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ABSTRACT
ive.

This thesis is concerned with an approach to the assessment of
respiratory gas transport in individual subjects, which is based on
the techniques of mathematical modelling. The general mathematical
modelling approach to a physiological system while similar to that for
a physical system is sufficiently different to warrant discussion
(Chapter 1). Models have been frequently employed in the study of
respiratory gas transport and the different models are reviewed in
Chapter 2. A method of characterising these models is suggested.
Many of the models consist of simple algebraic equations which des-
cribe steady-state conditions. An extension to these models to
quantify ventilation-perfusion distribution is presented (Chapter 2
and Appendix 10). The main deficiencies of steady-state models are
the restrictions which they impose on experimental conditions both
limiting the information content of the experiment and making it
difficult to perform tests on certain subjects. A new approach to
the measurement of respiratory gas exchange is suggested based on
dynamic as opposed to steady-state models and using the techniques
of parameter estimation. The necessary experimental and computing
techniques have been developed and details are presented in Chapter 3.
The feasibility of this approach is proved by application to the study
of inert gas wash-out experiments (Chapter 4). While this method of
analysis can utilise tge within-breath detail of the expired concen-
tration measurements, the physiological mechanisms underlying this
aspect of function are not fully clarified. An investigation of one
of the relevant mechanism (Taylor diffusion) using a distributed
model is also presented in Chapter 4. The technigques of dynamic
modelling are applied to the develcpment of a new non-invasive method
for the measurement of cardiac output and CO; lung volume. (Chapter 5).
Models can also be of value for educational purposes and a special

simulator of gas transport is presented in Appendix 4.




INTRODUCTION

Many of the applications of mathematical techniques in
medicine and physiology are unrelated to the sclution of medical
problems. This is hardly surprising since the primary motivation
of the person who is trained in the physical sciences must be related
to his own discipline.

This thesis involves an interdisciplinary approach to the
assessment of respiratory gas exchange in human subjects. It is
written by a practicing respiratory clinician, who, during the course
of the work which is described, became familiar with certain areas of
mathematics.

This thesis is directed primarily to the medical reader.

The organisation of the thesis is thought to be appropriate to this
purpose. (A physical scientist should be able to gain useful
information from the text if he has a basic grounding in respiratory
physiology). The main literature reviews (Chapter 1 and 2) contain
descriptions of the general mathematical modelling approach to
physioclogical systems and detail the methods of mathematical des-
cription of respiratory gas exchange which have been employed.

The remaining chapters contain therefore literature surveys of the
physiological literathre related to particular application areas.

It is hoped that the mathematical aspects of the work are presented
in such a way that they can be understood by the average medical
reader. In certain parts of the thesis the units which are used
for partial pressure are mmHg, thereby facilitating comparison with

other published work.



CHAPTER 1

THE MATHEMATICAL MODELLING APPROACH

TO PHYSIOLOGICAL SYSTEMS.




1.1. INTRODUCTION

Conventional tests of respiratory gas exchange (see Table 1)
which are used widely in clinical practice are carried out under
steady-state conditions, i.e. when the ventilation of the subject
under test is constant. Such conditions may be difficult to
achieve in practice particularly in studying patients who may be
distressed. Performance of these tests necessitates collection
of expired gas and hence the attachment of experimental eguipment
to the patient being studied. These tests are more applicable
therefore to subjects accustomed to such abnormal breathing

conditions, e.g. "trained" subjects in physiological laboratories.

Source of Further

Test Details
Analysis of inert gas wash-out tests Chapter 4.
Measurement of alveolar-arterial differences Chapter 2.
Measurement of degree of ventilation- Chapter 2.

perfusion mismatching (physiological dead
space etc).

Measurement of transfer factor for carbon Chapter 2.
monoxide (some methods of)
Measurement of cardiac cutput using Fick Chapter 3.
principle
TABLE 1

Another important disadvantage is that with steady-state tests
only a limited part of the patient's total performance can be studied.
An analogy is examination of the performance of a car which is limited
to study while it is running in a steady-state with a constant speed.
More information can be obtained by studying the response to controlled
changes in input, thereby inducing transients in the system. There

are many examples in engineering practice where analysis of data




collected during transients allows facts to be determined about
the system under test which could not be cbtained from steady-
state studies.

Even with such restrictions steady-state tests may reveal
abnormalities at an earlier stage of disease than is possible by
other meansl and may help to distinguish between otherwise similar
groups of patients with chronic obstructive airways disease?'3

Steady-state conditions are necessitated not by the experimental
procedures but rather by the methods of mathematical analysis of the
data. Such analyses are based on steady-state mathematical models.
(These models are described in more detail in Chapter 2.3 of this
thesis.) Mathematical method exist, however, to analyse data
collected in non-steady-state conditions.

In this thesis, the foundations are developed of a new
approach to the testing of respiratory gas exchange based on dynamic
as opposed to steady-state models. The use of such dynamic models
removes the necessity of having to establish steady-state conditions
in subjects inexperienced in respiratory function testing. Further-
more, the information content of any individual test may be increased
since the clinical respiratory physiologist can study the response of
the abnormal lung to controlled changes in input.

1.2, STAGES IN MODELLING

In using mathematical models for the study of physiological
systems the approach in any particular study is didated largely by
the intended use of the fully developed model. In general, however,
the modelling process can be divided into four stages?—

(1) Formulation of model;
(2) Simulation;
{3) vValidation of model;

(4) Application.




1.3. FORMULATION OF THE MODEL

One must first decide the physical structure which will
form the basis of the model and then derive the equations which
describe its performance, usually employing some initial
simplifying assumptions. This approach is widely used in the
physical sciences although the term mathematical model is generally
avoided.

In writing down even a simple equation to describe the
motion of a body falling under the action of gravity we are
establishing a mathematical model which will give values for the
position and velocity at any point in time. The accuracy of these
values depends both on the validity of the laws and on the assumptions
which are made concerning the effect of any friction on the falling
body .

A similar approach can be applied to physiological systems
using a number of simplifying assumptons to reduce the problem to
one which can be handled mathematically. These assumptions are
often based on intuition rather than on experimental proof, and it
is particularly important, in applying mathematical models to
physiological systems, to be aware of the assumptions upon which the
model is based. '

Consider the following model of the kidney. The creatinine
clearance measurement which is commonly used in clinical practice is
based on a mathematical model of the kidney as a simple filter. The
assumptions upon which the mathematical formula for the creatinine
clearance is based are:-

(1) creatinine is neither secreted or reabsorbed in the
renal tubules;

(2) the plasma concentration is contant throughout the day;




(3) the glomerular filtration rate is constant throughout
the day;

(4) each nephron has the same glomerular filtration rate;
it is the last of these assumptions which is perhaps least often
appreciated by those using the creatinine clearance measurement.

Although the first two assumptions can be verified
experimentally?’6'7'8 assumptions (3) and (4) are in a strict sense
invalid. In particular assumption (4) will be guite invalid when
a pathological process effects the nephrons unequally as in most, if
not all, cases of chronic pyelonephritis. The creatinine clearance
is in fact a measure of the performance of the 'lumped' system, i.e.
considering the kidneys as one uniform organ (Fig. 1) and as such
gives an average value of the glomerular filtration rate in the
nephrons. 'Lumped models' such as this which disregard differences
between the component functional units of an organ or system are used
commonly in medicine.

The creatinine clearance illustrates an important principle
in the modelling of biological systems; the use of simplifying
assumptions which are in a strict sense invalid allows development
of a relatively simple mathematical model, which includes the
essential features of the system. Hence a relatively simple method

of functional assessment is obtained which is of value in clinical

practice.

1.4. CATEGORIES OF MODEL

Models can be divided into several categories (see Table 2).




Category of model Type of mathematical Method of sclution
description. of equations.
Steady-state models Algebraic equations Simple algebraic
manipulation.

Dynamic models:

(a) Lumped, time- Ordinary differential Analytical methods.
invariant, linear equations. Graphical methods.
(b) Lumped, time- Ordinary differential Computer-based
variant, linear equations. methods.
{c) Lumped, non- Ordinary differential Computer-based
linear equations. methods.
(d) Distributed Partial differential Computer-based
equations. methods.
TABLE 2

a) Steady-state Models

Steady-state models are used widely in physiology and medicine.
Steady-state models represent conditions in a system only when the
variables of the system do not change with time, i.e. they describe
a condition of equilibrium. The principal advantage of steady-
state models is that they lead usually to systems of algebraic
equations which are solved easily.

b) Dynamic Models.

Dynamic models allow change in the system variables with
time and are of more general importance and value than the steady-
state representation. Dynamic modelling techniques have been
applied mostly to the study of physical systems, e.g. industrial

; 9 10
chemical processes, nuclear reactors etc..
In modelling dynamic systems there are quantities which are

regarded as INPUTS, i.e. the stimulus to the system, and quantities

which are regarded as OUTPUTS, i.e. the actual system response.




BLOOD

"LUMPED"

GLOMERULI FILTER

FIGURE 1

Lumped parameter model of
the kidney. The glomeruli
are represented as asimple

filter.




In physiological systems the input and output of the system are

in general not defined clearly since the systems are closed. In
constructing a model, therefore, of a physiological system one has
to decide which variables can be regarded as inputs and which as
outputs. Such a decision is based on the intended application
of the model and the experimental feasibilities. Thus the same
physiological variables may in some circumstances be regarded as

an input and in others as an output (see Table 3).

System Under Study Input Variable Output variable

Respiratory gas exchange Ventilation Alveolar or
arterial partial
pressures of
oxygen and CO

2
Respiratory mechanics Pleural pressure Ventilation
Respiratory control Arterial partial Ventilation
system pressures of

oxXygen and CO2

TABLE 3

Certain of the techniques of dynamic modelling are restricted
in use to a limited class of systems - those which are regarded as

linear and time invariant.

Definition: A linear system is one which obeys the principle of

super-position:- the response y(t} of a linear system due to several

inputs xl(t),xz(t),....xn(t) acting simultaneously is equal to the sum
of the responses of each input acting alone, That is if yi(t) is

the response due to the input xi(t) then

y(t) = Eyi(t) (see Fig. 2)

i




PRINCIPLE OF SUPERPOSITION

X(t) Y(t) Gft) H(t)
——{ A == —3 A P

aX(t)+bG(t) aY(t)+ bH(t)

A

LINEAR SYSTEM

FIGURE 2

Diagramatic representation of the principle of
superposition. If an input to a system X(t)
induces an output Y(t), and an input G(t) induces
an output H(t), then a system is linear if and
only if an input aX(t) + bG(t) induces an output
ayY(t) + bH(t). a & b are arbitary constants.




Definition; A time invariant system is one in which the observed

performance of the system does not depend on the time at which the
observation took place.

Physiological systems are often non-linear and time variant,
e,g. many biochemical reactions involving enzyme kinetics or
saturation phenomena do not satisfy the principle of superposition.
In construction of models of physiclogical systems, however, it is
often assumed that the system is linear, i.e. there is IMPLICIT
LINEARITY in the model. A typical example of this is the model
of peripheral resistance in the vascular system (analogous to Chm's
Law in electric circuit theory).

Linearity should not be assumed but rather the system should
be shown experimentally to satisfy the principle of superposition.
The experimental proof of superposition involves introducing
controlled changes in the input to the system (test signals) (see Fig.3)

and observing the subsequent response (see Fig. 4,5).

1.5. FORMULATION OF DYNAMIC MODELS

The variables in a physblogical system vary not only with
respect to time but also at any instant may have different values at
different points with?n the system (i.e. the independent variables
are time and the spatial coordinates). A model of such a system
{a DISTRIBUTED PARAMETER MODEL) is described by PARTIAL DIFFERENTIAL
EQUATIONS. Distributed parameter models have been used little in
physiology. Construction of the partial differential equations of
these models is based on the appropriate physical laws and associated
equations. (Partial differential equations and their construction

is considered in more detail in Appendix 1C).



10.

The mathematical description of the system may be simplified
by considering the system as if it consisted of a number of distinct
components, at all points within which the variable of interest is
considered to be identical at any instant in time. Such a "lumping"
process reduces the number of independent variables to one, i.e. time,
and leads to what is known as a LUMPED PARAMETER MODEL. Such models
are described by systems of ORDINARY DIFFERENTIAL EQUATIONS (0.D.E.)
which are an order of magnitude more easily solved than partial
differential equations. The distinct components are called
COMPARTMENTS . A compartment can thus be defined as an anatomical
or conceptual space in which at any instant of time a particular
physiological variable is considered to be identical at all points
within that space.

In general, therefore, mathematical models of biological
systems represent simplications of reality. Such simplifications
have to be chosen carefully since the model must retain the essential
features of the system being studied.

Models of physioclogical systems can be considered at
different structural levels. The form of simplification or model
reduction depends on which type of model is being considered.

The function of metabolic systems, e.g. albumin, glucose,
sodium, potassium etc. is dependent upon a large number of different
organ systems. In such models simplification initially takes the
form of representing each extremely complex organ system as a single
compartment. Even with such "lumping" the model structure is still
large. (Fig.6). Further model reduction is based on neglecting
those compartments that are thought to have little effect on the
system's performance during the time course of the experiment being

modelled.
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TEST SIGNALS

[mpulse
Step Function ’
Sinusoid
FIGURE 3

Diagramatic representation of some of the
commonly used test signals. The induced
time variation in the input follows one of
the patterns shown.
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120 180
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-(sec) 5 6o 120 180

FIGURE 4, a

Responses in ventilation and heart-rate to two different
magnitudes of step work load in subject R.W. (from study
of Fujihara et al.ll) The data at top left of the
figure are for change in ventilation (L/min) and on the
right for change in heart-rate (beats/min) from initial
steady-state values. The step-changes in work load are
shown at the bottom of the figure. The continuous and
dashed lines through data are the step responses pre-
dicted from previously measured responses to impulse
stimuli. The system satisfied the principle of
superposition., For further details see Fujihara et al.
(Symbols:~ + on-response for large step; 0 off-response
for large step; X on-response for small step; A off-
response for small step.)

11
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TIME - - - - -
(sec) 0 60 120 180 0 60 120 180

FIGURE 4.b

Similar study tﬁlthat shown in Figure 4 (from work of
Fujihara et al. ") but with response to two different
ramp stimuli. (Ramps shows at foot of figure). The

data for change in ventilation (L/min) are on the left
with change in heart-rate (beats/min) on the right.

The lines through the data are ramp responses predicted
from measured impulse responses. There is good agree-
ment between measurement and prediction and the principle
of superposition is satisfied. (For further details see
original publication of Fujihara et al.ll)
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FIGURE b5a

Response of adrenal cortex, as measured in adrenal vein, to

a step change in ACTH concentration in adrenal arterial blood.
On increasing the ACTH an overshoot in cortisol secretion rate
above the final steady-state value is seen. For further
details see Li & Urquhart.l
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FIGURE 5b

Response of adrenal cortex, as measured in adrenal vein,
to much larger step change in ACTH concentration in
adrenal arterial blood than that used in experiment,

the results of which are demonstrated in Fig.5a.

The response does not have the same features, in
particular the overshoot is not seen. There is a
saturation phenomenon in the performance of the gland.
The adrenal cortex is a non-linear_ system. (For
further details see Li & Urquhart.lz)
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If one is interested, however, in studying the function of an

individual organ a more detailed model of the system is required.

In such a model the organ is considered to consist of a number of
components which are often anatomically distinct and have different
physiological functions. Such models have been constructed for a
large number of different physiological systems such as the cardio-
vascular system}a_29 respiratory system?o_49 (excluding here models
of gas transport which are considered in detail in Chapter 2), renal
system{io'58 metabolic and endocrine systems§9_78 {(The references

listed are not intended to be an exhaustive list but rather to give

the interested reader an introduction to the different subject areas

)

Models have been used to describe physiological processes at different

levels of complexity down to the "unit processes" of biochemistry such

as the Krebs cycle and closely related metabolic pathways?9_83

special computer language has been developed for the simulation of
: 84 sk o

such complex chemical systems. In addition to these specific

examples there are several more general sources of information

: ; ; ; 4,85-104.

related to mathematical meodelling of physiological systems.
Once the structure of the lumped parameter model has been

decided the egquaticns which describe its performance are derived,

usually employing some initial simplifying assumptions. It is

seen that in both the stages of formulation of model structure and

of derivation of the model equations assumptions are necessitated.

1.6. FORMULATION OF ORDINARY DIFFERENTIAL EQUATIONS

An ordinary differential equation can be regarded simply as
an equation containing dexivatives. Although a derivative has a
precise mathematical definition (see Appendix lA) a derivative with
respect to time represented by the symbol %E is in physical terms a

rate of change.
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Figure 1 Functional Model of Albumin Metaboliam

FIGURE 6

Outline of possible structure for model

13
of albumin metabolism (From Carson et al ).
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Ordinary differential equations like dynamic systems are
classified into linear and non-linear types, a linear ordinary
differential equation being defined as one which is first degree
in the dependent variables or their derivatives. Thus the
general ordinary linear differential equation, which is illustrated

here with the independent variable time (t), has the form

dn dn—l
Y 4 a (t)——ili F oeerreneeeeca o (B)Y(E) = G(E)(1.1)
at” & ad -l

The input-output relationship of systems described by such equations
are linear since the principle of superposition can be shown to be
obeyed. There is thus correspondence between the concepts of
linearity as applied to systems and to differential equations.

A subclass of the class of linear differential equations
are those with constant coefficients. {That is al(t) - an_l(t) in
equation 1.1 are replaced with constants Al—An_l). Such equations
describe linear time-invariant systems. The prominence of this
latter class of systems in the theoretical aspects of this subject
is not related to their prevalence in real life systems (e.g. most
physiological systems are neither linear nor time invariant) but to
the fact that linear O.D.E.s with constant coefficients are solved
easily mathematically:

In physiological systems the formulation of an ordinary
differential equation is often based on mass balance consideration.
For example if a compartment X has three inputs of mass (il,iz,i3)
and two methods by which mass is lost from Xiél,éz) (See Fig. 7)

then the differential equation describing the performance of X

is of the form

O el 3. +%, «b, =96 (1.2)




where Mx is the mass of the material being studied in X
aMx | ; :
—a¢ 1S the rate of change of this mass in X
Models of physiological systems may often be formulated using simple
principles.
A simple example of this is a differential equation to
describe the volume changes in the urinary bladder. Initially

we will consider the case when the urethral sphincter is closed.

While the urethral sphincter is closed, the volume of urine in the

bladder increases as a result of the addition of urine to the bladder

from the ureters. Thus the rate of change of the volume of urine
; av
in the bladder Eg-must equal the sum of the flow rates (Fl and F2)

of urine down each ureter, i.e.:-

av
Ll = F % .
. E, (1.3)

When the urethral sphincter is open there is not only addition of
urine to the bladder from the ureters, but also loss of urine down
the urethra. As a first approximation we shall assume that the
rate of loss of urine down the urethra is directly proportional to
the volume of urine in the bladder i.e. the bladderfs performance is
now described by the equation:-

av

- = F. + - ;
ar 3 F2 kv (1.4)
Rate of change Addition from Loss down
of volume ureters urethra

(K is constant of proportionality and is positive)
The model could be made more realistic by using a more sophisticated
expression foxr the re of flow down the urethra which took account
of the probable non-linear relationship between the flow rate and
bladder volume, and the degree of abdominal musculature activity.

