density, py:

62.34 b,/ ft°

Young’s Modulus (E): 1.E5 psi
Possion Ratio, v: 0.3
Biot’s constant, a: 0.7
Biot Modulus, M: 1.0E8 psi

Flow Boundary Conditions:

no flow boundary condition on all 6 boundaries

Mechanics B.C.:

“X+4” boundary (EBCXX1()):

Oze = 0 - Ny = 10,000psi, (overburden pressure)

“X-" - boundary (EBCXXNI()):

u = 0, zero displacement

u = 0, zero displacement

)

0
“Y+” - boundary (EBCYY1()):
“Y=" - boundary (EBCYYN1()):

Oyy = 0 - ny = 2000ps:

“Z+” - boundary (EBCZZ1()):

u = 0, zero displacement

“Z-” - boundary (EBCZZN1()):

0,, =0 -n, = 1000pst

Table 4.3: Input Parameters for the Frio Field Model
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PRES

PRES 4.184e+03
4.175€+03
-1.6et5
£3633.6
-33et5
30919
E E Loo
125502 E 49e+5
E2.008e+03 -6.608e+05

(a) Pressure profile (psi) when the compressibility ~ (b) Pressure profile (psi) when the compressibility of
of the fluid satisfies the derived stability condition  the fluid does not satisfy the derived stability condition

(cg =1 x107%(1/psi)). Results are physically (cg = 1 x 1073(1/psi)). Results are not physically
correct, and lie between the expected range correct, as pressure values drop below zero.
of values.

Figure 4.5: Pressure profiles of the multirate explicit coupling scheme (¢ = 2) for the Frio
field model.

in the expected range of values, based on wells’ injection and production rates specified in
table 4.3.

Next, we consider the case when we choose ¢y = 1.0 x 107*? (1/psi), that strongly violates
the stability condition. In this case, the coupling iteration did not converge, as a result of
producing extremely high pressure values (in magnitudes), and that, in turn, triggered the
pore-volume values of grid blocks to exceed their corresponding bulk-volume values, which
is physically meaningless. To further test the effect of compressibility, we increase the
compressibility and choose (¢; = 1.0 x 107® (1/psi), still violating the stability condition).
In this case, the pressure profile after 4010 simulation days is shown in figure 4.5b. It
is clear from the figure that the pressure profile is unphysical since pressure values drop
below zero. Given the values of the initial pressure, and wells’ injection and production

rates specified in table 4.3, this is a non-physical solution.
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4.5 Conclusions

In this chapter, we considered single rate and multirate explicit coupling schemes for cou-
pling flow with geomechanics in poro-elastic media. We derived stability criteria for both
multirate and single rate schemes and derived the assumptions on reservoir parameters for
the stability to hold. In addition, we perform the numerical experiments where we com-
pare the time savings in the explicit coupling schemes compared to the iterative fixed stress
schemes. The multirate iterative schemes have been proven to be geometrically convergent.
Our computational results show that, if the parameters satisfy the stability condition, the
explicit coupling schemes reduce CPU run time efficiently as compared to the iterative

coupling schemes.
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Chapter 5

Localized Banach Contraction Estimates for
Heterogeneous Poroelastic Media

In this chapter, we consider iterative coupling schemes for spatially and temporally het-
erogeneous poroelastic media. All our previously established Banach contraction estimates
are valid for temporally heterogenous poroelastic media (as the analysis was done for one
coarse mechanics time step only, and thus parameters can change across different coarse
mechanics time steps). However, we assumed spatially homogeneous flow and mechanics
parameters for the whole domain of consideration (or at least some degree of uniformity
should be imposed, see remark 5.4.2). Although this is a nice theoretical assumption, it is
not realistically true, especially for fluid parameters. This chapter tries to bridge this gap

by assuming (spatially and temporally) heterogeneous flow and mechanics parameters.

Due to space restrictions (in this dissertation), we will consider only single rate and multi-
rate fixed-stress split iterative coupling schemes for the quasi-static Biot model. However,
our proof outlines a general strategy that is very likely to be useful for obtaining similar

localized estimates for other iterative and explicit coupling schemes.

5.1 Model Equations and Discretization

We assume a linear, elastic, heterogeneous, and isotropic poro-elastic medium in which the
reservoir is saturated with a slightly compressible fluid. We follow exactly the same quasi-
static Biot model [16,45] described in section 2.2 in Chapter 2, except that the parameters
K.a,G,M,\ cp,pup and @o can vary spatially (when discretized). Moreover, the same
assumptions listed in 2.2.1 apply here (except for the homogenous medium assumption).

Furthermore, we will follow the same mixed variational formulation described in section
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2.2.4 in Chapter 2.

For our spatial discretization, we assume the following:

e The spatial domain is denoted by Q@ C R? d = 1, 2, or 3. Its external boundary is

denoted by 02, with an outward unit normal vector n

e The spatial domain is discretized into Ng conforming grid elements E; such that:
_  DNe
i=1

e Each grid element E; has its own, independent, set of flow and mechanics parameters:

K, o, Gy, My, A\, cp;, piy; and @o,;. Moreover, we assume that the localized permeabil-

e

ities K; include viscosities jy, (ie. K; =

e The outward normal vector for each grid element E; is denoted by m;. In addition,
for two adjacent grid elements E; and F;_; sharing a common boundary interface,

n; = —n,;_; across the common boundary.

5.2 Localized Single Rate Formulation and Analysis

5.2.1 Continuous in Space Global Weak Formulation
Step (a): Find pt'% € HY(Q), 2"tV € H(div; Q)Y N {2t . n = 0 on §Q} such that:

voe ), S (1 Ly 2 0)
€ ()’Z<(Mi+cfi%i+ z)(T’) +Z ’

— ; (L) —av - (= —0), + Z_; (d.0)5,
(5.2.1)
Vg € H(div;Q)"N{q-n =0 on dQ}
Nq No Nq Nag
S K2 gy =Y (" q)p =Y 0" g n)os, + Y (Vpsegn). @)r,

i=1 i=1 i=1 i=1

(5.2.2)
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Step (b): Given pmti# 2tk find wt% ¢ HY(Q)" N {u =0 on 0O} such that,

Nq Nq
Yo e HY(Q) N{v=0 on 90}, > 2(Gie(u™ "), e(v)) + > (NV - w1V - v)
=1 =1
Nq Nq Nq Ngq

=S (@Y ) = S (o ), vy, + S e Inv)os, = S (F0),

i=1 i=1 i=1 =1
(5.2.3)
We note that at the continuum level, the Cauchy stress tensor, given by o?°"(u,p) =
o(u) — ap I, is continuous at grid boundaries. Thus, the boundary terms in equation

(5.2.3) can be grouped as:

Ng Ng No
- Z(a(u”“’k)n, V)op, + Z<Ozip"“’k In v)op, = — Z(a’por(u”“’k)n, v)op, =0
i=1 i=1 i=1
due to the continuity of P at grid boundaries and the fact that the normal vector has
a different sign in each two adjacent grid elements sharing a common boundary. For the

outer boundary, we require that v = 0 on 0f2.

The boundary term in the flux equation (5.2.2) also vanishes due to similar reasons. The
pressure unknown is assumed to be continuous at the continuum level (otherwize Vp is not
defined). In addition, q - n is continuous across element boundaries, as q € H (div; Q)d.
This results in cancelling all inner boundary terms in equation (5.2.2). For outer boundary
terms, we restricted the test space such that q - n = 0 on 0f). Therefore, we have:

Nq

Z<p“+1,k7 q- n>8Ei =0.

i=1

The weak formulation now reads:
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Step (a): Find p"t* € H(Q), 2"t € H(div; Q) N {z"* . n = 0 on Q) such that:

No 1 n+l,k _ k-1

veeLQ(Q),Z((Mjucfi%ﬂrh)(%7 > +Z LR )
i=1 v
No nk k-1 nk k- 1
:Z(Ll(p Atp ) -V (= Au ! ) +Z
=1

Vq € H(diV;Q)dﬂ{q-nzo on 00},
Nq Nq No

S K2 gy =Y (0" q)s + Y (V(pregn). @), (5.2.5)

i=1 =1 i=1

Step (b): Given pmti# zntbk find wmt% ¢ HY(Q)" N {u =0 on 0Q} such that,

Vo e H'(Q)'N{v="0 on 0Q},

No No No No
S 2ACe( ). () + D AT wt Y w), =3 (Y v, = 3 (F)y,
i=1 i=1 =1 =1

(5.2.6)

5.2.2 Fully Discrete Weak formulation

Now, we mimic the spatially continuous weak formulation ((5.2.4), (5.2.5), and (5.2.6)) to
obtain the fully discrete formulation (discrete in time and space). We recall that a mixed
formulation will be used for flow, and continuous Galerkin will be used for mechanics. A
Backward-Euler scheme will be used for temporal discretization. Using the lowest order

RT (Raviart and Thomas, 1977) spaces, we have the following discrete spaces:

Displacement V, =A{v, € Hl(Q)d; VE € Ty, vpp € Pld,vh|ag =0}
Pressue Qn=1{pn € L*(Q); VE € Th, P € Po}
Fluzx Z), = {q, € H(div;Q)";VE € Ty, q,; € P1%, q;, - n =0 on 90}

Moreover, we assume no flow boundary conditions for the outer boundary, and zero dis-

placement boundary conditions for mechanics.

The fully-discrete weak formulation now reads:
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Step (a): Find jr)”Jrl ke, 2 "H ¥ e Z, such that:

No ntlk k-1

1 - n
VOn € Qn, Y <(M + Cpip0; + Li)(%)a@) + Z (V-2 00)
i=1 ¢ i=1
Nao n,k k—1 n,k k—1
P —p u u
=2 (L) eV (g, +Z 7005
=1
(5.2.7)
Nq Nq
Vg, € Zn, Y (K2 q) =D n ™ V- an)e, +Z (pregm) ), (5.2.8)
=1 =1

Step (b): Given p;™" k "H’k, find uZH’k € V, such that,

Nq

Yo, € Vy, ZQ(Gis(uh"“ ) B T Z : ”Hk V) g,
i=1
No No

—Z (ipp ™ Vo), = > (F o), (5.2.9)

i=1

In terms of differences between coupling iterations, equations (5.2.7), (5.2.8), and (5.2.9)

read:
IRSYR Lk S Lk
W0h € Quy 5 D ((M +ep0; + Li)opith eh) (Vo 6,
i=1 T
1 & k k
— N (Liop™ — uV - bul, > 2.1
A7 ; < opy," —a;V - du, ™, 0y . (5.2.10)
Nq Nq
Vaq, € Zy,, Z (K;lézzﬂ’k,qh)Ei = Z(ép"“k V-aq,)E (5.2.11)
i=1 i=1
Ng No

Yor € Vi, > 2(Gie(dw, ™) e(vn)) g, + Y (MY - 0up T Vo)

=1 =1

- Z (ciopy ™,V vp) =0 (5.2.12)
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5.2.3 Proof of Contraction

For each grid element F;, let 5; = 3 e + L;, testing (5.2.10) with 6, = 5p"+1 k and
multiplying by At, we obtain:

Nq Nq

Z:ﬁ%““w +m§:v54“kWM% =3 (Lt — oV - oupt, o)

i=1 i=1 ¢

(5.2.13)
Testing (5.2.11) with g, = 62z;""*, we obtain:
NQ NSZ
-1 n+1,k n+1,k n+1,k n+1,k
oz, 0z ) (op 7%,V -2 H0) 5.2.14
> (m ez =3 (o ™) (5:2.14)
Substituting (5.2.14) into (5.2.13), together with Young’s inequality, we obtain:
ol 1/2 2 ol
n+1,k -1 n+1,k n+1,k
;MMlbwix 52k g %
e 1 k P R € 1k||?
n, n, 1 n+1,
§Z2—€Z w — Vo ouy, E+;§ opy,

Introducing a new parameter y; for each grid element E;, we define a local quantity of

contraction for each E; as: y;00)" k=T, 5p —a;V - 5u2’k. The choice ¢; = f; for each E;
gives:
Zﬁz SprLk 2 +Atz K125k 2 <Z 5nk (5.2.15)
2 z) 53, Xi00 . 2.
Now, test the elasticity equation (5.2.12) with v), = du) """ to get:
NQ NQ NQ
D 2Gle(@up )G, + D NIV - dup TG = D au(epy T V- sup T g = 0.
i=1 i=1 i=1
(5.2.16)
Combining flow (5.2.15) with elasticity (5.2.16), we obtain:
Z2G HE 5 n+1k HE —1/25 n+1k N
NQ B 1k 1Lk 1,k 1,k ol X7 2
7 n+1, n+ n—+ n-+ 7 n,k
+;b®hb Q6P Y - Ul ) 4 AV - u Mﬁzm%‘m
(5.2.17)
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Now, for each grid element F;, expand the RHS to match terms on the left hand side and

form a square:

2 20 L a?
Héo—;}v’f - 2 (ot v aupt) S|V supt
E; E; z E; Xi i
2
For each E;, the following inequalities should be satisfied: £ > L?'Q, 20iLi — @, and
g 2 Xi X3

1

A > X—z The first and second inequalities give: Xz = 2 L;, and ©g; > 0, which is

i a2
2/\1. With: LZ- = 5+ and X? = 2L;, we

trivially satisfied. The third inequality gives: L; =

have:

Nq
1,1
ZQG le(dul ™))% +Z§<M+Cf 9002> ‘5pn+1k:H +AtZHK —1/25zn+1kH

1= E;
Na
on Li nokl|
N FEME )| el 8
i i T Cripoi + L Ei
(5.2.18)
We finally have, for each E; € 2,1 < i < Nq:
1d2 1
n+1,k - - n+1,k -1/2 n+1 k
QZGHE (w12 +2;(M+cf¢o,)H5p H +AtZHK 5z ‘E
2
17}1+1,k) < max ( )ZHéank
E; 1<i<Ngq + cr.Po; + L;
(5.2.19)

Theorem 5.2.1. [Localized Single Rate Banach Contraction Estimate] The localized mul-

tirate iterative scheme 1s a contraction given by

2

- 1,k

K 26200 ‘
E;

’ 6pn+1 k

+Atz

252 Gille(Ouy ™ )3, + 52 (3 + eror)

+1,k L; n,k
+ e nT ‘ < max <—2 > 50'
Zz—l v B — 1<i<Ng %{,L+Cfi@0i+li ZZ 1

2

5.3 Localized Multirate Formulation and Analysis

In a similar way, we can derive a localized Banach contraction estimate for the multirate
case. We start by writing the localized spatially continuous multirate weak formulation.

We note that the localized permeability tensor K; includes the viscosity p;.
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5.3.1 Continuous in Space Global Weak Formulation

e Step (a): For 1 < m < ¢, find p"t'+F ¢ HY(Q), and 2"tV e H(div;Q)? N
{zntbk . p =0 on 90} such that,

Nq

1 1
2 = - ) ) n+lm+k _  nt+lm—1+k
W& L), 5 3 (7 + ergo+ L)(p p )-0),
Nq
Y (V2 ), =
i=1
1 No - No
- Lz( n,m+k 7m—1+lc) A val ( nk+q . n k> 7 0) (~7 0) 7
At ; ( P q V(v “ E; + 221: g E;

Vg e H(div;Q)*N{g-n=0 on 90},

Nq Nq

Z (Ki—lzn+1,m+k’ q) = Z <pn+1,m+k7 v. q>E’

i=1 ‘ i=1 ¢
Nq Nq

- Z<pn+1,m+k7 q- n>3E,- + Z (pf,rgv n, q)E )
i=1 =1

i

(5.3.21)

e Step (b): Given p"tiA+7 and, zn T4+ find w47 ¢ Q)N {uw =0 on 90} such
that,

Yo e H'(Q)'N{v =0 on 0Q},

N, Ng, Ng,
2 Z (Gi€<un+1,k+q)7 5("’))& + Z (/\zv . un—i—l,k—i—q’ AV v)Ei _ Z (aipn—i-l,k—i-q, V- 'v)Ei
i=1 =1 =1
No No No
_ Z(o.(un-&-l,k—l—q)n’ VYo, + Z(aipn+1,k+q£n7 V)op, = Z (f.v)p,. (5.3.22)

=1 =1 i=1

In a similar way, as detailed in the single rate case, all boundary terms vanish. The

continuous-in-space weak formulation then reads:

e Step (a): For 1 < m < ¢, find p"™ ™% ¢ HY(Q), and 2"t e H(div; Q) N
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{z"t1% . =0 on 9O} such that,

No
1 1
2 = - ) ) n+1l,m+k _  nt+lm—1+k
W0 ). 5 3 (7 + ergo+ L)(p p )-0),
Nq
+ Z (V : zn+1,m+k’ G)Ez =
i=1
1 No Q; No
o Lz( n,m+k n,m—1+k> A vl ( nk+q n,k:) 0) (~ 9)
Atizl( p p oV (u u™"), E+Zl Q.) -
(5.3.23)
Vg € H(div;Q)* N {g-n =0 on dQ},
Nq Nq Nq
Z (Ki—lzn-i-l,m-i-k’ q)E. _ Z <pn+l,m+k7 V- q) o + Z (pf,rgV n, q> . (5.3.24)
i=1 ! i=1 ti=1 ‘

e Step (b): Given p"t#+4 and, z"t1A+a find w4+ ¢ Q) N{u =0 on 0} such
that,

Yo e H'(Q)'N{v =0 on 00},

No No No
2 Z (Gie(u"HM9) g(v)), + Z AV - u" T ) — Z (ap" ™V ),
i=1 i=1 i=1
Nq
=> (f.v)p, (5.3.25)
i=1

5.3.2 Fully Discrete Weak formulation

We mimic the spatially continuous weak formulation ((5.3.23), (5.3.24), and (5.3.25)) and

obtain the fully discrete formulation (discrete in time and space) as follows:
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e Step (a): For 1 <m < g, find pZH’erk € Qp, and zzﬂ’m% € Z), such that,
1 /1
n+1,m+k n+1m—1+k
Y0 € Qny 17 D <(M +crip0i+ Li) (ph — D ) Qh)Ei

i=1

Nq
+D (V2 ), =
=1

Nq Nq

Ait ; (Li (pZ’erk - pZVm_Hk) — %V : (uZ””q — ’U/Zk) ; 9h>Ei + ; (@h, 9h>Ei’
(5.3.26)
th 6 Zh,
Ngq Nq Nq
Z (Ki—lzZJrl,erk’ Qh> = Z <pZ+1,m+k’ V- %) . + Z (pf,rgV 7, qh> 5’
- - - (5.3.27)

e Step (b): Given pZ+1’k+q and, zz+1’k+q, find uzﬂ’kﬂ € V, such that,

Nq Nq

Yo, € Vy, 22 (Gie(uy Ty, e(vn))p, + Z AV - TRy V),

i=1 i=1

NQ NQ
=D (™I ) =Y (Frvn)g. (5:3.28)
=1 =1

5.3.3 Proof of Contraction

Recall that for a given time step t = t,, we define the difference between two coupling

iterates as:

Lk _ 1,k &
e

where ¢ may stand for pp, zj, or wy,.
e Step 1: Flow equations
For each grid element F;, let §; = ﬁ—l—cfigooi—i—Li. . Forn > 1, by taking the difference

of two successive iterates of (5.3.26), which corresponds to one local flow iteration and

its corresponding local flow iteration in the previous flow and geomechanics iterative
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o . . : Lm+k 1m—1+k :
coupling iteration, testing with 6, = dp, ™" — opp TP T we obtain
No )
n+1,m-+k n+1,m—1+k
E Bi 5ph - 5Ph ‘ =
i=1 !
Nq

4 Atz (v . 6ZZ+1,m+k7 5pz+1,m+k . 5pz+1,m—1+k)Ei _
i=1

No
n,m+k n,m—1+k e% n,k n+1,m+k n+1,m—1+k
Z <Lz(5ph +k 5ph + ) o EV . 5uh +q75ph+ +k 5ph+ + >

B
i1 ;

(5.3.29)

Similarly, for the flux equation (5.3.27), by taking the difference of two successive

iterates, followed by taking the difference at two consecutive finer time steps, t = t,,, ¢,

and t = t,, 1.1, and testing with g, = 5zz+1’m+k, we obtain
Nq
Z <Ki_1 (5ZZ+1,m+k _ 5zz+1,mfl+k) 7 6z1}:+1,m+k)
i=1 Ei
Nq
DIl (U A A AT Pt I (5.3.30)
E;
i=1

We combine (5.3.29) with (5.3.30), apply Young’s inequality (for each grid E;) to

obtain

2

opy, —dp,,

Nq
D5
=1

Nq
1 Atz <Ki_1 <5ZZ+1,m+k _ 5zz+1,m—1+k> ’ 5z2+17m+k)
i=1

n+1,m+k n+1,m—1+k‘

E;

E;

Nq 1 9
<22—

_ Q
L@,(apz,erk . 5pz,m 1+k) o EZV . (S’U,Z’kJrq

i E;
1=

N,
- € 5 n+1,m+k 5 n+1,m—1+k 2
+ = ||0Py, — 0Py, '
=t 2 E;
1=
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For each E;, the choice ¢, = (3; absorbs the pressure term on the right hand side.
Together with a simple expansion of the flux product, we derive

Nq

Bi +1,m+Fk +Lm—1+k ||
~t (5 3 ,m _ 5 mn ,m ‘

At {HK ~1/25 5, m+k‘ HK ~1/255mtm= 1+k‘
2 E;

1=

4 HKi—l/Q(ézZJrl,erk B 6zz+1,mfl+k>

<Z2ﬁz

The right hand side constitutes an expression for a quantity to be contracted on.

o)

A 2
k —1+k Q k
prmth _ gppm=ttky Qi skt
E;

(5.3.31)

Introducing a new parameter y; for each F;, we define the localized volumetric mean

stress for (1 <m <gq) as

Q;

X0 R = Li(op ™t — sppm Ty - 2L gt (5.3.32)
q
The value of y; for each E; will be chosen such that contraction can be achieved on

n,m-+k

the spatial summation of the localized norms of o7, , summed over q flow finer time

steps, within one coarser mechanics time step. Summing up (5.3.31) for 1 < m < ¢,
substituting the new definition of the localized volumetric mean stress (5.3.32), and

noting that 9z ok

: B

mzl; EZ' 2 i=1
At gL &

Y

Q
=1

= 0, we obtain

Ngq
At 2
- +1k+
= e P

E;

n+1 m—+k n+1 m—1+k
op —0p

— 1 k 1 1+k
Ki 1/2(5ZZ+ sm+ 5z n+ m— +>

ZZM

Xléo-nerkH )
E;

(5.3.33)

e Step 2: Elasticity equation

For n > 1, we take the difference of successive iterates of the mechanics equation
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(5.3.28), and test with v, = du) """ to get

Nq Nq
2> Gille(duy |5 + D NIV - ug,

i=1

—Zaz PR Gup ) =0, (5.3.34)

For the iterative scheme to be contractive, a quantity similar to the right hand side of
(5.3.33), for the next iterative coupling iteration, n + 1, has to be formed. To achieve
that, we introduce a term involving a summation over all flow finer time steps in

(5.3.34) by noticing that

q
3 ( sk 5pz+1,m—1+k> = gpptihta, (5.3.35)

m=1

Substituting (5.3.35) into (5.3.34) leads to

NQ NQ
zz Gille(@up ™15, + > NIV - Suj,

i=1

—Zozz Z( ) G gup ) <0, (5.3.30)
m=1
Step 3: Combining flow and elasticity equations
By combining (5.3.36) with (5.3.33), and rearranging terms, we form a square term,
in expanded form, summed over flow finer time steps within one coarser mechanics

time step for each grid element F;,

QZGHE n+1k+q "E+22{ﬂz

m=1 i=1

n+1 m—+k n+1m—1+k
op —op),

L;

)\ n+1 Jk+q — <5pn+1 m+k 5pn+1 m—1+k V 5un+1 k+q) }
i E;
+ g —1/25 ,n Lkt 2 i ﬁ i % HK'—l/Q((SZn—H,m—‘rk B 6zn+1,m—1+k)‘ 2
2 i=1 l " Es 2 m=1 i=1 Z " " Ei
& n,m+k
< ;1 2; 35150 HE (5.3.37)
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It remains to choose the values of our newly introduced parameters, x; and L;, such
that the coefficients of the expanded square contributes only positive terms to the

left hand side of (5.3.37). Therefore, we expand the right hand side of (5.3.37) for

ecach F; as
Haag,m+k 2 nm+k‘ 6pnm 1+k
i z E;
ZaiLi n,m n,m— n H n
- <5p,; gtk g 5uhv’f+q> S| v M (5.3.38)
ax; E; qu s

Now, we match the coefficients of the expansion in (5.3.38) to the coefficients of the

expanded square on the right hand side of (5.3.37), hence, deduce the values of x;

and L; for each grid element FE;, respectively. For the left hand side of (5.3.37) to
remain positive, the following inequalities should be satisfied

61 20 L; Ai o

= P) 79 Z 2 o

2 xz ax; qa X4

The second and third inequalities give rise to the following condition

* N

L; > ai for each E;.
2\

2 2
The first inequality gives rise to ¢ < g— For L; = 2&7’, X; = ;)\ , we derive the following
condition on the number of flow finer time steps within one coarse mechanics time

step

2
g< 2 <M n cflgool> +1 for each B, (5.3.39)
Q

which is not restrictive as typically in practice the values of \; are quite large. Now,
we group the terms of the expanded square on the left hand side of (5.3.37) to form

the quantity of contraction for the next iterative coupling iteration, n + 1, as

Nq
2ZGiH€ (oul +ZZ <__ _)Hd n+1m+k 5pn+lm 1+k
i=1

L& n+1,m+k 2 At —1/2 5 n+1k+q 2
+;;H5% | HEﬁ?;HKi o

E;

E;

qg Ngq g Nag o

Z Z 71/2 (62 n+1m+k 5z2+1,m—1+k>); < Z Z QXéZ

m=1 i=1 m=1 i=1

5O_nm+kH

E;
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Substituting x? = , B = i T Cripoi + Li for each E;, with further algebraic

simplifications, we obtaln

2 Z G HE 5u’n+l k‘f‘Q)‘

E;

+ - ZZ (— +cp0, +(1—¢q LZ)

m=1 =1

’5Pn+1 m+k 5pn+1 m—1+k

E;

2 AL & “1/2) ¢ ntlm+k Fm—14k |2
E_+TZZHKZ- (2] Hmt _ gpnttm )‘

E;
m=1 1=

At _
= Z HKl 1/25ZZ+1,1c+q
i—1

q Ng 9 q
n+1,m+kH < max ( )
Y T 1<isNo \¢(4r- -+ ¢ p0; + Li)

nerkH
m=1 i=1 m=1 i=1

(5.3.40)

: [ > 1.
The contraction coefficient ) g}g})\(fﬂ (q(wl[ﬁcmpo# Li)) < 1 for ¢ > 1. This is trivially

satisfied (at least we take one flow time step followed by one mechanics time step).

