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Abstract

The increasing urban population is leading to the exploitation of building sites, close to surface or under-
ground railways, with considerable levels of ground-borne vibration. An important design consideration
regards the levels of perceptible vibration and/or re-radiated noise in the completed buildings. A fundamen-
tal question concerns to what extent the mass and stiffness of a building foundation influences these levels.
This paper explores this question in relation to a concrete slab foundation.

Previous research has explored the influence of the coupling between a thin, flexural plate and an elastic
half-space on the free-surface displacements arising from surface Rayleigh waves. Here, a numerical, wave-
based approach is used to model the slab foundation as an elastic layer of finite thickness, overlying the
half-space. The latter is subjected to incident waves in the form of Rayleigh, P- and SV-waves. It is found
that thin-plate theory alone is insufficient for modelling the slab over the full frequency range of interest,
and that the assumed soil-slab boundary condition plays a significant role. Design plots are presented in
order to summarise the influence of the salient dimensionless parameters, and to help guide the design of a
slab foundation to achieve a specific reduction in ground vibration level.

Keywords: foundation, ground-borne vibration, soil-structure interaction, railway

1 1. Introduction

2 Ground-borne vibration generated by railways is an increasing concern for building designers. Vibration
s generated at the wheel-rail interface propagates through the track and supporting structures, into the un-
4 derlying ground, from where it may propagate to the foundations of nearby buildings. Depending on the

s mass, stiffness and damping distribution within a building and its foundation, the resulting levels of per-
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ceptible vibration and re-radiated noise may lead to the annoyance of occupants or, in the case of specialist
manufacturing or research facilities, the malfunctioning of sensitive equipment.

A number of strategies are available for mitigating ground-borne vibration in buildings, by addressing
the source [1} [2], the transmission path [3} 4] or the receiver (building) [5]. One example of mitigation
at the receiver is the introduction of a thick slab foundation to help suppress the vibration, primarily by
stiffening the base of the building. This approach is usually employed for specialist manufacturing facilities,
such as silicon wafer fabs [6], where particularly stringent vibration criteria must be met. It has also been
suggested as a straightforward approach for commercial and residential buildings, since it may simply
involve constructing a thicker slab than pure structural considerations dictate. However, the extent to which
a slab influences the ground vibration field is not clear, and there is little or no guidance for designers
wishing to achieve a specific reduction in ground vibration level.

The behaviour of a slab foundation resting on a soil deposit subject to ground-borne vibration represents
a particular case of soil-structure interaction (SSI). Significant literature exists on the SSI associated with
both flexible and rigid foundations [7, |8} 9, [10]. However, the main focus has been earthquake-related
problems, which involve low frequencies and long wavelengths, and therefore allow the foundations to
be treated as rigid. In the case of ground-borne vibration due to railways, the frequency range of interest
extends to much higher frequencies, typically from approximately 25 Hz to 250 Hz [11], and therefore
involves relatively short wavelengths that are comparable with the dimensions of a typical foundation. In
this case, the flexibility of a foundation is one of the dominant factors governing its response.

In the context of ground-borne vibration, Auersch [[12] considers the response of thin, flexural plates
(representing the foundation slab) resting on an elastic half-space (the soil deposit) to surface Rayleigh wave
excitation. Both finite and infinitely-long plates are considered, using a combined finite-element boundary-
element method, and a semi-analytical method in the frequency-wavenumber domain. Valuable results from
a parametric study are presented that considers the influence of mass, stiffness and soil layering on the soil-
slab interaction and the extent to which a slab attenuates ground vibration levels. In particular, Auersch
concludes that the slab thickness is the dominant parameter governing the level of attenuation, since this
essentially governs the frequency above which attenuation occurs.

The work presented here begins by reproducing some of the results of Auersch, this time using the dy-
namic stiffness method (DSM) implemented within the Elastodynamics Toolbox [[13,/14] in MATLAB [15]].

The foundation slab is now modelled as an elastic layer, of infinite horizontal extent but finite thickness,
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overlying an elastic half-space. The assumption of infinite horizontal extent is unsuitable for modelling
the detailed response of a particular foundation to a particular vibration source. In particular, it fails to
account for any modal behaviour of the slab due to the absence of wave reflections from the slab bound-
ary. However, these modes are often heavily damped, due to the radiation damping provided by the soil,
and are of secondary interest to the fundamental, underlying SSI. Auersch demonstrates that, for the case
of Rayleigh wave excitation and for a relaxed boundary condition at the soil-foundation interface, the SSI
associated with a finite plate is approximated well by that of an infinitely long one. An infinite slab is
therefore adopted here to investigate further some of the fundamental behaviour: to enable the identification
of the salient non-dimensional groups; and to investigate the influence of the assumed boundary conditions
at the soil-slab interface, as well as the effect of the plate-like assumption for the slab. The assumption of
linear-elastic soil behaviour is justified on the basis of the low strain levels associated with ground-borne
vibration, which usually lie within the elastic regime for most soils (see, for example, Connolly et al. [[16]).

Having considered surface Rayleigh wave excitation, the case of a buried source is investigated by con-
sidering incident P- and SV-waves, before considering the overall implications of the study for foundation

design.