In the absence of more precise information this could be modelled

19,
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at present as an arbitrary function G, when G is a function of
volume of urine in the bladder (V), urethral sphincter tone (T),

and abdominal musculature activity (M), i.e.:-

av  _ _

The form of G could only be ascertained by experiment.
If the urethral sphincter remains open (e.g. with a catheter in situ)
a steady state will eventually be reached in which the volume of the

bladder will be constant as the flow into the bladder is balanced

exactly by the flow ocut. In the steady-state condition there is
no change in bladder volume and hence g% is zero. Thus egquation (1.4)

would simplify to

= + F
=k 48 (1.6)
K

It is thus seen as indicated earlier that steady state conditions
are described by algebraic equations.

In many circumstances derivation of differential equations
is not as simple as the example used would tend to indicate. In
such cases the derivation of the differential equation is achieved
using the precise mathematical definition of a derivative. (For an
illustrative example see Appendix 1B).

Although in genexral physiological systems are described by
non-linear equations, they may often be approximated over a limited

range of operation by linear equations. Such linearisation of

non-linear equations is e.g. employed in the construction of the
differential eguations in radioisotope tracer studies. (The
linearisation process is presented mathematically in Appendix 1D).
Such linearisation is important practically since it converts
equations which can only be solved by computer methods to those in

which ocne is able to write down in mathematical terms the exact solution.
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1.7. CONSTRUCTION OF BLOCK DIAGRAM

When the complete set of equations describing the system has
been established it is possible to express the information contained
in the equatibns in the form of a block diagram. The block diagram
is built up from the separate equations describing the system. For
example in the bladder example the information contained in equation (1.3)
could be represented in block diagram form as in Fig. 8. The
diagram can easily be extended to represent equation (1.4) (Fig.9).

Since integration is the mathematical operation which is the
inverse of differentiation, by integrating g% with respect to the
variable t we obtain the variable V. The operation of integration
is represented by a block of type shown in Fig. 10A. Multiplication
by a constant is also easily represented (Fig. 10B) and these
additional blocks can be combined with the summing element to close
the loop and produce a block diagram which contains all the

information expressed in the separate equations (Fig. 1l1).

1.8. SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

The solution of an ordinary differential equation, when the
independent variable is time, is a function of time. Although
mathematical methods, (analytical methods) exist for the determination
of the exact nature of this function such methods can be applied
only to a restricted class of equations. Linear equations with
constant coefficients can always be solved by mathematical means
as can some types of linear time-variant or non-linear equations.

The exact solution of a differential equation depends on
the state of the system at zero time, i.e. on the INITIAL CONDITIONS.

Of the methods available for analytical solution of O0.D.E.s

the LAPLACE TRANSFORM method is the most convenient.
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Block diagram representing equation 1.3.
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FIGURE 9

Block diagram representing equation 1.4.
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FIGURE 1l0a

Block diagram representation
for integraticn with respect

to time.
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FIGURE 10Ob

Block diagram representation for

multiplication by a contant (K).
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In Laplace transformation functions are converted from
functions of time to functions of a new variable S (complex frequency)
using the conversion formula that given f{t) its Laplace Transform F(s)

is

0
£(t) LT 5 fe_Stf(t)dt = F(s)

°
The particular property of the Laplace Transform which is of value

in this application is that the Laplace Transform of a derivative %%

is given by

af LT y S F(s) - £(o)
at -

It is seen that the initial condition f(o) (the value of the function
f at time t = o) appears explicitly in the transform.
Applying this transformation to an O0.D.E. allows the solution

as a function of s to be obtained easily using the simple rules of

algebra. The solution of the equation as a function of time is
then found by using the reverse process to Laplace Transformation -
the INVERSE LAPLACE TRANSFORM for which several methods exist.

Thus for example applying this methed to equation (1.4}

av

=F_ + - .
=y 1 F2 kv (1.4)
where Fl and F2 were constants
%:—- == sV(s) - v{o)
F, LT F‘l/s
F2 LT F2/s
—re

Il

i.e. SV(s) - v(o) Fl/s + F2/S - kv (s)
which becomes

Vi(s)

lj
[
N

- [Fl + Fz) +v (o)

k(s + k) (s+k)
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and on taking the Inverse Laplace Transform we obtain:-

F, + F F. +F -kt kt

1 2 - 1 2 e + v(o)e_
k

v(t) (1.7)

The solution contains the exponential function e_kt. Exponential
functions arise commonly in the solution of this class of differential
equations.

In physical terms the sclution of the equation allows us to
predict the volume of urine in the bladder at any time t from an

arbitrary starting point (when the volume is v(o}).

1.2, SIMULATION

In many physiological models, however, analytical methods are
not applicable and one has to have recourse to computer based methods
of solution.

a) Analogue Computation

For dynamic models the electronic analogue computer is suitable.
This differs from the digital computer in that numbers are represented
in an analogue machine by a voltage. While the digital computer
performs its calculations in a step by step fashion the analogue
computer cperates in terms of continuous variables and is, therefore,
more effective for mgst types of simulation.

Programming an analogue computer is easy in principle since its
operational units (see Table 4) correspond to the elements of a block
diagram. One of the operational units is an integrator, which
provides the mathematical operation of integration and makes the
analogue computer suited to the solution of ordinary differential
equations. The intercconnections which are required to be made
between the units of the computer to obtain a solution of the

equations forming the model are represented in a "patch diagram".
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This diagram will correspond to the block diagram of the system
model. There is thus a very direct and useful relationship
between the operational units in the analogue simulation and the
structure of the model. Most machines of this type have,
however, limited facilities for the accurate generation of complex
time varying functions and pure time delays.

The deficiencies of the analogue computer can be overcome by
using a hybrid computér].'o5 The digital computer part of the hybrid
system can be utilised for function generation and the simulation of
time delays. Analogue computation is considered in greater detail

in Appendix 2.

b) Digital Simulation.

Digital computer solution of ordinary differential equations

is implemented generally using a mathematical (numerical) technique
- 5 : . 106

for integration. A number of these techniques exist and the
physblogical modeller has the choice of constructing his own
programme to implement the method or using a standard software
package available on a central computer liibrary.

Particularly useful software packages are high level
simulation languages, e.g. C.S.M.P. (continuous system modelling

107

programme) . In these languages the programme statements represent
the various steps which are required for sclution of the model
equations, i.e. each statement corresponds to an element in the

block diagram (see Appendix 3).

1:10. "BLACK-BOX" MODELS

In certain applications a model of the detailed structure of
each component of the system may not be required but rather a

mathematical description of its overall performance, i.e. the
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relationship between system input and system output.
A commonly used method of describing this relationship is
the TRANSFER FUNCTION. This function of the Laplace variable s(G(s))
relates system input to system output by the formula
L.T. of system output Y (s)

RAN R FUNCTION = =
= SEE Clel L.T. of system input X(s)

if the initial conditions in the system are zero. One method of
obtaining the transfer function is by measurement of the system
output after introduction of a standard input into the system whose
Laplace transform is known (e.g. impulse, step, or ramp function).
Transfer functions can only be obtained for linear time-invariant
systems, and this concept has had limited application in physiology
(for examples see references 108, 109). It can prove useful in
obtaining knowledge of the effect of dynamics of measuring systems

on data which have been obtained experimentally.llo'lll

1.2k, PARAMETER ESTIMATION

AThe performance of any of the types of mathematical models,
which have been described, depends upon the numerical values of the
constants in the model equations. Such constants or PARAMETERS
represent propertie$ of the physiological system being studied.

At its simplest level, if a model is being used in
simulation studies, such constants may be assigned appropriate
physiological values. Most physiological modelling is of this
type.

In applying models to measurement, however, use can be made

112,113,114

of the techniques of PARAMETER ESTIMATION. In one

approach to the experimental evaluation of model parameters (the
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so-called model reference approach) the model and system are
subjected to the same input and their outputs are compared directly
at each instant of time (Fig.12). The discrepancy between the
output of the model and the measured output of the system can be
expressed as an error function. Minimisation of this error
function by appropriate adjustment of model parameters may yield

measures of the corresponding physiological quantities.

1.12. VALIDATION OF THE MODEL

The validity of the proposed model and the circumstances in
which it can be applied are established by comparing sets of values
MEASURED in the real system with values PREDICTED by the model.
With dynamic models one uses several forms of test input to cause
the system to respond dynamically. Ideally not only should the
model and system performance be seen to be in reasonable agreement,
but alsc the estimated parameters of the model should agree with
independently made direct measurements of these physiological
properties. In many physiological systems this type of validation
is not possible since parameter estimation may be the only feasible
method of measurement. In such circumstances one should confirm
that the same parameter estimates are obtained with different test
inputs.

The modelling process as outlined in this chapter is

summarised in Figure 13.

1.13. APPLICATIONS OF MATHEMATICAL.MODELS

When a model has been constructed and verified experimentally

it can be utilised in a number of important ways.
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Schematic diagram representing the model
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1.13. a) Indirect Measurement of Physiological Variables.

The numerical values of the constants which appear in the
equations of many of the models of physioclogical systems are often
inaccessible to direct measurement. Techniques for estimation
of the paramgters of a model may provide, therefore, an indirect
method of me;surement of physiological gquantities.

In certain cases parameter estimation by graphical means
is possible. This is used particularly in the mathematical
models which are the basis of many of the tests in which radio-
isotopes are used.

In use of more complex dynamic models simple graphical
techniques are not appropriate and computer based methods have
to be applied. The application of these methods to models of
respiratory gas exchange is considered in this thesis.

b) Hypothesis Testing/Experimental Design.

A hypothesis can be regarded as an "intuitive model" which
is generally presented in non-quantitative terms. By converting
a hypothesis t the equivalent mathematical model, the experimenter
can examine the hypothesis in more detail than is possible without
recourse to mathematical description (see Fig. 14a). A critical
examination using a mathematical model and the experimental
findings together ma§ provide support for the hypothesis or lead
to its rejection or modification. Rejection of the hypothesis
may lead to the proposal of a new hypothesis or to improvement of
the model,

Figure 14b represents the inverse situation in which the
hypothesis arises from observation made on the model. The model

is thus being used in a predictive fashion and new experiments

must be developed to provide the essential supporting sidence.
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The optimal design of experiment for testing a particular
hypothesis may be determined by simulating a number of possible
experiments in a system model.

c) Educational Role.

Physiological systems are usually both complex and dynamic;
the function of any individual component in the total system may
be affected by changes in the others. It is often Qifficult for
the student to understand the overall effect of a change in a
single variable. Models of physiological systems can, therefore,
be used as an educaticnal aid. Implementation of a model of

respiratory gas exchange for this purpose is described in Appendix 4.



CHAPTER 2

MATHEMATICAL MODELS OF RESPIRATORY GAS TRANSPORT.



39

CHAPTER 2. MATHEMATICAL MODELS OF GAS TRANSPORT

2.1, INTRODUCTION.

There are several different approaches to the construction

of mathematical models of gas transport.

These approaches can be

categorised by the methcd which is used for mathematical description

of ventilation (6). Ventilation is a continuocus time varying

process which contains irregularities due to voluntary effects as

well as some small recurring changes in rate and depth.

115

Methods vary from those in which time averaged ventilation

is used in algebraic equations, to those in which the precise form

of ventilation is used in the numerical solution of ordinary or

partial differential equations.

The different approaches to construction of models of

respiratory gas transport are considered in this chapter and

sumnarised in Table 2.1.

Description of Ventilation

Type of Equation

Method of Solution

of Model Equations.

Time-averaged ventilation.

Breath-by-breath tidal
volume.

Constant unidirectional
flow rate.

Instantaneous inspiration/
expiration with
inspiratory &
expiratory breath-holds.

Continuous time-varying V.

Continuous time-varying V
& considering events
spatially within the
lung.

Algebraic equation.
Steady-state model.

Difference equations.

Ordinary differential
eguation.

Ordinary differential
equation.

Ordinary differential
equation.

Partial differential
equation.

Algebraic
manipulation.

Algebraic
manipiation.

Analytic solution.

Analytic solution.

No general analytic
solution possible.
Numerical methods. *

*

* Computer based methods
of solution.

TABLE 2.1.
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2.2. BASIC UNITS.

a) Prior to study of the mathematical descriptions of
alveolar-capillary gas exchange, familiarity with the standarad
units and symbols is essential. In the early diys of respiratory
physiology there was a lack of agreement on appropriate symbols,
which adds to the difficulty in understanding the early papers on
this subject. This problem was remedied at the 1950 Atlantic

6

City Convention (Pappenheimer, 1950)ll when a standard system of

units and symbols was introduced (Table 2.2.).

QUANTITY SYMBOL UNITS
Partial pressure P mm.Hg. or kilopascal (kPa)
Volume of gas v Litre
Fractional F Dimensionless
concentration
Volume flow rate v Litre/min.
Concentration of gas c ml. of gas at STPD/100 ml.
species in liquid of liquid
Solubility in blood o Vol. of gas at STPD/Vol.
of liguid/Atmosphere of
pressure,
SUBSCRIPTS
UPPER CASE LETTERS LOWER CASE LETTERS
(For gas phase) (For blood phase)
Inspired a Arterial
Expired g Mixed venous
A Alveolar
TABLE 2.2.

Summary of symbols agreed at Atlantic

City Convention, 1950.116
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The equations of alveolar-~capillary gas exchange are
concerned with the transport of gaseous mass either by convection
or diffusion or a combination of both. In the 1950 system
amount of gas is represented by a volume expressed at a set
condition of temperature, pressure. It has been suggested more
recently117 that amount of gas should be expressed in moles and
concentration in moles/litre. Although this new system of units
is as yet not universally accepted it is probable that it will
replace the 1950 system of units. The new system of units is
detailed in Table 2.3, and compared with the 1950 system. Since
these conventions do not cover all symbols used in this thesis,
all symbols are listed for completeness in Appendix 5.

b) Gas Phase:

In the gas phase, concentration in the 1950 system of
units is expressed as a fractional concentration F (volume of gas
species under consigeration/volume of gas medium). The conversion
of a fractional concentration toc a partial pressure is a simple
matter of proportionality as described by Dalton's law. Thus if
the fractional concentration of a gas species x is Fx, the total
pressure P, the partial pressure exerted by this gas (Px) is

Px = Fx.P

In the new system of units in which amount of a gas is
expressed as moles and concentration as moles/litre, the relationship
between concentration and partial pressure is defined by the
introduction of a capacitance coefficient B which is defined as the
increment of concentration (AC) per increment of partial pressure (AP);

i.e. B = AC/AP
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B has the units of (moles) (litre) (pressure) . The
concept can equally be applied if the medium is gaseous or liquid.
In the gas phase B will be identical for all ideal gases since from
the ideal gas law

PV = MRT

where P is pressure, V volume, M quantity of substance, R the

gas constant, and T absolute temperature;

i.e. Ap = éERT
v
AC 1
or AP 2y /RT
5 1 ;
i.e. B = "/rp for all ideal gases

c¢) Liquid Phase:

In considering the carriage of gas in a liquid, respiratory
physiologists utilise frequently the concept of tension where

tension of any gas (x) in a liquid is defined as that partial pressure

of x in a gas mixture which if exposed to the liquid would not resit
in any net exchange of the gas (x). Thus if a gas and liquid
mixture are equilibrated the partial pressures of the component are
considered identical in the gas and liquid media. The tension of
gas in a liguid thus defined is related to concentration. For
gases which simply dissolve in the liquid media, this relationship
is linear. '

In the 1950 system of units,quantity of gas in the liquid
is expressed as a volume at STPD and the linear relationship is

described by the Bunsen solubility coefficient* (volume of gas at

STPD/unit volume of solvent/atmosphre of pressure).

* An alternative coefficient which is used occasionally is the
Ostwald coefficient in which the value of gas dissolved is not
expressed at STPD but at the conditions of temperature and

pressure at which solution teok place.
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Alternatively if the guantity is expressed in moles then the
relationship is described by the capacitance coefficient,

For the two important respiratory gases oxygen and carbon
dioxide which combine chemically with blood there is not a simple
linear relationship between tension and concentmxion in blood.

The non-linearity of this relationship leads to certain
biological advantages but complicates the understanding and

mathematical analysis of respiratory gas exchange.

2.3. STEADY-STATE MODELS.

a) Introduction.

In the construction of steady-state mathematical models
single values are assigned to expired, alveolar, arterial, and
venous partial pressures, tidal volume and minute ventilation.

Such models neglect, therefore, any temporal variation in
respiratory gas exchange and describe the time-averaged

performance of the system. In performing tests which are

based on these models some variables are measured continuocusly

and averaged, whereas others are sampled at variable time intervals.
The use of such models can, therefore, in theory lead to significant
inaccuracies although this problem has been little studied.
Nevertheless despite these obvious limitations tests based on
steady-state models are used widely.

b} Basic Equations.

The eguations of alveolar-capillary gas exchange are all
based on the principle of conservation of mass. Thus in

considering the transfer of a gas x from the atmosphere to the e

lung -
Mx = VICIx - VECEX (2.1)
(moles/unit Amount Amount
time) inspired expired

(All equations are expressed where appropriate in the new system of units.)
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In general 01 # 0E because during normal breathing more
oxygen is taken up per minute than carbon dioxide produced.

A similar expression as (2.1l) describes the transfer of
gas between the lung gas and blood:-

Mx = Q (C.x = Cgx) (2.2)

The equating of equations {(2.1) and 2.2) form the basis
of the Fick method of measurement of cardiac output'}18

In the practical applications of these equations expired
ventilation (0E) is measured generally by collection of the
expired gas for a known period. Although inspired ventilation
could be measured directly it has been standard practice to calculate
inspired ventilation from the measured expired ventilation and
measured inspired and expired concentrations of nitrogen, using

the assumption that in steady-state conditions there is no net

transfer of gaseous nitrogen between the lung and atmosplere.

i.e. VICIN2 = VECENQ {2.3)
C_N
s E 2 .
or \Y = \Y (2.4)
I CINZ E

(This relationship is known as the Haldane transformation and
its validity is considered in the next section.)

c) Steady-State Equality of Respiratory Gaseous Nitrogen
Transport.

The assumption that the volume of nitrogen inspired per
minute is egual to the volume expired was based originally on

the view that gaseous nitrogen was not involved in metabolic

processes but was merely a diluent of atmospheric gas. (For
< . - 119
history of early work in this area see Dudka et al. )
: 5 120
The conventional view was challenged by Costa who

proposed that gaseous nitrogen represented an excretory pathway

at the end stage of amino-acid metabolism, and foundlz] in support
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of this assertion that a measured positive nitrogen balance could
occur without commensurate gain in body weight.

This work stimulated direct measurement of respiratory
nitrogen exchange, in particular by the group in the Human
Environment Research Unit, University of Illinois, who demonstrated
a small uptake of nitrogen in fasting subjects (mean of 0.027 L/min)}

significant excretion of nitrogen following a protein meal (of the

order of 0.1 L/min)122 and higher outputs of nitrogen during mild
exercise (average 0.217 L/min)%23 The magnitude of the nitrogen

exchange is such that significant errors would result from use of
. 124
the Haldane transformation and led these workers to propose
. . — 125
methods to obviate this difficulty.
The size of the measured nitrogen exchange is surprising
and approaches in certain conditions the same magnitude as the
volume of carbon dioxide excreted. The evidence is moreover
conflicting, other workers having demonstrated nitrogen excretion
. ; 121, 126 . A
in resting fasting subjects. There is a large individual
variability in the results. The literature has been reviewed
127 : ;
by Fox and Bowers who showed that of the 10l determinations of
nitrogen exchange which have been reported in resting fasting man,
44 indicate nitrogen retention and 57 nitrogen production.
The reported results could be due to measurement errors
associated with measuring a small difference between large volumes,
128 s L1 "
as was suggested by Herron et al. The magnitude of the "measured
nitrogen exchange would thus be expected to be higher if the volunmes
were larger, e.g. during exercise, as is indeed the case. The
effect of measurement errors is minimised by reducing the volume

fraction of nitrogen in the inspired gas mixture. In an

elaborate series of experiments in which subjects breathed a gas

19
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mixture containing 0.15% N, for 2.5 - 12 hours the measured

nitrogen exchange ranged from -0.003 to +0.008 L/min].'28 It

2

is thus highly unlikely that the magnitude of the true exchange
of gaseous nitrogen is such that significant errors result from
128, 129

use of the Haldane transformation.

d) Functional Compartments in the Lung.