Theorem 5.3.1. [Localized Multirate Contraction Estimate] For ¢ <1+ min 2% ( 1\}1 +

2
1<i<Nq

2
cr.0; ), Li = o and x? = 2Li the localized multirate iterative scheme is a contraction
fi¥0i ) 2X; ¢ q’

given by
232 Gille(ouy )|,
+lye SoNe (_ i waoi (- q)Li> mtLmth gl m= 1+k:‘ E‘

—1/25zn+1 K+q

Atz

E;
2
At q —1/2 n+1lm+k n+1m 1+k Nq n+1,m+k
D e | I e iy P
L q N, +k 2 '
ST R R Y L
= 1<i<Ng Q(ﬁi+cfiW0i+Li) m=1 Zz:l v B

5.4 Multirate Banach Contraction Estimates for Homogeneous
vs Heterogeneous (Localized) Poroelastic Media

Table 5.1 compares the Banach contraction result obtained in Theorem 2.3.4 against the

one obtained above.
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Original Contraction Es- | Localized Contraction Estimates for

timates for Poroelastic | Heterogeneous Poroelastic Media
Media

Conditions on Param- | A degree of spatial unifor- | Parameters can be heterogeneous.
eters: mity should be imposed as de-

scribed in remark 5.4.2

2 2
Contraction Coefti- (m) max (q(L—> for L; = 20‘71 for all

. 1<i<Ng \ (55 +erp0i+Li)
cient: E; €Q
Condition on q: none g<1+ 1<I?<11r11\[Q i’\é (ﬁ + Cfi%@oi)-
. 2 . . Py
When do Contraction | For L = s | For q = upper limit, and L; ;TL
. . 2 . . ‘
Coefficients Match? Ma? for all E; € €, contraction estimate
2(A+MAcypo)+Ma? Moo 2
— i7187)
- 122)&70 (2()\i+Mi/\ini500i)+Miaf) - Exact
Match.

Table 5.1: Banach Contraction Estimates for Homogeneous vs Heterogeneous (Localized)
Poro-elastic Media

Remark 5.4.1. Our localized Banach estimates work provides another strong justifica-
tion for introducing the modified multirate iterative coupling scheme presented in section
(2.3.3.5). Following a similar approach to the proof presented above, the localized modified
multirate iterative coupling scheme will not impose any upper bound on the number of flow
finer time steps taken within one coarse mechanics time steps. This follows immediately
as the quantity of contraction in the modified scheme is independent of q. The details are

spared.

Remark 5.4.2. For our earlier obtained results, the word “homogeneous” is not as restric-
tive as it sounds. In fact, some degree of uniformity in the flow and mechanics parameters
should be imposed in this case. However, parameter values can change smoothly across
the spatial domain. The fixed stress stabilization term in this case should take the form
L = ;)?'ﬁ, and this value will be added to the main diagonal of the linear system in a
homogeneous manner. In fact, this leads to slower convergence rate, as the contraction
coefficient increases monotinially with L. The power of the localized contraction result is
that it allows us to add localized fized-stress reqularization terms which can vary across grid

cells, yet the scheme is still contractive.
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Chapter 6

Iterative Coupling Schemes for Fractured Poroelastic
Media

6.1 Introduction

In this chapter, we consider single rate and multirate iterative coupling schemes for coupling
flow with linear elasticity in fractured poro-elastic media. Our proposed multirate itera-
tive coupling schemes are extensions of the fixed-stress split iterative coupling algorithm,
described in [43], in the presence of fractures. Two different multirate iterative coupling
schemes will be proposed, along with rigorous derivations of their convergence properties.
The single rate and multirate iterative coupling schemes for fractured poro-elastic media
are shown in figures 6.1a and 6.1b respectively. It should be noted that in our mathematical
analysis, we make the assumption that the flow in the reservoir and the fracture are solved

monolithically.

6.1.1 Notation

We will follow a similar notation to the one presented in [45]. Let 2 be an open, connected,
and bounded domain of IR?, d = 2 or 3. The boundary of the domain, 0, is assumed
to be Lipschitz continuous. We denote by I' the part of the boundary 0f) with a positive
measure. In addition, the boundary of I" is assumed to be Lipschitz continuous for d = 3.
We recall from Chapter 2 that ©(£2) denotes the space of infinitely differentiable functions
with compact support in §2. Moreover, we recall that ©’(€2) is the dual space of ©(Q2)
which constitutes the space of distributions in Q. As usual, H'(Q2) denotes the classical

Sobolev space

HY Q) ={ve L*(Q); Vv e L*(Q)},
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tflow(tf)3 tmech(t'm) =0
(initial time =0)
k=0

n=0 (iterative
coupling index)

Fluid Flow in both
Reservoir and Fracture:
tflow = tfiow + At
Compute pore
pressure: pntlktl

i

Mechanics (Biot Model):
lnpeeh = Ugpean 5 AV
Compute displace-

ment, u?T1.k+1
Update pore volume

tflow(tf)a tmech(tm) =0
(initial time = 0)
k = 0

i<—

n = 0 (iterative
coupling index)

N

v

m = 1 (flow iteration index)

N

v

Fluid Flow in both
Reservoir and Fracture:
tflow = tflow + At

Compute pore pres-
sure, pn+1,k+m

|

m = (Max
flow
iterations:

q)?

Mechanics (Biot Model):
tmech = tmech + th
Compute displace-
ment, y?t1F+a
Update pore volume

ty =ty — qAt
tm = tm — qAL
=n+1

Converged?

(a) Single Rate

(b) Multirate

Figure 6.1: Flowchart for the iterative flow and mechanics coupling algorithm using single
rate and multirate time stepping in fractured poro-elastic media. We assume that the flow
in the reservoir and the fracture are solved monolithically.

equipped with the semi-norm and norm:

1/2

wlm@= Vol 5 vlm@= (7ol o)
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In addition, we recall from Chapter 2 that for 1 < p < oo, W1P(Q) is the space
WP (Q) = {v e LP(Q); Vv € LP(Q)},

normed by

1
lwrr@= Vol [wlwiee= (10150 +H 0k @)

Y

Moreover, we denote by H'/?(T") the space of traces of functions of H'(2) on I' (or generally
Lipschitz curve in ). We note that H'/2(I") ¢ L*(T"). The dual space of H'/?(T") is denoted
by H~/2(T"), and is equipped with the norm [43]

[v(z) —v(y) 2 1/2
el [ 2= )" | ol (ol o). (6:12)
rJr

We also define
Hy(Q) = {v e H'(Q); v]oa= 0},

and more generally

Hyp(9) = {v e H'(Q); vp=0}.

Moreover, we recall from Chapter 2 that for a vector v in IR?, the strain tensor €(v) is
defined as:
1
e(v) = §(Vv +(Vo)h).

In the analysis we carry out in this chapter, we shall use Korn’s, Poincaré’s, and traces

inequalities, listed as follows:

e Korn’s first inequality in Hj ()% there exists a constant C, which depends on

and I" such that

Vv € H&F(Q)d, ”U’Hl(Q)dS C,{”€(’U)HL2(Q)(1><(1. (612)

e Poincaré’s inequality in H&F(Q) reads: there exists a constant Pr which depends on
I and €2 such that
Yu € H&F(Q) , ”UHLQ(Q)S TplU’Hl(Q). (613)
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e Trace inequality in H'(Q): there exists a constant C, which depends on I' and
such that

c,
Ve > 0, Yv € HI(Q)7 ||U||L2(F)§ EHV U||L2(Q)+(? + 5)||U||L2(Q). (614)

This follows directly from the Young’s inequality and the interpolation inequality
[21,43]:

1/2 1/2
Yo € H'(Q), vllz2ey< Cllvll gy 03

Furthermore, we recall that the H(div;{2) space is defined as follows:
H(div; Q) = {v € L*(Q)%; V-v € L*(Q)},

and equipped with the norm

1/2
lollaiver= (1ol HIV - ol72@) "™

6.1.2 Reservoir and Fracture Domains

In this work, the reservoir is represented by €, a bounded domain of IR?, d = 2 or 3, with
a Lipschitz continuous boundary 0f2, and outward normal n. The fracture is modeled as
an interface € which is a closed subset of €). For d = 2, C represents a simple piecewise
smooth curve. For d = 3, it represents a simple piecewise smooth surface with piecewise

smooth Lipschitz boundary €. The reservoir matrix is thus denoted by Q\C.

For discretization purposes (will be described in details later), we introduce an auxiliary
partition of  into two non-overlapping subdomains Q* and . The interface between the
two subdomains is assumed to be Lipschitz and denoted by I'. The fracture € is contained
within I € € I'. We will distinguish the two sides (or faces) of the fracture, €, by the
superscripts + and — (following a similar notation as the one presented in [43]). We will
use the superscript * to denote either + or —. Let 2* denote the part of 2 adjacent to
C* and let n* denote the unit normal vector to € exterior to Q*, x = +, —. The fracture
is represented by two coincident sides/surfaces, so we have n~ = —n*. Moreover, we let

[ = 9*\I'. Figure 6.2 summarizes the above discussion.
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Figure 6.2: Reservoir and fracture domains (image courtesy of [45])

6.2 Model Equations and Discretization
6.2.1 Fractured Poroelastic Model

We recall that we assume a linear, elastic, homogeneous, and isotropic porous medium
Q) C R?, in which the reservoir is saturated with a slightly compressible fluid. Fractures
are treated as possibly non-planar interfaces denoted by C. As described earlier in Chapter
2 (section 2.2.2), using a quasi-static (i.e. ignoring the second order time derivative of the
displacement) Biot approach to obtain the displacements (see [16]), the “geomechanics”

model is as follows:

o (u,p) =o(u) —apl, (6.2.5)
o(u) =XV -u)l +2Ge(u), (6.2.6)
—diveP”(u,p) = f inQ\C, (6.2.7)

where oP°" is the Cauchy stress tensor, I is the identity tensor, w is the solid’s displacement,
p is the fluid pressure in the reservoir, a > 0 is the dimensionless Biot coefficient, o is the
effective linear elastic stress tensor, A > 0 and G > 0 are the Lamé constants, f is a body
force, which is usually assumed to be a gravity loading term.

In addition, as described in section 2.2.3 of Chapter 2, we assume a linearized slightly

compressible single-phase flow model for the fluid (in both the reservoir and the fracture).
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The fluid density, py, is a linear function of pressure: p; = ps,(1 + ¢f(p — pr)). The
porosity, denoted by ¢*, is given by: ¢* = ¢o + aV - u + %p, where g is the initial
porosity, and M is the Biot modulus. The fluid mass balance in the reservoir 2\ € reads:
D (pre*) + V - (pgvP) = g5, where g, is a mass source or sink term, and v? is the velocity
of the fluid in Q\ €, vP = —H—lfK(Vp — prgV n). Substituting the definitions of v”, py,
and ¢* into the mass balance equation, and following the same approach as in section 2.2.3

of Chapter 2, we derive:

0

ot <( 1 +eppo)p +av “) -V (:fK(Vp pf,rgVn)> q- (6.2.8)

p‘jf . This completes the derivation of the poro-elastic equations, modeling the

where ¢ =

displacement w and pressure p in Q0 \ C.

The fluid in the fracture is also assumed to be slightly compressible. Following a similar

model as in [45], the conservation of mass in the fracture can be written as:

a(pfw) _ v (

Y (fo —prgVn)) =aqw — qr.

For a slightly compressible fluid in the fracture, we can write: py = ps,(1 + cf(pf — per))s
where p; is the pressure in the fracture, p., is the reference pressure in the fracture, and
¢y is the compressibility of the fluid. Assuming that ¢; is in the order of 107 or 1079, we

can approximate py as: py =~ ps,. Now, we write the mass balance equation in the fracture

as follows:
ow oy = Ke —
-V \Y% 9VN) =qw — qr.
Pregy T, (Prr 12u( Pr = P9V M) = aw = qr
Dividing by py, (defining gw = 7%, and g, = ), and substituting 8f = pf,rcf%f, we
obtain:
ow 8pf K@ = = ~ ~
v V0 — pregVn) = dw — .
5 Ty (g, (VP = prrgV ) = dw = Q1
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The second term in the equation above is not linear. To linearize it, we redefine the
compressibility of the fluid in the fracture as: ¢y, = cyw, and assume it to be constant.

Thus, the mass conservation equation in the fracture C reads:

0 0 = K
Cfﬁ—i‘—w—V'( ¢

Vpr = pregVn) = dw = Gu. 2.
ot ot 12W(fo P19V M) = Gw — 4L (6.2.9)

The term %w accounts for the change in width of the fracture due to mechanical deforma-
tion. The term gy represents the injection term and ¢, represents the leakage term which
connects the fracture flow model to the reservoir flow model. We will assume that K is a

positive definite permeability tensor in our analysis.

For any function g defined in 2\ € with a trace, let g* denote the trace of g on C*, x = +, —.
The jump of g on € in the direction of n™ is defined by [g]le = g* — ¢g~. The width of the
fracture, w, is the jump of w - n~ on C, therefore, we have w = —[u]e - n*. Following this
approach, we note that the leakoff term ¢, is the only unknown in equation (6.2.9) (recall

that py is the trace of p on C, i.e. py = ple on C).

For the interface and boundary conditions, we will follow the same approach as in [43,45].
Let 75, 1 < j < d — 1, be a set of orthonormal tangent vectors on €*, x = +,—. The
conservation of mass and the balance of the normal traction vector gives the interface

conditions on each face (or side) of C:
(P (u,p))'n* = —pn* , x =+, —. (6.2.10)
The continuity of p on € gives
[P (u, p)len™ = 0.
We simply derive:
o’ (u,p)n* -n* = —p; , o™ (u,p)n* - 7; =0, 1<j<d-1. (6.2.11)

The jump in reservoir flux is equal to the leakage term, so, the conservation of mass equation

at the interface gives:

1 _
M—f[K(Vp — prrgVn)le - n" = qr. (6.2.12)
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We assume that the displacement, w, and the normal component of the flux, K(Vp —
prrgVm) - m, vanish on 0 . We also assume that w is bounded in € and vanishes on
9C. Finally, since the time derivative in (6.2.8) acts on (5 + ¢spo)p + aV - u, the initial
condition is prescribed by (see [81]):

1 1
((M +crpo)p+ V- u) (0) = (M + crpo)po + aV - ug, (6.2.13)

where ug a given initial displacement and pg is a given initial pressure. We note that u
and pg are not independent, as ug is computed by solving the elasticity equation given py

and (pfli—o= pole) [43,45].

The continuos in time formulation now reads: Find w, p, and ¢ satisfying the equa-

tions below for all time ¢ €]0, T'[:

—div P (u,p) = f in Q\ C,
o (u,p) =o(u) —apl in Q\C,

%((ﬁ‘kcfﬂ))p%—av-u) -V (iK(VP—Pf,rQVUD =¢q in Q\C,

9 = = = T
cr 2t + Bw -V (5=(Vpr—prgVn) =dw — G in €,

127
(6P (u,p))'n* = —plen* , x =+, — on €,
2 E(Vp—prgVn)le-nt =g onC,
where w = —[ule-nt,

Boundary Conditions: u =0, K(Vp—ps,gV1n)-n =0 on 0,
Initial Condition (¢t =0): ((ﬁ + crpo)p + V- u) (0) =

(57 + ¢r0)po + V- uyg.

where: K is the absolute permeability tensor, g is the gravitation constant, py > 0 is the
constant fluid viscosity, 1 is the distance in the vertical direction (assumed to be constant
in time), ps, > 0 a constant reference density (relative to the reference pressure p,), ¢
is the initial porosity, M is the Biot modulus, § = - where ¢ is a mass source or sink

Pfr

term taking into account injection into or out of the reservoir, %

w represents the change

in fracture width due to mechanical deformation, ¢y represents the injection term and ¢y,
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represents the leakage term which connects it to the reservoir flow model, and n™ is the

normal vector out of the fracture surface.

6.2.2 Assumptions

The assumptions on the model and data are summarized as follows:

1. The reservoir is assumed to be homogeneous, isotropic and saturated poro-elastic
medium. The reference density of the fluid (in the reservoir and fracture, p;,) and

viscosity, ps, are given and positive. Moreover, pus > 0 is assumed to be constant.

2. The dimensionless Biot coefficient «, the Lamé coefficients A > 0 and G > 0, and the

pore volume ¢* are all positive.

3. The absolute permeability tensors (K and K.) are assumed to be bounded, sym-
metric, uniformly positive definite in space and constant in time (for discrete time

intervals).

4. The fluids are assumed to be slightly compressible (their densities are linear functions

of the corresponding pressure).

5. For the single rate iterative coupling algorithm and the modified multirate iterative
coupling algorithm, the Lamé coefficients A\, G and the compressibilities of the fluid

satisfy

A 1
4GC™* > (M + cfg00> : (6.2.14)

a’ey,

where C* is a product of optimal constants in Korn’s, Poincare, and trace inequalities

(defined in (6.4.55)).

For the first multirate algorithm considered in this chapter, we assume:

2 1
>

“ & > ! +
N~ 2GC e A

M
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As explained in [43,45], assumptions involving the constant C* are not very restrictive
provided that its value does not become very small. The shear modulus G and the bulk
modulus A are almost of the same order. Similarly, the compressibilities (¢; and ¢y,) and
the reciprocal of the Biot modulus 1/M can be assumed to be of the same order. As stated
in [43,45], the shape of the fracture plays a role in the convergence of the iterative scheme
since the constant C* depends on the constant of the trace inequality. We note that the

existence and uniqueness of the solution to the continuous formulation is given in [43].

6.2.3 Mixed Variational Formulation

In this section, we formulate and study a space-time discretization of the fractured poro-
elastic system described above. Temporal discretization follows the usual backward-Euler
scheme. A mixed finite element formulation is used to descretize flow equations in the
reservoir and the fracture, while continuous Galerkin is used to descretize the elasticity
equation. As described in Chapter 2, the mixed form defines the flux as a separate un-
known and rewrites the flow equation as a system of first order equations. For the mixed
formulation involved, we assume the lowest order RT (Raviart and Thomas, 1977) spaces.
Let T, denote a regular family of conforming triangulation of the domain of interest . We

assume that T, triangulates both Q* and Q.

We define the space of discrete displacements V', the space of discrete pressures in the
reservoir (), the space of discrete pressures in the fracture @).,, the space of discrete
velocities (fluxes) in the reservoir Zj, and the space of discrete velocities (fluxes) in the

fracture Ze;, as follows:

Vi = {v, € H{(QM UQ)" VT € Ty vplr€ PL [oa]rie = 0, 0] |ro= 0,% = +, —}
Qn = {pn € L*(Q); VT € Ty, palre Po}
Qe = {ps, € H'(€); VT € T, py, € P}
Z, ={q, € H(div;Qt U Q_)d VT € Th, qy|r€ PY,
[gy) - n"=0o0nT\C,gq, -n=0 ondQ}
Zep, = {Hfh € Ze; VT € (Zh,llffh|T€ P}
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where Z¢ represents the space of continuous velocities in the fracture, and is defined as
follows:

Ze={pu; e L*(@)""; V- pu, € H'(©)}, (6.2.15)

normed by:
v 1/2
el ze= (laeplZae) HIV - ppll31re) ™ (6.2.16)

In addition, the Space Q)., is equipped with the norm:

lv(x 1/2 1/2
ol (| / |m_ C e a2 ol raier= (1o Hoyae) 2 (6:2.17)

The space of displacements V', is equipped with the norm:

12 1/2
lvallv,= Zuvmum / (Z(va 2@y Hlon Inany) ) -

=1

Moreover, the space of reservoir matrix velocity is normed by:

1/2 B 1/2
lanllz,= lanlamaron)"> = (165 aman s Braas) -

The space Qp, is normed by the usual L? norm.

We can also assume that the discrete leakage term is in H—'/2(C). However, it will be

eliminated completely by substituting (6.2.12) into the fracture flow equation.

Following the same approach described in the earlier chapters, we assume that a local time
step is given by: At =ty —tx_1. If we denote the total number of time steps by N, then the
total simulation time is given by T = At N, and ¢; = iAt, 0 < ¢ < N denote the discrete

time points.

In the following section, we describe an extension of the fixed-stress split iterative coupling

algorithm to the fractured poro-elastic media.
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6.3 Fixed Stress Split Algorithm For Fractured Poroelastic Me-
dia

We will follow the fixed stress split formulation introduced in [43]. Although we use the

splitting scheme at the discrete level, it is easier to see its details at the continuum level

(we note here that the superscript n denotes the iterative coupling iteration index). In

this iterative coupling algorithm, we first solve the flow problem in the reservoir and the

fracture in a monolithic manner:

n+1l ,n+1 Fn+l
z ¢

Step (a) [Flow] Given u”, we solve for p"+! N

Oé2 T n Oé2 T n ~ 1
(37 + croo+ 5)2p +1+#V~z H=a 8y aV.-2u"+§inQ\C,
2 = —K(Vp" = ppegV),

(’Yc + Cfc) ot p?—H + w + mv Cn+1 =Y dtpf + QW + [ ] ’I’L+ in e?

¢ = —Ke(Vpit = ppgVin) in€
Once the flow is computed, we update the displacement solution.
Step (b) [Mechanics] Given p"*!, 2"+ p}‘“, ¢", we solve for u"*! satisfying

n+1

) = inQ\ ¢,

7pn+1) — a.(un+1) _ aanrl I in \ e’

—diveP" (u
gPor (un+1

(oP (u™ pr ) *n* = —p?+1|@n* , *=+,— on C.
v. is an adjustable coefficient which is going to be revealed by the proof of the contraction.

In what follows, we still denote the scalar products in space by parentheses. If the domain of
integration is not indicated, then it is understood that the integrals are taken over QT UQ ™.
Let the solution at time #;_; be known. That is, the values of u*~!, p*~1 p 1 2F~1 and
¢*1 are computed and known from the last time step (the superscript k& here denotes the
time step index). We also assume appropriate initial values of our unknowns: u’, p°, p;,

2%, and ¢". Moreover, we will follow the same notation as the one used in Chapter 2, listed

below for completeness.

Remark 6.3.1. Notation: We briefly recall the notation introduced earlier: n denotes the

flow/mechanics coupling iteration index and k denotes the time step index. For multirate
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iterative coupling schemes, k denotes the coarser time step index (for indexing mechanics
coarse time steps), and m denotes the finer (local) time step index (for indexing flow fine
time steps). Moreover, At stands for the fine time step size, and q is the “fized” number

of finer flow time steps per coarse mechanics time step.