2. Overview of the problem

Our interest is the particular SSI associated with a flexible, concrete slab foundation, that is, the influence
of such a slab on the free-surface vibration field, expressed in terms of the ratio of the vibration amplitudes
before and after the construction of the slab. As a first approximation, the slab may be assumed to be of
infinite horizontal extent. This assumption is supported by Auersch, who demonstrates that, for the case of
Rayleigh wave excitation, the SSI associated with a finite plate may be approximated by that of an infinitely
long one. Here, the slab is treated as an elastic layer of thickness % and infinite extent in both the x and y
directions, with shear modulus G, Poisson’s ratio v, and mass density p. (see Figure[I)). The underlying
soil is modelled as a homogeneous, isotropic, elastic half-space, with shear modulus G, Poisson’s ratio v
and mass density p;. Damping in both the slab and the soil is assumed to be hysteretic, as described by a
frequency-independent loss factor in shear, with no associated damping in dilatation (see Hunt [[17]). Both
surface and body, plane-wave excitation is considered: a Rayleigh wave travelling in the x-direction with
speed Vg, and either an incident P- or SV-wave travelling respectively with speed Vp or Vs at an incidence

angle 0p or 6. Such excitation may be regarded as being broadly representative of that from either a surface
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Figure 1: (a) The free-field displacement amplitude uy on the surface of an elastic half-space subjected to surface and body plane-
wave excitation. A Rayleigh wave travelling in the x-direction with speed Vi, and a P- and SV-wave travelling with speeds Vp and
Vs at incidence angles 0p and s are considered; (b) the corresponding response following the construction of a slab foundation,

expressed in terms of the interface displacement u; and the displacement u on the free-surface of the slab.

or underground railway.

The wave excitation is assumed to be plane and therefore invariant in the y-direction. The problem
can then be examined in the x — z plane with reference to the vertical and horizontal displacement ampli-
tudes. The free-field displacement ug of the half-space, the interface displacement uy and the free-surface

displacement u of the slab can be expressed in vector form as:
uy = Ag expli(wt — kyx)}; uy = A expli(wt — kyx)} ; u = A expli(wt — kyx)} (1)

where w and k, are the angular frequency and horizontal wavenumber of the vibration field. The relative
amplitudes of the vectors Ag = [ug, wo] T, Ay = [u,w;] T and A = [u, w] T, which are independent of the x
coordinate due to the infinite extent of the slab, describe the influence of the slab foundation. Depending on

the type of wave excitation considered, the horizontal wavenumber k, can be written as:
ky=kr; ky=kpcosbp; k,=kscosbls (2)

where kg, kp and kg are the wavenumbers of the Rayleigh, P- and SV-waves respectively.

The influence of the slab foundation on the free-field displacement uy relates to a general result in the
SSI literature [[7]. So-called weak coupling is assumed, in which only the coupling between the soil and the
slab is accounted for; any coupling with the original source of the vibration is assumed to be negligible. By

ensuring equilibrium and compatibility at the soil-foundation interface, the displacement u; at the interface
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can be expressed as:

u = [I + Hg Hf_l]_] u 3)

where Hy and Hg are the frequency-response function (FRF) matrices of the foundation and soil respectively,
which can be found by inverting the respective dynamic stiffness matrices [18]. Equation [3]is also found
in the ground-borne vibration literature in the context of soil-building interaction [5]]. In the case of finite
slabs, Equation 3] may be solved directly; in the case of infinite slabs, the solution may be obtained via a
frequency-wavenumber formulation. Auersch used the latter approach for an infinitely-long slab subjected
to Rayleigh waves, and assumed a relaxed boundary condition between the soil and the slab in which only
the vertical displacements at the interface are coupled [[12]. In this case, Equation 3]reduces to the following

scalar equation for the vertical displacement ratio at the interface:

w1 1

—_—= 4
wo 1+Hsz ( )
Hy,

where Hy, and Hg; are the vertical driving-point FRFs of the slab and the soil respectively, formally in

the frequency-wavenumber domain. However, since the wavenumber is a function of frequency and the
Rayleigh wave speed, this ratio of the displacement amplitudes is a function of frequency alone, and inde-
pendent of position due to the infinite length of the plate.

Focussing on the vertical displacements is common practice when dealing with ground-borne vibration
in buildings, often based on the assumption that the flexibility of a building in the horizontal direction
provides sufficient decoupling from any horizontal vibration. However, there is theoretical evidence that
suggests otherwise, with all coupling degrees-of-freedom (vertical, horizontal and rotational) between a
building structure and its foundation being potentially significant [[19]. Furthermore, given the small strains
associated with ground-borne vibration, the influence of friction at the soil-slab interface may lead to a
fully-coupled boundary condition that includes coupling of the horizontal displacements. In this case, the
full matrix form of Equation [3| must be solved, although this does reduce to a scalar equation, similar to
Equation ] for the horizontal u; /ug and vertical w; /w displacement ratios in the case of normally-incident
SV- and P-waves respectively.

The fully-coupled condition calls into question the assumption of plate-like behaviour for the slab. By
modelling the slab as a thin plate, the through-thickness deformation is assumed to be negligible, such that
w = w1, and there is no consideration given to the in-plane horizontal displacement. The aim of the current

study is therefore to investigate how the SSI associated with a slab foundation is influenced by the slab-soil

5
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boundary condition and the plate-like assumption, and how this varies for the different incident wave fields.

Before presenting the results, it is helpful to review the dimensionality of the problem. By dimensional
analysis, the displacement ratios w/wg, wi/wq, etc. can each be expressed as a function of the following
form:

— =Y > s Vs V(,‘597 e
wo Ve pe Vs

w Vs ps wh) 5)

Assuming typical values for the Poisson’s ratios v, and v, (Table [A.T)), the dimensionless groups V,/V,
and p;/p. enable the influence of the stiffness and density of the slab relative to the soil to be investigated
for a given wave incidence angle 6 and non-dimensional frequency ap = wh/V,. The latter enables the
thickness of the slab to be described relative to the shear wavelength in the soil. Given typical ranges for
the shear wave speed in the soil Vy = 150 — 300 m/s, the slab thickness 2 = 0.5 — 1.5 m and the frequency
range of ground-borne vibration f = 25 —250 Hz, the corresponding range of interest for the dimensionless

frequency ag lies between approximately 0.2 and 15.