Eguations (2.1) and (2.2) describe the transfer of a gas
species (x) between lung gas and atmospheric gas, and lung gas
and pulmonary capillary blood respectively. If the pulmonary
component of this model is to be considered in more detail it
is necessary to study the basic structure of the lung.

As a first approximation the lung can be thought to
consist of two types of structure:-
( 1) Conducting airways. A "non-reacting" dead space.
( 2) Alveoli
and a possible "lumped" model structure is illustrated in Fig.2.1l.
Although this model seems initially a simplification of reality
which is too gross to be of value, one can distinguish readily
in measured expired concentration data,dead space and alveolar
components. Even with such a simplified model structure
additional assumptions are necessary to allow formulation of
equations, viz.:~
a) gas flow takes place down the airways with a flat velocity
profile, i.e. "plug-flow".
b) volume change is restricted to the alveolar compartment.
c) single numerical values can be assigned to the partial
pressures in both compartments.
Steady-state equations whose derivation is based on this

structure will, therefore, not only represent a time averaged
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DEAD SPACE VD

ALVEOLAR
COMPARTMENT A

FIGURE 2.1

A simplified lumped parameter model of the lung.
The lung is represented as a single dead space
compartment with volume V_, and a single alveolar
compartment with volume V_. Gas transfer takes
place between the alveolar compartment and blood
stream. The dead space is assumed to be rigid
with a compliant alveolar compartment.
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mean but also a volume averaged mean (within a lung unit and
between the large number of functional units).

., 130 | ;

The Bohr equation is one of the frequently used basic
equations of alveolar-capillary gas exchange. The equation
simply proportions the expired gas mixture between its dead

space and alveolar components:

Ca = [ + v L2 A
VT 5% VD * ('T VD)CAx (2.5)
Mixture Dead space Alveolar

component component

and converting to partial pressures we have

P= = V. P x + -V .
VT 5X otT (VT D)PAx (2.6)

Another important basic equation is the alveolar air

equation. The history of the development of this equation has
. 150 131
been presented by Otis and Nunn.

In the alveolar compartment of the model illustrated in
Figure 2.1 the oxygen and carbon dioxide partial pressures are
interrelated. The most simple form of this relationship arises
when the subject is breathing 100% oxygen since under these

circumstances

PA02 + PACO2 = PI02 =B - 47.0 (mm.Hg) (2.7)

When the subject is breathing air, however, the relationship
is more complex and is established by use of the respiratory

exchange ratio (R) where R is defined by

VCO CO, output/minute
2 i (2.8)
VO2 O2 uptake/minute 2

R =

In the gas phase the transfer from the alveolar compartment
is

Vo, =V F CO. - (V.- -
2 E'a0z = WmEV,IF.CO, - £V F,CO,
Expired Inspired from Inspired from

atmosphere dead space
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(fractional concentration is used here as it offers certain
advantages in derivation of this equation)
likewise

Vo, = (OI - fV)F_ 0. + £V F

o
2 p'F1 9 p'a P2 "V

E.. QO
Ea 2
In order to simplify these expressions the concept of alveolar

ventilation (GA) is introduced where

\Y = v_ - fv
As I D

\.IAE = VvV_ - fv

The alveolar ventilation so defined is not the actual volume of
gas entering the alveoli but rather the volume of atmospheric

gas. The effect of this change of variable is to remove further
consideration of dead space volume or concentration.

In the general case 0AI # VAE since the oxygen uptake is
not invariably equal to the carbon dioxide output. In order to
negotiate this consideration the standard method of derivation of
the alveclar air equation utilises the assumption, which is

discussed in the previous section, that there is no net nitrogen

exchange.
Tven VAIFINZ = VAEFANZ
- - N
i.e. vVa = Va FA 2
I Egrﬁ—
I2
N = l-FO -
but F.N, ( 202 FACDZ)
N = 1l - O = C
F.N, ( F.O, P 02)
e
. . 2 (1-F 0. — F.CO.}
Vs = Vag A2 A""2

(1—FI02 - FILOZ)

It is common practice to call GAE alveolar ventilation and delete

the subscript E. Thus we have



51.

veo. = vV.F.co. - v (ITFR0, - F,C00) o o
2 A A 2 A I 2
and
602 = OA (1-F0, = ¥,00,) F 0, - OAFAoz
(1-P.0, - P.CO_]
hence we have
¥ co, - (1-F,0, ~ F,£0,) . oo
B 1-F 6. - P.CO.T ““1-%9
B ™ G i (2.9}
(I-F. 0. - F.CO_.) ’
A2 A2 S BB
(1-F 0, - F_€0,) I 2 A2

(It should be noted that since R is a ratio, the expression is
now independent of the volume of the transport medium) .
By algebraic manipuation of the equation and converting where

appropriate to partial pressures

RP_O. + P_CO..F. O (1-R) + - p.C
PO, =102 " FapFy g8 + B0, ~ B0 5 40

FICO

5 (1-R) + R

A commonly used special case of eguation (2.10Q0) occurs when PICO2 = 0.0.

In this case the eguation reduces to

P_CO
(1-R) A 2
IO2 + PACOZ.FIO2 R - R (2:21)

B =P

(8]
A2
In this derivation of the alveolar air equation the Haldane
transbrmation is used, A form of the alveolar air equation which
is not based on the assumption of no net exchange of inert gas was

132 ! ; i
presented by (szowka & Farhi, Solution of the equation requires
knowledge of the mixed venous partial pressures of inert gases.

As indicated, the derivation of these egquations is based on
gross simplifications of reality. There are several component
processes, involved in the transport of respiratory gases between

the atmosphere and arterial blood. Each component may be

133 . - .
regarded as imparting a resistance to gas transport and
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contributing to the overall tension differential between

inspired gas and arterial blood i.e. (I—a)DO2 and (a—I)DCO2.

Such resistances are accentuated in disease processes. The

various components in the overalltransport process have been

categorised by Hills:133

Airway convection.
Airway diffusion.
Membrane diffusion.
Plasma convection.
Erythrocyte diffusion.
Chemical reaction.

with additional resistances due to =

Shunt, i.e. right to left shunting.
Distribution component.

Descriptions of these component processes by means of
algebraic equations is considered in the next three sections.

e) Airway Convection/Diffusion.

Transpat of gas from the mouth to the alveoclar membrane

134
is a complex process. Flow in the larger airways may be turbulent

during periods of peak-flow even at rest, with linear velocities of
gas flow in excess of 230 cm/sec and Reynold's numbers of the order
of 2000 . In the lower airwayswhere gas flow would be expected to
be laminar (Reynold's numbers of the order of 10) laminar flow is
interrupted at branch points, re-established in the distal airways,
. 135 — :
and secondary motions occur. Utilising the anatomical data of
136 ; . 137 '

Weibel, and Horsfield & Cumming, the calculated linear

o ; : . 138
velocities of gas flow in the terminal airways are such that the
main mechanism for transfer of gas to the alveoli is gaseous
diffusion.

Such a complex process requires for its description a
distributed model. Such models are discussed in Section 2.8 of

this chapter, but the complexities are such that a complete
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mathematical description of the events 1S not possible at this
time}39

In the steady-state approach it is assumed that inspired

gas is transported to the alvecli by convection. For carbon

dioxide transport

VCO2 = VECACOZ = (VI—fVD)CICO2 = vacACOZ
=y - % co :
x.f;qugl=ACO2 vAIsgpI 9 (2:12)
and for oxygen
vo,, =VAIBgPIOZ - v;,‘EBqPAo2 (2.13)
L)
VAI may be eliminated using the variable R. Since
5 =vco2 ) vAEBqPAco2 -vAIBgPIco2
Vo, VarBPiO%  VagBgPa%)
. . PR ¥ PO
Va, = Va _A2 2”92 _—
R.P_O_ + P_CO :

172 I2

In derivation of these equations it is assumed that the
concentration of dead space gas which is re-inspired is identical
to alveolar gas. Thus application of these equations to
individual gas exchange units is equivalent to assuming that each
unit has its own separate dead space.

f) Membrane/Erythrocyte diffusion.

The process of diffusion can be described by Fick's Law
which states that the flux of a gas species i (ﬁi) across an

T ' ; o,
area of an infinite plane under a concentration gradient i is

ax
given by
e dc
M, = -Ad, i
- l—a—;( £2.15)
where diis the coefficient of diffusion. This law only applies

however to mixtures of two gases, to diffusion of the gas in only
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one direction, in one phase and in a steady-state, i.e. when
the concentration at each point is constant. When more than
two gases are present, as in the lung, the governing equations
are the more complex Stefan-Maxwell equations although use of
Fick's law does not lead to serious inaccuracies in normal air
breathing conditions%

Despite the restrictions implicit in equation 2.15 it is
the basis of the mathematical description of diffusion across the
alveolar-capillary membrane.

For a gas, C can be replaced by partial pressure p such

that

i P
and if —Sg- is approximated by A; where AP is the partial

pressure difference between two pdnts which are separated by a
distance X, then
AP

In study of diffusion across the alveolar-capillary membrane AP
is taken to be the difference in tension between alveoclar gas
and pulmonary capillary blood and X the thickness therefore of
the alvecolar-capillary membrane.

Thus for a small length (dl) of an individual pulmonary
capillary in a small time dt the flux of a gas species i is given
by

SY,
5 3 -
(PA PC)dldt (2.17)

X

where S is the unit surface area of pulmonary capillary, PC the
tension in that section of pulmonary capillary blood, and Y; = d; R

In studying alveolar-capillary diffusion in man the use of

carbon monoxide as the test gas offers advantages because of its
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high affinity for haemoglobin (about 220 times that of oxygen),
. ; 141 cop o
a fact first realised by Bohr, If it is assumed that the
rate of combination of CO with haemoglobin is instantaneous

then equation 2.17 for CO can be written as

SY(,0
-EF;?ACOGIdt (2.18)

By assuming that a) the shape and dimensions of capillaries are
uniform; b} erythrocytes travel through all capillaries at same
rate; c¢) alveolar PCO is constant; d) resistance to gas transfer
across the membrane is constant and uniform along the capillaries,
and by integrating along the length of the individual pulmonary
capillary and summing with respect to all n pulmonary capillaries
then the amount of CO transferred in the lung from alveolar gas to

pulmonary capillary blood in small time dt is given by
n 1
SY
co
P_codl dt
: o X A
j=1

i.e. nls
—Y P
X co ACO dt

where 1 is the length of the pulmonary capillary.
Thus in any unit time the flux of CO across the membrane (MCO) is

given by

. A
==Y P 1
MCO = - ¥ P,CO (2.19)

where A is the alveolar surface area and = nlS.

AY
The constant CO 1is known as the diffusing capacity (DLCO) or
X

transfer factor (TFCO). Thus

_ MCO (2.20)

D CO = TF =
L CO PACO

Technigques of measurement of the transfer factor vary in the
; ; 142
method used to estimate PACO. {For details see Forster, Bates

1 144
et al,43 Cotes Yz
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Combination of CO with haemoglobin is not an instantaneous
145 . . . .
process and the diffusing capacity as defined by equation (2.20)
146 ;
can be shown to represent the summed effects of resistance of
the pulmonary membrane to diffusion and of the red cells to the
uptake of CO. The proof of this (after Roughton & Forsterl46)
is detailed below. The rate of formation of COHb (v) in the
pulmonary capillary at any point depends on the partial pressure
of CO in the pulmonary capillary plasma
i.e. v =6P CO
c

where 0 is a constant which itself depends on oxygen tension.

Equation (2.17) can also be applied to carbon monoxide.
Thus for a small length (dl) of an individual pulmonary capillary
in time (dt)

Mo = °F

(PACO - Pcco)dldt

Assuming no change of the mass of CO in plasma (<1% of CO is carried
in plasma}

SYco

(P.CO - P €CO)dldt = gP CO a dldt
A [ c

where a is the cross sectional area of the capillary.

P_CO
Thus 2

PCCO =1 + 08ax
' SY
(The subscript CO is omitted after Y).

i.e. for a small length of capillary 4l

. SY . 1
MCO = X PALO (1 - 0 ax ) dldt
1+ —=
SY

Integrating along the capillary and summing over all n capillaries

n 1 P_CO 1

- SY e

MCO. = ‘j - . (- fax ) Al | at
E 12
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1
P_CO -
2 (1 1+B—Z—;£)dt

nlsy
X

but nlsS = A and DM = AY/X where D“ is defined@ to be the membrane
component of the diffusing capacity

i.e.
1
DMPACO 1 - sy+8ax dt
SY
SY

P
DM ACO dt / (1 + 6ax )

&
O
If

nlsy
P
DM ACO at / (1 + BanlX

)

D P COdt / (1 + —2=

M A fve )

when Y is the volume of the blood in the pulmonary capillaries = anl.

But
MCO = D P,CO dt (see equation 2.20)
i.e D =D (L + Dy )
7 M Ve
(2.21)
ie. 1 _ 1 1

g) Distribution Component.

A similar set of equations to those presented in 2.3. (e)
can be developed to describe the transfer of oxygen and carbon
dioxide to and from the blood perfusing pulmonary alveoli.
Thus for an individual pulmonary unit (k)

Q. (c co

1l

B
VCO2k 5 - CckCOZ) (2.22)

CaC0. = P
or VCO2k Qk 59, f(AkCOZ)]

It is assumed that the end-capillary tension is identical
to alveolar partial pressure and related to concentration of

carbon dioxide in end-capillary blood by an arbitrary function £.

(This notation is preferred to use of a capitance coefficient for
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002 in blood since the latter tends to suggest a constant

relationship). The function £ is in effect the CO2
dissociation curve. Computational work has been simplified
greatly by provision of standard easily programmed methods
both for the 002 dissociation curve147 and oxygen dissociation

148
curve,

For oxygen

Vo, =9, |:g(PA02) - c‘.,ozj (2.23)

From equating equations (2.22) and (2.12) and replacing OAI

by the expression in (2.14)

OAK/' ) C‘_,CO2 - f(PAC02)
QK - (R P 0_+P, CO,)
- R A
3gPAK§O2 sgPICO2 K Ag 2 K 2
+
(RKPIO2 PICOZ)
By rearrangement of this equation and replacing Rk by
. = C‘.,CO2 - £ (PAKC02)
K g(PAKOZ)-C_‘}O2 (2.24)
s L Cc.CO, - £(P CO,.)| P.O_ + [CgO, - g(P, O,.)}| P_CO
VAK/' =3g[§2 Az] T2 [vz 9AK2]12
QK
PAKC02.PIO2 + PICOZ'PAKOZ (2.25)
In the case where PICO2 = O this simplifies to
1 CuCO,. - f(PA co,)
¥ 2 E_2 (2.26)

Va, - =
BR/ oy PpyCO,

Such equations are presented in more detail along with graphical
: ; ; 149
representations in the excellent treatise of Rahn & Fenn and
150
by Otis
Thus for any given input conditions in the inspired gas

(pICOZ'PIOZ) and in the mixed venous blood (cvcoz, CGOZ) the
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alveolar partial pressures of oxygen and carbon dioxide are
determined by GAK/QK (the ventilation-perfusion ratio).  This
relationship is best expressed by the ventilation-perfusion line
(Fig. 2.2).

Construction cf the line 11,132 is based on the recognition
that in a steady state the blood R equals the gas R where the blood
R is as defined in equation 2.24 and gas R is calculated from use of
the alveolar air equation (2.10).

In manual construction of the 1inel49' 133 an R value is
chosen and the gas R line which radiates from the inspired gas
point is constructed (see Fig. 2.2). The loci of points on this
line describe all possible combinations of pO2 and pCO2 that could
exist in the gas of an alveolus with that R value. The corresponding
blood R curve is also drawn, and the point of intersection of these is
on the QA/Q line.

Non-linearity of the blood R curve (equation 2.24) as a
function of p02, pCO2 makes the problem of identifying the point
of intersection of the corresponding blood R curve and gas R line
a trxial and error procedure. Manual construction of the line
for any particular subject is, therefore, tedious and may be
inaccurate.

Methods Dr construction of the line using a digital computer

. 154,132 ¢ i
have been described.” ' The first uses a procedure similar
to the manual method, in that points on the line are identified by
searching along a gas R line for the point of intersection with

the corresponding blood R curve. The other method132 treats

V /@ as the "independent variable". Thus the problem is to
A

find the PO, and pCo,, that are associated with a given QA/Q.

This is inefficient since it incorpoxtes a search procedure in

two-dimensicnal space.
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FIGURE 2.2,

Diagramatic representation of the ventilation-
perfusion line. Each point on the line for
an individual subject corresponds to a
ventilation-perfusion ratio. The line is
between the mixed venous po%nt V(G/é = 0} and
the inspired gas point I(V/Q =%0). Points
on the line are at the point of intersection
between the gas R line and blood R curve.

{For more details, see text). In the computer
programme described in the text points on the
line (b) are identified at specific values of

p02(a).

60.
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In a computer programme developed by the author, the

1
method is based on eliminating the variable R.55

By substituting for R in equation 2.10, R as defined in

equation 2.24, we obtain a function of (PAOZ'PACO2) which is

egual. ko “**%0,a/p + ?,C0,.F 0,(1-%/b) + P CO, - P 0

5 G I A2 2 7Sl
a2 . FICoztl—a/b) + Bp =0
where a = c;’co2 - f(PAC02)
bS glR0,) = 650,
e.qg.
Ploz.a + PACOZ.FIOZ(b-a) + (PICOZ-PACO2)b i TR
Byls = F CO,(b-a) + a = .

Thus for a defined value of PAO2 the problem of identifying a point
on the GA/Q line reduces to obtaining the value of PACO2 which is
the root of this equation. The function defined by equation (2.27)
has a discontinuity when
FICO2(b-a) + a=0

Thus for values of PAO2 close to PGOZ when b and a will be close to
zero, the root of the equation will be close to this discontinuity
(see Fig. 2.3). Since most numerical methods of root finding
require as starting conditions knowledge of points on either side
of the root, the discontinuity presents practical problems in
implementation of sﬁch methods. This problem has been overcome
in the programme which has been developed (see Appendix 6 ).

Two different numerical methods for root-finding have been
investigated -~ regula falsi}56 and bisection%56 (See figs. 2.4 and 2.5

respectively) . The bisecticn method proved to be more efficent than

the regula falsi in terms of speed (see Table 2.4}.
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ZERO LINE

FIGURE 2.4

The method of regula falsi for finding the root of a
function. The method is iterative and each iteration
begins with points on either side of the root. In the
example shown the method is at its second iteration with
the two points being B & C. OCn each iteration the point
at which the line between these points cuts the abcissa
is identified and the function evaluated at this point.
A new point D is thus obtained and one of the previously
used points (B or C) is discarded such that the two new
points are still on either side cf the root. In the
example shown C would be discarded and the two points B
& D used in the next iteration.
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FIGURE 2.5

The bisection method for finding the root of a
function. The method is iterative and each
iteration begins with points (A & B) on either
side of the root. The interval on the

abcissa between the points is halved (C) and

the function evaluated(D]}. The original point
on the same side of the root as D is discarded (A)

and the process repeated with the new points (D & B).