6.4 Single Rate Formulation and Analysis
6.4.1 Fully Discrete Scheme for Single Rate

As for the pure Biot system (without including fractures), using the mixed finite element
method in space (for flow), continuous Galerkin (CG) for mechanics, and the backward
Euler finite difference method in time, the weak formulation of the single rate scheme reads

as follows.

Definition 6.4.1. Find p} € Qp, pfi €Q.,, 2V € Zy, and Cﬁ € Ze,, such that,

(flow equation)

VO, € Qn, é ((% + ¢ro) (pﬁ - pffl) 7 9h> + Mif(v 25, 0h) =
- %(V : (uﬁ — ufl)ﬂh) + (Qh,9h> ; (6.4.18)

vqh € Zy, <K_1zﬁ7 qh) = (pfw V- qh) - (sza [qh]e ’ n+>€ + (pfﬂ’gv U qh) ) (6'4'19)

Qo oo 0) g (91 0) (o],

C 12uf
= (et — il e mt0,) o+ (i ) (6.4.20)
At h h s Ve e hyVYen /@ .
v“’fh € Z(‘?ha (K(Z_IC];Lull’fh)e - (pfl;;)v ’ (“’fh))e + (v(pf,rgn)u p’fh>€7 (6421)

and (mechanics equation)

find uf € V'), such that,

Yo, € Vi, 2G(e(uf), e(vy)) + MV - uf, V - v) — a(pf, V - vy,)

+(pf]}i7 [vple - 7)o = (f,vn), (6.4.22)
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with the initial condition for the first discrete time step,

1 1
<(M + crpo)py, + aV - u%) (0) = <M + crpo)po + oV - ug. (6.4.23)

6.4.2 Single Rate Iterative Scheme

In what follows, we consider the fully discrete scheme of the fixed stress split iterative
coupling algorithm presented above. The proof of contraction for the single rate case is
a direct generalization of the proof presented in the work of Girualt et al. [43] at the
continuum level (continuous in time and space formulation). It should be noted that this
proof can be optimized by assuming the coefficients of the fixed-stress split regularization
terms (in equations (6.4.24) and (6.4.26)) to be free-parameters, determined by the proof of
contraction. The quantity of contraction in this case will change accordingly. This approach
is going to be followed in the multirate case. We start by presenting the fully-discrete single

rate iterative coupling algorithm.
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Algorithm 8: Single Rate Iterative Coupling Algorithm for Fractured Poroleas-

tic Media
1 for £k =0,1,2,3,.. do /* Time step iteration index */
2 forn=1,2,.. do /* coupling iteration index */
3 FIRST STEP: FLOW EQUATIONS
4 Given 'u,Z’k (assuming an initial value is given for the first iteration:
u*
5 Solve for py™-", ok 2Pt ko I * and Czﬂ’k satisfying:
1 2t bt 1
- il P S o ST v/ ok _
(M+Cf<po+)\) Al +/,Lf z,
Ry RO ek
_—-1 2 4+q,inQ\C 6.4.24
2T = CK(V TR = pr g V), (6.4.25)
n+1,k k—1 n,k k—1
Dfp Dfp Wy — W 1 n+1,k
c c V. =
N T Lk
%% +Gw, —qup T in e (6.4.26)
W= Ke(Vpr ™ = ppegV ), (6.4.27)
1 n ~ n
o KV T pprgVn)e mt =g on € (6.4.28)
wit = —[uMe - nt, (6.4.29)
SECOND STEP: MECHANICS EQUATIONS
6 Given py ", ok 2 k,p e  and ¢ ¥ solve for up * satisfying:
—diveP (u T prtt Ry — fin )\ @ (6.4.30)
PO () T k,pZH My = zJ'(uZ'Irl M —apit™ P inQ\ e (6.4.31)
(P (up ™R, pp ) = —p Rt x =4, — on €@
v (6.4.32)
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The weak formulation of the above equations reads:
Step (a): Find u] ™" € Vi, pi™"* € Qu, p;1™"" € Q,, 217" € Z), and ¢ € Ze,
such that:

n+l,k k-1

! u i n+1,k o
V@hGQh7<<M+Cf900+ )\)( AL ),9h>+uf(v 2R g)) =
n+1,k k—1 n+1k 1
BN S Un U ~
( Ny AV g D) + (@ 0)  (64.33)
n+1,k

—1
p —p 1 = o
VQCh S Qch ) ((Cfc + '70) Ih Ih 0 > + 1) (V ’ ( h+1 k)7 ech)e

At

1 n+1,k + PfZ’k - Pfiil
—— ([ e -0, )e = (v 0, )

[if At
n,k + k—1 +
u ‘n’ —|Uu ‘n -
(e e et o) (6434)
Va, € Z,, (K2 q,) = 0™V -a,) — (o™ lanle - Mg + (V(pgegn), an)
(6.4.35)

V[,th S Z@h, (K Cn+1 k,ufh) (pfh 1k;v' (l’l‘fh))e + (v(pf,rgn)vu’fh)e (6436)

Step (b): Given an ok n+1 k,prH k, CZH * find u"Jr1 ke Vi,

VthVh,QG( ( n+1k)’ ( ))+>\(v un-i—lk V"Uh)—@( n+1,k v ’U)

+( ™ wnle - e = (F,0n) (6.4.37)

To begin the iteration (at the beginning of time step t), for n = 1, we assign the initial

condition (compare to (6.2.13)):

1 1
<(— + o)yt +aV - “*) (te-1) = (= + creo)p* " +aV - uh"

M M

n+1,k k—1

nk_ k-1
where the terms ‘f\ I% and %27% on the right and left hand sides of (6.4.33)

are the usual fixed-stress split regularization terms. In a similar way, we have introduced
n+1,k k—1

fixed-stress split regularization terms for the fracture equation. The term .2 Atp Lh
nk_ o k—1
is added to the left hand side of (6.4.34), and a corresponding term %% is added
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to the right hand side of the same equation for consistency. The carried out mathemati-
cal analysis will result in an appropriate estimate for ~., which depends on the trace and
Korn’s inequalities’ constants (following a similar approach to the one presented in Girualt
et al. [43], but for the fully discrete case) . We note that the presence of the newly intro-
duced terms does not affect obtained solution upon convergence. However, their presence

is necessary to show that the scheme is contractive.

For the single rate fully discrete formulation, we define the volumetric mean stress (or the

quantity to be contracted on) as follows:

o = oF L LAV - ul — alpf — pi ). (6.4.38)

v

Incorporating the coupling-iteration index, we have:
ok = gF L LAV -t —a(ppt - pi Y. (6.4.39)
Recalling the notation used for the difference between two consecutive iterates:

R

where § may stand for py,py,, zn, Cp, 0y, or u,. We write the volumetric mean stress in

terms of coupling iteration differences as follows:
So™kF = AV - du* — adp)” (6.4.40)
In addition, we define a corresponding quantity for the flow in the fracture as follows:
xo 7" =yt — wh, (6.4.41)

where y and 7, are unknown coefficients, to be determined by the proof of contraction. In

terms of coupling iteration differences, (6.4.41) can be written as:

Xéa?’k = vcépr’k — Swk (6.4.42)

n?

Equation (6.4.40) can also be written as —$do7% = 0‘725])2’]“ —aV- 6u2’k which will appear

on the right hand side of the mass balance equation for the flow in the matrix. In terms of
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coupling iteration differences. equations (6.4.33), (6.4.34), (6.4.35), (6.4.36), and (6.4.37
p g ) q b ) ) )

can be written as follows:

1 n+1,k i n+1,k (Y o ok
Vo, € Qn, (At<M+Cf¢O+ )\)51% 9h> Mf(v 0z, ", 0,) = ( )\Atdav 70h>
(6.4.43)
n+1,k 1 - n+1,k
Wy € Qun (5 (ere +76)0mr 00, ) + T (7 (0679, 0a)e
1. . 1

0z e ) = (2e0msit b, ) + (l0uptle - n*000)e  (6.4.44)
Vg, € Zy, (K_I(SZZ—H k? qh) (5pn+1 * V- Qh) - (5sz+1’ka [qh]@ ’ n+)(3 (6'4'45)
vl'l’fh S Z@hv ( 15Cn+1kvl-"’fh) (6pfn+1k7v' (M’fh))e (6446)

Yoy, € Vi, 2G(e(0u) ™), e(vy)) + AV - 6u) ™ V- v,) — a(op) ™V - vy)
H(Ops T [ople - nT)e =0 (6.4.47)

6.4.3 Proof of Contraction

We first group our constants as follows:

B_

cr 1
2%+ Be = cf + Ve (6.4.48)

)\7
Note that 5 and . are the coefficients of the pressure terms in (6.4.43) and (6.4.44) re-

spectively.

e Step (1): Flow equations
Consider (6.4.43), and test it with 6, = dp;™"" to obtain

(Aitazﬂ(s n+1,k 5 n+1k> +M_f(v 52 n—i—lkz 5 n+1k> :_%<503,k7(5p2+1,k>.

By Young’s inequality, we have

B H n+1,k
ZlNas ;
ALY

—l— /~L_f (V 5zz+1 k 5p n“ k) =X ((—ae5pz+1’k), (—)Uﬁk>

1
2e2)\2

0

5o nk

ot

)
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Letting €2 = 3, we obtain

2At(v 5 nJrlk 5pn+1 k) 5 nk

Iif - 5/\2

Now, consider the equation of flux in the reservoir (6.4.45), and test it with g, =
1k
Sz

BHaészrl,k

’ (6.4.49)

to obtain
(K 15ZZ+1/€ 5zn+l k:) (6pn+1k AV 5zn+1 k) (5]7 n+1,k [5zn+1 k]@ . n-‘,—)e' (6450)

For the pressure in the fracture, consider (6.4.44) and test it with 6., to be 6., =
n+1,k

opsp to obtain
1 n+1,k n+1,k 1 n+1,k 1’L+1,k
(mgere 10000077 ) 4 (V- 06,8
1 n n n n
- M—f([ézh+1 “le -, opsp ) = <At5pfh Ot k) (At[5uh “le-nt oprn e
1 /1 n n n
= (O + bup)e - m ), edpgit™ ’“)
1 1 n+1k 2
< i (galrtvett + e+ )

(6.4.51)

by Young’s inequality. Choosing € = (¢s. 4+ 7.) and multiplying the whole equation
by 2At, we derive:

(ere 20 [+ o (7 (K06, )
2At 2
52 n+1k nt 6 ntlky ¥ nk STk n*” '
i —(] Je - Pin e < —(Cfc—i—’yc) YeOPfp, [uy," e o

For flux in the fracture, consider (6.4.46) and test it with g, = = 3¢ to obtain

(KZ'0¢ Y, SRy, = (ap itk T - (8¢9, (6.4.52)

Combining (6.4.49), (6.4.50), (6.4.51), and (6.4.52), we derive:

n 2 At n 20, n 12 um
Ha(sph-f—l,k ‘ _’_BM “K 1/26zh+1,k||2+ ||5 Dir +1k||@+ 6 /BHK / 5C +1, kHe
< L Somk ‘2 + z(%épf + [0u e - mt, opgp (6.4.53)
- 62)\2 v ﬁ h C

169



e Step 2: Elasticity equation
Testing (6.4.47) with v, = du] ™", we derive:
2G| le(Suy )P + AV - Sup TP — a(oph T, V- duy )
+(0ptE Pu e - m ), = 0. (6.4.54)

The term [|e(du)™"*)||* can be related to the width of the fracture, w, as follows (following

exactly the same approach described in [43]). Let C7, Py, and C denote respectively the

constants of the trace, Poincaré, and Korn inequality in 2", x = 4, —:
lunlollzze) < Crllunllmioey s lunllzzon < Prlunlmi@q)  [unloien < Cflle(un) 2@

Let Cr = max(C},Cr), C, = max(CF, C7), and Pr = max(P{, Py). By combining these
three inequalities we derive for any vy, in Vj,
IfonlellZze) < llvnlo+ 72yt 2(vnlor, vala-)el+valo- 172
< onlar [ager+2 * 5 (Ionlas [ Hloala- Iage)) + lonla- [a
< 2||vh’9+||L2(G)+2||’Uh|Q_”LQ(G)
< 20F||vnllH o+ ua-y
< 20F(PE + Dwnlingrua-)
< 2C7(Pr + 1)Cille(vn)l|2@+ua) = 2C7(PE + 1)CLlle(vn)ll2@ie)-

Hence
le(wn) 2> C* lunlellzo > C*lllunle - 77 172 e)
where C* = (2C%(P% + 1)C?)~!. So, we have:
cr HwhHL2(e C*||[unle - ”+||L2(e < ||€(uh)HL2(Q\G) (6.4.55)
Applying (6.4.55) to (6.4.54) and multiplying by 2\, we obtain:
AGACH||6w! ™% + 202V - Sul T |12 = 20 a(0p) T,V - sl TR

F2A@p st Swp T m ), = 0, (6.4.56)
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Combining (6.4.53) and (6.4.56) and re-arranging terms, we derive:
{Haap”“kH — 2a (0Pt V 5u;+lk)+v||v w2 }

FA?[V - dup T + WHK—”%Z*L’“H A g1/ eniie2

6 5
2/80 n * n n
+{ opsr HkH?ﬂ—i-llG)\C | dw), Hk”e _ 2)\(5pfh+1k 5 11, k)e}

5nk

‘ + = ”yC(Spf - 5wh ,5pfn+1 k)e (6457)

< 52 22
Using Young’s inequality for the second term on the right hand side of (6.4.57),

2 n+1,k 2 1 n,k n,k ﬁc n+1,k
5 (vomit = suit o) < 5 (5 bt = w4 5 v
1 2 ; . 2
= —|edpsp" — syt ‘ﬁ% 5pfh+1’kHe (6.4.58)

Substituting (6.4.58) into (6.4.57), we obtain:

{H(wpnﬂk

N[V - Gy

’ — 2\ &5}?”“ V- Sup ) 4 /\QHV : 5u;;“”“|12}

I K—1/25 n+1,k

{ %o I A 2 i s

—1/2 n k
||K Tyl [

1

YeOp st — Swi* (6.4.59)

= 52A2‘

e

The first three terms on the left hand side is an expanded square, which forms the quantity
of contraction in the reservoir matrix. To form a quantity of contraction on the last three
terms on the left hand side, we will match their coefficients with the coefficients of the

expanded square of (6.4.41). Expanding (6.4.41) yields

e ”*”\ H T R LA R S T A T T
H5 pn G A+ AGACT 6w TG = 20(0p T, ST
Choosing,
% - ;—Z % — )\, 4NGC* = (4)\GC* - %) + %
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With 8 and S, defined in (6.4.48), we compute

1/2
cr cr
_ % Y B P G 4.

Note that A3 > 1 and hence, 7, is a positive quantity. Substituting the above into (6.4.59),

we obtain:

H5‘7n+1k|| —i—)\QHV Su n+1k|| —|—2AtHK 1/25 5 n+1k

1/2 n+1,k
+ g2l | K PG

n+1,k * n+1,k n.k (6'4'61)
H5o 2 4 (AGAC — ) [Sup R < S || b0 \ + 2160 2.
For contraction to hold, we require,
1 1 e
4GNC* > —, —— <1, =<1
@z pesh gt
By (6.4.60), the first inequality implies
% A 1 Cf
AGCr > 2 (Ma2 + ?goo) (6.4.62)

which is satisfied by the assumption (6.2.14). In fact, (6.2.14) is a sharper assumption
(strict inequality versus inequality), since it is needed to prove strong convergence of the
term involving wZ’k. The second inequality is trivially satisfied by (6.4.48). For the last

inequality, a simple calculation reveals

Ve < )\B(Cfc + ’Vc) = (1 - )\6)70 < )\ﬂcfc

which is also satisfied using the value of . derived in (6.4.60).

6.4.4 Convergence to the Continuous Form

From the discussion above, we obtain the following lemma.

Lemma 6.4.1. There exist limit functions pf,uf, 2%, Ci,pfz, wf such that

ppt =k, i LAQTUQY), ult =l in HY(QTU )
zh’k — 2V in Zy, Zk — ¢, in Zey,
pr’k — pskin L*(C@), wZ’k —wl  in L*(C)

converge strongly in the norms of the above spaces.
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Proof. The result (6.4.61) implies that o™* V - qu and afZ’k are Cauchy sequences (the
first two in L?(Q\ €) and the third in and L?*(€)), with geometric convergence. The sharper
hypothesis (6.2.14) with strict inequality implies that wZ’k is also a Cauchy sequence in
L?(€) with geometric convergence. Moreover, the same result implies that zZ’k and CZ’k
are Cauchy sequences with geometric convergence in L*(Q \ €) and L?*(@) respectively.
From the definitions of ¢”** and o}"*: (6.4.39) and (6.4.41), and the fact that the addition
of two Cauchy sequences is still a Cauchy sequence, we conclude that pZ * and Dfh ntlk
are Cauchy sequences with geometric convergence in L?(2\ €) and L?(€), both are Hilbert

(complete) spaces, therefore pp ™" and p;7** have unique limits in L2(2\ €) and L*(€)

respectively.

To obtain convergence of the displacement, we use Young’s inequality in (6.4.54):

2G/le(Suy ™) P + AV - dup 5nﬂﬂ’+ %7&ﬂﬂﬂ

<5l

n+1 k

(5 n+1k

( GO

1 .
4GC’* e

where C* is the constant in (6.4.55). Applying (6.4.55) to the left hand side above, we get:

2
Glle(Guir™ )2 + GO w2 + N7 - oug 4| < & oy
1
V.S n+1k‘ 5 n+1k‘ aclls n+1k’
alv-ou iTeea i + GO || dwp
=
1
Clle(§u™ A n+1k H5 n+1k‘ 5 R
le(@u)™)|)? + 2 H < o |ov T
The right-hand side of the above equation converges geometrically to 0. We conclude that
e(u]"") also converges geometrically in L*(Q\ €) implying that u) " converges geomet-

rically in H'(QF U Q™).
For estimating the divergence of the fluxes, we observe that (6.4.43) amounts to the fol-

lowing equality a.e. in L*(Q\ C)

T = () s o ()

The convergence of V- z"+1 "in L*(Q2\ €) follows from the convergence of pzﬂ’k and o™F in

L*(Q\C). Therefore, we have both V- 2/"™* and 2" converging geometrically to unique
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limits in L2(Q\ €), hence 2} *"* converges to a unique limit in Z;. With Green’s formula,
we have the convergence of [0z"*]¢-n™ in H~'/2(€). In a similar way, the convergence of
V- CZ”“ follows from the previous convergences and the fact that (6.4.44) gives the following
equality a.e. in H—1/2(C):

<5Cn+1 k> <1Z/;f> (cre+ ,yc)apfn—i-l ko 12[5zz+1’k]e .nt

(s (2

which can be written as,

12 12
n+1,k 125 n+1,k n+lky o+ X n+1,k
V(06 = = (55 ) (ege +70)0mg ™ + 1202 e -t + (L)oo

All sequences on the right hand side converge in H~/2(@). Therefore, we have the conver-
gence of V - Czk in H='/2(@) as well. Together with the previous deduced result that Czk
converges strongly to a unique limit in L?*(€), we have the convergence of CZ’k to a unique
limit in Zey,.

Therefore, all sequences considered converge strongly. The existence of the limiting func-
tions in the corresponding spaces follows immediately from the completeness of these

spaces. 0

It remains to pass to the limit in (6.4.33)-(6.4.37). This follows immediately since the
equations are linear and all operators involved are continuous in the spaces invoked in the
statement of Lemma 6.4.1. Moreover the convergences are strong. Therefore, we easily
retrieve the fully discrete formulation.

The above discussions are summarized in the following main result of this work.

Theorem 6.4.1. The iterative scheme is a contraction given by

1,k 1,k
1605 *lgrua- + NIV - 0wy llgrug- + St 2025 g o-

+eR I G G e + 1607l + (4GACT — —)Il5w"+1 “lle

1/X2 k
< max{ —— Y E——i (H&T?’
( +;Tm+§) (Cfc"'%>(1\4’(124_2[’00—*_A

Ma?2

+ 11607 e )

QtuQ-—

Furthermore, the converged solution is a unique solution to the weak formulation (6.4.18)

- (6.4.22).
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6.5 Multirate Formulation and Analysis

In this section, we consider a multirate formulation of the fixed stress split iterative coupling
algorithm in fractured poro-elastic media, and rigorously analyze its convergence properties.
We recall from previous chapters that the multirate algorithm allows for multiple finer low
time steps within one coarser mechanics time step. We will formulate a multirate iterative
coupling scheme and show that it is Banach contractive with respect to a correctly chosen

metric. We adopt exactly the same notation as the one used in Chapter 2.

6.5.1 Fully Discrete Scheme for Multirate

Using the mixed finite element method in space (for flow), continuous Galerkin for mechan-
ics, and the backward Euler finite difference method in time, the weak formulation of the

multirate scheme in fractured poro-elastic media reads as follows.

Definition 6.5.1. For k = iq, i € N, and 1 < m < ¢, find pi™ € Qn, ps™ € Q.,,

2R € Zy,, and YR € Zey, such that,

(flow equation)

i i m+k _  m—1+k i m-+k o
Vo, € Qh N ((M + Cf(,Oo) <ph Dy, ),Qh) + Y (V zy, 7‘9h) =

_ Ait (%v , <ul;L+q _ Ui)ﬁh) + (th, 9h> 7 (6.5.63)

Vg, € Z),, (K’lz?”“,qh) = (p?f*’“,V : qh) — (pr”’“, [g]e - n*)e + (pf,rgV n,qh> :

(6.5.64)
h h At fh pfh » Y Ch e 12/ubf h )y Y Cp e
1 1
— —(|gmtk| .t B U o B S T
uf<|:Zh :|€ n ;ech>e th<[uh ](‘3 n [’u’h]@ n ,06h>e
+ (QIN/Vha 90h)€ ) (6565)

Vg, € Zey, (Kglchm+kaﬂfh)e = (V- (rep,))e + (v(l)fn"g??)’lifh)m (6.5.66)
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and (mechanics equation)

find uy ™ € V), such that,

Yo, € Vj,, QG(E(UT']), e(vp)) + AV - u]fL+q, V-wv,) — a(plffq, Vo)

+Hppt [vnle - n e = (f,vn), (6.5.67)

with the initial condition for the first discrete time step,

1 1
<(M + cpp0)py, + aV - ug) (0) = <M + crpo)po + aV - ug. (6.5.68)

Note that the pressure unknowns py, py, and flux unknowns zy, ¢, are solved at finer time
steps tg4+m,m = 0,...,q whereas the mechanics variables u;, are being solved at ¢;,,7 € N.
Therefore, for each mechanics time step of size qAt, there are g flow solves justifying the
nomenclature of multirate (as described in Chapter 2). In addition, the above system of
PDEs is linear but coupled with the coupling terms being computed at the coarse mechanics
time steps. Instead of solving the system in a simultaneously coupled manner, a splitting
algorithm (in particular, the fixed stress split algorithm as described in the single rate case)
will be applied to decouple the two equations and iterate between them until the solutions

satisfying the above system (6.5.63) — (6.5.68) are obtained.

6.5.2 Multirate Iterative Coupling Scheme

We begin by describing the algorithm:
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Algorithm 9: Multirate Iterative Coupling Algorithm for Fractured Poroleastic

Media
1 for £k =0,q,2q,3q,.. do /* mechanics time step iteration index */
2 forn=1,2,.. do /* coupling iteration index */
3 FIRST STEP: FLOW EQUATIONS
4 Given uZ’Hq (assuming an initial value is given for the first iteration:
0,k+q
u,” )
5 for m=1,2,..,q do /* flow finer time steps iteration index
*/
6 Solve fOT pz+1,m+k’ z;ﬂrl,m+l~c,pfz+l,m+k7 and CZJrl,erk Satisfymg:
1 pn—&-l,m—i—k _ n+1m—1+k 1
(57 +ervo+ D)2 g b Ly gprmek
M f At Ly h
n,m-+k m—1+k n,k—+q n,k
Pn — by up, — U, ~
L aV. 24— in 2\ C, 6.5.69
At IAL + 4n \ ( )
2 ttmth — (Ut gV, (6.5.70)
n+1,m-+k n+1lm—1+k n,k+q n,k 1
(Ve + ¢fe) fn —Ptn + Wy, Wy n+1,m+k
¢ e At qAt 2up Ok
n,m-+k nm—1+k
p - P ~ - .
Y fh fh + Gw, — qLZ+1,m+k in @
At
(6.5.71)
W = —Ke(Vpn T — pygVin), (6.5.72)
1 ,
u—f[K(VpZ+1’m+k —psrgV e -nt =gt on @ (6.5.73)
w T = [uF et (6.5.74)
7 SECOND STEP: MECHANICS EQUATIONS
8 Given pZH’]H'q, zZ+1’k+q,pr+1’k+q, and CZ+1’k+q, solve for uZ+1’k+q
satisfying:
— div gPor () TR pr bR — £ in 0\ @ (6.5.75)
o.por(uz+l,k+q7pz+1,k+q) _ o.(u;:+1,k+q) _ apz+1,k+q1 inQ\e (6.5.76)
(a’por(uzﬂ’kﬂ,pZH’kJ“q))*n* — _pf'2+1,k+qn* ,k=+4,— onC
0 (6.5.77)
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In the algorithm above, L and ~, are adjustable fixed-stress regularization parameters which

will be determined appropriately by the proof of contraction.