3. A slab foundation subjected to Rayleigh wave excitation

This section explores the SSI associated with a slab foundation subjected to Rayleigh wave excitation. Be-
fore considering the slab as an elastic layer, the case of an infinitely long, strip foundation is first reviewed,
following the approach of Auersch [12]. Having reproduced Auersch’s results, the slab is then modelled as
the elastic layer illustrated in Figure [T} enabling the influence of the slab-soil boundary condition and the

slab’s finite thickness to be investigated.

3.1. The slab as an infinitely long, strip foundation

The infinitely long, strip foundation is modelled as an elastic plate of width b and thickness /4. The vertical

dynamic stiffness of the plate in the frequency-wavenumber domain is given by [20]:
Ky (w,ky) = BbKy — pcbhw? (6)

where B = E.h*/12(1 — »2) is the bending stiffness. The vertical driving-point FRF is obtained as Hy, =
1/Ky,.

The vertical driving-point FRF of the elastic half-space H,; refers to a 2.5-D problem because of the
finite width b of the plate in the y-direction. Auersch solved this by assuming plane-strain conditions and

using a numerical integration approach in the wavenumber k,, regarding the plate as infinitely flexible along
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the y-axis by assuming a constant stress distribution across the width of the plate. According to the relaxed-
boundary condition, the vertical displacement ratio w;/wy is then obtained from Equation 4]

Figure[2|plots the ratio w; /wy as a function of frequency for the parameter values of the benchmark prob-
lem considered by Auersch (see Table in [Appendix A]). Several values of the foundation width b are
considered. Irrespective of the width, at a particular frequency known as the “coincidence frequency” (f;,),

the bending stiffness and inertia of the plate are such that a unit value of w;/wy is obtained. The coinci-

1.2

-]

wi
wo

Figure 2: The influence of the width of a strip foundation b on the soil-foundation interaction under Rayleigh wave excitation,
as described by the ratio of the vertical displacement amplitudes at the soil-foundation interface, before (wy) and after (w,) the

construction of the foundation. Benchmark parameter values (Table [A.T).

dence point represents the scenario in which the free-flexural wavelength A of the plate coincides with the

horizontal wavelength A, of the input wave-field. The corresponding frequency can be found as [20]:

2 2
o= L& _fpch Vi
“ T o B 2w

The coincidence frequency is important because it governs the extent to which the plate attenuates ground

(7)

vibration levels: it defines the transition from the low-frequency, mass-controlled region where amplifica-
tion occurs, to the stiffness-controlled region where considerable attenuation is achieved with respect to the
free-field displacement wg. The influence of the plate mass and bending stiffness on the value of f., can be

determined from Equation[/| Increasing the plate thickness / results in a reduction in both f, and the ratio

7
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wi/wy (for frequencies f > f.,). A similar effect may be obtained by decreasing the mass density p. of
the plate. A comprehensive discussion of the influence of the bending stiffness, mass and width of the strip
foundation, and the shear wave speed V; of the soil, can be found in Auersch [12], also with reference to a
finite plate. The results of Figure [2| also illustrate the significance of increasing the strip width b, with the

limiting case being that of a slab foundation of infinite extent along the x- and y-axis (b — o).

3.2. The slab as an elastic layer
We now assume the slab foundation to be of infinite extent in both the x and y direction, modelling it as an
elastic layer of finite thickness overlying the elastic half-space. The dynamic stiffness matrices Kg and K¢
of both the half-space and the layer are calculated by means of the dynamic stiffness method (DSM) [18]],
making use of the ElastoDynamics Toolbox (EDT) [13,14] in MATLAB [15]. The FRF matrices appearing
in Equation [3] Hy and Hy, are obtained by inverting the respective dynamic stiffness matrices.

In the case of the relaxed boundary (RB) condition, the vertical displacement ratio w;/wq can be re-
trieved from Equation (4] with the vertical driving-point FRFs, Hy, and Hy,, being extracted from the FRF

matrices. Figure [3p plots the ratio w;/wg calculated by both Auersch’s strip model and the equivalent

12 T T T T T 50
(a) | — DSM (EC) (b)
! — DSM (RB) 45
1f S e A Tt Auersch [
! __ 40t
: % 35|
038 | . : 35 ‘
! 2 30 &
- ‘ 2 |
— 1 i = L 1
g | =7 |
: 2 20 :
4 ; | = !
0 : 2 15F :
\ g :
0.2 ! | 1or 3
| 5
O | : | | | | 0 | : | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Jeo Frequency [Hz] Jeo Frequency [Hz]

Figure 3: (a) The vertical displacement ratio at the soil-foundation interface of an infinitely long (Auersch) and infinitely large
(DSM) slab foundation subjected to an incident Rayleigh wave, considering the fully-coupled (FC) and relaxed (RB) boundary
conditions. (b) Comparison of the Rayleigh wave-field wavelength A and the free-flexural wavelength of the strip foundation A.

Benchmark parameter values (Table[A-T)).
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DSM (RB) model, for the same benchmark parameter values (Table . It is clear that the two different
methods agree well, with the strip model achieving convergent results with the DSM (RB) model for a slab
width of b = 1000 m. Figure [3p plots the wavelength-frequency curves associated with the Rayleigh wave-
field and the free-flexural response of the plate model. The coincidence point again indicates the transition
region from amplification to attenuation.