64,
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INPUT PAO2 REGULA FALSI BISECTICN
Number of Number of
P_CO

Bodt. { A 2) iterations Rk (PACOZ) Iterations

40.07 43.76 13 43.76 23

71,29 38.60 36 38.60 21

129.69 17.34 73 17.34 15

TABLE 2.4.

In the programme which has been developed a number of points
(60, or 100, or 150) on the ventilation-perfusion line equally
spaced in terms of PAO

between P;O and PIO are identified and

2 2 2
VA/Q calculated. The programme lists these points with associated
values of VA/Q, PAOZ' PACO2 {in mm.Hg.) and CCOZ' CCCO2 (in ml.
STPD/100 ml. blood) (See Table 2.5). The programme has the facility

for graphing the OA/Q line.
In computer models of gas transport the most common
application of the ventilation-perfusion line is to obtain values

P_CO,_ and hence C O_, C CO_. associated with a specific

o Byl TxPg cP2' “c92

OA/Q for a specific set of input conditions. In one approach to
this problem157 a time consuming method is used in which given a
GA/é' an R value is' chosen, the corresponding gas R line searched
for the point of intersection with the corresponding blocd R curve,
OA/Q at this point calculated and if not within a specified value
from the given QA/Q, an updated estimate of R made, and the process
repeated.

For this application of the ventilation-perfusion line the
author has used interpolation between peints identified previously.

Such points will be unequally spaced, however, with respect to
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0.046
0.189
0319
0.433
0.534
0.627
0.715
0.802
0,894
0.994
1.106
1.236
1.390
1:579
1.816
2.126
2.547
2.855
3.075
3.330
3.626
3.976
4,394
4.902
5.530
6.326
7.366
8.773
10.777
23,837
19.033
39.628
62,032
193.248

P O
A2

35.08
39,67
44.25
48.84
53.43
58.01
62.60
67.19
71.78
76.36
80.95
85.54
90.12
94.71
99.30

103.88

108.47

111.03

112.57

114.11

115.65

117.19

118.73

120.27

121.81

123.35

124.89

126.43

12797

129.51

131.06

132.60

134.13

135.16

40.44
39.65
38.96
38.35
3781
37,32
36.85
36.38
35.89
3537
34.81
34.18
33.47
32.66
31.70
30.58
29,22
28.34
27:15
2712
.26.43
25.69
24.88
24.00
23.03
21.97
20.79
19.48
18.02
16.38
14.52
12.41
9.96
8.10

TABLE 2.5.

15.51
17533
18.79
19.92
20.75
21.36
21.80
22.13
22.39
22.58
22.74
22.86
22.97
23.06
23.14
23.21
23.28
23.31
23533
23.35
23 .37
23.39
23.41
23.43
23.45
23.47
23.49
23.50
23.53
23.55
23.57
23.60
23.63
23.64

47.75
47.23
46.77
46.39
46.06
45.77
45.50
45.25
44,98
44,71
44.41
44.09
43.71
43,28
42.77
42.16
41.41
40.91
40.57
40,20
39,79
39.35
38.85
38.30
37.68
36.99
36.19
35.28
34.21
32.95
31.42
29.53
27.09
24,95

66.
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OA/Q. (In the digital computer programme more points are
identified at higher values of VA/Q when the difference in VA/Q

between points equally spaced with respect to PAO is larger.)

2
As a result of the unequal spacing of points certain of the commonly
used methods of interpolation are inappropriate and Lagrangian

155
interpolation is used. The results of using this approach are

illustrated in Table 2.6.

OA/é Actual PCO, Interpolated PCO, Actual PO, Interpolated PO

2
(mm.Hg) (mmHg.) (mm.Hg.) (mm.Hg.)
0.179 39.71 39,71 39.34 39.34
0.368 38.70 38.70 46.15 46.15
0.628 37.32 37,32 58.06 58.06
1.304 33.86 33.86 87.68 87.68
3.478 26.77 26.77 114.91 114.91
5.488 23.09 23.09 121.71 %2173
9.631 18.81 18.80 127.16 Y2718
TABLE 2.6

Comparison of PCQO,, PO, values for a given v /O obtained

’

) 2
by interpolation getween sixty points identi%ied on a
V_/Q line and those obtained directly by an alternative
method.

In applying these equations to individual pulmonary units

the presence of a common dead space is neglected. In effect the
3 3 /

concentration of gas inspired (CI) into a pulmonary unit (i) is

given by

i -
¢ =Sl * c (1 Vp, / V) (2.28)

I
and leads therefore to a new system of equations. (For details

see Ross and Farhilsa.) Since for different pulmonary units V_/V

18 KR

are unegual, the alveolar PO2 and PCO2 are not determined, therefore,
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by only QA/é.

There is moreover evidence for collateral ventilation in
human lungsls9 i.e. gas transfer between adjacent lung regions,
and the influence of this on gas exchange in dogs has been studied
experimentallleo' bk (for a review article on collateral
ventilation see Mackleml62). Collateral ventilation is neglected
in the standard analysis of ventilation-perfusion distribution
which is presented here but is considered in the computer aided
calculations of west%63

Steady-state equations are also used to analyse experimental
data to obtain information on abnormalities of ventilation-perfusion
distribution. The most widely used analysis is the "Riley Analysis"
named after its originator%64 In this method a three compartment

alvelar model is used (see Figure 2.6). Expired gas is thus

considered to be made up of three components, i.e.

VCa =V C.+V C_ + (Vv.-V = 57 )C
TE DANAT I DALV I T DANAT DALV IDEAL
and by letting
A" = V + V
DPHYSIOL DANAT DALV
VD C - C= P - P
PHYSIOL _ IDEAL E - IDEAL E (2.29)
= P - P &
VT cIDEAL CI IDEAL T
Arterial blood is a mixture of two streams - from the shunt
and from the ideal compartment, i.e.
* -
0./Q, = (CipEAL - Ca)/ (CipEAL - %) (2.30)

In application of this method it is assumed generally that PaCO2

is identical to P since a right to left shunt of blood

IDEALCOZ

produces little effect on the end-capillary pC02. (The arterio-

venous partial pressure difference for CO, is relatively small.)

2
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FIGURE 2.6.

Three compartment model of Riley et al.l64
The model consists of a ventilated and perfused
compartment ("ideal" alveolar compartment), a
ventilated but unperfused compartment {physiological
dead space), and an unventilated and perfused

compartment (venous admixture).

69.
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Equation 2.29 can thus be used to calculate physiological dead
space. Ideal alveolar PO2 is calculated from the alveolar air
equation and substitution of the derived and measured oxygen
values in equation 2.30 allows calculation of és/ét (the venous
admixture) . A more exact approach to the analysis is to regard
arterial PCO2 as only an initial estimate of ideal pCO2 and to
continue to update this estimate to allow for the effects of
calculated venous admixture on end-capillary pCOz. Such a
method of "successive approximations" is implemented easily on
a digital computer but makes no appreciable difference to the
results unles és/ét is large (>20%).

Although the Riley analysis has proved of clinical value
and has been applied widely there are, however, important theoretical
limitations. The physiological dead space for carbon dioxide is
an underestimate of excess ventilation to units which are relatively
overventilated165 since such units are able to transfer CO2
relatively well. Furthermore, the formulation of the equations
is such that there is direct dependence between the magnitude of
the calculated ratios - venous admixture (és/ét) and physiological
dead space (VD/VT)%66 The calculations are sensitive to small
errors in measurement. In the error analysis of Kelmanl67 random
errors in simulated measured data with 1% coefficient of variation
led to estimates of és/ét which ranged from 10 - 28%.

An alternative approach is to consider the lung as if it
consisted of a number of compartments in parallel. The minimum
number of compartments which can be used is two (see Figure 2.7)

and the author has investigated the application of such a model to

measurement of ventilation-perfusion distribution using simultaneous
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SHUNT

FIGURE 2.7

A model structure with two ventilated and
perfused compartments (1 and 2), an
anatomical dead space, and a right to left

shunt.
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analysis of oxygen and carbon dioxide transfer. (See Figure 2.8).
The analysis is complicated, however, by the non-~linear time
varying relationship for oxygen and carbon dioxide between partial
pressure and gas concentration in blood, and because of the effect
of other factors, e.g. diffusion impairment, on the transport
process.

A more profitable approach is to study the exchange of
inert gases. Inert gas exchange in an individual pulmonary unit
! —_ . 169
in steady-state conditions can be shown theoretically to be
related to the ventilation-perfusion ratio of that unit and to the
solubility of the gas. Results obtained from analysis of the
overall pulmonary exchange of two inert gases in terms of a two
compartment model depend to a large measure on the solubilities

; 170 S :
of the gases which are used. A more ambitious approach is to
i 171 .

use a fifty compartment model to analyse the simultaneously
measured steady-state exchange of six gases with a wide range of
solubilities, thereby obtaining knowledge of the relative
distributions of ventilation and perfusion. Such a method
would seem likely to yield non-unique results and has stimulated

: . 172,173 : : y $
discussicns. An example where four different distributions
can be obtained from the same set of measured data has been

174 <

presented. Nevertheless use of data from simultaneous study of
exchange of many inert gases must give more information about the
relative distribution of ventilation in relation to perfusion.

Ventilation and perfusion may also be maldistributed in
relation to diffusing capacity, this representing another source

175,176
of inefficiency in pulmonary gas transport. ™' Such a

72,

distribution effect may lead to errors in the measurement of transfer

factor and this problem has been studied theoretically by several
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FIGURE 2.8

Application of two compartment model which is shown in
Figure 2.7 to the analysis of respiratory gas exchange,
for a subject with chronic obstructive airways disease
who was in respiratory failure. (P05 = 41.3 mm.Hg.,
P_CO, = 59.6 mm.Hg.} . The airways obstruction was
severe (FEVy; g = 1.0 L). The shunt is assumed to be
3% of the cardiac output. The analysis shows that
the lung could be considered to consist of two venti-
lated and perfused compartments with ventilation-
perfusion ratios of 0.49 and 6.36 with 17% and 83% of
the ventilation and 70% and 27% of the total pulmonary
blood flow respectively. The details of the analysis
procedure are presented in Appendix 10,

73.




74.
177-182
authors.,
In order to quantify the relationship between perfusion
and diffusion consider a small length 1) of capillary (k). For
a gas i for which there is a linear relationship between

concentratien and tension in blood, at any point 1 along the

capillary,
‘dis

o) B,[%.(l + 41) - P.(l)] s Tx 4B (Pt - P ) (2.31)
ki| 1 3:

where symbols are as defined for equation (2.17)

i.e. P (1 +dl) - P, (1) :
i i _ Sdi ®.i-p (1))
dl xﬁk A i
in the limit as dl 2 O
»-ag"l" G oy | o (2.32)
QX i QX at

The solution of this eguation yields

-54.1

; i
=) = s i g i .
: (l) (P_i PAl) e X P_i (2 33)

Thus making the same assumptions as were made for the derivation
of (2.19}); for a homogenous lung
Dj
P (c) = [P;,i - Pm] - Byt Pl (2.34)
where Pi(c) is the end-capillary partial pressure, and Di is defined
in Section 2.3(f).
A rearrangement of this eguation yields

(Ppi ~ Pgi)

& B TN ey (2.35)

In the derivation of this equation it is assumed that at any point 1

along the capillary, P does not vary with time, i.e. it describes a
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steady-state condition. For an alternative derivation of the

183
equation, see Piiper et al.

In these equations QK or Q can be replaced by the transit
time tk through a single capillary.
. Vs
%

where V_ is the volume of blood in the capillary or
K ) Vc

Q R
k

since it is assumed in the derivation of (2.34) and (2.35) that
all capillary paths are identical.
For carbon monoxide P‘.,CO = 0 and thus equation (2.34)
reduces to
PCO = (l—e_DCO/ Beo?) P,CO

D
o .
Q Bco (1-e /BeoQ) (P, CO)

and vVCO

If one regards the same process as a purely diffusion limited process,
as in eguation 2.20

VCO =D P_CO
app A

where Dapp is the apparent diffusing capacity.

Thus

D _ 1 - e Pco’26c0
Sk T (2.36)
, CO Co
£ or ’ i
For small values o DCO/*’CO (<0.1) Dapp is close to the true D

(for details of numerical calculations see Piiper & Sikandl78)
which is the case in the normal lung (for a homogenous lung
Dco/QBCO is approximately 0.0l). Thus significant differences
between Dapp and D for carbon monoxide can only result from
changes of several orders of magnitudes in the distribution of

perfusion to diffusion capacity, as is confirmed by the theoretical
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182
studies of Chinet et al using multicompartment models. This

is not the case for the oxygen diffusing capacity181'182 although

the difference between the apparent and true diffusing capacity is
i 181

reduced i1if the oxygen uptake is increased.

The apparent diffusing capacity for carbon monoxide as
measured by steady-state methods is more sensitive to changes in
. . . - - : : , ., 180,182
the distribution of ventilation relative to diffusing camrity
as is illustrated below.

For a single pulmonary unit j,

VCO. =D. P
: Pa.
J Ly

{The subscript CO is omitted for both DL and PA in this section).
The apparent diffusing capacity for the whole lung (DL app)

is given by :- n

vCO D. B
D = T = 2_ L, A
bap 3, n_
A ?
= A
where PA is some weighted mean of the individual PA ; d.e.
% ]
PA = £(3) PA.
J
j=1
where for all j
0g f(j) €1
and ' n
£(3) =1
J=1
thus
n n
D, 1 =1DL P, Zl 9(3)P,
D De > J J_ J= ] (2.37)




where g(j) is the fraction of the diffusing capacity in the jth
unit, Thus differences between Dapp and D depend on the method
of obtaining 5;.
In practice the measured value is likely to be a mean
value weighted with respect to the ventilation of the individual

th
units (i.e. £(j) is the relative ventilation of the j unit.)

For this case for an increase in P,  the ratio g(j) to £(j) will

J
decrease since for any unit
. PAjN2
B £(3) Vv P_. - P = g(j)DPp (2.38)
g Al TP N, Ay 3
and
gy _ BgV P P. N
£03) BN E, YR g (2.39)
D Pp. PN
4 FrD

Thus the effects of increasing maldistribution of diffusion in
relation to ventilation is increasing underestimation of the true
diffusing capacity. The magnitude of this effect is illustrated

in studies with multi-compartment models:.L82
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2.4. BREATH BY BREATH MODELS.

In the steady-state models which have been described in
the previous sections tempcral variations in respiratory gas
transport are neglected. A first approach to considering the
time dependence of gas exchange in the lung is to construct models
on a breath by breath basis thxeby allowing prediction of variables
at breath (n) from knowledge of their state at breath (n-1}.

Thus constancy within one breath cycle is still assumed.

Such an approach has been used particularly in the
description of the wash-out of inert gas from the lung, e.g. nitrogen
during a period of breathing 100% oxygen. (Such models are considered
in greater detail in Chapter 4).

The basic form of this type of model is illustrated in the
work of Darling et al%84 describing the wash-out of nitrogen from
the lung, and based on the model structure which is shown in Figure 2.1.

At the start of the wash-out process and at end expiration the

mass of nitrogen in the alveolar compartment is given by VACA N2
(0)
and in the dead space VDCA N_. Following the subsequent
(0)
inspiration of oxygen
v_C N, + V. C N, + -
cn =222 " o * YrVp! O
+
A % VA “T
since CINZ = O this becomes
vV, +V_)C N
C N = A D) A(0) 2
A 2 = v
A+ T
i.e. at the end of the first expiration the alveolar nitrogen
: N i .
concentration CA(l) P is given by y
L & N
- Y 2 U - A 2 (2.40)
N, = + (V. ~V
a2 Vet pm V) T



79.
= \Y
where VL VA N
By assuming that VA is constant, and that VT is invariant

from breath to breath the alvaelar concentration at the end of

th
expiration during the n  breath can be predicted from C

A(0) using
the relationship
c, N =Wwc_ N (2.41)
A(n) 2 A(0) 2 ’
YL,
where W = V;:?V;:V;) and is called the alveolar dilution ratio.

The assumption of a constant VT is an unnecessary simplification
but one which reduces the computational task. Its effect on the
accuracy of analyses based on such an approach is considered in
Chapter 4.

The variable time is thus represented in these models by
breath number. Since duration of a breath is itself variable
such an approach is not applicable in situations where there are
time dependent gas transport processes such as diffusion across the

alveolar capillary membrane. These methods have thus limited

applicability.

2.5. MODELS WITH UNIDIRECTIONAL FLOW RATE.

42,44~
In the simulations ' 2 which have been used to study

the respiratory control system another approach is adopted and time
is considered explicitly as a variable. The lung component of the
"controlled plant” is represented commonly by a single compartment
ventilated with a constant unidirectional stream of gas and of fixed
volume (See Fig. 2.9). Additional simplifications which are
employed are:-

a) The events of the respiratory cycle are ignored.

b) The dead space is assumed equal to zero.
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FIGURE 2.9
Model with unidirectional
ventilation. The inspired
ventilation (VI) is distributed
between the alveolar compartment

and dead space.
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c) The respiratory exchange ratio (R) is assumed
to be constant and equal to one.
d) Gas tensions in the lung are assumed to be
uniform and equal, at every instant, to that
of arterial blcod and expired gas.

Thus for any gas (x)

d(vACAx) . )
P = VICIx - VECAx + Q(cax - Cax) (2.42)
Rate of change Addition Loss to Addition (or loss)
of mass of gas from atmosphere to pulmonary
in lung atmosphere capillary blood.
i.e.
dPx - - -
Vv = V_P - P: & + X =-
Bg A Tar BgV P x BOVL P, Q(Cox £(P, x))

since dVA = O {single compartment is assumed to have constant

dt
volume) .
Assuming OI = VE = V, we obtain
Bav Fa x = BgV(P.x = P.x} + O (C x - £(P_x)) (2.43)
IVp—= Ll A v A :

dt
In the case in which V is assumed constant this is a first order
differential equation in which the only non-linearity is the function f.
Thus for gases which do not react chemically with blood (or for carbon
dioxide where a linear approximation to the dissociation curve is used),
equation (2,43) is a first order linear, differential equation with

constant coefficients of the form -




ap
A
— =
TR W S
where K, = Bg\.l + éBb
1 BV
g A
Ky = BgVP X + QCgX
BgVA

for which a solution can be obtained by analytical methods.

-K t
P x(t) = Ky +(P, (0) -Kj)e "1 (2.44)

where PA(O) is the partial pressure in the alveoli at t = O and

x3 = K2/Kl.

In such simulations CGX is not regarded generally as a
constant but is itself obtained by solution of one or more
differential equations describing the tissue stores. (Models
of tissue stores are considered in more detail in Chapter 5).

Modifications of this approach have cobviated the need for
assuming that 61 = GE, by summing the magnitudes of oxygen, carbon
dioxide, and nitrogen transport as calculated from such equations
in order to obtain a relationship between OI and VE.46

Although in the original model of this type it is assumed
that the dead space is of zero volume such an assumption is not
strictly required since the constant unidirectional ventilation
can be alveolar veﬁtilation as defined previcusly (see Fig. 2.9).

The main advantage of this approach may seem to be that an
analytic solution to equation 2.43 is possible. In the simulations
of the respiratory control system in which such models have been
used, however, other components of the simulation have necessitated

use of computer based methods of solution. The equations described

have thus been solved using analogue or digital computing techniques.

ez.
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The simplifications are such that this approach has
limited applicability to analysis of experimental data. It

: 100
neglects, as was pointed out by Yamamoto and Raub that
breathing consists of breaths.