6.5.3 Proof of Contraction

Considering the difference between one finer flow iteration and its corresponding finer flow
iteration in the previous coupling iteration, equations (6.5.69), (6.5.70), (6.5.71), (6.5.72)
can be written as follows (substituting (6.5.73) and (6.5.74) into (6.5.69), (6.5.70), (6.5.71),
and (6.5.72)):

1 pn+1 ;m+k 5pn+1 ;m—1+4+k 1 . k
- L ( h ) gzt
(5 + g0+ I 5 e
1
5pn ;m+k 5pn ;m—1+k gv . 5un,k+q — 5un,k 6.5.78
h h
At q
5z2+1,m+k Kv(sanrl m+k (6.5.79)
(VC Ztcfc ) <5pfz+1,m+k’ 5p n+1,m— 1+k> 12 v 5Cn+1 m-‘rk lu/f [6zz+17m+k] . n+
6 n,m-+k 6 n,m—1+k 1 " n
= 76( pf Atp ) + th ([5uh7k+q]e : ’r'/+ - [(5uhyk]e : n+>
(6.5.80)
5Cn+1 m+k’ K@V(SP n+1,m+k (6581)

The weak formulation of the flow equations (6.5.78), (6.5.79), (6.5.80), and (6.5.81), and
the mechanics equation (considered for the difference between two consecutive iterative

coupling iterations, compare to (6.4.47) in the single rate case) reads:

n+1,m-+k

1 n m—
V@hGQh, E(M—FCfQDO—FL)(ép 5}9 +L Lk 9 )
1 n+1 m—+k 1 n,m+k nm—1+k\ g n,k+q
(Vb2 0,) = At( <5p — s ) AR ,eh) (6.5.82)

Va, € Zn, <K_1522+1’m+k7%> _ <5PZ+1’m+k7v _ qh> <5pfn+1m+k:7 (aule - n+>e
(6.5.83)
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(,70 + Cfc) n+1,m+k n+1l,m—1+k 1 n+1,m+k
V0., € Qch,T@pf; e gprttmitk g ) + m(v LgenLm ,ech>e
1
- /J/_f ( |:5ZZ+1,m+k] . X n—‘,—’ 00h>e At <6p n,m—+k 5pfz,m—1+k’ QCh)e
1 n,k
+ E (['U,h +q]@ : ’I’L+, 06h>€ (6584)
Vs, € Zey (Ke*16C"+1m+’“,ufh> (6p prmE (uf,))e (6.5.85)

Yo, € Vi, 2G(e(0u) ™ ) e(vp)) + MV - dul TV ) — a(0pp TV - vy)
+ Opsp T ople T )e = 0 (6.5.86)

Let 8 = o + cp.00 + L, test (6.5.82) with 6, = 5p2+1’m+k — (5pZ+1’m_1+k, and multiply the
whole equation by At to get:

BHfSan m+k 5pn+1 m— 1+k” At

< <(5p” m+k 5pZ,m—1+k>

(v (SZZ—H ;m—+k 5pn+1 ;m—+k 6pn+1m 1+k)

. %v . uz,k-‘y—q’ 5p2b+1,m+k _ 5pz+1,m—1+k:>. (6587)

Consider (6.5.83) for the difference between two consecutive time steps (t,,.x and ¢,,_1x)

n+1,m~+k

and test with g, = dz), to obtain:

1 k 1 1+k 1
<5pn+ ,m+ 5pn+ ,m—14 V . 5zz+ 7m+k>
— 1 k 1m—1+k 1 k
— <K Yoz Thmah — gt hm=imy gapthmt )

X (5pf2b+1,m+k B 5pfz+1,m71+k’ [5ZZ+1,m+k]e . n+>e‘ (6.5.88)

Substitute (6.5.88) into (6.5.87) to derive:

BHdth’ - (5ph+1’ HkH + ’u— [(K 1(§zh+1» +k 5zh+1, 1+k)’5zh+1, +k)
f

(5p n+1,m+k 5]7 n+1lm—1+4+k [5 n+1, m+k]e . n+>e:|

( <5pn mA+k 5pz,m—1+k> _

& 1Lm+k Lm—1+k
—V.uz T gppttm A gpptm i >
q
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By Young’s inequality, we have:

At
nr
n (5pf2+1,m+k B 5pr+1,m71+k’ [6z2+1,m+k]e _ n+)(j <

2
(2 ”L(épn ,m+k 5pz,m—1+k) N gv . uz,k-ﬁ-‘l +

2
n+1,m-+k n+1,m—1+k -1 n+1,m-+k n+1,m—1+k n+1,m+k
5| — o) |+ = [(x 02 2] ), 5z

€ n+1,m—+k n+1,m—1+k 2
=1lop, — op, :

(6.5.89)
Let € = (8 to obtain:

_ 2 At L L .
éHészrl,m+k _ 5p7}:+1,m 1+kH i —[(K_l(ézhﬂ’ +k 5zh+1, 1+k)’5zh+1, +k)
Ky
(5]) n+l,m+k ~opgT n+lm—1+k 02" n+1, m+k]e‘n+>e} <

% HL ((5p" m+k _ Gplm= 1+k> V u k+q

Now, define the quantity of contraction for the flow in the reservoir matrix within one

coarse mechanics time step (between coarse time steps ¢, and tj4,) as follows:

Xar0a™ MR = L(prmth _ gprmitky “yv. suptt for 1< m<q. (6.5.90)
q

Then, we have (multiplying the whole equation by 2, with further simplifications):

oyt — oot o 2| gy
1

- HK1/25zn+1,m—1+kH2 I HK—l/Q((szn—‘rl,m—&—k B 5zn+1,m—1+k H2> (6.5.91)
h h
2At
+ <5pr+1,m+k (5]? n+1,m—1+k [6zn+1 m+k]e 'n+) _HX 50,11 m+kH )
Ky
n+lm+k

Now, we consider the flow in the fracture. Testing (6.5.84) with 6, = dps,

Lm—1+k :
Spsp TR we obtain:

Ve + Cf. n+1,m-+k n+1m—1+k H2 1 - n+1m-+k n+1,m-+k n+1l,m—1+k
Do Ce || 5 nttimth _ s b (v L SEntLmAk g ntlmtk 5 )
AL Pfn Py, 12017 Ch Dfh Pfh o
1
1 5Zn+1,m+k:| nt ,0p; n+1 mtk _ s n+1,m—1+k>
Mf ([ h e Pin e
<5p n,m+k 5p Zm 1+k 5p n+1,m+k 5p n+1,m— 1+k)€
T At
1 n,k+q + n+1,m-+k n+1lm—1+k
— ([u n*, o —5 ) . 6.5.92
4o ([ e op) by o (65.92)
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Next, consider (6.5.85) for the difference between two consecutive time steps (t,,+x and

= ¢ o obtain:

tm—1+%) and test with My, =

<KC_1 (5Cn+1 m+k 5Cn+1 ,m— 1+k) 5Cn+1 m+k)e — <6pfz+1,m+k . 5pfz+1,m+k - (6Cn+1 m+k>>
(6.5.93)

(¢

Substitute (6.5.93) into (6.5.92) and multiply by 2At to derive:

2(% + Cfc) (5]0 n+1,m+k 5p n+1lm—1+k )
At —_ n m n m— n m
+ 6_([(@ 1((5C +1,m+k (5C +1, 1+k) 5C +1, -HC)
Hf €
2At
_ et ( [6ZZ+1,m+k] n*,op, 6pfz+1,m—l+k>
K ¢ ¢

1 _
_2<,Vc(5pfnm+k 5p n,m— 1+k)+ q[uzk’-i-q]e n+ 5p n+1lm+k 5pf2b+1,m l—Hc)e‘ (6594)

With further simplifications, we have:

2(ve + ¢.)||dp; n+1,m+k 5pfz+1,m—1+kH i o [HK —1/25Cn+1 m+kHe (6.5.95)
My
_ HK —1/25Cn+1m 1+k:H n HKG_l/2 5Cn+1m+k n+1m 1+1<: H }
. Q_At([ézn—l—l,m—kk} . n+ 5]7 n+1,m-+k 5]7 n+1,m— 1+k>
[if h e ' OFfh e
1 _
_ 2<%<5pfnm+ _5]3 n,m— 1+k> + E[uz,kﬂ-q]e n+ (5]7 n+1,m+k 5pf7}"z+1,m 1+k)e‘
Now, add equation (6.5.91) to (6.5.95) and divide the result by § to obtain:
2 2
H5pn+1 etk gyt 1+kH [HK 125504, m+kH
13
- ”K1/2622+1’m_1+kH2 + HK—l/Q((Szz—I—I,m—I—k . 5zn+1,m—1+k) 2i|
2 2
Z (v, §p Ltk s n+l,mfl+kH [HK —1/25pnH, m+kH
+ 500+ er)||0psn Psh D fﬁ Ch .
_ HK /25 ¢+t 1+kH n “K€71/2(5cz+lm+k semHLm=Liky H } < % ar 6O_nm+kH2
2 n, nm 1 n, n m n m—
+ B(%(@fh —opy ™) + pCh et apg = gt R

(6.5.96)
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Let 3. = 7. + ¢4, and apply Young’s inequality to the last term on the right hand side to

derive:
H5 meLmbk  gntlme 1+kH 4 2t o [HK—l/Qé n+1m+kH B HK—1/25ZZ+1,m—1+kH2 (6.5.97)
i HK 255, ek 5Z7};L+1,m71+k)H } n 2§c 5pfz+1,m+k Gpymbm- 1+k e
+12 B[H —1/25Cn+1m+kH HK ~1/25¢mHm= 1+kH +HK ~1/2 6<~n+1m+k serme 1+k HZ}
< 52HXM50nm+kH +Z [2 |etomgm s = apgm et - é&vﬁ’“q .
= -

The choice € = 3. gives:

H(SpZJrl,erk_észrl,m1+k”2+ At [HK—1/2§ZZ+1,m+kH2

_ HK—1/25Z2+1,m—1+kH2 n HK—l/z gmHlmtk _ 6zn+1,m—1+k)HQ]

66 n+1,m+k n+1m—1+k ~1/2 ¢ pn+1,m+k 2 (6598)
18 A A R NK/M |-
B Ih In 12 fﬁ
HK671/25C71+1m 1+kH n HK —1/2 5Cn+1m+l€ n+1m 1+k H }
1 2
< ) n,m—i—kH A 5 n,m+k —5 nm—1+k p n,k+q
< —||xmday "‘5567(1%” Pfn )=

2
Now, we sum up equation (6.5.98) for ¢ flow finer time steps. Noting that “K*1/25z2+1’k H =

0, and HK Y 25C"+1 kH = 0 with further telescopic cancellations, we obtain:
e

q
Z ))5PZ+1’m+k _ 5pz+1,m—1+kH2 L2t HK 125, n+1 kg
m=1

ps [

! —-1/2 n+1,m+k n+1lm—1+k 2 ﬁc : n+1,m+k n+1,m—1+k 2

# 3 [[rera ot [ ] G 3 ot — d
1

. At
1%5

< % HXM5U

e vsczomse+ 3 gz -]

nm+kH X i mz ‘

1 2
Ye 5pfn ;m+k 5p n,m— 1+k) _6w}TLL,k+q

q

(6.5.99)
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Now, consider (6.5.86) for the elasticity equation and test with v, = (5u2+1’k+q to obtain:

2 2
QGH’E((SUZH’H(J) 4 )\HV LSl (gt L gk

+ (Opy T [Sup e T, = 0 (6.5.100)
Noting that
q q
n+1,m—+k n+1,m—1+k n+1,k n+1,m~+k n+1,m—1+k n+1,k
Z <5ph+ + _5ph+ + ) _ 5ph+ +a, Z <5pfh+ + —5pfh+ + ) = op;n e
m=1 m=1

equation (6.5.100) can be written as:

q
2
n+1,m+k n+1m—1+k n+1,k+q

m=1

2
2GHs(5u;‘“’k+q) + )\HV - Gult A

q
+() <5pf’,§“’m+’“ —~ 5pf;§+17m‘1+’“>, [bup ™+ nt), =0 (6.5.101)
m=1
Now, bound the first term on the left hand side from below by (6.4.55) and multiply the

whole equation by a free parameter cq (the specific value of ¢y which will be determined in

subsequent derivations) to obtain:

2 2
2GC* ¢y + AoV - 5u2+1’k+q‘

5w}TZL+17k+(I

q
— aef Z (5pz+1,m+k B 5pz+1,mfl+k>7v _ 5uz+1,k+Q)

m=1
q

— o Z <5pfz+1,m+k B 5pf2+1,m—l+k>’5w2+1,k+q)6 <0 (6.5.102)

m=1
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Add (6.5.99) to (6.5.102) to get:

[H(Spn-l-l m+k 5pz+1,m—1+kH2 B (<5pn+1 m+k 6pn+1m 1+k) v. 5u2+1,k+¢1)

]

n+1 m~+k 5p n+1,m— 1+k’H _ CO(<5p n+1,m-+k 5p n+1,m— 1+k> 5wn+1 k—l—q)
e
¢

m=1

)\CO HV Su n+1 Jtq

+Z[5c

2GC Co n+l, 2
X ’6wh+1k+q ]
[HK 125, n+1k+q +ZHK 12(52 n+1m+k garime Ltk H ]
Mﬂ
2
Ko~ V/25¢m+ m+k:H HK 1/2 n+1,m+k n+1,m— 1+k H
+ UW[H e R 3 :

1 2
_5 nm 1+k) _5wz7k+q
q e

Ye(Opsp™t (6.5.103)

= 52 Z HX WLmMH T35 Z‘

Define the quantity of contraction for the flow in the fracture within one coarse mechanics

time step (between coarse time steps ¢, and tj.,) as follows:
_ 1
X0y TR — o (Op ™R = Gp TR - 5(5w2’k+q for 1<m<q. (6.5.104)
We emphasize that the parameters xas, L, X¢, Ve, and ¢g are to be determined such that
contraction is obtained on o™ * and a?’mk defined above . This will be carried out in
a very systematic way shown below. We first write the quantity of contraction for the

reservoir matrix (6.5.90) as

L - n
50_17}1,m+k (5pn ,m+k 5p2,m 1+k) _ V- du k’—i—q

XM XMmq

Next, expand the square of its L? norm as

n m—+k n,m—1+k

n,m+k
H(Sav

—opy’

2aL n,m-+k n,m—1+k n,k+
_ (6p ;m+ _ 6p 3 , v . 5“ ) q) _|__
Xhq " " " X2

Hv surttal)’ (6.5.105)

In order to determine the values of our additional unknown parameters, we need to match

the coefficients of the terms in the expansion above (6.5.105) to the coefficients of the first
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three terms in equation (6.5.103) as follows:

L? 2aL a? Aco
= =1L ac = 5 V2 2=
XM Xmd Xmd q
The second equality gives: ¢y = —5-. Substituting the value of ¢y into the third inequality
M
gives: L > %O‘; The first inequality gives rise to (assuming positive values of all unde-

termined parameters): x > L. Therefore, we have the following combined condition on
L:
2

<L< 6.5.106
2)\ XM - ( )

In a similar way, we write the expression for the quantity of contraction in the fracture

(6.5.104) as follows:

So nm+k Ve (5]9 nym+k 5]9 n,m—l—i—k) . 571)” Jk+q
Ye Ih In qXe h

Expanding the square of its L? norm gives

2 c n,m n,m— n,
Hé‘a_?,m-i—kH nm—i—k 5p n,m— 1+kHe 7 (5p +k 5p 1+k 5’UJ k-i—q)e
X2q
+ (S n,k+q 2
g2\ 2 W, e
(6.5.107)

Now, we match the coefficients of the terms in the expansion above (6.5.107) to the coeffi-

cients of the second three terms in equation (6.5.103) as follows:

Bc 27, 1 2GC* ¢
i A A U R
The second equality gives rise to q;z = %. Therefore, we need to maintain the following
relation:
% - % (6.5.108)

between our unknown parameters L, ., xar, and X.. The third inequality results in the

condition:

> . 5.1
% (6.5.109)
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The first inequality results in the condition:
e o Xar
Be — Lp
Now, for L = 7. = xa = X = 55, conditions (6.5.106) and (6.5.108) are trivially satisfied.
Conditions (6.5.109) and (6.5.110) translate to

o? 1

1
> e ad o> <M + cfgo()). (6.5.111)

(6.5.110)

. . 2
respectively. So, in summary, for ¢y = q%, and L = 7. = xu = Xe = 55, and under

condition (6.5.111), the following equalities and inequalities are satisfied:

L? ] 2aL a? ACo
5 = 4 Qcy = ) =
X?M X34 Xt q
ﬁc 2/70 1 QGC*CO
iy 2 = CO7
ﬂ X2q q? Xc q

Substituting (6.5.105) and (6.5.107) into (6.5.103) together with the above equalities and

inequalities, equation (6.5.103) can be written as:

D e G ) PR

2
4 Z H(SO.;%Jrl,erkH n Z H(SO,?Jrl,erk e

HK 12557k

Iu 5[ +ZHK 1/2 (62 Z—i—lm—i—k 52 n+1m 1+k H]
f

2
Ko~ '/26 n+1m+l~cH HK ~1/2 (8 n+1m+k 5 n+1m 1+k H }

< ZHé .

Now, it remains to check that the contraction coefficients are strictly less than one. For

Xe n,m+k
) Z_l Hcsaf He (6.5.112)

X2
ZM we have:

ﬂ27
X L 2
ﬁ:<l+c +L> <L
%0
Fo 56’
X2 L

< 1.

BB~ cr B+ L(E + crpn) + L2
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The above discussions are summarized in the following contraction result:

(_ _ 1> Z H(; n+1mek 5pfz+1,m—1+kHZ o <2GC* B _> Z H5 1 ktg

+ZHK 1/2 5 Z—i—lm—i—k Sz n+1m 1+k: H :|

[HK /25, n+1 Jtq

Mfﬂ

n At
12/t

q 2 q
B Ll
m=1 m=1 ¢

q
< Mar(fg 5503

m=1

[H —1/25Cn+1m+kH +ZHKG_1/2 (¢IHbmtk _ gentlm=tik HZ}

(Héa“m“f + H + Héo—”m““He). (6.5.113)

6.5.4 Convergence to Discrete Multirate Formulation

We will now establish convergence of the sequences generated by the multirate fixed stress
split coupling algorithm (in fractured poro-elastic meida) and show that the converged
quantities satisfy the weak formulation (6.5.63) — (6.5.68). Following a similar approach to
the one used in Chapter 2 for the Biot system, the proof uses a mathematical induction
argument for the finer flow equations combined with the contraction estimates obtained

above.

Lemma 6.5.1. For every coarser mechanics time step, t = ty, there exist limit functions

uf, and wi such that

Fouk in HQTUQ)! wt = wk, in L2(@),
with strong convergence in the norms of the above spaces.

Proof. For a coarser time step t = t;, the contraction result in (6.5.113) with the condi-
tion (6.5.111) (with strict inequalities) implies that w]"* is a Cauchy sequence converging

geometrically to a unique limit in L?*(€), being a Hilbert space. For the convergence of the
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displacements, by applying (6.4.55) to half of the first term in (6.5.101) we get:

GHE(&U,Z”H[]) St

] Nelox

(i <(5p” ek _ g 1+k> V~6u2’k+q>

m=1

+)\HV 5u”’“+q

<«

q

(Z (5]9 n,m+k 529 n,m— 1+k> [5uz,k+q]e . ,n+)e

m=1

a n,m-+k nm 1+k qael n,k
2—Z||5ph oy P |V G

+

n,m+k n,m—1+k qez n,k
+—ZH5P T bpm He+ 16wy ™13

by the triangle inequality and Young’s inequality.

Now, we set: €, = q%u and ey = % to get:

2
GHs(éuZ’k+q) 42 ||V - gt

= 2A 2”5 A +4GC* 2”5 = op TR (6.5.114)

The contraction result in (6.5.113) implies that 3¢ _ [|6p™ ™ — 6p™ |2 converges

n,m-+k 5pz,m 1+k||2

geometrically to zero. It remains to show that > ¢ _ ||dp)’ converges ge-

ometrically to zero. By a similar argument, the contraction result in (6.5.113) implies that

q

2
¢ KT S A, P ) H converges geometrically to zero. This implies

that for every 1 < m < g, the finer time step differences (92},

1m-+k 1,m—1+k
pEEmEE 520 T converge

geometrically to zero. By (6.5.70), and Poincare inequality, it follows that ((5pz+1’m+k —
5p2+1’m_1+k) converges geometrically to zero. Therefore, the right hand side of (6.5.114)
converges geometrically to zero. We conclude that for a coarser time step t = ty, ||e(du,™)||
converges geometrically to zero. This implies that s(uZ’k) is a Cauchy sequence converg-
ing geometrically to a unique limit in L*(Q* U Q7). By Korn’s inequality, |wp|p )<
Crlle(un)| 2+, and Poincare inequality, ||us||r2n< Pre|wn|moxy, for Cf > 0, Ppe >
0, = +, —, and noting that ¥n > 0,u, |8Q_ 0, it follows immediately that unk is a
Cauchy sequence converging geometrically to a unique limit in H'(Q* U Q*) , being a

Hilbert space. O
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Lemma 6.5.2. For every two consecutive coarser mechanics time steps, t = tj, and t =

tirq, and for every 1 < m < q, there exist limit functions p"**, pyrth zmtk ¢tk

that

such

n,m-+k +k . 2 — n,m+k +k : 2
Dy —pp i LA(QTUQT), pey —>pfm in L*(C)
ZZ ,m—+k — ZZH_k, in Zh7 Zm—i—k N Cm—f—k, in ZG‘

converge strongly in the norms of the above spaces.
Proof. The contraction result in (6.5.113) implies that the quantities

2
n,m+k n,mflJrk
Z Jovsi - |

)
c

q
Z HKfl/Q((;zZ,erk  gznmehy H Z HKG_1/2 (¢mHk _ genm= 1+k>‘

q
2
k
Z Jooyee] ana 32 oz
e
m=1

converge geometrically to zero. It follows that for 1 < m < q, Mtk _ (5 mm—l+k

P H

i

HK 1/2 ézn ;m—+k 5znm 1+k ‘K —1/2 5Cn ,m+k (Scnm 1+k H(san m+k and H(So_n m-+k

e
converge geometrically to zero, in their corresponding spaces. ThlS implies that for every
1 < m < g, the finer time step differences (z}’ otk zZ’mfuk), and oL +E are Cauchy

sequences converging to unique limits in L2(QTUQ7). By (6.5.70), and Poincare inequality,

it follows that (dp;"™ ™ — dpi™ %) converges geometrically to zero in L?(Q2TUQ™), which

implies that for every 1 < m < gq, (p;’ etk —py™ %) is a Cauchy sequence converging to a

unique limit in L2(QTUQ ™). Similarly, the finer time step difference (pr’mH“ —p fZ’m_Hk),

nm+k

( nm+k Cz,m—l—i—k) and 0_

y are Cauchy sequences converging to unique limits in L?(@).