In the fully-coupled condition (FC), the displacement ratios w;/wg and u1/ug are obtained by calcu-
lating the interface displacement uy using Equation [3} with reference to both the horizontal and vertical
components of the Rayleigh wave [21]]. The ratio w;/wq obtained with this DSM (FC) model is also plot-
ted in Figure [3p. In this condition, the SSI leads to significant attenuation for all frequencies, without any
amplification below the coincidence frequency. The fully-coupled condition highlights the importance of
considering both the horizontal and vertical components of ugy, and the cross-stiffness terms at the soil-
foundation interface.

Figure f plots the horizontal displacement ratio u;/ug, calculated by the DSM model for both the
relaxed (RB) and fully-coupled (FC) conditions. The common feature is that both conditions result in a

significant attenuation of the horizontal displacement. Again, the assumption of plane-wave excitation sim-

1 — 500
(a) — DSM (FC) (b) "
09| — DSM (RB) [ 45012
08| 1 400
07} . 2 350 |
PR
0.6 | =2 3001
— 2 H
1 -
— 05| 1 = 250f
sl S :
04} | 2 20011
<L :
03} : 2 150| %
§ .
0.2 | 100| %
0.1 . 50| 8
0 ‘ . , 0 ‘ ""‘""------‘......r.... ...... Jevanea sauaed fasaes
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Frequency [Hz] Frequency [Hz]

Figure 4: (a) The horizontal displacement ratio at the soil-foundation interface of an infinitely large slab foundation subjected
to an incident Rayleigh wave, considering the fully-coupled (FC) and relaxed (RB) boundary conditions. (b) Comparison of the

Rayleigh wave-field wavelength A and the free-axial wavelength of the slab A,. Benchmark parameter values (Table[AT).
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plifies the problem and enables a physical interpretation of the SSI. From the perspective of the (horizontal)
slab, the incident wave-field is characterised by a horizontal wavelength A, = Ag. This is true for the hori-
zontal displacement u; as for the vertical displacement wy seen earlier. The horizontal displacement of the

slab is influenced by its free-axial response along the x direction, the wavelength of which is given by:

®)

Figure 4p plots this wavelength-frequency relationship together with the curve for the Rayleigh wave-field.
It is clear that Ay is always shorter than A,, with no coincidence possible. It follows that the axial (in-plane)
behaviour of the slab always restrains the horizontal displacement at the soil-foundation interface, resulting
in attenuation for all frequencies for both the fully-coupled and relaxed boundary conditions.

A better understanding of the results from the different models may be obtained by expressing the
displacement ratios in decibels (dB) and referring to the non-dimensional frequency ap on a logarithmic
scale. Figure [Sh re-plots in this form the results of Figure 3h for the vertical displacement ratio at the soil-

foundation interface. Also included in Figure [Sh are the results for the displacement ratio w/wy calculated

20 — 20
(@) = (b)
0 H of H
|
-20 g . -20 .
— =40 . 40 .
[aa aa
B 60 B o, 60 .
o ‘«1‘\
glri —801| 0‘\“:\ il sl'\:o —-80 il
I : AN 51§
—100 H - DSM (FC), W]/WO “‘\‘\\ T -100 T
ol DSM (FC), w/wq 2\ | ol = DSM (FC), u/ug ‘-‘\ |
- — DSM (RB), w;/wq B === DSM (EC), u/uq .
_140 1 --- DSM (RB), w/w, By S _140 | — DSM (RB), u;/ug ‘.}‘ |
--- Auersch '.‘. --- DSM (RB), u/uy W
-160 s Ll -160 TS
10! 10° 10! 102 10! 10° 10! 102
_ wh _ wh
ap =5 [-] ap =5 [-]
N N

Figure 5: (a) The vertical displacement ratio at the free-surface (w/wy) and soil-foundation interface (w;/wy) of an infinitely large
slab foundation subjected to an incident Rayleigh wave, considering the fully-coupled (FC) and relaxed (RB) boundary conditions.
Comparison is made with Auersch’s strip model. (b) The corresponding horizontal displacement ratios. Benchmark parameter

values (Table[AT).
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at the free-surface - the location of most interest, since this will support any future building. The plate-
like behaviour of the slab at relatively low frequencies is clearly captured by the Auersch strip model,
which shows a good agreement with the DSM (RB) model up to ap = 1. The plate-like assumption is
therefore sufficient to capture the SSI, as observed at the soil-slab interface (ratio wy/wgp) with the relaxed
boundary condition, but only up to a restricted value of 2/ A,. For shorter wavelengths, the through-thickness
effects become more important, with the layer-like behaviour of the slab attenuating the wave field at the
interface w; down to a plateau at high frequencies. This is a common feature for both the relaxed and
fully-coupled boundary conditions, although the former leads to lower attenuation because it neglects the
retrograde elliptical motion of particles at the soil-foundation interface, characteristic of Rayleigh waves,
accounting for only the vertical component. At the free surface, the high-frequency plateau is not evident.
Instead, the level of attenuation is observed to increase with frequency. In the case of the relaxed boundary

condition, the vertical displacement w is obtained simply as:

wo_ E 9)
wi Hfz

where ﬁ r. 1s the FRF for the vertical displacement at the free-surface due to a vertical traction at the
interface, which can be retrieved from the FRF matrix of the layer Hy. Again, it is clear from Equation [J]
that the DSM (RB) model neglects the coupling between the horizontal and the vertical motion. The ratio
w/w approaches unity at low frequencies, when the through-thickness effects are negligible, but introduces
increasing attenuation at higher frequencies.

Figure [5b plots the corresponding results for the horizontal displacements, this time re-plotting the re-
sults of Figure 4a for the displacement ratio at the interface u;/ug, together with the free-surface ratio u/uy.
A similar trend to the vertical displacements is observed but with the exception of the clearly absent amplifi-
cation region at low frequencies for the DSM (RB) model, due to the lack of any coincidence phenomenon.