. 185 -

The approach has been applied to the analysis of data
from nitrogen wash-out experiments. In this case since there
is negligible flux of nitrogen across the alveolar-capillary
membrane, and the inspired partial pressure of gas is zero.
Equation (2.43) reduces therefore to

dP N »
A

2 _ v
at V. k2 (2.45)

o ]
for which assuming V is constant the solution is

_ v
PN, () ~PA(O)e(— /gy t) (2.46)

A method of measurement of cardiac output, which is based on
; . 186 ; ;
parameter estimation applied to this type of model has also

been implemented (for more details see Chapter 5).

2,06, INSPIRATION/EXPIRATION AS AN INSTANTANEOUS PROCESS.

In studying diffusion across the alveolar-capillary membrane,
models are used in which ventilation is considered to be instantaneous,
and uptake of gas éo take place in a breath holding period between
inspiration and expiration. Such models are applied to the analysis
of single-breath experiments. The breath in such experiments
contains an inspiratory breath-hold thus reducing the inadequacy of
the mathematical description.

The basic equation for this type of model is that derived
originally by Krogh187 which describes the transfer of carbon

monoxide from the alveolar compartment of the model structure
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represented in Fig. 2.1. For conditions in which there is no
mass transport by any mechanism between the alveclar compartment

and dead space

av_C_Co
AA
il LU = - C
ac DPA 0}
i.e, since dVA s G
dt
co -
Vi - T (2.47)
dt g

D
sl /BgVA‘t))

=P .4
thus PA(t)CO & (2.48)
(0)
P Cco
v
and D = 8g A loge A(0)
t PA co (2.49)
(t)
Assuming that expiration is instantaneous PA(t) can be
measured directly. If it is also assumed that mixing between

inspired and alveolar gas is identical for an inert insoluble gas

; ; 188,189

(helium) and carbon monoxide, then P CO can be calculated
(0) .

since for instantaneous mixing between inspired and alveolar gas

P co(v, +v.) = (v.-V) PCO
A(O) AO T T D I
and

H + = -
B, e (v, + V) (v, - V) P He
(0) 0

1

Since helium is virtually inscluble P_He is time invariant during

A

the breath hold and hence can be measured directly.

Thus
PAHe
P CO = P _CO

A(o) . PIHe

Application of egquation 2.49 to data obtained during a
single breath of a gas mixture containing carbon monoxide and
helium, the breath containing a long breath hold, allows, therefore,

an estimate of D.
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The time t in egquation 2.49 is the breath-holding time.

188,18
L83 to be from the start of

It was defined originally
inspiration until that point on expiration when PACO is measured.
The assumption of instantaneous inspiration and expiration leads

to errors in the estimation of D which will become more marked if
inspiration or expiration is prolonged, leading in the one case to

; . ; 190
an underestimate and in the other an overestimate of D.
: ; . 191 .

An extension of this analysis considers the case where
inspiration and expiration are not assumed to be instantaneous but
rather the inspired or expired ventilatory flow rates are assumed
to be constant. Application of the analysis to experimental data
gives estimates of D which are unaffected by the duration of
inspiration or expiration.

. 192

This approach has been extended to the study of steady-
state uptake of carbon monoxide. The subjects who were tested
had to breathe in time to a metronome with rapid inspirations and
expirations which were separated by either inspiratory or
expiratory breath-holds.

The single breath method of measurement of trasfer factor
is also affected by maldistribution since equation 2.49 describes
the homogeneous lung. Unlike the steady-state methods of
measurement, as described in Section 2.3 (g), the single breath
method is affected by maldistribution of inspired ventilation or

- . : ¢ : 178
diffusing capacity in relation to alveolar volume.
Models of this type have also been used to study the
: . . . . , 193
process of diffusion in the gas phase in the terminal lung unit.
In this work it is assumed that the total resistance to diffusion

is located at a boundary in the lung airways, and the presence of

a dead space is neglected. There are thus two compartments in
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in the model - tidal volume, and alveclar compartment - both of
which are treated as being well stirred with uniform concentration.

Thus during any breath holding period, for a gas x

Mx = Kx (PAx - qu) (2.50)

whener is a constant of diffusbn and will be equal to éié where
dx is the diffusion constant for the gas, A the area of the boundary,
and X the distance over which diffusion takes place. PTx is the
partial pressure of gas in the tidal volume compartment.

Since the model is used to study inert gas wash-out the
inspired gas does not contain any of the gas under study, i.e.
PIx = 0. Thus at any time t after the start‘of the breath-~hold,
the mass of gas x in the tidal volume compartment is that which
has been transferred from the alveolar compartment,

i.e. v Bp (1) =v g [P (0)- P (t)
S Atgla A (the subscript xﬁézég}%ted)

PA (O0) is the partial pressure of the gas X in the alveolar

compartment at the start of the breath-hold. VA and VT are

assumed to be constant.

Thus V_ R dPAx
= -K (P_x - 2
A Y ac x( Ax PTX) (2.52)
G = dPAx » —Kx VA P x Kx VA
qE 5 1 +v— p:y +V"_B- % v—'. PA(O)X
Agg T A9 T

Solution of this equation gives

PA(t)x ) VA VT Kx ,VL (2.53)
————= == 4 ——je - )t
pA(o)x v v

A i U
i.e. PT(t)x . Ve XI i oa —[Kx . XE . i B
P (Ox V.V, VaBy Vo
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The authors compared experimental data from the wash-out of helium

and sulphur hexafluoride to that predicted by equation 2.54,

2.7. MODELS WITH TIME-VARYING VENTILATION (DYNAMIC MODELS)

In terms of the model structure illustrated in Fig. 2.1,
the respiratory cycle can be regarded to consist of three separate
stages (Table 2.7) if ventilation is considered,as it is in

actuality,as a time varying process.

STAGE CONDITION
s t
1. Inspiration of dead space V20 & VIdt < VD
gas to alveoli
t
I
t
2. Inspiration of atmospheric V20 &‘[ VIdt 2 A
gas to alveoli
t
I
3. Expiration vV <0

t = tI is start

of inspiration.

TABLE 2.7
Stages of respiratory cycle. It is assumed that
there is "plug-flow" through the dead-space.
From the principle of tonservation of mass, it is seen
that for a gas which is soluble in blood but does not react

chemically with blood

A A
dt

Bgd(V P ) . i 5 2
S o2 = slvsng + szvsgpI 5 SBVBQPA +0B, (P.-P ) (2.55)

(For derivation of this equation see Appendix 1B8).

If t = tI defines the start of inspiration

t

Sl = 1 for V3> 0 and ( th‘vd; Sl = O otherwise
t
I




88.
t

52 =1 for V 2 O and j th?‘ﬁf 82 = O otherwise
t
I
and S3 =1 for veO S3 = O otherwise

If it is assumed that PA = Pa, that the variation in VA due to the
difference in gas flux to and from the blood can be neglected

(i.e. dVA = 6) and that at the start of inspiration PD = PA then

dt
‘vAag @, = szg(pI =~ Bk o st(P; = By (2.56)
dt
t
S=1 V30 and | VAtyV; S = O otherwise
t
&
For an insoluble gas
Vi dPA = SV(PI - PA) (2.57)

dt
whereas if the gas combines chemically with blood (e.g. oxygen or

carbon dioxide) then

ap s . . L
VpBgr B = SVB (L - B +QEl(pv) fz(PAﬂ (2.58)

where fl and f2 are functions relating partial pressure and
concentration in mixed venous and arterial blood respectively.

In the special case of carbon dioxide the relationship

between concentration and partial pressure can be approximated by

i i hi 1 d th
a linear relations }p of slope Sb(COZ) an us
dap
V.B 7 A .
A G ® svsg(PI P+ st(coz)(Pv P,) (2.59)

In derivation of these basic equations for dynamic models of gas
transport it is assumed that for gases which are in solution in

; lgﬁ . - 5
lung tissue at there is identity between the partial pressure of
the gas species in lung gas and that in lung tissue. For such

gases the VA in equations 2.56, 2,58, 2.59 is an effective lung

volume and includes not only the gas volume contained in alveoli

but also the mass of the gas species in pulmonary tissue expressed

as an equivalent gas volume. It is also assumed that there is no
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difference in partial pressure between end-capillary blood and
alveolar gas, that there is plug-flow through the dead space,
and that pulmonary capillary blood-flow is constant.

The history of development of such dynamic models is
considered in the next section of this chapter, as are modifications
to these basic eguations.

It should be emphasised that for each system of algebraic
equations for steady-state models there is a corresponding system
of ordinary differential eguations for the equivalent dynamic model.
Since in dynamic models ventilation is considered as a cyclic
process it may be necessary to make additional assumptions in
derivation of the equivalent dynamic eguations.

For example for the three compartment model of Riley
(Figure 2.6) the equivalent dynamic equation for the "ideal™

alveolar compartment is

dpP
v B 1 _ - _ - - .-- 9
195 = S,KVE (B -P)) + Skvg (P -P))+(Q-Q ) [fl (P) f?-(PlEI (2.60)

when subscript 1 relates to the "ideal" alveolar compartment and
k is the fraction of ventilation to this compartment.

In this dynamic model with cyclic ventilation assumptions
have to be made abopt the distribution of dead space gas which is
re-inspired. It is here assumed that dead space gas is
distributed to the two compartments in proportion to their
ventilation,

During expiration gas which enters the dead space passes

through it and is expelled to the atmosphere until time t = t*
t*
where o
dt = V \Y
StIVEI T =D
E
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and t = tE defines the start of expiration. During this phase
of the respiratory cycle the partial pressure of gas entering
the dead space is

Py(t) =k P (t) + (1-k) P, (t)
where subscript 2 relates to the alveolar dead space compartment.
If it is assumed that gas flow through the dead space has a
square wave front with no mixing in the dead space then in phase 1
of the next respiratory cycle gas leaving the dead space to enter
the alveolar compartment has partial pressure
P {t) = kP (t-A) + (1-k)P,(t-X) (2.61)

where‘K is a flow-dependent time delay defined by the equation

X - t
lelﬁt = |VEPt
‘1 £ A
where t = t_ 1s the start of inspiraton.

I

Similarly for the alveolar dead space compartment

Vo s (1-k)V(P_~P.) + S.V(1-k) (P_-P_) (2.62)
A | D 2 2 I 2
ac
2.7(b). DEVELOPMENT OF DYNAMIC MODELS.

Models such as those described by equations (2.56 -~ 2.59)

195 |
were used originally by Chilton & Stacy Chilton et al%96 and

7
Dubois et a1].'9 The term "effective alveolar volume® is

introduced by these authors to take account of the gas which is

present in lung capillaries and lung tissue in addition to that
present in alveolar gas. The authors to a large extent used

analytical methods for solution of the model equations.

Analytical methods can be applied in certain specialised cases:-
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(a) Breath-holding

For breath-holding V = 0 and

dP L 4
v, Ta_ 0 [fl(P‘—,) — fz(pA__)J
dt B
g
For those gases where C- = a + bP-, C_ = a + bP_ = a + bP
v v a a A
this reduces to
dpA Ob
-dT- = v B (P‘—’ oo PA) (2.63)

(For the analysis of oxygen transport Chilton et al196 assumed that
Ca is constant i.e. haemoglobin is fully saturated, and that C; is
constant, thereby simplifying the analysis.)

Equation (2.63) can be solved analytically to give

ob

PA = P; - [%G - PA(%} e - v;g; (2.64)

(b) Inspiration (6 constant) (Phase II of respiratory cycle)(6=K)

VABg*—— = KBg(PI - PA) + Qb(P; = Pa) (2.65)

which is of the form

dPA
—— P =
o7 + <:l i ™ G (2.66)
where Cl = §.+ SEB
A A g
and C2 = %_ PI ¥ %Eh P-
A A'g

for which the analytical solution is

-(XB_ + Ob)
PA(t) = C3 + (PA(O) - C3)e VABg t: (2.67)

where ®
+ =
KBgPI QbPV

3 - b
KBg + 0

(2.68)
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A relatively crude numerical method was also employed by Dubois
et a1r?’

A similar approach has been used by Yamamoto198 although
the equations are formulated as integral equations. Nye199 used
equation 2.58 and a numerical method of solution to investigate
the effects of different patterns of ventilation on respiratory gas
exchange. Two varieties of model are used, non-homeostatic, in
which the mixed venous concentration and alveolar ventilation are
fixed, and homeostatic in which the arterial pCO2 is adjusted to
a pmietermined value by alteration of tidal volume. Various
patterns of breathing were investigated - early vs. late peak
expiratory flow, early vs. late peak inspiratory flow, influence
of frequency and of relative durations of inspiration and expiration.
These exerted minimal effect on the efficiency of gas transport at
low levels of oxygen uptake.

With numerical methods of solution of such eguations
additional refinements to the model can be incorporated.

yZOO'ZOl considered the case where Q is not assumed to

Murph
be constant but rather pulsatile. 0 is, therefore represented as
a function of time, the form of which is such that there are
pulsations in Q at the same fregquency as the heart beat. The
presence of a pulsatile blood flow produces small cardiogenic
oscillations in the predicted alveolar partial pressure.

Similar forms of functions have been used in the analysis
of Flumerfelt & Crandallzo2 and Lin & Shir?o3 In these analyses
there are more detailed descriptions of flow and diffusion in

pulmonary capillaries and they are considered in a later section

of this chapter. (Section 2.8 c).
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In another more complex model describing alveolar-
capillary diffusion204 the author distinguishes between two
different physiological mechanisms through which pulsatile blocod
flow may be mediated - pulse velocity and pulse recruitment.

In the former capillary blood velume is constant and the blood
velocity through the capillaries is pulsatile, whereas in the
latter the velocity is held constant and the capillary volume is
varied.

The effect of phase differences between ventilation and
blood flow has also been studied205 although in this study it is
assumed that they can both be described by sinusoidal functions
at the same frequency. In more recent work the description
of gas stored in lung tissue and pulmonary capillaries has been
improved. In the first place it is possible to consider lung
capillary volume independent of lung volume. In the work of
Meade et al?o6 this is achieved by making the assumption that
mixed venous blood achieves instant equilibrium for carbon dioxide
with alveolar gas. (This assumption is not stated explicitly by
the aQLhors.) Thus the net transfer of CO2 from capillaries
into alveolar gas in the time At is

V DR, (t + At) - V bR, (£) - ébAt[PG(t) - PA(tﬂ
and thus for the alveolar compartment .
Bg(VPy) (£ + At) - Bg(vApA) (t) = At\}pDBg = VbR, (t + Be)+
v _bP, (t) + ObAt [PG(t) = PA(tzl
Dividing by At and taking the limit as At— O this becomes
g d(vAPA)

. ap -
— DR, =8P =S¥ & =
9 Tac By BT ——di Co P = 80

(VA here is the gas and lung tissue volume).
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Expanding the derivative on the left hand side and assuming that

dV .
—_— =V this becomes
& : ob
+— — = P - P )+ P_-
v, = V(eym B+ B (Po- P)
bVC
Thus v =V, * —J
Aeff & 8g

It is thus evident that this approach produces no change in the
analysis and results.

Other workers have not used the assumption of instantaneous
eguilibrium in the pulmonary capillaries but rather have described
explicitly the process of gas transfer between alveolar gas and
pulmonary capillary blood. Such models consider partial pressure
in the pulmonary capillary as a function therefore not only of time
but also of distance along the capillary and are thus discussed more
properly in the section on distributed models (Section 2.8c).

Lung tissue has also been considered explicitly in certain
models. Yamamoto & HOLSO7 analysed a model in which the three
components - alveolar gas, lung tissue and pulmonary capillary blood -
are in series. As a result of the lumped nature of the model it
is again necessary to assume that the partial pressure in pulmonary
capillary blood is that of arterial bbod, i.e. the mass balnce
equations are

Alveolar Space

dap

BV A s
g A 3E - BgV(PD PA) + Koo (pr PA) (2.69)
Lung Tissue
SV s = K (P.- P ) + K (Pm-P ) (2.70)
P at AP A P pc Vv P

Pulmonary Blood =

sv. ®a _so®.-P)+k_(p_-P) (2.71)
c cL e c v a ol P a
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S represents solubility of the gas under study, KAP' Kpc are
rate constants, VcL is the pulmonary capillary blood volume, and
the subscripts p & ¢ refer to lung tissue and pulmonary capillary

blood respectively.

204
In the model of Hlastala the relationship between CO

2
flux between capillary blood and lung tissue (QCOZ) and CO2 flux
between lung tissue and alvelar gas (01C02) is given by

; . \Y C02(i) -V COz(i+l) (2:.72)
Vo, (i) = Vco, (1) + P

2 At

where time is divided into small increments (4t), and the subscript i

.th . . .
refers to the i such increment. The volume of CO2 in lung tissue

(VPCOZ) at any time is defined by
Ci LY F PLCO: (1
Paf0, 1) + PLC0, () g o, vy (2.73)

vpcozu) - 3 p 2

where VP & Sp are as defined previously, and PaCO2 the mean pCO2 in

the pulmonary capillaries.

The description of mixing between inspired gas and alveolar
gas has also been refined. In the earliest models it is assumed
that gas is convected through the dead space with a square wave front.
In order to simulate an increased mixing process between inspired and

204 <
dead space gas Hlastala assumes that the partial pressure of the

gas which enters the alveoli from the dead space during inspiration

(P_ ) is
t
DA )
= 4a -
PD (t) PD for J- VI t <V 50
A
o
i s t’
= ks A - -
PDA(t) PD 100 [ Idt \"/ 50
o
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.
d P t) = f
an DA( ) PI or vIdt > VD + 50
o

where PD is defined to be the partial pressure of gas in the dead

space at the end of the previous expiration.

; - I -
i.e. PD vE PA dt
X
t
t
I-
VE dt
X
t
> t
here tx is such that Iv-
w v_lat = v
| E D
tx

Such a description corresponds to linear mixing between atmospheric
gas and dead space gas from an inspired volume of 50 ml less than
the dead space to 50 ml greater than dead space volume.
it " ; g 208
A more complex descrition is used by Lin & Cumming.
Dead space volume is considered to be time variant and alveolar
ventilation is thus defined by
. . av_(t)
v_(t) =v(t) - D
A e 2.74
3t ( )
The time variation of dead space is obtained from an analysis of
a distributed model of gas transport carried out by one of the
209 | ; ; . . .
authors, in which concentration of gas in the lung is considered
not only as a function of time but also as a function of distance (x)
from the mouth. From concentration profiles calculated from use of

this model, dead space is defined to be

v_(t)
D TT"‘— A(x)dx (2.75)

X
- C(x,t) cA
I A

(e}
where A(x) is the cross-sectional area of the airways at any point,
and X the alveolar-capillary membrane. This definition in essence

considers any complex concentration profile in the airways as one in
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which there is a sharp boundary between inspired and alveolar gas.
The position of this imaginary boundary is such that the lung

will contain the same total amount of that gas species

x* X
is. SC(x)A(x)dx =J C A (x)dx +5CAA(x)dx
o o xX*
where X = X* represents that boundary.
X X% X b dal
i.e. 5 C(x)A(x)dx = CI j A(x)dx + J’CAA(x)dx - J‘ CAA(x)dx
o o} o o
x*
but S a(x) = VD
()
and therefore
X
J () - Cc)A(Ax =V (C ~C,)
)

thus giving equation (2.75).

The calculations carried out using this approach show that
dav_ (t)

at the start of inspiration QA(t) = 0 as O(t) = —E% . This is
also the case with the more basic models. In late inspiration as

G(t) falls (a sinusoidal Q is used) OA(t) may actually exceed V(t)
since dead space volume is reduced as a result of diffusional
processes. The difference this refinement makes to the results
is minimal during normal breathing as is seen from the calculations

of these authors.
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2.8 DISTRIBUTED MODELS OF GAS TRANSPORT.

a) A review of previous models of gas transport in the airways.