. . k
We will show strong convergence of the pressure finer time step sequences pZ’m+ , for

1 < m < q, by induction. The proof of strong convergences for the sequences correspond-

n,m+k n,m-+k

ing to the pressure in the fracture py, and the flux in the reservoir z, and in the
fracture ¢ h’m% follow in the same way. Given an initial pressure value for ¢ = #: pZ’O = po,
from the above discussion, (p)' —po) is a Cauchy sequence in L*(Q+UQ"), and, in turn, p'

is a Cauchy sequence in the complete space L*(Q2TUQ7), and thus has a unique limit. This
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completes the base case for induction. For the inductive hypothesis, we assume that for any

coarser mechanics time step ¢ = 5, and for any 1 < m < ¢, p;’ Mk s a Cauchy sequence

converging to a unique limit in L*(Q*UQ™): pp™ ™ — pt in L2(QTUQ™). We will show

that pi"" " is also a Cauchy sequence converging to a unique limit in L*(Q*UQ"). How-

ever, this follows immediately, as (p}’ okl —py m+k) is a Cauchy sequence converging to a

unique limit in L2(Q*UQ ™). This completes the inductive step. Therefore, we obtain that

for all coarser mechanics time steps t = t;, and for 1 < m < ¢, p;’ otk Lz Mtk are Cauchy

nm+k enm+k
)

sequences converging geometrically to unique limits in L*(QT U Q7), and p;) h

are Cauchy sequences converging geometrically to unique limits in L?(€).
For the divergence of the reservoir flux, we note that (6.5.78) amounts to the following
equality a.e. in L*(QT U Q7):

V. 5Z2+1,m+k B:U’f (5 n+1,m+k

n+1,m— l+k) 'quMé n+1,m+k
At '

—0py, A 0%

The convergence of V- 21" ¥ in L2(QFUQ") follows from the convergence of the difference
(pp™ — ™Y and o™k in L2(QF U Q7), established above. Thus, we have both
V-2 and 2™ converging geometrically to unique limits in L2(Q+ UQ~), and hence
z’,f“’k converges to a unique limit in Z;. With Green’s formula, we have the convergence
of [2]"]e - n* in H~Y/2(€). In a similar manner, the convergence of V - ¢7"* follows from
the previous convergences and the fact that (6.5.80) gives the following equality a.e. in
H=12(C):

V(g = -2 f(CAf; 0D (gt ) 4 1afsz

12Nf%) +k 1+k 12y k+
SR _ §p ( ) SuFr .t
+ ( At (dpsh, Dfn )+ JAt (0w, e -

which can be written as:

12 C & mn m n m— n m
V. (sen iy Mf(CAth+7)(5pfh+1, g ek | gl
12;“ch n.m+k
ooy
( At > !

All sequences on the right hand side converge in H~/2(€). Therefore, we have the conver-

gence of V-¢}"* in H='/2(€) as well. Together with the previously obtained result that ¢}"*
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converges strongly in L?(€) to a unique limit, we have the convergence of CZ’k to a unique
limit in Ze. Therefore, all considered sequences converge strongly. The existence of the
limiting functions in the corresponding spaces follows immediately by the completeness of

the corresponding spaces. O

It remains to pass to the limit in (6.5.63)—(6.5.67). As described in Chapter 2 for the Biot
system, this is trivially satisfied as the equations are linear and all operators involved are
continuous in the spaces invoked in the statements of Lemmas 6.5.1 and 6.5.2. Further-

more, the convergences are strong and we easily retrieve the fully discrete formulation.

The above discussions are summarized in the following main result: We have the following

theorem:

Theorem 6.5.1. [Multirate] For L = . = xar = Xe = g—;, and under condition (6.5.111),
the proposed multirate iterative scheme is a contraction given by

2

2
3 1,m+k 1m—1+k « 1,k
(% = 1) ey |[om et = apgrt |+ e (2600 — &) 3y [Jow e

_ Lk+q) 2 -1/2 1,k+q) 2
+,3A73HK 1/2(5z2+ +q||Q+u97 +12ﬁﬁ”[(@ / 5CZ+ +qu

e

R L e P A [P

—-1/2 +1,m+k +1,m—14+ky (2
F 1ty Y 1 PG E — s |

2 1,m+k |2
320 (1o g+ 007 )
< Maz(%, £) 20y (1000 g+ 10074 2)
Furthermore, the sequences defined by this scheme converge to the unique solution of the

weak formulation (6.5.63)—(6.5.67).

6.6 Modified Multirate Formulation and Analysis

In this section, we present a modified multirate iterative coupling algorithm, which results

in a Banach contraction estimate on the volumetric mean total stresses (or to be more
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accurate on the quantities of contractions) as defined by Girualt et al. [43], for the single
rate fixed stress split scheme. This algorithm involves a slight modification to the original
multirate iterative coupling scheme in which we employ “successive corrections” in the
flow problem which will cancel out in the limit. This is quite similar to the addition of
regularization terms in the fixed stress split scheme. In this case, the iterative coupling
iteration is split into even and odd iterations, in which flux corrections terms are added
in even coupling iterations. Those added flux correction terms result in eliminating the
excessive flux accumulation contributions which appear as a result of taking more than one
flow time step within one coarse mechanics time step and yield theoretical results identical
to those of the single rate case.

The rational behind introducing this scheme can be summarized as follows:

e The weak formulation of the modified scheme reduces to that of the single rate scheme.
As a result, all established theoretical results for the single rate scheme will be appli-

cable for the modified multirate scheme.

e A key advantage of this scheme is the fact that its quantity of contraction is indepen-
dent of ¢ (the number of flow fine time steps within one coarse mechanics time steps).
This is not the case in the original multirate iterative coupling scheme, considered
earlier, as the volumetric strain term and also the term involving the jump in dis-
placement across the fracture are both divided by ¢ in the quantities of contraction
(6.5.90) and (6.5.104), respectively. This means that as the value of ¢ increases, the
mechanics contribution to the quantities of contraction gets reduced. For larger val-
ues of ¢, the scheme mostly contracts on differences in pressures in both the reservoir
matrix and the fracture. This restriction is completely eliminated in the modified

multirate iterative coupling scheme.

e Compared to the combined condition (6.5.111) imposed in the first multirate scheme,

the modified multirate scheme only imposes the condition (6.4.62).

We adopt exactly the same notation as the one used earlier.

6.6.1 Modified Multirate Iterative Coupling Scheme
192



Algorithm 10: Modified Multirate Iterative Coupling Algorithm

10

11

12

13

for £k =0,q,2¢q,3q,.. do /* mechanics time step iteration index */

forn=1,2,.. do /* coupling iteration index */
FIRST STEP: FLOW EQUATIONS

Given u" kta (assuming an initial value is given for the first iteration: u, k+q)

For the first local flow time step iteration, solve for p”Jr1 Atk ondLltk L, nAlitk

y Zp y Pfh )
and C"H AR satisfying:

pn+1 4k pn+1,k 1
7+c +7(h h )+—V~z”+1’l+k:
( reot =) v i h
2 n,1+k k n,k+q n,k
" (Pp _ph> ("h —Up ) O
—( )=V ([ 2———"-""7" )+ in Q\C,
A ( At gt an \
n+1,1+k fn+1 N n Jk+q n,k

(%_l_cfc)(Pfh N —Prp >+( h —wy, )+ 121/” Cn+1 Atk _

, k
., (pf}? E—p
N At

~ - 41,14k .
>+QWh—QLZ+ t*ine

if mod(n,2) = 1 then /* coupling iteration index (n) is odd */

for m=2,..,q do /* flow finer time steps iteration index */

Solve fOT pn+1 m+k, zz+1,m+k,pf2,+1,m+k (Mld Cz+1,m+k

pn+1 m+k pn+1,m,—1+k 1 R
—+c +—(h R )+ Vg
( %P0 By ) At 1y h
n,m—+k m—1+k n,k+q n,k
Py’ — by ) (“h —Up ) _
- " _J—aV-(2—" )+ in Q\C,
by ( At gt an \
) k +1,m—1+k k k
(ot e )<pr+1 e 7 S )+ (wﬁ Ty )
e Cfe At qAt

1 n,m+k _ n,m—1+k
i 7. Cn+17n+k %(pfh Pfy’

12uy At

satisfying:

) +aw, —ay T e

else /* coupling iteration index (n) is even */
pling

for m=2,..,q do /* flow finer time steps iteration index */

SOlU@ fO’I“ pn+1 ;m+k Zn+1,m+k prJrl,m«Hc and Cz+1,m+

2y , k satisfying:
1 062 pz+1,m+k _ p:+1,m71+k 1 gk 1 L1k
(ﬁ+cf<po+7)< Az )*EV‘ZZ . *EV‘ZZ "
2 etk m—1+k nktg o nk

SO e (G v e

(6.6.115)

n+l,m+k _  n+l,m—1+k n,k+q _  n,k
(e +eg) (P2 o )+ ()
At qAt

1 Lmtk 1 = Lm—1+k - ntlm—1+k _ ~ _ nl,metk
4 V Cn+ ,m+ - v Cz+ ;m—1+k QLZ+ ym—1+k _ dw,, — ‘ILZJF ,m+
12py 12pf

n,m+k fn,'rrz—1+k

1 o -
e (pfh AIZ h ) ~ oV mm=ltk _ g nm=ltk o e (6.6.116)

SECOND STEP: MECHANICS EQUATIONS
Given pn+1 k-‘rq Z-&-l,k-&-q’pfz-i-l,k-‘rq and Cz-i-l,k-i-q

)

n+1,k+q
, solve for u,

— div apor(uZJrl,kJrq’ pZJrlykJrQ) =f

satisfying:
(6.6.117)
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6.6.2 Proof of Contraction

We define the volumetric mean total stress, representing the quantity of contraction in the

reservoir matrix, as:
oyt = o L AV gt — a(pp ™t — i) for1<m <q-—1, (6.6.118)
ok FE = gE LAY R (Pt — ) for m = q. (6.6.119)

In terms of the differences between two iterative coupling iterations, we can write:

Sonthmtk — gnalmtk _ grmtk o gpethmtk forl<m<gqg-—1, (6.6.120)

SomTIRFT = AV . Gy TR g ppt it for m = q. (6.6.121)
In a similar way, following (6.4.41), we define the quantity of contraction in the fracture as:

n+1,m—+k n+1,m—+k nm+k n m+k
X60f+1 ' :XOf+1 X = b forl<m<g-1, (66122

In order to obtain the single rate weak formulation, we sum up local flow iterations in one
coarse mechanics time step. Since we solve different mass balance equations in even versus

odd coupling iterations, we consider each case separately:

e Coupling iteration index, n, is odd:
2 q q

1 o 1 n+1,m-+k n+1,m—1+k n+1 m+k
(et S 3 e e )+ Lo S
q
o T, m n n, ~
:_)\At<_az<ph ko 1+k>+ Av. Z( Jtq uhk>>+qqh
: (6.6.124)
q q
Z ntlmtk _ —KV( Z n+l, m+k) + KqprgV (6.6.125)
(Ve + ¢re) - ( n1,m+k n+1 m71+k> 1 = ¢ neb 1k
) _ ) V . 3
q
[Z zn+1 m+k] . 7’L+ _ % Z (pfz,m—&-k . pr’m_H_k)
m=1
]' n, n, ~
+ At<[uh et — [up e - n*) +qqw, (6.6.126)



q
Z Cn+1 mtk = —Kev Z (pr+17m+k> + K@qpfﬂngn, (6.6.127)

W) ’“*q —[u} e - mt. (6.6.128)
(6.6.128) remains unchanged. We do not sum up mechanics equations since we solve

them only once during every coupling iteration.

e Coupling iteration index, n, is even:
Equations (6.6.125) and (6.6.127) remain unchanged.
1 a? 1

_ 1 : I
+ 4+ = < n+1,m+k n+1,m 1+k> + V. ZnJr m+
<M CreoT )At 21 by, — Pn s Z h

m=1

_ iv qzlzn_H wtk _ < Z < nm+k m 1+k>
’u w=1 m=1

Ao © 1
+V > (wrtr - ) +qc.7h—,7V'ZZZ’”+’“ inQ\€  (6.6.129)
m=1 ! w=1

q
P)/c + Cfc Z ( n+1,m+k n+1,m—1+k>
T Ar — DPrh

Z Cn-‘rl ;m—+k

— 12#f —
1 ke 1 &
n+1, m+k:| + — n+1m+k n+1,m-+k +
- — z, n"———V- ¢ + —[ z ] n
[Z TR P TP T
g 1 o &
c n mtk n,m—1+k ~ 5N n+1,w+k
= — ’ _ _v . ;
1 s 1
+ —[ Z+1’w+k] T — ([uﬁ’“q]e nt— [uZ’k]e . n+> in C, (6.6.130)
Ky el ¢ At

Now, we take the difference between an even and odd coupling iterations. Assuming,
without loss of generality, that the coupling iteration index “n + 1”7 represents an even
coupling iteration, and “n” represents an odd coupling iteration, subtracting (6.6.124)
from (6.6.129) yields (with appropriate cancellations):

2

q—1
(M + Crpo + 3 )At(s n+1, k+q+ il v 25 n+lm+k V_Z(SzZJrl,erk
Mf m=1 f w=1
(6%
— Sovkta
AT
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which can be written as
2

(5 n+1 k+q+ V-2 Z+1 gtk _i(so_n,lﬁrq' (66131)
Ky

(M AAE Y

Similarly, subtracting (6.6.126) from (6.6.130) yields (with appropriate cancellations):

(Ve + Cfc) +latk | +1mtk 1 i +1,m+k
2= JTE nTlq V n+1l,m |: zn m i| . n+
Al Pfn 12Mf mZ: Ch 1) h B

m=1
q—1

1 . n
v Z Cn—f—l w-l—k Iu [ Z;H—Lw-i-k} . ntT = 7 5]3 ,q+k
w=1

12uf At

w=1

+—[’U,h’ ]@~n+ in C.
This gives

(Ve + ¢fe) +1,q+k 1 = +1,g+k 1 1,q+k
—5 n+1,q _v n+1,q __[ n+ ,q+} ot
Ar P g Y G g L e

¢ m 1
Je g math .~

n,k .
= AgPrh A7lwn et in € (6.6.132)

We can also write for the last finer time step (within one multirate iterative coupling

iteration):

5Zn+1,q+k _ _Kv5p”+1’q+k (6.6.133)
5Cn+1 atk K@V (5]3 nt1l,g+k (6.6.134)

Now, equations (6.6.131), (6.6.132), (6.6.133), and (6.6.134) involve only coarse time step
variables. Considering the modified multirate iterative coupling scheme as a single rate
scheme, in which both the flow and mechanics problems share the coarse time step, the

weak formulation of the differences between coupling iterates reads:

1 n+1,k+q n+1 Jk+q
vehecgh,(m(MHf@w )\)5]9 9)+—M(v 5z ) =
_ @ n,k+q
< 0! ,eh> (6.6.135)

1 - n
Wy € Quy (55 (ere + 20077477, 0,,) + %(v-(a ) D)
1

—M—f([azz“”“*q]@n*,ech)e (th(Sp”’“*qe ) (K[(su"“q]@.m,ech)e (6.6.136)
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Vg, € Zn, (K102, q,) = (6p) "V - @) — (0psy T [gyle - ) (6.6.137)

Vg, € Zen (& 15Cn+1 kJrq?l'l’fh)G = (0psy, g (Hfh))e (6.6.138)

Yo, € Vi, 2G(e(6u) ™ ) e(vy)) + MV - du) TV - vy)
— a(@pp TN ) + (O [ope - n ) = 0 (6.6.139)

Comparing (6.6.135), (6.6.136), (6.6.137), (6.6.138), and (6.6.139) to (6.4.43), (6.4.44),
(6.4.45), (6.4.46), and (6.4.47), we conclude that the proof follows exactly in the same way
as in the fully discrete single rate case considered earlier. Therefore, we have the following

theorem:

Theorem 6.6.1. The modified multirate iterative scheme is a contraction given by

||5Un+1k+q||m_uQ —|—>\2||V 5uz+1k+q”Q+uQ —I—;AtHK 1/25zn+1k+qHQ+UQ_

1/2 n+1,k n+1,k * n+1,k
+ong 1 Ke PG (00T + (AGACT — L) |[Gup T

< max 1/A2 Je domkta
= " (epetre)n + oo+l v
(Ma2 +3z ‘p0+>\) (Cfc Ve (]\/Ia2 a2z Po )\

Furthermore, the sequences defined by this scheme converge to the unique solution of the

weak formulation (6.4.18) - (6.4.22).

5ok >
ket

6.7 Conclusions and Discussion

In this chapter, we carried out a rigorous mathematical analysis of the single rate and
multirate fixed-stress split iterative coupling schemes in fractured poro-elastic media. The
analysis of the fully discrete single rate scheme follows a similar approach as the one pre-
sented in [43] for the continuous case. The analysis of the proposed multirate schemes is
more involved. In both cases, the iterative coupling scheme is shown to be contractive, with
a contraction coefficient strictly less than one. As a future work, the proposed multirate
iterative coupling schemes will be implemented numerically, and the derived mathematical

conditions will be validated as well.
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Chapter 7

Explicit Coupling Schemes for Fractured Poroelastic
Media

In this chapter, we consider explicit coupling schemes for coupling flow with geomechanics
in fractured poro-elastic media. In practice, quite commonly explicit coupling schemes are
more popular than iterative coupling scheme. However, they are only conditionally stable
under certain conditions on the parameters. We recall that an explicit coupling scheme is a
sequential procedure in which flow or mechanics is solved first followed by the other. In this
chapter, we consider solving the flow problem followed by the mechanics problem. There
is no coupling iteration between the two problems. This simply means that the algorithm
keeps marching in time, advancing time steps, and solving exactly one (or possibly many
with a fine time step) flow problems and one (with a possibly coarse time step) mechanics
problem in a sequential manner. In this chapter, we will analyze the stability of both single
rate and multirate explicit coupling schemes for fractured poro-elastic media. The stability
analysis reveals the corresponding stability conditions for each case. We recall that in the
single rate scheme (figure 7.1a), the flow and mechanics problems share the exact same
time step. In contrast, in the multirate shceme (figure 7.1b), the flow problem takes several
finer local time steps within one coarser mechanics time step. It should be noted that in
explicit coupling algorithms, the fixed-stress split scheme does not apply as there is no
coupling iteration between the two problems. In other words, the usual fixed-stress split

regularization terms can not be added in this case.

7.1 Model Equations and Discretization

We adopt the same model as the one presented in Chapter 6 (for the iterative coupling

case). For completeness, we briefly list the equations involved. The continuos in time for-
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(initial time = 0)

tflow’ tmech = 0 ’
k = 0

Fluid Flow in both Reservoir
and Fracture: tflow = tflow + At
Compute pore pressure, pFt1

i

Mechanics (Biot Model):

tmech = tmech T+ At
Compute displacement, uF+1
Update pore volume

E=k+1

(a) Single Rate

Figure 7.1: Flowchart for the explicit single rate and multirate time steppings for coupled

(initial time = 0)

‘ tflowa tmecn = 0 ’
k = 0

l

‘ m = 1 (flow iteration index) ’

I

m=m+1

>y

Fluid Flow in both Reservoir
and Fracture: tfjo, = tfiow + At
Compute pore pressure, pF+m

|

m = (Max
flow
iterations:

q)?

Mechanics (Biot Model):

tmech = tmech + qAL
Compute displacement, uF+4
Update pore volume

|
k=k+gq

(b) Multirate

geomechanics and flow problems in fractured poro-elastic media

mulation reads: Find u, p, and ¢, satisfying the equations below for all time ¢t €]0, T7[:
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—diveP"(u,p) = f in Q\ C,
o (u,p) =o(u) —apl in Q\C,

%((%WLC%OO)P#—O&V-U) -V (iK(Vp—pf,rgVnD =q in Q\C,
cr B 2w — V- ({5 (Vps — pregVn)) = Gw — Gu in €,

127
(e (u,p))n* = —plen* , x =+, — on C,
2 E(Vp—prgVn)le-nt =g on €,
where w = —[ule-n™,

Boundary Conditions: u =0, K(Vp—ps,gVn)-n =0 on 0L,
Initial Condition (¢ =0) : ((ﬁ + crpo)p + V- u) (0) =

(37 + ¢r0)po + V- ug.

We use the same space and time discretizations as described in the previous chapter (Chap-

ter 6).

7.1.1 Assumptions

We briefly recall the assumptions from the previous chapter. The reservoir is assumed
to be homogeneous, isotropic and saturated poro-elastic medium. The fluid is assumed
to be slightly compressible. Its density is a linear function of pressure, with a constant
viscosity 1y > 0. The reference density of the fluid p; > 0, the Lamé coefficients A > 0 and
G > 0, the dimensionless Biot coefficient a;, and the pore volume ¢* are all positive. The
absolute permeability tensors in the matrix and the fracture (K and K.), are assumed to
be symmetric, bounded, uniformly positive definite in space and constant in time.

More assumptions (i.e. stability conditions) on the flow and mechanics parameters will be

derived mathematically for both the single rate and multirate schemes.

Remark 7.1.1. Notation: We recall the notation adopted in the previous chapters: k
denotes the coarser mechanics time step indexr, m denotes the finer flow time step index,
At stands for the unit (finer) time step, and q is the “fived” number of fine flow time steps

per one coarse mechanics time step.

200



7.2 Single Rate Explicit Coupling Formulation and Analysis
7.2.1 Fully Discrete Scheme for Single Rate

Using the mixed finite element method in space for flow, continuous Galerkin for mechanics,
and the backward Euler finite difference method in time, the weak formulation of the single

rate explicit coupling scheme in fractured poro-elastic media reads as follows.

Definition 7.2.1. (low equation) Find pi™ € Qu, p/it' € Q.,, 2/ € Z,, and
k+1 € Ze;, such that,

1 a N
VO, € Qn, Aﬁt <pi+1 —pi,9h> + ,u—f(v 2T 0,) = —E(V (uy — Uﬁ_l),9h> (G, 6n)
(7.2.1)
h1 k l = k1 Lok y:
Voo, € Qs 5 (A = w0 )+ 15, (7 (67 00 )e = -2k le - )
1 _ -
= A_t( ili 1’0%)8 (qlﬁﬂl 0. )G

(7.2.2)
Vg, € Zy, (K~ ! kH,Qh) ( i ,V-qyp) — (psz; [@n]e - n*)e + (V(pf,rgn),qh) (7.2.3)
Vig, € Zen, (K ' omg)e = 0™V - (g,)e + (V(oregn), pay))e: (7:2:4)
Definition 7.2.2. (mechanics equation) Given pi™ 2ttt p i1 ¢FH 0 find ui ™ € vV,
such that,
Yo, € Vi, 2G(e(ul ™) e(vy)) + MV - ub ™ V- vp,) — a(pi™, V - vy,)

+ (et [onle - e = (£ ) (7.2.5)

7.2.2 Single Rate Explicit Coupling Algorithm

We start by analyzing the single-rate explicit coupling algorithm, in which both flow and

mechanics share the same time step. The algorithm is given as follows:
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Algorithm 11: Single Rate Explicit Coupling Algorithm

1 Given initial conditions uj, py, psy) = pjle solve fully implicitly for

DhsDfrs Zhs C,l” and w;, satisfying the fractured Biot model

for k=1,2,...do /* time step index */
FIRST STEP: FLOW EQUATIONS

Given uf and uy~':

Solve for pffl, pfffl, z’fLH, and C’ZH satisfying definition 7.2.1
SECOND STEP: MECHANICS EQUATIONS

~ k41 k1 k41 k+1.
Gwen p, ", prn 5 2z, 5 and C,

Solve for ufbﬂ satisfying definition 7.2.2

® N O A WN

Note that we begin with & = 1 and we require both u; and wj, for obtaining p;, ps:, 27,
and ¢;. In the first step, we use a fully implicit method to solve for p}, psi, 21, and ¢},
and u}. Alternatively, to keep the problem decoupled, we can use iterative techniques such

as fixed stress splitting or undrained splitting [43,64].

7.2.2.1 Assumptions

For notational convenience, we define

1

B = (M + cppo).

For stability to hold, we assume the following:

2

(A1) B>4% & Cr. > G

where C* is a product of optimal constants in Korn’s, Poincare’s, and trace inequalities,

defined in (6.4.55).

7.2.2.2 Result

Our results make explicit the dependence of the stability on the difference of the above

quantities. we have the following stability result.

Theorem 7.2.1. [Single rate] Under the Assumption Ay above, the following stability result
holds for the single rate explicit coupling scheme (in the fractured poro-elastic media) for
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time steps tg <t < ty:

[HK 1/2 J+1H +ZHK 12 k+1 [H KoU2 J+1H

Qﬂf H ] 24u

_ 2 Go* 2
1/2/ pkt1 ) Wtk J41 J
*ZHKG Pt —ah )+ ZH ] H“’f ~wil,
k=1
~k+1H

uv >Hz i S
"2 48-5) 1o 4(01‘ - o) i

~k+1

2
k
th

for a generic constant C' > 0.

7.2.3 Stability Analysis

e Step 1: Flow equations
Consider (7.2.3) for two consecutive time steps: t = t; and t = 4,1, and test both

with q;, = 2/ to get:

(K '2i ™ 20t = (pf ™ Vo 20 — (ot (25 e - m e + (V(py0rgm), ’Tl% |
7.2.6

(K25, 25 = (pf, V- 25 — (08, 28 e - nM) o + (V(psegn), 25T,
(7.2.7)

Taking the difference of the above two equations and rearranging terms, we obtain:

= ooV 27 = (K 2,2 4 (o = i ke )
(7.2.8)

Consider (7.2.1) and test with 6, = pi™ — pf to obtain:
a
b (9 G = ) (7 )
Hf

(Q'Z“,pi“ pp).  (7.2.9)

il

Substitute (7.2.8) into (7.2.9) to derive:

2 % 1
k+1 _pZH X E(V ‘ (uz wh 1) pI;LH pz> 4 —[(K (ZIZH _Zz) zﬁ—&-l)

1y
(pEt — pik [2F e -t } (@ pf = pf).