For both the vertical and the horizontal displacements, the results of the DSM (RB) and DSM (FC)
models have common features that indicate the importance of both the finite thickness of the slab, which
becomes increasingly significant with frequency, and the assumed soil-foundation boundary condition. The
influence of the latter results in at least 10 dB difference in the final free-surface displacements of the slab

between the two conditions, without influencing the general trend in the results.
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4. A slab foundation subjected to incident P- and SV-waves

So far, the SSI associated with a slab foundation has only been investigated in the context of Rayleigh
waves. The case of incident P- or SV-waves can be similarly investigated by using the same DSM model for
the elastic layer but now with the free-field displacement components associated with these wave types [21]].
Considering an incident P- or SV-wave at an incidence angle 6p or 05 (see Figure/[I]), the displacement field
u of the coupled soil-foundation system is calculated by the superposition of several elastic states [22]. Only
the fully-coupled slab is considered here, in the belief that this better represents the actual soil-foundation

boundary condition at the low strain levels present in practice.

4.1. Influence on the vertical displacements (w1 /wq and w/wg)

Figure [6] plots the interface displacement ratio wi/wy, together with the wavelength-frequency curves for
incident P-waves (Figure[6p and [6c) and SV-waves (Figure[6b and[6d), for the benchmark parameter values
(Table A.1) and an arbitrary incidence angle 8p = 65 = 37/8. The results in this particular case can be

qualitatively divided into the following frequency regions:

1. an initial low-frequency region of either moderate attenuation (for P-waves) or amplification (for

SV-waves), up to a frequency f; < feo;

2. a second region, with increased values of w;/wg, which are always greater than unity for SV-waves

but not necessarily for P-waves. A maximum value is obtained at a frequency f> > f.;

3. athird region of sharply increasing attenuation, up to a frequency f3, beyond which wy/wq tends to a

limiting value.

The wavelength-frequency curves (Figure [6 and[6d) are again helpful for interpreting the SSI. The coinci-
dence frequency f;, lies between f] and f>, and does not correspond to a distinct feature in the wy /wq curve.
This is because the free-flexural wavelength A of the slab is calculated based on the thin-plate assumption;
in practice, shear deformation is likely to contribute to higher values of A, resulting in lower values of f,.

As seen before, a better understanding of the results is obtained by using logarithmic scales. Figure

shows such a representation for the results in Figure [f] (a) and (b). The trend in the ratio w;/wy described

) 2

0 and ag s

before can be observed more clearly with reference to the local minimum and maximum at g
and the plateau beyond ag). Additionally, the free-surface displacement ratio w/wy is plotted. Analogous

to what is observed for Rayleigh wave excitation, additional attenuation is obtained for the free-surface
12
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Figure 6: The vertical displacement ratio w;/wy at soil-foundation interface of an infinitely large slab foundation
subjected to (a) an incident P-wave at an angle 8p = 37/8 and (b) an incident SV-wave at an angle s = 37/8. The
wavelength-frequency curves are plotted below for the two cases ((c) P- and (d) SV-waves) with reference to the

coincidence frequency f., based on the thin-plate assumption. Benchmark parameter values (Table [A.T).

displacement w, compared to the interface displacement wy, as a result of through-thickness effects at
relatively short wavelengths. The results obtained using Auersch’s thin-plate assumption are also included
to highlight the influence of the relaxed boundary condition and the thin-plate assumptions.

Under Rayleigh wave excitation, investigated in Section[3] the attenuation provided by the fully-coupled
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Figure 7: The vertical displacement ratio at the free-surface (w/wy) and soil-foundation interface (w; /wy) of an infinitely large slab
foundation subjected to (a) an incident P-wave at an angle 6, = 37/8 and (b) an incident SV-wave at an angle 65 = 37/8. Results

obtained using Auersch’s thin-plate assumption are included for comparison. Benchmark parameter values (Table [A.T).

slab is considerable for all frequencies, and significantly greater than that provided to P- and SV-waves.
The horizontal wavelength A, associated with an incident P- or SV-wave is always longer than that of a
Rayleigh wave of the same frequency (see Figure [6c and [6d). Consequently, the coincidence frequencies
Jeo associated with P- and SV-waves are always higher than that of the Rayleigh wave, and the region where
strong attenuation is to be expected from the slab shifts to relatively high frequencies. The attenuation
provided by the slab to Rayleigh waves therefore represents a limiting case.

Another limiting case is that of normally incident P-waves (6p = n/2). In this case k, = 0 and the

restraining effect of the slab foundation is maximum at the free-axial natural frequencies f; of the elastic

layer in the vertical direction:
VPC
Uy

(2n-1) (10)

where Vp, is the compressional wave speed in the slab. At these frequencies, the slab behaves like a dynamic
vibration absorber. However, given the application, and the relatively high P-wave speed Vp,, f, lies well
beyond the frequency range of interest (f;=1 = 1270 Hz for the parameters in Table |A.1)), leading to only

moderate attenuation in the frequency range of interest.
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4.2. Influence on the horizontal displacements (u1/ug and u/ug)

A similar trend is observed in the horizontal displacements. This is illustrated in Figure[§|for incident P- and

SV-waves at an arbitrary incidence angle 8 = 37/8. Although, by physical interpretation, no coincidence
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Figure 8: The horizontal displacement ratio at the free-surface (u/uy) and soil-foundation interface (u;/up) of an infinitely large

slab foundation subjected to (a) an incident P-wave at an angle 8, = 37/8 and (b) an incident SV-wave at an angle 05 = 37/8.