In the models which have been discussed so far in this
chapter a lumped parameter approach has been employed, but as
indicated in Section 2.3 (e) the complex process of gas transport
in the airways can only be described by distributed models.

: o 210

The first approach to this problem was that of Rauwerda
who modelled diffusion in the terminal lung unit, which is
represented by a closed cylinder of length 0.7 cm. Diffusion in
such a structure occurred rapidly in relation to the breath cycle.
This geometric structure is, however, inappropriate as is seen

2
from comparison with the anatomical data of Weibel 11 (see Fig. 2.10).
; 210
A second model considered by Rauwerda was a closed truncated cone,
the geometry of which is equally inappropriate.
; : ; : 212

Cumming et al.investigated a number of geometric structures
and found that the result obtained as to the rapidity of diffwon
depended on the form of geometry chosen. All models are, however,
relatively poor representations of the actual structure (see Fig. 2.10).
These workers used conveient mathematical structures, i.e.
convenient from the mathematician's view point, and were limited by
the use of analytical techniques to solve the diffusion equation.

More appropriate geometric structures have been used more
recently (see Fig. 2.10) and computer-based numerical methods for

3 ; ; o 213
solution of the diffusion equation.
The first attempt to study simultaneously convection and
: : i - 214 : ; : .
diffusion is that of Cumming et al. The diffusion equation is
solved numerically, with convection being considered to result in

a moving boundary between a region in the airways in which

convection is assumed the only transport process and the terminal
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FIGURE 2.10
Comparison of structures of wious models, which
have been used to describe gas transport in airways,
with anatomical data (A) of Weibel.211 The models
shown are those of Rauwerda,Zlo Cumming et al,212
and LaForce & Lewis,213 This figure is taken from

2
the review of Chang et Farhi. o

99,




100.
lung unit in which only diffusional transport occurs.
Equations which have included explicitly both convection
and diffusion have been solved numerically but only for limited
g ; i 215
regions of the bronchial tree. In the work of Paiva the
last thirteen generations of the bronchial tree are modelled with
the entry to the model therefore being situated 1.6 cm. from its
) 216 .
extremity. Baker et al modelled conversely the earlier
generations of the bronchial tree (0-17) with the volume of
generations (18-23) being lumped together into a single well-stirred
alveolar compartment. One of the main deficiencies of these
analyses is that a constant value for the @diffusion coefficient
equal to that for molecular diffusion has been used whereas there
. i . . 217-221
is strong theoretical and experimental evidence that the
effective diffusion coefficient varies markedly in the presence of
- . . 209
convection (Taylor diffusion). It has been suggested that
Taylor diffusion is the dominant transport mechanism in generations
eight to twelve.
Certain preliminary results for a model of the complete
bronchial structure were obtained using an analytical method by
222 4 ; ; ; . ,
Pedley. It is assumed in this analysis that at any point in
the bronchial tree the product of total cross-sectional area and
the effective diffusion coefficient is constant. Such an
assumption is justified on the grounds that it is approximately
correct for the extremities of the model (the trachea and twenty-
third generation) and there is great uncertainty about the

intermediate region due to the complex flow and concentration

135
profiles which are found. Pedley's analysis has alsc been
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223.
used in the more detailed studies of Davidson.23

The deficiencies of these previous analyses have been
. 3 ; . 224
listed recently in a review by Chang and Farhi (see Table 2.8).
The author las developed an analysis which corrects for most of
these deficiencies, and the model of gas transport which is
employed considers simultaneously convection and diffusion in
the entire bronchial tree. In this analysis it is assumed that:-
a) the lung is a symmetric branching structure;
b) the airways are compliant, their compliance being
proportional to the surface which is alveolated;
¢) radial mixing between the gas in alveolar ducts
and alveoli is instantaneous;
d)} the effective diffusion coefficient is enhanced in
the presence of convective flow.
: Necss . . 225
The increased mixing due to cardiac action is neglected,
as is the detailed anatomy of the terminal lung unit. The latter
. g 226-228 .
has been considered in a number of analyses which have been
restricted to description of events in only the terminal lung unit.
Thie medel is presented briefly.in this section.

b) A model of convection and diffusion in pulmonary airways.

The lung is represented as a regular dichotomy of airways.
z th S 3
Each of the 2= branches of the z generation (Ogz¢23) is taken
to have identical dimensions, so that the position of any point
in the airways is then characterised by its axial distance x from
the origin of the trachea. Associated with each axial distance
X are the properties of the appropriate generation (such as number
of branches, branch diameter, total cross-sectional area of airways
c - . 211
and number of alvecli) as given for example by Wiebel or any

other morphometric data that is appropriate to a symmetrical
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ASSUMPTIONS EMPLOYED IN MATHEMATICAL ANALYSES
OF GAS TRANSPORT

1)

3)

4)

5)

6)

7)

Airways are rigid and have constant volumes.
Flux across the alveolar wall is unimportant.

Diffusion alone is the mechanism for gas mixing in the
alveolar region of the lung.

There is a stationary"front" of inspired gas termed by some
as a diffusion front.

The diffusion front is a square one, i.e. concentration is
initially uniform over the cross section of the front.

Only axial diffusion is significant.

Only two gases are involved in the diffusional process.

-

TABLE 2.8
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branching model. The eguations of this model are developed

below.

(1) Cross-sectional areas AA and AT'

The cross-sectional areas of all the airways at distance
x are summed to give a combined airway area AA (2t

Clustered about the terminal airways are alveoli which
contribute to the total lung volume. To allow for this a total
cross-sectional area AT(x,t) is introduced, such that the difference
AT(x,t) - AA(x,t) corresponds to the volume of alvecli in unit
length of airway.

To simulate the expansion of the lung during respiration
these cross-sectional areas are considered to fluctuate about a

mean value A_ (x)
Io

A (x,t) =A_ (x) Q@ - £(x)b(t)) (2.76)
3 Io
where I = A (for "airways") or T (for "total"), b(t) is an
oscillatory function of time, and f(x) is a "flexibility function".
In the simplest form of the model, b(t) may be a sinusoidal function
b0 coswt with bO and w chosen to give the desired tidal volume and
respiratory frequency. The flexibility function f(x) takes
account of the varying fractional expansion that occurs at different
axial distances Xx.
The particular form of Egquation 2.76 neglects the axial

; . . : ; ; ; " 229
distension during respiration for which there is evidence but
to take account of this would require a considerable increase in

mathematical complexity, without affecting radically the velocity

distribution in the lung. Even with this simplification, there

229,230

is a lack of experimental evidence on the precise form of f (x)
It is, however, expected that expansion of the lung occurs largely

in the alveclated region and f(x) is therefore set equal to the

L



104.

; . ; 2
fraction of the airway surface alveclated as given by Weibel %l

This corresponds to putting f(x) = O for the first sixteen
generations aftexr which it increases to 1.0 for the 20th and
succeeding generations. Preliminary results suggest that this
simulation is relatively insensitive to the precise form of f(x).

{2) Gas partial pressure p.

The transport of a particular gas constituent is
considered in terms of its partial pressure p(x,t) varying axially
with x and during the breathing cycle with time t. This partial
pressure p(x,t) will be the mean value, averaged ovexr any radial
variation across a branch.

Variation of pressure p with time occurs due to convection
{at velocity u(x,t) through airway area AA(x,t)), due to diffusion
(effective diffusion coefficient D(xX,t)) and due to gas transfer
through the alveoclar membrane, giving respectively the three terms

on the right-hand side of equation (2.77).

3 -9 3

e BpP T a3y (AAD%)%) ~E (2.77)
(Foxr cdcrivation of this equation see Appendix 1.C).

To solve the equation for p, all the other guantities
appearing need to be.specified, as well as the initial conditions
p{x,t =0) and the boundary conditions p{(x = 0,t} and p(x = L,t)
during breathing, where x = L corresponds to the extremity of the
lung model.

(3) Convective flow velocity u.

If it is assumed that the net effect of diffusion, and
gas transfer of all the gas constituents present makes a much

smaller contribution to the convective flow velocity than the
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variation in lung dimensions, then

LaAm
1 * ax
u{x,t) = AA ot (2.78)
X
(4 ) The effective diffusion coefficient D.
: The molecular diffusion coefficients Dmol for the respiratory
gases in air are known. D is, however, only the appropriate

mol

diffusion coefficient in the absence of convective fbw, whereas in

fact during normal breathing, flow velocities of 250 cm/s (and

Reynolds numbers of about 2000) are attained. In these circumstances,
radial concentration and velocity gradients develop which affect the
net axial diffusion rate, as measured relative to the average flow
velocity. In conditions of steady laminar flow, for Reynold's

numbers up to about 1500, the appropriate diffwon coefficient D is

given by the Taylor-Aris equation217'218

+£u2___
mol 192 D
mol

D(x,t) =D (2.79)

where d(x) is the diameter of the individual airways at axial
distance x, and u(x,t) is the convective flow velocity at that
instaAt; averaged across the airway. Both u and 4 vary, but
under typical lung conditions, the second term on the right-hand
side of Equation 2.79 (the "radial-diffusion" correction) dominates
the first for the first thirteen generations, i.e. for all but the
last 1.4 cm of an axial length of about 26 cm.

This form of the effective diffusion coefficient applies
only to conditions of steady laminar flow with diffusive equilibrium
established. In other situations a more correct form of the

expression is
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2.2

du
D=D_ +D_=D + X — (2.80)
1l 2 mol 192 Dmol

where the added coefficient o in the Taylor-Aris term may be less
than 1. In the first place this happens when turbulent flow

. 219 :
develops (Reynold's number, Re > 1500) and therefore at brief
moments of peak flow during normal breathing when Re approximating
2000 are found in the upper airways, a transitory and spatially
limited reduction of g will occur.

The effective diffusion coefficient is also reduced when
radial concentration and/or velocity gradients are developing near
the start of a tube. The Taylor-Aris theory was originally
considered for laminar flow through infinite cylindrical tubes. The
necessary extensions to the Taylor-Aris theory have been studied

2 220,2
experimentally L2 g theoretically. Qr2eliddl, <32 Flint and
. 219 ; ; ; :
Eisenklam showed experimentally that in the laminar flow regime,
the effective diffusivity falls below the Taylor-Aris value for flow
through tubes of finite length/diameter ratio. This conclusion is
supported by the theoretical work of Gill et al. who calculated the
dispersion d matter in various circumstances: wherxe the flow velocity
is initially zexo but develops towards an equilibrium flow pattern?31
220
where the flow velocity is fluctuating with time, and where initially
: s 22
the concentration varies radially in a non-equilibrium pattern. . The
results are analytically complex, and often involve the sums of infinite
series, but when evaluated they support the general conclusion that if
3
a disturbance abolishes the concentration gradient 55' or the velocity
ad
gradient :%, then the Taylor diffusivity is initially zero, but rises
o
to its full value as the flow equilibrates. The situation obtaining
: ; ; 135 : :
at bifurcations of lung airways defies an exact analysis, but the

conclusions are expected to be similar. These imply that the

coefficient @ in equation 2.80 can be considered time dependent being
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near zero at a junction, rising linearly with elapsed time from leaving
the junction and levelling off to 1.0 as equilibrium is approached.

An alterative empirical form of the effective diffusion
e . : ) 233
coefficient is that obtained by Scherer et al. from measurement
of the dispersion of benzene vapour in a five generation glass
reconstruction of the bronchial tree, i.e.

D=D + 0.36 ul (for inspiration) (2.81)
mol

D = Dmol + 0.12 ul (for expiration) (2.82)

The lower value obtained for the effective diffusion coefficient for
expiration is thought to be the result of the increased radial mixing
which occurs during expiration due to the complex flow patterns

35

1
produced.

(5) Initial conditions.

The solution of equation (2.77) requires that the initial
value of the partial pressure p is specified throughout the ling.
If the volume of gas in the lung is distributed over the axial
length x from the origin at the trachea, the major part lies in
the last few centimetres {X~L). The initial gas content of the
lung expressed as jpdv will be reasonably correct provided a typical
value is given to the partial pressure of gas in the alveoli. With
this proviso, the reshlts of the calculation are found to be relatively
insensitive to the initial partial pressure distribution assumed. A
pressure that is initially uniform at a typical alveolar value is
adopted. This 1s in good agreement with the situation found at the
end of one breathing cycle, and the calculations begin at an instant
just prior to the start of inspiration.

(6) Boundary conditions.

To specify the solution of equation (2.77) uniquely, the

boundary conditions at x = O and X = L need to be specified:
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{(a) At x = O. During inspiratiq, the partial pressure p(x=0,t)

is that of the inspired gas. During expiration p(x = O,t +7T)
is calculated on the basis of information at the previous timestep
using the approximation

i)
A.I.P(X=O.t +T) A,I,p(x=0.t) +T3t AP (x =0,t)

3 3 ap,\ |
= - — (A
E,p +T{_ax (3,up) + 3= ADEE)M (2.83)
where the expression enclosed[: t]is evaluated at x = 0, and time t.,
The alveolar absorption term in equation (2.77) is negligible near
X = 0.

(b) At x = L. At any point in the model the net flux of gas, G, is

given by
G(x,t) = Aup - AD‘(—;% (2.84)
This is the sum of convective and diffusive terms. At x = L, the

convective flow velocity u is zero. In order that G(x = L,t) =0

at all times the boundary condition

N
o]

(%ﬁ-) (2.85)
is imposed in all cases.

The equations of this model can be solved using a numerical
differencing method. (This aspect of the work has been carried out by
my collabomor, Dr. Michael Hooper). Results using this model give
insight into the effect of Taylor diffusion. These results are
presented as part of the discussion in Chapter 4 of this thesis and

401
are presented elsewhere. The model has also been formulated
such that the measured flow velocity at the trachea, i.e. u(O,t) (e.q.
obtained from experimental data) can be incorporated directly in the

model since the flow velocity at different x may be related to u{0O,t)

by
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/ 1 1
alx,8) = ulost) Salo,t) J:;A*ro(x JELE Jax (2.86)
A {%,E) vE
A
L ‘
tase: UF = { 5 yEE e
To
(o]
.
and b(t) = b(t=0) - I u(o,t )AA(o,t )dt
o (2.87)
VE

This will allow direct comparison between experiment and model.

(c) Distributed models of diffusion across the alveolar capillary
membrane.

Distibuted models have also been applied to the description
of gas transfer across the alveclar-capillary membrane. Such models
in general describe the homogenous lung and the same assumptions are
made as for the derivation of equation (2.19).

For a single capillary path and for a gas for which the
relationship between tension and concentration in blood is linear,
consider a small length of capillary Al. For that small length of
capillary in a small increment of time At:-

Mass change = Addition by blood-flow convection - Loss by blood-flow
convection + addition by diffusion.
i.e.
AIAC(t+A:,1l) - AlAC(t,1l) = u(t,l)AtAC(t,1) ~ u(t,l+ALl)AtAC(t,1+A1)
+ dmitAlAt(PA—PC(t,l)) | (2.88)
where A is the cross-sectional area of capillary
u{t,1l) the velocity of blood.flow at time t, length 1.

dunit the diffusing capacity of the capillary per unit length.

But assuming that all n capillaries are identical (length = L) and

that D is distributed uniformly along each capillary then

Ln =D
dunit n
A =
and nL VC
Qs d
i.a unit = D

A Ve
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Thus by dividing equation (2.88) throughout by Al, & and A and

taking the limit as Al*O and At»0O we obtain

(p_-P _)D
a3C ac A °C
— T - —— E ————— »
ot u(t)al v (2.89)
C
v . g, P
or alternatively since C = b C
P oP (p, =P )D
C C A C
== & ult) = (2.90)
at al Bch

This equation is derived fully by Crandall and Flumerfelt234 and

a method of solution described.

For oxygen and carbon dioxide the equation is complicated
not only by the non-linear relationship between tension and
concentration, but also by the chemical reaction of these gases in

blood. In this case, since

equation (2.89) can be written

2P 5P
[ c _ (P -P )D
56 T VAR Sy —g—c—— (2.91)
(—Sb Ve

where D 1is as defined in equation (2.21).ap

Since 8 is dependent on PC,D is a function of PC as was considered

originally in the analysis of Staub et al?35
=23
In most work in this area234 x99 a special case of equation (2.91)

is used in which pulmonary-capillary blood flow is considered
constant. There will, therefore, be steady-state conditions with

concentration at any point in the capillary invariant with time, i.e.

dC = (P -P )D
B Tt (2.92)
VC

Alternative forms of this egquation are

dc _D FaFc! (2.93)
dl E Q :

(u = Q2 i VC = LnA) which is identical to equation (2.32) and
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T v (2.94)
{(dl = udt)
Numerical methods of solution have been applied to solution of
equation (2.94) for oxygen and carbon dioxide although in earlier

, 242
240,241 -

work there is reliance on graphical methods. e solution

for this equation indicates that diffusion impairment has significant
effects on both carbon dioxide and oxygen transfer?38'239

The alveolar partial pressure in the equations in this section
is consideral generally to be constant. It is, however, possiblezoz'203
to couple the partial differential equations which describe gas
transfer across the alveolar-capillary membrane with the ordinary
differential equations which are detailed in section 2.7. The
basic dynamic model equation for oxygen (equation 2.58) will

become

dp
v.Bg A _ ¢ ER [ o
p:Y ac SV Bg (PI PA) _L (p —PC)Adl (2.95)

J VC A
lo]
where the last term describes the total flux of oxygen across

the alveolar-capillary membrane.
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CHAPVER: 3. APPLICATION OF DYNAMIC MODELS OF PULMONARY (GAS
EXCHANGE 1O MEASUREMENT /MPVFHODS.

3.1.  INTRODUCTION.

With steady-state models the parameters to be measured can
be obtained directly by manipulation of the algebraic equations
forming the model. For example in measurement of cardiac output

2 i : 5. 242 - . - -
(Q) using the Fick principle Q is obtained directly from

equation (3.1) after substitution of the measured variables:-

MO, =& (cO

2 = JE 0L} (3.1)

2 v 2

With dynamic models such simple substitution is impossible
< . - . 112-114
and use must be made of parameter estimation techniques,
One approach (the model reference approach) (see Figure 12, Chapter 1)
was considered briefly in Chapter 1.11.

In applying this approach to Iynamic nodels of palweniry cas
exchange, the input of the system is the mass flow vrate of (he yas
sprcies under study which enters the alveolar compartment (i.e. the
term SV . in the equations which were described in Chapter 2.7).

One of the outputs of the system is the partial jressure of
alvecliux gas. Thus the model reference approach can be applied

since V (flow-rate of gas at the mouth), P_ (partial pressure of

¥
inspired gas), and PA (alveolar partial pressure, which is assumed
to be identical to the partial pressure of end expiratory gas) are
all measurable directly by non-invasive methods. The lung has
thus a particular advantage in this respect since the inputs and
outputs to most other physiological systems are inaccessibie to
measurement.

Comparison of the measured variables with the corresponding

model prediction has to be carried out iteratively with different

sets of model parameter values. An efficient computational uwethod




for =olution of the medel equaticns with input gquantities obhtained
continuously by direct measurement is, therxefore, essential,

3.2, SOLUT'ION OF MODEL EQUATIONS.

In the general case there are no simple analytical solutions
for the equations of dynamic models, In certain special cases
solutions can be obtained by analytical means, e¢.g. when V=0
(breath-holding), v = constant, or V = atbt (linear approximation
to ventilatory flow). (See Chapter 2.7b). In order, therefore,
to obtain solutions of these equations in the general case in
which 6 is a continuously measured quantity, various methods of
computer solution have been investigated.

a) Analogue-computation.