At Hp
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With further simplifications, we obtain:

ol = g [ = s e - 2]
1 Q
+u (pfiﬂ_pfha[ZZH]C'nJr)e:_E(V'(uz uwy ), it — p’é>+(qh,pi+1—p’é)-

(7.2.10)

Consider now the flow in the fracture equation (7.2.4) for the difference of two con-

secutive time steps ¢ = ¢, and ¢ = {41, and test with p,, = C’,ffl to obtain:

(K¢ H kH_Ch) ];LH)GZ (pfh _pfmv CkH)G' (7.2.11)
Testing (7.2.2) with 6., = p;t — ps¥ yields:
Cf. Py k+1 .y H i 1 (v( k+1) pfk+1 pfk) o i([zﬁﬂ]e"n pfk+1 _pfk)
A¢lIP h mlle ™ T2u, h e h nle
1
g (wh = oy o = o) = (@ e — pae
(7.2.12)
Now, substitute (7.2.11) into (7.2.12) to obtain:
Cfc k+1 _  k 2+ (K ( k—i—l_C ) k+1) o 1 ([ k—i—l] -'I’I,+ k+1 k)
At |[PIh Prn||o 120 € h Zn le ' Pfp, Prrle
1
7 wh = w e = p)e = (@ P = prie
(7.2.13)
Next, add (7.2.10) to (7.2.13) to obtain with further simplifications:
k1 _ & 2 1/2 et “12_k||? “1j2g kil k[P
AtHP i R [HK |-l =]
s

2 2
KoY ek ~1/2 ok T2k
N | ooy e—HKe ekl e ek — b

Q k k- k k 1 k k k
=~ (V- b =) P = k) = gk =l = e
+ (G pptt — ph)+(Q%1,pfﬁ+l Prye

(7.2.14)
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e Step 2: Elasticity equation

Consider equation (7.2.5) for two consecutive time steps: ¢ = ¢, and t = 5,1, take

k
the difference between the two, and test with v, = W to obtain:
k—i—l N k:+1 N k k+1 k
—uy) + V —uy)|| — A_t(ph =P Vo (u, —uy))
1 k41 k1 k 1 k+1 uh k
A (pfh+ - pfh7 thr —Wy)e = At ( - fhv + —Uup |-

(7.2.15)

e Step 3: Combining flow and elasticity equations
Adding (7.2.14) to (7.2.15) and bounding the term Z
hand side of (7.2.15) from below by (6.4.55), we obtain

2
e(uft — uﬁ)H on the left

2 2
k+1 ok K12, e+l HK 1/2 ,k ~1/2( ZhL gk }
Ath i+ 5 [H < 2
bl e -l - o)
24,u
GC* 2
k+1 k+1 k v. k+1 k H
H uh) + ko vk
1
<X (V (up, —Uﬁ 1) ot = PZ) _Kt(wﬁ PR TR TR
R ?22
H@T e =) Hdw e P i W =Pk V- (- )
RS R4 ]‘%,2 g
Lo k1 k L (g k1 k
:"At(Pchr pfmthr wh)ej‘&( h+ f}w * _uh)J' (7.2.16)
;{5 R7

Denoting by Ry, Rs, R3, R4, R5, Rg and R; the terms on the right hand side, together
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with Poincaré’s, Korn’s, and Young’s inequalities, we estimate

2

1 €1
|Ri| < — (261 S(up —wy ||+ S|l - th)
a1 k k|2 | € k k
|Ro| < E(z_@ Pt — o +3 V- (uptt —uh)H ),
2
Ry < — )~k+1 ‘ k+1 e
‘ 3| es Py — P
|R|< 1 ~k+1 k+1 _ k2
4 264 th 2 pf pfh
|Rs| < — 1 < )p k+1_pk 2 ‘wk+1_wkH2>
5l = At 265 h Ih h e ’
|R|<i(i)wk wk12 ‘pk+1_pk2>
6l = At 2¢6 h h f hlle)
2
Ril< ‘ k1 k ‘ k+1 k
Bl < 2Ate7 I fh 2At U T U
2 ¢ fP2 C?
< k+1 kH 7 K k+1 kN (2
< sar i = A+ T el - u
for €1, €2, €3,¢€4,€5,66,and € > 0. Choosing €, = , € = g, €3 = %(ﬁ - O‘;),
€= 5 (Cfc C ) e = GC*, %, €7 CPQ oz and multiplying (7.2.16) by At,
we derive:
L L
T
2 GO* 2
2” up )|+ g |un H QHV up”! ”z)H
2 Gex 2
<3V i - 1>! + =gk =l
At? 5 At? |2 PEC?
—i——ag q,lfJrl +—1 q{}fhl e+ °G k“ th (7.2.17)
4(5 - 7) 4<Cfc - w)

Summing up (7.2.17)

for 1 < k < J, for J time steps, with telescopic cancellations,
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we obtain:

T O R T
—i—ZHKe_l/Q( P — } ZH uktt 2+G20* witt — w}{Hz
o< e gl

Y O R
=Y @’f“i TQCQZWM fZH2- -

We recall that w}, z}, and ¢} have been computed using the fully implicit time discretiza-
tion. Using standard a priori estimates for the fractured coupled Biot model (a very
similar approach to the one used in equations (3.3.29) and (3.3.31)), we conclude that
IV - ul - V-ud|? < 1/2chH < C, and HKV%}LHQ <C

for a generic constant C' > 0. This completes the derivation.

Remark 7.2.1. The above proof also provides a way to devise an explicitly coupled algo-
rithm that is unconditionally stable. For the single rate algorithm, we replace (7.2.1) and
(7.2.2) by:

2

b0+ < 1 a 3
Vo € Qu g (7 =l 0n) + (7 2 0 = =G (V- (- )00
+ (G, 0,)  (7.2.19)
cr + == j 1
vgch S Qch ) TGC<p ?—1 _pfh79 ) + m(v ’ ( ]Ii—i_l)vgch)e - Iu_f([zlfcﬁ_l]e ’ n+’96h)€
1 _ N
= E(wﬁ - Z ' GCh)e + (qxl;;;l; ech)e

Note that the stabilisation terms Azt (pi" = pf) and ggixg (prs " — pyf) have been added

above in contrast to (7.2.1) and (7.2.2) respectively. The stability result is then obtained
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with the assumption (A;) relaxed. The proof for the unconditional stability follows exactly
the same ideas presented above and is skipped here. Similar to the derivation shown in [46],

the consistence error is expected to be of the order of O(At).

7.3 Multirate Explicit Coupling Formulation and Analysis

Recall that in the multirate explicit coupling approach, the flow problem is solved ¢ times

(with a finer time step) within one coarse mechanics time step.

7.3.1 Fully Discrete Scheme for Multirate

Using the mixed finite element method in space for flow, continuous Galerkin for mechanics,
and the backward Euler finite difference method in time, the weak formulation of the

multirate explicit coupling scheme for fractured poro-elastic media reads as follows.

Definition 7.3.1. (low equations) For 1 < m < ¢, find p"™* € Q, ps"*™* € Q.,,
2R e Zy,, and ¢ € Zey, such that,

Y0, € Q| At( ]\14 +cf¢0)( — ppnl eh) + M—f(v 2 0,)
- —ﬁ(V-(qu—uh ). 00) + (@, 00) (7.3.21)
Yo, € Qo+ - A (p PR — 6, ) +%(V( W), 0, )e
s
et o)+ kvl )= @ e (7322

Va, € Zn, (K'2™ q,) = 07, Vea,)— (o7 anle e+ (V(pprgn), ap) (7.3.23)
vy’fh € ZG}“ (K Cm+ka IJ’fh>€ = (1)]0’;7;L—~_l€av ' (l‘l’fh))@ + (v(pfﬂ‘gn)v “’fh)e‘ (7324)

Definition 7.3.2. (mechanics equation) Given p; ™, 259 pFt0 ¢80 find w9 € v,

such that,

Yo, € Vi, 2G(e(ul ™), e(vy)) + MV - ui ™V - v,) — a(pht, V - vy,)

+ (pfﬁ“ﬂ [vale - ) = (£, vp) (7.3.25)
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7.3.2 Multirate Explicit Coupling Algorithm

The multirate explicit coupling algorithm for fractured poroelastic media is given below:

Algorithm 12: Multirate Explicit Coupling Algorithm

1 Given initial conditions ul, pY, and pf?L = pYle, solve implicitly for
up', pr, z20, prn G m = 1,2, ..., q satisfying fully coupled fractured Biot
model

2 for k = q,2q,3q,.. do /* mechanics time step iteration index */

3 FIRST STEP: FLOW EQUATIONS

4 Given uy

5 form=1,2,..,qdo /* flow finer time steps iteration index */

6 L Solve for pyt*, 2k p Ak and PR satisfying definition 7.3.1

7 SECOND STEP: MECHANICS EQUATIONS

8 Given pite, ppite ¢ and 20t

9 | Solve for ul,frq satisfying definition 7.3.2

7.3.2.1 Assumptions

The stability assumption in the multirate case takes the form:

(Ag) B>3C+9% & o, >3C 49 for g>1,

where ¢ is the number of flow finer time steps within one coarse mechanics time step.

As in the single rate case, we need to prepare the initial data for starting the time stepping.
Accordingly, in the first step of the multirate algorithm (Algorithm 12), for & = 0, and
m = 1,2,...,q, the initial conditions are computed by solving the coupled fractured Biot
system with a fully implicit time discretization (with a time step of size At for the “¢”
coupled solves). Alternatively, decoupled iterative schemes [8, 11, 43| such as the fixed
stress split iterative (single rate) scheme can be used to compute uy’, pi*, 23", psp', €', for
m =1,2,...,q. Note that if ¢ = 1, the multirate condition (A,) is identical to the single

rate condition (Aq).

Our main result is the following stability estimate.

209



Theorem 7.3.1. [Multirate] Under the assumption (Aq), the following stability result holds
for the multirate explicit coupling scheme in fractured poro-elastic media for mechanics time

steps tog < tp, <ty, k=q,2q,..:

K20 + HK 12 (g _ pm=lthy H }
QW[H ZZ
2
K_1/2 J+q HK—l/z m+k m—1+k H ]
+24Mf[H h +ZZ —6 e
2 GC* 2
O3 oot O i 3wt
J q

Atg J q
+ ‘qm+k
e = b3
for a generic constant C' > 0.

7.3.3 Stability Analysis

e Step 1: Flow equations

Consider (7.3.21) and test with 6}, = p)"™* — p7"~** to obtain:

Ath Tk o 1+kH 4 Y (V-(uﬁ— f— 7, pr +k o 1+k>
“—f(V-zm+k,p?+k PRy = (@t et = e (7.3.27)

Now, consider (7.3.23) for the difference of two consecutive flow finer time steps

(t = tyyr and t = t,,_14%), and test with g, = z}' Mtk 6 derive:

(phch ph —1+4+k V zm+k> (K (zszrk zzz 1+k> zzzﬂc)

+( m~+k m—1+k [ m+k]

Pty ~Prn 2 e - nT)e.  (7.3.28)
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Substitute (7.3.28) into (7.3.27) to obtain:

2 1
gt = [ e - e

ey
m m— m (6% _ m —
+ (psy, +k _ Prh Ltk EX +k]e . n+)e} < _E<V . (ulg — UZ 9, p" +k _ Py 1+k>
(@ o = P, (7.3.29)

Consider (7.3.22) and test with 6., = ps}"t* — p;7~'* to obtain:

Cfc m-+k m—1+k 2 ]' ~ m+k m+k m—1+k
At Py = b, o He—i_%(v'( n | T e
1 . _ 1 _ _
- M_f([zh +k]e : ’n+,pf7f+k — Py 1+k)e + m(wﬁ - wi q,prth — Py 1+k)e
= (@™ e = e (7.3.30)

Now, consider (7.3.24) for the difference of two consecutive flow finer time steps

(t =tk and t = t,_144), and test with Ky, = Z”k to get:
(K(i_l( hm+k . Zw—l-i—k), ;Ln-i-k)e — (pfzz—i-k _prz—l—i-k’v‘ ( Zﬁ_k))(i" (7331)

Now, substitute (7.3.31) into (7.3.30) to get:

Cfc m+k m—1+k 2 1 —1/,m+k m—1+k m-+k
A¢l[Pfn T Pin )’e+m(Ke Cr™—=q ), Ch e
1 m m m— 1 k— m m—
- M_f([zh +k]€ : n+7pfh - Dyy, Hk)e + q—At(wf’i - wy q7pfh - Dyy, Hk)e
= (G ot = R (7.3.32)

Next, add (7.3.29) to (7.3.32) to obtain (note canceling terms from each equation):

s m-k m—1+k||? 1 —1/_m+tk m—1+k\ _mtk Cf. mk m—1+k||?
Eth — Dy +/~L_f(K (2" =z} ), % )+E Dfn  — Pty o
1 —1/ ,m+k m—1+k m-+k 1 k k— m-+k m—1+k
+ —12Mf (Ke (™ =¢ ), ¢ )e + q_At (wy, — Wy, qapfh — Dsp, )e
o k k— mk m—1+k ~mAk mik m—1+k
§__th<V‘(Uh_uh q)’ph+ — Dy 1+>+(qh+>ph+ — DPp H)

+ (@ o = o T e (7.3.33)
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Finally, multiply (7.3.33) by At and sum across flow finer time steps (1 < m < q) to

get (use a(a —b) = 3(a® — b* + (a — b)?) and the telescopic cancellations)

3 Hpm—i-k m—1+k [HK 1/2 bt HK 12, k
Z 2uf “
2
+Z HK 1/2( 2tk pmoLiky H ] +Cfcz prh Py 1+kHe
Ky 1/2 k+q HK 1/2 HK—1/2 m+k m— L+ky H ]
+ 21 [H G +Z
1 q
k— m m—
< Lk ot ),
m=1
o q
k— m m—
- E<V - (uy, — u, ), Z(ph * — Dy 1+k)>
m=1

q
+AtZ (@ o = Z“MHNZ (@ o™ = o e (7.3.34)

e Step 2: Elasticity equation
Consider equation (7.3.25) for the difference of two consecutive mechanics (coarse)
time steps: ¢ = ¢, and ¢t = ¢, (recall that £k = 0,¢,2¢,..), and test with v, =
(u) 9 — ul) to obtain:

2 k+q k k+q k
alpy ™ =, V- (up ™ —uy))

k k+ k+ k
_(pfh - pfh7wh+q - wiﬁ)e = ( I fh7 I uh)
(7.3.

QGH (T ub) H+)\HV ub T k)

e Step 3: Combining flow and elasticity equations

2
Add (7.3.34) to (7.3.35), bound the term GH ulbt - u;g)H on the left hand side of
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(7.3.35) from below by (6.4.55) to obtain:

HK 1/2 kta HK 1/2 kH
Zp

B Z Hperk m 1+k

Dy HK”“W 2 e 3 ot -

+ZHK 1/2 m+k m— 1+k H }

1/2 Lk 1/2
HK / +q HK /Ch

2
bttt 7 e i)

+GH (e — k) H IWelon

q

1 k— m m—
< —a<w£_wh ! Z(pfh+k Pry Hk))e

q m=1
R
q
—I-At Z m+k’ pzn—&-k: pzz—l-‘rk) —l—At Z (q%z/:k,pfzw—i-k pfzw 1-Hc)e
m=1
Rs Ry
k k k
us (ph+q - pfw V- (uh+q - ui))j—(pfh - pfh’ wh+q - wi]f)e
o Rs
( kg _ gk g ke ui) . (7.3.36)

[\ J/

R7
Denoting by Ry, Rs, R3, R4, R5, Rg and R; the terms on the right hand side, together

with Poincaré’s, Korn’s, and Young’s inequalities, and noticing that,

q

(h ™ =) =Y —pp ) (7.3.37)
m=1
q
(™ = pr) = > (o™ —pyp ) (7.3.38)
m=1
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we estimate:

Ry <2 (qv«%— -

261

61 m-+k m 1+k
Z %
q

|Ro| = (> (pp ™ = pp ™), V- (™ — )
m=1
m+k m 1+k @
(262 Z Hp 2
2
| Ry gAt( ZH~m+kH +€3 ZHpm—Hc - 1+k” )’

|Ry| < At<2—e4 Z Hq{r/nvjk ’ Z prerk pyri e>’

).

I AT

)

q

k
[Rs| = (> (o™ =yt 19), w0y ™ = wy)el
m=1
1 < m+k m—1+k qacs || k+q k||?
< —
~ 2¢5 ; pr ~Pin He H wh‘ e’
1
Rel < _( ‘ H m+k m— 1+kH )7
|Re| < 2eq wy — Z Prp, — Pry o
Re < — z ]f’“*q th +2 \ i —uZH
k 67:])2 CH k
e | TR e al
for €1, €2, €3, €4, €5, €6, and €7 > 0. Choosing €; = $, €3 = ﬁz’ €3 = %(5— %(é%—q)o‘;),
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_ 2 _1/1 1 _ GC* _ 1 _ G .
64_At<cfc 2(q+Q)GC*>’€5_ p ’66__GC*"S?__T?ZC,%’WGhave‘

[HK 12, k+q HK 1/2zk ~1/2( 2 pmlthy H }
2/Lf h
K—1/2 k-i—q HK 1/2 H HK 1/2 m+l<: m— 1+k H ]
* 2441 [H Cille Z
GC* 2
S
GC* 2 A 2 At?
< 5 wk —wi ™ —|—§HV-(uﬁ u N+ H”"HCH
e Gl
2
+ iy Z Hm+’€ ‘e fte th (7.3.39)

A(cy, —

We need to impose the following conditions: 5 — —( +q)— > 0and ¢f, — ( +q) m a6

GC*

which are nothing but the conditions listed in Assumption A,. Summing up equation

(7.3.40) for ¢ < k < J (k is a multiple of q, that is, k = q, 2q, ..), we write:

il - S e s
—1/2 rJ+q —1/2 m+k m 1+k
+—24W[HK h +ZZHK ).
2 GQO* 2\ 2
+5 ZH uﬁ>H+—2 wl =i+ 5V i - )
At . 2 _ 2 GC* 2
< 2Vl -2, H 1/2 q¢_ 0
= 2 al| T g Chllg T 3 IIwn vl
A At? .
+§HV-<u%—u%>H+ " > i
4(5—5(5"‘ )kqm*
2 2
Tt =l (7.3.40
+ ZZH o+ ZHf -l @30

4(C.fc ( + q GC*
We recall that uj,z}, and ¢} have been computed using the fully implicit time

discretization. In a similar way as shown in section 4.3.2, we conclude that Hw,‘i -

—1/2 q 2
< C, and HKG al.<c.

2 2
w?LHe < (ud —u%)H < OqAt, HK 1/2 ‘}L

for a generic constant C. This completes the derivation.
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Remark 7.3.1. As in the single rate case in remark 7.2.1, the multirate case can also
be made unconditionally stable by adding stabilisation terms. In the definition 7.3.1, we
modify the flow equations (in both the matrix and the fracture: (7.3.21) and (7.3.22)) by
adding stabilisation terms /\At(pzwk PRy and C*At(ple% PR respectively
(where v = —(— + q)). The modified equations reads: For 1 < m < ¢, find p"™* € Q,

PR e Q.,, 20 € Zy, and (TP € Zg,, such that,

1 v o m+k m—14+k 1 m+k
Yoy € Q. At(M +er0+ 15 )(ph — 0 eh) (V)
o ~m
= —E (V . (’U/i - uh ) Qh) ( +k 9h> (7341)

+ o= N
Vb, € Q., , %—GC@ = 1*’2%) (V- (Ch"™"), 0,

At
1

m 1 - ~m
- ([zh +k]€ ) n+7 90;1)6 + _(wi wi QCh) (qWZ-k7 gch)@ (7342)
[if qAt

12u

The proof for the unconditional stability follows exactly the same ideas and is skipped here.

Remark 7.3.2. All our obtained results remain valid if the multipoint flux mixed finite
element method (MFMFE) [88,90] is used for flow discretization. Indeed, for such a scheme,
the stability results (7.3.40) translates to

™ [<K 1o Z+Q> +ZZ< 2 =) (- 1+k)>Q}

2414

[Rp—
At _ m m— m m—
+m{(f{eli+qa Z*q) +k;mzl( G (G - ¢ 1*’“))62}
J *
T T
k=q
A GC*
<o (K7=h=t) (e 1¢t), ng—w;:H
A 2 At?
2V - (wf — H H~m+kH
—l—QH (Uh u;,) +4(5_%<1 >quz_
) 0 =3 PO
o — 10+ 0 2= 2 Il * /
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where (K™'.).)g is the quadrature rule defined in [90] for the MFMFE corresponding
spaces (in the corresponding domain of integration for both “flow in matrix” variables,
and “flow in fracture” variables). It was shown by Wheeler and Yotov in [90], and then
extended to distorted quadrilaterals and hexahedra in [88], that for any z, € Z,, Cy||zs|* <
(K 'z, z1)q < Cyllzn||, for a constant Cy,Cy > 0. This immediately leads to a similar
stability result. The same argument holds for single rate case and for the unconditionally

stable schemes.
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Chapter 8

The Global Inexact Newton Method as a Nonlinear
Solver Framework for Flow in Iteratively Coupled
Problems

8.1 Introduction

The motivation behind introducing the global inexact Newton method at this point is
the fact that it is one of the efficient candidate strategies to solve the nonlinear “multi-
phase” flow equations in iteratively coupled flow and geomechanics problems. It is also
applicable for multirate iterative coupling algorithms, described earlier. The global inexact
Newton method combined with the line search backtracking optimization technique can
be efficiently employed in this context to optimize the underlying nonlinear solver for the

different kinds of operators arising in such highly nonlinear iterative coupling settings.

Our ultimate objective in this chapter is to design an efficient iterative coupling algorithm
which will reduce both the number of flow and mechanics linear iterations for the coupled
problem. This will subsequently reduce the CPU run time for the coupled scheme, without
affecting the accuracy of the obtained solution. We have seen in previous chapters that
the multirate scheme reduces the number of mechanics linear iterations efficiently. The
global inexact Newton method with line-search backtracking helps reducing the number of
consumed flow linear iterations. Combined together, we obtain a scheme that fulfills our

ultimate objective.

This research work (including IPARSv2.1 and IPARSv3.1 associated implementations) is done primarily
by Tameem Almani, with helpful discussions, inputs, and suggestions by Drs. Kundan Kumar, Gergina
Pencheva, and Gurpreet Singh, under the supervision of Prof. Mary Wheeler.
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Computational gains as a result of incorporating the line-search backtracking strategy into
the inexact Newton method are twofold: first, it reduces the linear solver running time by
allowing for mild linear solver tolerance values, and second, it allows for larger time steps
while global convergence is maintained by continuously enforcing the sufficient decrease
condition at every nonlinear iteration. Both of these advantages play a critical role in
reducing the overall running time for iteratively coupled flow and geomechanics problems.
In the context of multirate iteratively coupled problems, in which the mechanics problem
takes coarse time time steps, allowing for larger time steps for the flow problem problem
as well combined with mild linear solver tolerances leads to huge savings in the number of
flow and mechanics linear iterations, and in turn, the CPU running time. Incorporating the
line-search backtracking strategy when solving the nonlinear flow problem in the context
of iteratively coupled flow and geomechanics problems is a novel approach which has not

been explored in the past.

8.2 The Global Inexact Newton Method and Linesearch Back-
tracking Algorithm

For the flow part, we are interested in solving the following nonlinear system of equations
F(u) =0  where FF: R" — R"

where F'(u) represents the nonlinear residual or the right hand side resulting from dis-

cretizing single phase/multiphase flow equations, and the superscript “n” represents the

total number of unknowns. For the two-phase (water and oil) flow problem, the variable

u represents oil pressures and concentrations. By a simple Taylor expansion, the Inexact

Newton method reads:

J(u®)s® = — F(u®) 4 ®) (8.2.1)

The residual r*), at the k' Newton iteration, represents the amount by which the solution
sF) (= w1 — 4¥), given by the underlying linear solver (GMRES with Line SOR as a
preconditioner for SPE10 results - implemented in IPARS v2.1 - and GMRES with AMG

as a preconditioner (Hypre-BoomerAMG) for iteratively coupled problems - implemented
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in IPARS v3.1) fails to satisfy the exact Newton Method [31]:
T(u®)s® = _ F(u®)
8.2.1 Algorithm

The global inexact Newton method algorithm with forcing terms and line search backtrack-

ing is as follows [56]: In the above algorithm, the linear solution is accepted when:

Algorithm 13: Global Inexact Newton with Line-search Backtracking and Forc-
ing Functions

Let v be an initial guess and t € (0,1) be a constant (We use t = 107)

for k = 1,2, .. until convergence do /* Nonlinear iteration loop */
Cuoose n® € [0,1),t € (0,1) HERE, T = 0.0001

USING AN ITERATIVE LINEAR SOLVER METHOD, FIND S(k) SATISFYING

N

I

U < n(k)
[ F (ulk)]]

J(u™)s® = —F(u®) 4 ® with

5 | INITIALIZE THE LINESEARCH BACKTRACKING LOOP: 80 = sk pk0 = pk
1=0

6 while ||F(u® + s®)||> (1 — (1 — ") F(u®)] do /* line-search
backtracking loop */

7 Choose a contraction factor 6" € [0.1,0.5] (We used 6° = 0.5)

Reduce solution increment s+t = gisk

Update the forcing factor n®*t =1 — 0i(1 — pk?)