Benchmark parameter values (Table[AT).

phenomenon is expected in this case (see Section , local minima (agl)) and maxima (az)z)) are observed
for the ratios u; /ug and u/ug. Moreover, the through-thickness effects at relatively short wavelengths result,
once more, in additional attenuation of the free-surface displacement u. Following a similar argument to
that used for the vertical displacements, it is clear that the Rayleigh wave and the normally incident SV-wave

represent limiting cases for the horizontal displacements u; and u.

4.3. The case of normally incident P- and/or SV-waves

The case of normally incident waves is worth exploring further, since these may be representative of the
wave field from a deep source, such as an underground railway. For normal incidence, the wave propagation
problem is independent of x and effectively one-dimensional. The free-surface and interface displacement
amplitudes u and uy can be found, in terms of the incident wave amplitude, by considering the superposi-

tion of multiple reflections and transmissions in the half-space-layer system, as illustrated schematically in

15



270 Figure[9] It is clear that a normally incident P- or SV-wave will induce only vertical or horizontal displace-
271 ments respectively. With a similar discussion also being valid for the case of a normally incident SV-wave,

the notation adopted in the following refers only to a normally incident P-wave (see[Appendix B).
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Figure 9: Schematic representation of the multiple reflected-transmitted wave amplitudes in an elastic layer overlying an elastic

half-space, due to a normally incident P-wave. An infinite repetition of a reflection-transmission unit follows the reflection and

transmission of the incident amplitude A(l”.
272

As shown in Figure[9] the multiple reflections/transmissions trace back to the incidence of the amplitude

274 A(ll) at the interface, and to the repeating reflection/transmission of the amplitude A'z(j Y that results from

273

the reflection of A’V at the free-surface. In general, the vertical displacement in the layer can be written

275 1

276  as:

w(@) = ikp| DA exp ikp2) - )" ALY exp (=ik2) (11)
j=1 j=1

277 By ensuring equilibrium and compatibility at the interface for the two cases, one can find:

A(l) _ A’(]) 1=
L _prl L ik = ¢
AV B+l A’z(f‘l) Bp+1
A’(l) k o) A(]) k/ 2
L - exp (—ik)yh) 2 _Zr 2br exp (—ik)yh)

AD  kppp ] AT kpBpt 1

278

279 where Bp = (0.Vp¢)/(0sVps). The amplitude A'z(j ) = —A'l(j ) because of the stress-free condition at z = 0. It is

’

280 clear that all the amplitudes involved in the repeating unit in Figure @ trace back to the amplitude Al(l) and
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that the latter refers to A(ll). The vertical displacement at the free-surface can then be found as:

© = 2ik,A" "
- i () D | = 9507 4" 2 b sl
w(z = 0) = ik}, J;Al’ _].E_IAZJ = 2ikpAT (1 =+ ¢ +...)_1—+§ (12)

Substituting the terms £ and A'l(l), and considering the free-field amplitude wy from|Appendix B

w 1

A 13
wo  cos (kph) + iBp sin (kj,h) (13)
With a similar argument for the interface displacement wy, we can write:
1
A (14)

wo 1+ iBptan (kj,h)
From the latter, as anticipated from Equation [10] it is clear that the slab has a restraining effect on the
interface displacement w at the free-axial natural frequencies f,, of the elastic layer. This effect disappears
at frequencies 2f,, when w; = wy if damping is neglected. The latter are frequencies for which the half-
wavelength of the P-waves, or a multiple, matches the slab foundation thickness. In this case, the ratios

w/wo and wi/wo will converge to the same value, that is, unity in the undamped case. In general, for
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Figure 10: (a) The vertical displacement ratios at the free-surface (w/wy) and soil-foundation interface (w;/wy) of an infinitely
large slab foundation subjected to an incident P-wave at angles of 7/2 and 57/12. (b) The equivalent horizontal displacement ratios

due to an incident SV-wave. Benchmark parameter values (Table[AT).

the case of normal incidence, the free-surface displacement w is greater than, or at least equal to, the
17
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interface displacement w;. The behaviour illustrated here depends only on the relative characteristics of
the soil-slab system, that is, the impedance ratio S. This is generally greater than unity for both P-waves,
Bp = (0:Vpe)/(0sVps), and SV-waves, Bs = (0.Vsc)/(psVs), so that the slab has an overall attenuating effect
on the displacement amplitudes. In contrast to the interface displacement, for the free-surface displacement
w such attenuation has a limiting value, again related to the impedance ratio 8. This is shown in Figure [I0a
for normally incident P-waves and, in Figure [IOp, for normally incident SV-waves. Figure[I0]also shows
the results for an incidence angle just off normal, that is, 8 = 57/12.

It is clear that normal incidence represents a special case, when the slab behaves as a simple elastic
layer, with no plate-like behaviour. For both P- and SV-waves, this ensures no amplification of the incident
waves but limits the available attenuation. Once the incidence angle deviates from normal, even by a small
amount, plate-like behaviour becomes significant, resulting in additional attenuation that increases with

frequency.

5. Design of slab foundations against ground-borne vibration

This section considers the overall implications of this study for foundation design. In particular, it considers
what guidance may be drawn regarding the design of a slab foundation to achieve a specific reduction in
ground-borne vibration level. It is clear that the SSI associated with a slab foundation is complex, even
for the simplified system considered here. Nevertheless, some useful guidance may be presented in the
form of Figures and These present a series of summary design plots that illustrate the influence
of the dimensionless groups V/Vy., pos/p. and 6, over the typical ranges associated with ground-borne
vibration, for the three incident wave types (P, SV and Rayleigh). Typical values are assumed for the
Poisson’s ratios and damping loss factors of the slab and soil (Table [A.T)). The results are given in terms
of the displacement ratios at the free-surface of the slab, for the fully-coupled boundary condition at the

soil-foundation interface.