The electronic analogue computer, which was deszcribed in
Chapter 1.9 and in wore detail in Appendix 2, provides the
simpicst method of solution. The circuit diagram for solution
of equation (2.57) is shown in Figure 3.1, in which the components
are indicated diagramtically by standard symbols (for details of
standard sylibols see Table 1.4.) The technique c¢an be applied
casily~to the solution of egquations when the inputs are the
electrical signals representing Lhe measured ventilatory flow (0)
and inspired gas partial pressures (PI). Furthermore because of
the time-scaling facilities of the analogue computer the eguations
can be solved much faster than real-time. This is particularly
useful in this appfication since the equations of the model have
to be ;olved repetitively with different sets of parameter values.

As discussed in Chapter 1 the analogue computer has certain
limitations. Moreover, the expertise required of the operator
would be a limiting factor in applying routinely technigques which
are based on analogue ccmputation. Digital computer methods have

also, therefore, been investigated.

{0 BC 28
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FIGURE 3.1.
"Patch" diagram for sclution of eguation 2.57.
The symbols are the standard ones for
individual components of the analogue computer

(See Table 1.4)




bh) Nigital-coumpurtation,

Although a number of standard methods exist for the unerical
solution of differential equations, and are readily available in
high level sizmlation languages (see Appendix 3) these require an
unacceptably long comy tation time and for this recason an alternative
method of cowrputation has been developed. In the basic dynumic
cgunation for carbon dioxide (2.59) it is the temrm SOBg(PI—PA) which
presents difficulties in attempting to cbtain a solution by analytical
methods., If this term is replaced by a constant (K) then a new

eqguation is obtained:-

v, ¥Fa .
e g =5 6) + P
BBaFFe &Bb(COZ)PA Qﬁb(coz) g v K
which reduces to
ap * .Y
VAB —d% + QBb((‘Oz)PA K
¢3.2)
Ly a OB
where K is a constant and = K + QO b(COz)PV'

This latter equation is in a form solved readily by analytical
methods, The approach gives rise, th.refore to an approximale

tterative solution of the form:-
2 e
S T Pol) =me—me | & W8 H3.3)
+ = Ci
Py ntl) st(coz) LA QR ,CO, g
where time t is divided into a number of equal intervals and PA(n)
, th , 1
is the PA at the n such interval. The value of K (and hence K')
can be updated at each time step using sampled values of O(t) and
Pl(t) measured experimentally. The complete response is generated
by repeated application of this equation. The accuracy of the
solution generated in this way depends upon the sampling interval.
o

It has been shown that in the special case where V is simulated by
a sinusoidal signal ©f appropriate amplitude and frequency that a

solution accurate to 0.5% after 30 brealhs may be obtained using a

sampling interval given by T = 0.0l Tm where Tim is the mean perciod




of a1 breath. This method chows advantages over the use of a
high level simulation langnage since it is faster in operation

and can be implemented on a small ccmputer,

3.3. EXPERIMENTAL SYSIEM.

The experimental system which has been used in this work is
shown diagramtiacally in Fgure 3.2, and the real experimental
system is shown in Figure 3.3. The individual components in the

system are discussed below.

a) Measurement of gas flow-rate,

Tn the experiments {o be described the :=ubject hreathes i hroough
a lwo-way valve-box with smail dead space and low resisiance (the
type and manufacturer of each item of equipment usced in this work
is shown in Appendix 7).

The inspired and expived Elod rales nf gas dare wedastoosd
independently by means of pneumotachographs. The voltage outputs
from the associated micromanometers are summed electronically
nsing a small analogue computer l.ofore input to the compater cystem,
'The solution of the equations of these dynamic models requires only
the accurate measurement of inspired flow and the identification of
‘rro flow points. There is thus no requirement for accurate
measurement of expired flow therebye avoiding the problcem of
calibration of the expired pneumotachograph.

The inspired pnecumotachograph is calibrated daily over the
range of flow rates O - 2 IL/sec, over which it has a linear response.
Calibration is carried out by blowing gas through a rotameter and
pneumotachograph in series from a vacuum cleaner, the speed of
which can be infinitely varied. The calibration of the rotameter

was checked by blowing gas through it at several constant flow
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FIGURE 3.2

Schematic diagram of experimental system.

For further details see text.
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FIGURE 3.3.

The experimental system.

The large instrument on the left is a four channel
respiratory mass spectrometer., The cabling on the
wall behind this instrument connects the experimental
transducers on-line to the computer system in a
separate room. The micromanometers are situated on
the trolley in front of the subject.
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rates and measuring 17 2 volume of the elfluent gas in a kxnown
time by means of a Tissot spirometer of 100 L. capacity.

b) Measurement of partial pressure of gases under study.

Gas concentrations are measured continuously at the nouth
using a respiratory mass spectrometer. {(In the initial stages
of this work an AEL MS4 was used, but in later stages a quadrupole
mass spectrometer type MGA 7 (Centronics) has been used).

Transport delays are inherent in high speed gas analysers
such as the mass spectrometer which is in contrast to the
measurement of respiratory flow which is virtually instantaneous.
Referonce to the equations of the dynamic odels seveals the
necessity for simultancous time corvespondence of tlo rewpired
tlow end yas partial pressures. This is achieved by delaying
the earlier sig. s lo synchronis=e all the awasured data, Tn
This.work typilecal transport delays are 300 mseg for the MS4 and
720 msec for the MGYOO7 with, in addition, 0% response [imes of
40 msec and 80 msec respoclively.

The delay time and response time of the mass spechtrometer
are measured daily using a similac method to cthat doescribed in
Cumming and Jones?43 A gas mixture containing argon is passed
through a small metal tube into which the probe of the mass
spectrometer is inserted and the partial pressure of argon is
measured. A small current is passed from a batlery supply through
the probe of the mass spectrometer and the metal iube. On ~brupt
removal of the mass spectrometer from the metal tube a step change
in argon concentration is applied at the sample point and the
circuit is broken. The output of the mass spectrometer and
event marker are displayed on an UV recorder from which the delay

time can be measured.




¥Multd head magnetic tape recorders and clectromechanical
systems for prcducing time delays for this application have been
described previously?44 Time delays of varying luration are
generated vasily in the digital computer when digital computation
is being used,

For the analogue solution of the equations an analogue
simulation of a transport delay has been cmployed and a fourth-
order Padd approximation w.s chosen24s (for circuit diagram see
Figure 3.4) and implemented on a small analogue computer. In
order to check ‘hat the circuit produced no significant
attenuation of the Floy signal, a nunber of experinents were
carricd out in which compariscns were made hetween 1he intograls
over The cxperiment of inspired flow and the delayed flew signal,
Tn these experiments the subject breathed air Trom a Douglas bhag
0 that the total inspired ventilation durinug ihe ruﬂv;imnnt
conld be measured and this was compared with inspivid venlilat ion
i3 catculated from integration of the delayed flow siygnal. The
Douglas bag was tilled using a Xnown volume of air from a Tissot
spirom@ter prior to the experiment and the romaining air weturned
to the spirometer on completion of the test. Both the inspired
compenent of the flow signal and the same signal delayed Ly
300 msec were integrated using an analogue computer, Using
the logic facilities and comparators of this computer the integrators
were held in the hold mode, i.e. ‘noperate, during expiration.
Experiments were carried out while the subjects were breathing
normally and repeated during voluntary hyperventilation. The
difference between the total inspired ventilation as measured
directly, by means of integration of the flow signal and by integration
of delayed flow signal were not significantly different from zero

{see Table 3.1 (a)and (b)).
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INPUT QuTPUT

FIGURE 3.4

"Patch" diagram for fourth-order Padé delay

circuit, which has been used in this work.
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The flow signal and that Jelayed Ly 300 muec are =hown
graphically in Figure 3.5,

For the application of dynamic models it is necessary
to obtain, for those gases being studied, the partial pressures
of gas at conditions of full saturation with water-vapour at hody
temperature. The water-vapour pressure at the mouth is
continuously variable from the order of 0.80kPa dQuring inspiration
to 4.92xPa during cxpiration?46

It is possible to measure the waler vapour pressure at the
mouth directly (Pmﬂzo) and thercby caleulate the partial prossure
of any gas (x) at conditions of full saturation with wilee voponrg

S ’
at 37 C(PBx) from the partial pressure as measured at the mouth

(P_x)
m
(3-6.,25)
i.e. Px =Px s St s kPa 3.4
B m -7 H.0) ) ¢ ;
m 2
ihis is, however, not an accurale wethod. n the first inctaince

the respiratory mass spectrometer has ditFerent dyneuic properiies
#ith respect (o wa'exr vapour Lhan other gases due
to the slowex transit of waterx vaponr along the sampling Lube.
Furthermore there is a conlinuous change in (he viscosity of the
gas being sampled as a result of the continucous chanye in water-
vapour pressure at the mouth. This leads to alteration in the
pressure in the sample chamber and consequently variation of flow
into the ion source {(for further details sece Fowler, 1969)?47
An alternalive procedure is to manipulate the oulput Jdata
from the mass spectrometer, i.e. the partial pressures of the gases
being studied, to obtain their dry ygas fractional concentration.
Consider a dry gyas mixture containing nitrogen, carbon

dioxide, oxygen and argyon, the ifotal pressure of the mixture

being B, then:-
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Figure 3.5 (a) and (b)

CAPTION
Comparison of measured flow-rate (V) at mouth and that

delayed using fourth-order Padé delay circuit, at two

different respiratory frequencies. In the middle of

the diagrams is a time marker at one second intervals.
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re proportional to XKP < Thus the output is directly

proportional Lo F since

The automatic scaling facility is present in the guadn pole mass
spectroneter and utilisation of this cbviates problems with

varying water vapouc pressure, allowing direct measurement of Fx
and hence Px at conditions of full saturation with water vapour

at 37°¢ since P_ = F_(8-6.25kPa).
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The method bhas however practical difficulties. Tn the
first place the gain on cach chiamel of ihe mass spectromelor nust
be set accurately, using a digital voltmwetexr, so that the ouiput
from that channel represents the correct proportion of the total.
The total signal available in this mode cannot exceed 10 volts
which implies a limitation on the maximum voltage outputs from
channels measuring gases in low concentration and hence on the
accur. cy with which they can be set.

A more flexible approach can be implemenied on a digital

couputer, Using the symbols as before it is seen thab:-
L U Pl_x__ﬁ__“__ o ____-_-..F_x'_t*l__ - : SO
1 29 1 1 1 1 1 L
P - P + P A N, B™ + I . O, + LAR,
N2 A F CO2 ¥ P 02 R ? o 5 l-CO2 B 2 3 R.B
= ¥x

Thus measurement of Fx can be oblained wilhout the
resiriction of ensuring that the gain of individual channels
needs to be limited or accurately adjusted. For bredathing of
atmospheric gas it can be assumed that FAR = 0.009 therxeby
necessitating only the measurement of the other three gaues, fhe
summation which is required is carried out digitally after logging
by the cowmputer system. This uspproach has been docceribiod

; 249
previously.

3.4. EXPERIMENTAL METHODS.

In the experimental work te be described (Chapters 4,5)
the standard experiment consi'sts of four distinct phases. Data
input to the computer system during the initial phases (zero and
calibrate stages) is used for subsequent normalisation of the

voltage output from the transducers during the actual Lest procedure.
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The test procedure itself consists of two phases. The onset of
the sceond phase is associated with a step change in the concentrations
of the inspired gas mixture.

Subsequent: discussion of cxperimental methods is related to
the t;pe of computer systen which is used.
A¢ Emslogis cpmpiftacion,

Data from the transducers is recorded on a magnetic-tape
loop at a speed of 3% ips. The electronic sum of the flow signals
from the individual pneumotachographs is input to a fourth-order
Padé delay eircuit on a small analogue cowmputer, The oatput from
tnis computer is record:d on the Lape-loop.

The zero and calibrate phases of the experiment are
"marked" on the tapelrop by recording a series of digital Togic
pulses from a specially constructed mnliivibrator.

The voltage cutput of esch of the transducers is scaled
prdr Lo recording to be in the range 01 volt.

The toutal length of experiment which can be recorvded oL 3% s
is of the order of 3 minutes.

For subsequent analysis the recorded data is inpot (o
another analogue computer. During replay of the zero and
salibrate phases the analogue conputer is held antomatically
inoperate by use of logic facilities in the computer which rccognise
the presence of the digital logic pulses on the magnetic tape.
During this period the operator odjusts potenticmeters for the
necessary normalisation of the signals. The signals are
amplified by the computer to lie in the range 0-10 volts. The

tape is replayed at a speed of 30 ips (i.e. x 8 real time).



H) Digital uwmgntai{og.

For digital computecion data fiom the lLransducers arve
input on-line to a PDP 11/45 computer system (see Figure 3.6)
through analogue-digital convertors. Data arxe sampled avrmally
at 30 suamples/s.

Prior to carrying out any cxperiment certain hasic
information is input interactively at a koeyhoard to the data
logging programme (see Figure 3.7).

Comnunication between the computer system and the
cxperimenter is achicved using a specially consteoucted iaterface
by means of which the experimenter indicates 1o the dvia Yo ging
programne which phase of the experiment is current.

In the zexo phase of the cxprriment. the compuler reoads
Five hundred sasples on each ingat chiannel of data sd outputs

ihe average voltage at the keyboard. Thos:~-

FERDY T SERD

CHAKRNEL WL T AIGE
B ~it. 283
CH a8, 2
ax 5B I b
M1 - s
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Figure 3.6

Picture of the PDP 11/45 computer system, which has
been used in this work. The computer is interfaced
directly to the experimental system (Fig. 3.3).

The cabling which connects the computer to the
experimental transducers is seen on the wall to

the left of the picture.

129,




FILENAME? [ESTL. AT
FRESSURE? JERL R

TEMF. ? 23 A

S BELRYS? Lol g

FREGUENCY? 311, 8

H. 1 = FL
“Fi CAL. LEVELY 1.8

LH &7 (&

TLRT DAL, LEWEL? 4 &

CH. 32 R

] Fo A 1= 2 EEVWELT 1%, 3

PH, 4 M

AT ] Pl Far A

CH, 3¢

LA

MO LOnnEDR CHAMNS. 7

BHTA Q2 Ik

Figure 3.7

Interaciive dialugue between computer
system and operator for input of general
information. Responses by computer

system are underlined.




The operator has the facility to repeat the zero phase,
if this is reguired.

A similar procudure is implemented when calibrate
signals are input to 1l digital computer. The values obtained
during these phases are used by the compute:r software for subsequent
normalisation of the measured data.

During the test procedure normalised sampled data is stored
on a temporary disc file. The operator indicates to the software
the start of the second phase of the test using the specially
constructed interface, This sample number is shtored by ihe
preyxramme and is used in later processing of the data. "™ Y oration
of the experiment is specified by the operator prior to its
conmencement and is, thereafter, under programme control. Alter
the experiment is completed the data, which is storad on the
temporary disc file, is converted to physiological uniits and

scaled into intcger form for permanent storage in a file on

maynetic tape. Storage in integer form reduces the storage
requirements. The scaling factor is different for cach scasured
variable and is specified within the programme, Data in all

input channels is synchronised by correcting for the known inherent
delay in gas analysis. A unumbexr of characleristics of the stored
data is contained in the initial record of this file (see Table 3.2).
The variables which have been measured are identified by 2 letter
identifiers viz. 'FL' for ventilatory flow rate, 'CA' for PCOZ'
tox' - poz, 'NI* - pNz, 'AR' - partial pressure of argon, 'SU'-

partial pressure of sulphur hexafluoride, 'OT' -~ partial pressure

of unspecified inert gas.
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TABLE 3.2,

DATE OF EXPERIMENT
BAROMETRIC PRFSSURE
AMBLENT Tr~MPERATURE
SAMPLING FREQUENCY
NUMBER OF CHANNELS OF INPUT
T™WO LETTER IDENTIFIERS FOR EACH CHANNEL

SAMPLE NUMBER ASSOCTATED WITH
CHANGE TO PHASE 2 OF EXPERIMENT.

TOTAL, NUMBER OF SAMPLTNG PERIODS DURING EXPERIMENT,

250
Software has also bheen doveloped ™ for graphing the

stored data on an ordinary X/Y recoxder, Bata is output tn the
recorder through digital to analcgue conversion channels. The
software is flexible and allows for either graphing of all
measured data (see Figure 3.8) or for more detailed inspecticn of
a poxtion of thelogged data (see Figure 3.9 ). This last
foeility is particularly valuable in investigating artifacts in
the measured flow data (sece Figure 3.10},.

Prior to utilising ihe stored data for parameter wvstimilion
it is pre-processed. This software identifies initially the start
of each inspiration and expiration and stores the relevant sample
nuibers for use in the parameter estimation programmes.

Recognition of these is complicated by noise in the measured flow
signal, some of which is mechanical in origin, being generated by
oscillation of the respiratory valves. Problems have also been
encountered due Lo the presence of swallowing. The data is
filtered, therefore, prior to pre-processing using a simple low pass

filter. The algorithm (see Figure 3.11) which is used for




av 4

C9

9]0}

.
- |
! 3 !
o ¢ \ D
- ‘3 ; ag
A 5 |
| B, £ »
- - >
. \
‘
e
———
< > r
=
S ——— o E .
— P g

\" < M
p— —ic . - - ——
T e = et TR ISR : (i< e —
N - - O b ia e
e Bilvsosei —— = ‘S < o pasmpe. hippeseRaimatye
- 9 -
i — —

%
I

.'

|

L

|
|
I
I

. e T od
e ¢ }
- - =2 i
Gl N oo R i ';'3 = s p:
o~ STy gy » ! . <
e . e
otk W iy TR
= 73 = ~ v’s_” 3 y { P
(.',,_ s == . ﬁ T <l
A L o =) ? = . i —
s Y o
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Computer graph of ucasured data (flow and pCOz) -
The volumne is calculated by the computer software

frem integration of the flow signal (for details see text).
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Figure 3.10
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Computer graph of small portion of flow data.
first breath the subject has inspired again after flow

rate approached zero.

In the




T THRESHOLD
A4

Figure 3.11

Schematic diagram illustrating algorithm for detecting
start of breath. The method looks initially for positive
"threshold" of 0.15 L/sec. and backtracks to previous zero
cross—over. This obviates difficulties caused by noise in
flow-signal which would lead to spurious breaths being

recognised if only zero cross-—overs were identified.
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ptification of the start of i piration and expiration searches
initially for "thre:hold" values (e.g. 0.1971/sec) and then for
the nearest prooeding points at which a zero eross-over cccurs.
The volume inspired and expired in each breath is calculated. rhe
cxpired flow signal is uncalibrated but the programme carries out
a very approximate normalisation of expired flow data by scaling
such that the total volume expired in the test is eyguated with the
total volume inspired, using cnly complete breaths in the calculuation.
"he start of the ¢nd-tidal part of each expiration is detccloed when
Tha integral of evpired flow exceeds a volume which is chiosen i o=
aeiively by the oxzpesimentoer. A suaitable initial estimate of ihis
volupe is twice the known volume of the anatomical dead space for the
rubject, (There is experimental cvidcncGzSI that in normal sub ects
1Y dead srace is almost cleared campletely by ihis neint.) < yphics
oifware 1is available for the axporimenter to «lieck the way in which
the prugramne has detected the end-tidal part of each breath (see
Figs 3.12]). The prograsme creates a separate disc [ile for anch
Licath containing the end-tidal senples for the gas under ' tudy. These
files are of course of variable length. This programme which hss been
written by the author is discussed in more detail in Appendix 8.
Software is also available for extracting from any set of
input data a standard experiment, i.e. when the nunber of breaths
in each of the two stages of the tests are defined.
The processed data is anal’ sed subsequently by the parameter
estimation software. The analysis programme is particular to a
yiven application. The complete software system is summarised in

Figure 3.13.
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Figure 3.13

Diagram of complete computer software system

which has been developed for this work.
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CHAPTER 4

APPLICATTON OF  TURE  TRCHNIQUES OF  DYNAMIC
MODELLING 1O ‘IHE ANALYSIS OF INERT CAS

WASH-OUT TESIS.
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TO THE ANALYSTS OF INERT GAS WASH-OUT TESTS.