10 Increment the loop index i =i+ 1
11 | UPDATE SOLUTION a1 = ¢®) 4 5(*)
Ir® = ([ F ™) + J(@®)s® | < p® | F(u®)] (82.2)

where 1(®) is referred to as the “forcing term” or “forcing function”. The sufficient decrease
condition requires that the actual reduction in the right hand side (or nonlinear residual)
to be greater than or equal to some fraction (the factor ¢ above) of the predicted reduction

given by the local linear model:

|F@®) =l E D)2 () F@®) - F@®) + Tu®)s®])  (3.2.3)
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Combining (8.2.2) and (8.2.3), we reach at:
1@ + s®@) < (1= (1 = @) F(u®)]

which is the condition we check in the backtracking inner loop above [31]. By this al-
gorithm, the tolerance of the linear solver is dictated by the residual of the nonlinear
system of equations using forcing functions. This results in tightening the tolerance of the

linear solver in a progressive manner, which in turn, optimizes the computational efforts.

The way the forcing term 7®) is updated in the algorithm above can be justified as follows:
by induction, the base case is trivial, as |[|[F(u®) + J(u®)s*0| < n®0 || F(u®)|. This
follows directly by step (2.2) in the algorithm above. Now, we write:

1E(u®) + T (u®)sEHD| = || F(u®) + J(@®)e's )|
= |F (™) = 0'F (™) + 0" F(u®) + 0"J (u™)s")|
=11 = 0)F @) + 0'(F (@) + J (@)™
)
)

IN

(1= 0 F@®) 46| F (u) + J ()5

(1= 0) [ () |+ | F ()|

< [(1= 69) + 00y | P ()]

1= 0'(1 =) ) [ F )]

gD P () | (8.2.4)

IN

A\

IA
—

| AN

which is the update given in line (9) in the algorithm above.

Remark 8.2.1. A quick derivation based on (8.2.4) leads to:

kz—i—l) H Q]

As 0" < 1.0 for all i € N, the sequence of forcing terms, as we take more line-search

backtracking iterations, given by {n*V}2, is a monotonically increasing sequence. This
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is in fact expected and can be justified as follows:

)

; (k) (k)Y (ki) || — 75 (k) J (k)Y o (k)
lim | P () + 7 (u®)s®H4D)| = lim | F(u ”@9)”“ )5
]:

< I[P @®) |+ )5 (1im TT67)
71— 00
j=1
< ||IF@®)] (8.2.5)

as the second term on the right hand side vanishes. Comparing (8.2.4) to (8.2.5), we con-
clude that as we take more line-search backtracking iterations, the inexact Newton condition
will be satisfied with looser forcing terms. If we take infinitely many line-search backtracking
iterations, the inexact Newton condition will be satisfied with a forcing term of the value 1.
It should be noted that the as we take more Newton iterations, the norm of the nonlinear
residual | F(u™)|| starts approaching zero. This leads to tightening the linear solver tol-
erance in a progressive manner as more Newton iterations are performed. Forcing terms
represents an upper bound of the ratio between the norm of the linear residual and the norm
of the nonlinear residual. As more line-search backtracking steps are performed, this ratio

increases, justifying the increasing behavior of the sequence {n(k’i)}fio.

8.2.2 Choice of Forcing Terms

Several forcing terms (functions) have been widely used in the literature ( [31], [33], [32]).
Those are based on heuristic choices of 1 and suitable safeguards to provide an efficient
mechanism to avoid over-solving the linearized system of equations without affecting the
convergence of the method. It has been observed that the two choices listed in Table 8.1
work well in practice. The first choice reflects the agreement between F' and its linear
model at the previous iteration. With this choice, the linear solver tolerance is larger when
the Newton step is not that close to the solution and smaller when the step is more likely to
lead to a good approximation. More discussion on this choice of 7 can be found in [31]. The
second choice in Table 8.1 reflects the size of decrease between the function evaluated at the
current iterate and the function at the previous iterate. Suitable choice of the parameters v

and « and the reasoning behind it are provided in [31] and [33]. In our implementation, i.e.
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Choice 1: ) Choice 2: ,
n* = min {nmax, max (ﬁ’“, (77’“*1) )} n* = max {ﬁk, y (n’“’l) }

ot = IECON = 1P + @ )s ]| o E@H] Y
1 (=)l T\ F@
We used Mmax = 0.9999 where o and y are parameters to be chosen.
Typical values are (¢« = 2, v = 0.9) and
(=252 y=1)

Table 8.1: Different Choices of Forcing Terms

in IPARS, nmax = 0.9999, ninitiar = 0.5. It should be noted that the contraction factor 6 is to
be obtained by solving a minimization problem of the function g(6) = ||F(u® + 93(’“))]]2.
An optimal value of 6 is the one which minimizes g(). Different ways of choosing 6 are

discussed in the next section.

8.3 Contraction Factor Minimization Models

We next discuss the selection of the contraction factor 6 in line (7) in the Algorithm 13.
It is chosen such that @s* is a decent direction of f(u**V) = %F(u(’““))TF(u(k“)) (i.e.
V(T (0s*) = F(u)TJ(u®)(0s*) < 0 ) and satisfies the sufficient decrease condition

(also known as the Armijo condition):
F® +05%) < f(u®) + v f(uP)T(65")

where ¢ is a small fixed constant (in Algorithm 13, t = 0.0001). In practice, the contraction
factor # can be determined in a number of different ways. The optimal way is to solve a
minimization problem for the function g(#) = ||F(u® + s®*)) ||2 Since the additional com-
putational cost associated with finding the exact minimum of g(#) (more nonlinear residuals
have to be calculated) might not always pay off, we also consider some simplifications. In

our work, the value of 6 can be determined by one of the following:

e Choose any fixed value ¢ € [0.1, 0.5] for a contraction factor, typically 6 = 0.5

e Solve approximately the problem of minimizing g(6)
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The second choice is realized by constructing an approximation of g(f) using either a two or
three point parabolic model. More details can be found in [31,49]. We have implemented

three different minimization algorithms for obtaining the optimal value of 6.

e “Algorithm (1)”:
This algorithm builds a second degree interpolating polynomial for interpolating g(#)
by using the values of g and g’ at # = 0 [49]. The main steps can be described as

follows:

Algorithm 14: Algorithm (1) - Optimal value of Contraction Factor 6

[uny

Try initial/current 6, call it 6,
if 0. is rejected then
3 obtain the values of g(0) and ¢'(0) as follows:

N

(J(@®)TsO) T F(u®) = 2F (u®)7T (1, ®))s®)
Fu)T(=Fu®) 4 r®) = 2F (™) F(u®) 4+ 2F (u®)Tr®

g9'(0) =2
2

( ) > 0 then
= 0.5

= g(6c)—g( )2 g'(0)6.

if
5
6 L Mzmmzze the quadratic polynomial: p(8) = g(0) + ¢'(0)0 + c6? where,
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e “Algorithm (2)”:
This algorithm also builds a three-point parabolic model but avoids the need to

compute g’(0) [49]. The main steps are as follows:

Algorithm 15: Algorithm (2) - Optimal value of Contraction Factor ¢

Try 6 = 0.5, then 8 = 0.25.
if both values are rejected then

N =

3 Let the last two rejected values of 0 be 01 and 0. Perform a quadratic
Smterpolation of (0,9(0)), (01,9(01)), and (02, g(62)):
4 et:
70) 2 (0:(91(0) — 9(0)) — ba((01) — 9(0)))

" 0201(02 — 0y)

if p”(6) > 0 then

5 t set 0 = —pp—,/,((%))

6 else
7 L Set 0 = 0.5

e “Algorithm (3)”:
This algorithm is similar to the previous two as it builds a second degree interpolating
polynomial but using a basic Lagrange quadratic model [50]. The main steps are as

follows:

Algorithm 16: Algorithm (3) - Optimal value of Contraction Factor ¢

1 Build a basic Lagrange quadratic polynomial model using the last three rejected
values of 0. (Initially, we choose 6y = 1, 0; = 0.5, and 0y = 0.25).
2 if The second derivative is positive then
3 L The model has a local minimum, and we set 0 to be the minimizer of the
model.

4 else
5 L Set 0 = 0.5
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8.4 Implicit Two-phase Model Results

In this section, we illustrate the advantages of the global inexact Newton method with the
linesearch backtracking for two-phase fully implicit flow model (in IPARSv2.1). Based on
our obtained results and findings, we will extend this work to multirate iteratively coupled
problems in the next section. The efficiencies of three different nonlinear solver strategies

will be compared:

e Method 1: The global inexact Newton method with forcing function, globalized
by linesearch backtracking. It corresponds to the curves labeled “Forcing and Back-

tracking” in the results.

e Method 2: Inexact Newton method with forcing function but without linesearch
backtracking. In this method we avoid the cost of backtracking but might find a local
instead of global minimum of F'(u*). In order to provide more “global” convergence
properties, we dampen the forcing function by a constant user-defined factor df €

(0,1]. That is, in line (4) in Algorithm 13 we are finding s* such that:

)|
J(uF)s? = —F(uF) +r®  with H— <df xnF
[E ()]

The corresponding curves are labeled “Forcing and No Backtracking”.

e Method 3: Traditional “Exact” Newton method: we emulate it by using forcing
with a fixed very small value of the forcing term n* for all iterations. For both our
SPE10 tests and iteratively coupled problems, we use ¥ = 1.E-6 for all nonlinear flow
iterations. This approach has the drawback of keeping the linear solver tolerance too

tight and and thus, oversolving the linear system.

8.4.1 SPEI10 First Layer Results

This test case models a two phase flow (oil and water) and uses the highly heterogeneous
permeability field from the SPE10 benchmark problem [27]. The permeability varies over
15 orders of magnitude; the top 50 layers are fluvial and the bottom 35 layers are highly
channelized. The original 3D domain has size 170 x 1200 x 2200 ft at a depth of 12000
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ft, with a uniform discretization into 85 x 60 x 220 = 1.112 million elements. In this
case we used only the top layer, with 60 x 220 = 13,200 elements. We used a constant
porosity of 0.3. Other data includes fluid viscocities p,, = 0.3, p, = 3.0 cP and fluid

compressibilities ¢, = 3.1E-6, ¢, = 4.2E-5 psi .

The initial conditions are taken to be
oil pressure p,(0) = 6000 psi and water saturation S,, = 0.201. There is a five-spot well
pattern for well configuration. All wells are vertical and fully perforated. Water is injected
in the center of the reservoir with BHP of 10000 psi and each of the four oil producers in
the corners operate at BHP of 4000 psi. All wells start operating at the beginning of the
simulation and the total simulation time is 2000 days.

The solver-related parameters we used are as follows:

e Nonlinear solver tolerance = 1.E-4 with maximum number of Newton iterations =

200

e Linear solver tolerance (initial for Methods 2 and 3 that use forcing function) = 1.E-6

with maximum number of linear iterations = 1000

e Forcing choice 1:

~ F(u(k)) _ F(u(k_l))—l—J(u(k_l))sk_l . ) i
- LR e « 11— i s (i )

e Constant contraction factor # = 0.5: the simplest, s* is shrunk in half on each back-

tracking iteration
With respect to time step sizes, we consider two cases:

e Case (1): Gradual increase in time steps (in days): At = 0.0005 for ¢ € [0,0.001],
At = 0.001 for t € [0.001,0.01], At = 0.01 for ¢ € [0.01,0.1], At = 0.1 for ¢ € [0.1, 1.0],
At = 0.5 for t € [1.0,5.0], and At = 1.0 for ¢t € [5.0,500].

e Case (2): Aggressive time stepping, i.e. taking At as in the following sequence:

At = (1.0,2.0,4.0,8.0, .., ) with a maximum value of 300 days.

227



For Case (1), the CPU running times versus the number of simulation days are shown in
figure 8.1a. Figure 8.1b shows the accumulated number of nonlinear iterations versus the
number of simulated days for the SPE10 first layer model. The global inexact Newton
method (Method 1) requires more nonlinear iterations compared to the inexact Newton
method with forcing functions (Method 2), as well as the inexact Newton method without
the use of forcing function (Method 3). Figure 8.1c shows the accumulated number of
linear iterations versus the number of simulated days for the SPE10 first layer model. It
is clear from the graph that the global inexact Newton method (Method 1) requires fewer
linear iterations compared to the case of the inexact Newton method (not globalized by
line-search backtracking) when the forcing function is damped by a factor of 0.1 (Method
2,df =0.1).

For Case (2), CPU runtimes vs. simulation time are shown in Figures 8.2a and 8.2b.
It can be seen that all cases except the global inexact Newton method (Method 1) and
the inexact Newton method with damped forcing (Method 2, df = 0.1 or 0.2) failed to
provide physical solution past 30 days (we got out-of-bounds saturations). After 60 days,
(Method 2, df = 0.2) also failed. From the two methods left, (Method 1) globalized by
linesearch backtracking provides 10% reduction in computational time when compared to
(Method 2, df = 0.1).

Inexact Newton method with heuristic damping of the forcing term is inadequate in assuring
global Newton convergence unless severe damping is performed. This provides a clear hint

that for iteratively coupled problems, this strategy (Method 2) should be avoided.

8.4.2 SPE10 Full Model Results

In this case, we run the full SPE10 model case described in the previous example, with
the same parameters, for the two-phase fully implicit problem combined with line search
backtracking in IPARS. The run was carried out in parallel (on Bevo3, on 16 processors).
The model size now is 1,122,000 grid elements - 3D (85 x 60 x 220), and total simulation

time is 1000 days. The same solver parameters were used as in the previous case.

We followed a graduate time stepping approach as follows (unit is days):
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1002PE10 First Layer: Accumulated CPU Time (seco‘nds) Vs Simylation Days

Method(1): Forcing and Backtracking,
|Ir(Xk)]| <= eta * ||F(Xk)||

s00 |- Method (2): Forcing and No Backtracking,
[Ir(Xk)]] <= 0.5 * eta * ||F(XKk)]|]|

Method (2): Forcing and No Backtracking,
[Ir(Xk)]] <= 0.1 * eta * ||F(XKk)]|]|

Method (3): No Forcing & No Backtracking,
[Ir(Xk)|]] <= 1.E-6 * ||F(XK)]|]|

*—e

Accumulated CPU Time (seconds)

() 100 200 500 600

3(‘)0 460
Simulation Period (days)

(a) Running Time vs Simulation Days, gradual increase in time steps, with a maximum value
of 1.0 day. The global inexact Newton method (Method 1) and the inexact Newton method
(Method 2, df = 0.5) have similar running times. However, in (Method 1), we are confident
that the global solution is achieved, as the sufficient decrease condition is maintained in every
Newton iteration.

SPE10 First Layer: Accumulated Nonlinar Iterations vs Simulation Days ~ SPE10 First Layer: Accumulated Linear Iterations vs Simulation Days

1200 60000

Method(1): Forcing and Backtracking,
|Ir(XK)|| <= eta * ||F(XK)||

Method (2): Forcing and No Backtracking,
30000 T r(XK)|| <= 0.5 * eta * [|F(XK)||

1000~

g “ Method (2): Forcing and No Backtracking,
= o [[r(XK)|| <= 0.1*eta * ||F(XK)||
T w0l E“m Method (3): No Forcing & No Backtracking,
£ 9 [Ir(XK)|| <= 1.E-6 * ||F(XK)||
E -_—
I
g 3
E 600 - '53(]002‘
z o
0
i 3
;. Method(1): Forcing and Backtracking E
2" K| <= eta * [FOXK)| EX
3 Method (2): Forcing and No Backtracking, J
$ T |IMXK)]| <= 0.5 eta * ||F(XK)|| <

Method (2): Forcing and No Backtracking, 10000
|Ir(Xk)|] <=10.1*eta * ||F(Xk)||

Method (3): No Forcing & No Backtracking,
[Ir(XK)|] <= 1.E-6 * ||F(XK)||

200 -

500 600

0 100 200 300 400 500 600 100 Zdﬂ 330 4:‘]0
Simulation Period (days) Simulation Period (days)
(b) Accumulated Number of Nonlinear Iterations vs (¢) Accumulated Number of Linear Iterations vs Sim-
Simulation Days (500 simulation days) -ulation Days (500 simulation days)

Figure 8.1: SPE10 First Layer Results
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SPE10 First Layer: Accumulated CPU Time (seconds) vs Simulation Days

~

o

w
\

Method(1): Forcing and Backtracking

Method (2): ||r(Xk)|]| <= 1.0 * eta * ||F(XK)]||
Method (2): ||r(Xk)|]| <= 0.1 * eta * ||F(Xk)]||
Method (2): ||r(Xk)|| <= 0.2 * eta * ||F(XK)]||
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w
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Accumulated CPU Time (seconds)
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. # Method (2): ||r(Xk)|| <= 0.4 * eta * [|F(XK)]||
> 3 —— Method (2): ||r(XK)]] <= 0.5 * eta * ||F(XK)||

e -+ Method (2): ||r(Xk)|| <= 0.6 * eta * ||[F(XK)||
e-s Method (2): ||r(Xk)|| <= 0.7 * eta * ||F(XK)||
e -+ Method (2): ||r(Xk)|| <= 0.8 * eta * ||F(XK)||
e -« Method (2): |[r(Xk)|| <= 0.9 * eta * ||[F(XK)||

) 30_ ) 40 50 60 70
simulation Period (days)

(a) Running time vs simulation days, aggressive time steps: At = (1.0,2.0,4.0,8.0,..,) with
a maximum value of 300 days (for the first 60 days). Only the global inexact Newton method
(Method 1) and the inexact Newton method (Method 2, df = 0.1 and 0.2) made the run
bevond 30 simulation davs.

SPE10 First Layer: Accumulated CPU Time (seconds) vs Simulation Days

900
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wol | = Method (2): |Ir(XK)|| <= 1.0 * eta * ||F(XK)]|
—— Method (2): [|[r(Xk)]|] <= 0.1 * eta * |[F(XK)]|
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@ e - Method (2): [|[F(XK)|| <= 0.6 * eta * [|F(XK)[|
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(b) Running time vs simulation days, aggressive time steps: At = (1.0,2.0,4.0,8.0,..,) with
a maximum value of 300 days (for 2000 days). Time step cutting (reduction by a factor of
0.5) is performed when convergence is not achieved. Only the global inexact Newton method
(Method 1) and the inexact Newton Method (Method 2, df = 0.1) were able to proceed.
(Method 1) results in 10% reduction in computational time.

Figure 8.2: SPE10 First Layer Results (serial run): Running Times vs Simulation Days
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for t € [0,0.001], At = 0.00007 with a multiplier of 1.25, At € [0.00007,0.001]
for t € [0.001,0.1], At = 0.001 with a multiplier of 1.01, At € [0.001,0.1]

e for t € [0.1,1.0], At = 0.01 with a multiplier of 1.01, At € [0.01,0.1]
e for ¢t € [1.0,5.0], At = 0.1 with a multiplier of 1.01, At € [0.1,0.5]
e for ¢t € [5.0,10.0], At = 0.5 with a multiplier of 1.01, At € [0.5,1.0]

[
[
[
[
[
[

for ¢ € [10.0,1000.0], At = 1.0 with a multiplier of 1.01, At € [1.0,5.0]

The CPU running times and numbers of nonlinear and linear iterations (all versus the
number of simulation days) are shown in figures 8.3a, 8.4a, and 8.4b respectively. It is clear
by figure 8.3a that for the full SPE10 model, running in parallel, the global inexact Newton
method, globalized by line search backtracking (Method 1), results in 58% of computational
time savings compared to the case when the forcing function is damped by a factor of 0.5
(Method 2, df = 0.5). In addition, (Method 1) results in 75% of computational time savings
compared to the case when the forcing function is damped by a factor of 0.1 (Method 2, df =
0.1). Moreover, we observe that even though the number of nonlinear iterations for (Method
1) increases (as shown in figure 8.4a), the number of linear iterations is substantially smaller
(as shown in figure 8.4b) and the overall result is a significant reduction in CPU runtime.
This phenomena (i.e. the increase in the number of nonlinear iterations for (Method 1)) is
due to incorporating the linesearch backtracking algorithm into the inexact Newton method

nonlinear solver.

We note that for the full SPE10 model, (Method 3) resulted in the longest running time.
The blue curve in figure 8.5 shows the CPU run time for (Method 3) for the full SPE10
model. The huge increase in CPU runtime is a consequence of oversolving the linear system.

The simulation was stopped simulating 100 days.

The global inexact Newton method (globalized by line search backtracking) will be used to
solve the nonlinear flow problem in the context of iteratively coupled flow and geomechanics

single rate and multirate problems.
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,_SPE10 Full Model: Accumulated CPU Time (minutes) vs Simulation Days

Method(1): Forcing and Backtracking,
[|r(Xk)|| <= eta* [|F(Xk)||

Method (2): Forcing and No Backtracking,
[|r(Xk)|] <= 0.5*eta * ||F(Xk)]|

Method (2): Forcing and No Backtracking,
[|[r(Xk)|| <= 0.1*eta *||F(XK)||

—

2000+

—

1500

1000

Accumulated CPU Time (minutes)

wun

(=1

o
T

0 200 400 600 800 1000 1200

Simulation Period (days)

(a) Running time vs simulation days for the full SPE10 model (1000 simulation days). The global inexact
Newton method (Method 1) results in 58% of computational time savings compared to the case of the
inexact Newton method (Method 2, df = 0.5). In addition, (Method 1) results in 75% of computational
time savings compared to the case of (Method 2, df = 0.1).

Figure 8.3: Full SPE10 Model Runtime Results (parallel run on Bevo3 cluster, 16 proces-
SOrs).

232



10002PE10 Full Model: Accumulated Nonlinar Iterations vs Simulation Days

8000

6000

4000 |-

Method(1): Forcing and Backtracking,
[Ir(Xk)|]] <= eta * ||F(Xk)]]|

Method (2): Forcing and No Backtracking, | |
[Ir(XK)]] <= 0.5 * eta * ||F(XK)||

Method (2): Forcing and No Backtracking,
[Ir(Xk)]] <= 0.1 * eta * ||F(Xk)]|]|

o 200 400 600 800 1000 1200

Simulation Period (days)

2000

Accumulated Number of Nonlinear Iterations

(a) Accumulated number of nonlinear iterations vs simulation days for the full SPE10 model
(1000 simulation days). The global inexact Newton method (Method 1) results in a larger
number of nonlinear iterations (increased by 32%) compared to the inexact Newton method
(Method 2, df = 0.5 and 0.1).

500000 SPE10 Full Model: Accumulated Linear Iterations vs Simulation Days

Method(1): Forcing and Backtracking,
|Ir(Xk)]] <= eta * ||F(XK)]|

Method (2): Forcing and No Backtracking,
500000 [ N ° ||F(Xk)|| <= 0.5 * eta * ||F(Xk)||

Method (2): Forcing and No Backtracking,
|Ir(Xk)]] <= 0.1 * eta * ||F(Xk)|]|

400000 -

300000 (-

200000 -

Accumulated Linear Iterations

100000 -

200 400 600 800 1000 1200
Simulation Period (days)

(b) Accumulated number of linear iterations vs simulation says for the full SPE10 model
(1000 simulation days). The global inexact Newton method (Method 1) results in 68%
reduction in the number of linear iterations compared to the case of the inexact Newton
method (Method 2, df = 0.5). In addition, it results in 82% “linear iterations” reduction
compared to the case of (Method 2, df = 0.1).

Figure 8.4: Full SPE10 Model Linear and Nonlinear Iterations Results (parallel run on
Bevo3 cluster, on 16 processors).
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Figure 8.5: Running times vs simulation days for 100 days of simulation, (full SPE10 model,
parallel run). The blue curve shows the run time for (Method 3). This result shows that
for large and challenging reservoir models, as in the case of the full SPE10 model, the
use of a small fixed linear solver tolerance value, as in (Method 3), can increase the run
time dramatically. In contrast, (Method 2) reduces the run time but does not ensure global
convergence. The global inexact Newton method, globalized by line search backtracking i.e.
(Method 1), reduces the CPU run time efficiently, while ensuring global convergence. For
multirate iteratively coupled problems, ensuring global convergence for the flow problem
is of high importance as the accuracy of the obtained solution directly affects the number
of flow-mechanics coupling iterations and hence the efficiency of the scheme. Therefore,
we will be comparing the efficiency of (Method 1) versus (Method 3) for coupled flow and
geomechanics problems in the next section.