5.1. Surface Vibration Sources

In the case of a surface source, it is reasonable to assume that the incident vibration field will be dominated
by Rayleigh waves, at least for locations remote from the source. In this case, the plots in Figure |13| sum-
marise concisely the behaviour of the slab. It is clear that the density ratio has a relatively weak influence,
with the level of attenuation varying by no more than 6 dB over the typical range ps/p. = 0.6 - 1.2. A

relatively dense slab is therefore desirable but probably not worth pursuing actively, given the expense of
18
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specialist high-density concrete. In contrast, the wave speed ratio has a strong influence, with the attenuation
varying by up to 25 dB over the typical range V/V,. = 0.05 - 0.2. This sensitivity to the wave speed ratio
indicates the significance of the relative stiffness of the slab, and the importance of obtaining an estimate of
soil stiffness before relying on a particular slab for vibration mitigation.

For a given site, the controlling parameter is the slab thickness, which the designer is free to select in
order to provide acceptable attenuation at the lowest frequency of concern, in the knowledge that any higher
frequencies are attenuated further. For example, the results indicate that, for the benchmark soil properties,
typical of London Clay (V =200 m/s, pg = 2000 kg/m3), a concrete slab (V. =2284 m/s, p. = 2500 kg/m3)
of thickness 0.5 m would provide 24 dB of attenuation to vertical vibration at 25 Hz, increasing to 81 dB
at 250 Hz. The corresponding attenuation of horizontal vibration is slightly greater, ranging from 33 dB to

79 dB.

5.2. Buried Sources

In the case of a buried source, when body waves are more significant, the situation is more complex. As
with Rayleigh excitation, the attenuation provided by the slab is influenced only weakly by the density ratio
(again, by no more than 6 dB) but strongly by the wave speed ratio, this time by up to 38 dB. For P-waves,
the attenuation of vertical vibration is negligible for frequencies below ay ~ 1 (below 64 Hz for the 0.5 m
thick slab considered in Section but then increases steadily with frequency. For horizontal vibration,
the low-frequency attenuation may be as high as 20 dB or more, but this depends strongly on the wave speed
ratio and incidence angle; the minimum attenuation may be close to zero.

For SV-waves, the most significant observation is that the slab may amplify low-frequency vibration,
particularly in the vertical direction, and by up to 10 dB depending on the wave speed ratio and incidence
angle. To avoid any amplification, the slab must be sufficiently thick to ensure a minimum non-dimensional
frequency of ap = 2. This corresponds to a slab thickness of at least 2.5 m, assuming the benchmark
properties and that the minimum frequency of concern is 25 Hz.

In general, for both P- and SV-waves, the vibration incidence angle is by far the most influential factor,
causing variations in attenuation of 60 dB or more. This sensitivity presents a challenge to the designer,

who may, at best, only estimate the incidence angle based on the approximate location of the source.

19



(a) 0 (b) 0 — V,/Vs. = 0.05
O,
=== V/Vs.=0.10
20
----- V,/Vse = 0.15
E—TE
[/ [ O A NQAE A T I P V,/Vse =02
S 60}
3|2
_80,
—100 :
-120 1 1
-140 R R
10! 10! 10!
_ wh
ap = 3. [-]
20
(© — 0ulpe =06
0, -
=== ps/p. =08
----- pslpe=1
m o Ry, | [ polpe =12
g &
SIS B
~100 |- 1
—120|- 1
~140 R
10 10!
20 e —r
e) ® — b=
0 0
-e-Op=n/4
-20 -20
—minGp = 37/8
. 40 — 40
m MmN, | e Op =n/2
S -60 B —60
3| g 2| g
-80 -80
—100 - 1 —100 - 1
120 1 120 1
pslpe = 0.8, Vy/ Vs = 0.088] [os/pe = 0.8,V,/Vs, = 0.088]
—140 : ‘ —140 : ‘
10! 10° 10! 10! 10° 10!
_ wh _ wh
ap =3 [-] ap =3 [-]
s s

Figure 11: The horizontal (left) and vertical (right) displacement ratios at the free-surface of an infinitely large slab
foundation subjected to an incident P-wave at an angle 8p = /8, showing the influence of (a, b) the ratio V/Vs,,
for p;/p. = 0.8, and (c, d) the ratio ps/p. for V;/Vs. = 0.088. (e, f) The influence of the incidence angle 6p for
Vs/Vs. = 0.088 and p,/p. = 0.8.

20



(a)

(©)

[dB]

LA
uo

(e)

[dB]

u
up

Figure 12:

20 — —_— (b) 20 —_—— —_—— o
BRI,
0 0 e 1
1 ams Vy/Vse = 0.10
-20 20 1
----- V,/Vse =0.15
—40 . —40f 1
MmN e Vy/Vse =02
—60 S 60} 1
3|2
-80 -80 | 1
-100 —100 1
-120 —120 | 1
—140 140
107! 107! 100 10!
_ wh
ao = 5. [-]
20 20
(d) —ps/pe = 0.6
- 0 -
=== ps/p. =08
- _20 -
----- pslpe=1
- —_ _40 -
fo'a R % O B YT pslpe=12
: = -60 :
2| £
- 780 -
1 -100 1
1 -120 1
~140
10
20
® — 5 = 71/8
0 brenen ks N 0 |
R
—20 -20 1
----- 05 = 3n/8
—40 — 40 7
MmN S e 05 =m/2
-60 S -60 .
b
-80 -80 1
-100 -100 1
-120 : -120
pslpe = 0.8, V,/ Vs, = 0.088] pslpe = 0.8, V,/ Vs, = 0.088] B
-140 ‘ —140 I w
107! 100 10! 107! 10° 10!
_ wh _ wh
ao = 3 [-] ao = 3 [-]

The horizontal (left) and vertical (right) displacement ratios at the free-surface of an infinitely large slab

foundation subjected to an incident SV-wave at an angle 6p = 7/8, showing the influence of (a, b) the ratio V/Vs,,

for ps/pc

= 0.8, and (c, d) the ratio p,/p. for V;/Vs. = 0.088. (e, f) The influence of the incidence angle s for

V,/Vse = 0.088 and p,/p. = 0.8.
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Figure 13: The horizontal (left) and vertical (right) displacement ratios at the free-surface of an infinitely large slab foundation
subjected to an incident Rayleigh wave, showing the influence of (a, b) the ratio V/ Vs, for p;/p. = 0.8, and (c, d) the ratio p,/p.
for V,/Vs. = 0.088.

6. Conclusions

This paper has considered the fundamental dynamic behaviour of a concrete slab foundation excited by
ground-borne vibration. By modelling the slab as an elastic layer overlying an elastic half-space, and
using the corresponding dynamic stiffness matrices in a wave-based approach, the response of the slab to
incident Rayleigh, P- and SV-waves has been explored. Having referred to previous work that assumes
plate-like behaviour, it is clear that thin-plate theory alone is insufficient for modelling the effect of a slab
foundation on an existing ground vibration field over the full frequency range of interest. Furthermore,
models that assume a relaxed boundary condition at the soil-slab interface have been found to underestimate

the attenuation provided by the slab by at least 10 dB in the case of Rayleigh wave excitation.
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The study has illustrated the importance of the coincidence phenomenon, in which the free-flexural
wavelength of the slab coincides with the horizontal wavelength of the incident wave-field. For frequencies
above coincidence, considerable attenuation can be achieved, but this depends on a number of dimensionless
groups, as illustrated in a series of summary design plots. The least significant of these is the soil-slab
density ratio, which, for all three wave types, has only a weak influence on the level of attenuation provided.
In contrast, the relative stiffness of the slab (expressed as a ratio of wave speeds) has a strong influence. For
a given site, the controlling parameter available to the foundation designer is the slab thickness. In the case
of Rayleigh excitation, the design plots summarise concisely the behaviour of the slab, indicating that at
least 20 dB of attenuation might reasonably be assumed for a typical, 0.5 m thick slab (considerably more at
high frequencies). For P- and SV-waves, the situation is more complex because the coincidence frequencies
associated with these wave types are always higher than that of the Rayleigh wave, which shifts the region
of strong attenuation to relatively high frequencies. The overall attenuation therefore depends strongly on
the slab stiffness and, importantly, the incidence angle of the vibration.

A fundamental assumption of this study is that the ground may be represented by a homogeneous half-
space, but this is often not the case due to soil layering. Layering introduces additional wave reflections and
mode conversions, and this is likely to reduce the attenuation provided by the slab. The extent to which this

is the case remains the subject of future research.
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Appendix A. Benchmark Data

Table A.1: Benchmark Data

Soil  Shear modulus G,=8x10" N/m*> Slab Young’s Modulus E.=3x10'" N/m?
Shear wave speed Vy =200 m/s Poisson ratio v. = 0.15
Poisson ratio vy =1/3 Mass density pe = 2500 kg/m?
Mass density ps = 2000 kg/m? Damping loss factor 7, = 0.1
Damping loss factor 7, = 0.1 Width b=2,4,10,20,0c0 m
Thickness t=0.7m

Appendix B. Displacement field z( and wy for incoming P- and SV-waves

Consider an elastic and homogeneous half-space (Figure [Th) subjected to incident, plane P- or SV-waves
at an angle 0p or s respectively. The wave equations for the P-SV problem can be written in terms of the
potentials ® and H,, [21}23]):

2 0’H
Vi) = ia_(D, VzHy = 1 oy (B.1)
V2 or Vi o

The solution can be found in terms of incoming and outgoing waves of amplitude A, B; and A;, B, respec-

tively, with reference to the potentials ® and H,:

D(x,z,t) = Ay exp {i (wt — kp cos Opx + kp sinOpz)} + Az exp {i (wt — kp cos Opx — kp sin Opz)} (B.2a)

Hy(x,z,1) = By exp {i (wt — kg cosOsx + kg sinfsz)} + By exp {i (wr — kg cosOsx — kg sinfsz)}  (B.2b)

The case of an incident P- or SV-wave can be explored by considering a known amplitude, A; or By, and
imposing the stress-free condition at the free surface of the half-space to obtain the amplitudes A, and B>

of the reflected waves:

Case of incident P-wave Case of incident SV-wave

A>  sin26p sin 2605 — y? cos? 26 By _ sin26p sin 265 — y? cos? 205 (B.5)

— = B.3 == ;
Ay sin260psin 205 + y? cos? 26y (B-3) By sin20p sin 26g + 2 cos? 20

By 2 8in 26p cos 265 (B.4) Ay )/2 sin 46
Ay sin20psin26s + 2 cos? 20g ' By sin26p sin26s + y2 cos? 26
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(B.6)




420 where v = Vp/Vy is the ratio between the pressure and shear wave speeds in the half-space. Finally, the

430 displacement amplitude ug = [uy wo] at the free surface of the half-space can be retrieved from the poten-

431 tials as:
Case of incident P-wave Case of incident SV-wave
uo A . B uo Ar . B,
= Opll1 + — |- Oy — B.7 = Op— + Os(1 - — B.9
oA, cos p( Al) v sin SA] B.7) kB cos pBl 7y sin fg ( B, (B.9)
wo . A B, wo . A B>
= Op|l——-1]+ Op— B.8 = Op— + Op|1l + — B.10
o oA, sin p(Al ) cos pAl (B.8) “ikpB, sin pBl cos p( Bl) ( )
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