234



8.4.3 Comparison Between Contraction Factor Optimization Algorithms

Figure (8.6) shows a comparison of the three different algorithms used to obtain the op-
timal value of the contraction factor “f#” used in the line search backtracking algorithm
when applied to the SPE10 first layer model. From such preliminary results, “Algorithm
(2)” is the most computationally efficient algorithm among the three. However, the effi-
ciency of the minimization model implemented in “Algorithm (2)” is very comparable to
the heuristic case in which the solution vector is shrinked by half in every backtracking
iteration (contraction factor value of “0 = 0.5” across all backtracking iterations). There-
fore, for simplicity and ease of implementation, we will follow this approach when solving
the nonlinear flow problem in iteratively coupled problems. Form our obtained results, we

can draw the following conclusions:

e The line search backtracking globalization approach combined with forcing functions
(Method 1) helps taking aggressive time steps while ensuring convergence. This
results in 10% reduction of the overall CPU running time compared to the inexact

Newton method (Method 2, df = 0.1) for the SPE10 first layer example.

e The line search backtracking globalization approach combined with forcing functions
(Method 1) helps “loosening” the linear solver tolerance, while convergence is always
ensured by continuously checking the sufficient decrease condition. For the full SPE10
model running in parallel, This approach results in 58% of computational time savings
compared to the case when the forcing function is damped by a factor of 0.5 (Method
2, df = 0.5). In addition, it results in 75% of computational time savings when the

forcing function is damped by a factor of 0.1 (Method 2, df = 0.1).

e The CPU computational time savings we obtained tend to increase as we increase the
period of the simulation (number of simulated days). For instance, compare compu-
tational time savings of 75% (for the full SPE10 model simulating 1000 days) to 10%
(for the first layer SPE10 model simulating 500 days). Running long simulations is
typical in reservoir simulation, which makes this strategy (Method 1) very attractive.
In the case of the full SPE10 model, this results in huge time savings (a factor of 58%
compared to the case of (Method 2, df = 0.5).
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SPE10 First Layer: Accumulated CPU Time (seconds) vs Simulation Days
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| — "Algorithm (2)", "THETA" computed using
a three point parabolic model

Method(1): Forcing & Backtracking,
"Algorithm (1)",
—— "THETA" computed using a two-point
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Figure 8.6: Comparison of different optimization algorithms for obtaining the value of 6
for the SPE10 first layer model. We conclude that the efficiency of choosing 6 = 0.5 for all
line-search backtracking iterations is comparable to the efficiency of the optimal algorithm
(Algorithm (2): the three point parabolic model). Due to its simplicity and optimality, we
will follow this approach (6 = 0.5 for all line-search backtracking iterations) when solving
the flow problem in multirate iteratively coupled problems.
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e The results we obtained vary based on several input parameters (maximum number
of Newton iterations, maximum number of linear iterations, and the sequence of

timesteps specified)

e Overall, the line search backtracking computational time savings obtained by either
taking aggressive time stepping or by loosening the linear solver tolerance overshadow
the additional overhead of computing the right hand side at every Newton nonlinear

iteration (to check the sufficient decrease condition).

e The inexact Newton method with a heuristic damping of the forcing term without
incorporating the line-search backtracking algorithm (Method 2) does not necessarily
ensure global convergence of the Newton iteration unless severe damping of the forcing
term is enforced. For iteratively coupled problems (to be considered in the next
section), we will abandon this strategy and compare the results of (Method 1) to

(Method 3) when solving the nonlinear flow problem.

e Based on the comparison shown in figure 8.6, we will be using a contraction factor
of the value of “4 = 0.5” across all backtracking iterations in iteratively coupled

problems (to be considered in the next section).

8.5 Iteratively Coupled Problems (Implicit Two-phase Flow Model
Coupled with Geomechanics) Results

In this section, we provide an implementation of the global inexact Newton method as a
nonlinear solver framework for the flow problem in iteratively coupled flow and mechan-
ics problems. The global inexact Newton method, globalized by line-search backtracking,
helps reducing the number of flow linear iterations, while ensuring that the sufficient de-
crease condition is satisfied at every Newton iteration. In contrast, the multirate coupling
algorithm helps reducing the number of mechanics linear iterations, as illustrated earlier.
Combining the two approaches (the multirate scheme for the coupled problem along with
the global Inexact Newton method for flow) results in reducing both the number of flow
and mechanics linear iteration, while maintaining an acceptable level of accuracy. The

combined scheme is illustrated in figure 8.7.
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Figure 8.7: Multirate Iterative Flow and Mechanics Coupling Algorithm with The Global
Inexact Newton Method as a Nonlinear Solver Framework.
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8.5.1 Test Case: Frio Field Model

The scheme described in figure 8.7 is implemented in IPARS for the two-phase implicit
MFMFE flow model coupled with linear elasticity. We consider the Frio field model (studied
and described in Chapters 2 and 4). The model input specifications are shown in Table 8.2.

The simulation is run for five different cases, as follows:

e Case (1): Single Rate Iterative Coupling (¢ = 1) with “Exact Newton” flow solve
(Method 3: no forcing and no backtracking, n*) = 1.E — 6, for all backtracking

iterations, indexed by “k”).

e Case (2): Multirate Iterative Coupling (¢ = 2) with “Global Inexact Newton” flow
solve (Method 1: forcing and backtracking).

e Case (3): Multirate Iterative Coupling (¢ = 4) with “Global Inexact Newton” flow
solve (Method 1: forcing and backtracking).

e Case (4): Multirate Iterative Coupling (¢ = 8) with “Global Inexact Newton” flow
solve (Method 1: forcing and backtracking).

e Case (5): Multirate Iterative Coupling (¢ = 16) with “Global Inexact Newton” flow
solve (Method 1: forcing and backtracking).

We expect the first case to result in the largest number of both flow and mechanics linear

iterations. This overhead should lead to an increase in the CPU time as well.

8.5.2 Results

Figures 8.8 and 8.9 show the water pressure and saturation profiles after 48.0 days of
simulation for the five different cases. In addition, figures 8.10, 8.11, and 8.12 show the
displacements in the z, y, and z directions after 48.0 days of simulation. The five cases
result in almost identical solutions, with minor mismatches near wells for higher values of
q (¢ > 4) - nearly invisible -. This is primarily due to the multirate nature of the scheme
(as expected), and is not a result of the global Inexact Newton method. In general, the

five different cases result in similar pressure and saturation profiles.
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Wells:

3 production wells, 6 injection well

Injection well
Injection well
Injection well
Injection well
Injection well
Injection well (6):
Production well (1):
Production well (2):
Production well (3):

O W N

Pressure specified, 4000.0 psi
Pressure specified, 3300.0 psi
Pressure specified, 4000.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 3700.0 psi
Pressure specified, 4400.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi
Pressure specified, 2000.0 psi

Total Simulation time:

56.0 days

Fine flow time step:

At = 0.01 for ¢ € [0.0,8.0] days
At = 0.02 for ¢ € [8.0,16.0] days
At = 0.05 for t € [16.0,24.0] days
At = 0.1 for t € [24.0,32.0] days
At = 0.25 for ¢ € [32.0,40.0] days
At = 0.50 for ¢ € [40.0,56.0] days

Number of grid elements:

891 grids (33 x 9 x 3)

Absolute Permeabilities: kyq, kyy, k2»

highly varying, range: (5.27E-10, 3.10E+3) md

Initial porosity, ¢g: 0.2
Water viscosity, fiw: 1.0 cp
Oil viscosity, po: 2.0 cp

Water compressibility c,,:

1.E-6 (1/psi)

Oil compressibility c,:

1.E-4 (1/psi)

Rock compressibility:

1.E-6 (1/psi)

Rock density:

165.44 b,/ ft°

Initial water density, p,:

62.34 b,/ ft°

Initial oil density, po:

56.0 by, / ft°

Initial oil pressure, p,: 400.0 psi
Initial water saturation, S, : 0.2

Young’s Modulus (E): 5.E5 psi
Possion Ratio, v: 0.4
Biot’s constant, a: 1.0

Biot Modulus, M: 1.0E8 psi

—_ Ev .
A= (14+v)(1—2v)"

714286.0 psi

Flow boundary bonditions:

no flow boundary condition on all 6 boundaries

Mechanics B.C.:

“X+4” boundary (EBCXX1()):

Ogz = 0 - Ny = 12,000pst, (overburden pressure)

u = 0, zero displacement

)
“X-? - boundary (EBCXXN1()):
“Y+” - boundary (EBCYY1()):

u = 0, zero displacement

Oyy = 0 - Ny = 6000pst

“Y-? - boundary (EBCYYN1()):
)

“Z+” - boundary (EBCZZ1(

u = 0, zero displacement

“Z-” - boundary (EBCZZN1()):

0., =0 -n, = 1000ps:

Table 8.2: Input Parameters for the Frio Field Model
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Figure 8.13a shows the accumulated CPU runtime for the whole simulation run in the five
different cases. We see a monotonically decreasing trend in CPU runtime up to ¢ = 8, which
corresponds to Case (4). However, the CPU runtime starts increasing again for ¢ = 16,
which corresponds to Case (5). This is due to the fact that for larger values of ¢, the
algorithm requires more iterative coupling iterations to converge for each coarse mechanics
time step, as shown in figure 8.13d. More iterative coupling iterations result in more flow
and mechanics linear iterations which, in turn, increase the overall CPU runtime, as shown
in figures 8.13b and 8.13c. Table 8.3 shows the computational time savings for Case (2),
(3), (4), and (5) relative to Case (1).

From the above results, we can draw the following conclusions:

e The global Inexact Newton method (Method 1: forcing with backtracking) helps
reducing the number of consumed flow linear iterations in the multirate iteratively
coupled scheme compared to the single rate scheme with the exact Newton flow solve
(Method 3). In general, subject to the value of the coupling iteration tolerance, the
time step size, and other input parameters, the multirate iteratively coupled scheme
might result in an increase in the number of flow linear iterations (if we do not
incorporate the global inexact Newton method for the nonlinear flow solve, as in the
case of figure 2.8¢c in Chapter 2). The obtained results suggest that this problem (i.e.
the increase in the number of flow linear iterations in the multirate scheme) can be

alleviated if the global inexact Newton method is used for the flow solve.

e Larger values of ¢ result in more iterative flow-mechanics coupling iterations. This
can increase the number flow and mechanics linear iterations, and hence spoil the
computational time savings obtained by combining the multirate coupling algorithm

with the global inexact Newton method for the flow solve (the case of ¢ = 16).

e We conclude that for multirate iteratively coupled problems, (Method 1) is highly
recommended for solving the nonlinear flow problem. Provided that the value of ¢

is not very large, the combined scheme (multirate coupling with the global inexact
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Figure 8.8: Water Pressure Profiles (psi) of the Frio Field Model after 48.0 Simulation Days

for the Five Different Cases.

Newton method for the flow solve) efficiently reduce the number of flow and mechan-

ics linear iterations, without affecting the accuracy of the solution. This leads to

substantial CPU time savings.
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Figure 8.9: Water Saturation Profiles of the Frio Field Model after 48.0 Simulation Days
for the Five Different Cases.

Computational Savings Relative to Case (1) || Case (2) | Case (3) | Case (4) | Case (5)
CPU run time 11.76% | 21.59% | 24.97% | 10.70%

Number of flow linear iterations 37.96% | 26.50% | 21.24% | 0.49%
Number of mechanics linear iterations 49.93% | 74.12% | 86.47% | 91.71%

Table 8.3: Computational savings of “Case (2)”, “Case (3)”, “Case (4)”, and “Case (5)”
relative to “Case (1)” for the whole simulation run. We see that for ¢ = 16, which corre-
sponds to “Case (5)”, the efficiency of the scheme is severely affected by the increase in
the number of flow linear iterations, as a result of the increased number of flow-mechanics
iterative coupling iterations shown in figure 8.13d.
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Figure 8.10: Displacement in (x) Direction (ft) for the Frio Field Model after 48.0 Simula-
tion Days for the Five Different Cases.
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Figure 8.11: Displacement in (y) Direction (ft) for the Frio Field Model after 48.0 Simula-

tion Days for the Five Different Cases.
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Figure 8.12: Displacement in (z) Direction (ft) for the Frio Field Model after 48.0 Simula-
tion Days for the Five Different Cases.
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Accumulated CPU Run Time vs Simulation Period

Accumulated # of Flow Linear Itrns vs Simulation Period
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Figure 8.13: Frio Field Model (Multirate/Global Inexact Newton) Numerical Results

247



Chapter 9

Conclusions

In this work, we considered different coupling schemes for coupling flow with linear elasticity
(the quasi-static Biot Model). We rigorously formulated single rate and multirate iterative
and explicit coupling schemes in both poro-elastic and fractured poro-elastic media. In
the single rate case, the flow and mechanics problems share the same time step, while in
the multirate case, the flow takes multiple finer time steps within each coarser mechanics
time step. We thoroughly investigated the contracting behavior for all considered iterative
coupling schemes, both theoretically and numerically (in IPARS). Moreover, we analyzed
the stability of the proposed explicit coupling schemes, and showed that they are only con-
ditionally stable, under certain conditions on the flow and mechanics parameters. Stability
conditions have been derived for both poro-elastic and fractured poro-elastic media. The
condition for the poro-elastic case was validated numerically against field-scale problems.
This gives us a practical hint that for explicit coupling schemes to be numerically stable,
sufficient level of compressibility should be maintained for both the fluid and the solid
(i.e. the poro-elastic media). Unconditionally stable explicit coupling schemes have been

proposed as well, by introducing theoretically derived stabilisation terms.

For both iterative and explicit coupling schemes, our numerical results highlight the effi-
ciency of the multirate scheme in reducing the number of mechanics linear iterations, and
subsequently, the CPU run time, while maintaining an acceptable level of accuracy com-
pared to the results obtained by the single rate scheme. Moreover, subject to the value
of the damping factor obtained in remark 2.3.3, by comparing our theoretical contraction
estimates against numerical computations, we conclude that the theoretical estimates can
predict the contracting behavior, and subsequently, the rate of convergence of the corre-

sponding iterative scheme with high accuracy.
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Our main contributions in this dissertation can be summarized as follows:

9.1 Contributions

e For multirate iterative coupling schemes, the main contributions are as follows:

— For the quasi-static Biot model in poroelastic media, we established the contract-
ing behavior leading to geometric speed of convergence for two iterative coupling
schemes (the fixed-stress split and the undrained-split coupling schemes). Ba-
nach fixed-point contraction results were derived in both cases. In addition,
both schemes were extended to the multirate settings, and Banach fixed-point
contraction results were rigorously established for the both multirate schemes

for the first time (to the best of our knowledge). (Area A)

— For both schemes (fixed stress split and undrained split), the derived mathe-
matical proofs provide the optimal values of the coefficients in the regularization

terms used in both schemes. (Area A)

— We proposed an alternative modified multirate scheme for the fixed-stress split
coupling algorithm. Banach contraction was established for this scheme as well,
and the quantity of contraction is independent of the number of flow fine time

steps taken within one coarse mechanics time step (¢). (Areas A & B)

— For fractured poroelastic media, Banach contraction results were established for
the fixed-stress split multirate iterative coupling scheme (extending the work
of [43]). A modified multirate coupling scheme was proposed as well (in which
the combined quantity of contraction is independent of ¢). Our proofs provide
the optimal values of the coefficients of the regularization terms considered in

this case as well. (Area A)

— We derived a priori error estimates for the single rate fixed-stress split iterative
coupling scheme. To the best of our knowledge, this is the first rigorous deriva-
tion of a priori error estimates for the fixed-stress split iterative coupling scheme

for the quasi-static Biot model. The novelty of the approach used in deriving
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our error estimates lies in its ability to utilize previously established results for
the simultaneously coupled scheme. A similar result can be obtained for the

undrained split coupling scheme, and is left for future work. (Area A)

We established the “localized” contracting behavior (leading to geometric speed
of convergence) for the fixed-stress split algorithm in (spatially and temporally)
heterogeneous poro-elastic media. An upper bound on ¢ was derived theoreti-

cally in this case. (Area A)

We implemented and validated the efficiency of the proposed multirate iterative
coupling scheme - Algorithm 2 - for different flow models in IPARS. This includes
the single-phase MFMFE flow model, and the two-phase MEMFE (both IMPES
and implicit schemes) flow models coupled with linear elasticity. The efficiency of

the scheme was validated against two field-scale problems (the Frio field model,

and the Brugge field model). (Areas B & C)

We compared the values of the contraction estimates derived theoretically against
numerically computed values for field-scale problems. This confirmed that theo-
retical contraction estimates provide an upper bound for numerically computed
values. Moreover, the effect of the Lame parameters on the contracting behavior
of the scheme was investigated both theoretically and numerically. As predicted
in theory, for a fixed value of the poisson’s ratio, theoretical contractions coeffi-

cients are sharper for larger Young’s modulus values. (Area C)

It was observed by numerical simulations that the multirate scheme can (some-
times) result in an increase in the number of flow-mechanics iterative coupling
iterations. This leads to an increase in the number of flow linear iterations.
The global Inexact Newton (combined with forcing functions and line-search
backtracking) was incorporated in the multirate iteratively coupled algorithm
to alleviate this effect. The combined algorithm (multirate coupling with the
global Inexact Newton method for the flow solve) resulted in a robust, and effi-
cient scheme (validated against the Frio field model). Incorporating the global

inexact Newton method as a nonlinear solver framework for the flow problem in
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multirate iteratively coupled problems is a novel idea that has not been explored

in the past. (Area B)
e For multirate explicit coupling schemes, the main contributions are as follows:

— For both poro-elastic and fractured poro-elastic media, we performed rigorous
stability analysis of the single rate and multirate explicit coupling schemes. We
also derived the conditions on reservoir and fracture parameters under which

the corresponding explicit coupling scheme is stable. (Areas A & C)

— For the explicit coupling scheme in poro-elastic media, the derived stability
criterion was validated numerically against the Frio field model (in IPARS).

(Area C)

— The efficiency and computational time savings of multirate explicit coupling
schemes versus multirate iterative coupling schemes were investigated numeri-
cally for a realistic field-scale problem (the Brugge field model). Our compu-
tational results suggest that if the considered parameters satisfy the derived
stability conditions, explicit coupling schemes reduce the CPU run time effi-
ciently compared to their counterpart iterative coupling schemes. (Areas B &

C)

9.2 Future Work

This work can be extended in different directions. The list below provides possible exten-

sions which will be considered for future work:

e Validating (numerically) our derived stability conditions for explicit coupling schemes

in fractured-poroelastic media.

e Comparing the efficiency of the standard multirate iterative coupling scheme to the
efficiency of the modified multirate iterative coupling scheme for both poroelastic and

fractured poroelastic media.
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Deriving Banach contraction estimates for multirate iterative coupling schemes in-
volving finer flow solves with varying time step sizes (i.e. At is not constant within

one particular coarse mechanics solve).

Deriving error estimates (a priori and a posteriori error estimates) for multirate iter-

ative coupling schemes in both poro-elastic and fractured poroelastic reservoirs.

Deriving error estimates (a priori and a posteriori error estimates) for multirate ex-

plicit coupling schemes in both poroelastic and fractured poroelastic reservoirs.

Investigating nonlinear extensions of the considered algorithms, their analyses, and
computational performance. This includes nonlinear flow models coupled with non-
linear mechanics models (e.g plasticity, thermoporoelasticity, thermoporoplasticity ..

etc).
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Appendix A

The Multipoint Flux Mixed Finite Element Method

We provide a brief review of the finite element spaces used in the MFMFE scheme. It should
be pointed out that the MEMFE scheme has been developed by Wheeler and Yotov [90]
in 2006 for simplicial and quadrilateral grids. It was then extended to general hexahedral

grids [47], and distorted quadrilaterals and hexahedra [87] in 2010, 2012 respectively.

We assume our elements to be quadrilatrs in 2D and hexahedra in 3D. We recall that <),
represents the finite element partition of 2, which is assumed to be shape-regular [39]. On

a physical element E, the pressure and flux finite element spaces are defined through the

transformations:
Scalar Transformation: w4 W w=wo Fyt (A.0.1)
1
Piola Transformation: ZrZziz= J—]D)FEé o ! (A.0.2)
E

in which Fg is a mapping from the reference element E to the physical element E. The
Jacobian of the mapping Fg is given by DFg, and Jg = |detDFg|. We note that the Piola
transformation preserves the divergence and the normal components of the flux vectors
on the faces (3D) and edges (2D) [39], which is need for H (div;{2)-conforming flux space.

Thus, we have:

(V-z,w)E:(?-i,u})E and (z-n,w)p = (2 -nu)p

A.1 MFMFE Spaces

We recall that the infinite dimensional mixed finite element spaces for pressure and flux

are given by:

Q=1I1*Q), and Z={qe H(div;Q)";q-n =0 on 0N} (A.1.3)
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respectively. The finite dimensional discretized MFMFE spaces are given by:
Qn = {w € Q;w|ps w,0 € Q(E),VE € T),}
Z,={z€Z zlp 2,2 € Z(E),VE € T}
where Z(E) and Q(F) are finite element spaces on the reference element £. In what follows,
we recall that Py denotes the space of polynomials of degree k in two or three variables.
Consider a hexahedral element in the reference domain (i.e. unit cube E) Its vertices are
given by 7, = (0,0,0)7, 7o = (1,0,0)7, 73 = (1,1,0)T, 7, = (0,1,0)T, 75 = (0,0, )7,
76 = (1,0, )T, 7o = (1,1,1)T, 74 = (0,1,1)T. The map Fg is defined as follows:
Fe=ri(1l—-2)1—-9)(1—=2)4+rz(l —9)(1 —2)+r3z2y(1 — 2) + r4(1 — 2)y(1 — 2)
+r5(1—2)1—9)2+7re2(1 — 9)2 + rr29Z + rs(1 — 2)y2
The space Z (E) is the enhanced BD DF; space, given as follows:
Z(E) =BDDF(E) + sycurl(0,0,222)T + sscurl(0,0,2292)T + tycurl(i32,0,0)7
+ tzcurl(29°2,0,0)" + rocurl(0,92%,0)" + rycurl(0, 2922, 0)T
—=BDDF(E) + 55(0, =222,0)7 + s5(2%2, —2292,0)T 4 15(0, 0, —229)"
+ t5(0, 297, —2292)T + 19(—292,0,0)? + r3(—2272,0, 552)T
where the space BDDF] is given as:
BDDF,(E) = Pi(E)? 4 socurl(0,0, 292)" + sycurl(0,0, 25%)T + tocurl (42,0, 0)T

+ tycurl(§22,0,0)T + rocurl (0,992, 0)T + ricurl (0, #%2,0)F

= P (E)® 4 so(22, —2,0)T + 51(225, =%, 0)T 4 10(0, 23, —22)*+

+11(0,292, —2HT 4+ 1o(—29,0,92)" +r1(—22,0,222)" (A.1.4)

where, s;, t;, and r; for i = 0, 1,2, and 3, are real constants. The space Q(E) is given as:

A A

Q(E) = Py(E)
We note that the flux degrees of freedom are chosen to be the normal components at the
vertices for each edge (face). It should be noted that the original BD D F; spaces have only
three degrees of freedom per square face. The enhanced BD DF; space has four degrees of
freedom per square face, which is needed in the reduction of the discretized system to a

cell-centered pressure stencil for pure Darcy flow problem [39].
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A.2 Quadrature Rules

By mapping the physical element to the reference element (using Piola transformation for
fluxes), the integration can be carried out over E using a quadrature rule. By the Piola
transformation, we have:

1
(K’lz, q)E _ (—DFEK*(FE(m))DFEz, q)

E

where Mg = i]D)FgK ~Y(Fg(#))DFg, where & € E. The trapezoidal rule on the reference
element E is defined by: Trap(2,q) = % S 2(#) - q(#;), where {#;} denote the vertices
of E. Thus, we define the quadrature on the physical element E as:

N>

-1 _ ~
(K z,q>Q7E—Trap( ,q)
S
e ;ME(H)Z(“) -q(74)

Mapping back to a physical hexahedral element, we obtain:

Symmetric Quadrature Rule:

(K754),, =3 > J()DE) (BB (1)K 5 (F(7))=(r) - alr)

Non-Symmetric Quadrature Rule:
8
_ 1 . T -
(K= q)Q =3 2 Ju(F)(DFE) (r)DFET (¢, ) K ' 2(r) - q(r)
’ i=1

where 7, £ is the center of mass of E, and Kj is the mean of K on E [39,47,82,87,90].
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