CHAPTER 4.  APPLICATION OF THE TECHNIQUES OF DYNAMIC MODELLING

4.1. INTRODUCTION:

Inert gas wash-out tests are used in clinical practice to

study and gquantify maldistribution of ventilation. (For reviews
; : 252 . 253
on early work on this subject see Fowler (1951), Bouhuys & Tundin,
254 ; § : :
and Bouhuys. ) Tn these tests the subject, who is being studied,

inspires a g=s mixture other than air and the wash-in to or wash-out
from the lung of an inert insoluble gas is measured. In the tests
which are used common1y184'255'256 the inspired gas is pure oxygen

id the wash-out of resident nitrogen is studied. Alternatively
gas mixtures which contain other inert and relatively insoluble
gases, e.dg. helium257 or argon258 can be used. The wash-in lo the
Tung or subseqguent. wash-out frem the lung, on rxelurning 1o lirc:thing
air is measured.

The test procedures can be divided into two types:-

a) Single-breath tests.

b) Multiple-breath tests.

Tn the single breath Lests Lhe subject inspires only ne
hreath of non-atmospheric gas and the wash-out of inert gas is studied
during this breath. In the standard procedure256 the test breath
consists of a maximal inspiration of oxygen followed by a maximal
expiration. The expired niirogen concentration is measured
continucusly. From theoretical considerations it is anticipated
that in a normal homogenous lung, the nitrogen concentration during
the last part of the expirate (alveolar component) should be
conutant. This alveolar plateau has, however, a slight slope even
in normal snbjects?Sg The magnitude of this slope is increased in

; 259 ; :
subjects with respiratory disease. There has been much discussion
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as to the nature of the pathophysiological mechanisms which produce
the variation in nitrogen concentration during the last part of
expiration. Some workers propose that the main mechanism is
asynchronous emptying of different pulmonary units which contain
different concentrations of nitrogen, i.e. parallel inhomogeneity?54'259'260
Other groups argue, however, that the slope reflects the existence
of concentration gradients in the terminal airways (series inhomogeneity?%z'zel
This debate is considered in more detail in a later section of this
chapter (4. 4). The value of the single breath tests as an

262,263

cpidemiological tool has heen stre:sed recently since one
can obtain simul taneous measucoments from this simple test of
maldistribution of ventilation, lotal lung capacity, and ¢losing
volume.

The multiple breath tests can be disidod ot oY @ 0 Toonit
and open-circuit methods. n closed-circuit weilhods equilibrat ion
of an inert gas with lung gas is studied in a closed spirameter
"yntem?64 In open~civcuit tests the =ubject bweathes a nen-
atmospheric gas for the duration of the test, and the lLircath by Lreath
tall in nitroegen concentration is studied. There are soveral

methods to analyse data from open-circuit tests. These are

discussed in the next section of this chapter,

4.2. STANDARD METHODS OF _ANALYSIS OF OPEN-CIRCULIT MULT.IPLE-
BREATH TESTS OF MAILDISTRIBUTION OF VENJTILATION.

In the methods of analysis of data from copen circuit testis

there are two basic types of variables:-
a) Rate Variable, which is

used to describe the wash-out process in an INDIVIDUAL lung unit.
b) Weighting Function by mcans
of which the mathematical descriptions of the individual units are

combined to give an overall description of the wash-out prccess in the lung.
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a) Rate Variables.

Although there are many different rate variables these can
be divided into two different classes. An example of each type
of rate variable was given in Chapter 2.4 and Chapter 2.5. In the
first group the wash-out process is considered as a function of
breath-number, whilst in the other as a function of time. In the
derivation of both of these descriptions it is assumed that
ventilation is constat. In the application\of these analyses to
individual pulmonary units it is necessary to make assumptions about
the distributicon of dead space gas. The preblem is simplified by
making the assumption that each unit has a separate dead space.
Thus the presence of a common dead-space is generally ignored.

Many different forms of rate-variable have Leen suggested
{see Tuble 4.1). All rate-variables are equivalent, howerer, if
toth tidal volume and frequency are constant. This is =liown in the
work of Rossing265 in which simple formulae are derived translating
iy one rate variable into any other.

Thé assumption of constancy of ventilation is unrealistic.
Tt is not possible, however, to obtain a general result o indicate
Ihe magnitude of error introduced into data analysis by this
simplifcation. Certain special cases of non-constant ventilation
have been studied using simulation methods by Scheid & Piiper?
The results indicate that at least in the cases studied this
assunption does not cause significant errors in the analysis. The
problem of ventilation being time variant can be obviated by
considering in the analysis that concentration is a function of total
volume expired from time t = O, rather than of breath nunber or of

v 293y 274
time.
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The weighting functions which are employed are also of
two types - discrete and continuous.

b) Discrete Weighting Function.

With discrete weighting functions the lung is considered
to consist of a finite number of units or compartments which are
arranged generally in parallel. In the breath to breath models

(Chapter 2.,4) it was shown that for a single pulmonary unit (i)

Cc N =W.'C N (4:1z)
Ai(n) 2 i Ai(o) 2

66
In the work of Fowler et al a two compariment medel is nsed.
For the single compariment (i) assuming that there is no comncn

dead space

G/ =C v + C_ ¥V
B, P A ( T, =V ) LD D
S Fl: S 1 i D. : T
E
Since in a nitrogen wash-out test CD =0
i
N = W 3
- =C D
%8 B, i O (4.2)
1 i e
Vv
i
i

For a two compartment system

cz-= 11 T %
Vv + V
§ Fy
v (v
v
je, €= = 0 whc (@ (r.-'p) . v w% . T
B ————r— 1 A & 1 3 AEE T 5 2 A Sro——
RV Vg 1 = N . 2 v
q. 2 Tl v + VT
1. 2
= n n
= erl CA (0) + r2w2 CA (0) (4.3)
1 2
v -V
Li 19 D
= 1 5 X

where r,
i

With the small number of parameters a method of graphical aidysis

v W A In this meihod

is used to determine the wvalues of rl'wl 2%

2 CE is plotted against n:-
n
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Tog € = log (r.W nC {(0) + . W

n
R > € (0}) (4.4)

11 Al 2.2 2

Assuming that w2<w then the concentration of nitrogen in

1
compartment 1 will fall to a negligible level when there is still

significant amounts of nitrogen in compartment 2. During this

period of the experiment

i

n
log CE log (O + r W CA (0))

n <2 2

= nlog rZWZCAZ(O)

Thus the value for r2N2 can be obtained from the slope of a line

drawn through the terminal part of the graph, For the earlier

part of the experiment, if r2W2 is known

n ‘
log CE = log (rlw1 CA_ (0) + known guantity)

n L

and thus rlwl can be obtained similarly. Since at n = O, wln = w2" =1

the values of r. and r_, can be obtained from the intercepts of Lhe

1 2
. . y 266
two linear portions of the graph. (See Fig. 1, Fowler et al ) 5

'he analysis of nitrogen wash-out data is complicated by
the transfer of nitrogen from body stores to the atimosphere during
the tost. The magnitude of the transfer of nitrogen across the
alveolar-capillary membrane is small but its importance increases
relatively as the nitrogen concentration in the lung falls, Formulae

3 i 275,276 .

have been given by different authors to corvect experimental
data for the evolution of tissue nitrogen. It is adequate, however,

266,267

.o consider the correction as being constant.

o 266
Other workers have used a similar apprcach to Fowler et al

but have modelled the lung with more than two compartments.
277

Parcmeter estimation methods have been employed. Rossing et al

found that all curves which are obtained experimentally could be
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doseribed adequately with at most four compartments Attempts
by this group to solve for twenty to thirty compartments were
unsuccessful as non-unique estimates of parameters were obtained.
278 >
Hashimoto et al used a six compartment model but added the
constraint that each compartment had equal ventilation, i.e.

Y -VD : The prcbelm of parameter estimation reduces, therefore,

tosfinding the volume of each of the six compartments,

Models with the compartments arranged in series will behave
; A : - > - ... 185
identically to the models which have been discussed in this section.
= . 279 :
Cumming has suggested recently that a simple change of variabhle
in the analysis obviates this difficulty. In this work ithe wash-ocut
curves, now called decay curves, are plotted as the volume of nitrogen
remaining in the lung against turnover of original volune, The
turnover is defined to be unity when the total ventilstion Trom the
start of the test is egual to the lung volume. It is claimed to
be possible to identify from decay curves the contributions of
parallel and stratified inhomogeneity to the incomplete mixing of
inspired gas. On the basis of this work it is proposed thai the
praincipal abnormality in chronic obstructive airways disease is
stratified inhomogeneity due to impaired gaseous diffusion in Ihe

279, 280 . -
terminal airways. ' Tn simalation studies carried out by
. . . : 281 "n " )

J. Lewis in collaboration with the author the "decay curve" is
demonstrated to have limited capability of distinguishing parallel
from series model struclures,

One of the main limitations of the inert gas wash-out test
is the ability to detect units with long time constants, i.e. low

: 5 282 . i
ventilation to volume ratios. Tn the work of Nye it is pointed

out that to identify such units would need longer experiments than

those which are usually conducted and hence greater sensitivity in
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the measurement of gas concentration. The analysis of
experimental data into discrete compartments will be significantly
in exror if many such unils exist.

The lung in reality consists of a continuuwn of units each
with an associated rate variable. The compartments which are
obtained from data analysis are conceptual rather than real entities.
The detection of the true nature of the distribution of units by the
compartmental approach is limited and many different disxibutions
can be represented adequately by the same two compartment model.

. 283 . . :
Van Liew demonsirated curves which were made of eight exponential
terns but were analysed satisfaclorily by a two compartment medel.
¢) The Work of Briscoe, Cournand and associates.

The discrete compariment analysis of inext gas wash-out
data has been applied to the study of disease particalarly Ly
Briscoe, Cournand and associates. The basis of this work is
analysis of the nitrogen wash-out curve into two components - a

284
slow space and a fast space. The work has been extended to
consider the relative disxibution of perfusion to those two spaces.
Tnitially it was assumed that pertfusion is distributed in proportion
235 i ; g

to lung volume. Calculations, of a predicted alveolar-arterial
differcnce for oxydgen on the basis of this assumption gave poor
agreement in the individual subject between prediction and the

: - ) 286 :
measured alveolar-arterial difference. A graphical method
was substituted to obtain directly the perfusion of cach space

: - o
from the measured arterial O2 saturation and 02 consumption.
On the basis of such studies it has been suggested that results
from this method of data analysis revealed differences betweaen
patients with pure chronic bronchitis and patients with pure

288,289
emphysema. More recent work has, however, failed to
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o 2730 " i
lemenstrate “uch a difference. the apparent difference is likely
to be due to the fact that cardiac output was not measured directly
7 i 290
tut assumed to be 5.0 L/min in all subjects.

The method of analysis has bheen extended to consider the
distribution of the diffusing capacity between the two spaces.
Arterial blood gas tensions, oxygen uptake and carbon dioxide output
are obtained at different inspired oxygen concentrations (.e.g. air,
24%, 30%) in the subject under test. The method of partiening the

i : S : 291,292 .
diffusing capacity is a graphical one * and is based on the
type of equation described in Section 2.8(c¢).The wethod has been
. ) . 293 , R
applied to patients with cmphysema 2and those with the alveolur—

) X 294 ; " e @
capillary block syndrome. On the basis of these studies it is
suggested that the predoiminant mechanism causing hypoxaenia in
patients with pnre emphyscma is a low tranufer facter in 1he 1 s

3 293
ventilated lung spaces.
d) Continucous Weighting Functions.
The lung in reality consists of a lacrye nunmber of Mol fonal

units. For a single pulmonary unit, wsing the concept of a turn-

over ratelss(see Table 4,1)

~k &
C. (t) =€ e i (it is assumed that for all units
A A
i (0)
LA'(O) = LA(O)).
i
thus
n
X =Kt
» = - e i
v, Cg (t) > (VT. vD.) !
f— i i (0)
i=1
if the lung consists of N units. By grouping those units

together with the same time-constant

< M(k) v
cg(t) = z ¢, (0) 2. % %™
k-0 \n=1 VT

where for each value of k there are M(k) units




1¢
0 1149,

¢, () GX) o “ta (4.5)

i.e. C=(t
i E()

o}

where G(k) is the continuous weighting function or distribution

function and is defined by

M (k)

Glk) = V. -V
L Tk %%
M=1 v

T

The concept of a continuous weighting functibn can be applied with
other forms of the rate variable.

With this approach the problem is to find, for an individual
subject, the correct form of G(k).

G(k) may be assumed to have a certain known analytical Torm.

2717 .. . : "
In the work of Rossing et al, it is assumed that the distribution
function is a gamma distribution and the problem of data analysis
reduces, therefore, to finding the ithree paranmetcrs of thae disicibution.
s § ; ; i o 267 277

The weighting function which was proposed by Gomez can also he shown
to be a gamma distribution of log(li(g) where §j.5 specific tidal volume
as defined in Table 4.1. Despite the greatexr fluxibility of the

: : ; ; 217 Soe .
gamma distribution Rossing et al suggest that it is easier for most
bicmedical investigators to interpret parameter values :olatcd (o a
normal distribution, and use a continuous weighting function which
is either a single normal distribution or the sum of two such
distributions.

Attempts have also been made to obtain G(k) without assuming

{ . 271 ; :

a definite analytical foxm. Fquation 4.5 is seen Lo be the same
form of expression which was used to define the Laplace Transform (see
Sectn. 1.8) and contains a type of integral known as the Laplace
Tntegral. G(k) can be obtained by inversion of the infegral,
although inversion by numerical methods is kncwn to be affected by

. . i .. 295 71
numerical instabilities. In the work of Nakamura et af the
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5 S
integral is inverted using a limit described by Post 28 and Widderzg,
+
_(:].'Ln _l_l_ * l (n) n
G(K) = lim K) o (/K) here
n »00 : '
C.(t)
f ; th

C(n)\?/x) is the n derivative of the measured function C = . T,

CA(O)

2
In this work il the limit is approximated by taking n = 1 whereas in

application of the same technique to the study of ventilation-perfusion

¢ . : . 8 g :
distribution n = 5 is used. This method of approach has been studied

; ; : i s ; 299 i
theoretically in simulalion studies by Peslin et al. It is shown that
using measured data containing noise the limit cannot be evaluated for n
greater than 2 hecause of the necessity for high order numerical
Aiiferentiation. At low values of n the estimates of the haracleristics
of trial distributicns are poor, e.g. mode underestimated hy 50%. The
Jm:thod has limited resolving power in terms of detecting the binodal
natnure of trial distributions. For cxample with n = 5 (he acile  will
only detect the presence of two distritutions if the mean of vne i3 at
least 3.7 times the mean of the other. This approach has thus heen
litile used in clinical respiratory physiology.
@) Models with Common Dead Space.
in the mcdels which have been discussed in khis chapter, each
pulmonary unit is assumed to have an independent dead space. A common
- 3 300

dead space was incorporated in the models of Weber and Bouhuys and

. 301 300 . : :
Wise and Defares, Weber and Bouhuys studied a model with continuous
unidirectional ventilation and compared model predictions with experimental
data both with and without added external dead spaces., A cyclical

; s ; ; 301
ventilation model is used, however, by Wise and Defares. In the
282 : ; :

work of Nye an assessment is made as to the error which is produced
in data analysis by neglecting the presence of a common dead space.
The errox is large when ventilation is minimally maldistributed bhut
becomes of negligible propertions when maldistribution of ventilation

is large. he presence of a cummon dead space tends to reduce the




difforence in nithrogen wash-out belveen different units by slowing
the wash-out process in fast spaces and increasing the rate of wash-
out in slower spaces.

Attempts to analyse data using models with a comwnon dead space

202,805, A04 In the work of Paiva and DnmeesterBO2 an

have been made,
extremely complex model is used with sixteen compartments and incor-
porating both common and indivicdual dead spaces. A parameter estimation
method is employed but no information is given as to the uniquencss or

otherwise of the parameter estimates. The authors coninent on the fact

that with such a large number of parameters cne can adjust a great

nunber of different functions to fit the experimental data, A less
2 ; 303 :
elaborate model is used by Saidel et al. The model has five compart-

ments — two "alveolar units" cach with a separate dead space and a
coemaon dead space., The ymigueness of the parameler ¢stipgates <hich

o . s _ % 2 _ s B s 304
are optained with his wmedel is not discussed. Tt hias been shown,
however, that it is not possible with the information available in the
nitrogyen wash-out test to :stimate uniquely the parsmeters for Lhis
five compartment nodel. It is possible to obtain uniyue estinates
for thc: parameters of a reduced model with iwo alveolar units, and

4,
a common dead space. 0

1.3 DYNAMIC MODELLING APPROACH

a)  Models

The dynamic modelling approach to the analysis of inert gas
wash-out tests represents an extension to the methods which have been
reviewed in this chapter. The basic equation for a single unit is
similar to that given in Chapter 2 (equation 2.57)

For a single pulmonary unit i
Pag

Vaige = 51KV (PpPai) + SKVBLPy)




» =
( .
where S, = 1 XV 3 0 a it <
re 1 1 ]y > 0 and ) KiVut VDi
o
= 0 otherwise
- t -
— K ), >
52 1 v 0 and JKint > vDi
(0]

= O otherwise

Models can be constructed with or without common dead-spaces.
Tn the case of a multi-compartment model with common dead space PD
can be defined as for the dynamic representation of the Riley model.
(Chapter 2, equation 2.61).
i.e. -

P, = >ii_PAi (t-1)
i

where A is a flew—dependent time delay defined by the equation

£ s
lv fat = v, |at

I I-X

where t = tI is the start of inspiration.
For dynamic models the weighting factors (Ki) may not be simple
constants but rather functions of time to allow for the kncwn phase
differences between different pulmonary units consequent to variations
. 260
in mechanical properties.
To test the feasibility of applying this approach to analysis
of argon wash-out tests, an experimental study has been carried out

in normal subjects. In this study a simple model which describes

the homogenous lung has been used.
h) Parameter Estimation
For the homogenous lung

VAdPA = SV(PI - PA) (4.6)
dt
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md there is only one parameler (1/VA) to be estimated. Ise has been

306,307 o

made of a method of continmious parameter adjustment.
methods can only be applied ix circumstances where there is a small
number of parameters.

The first requirement to apply any paraneter estimation method is
a measure of goodness of fit between the medel prediction and measured
response. In the methods which emnploy continuous parameter adjustment
the measure of goodness of fit (criterion function) is the square of
the difference between model prediction Ym(t,gj and measured response
Ys(t). The process of squaring the difference ensures that the error
is always positive and equal weight is, therefore, given to posiiive
and snegative errors, i.e.

3 = e?(t,0)
where J s the criterion function and
e(t,) = QYS(L) = Ym(t,gp) is the error,

In the analysis of argon wash-out data the criterion fuaction
caornot be evaluated continuously but only during the end-tidal part
of each breath.

The model prediction Ym(t,gp depends on the numerical values for

the constants in the model orquations. This is represenied by Q the
vector of parameters. For each parameter q; a parameter sensitivity

can be calculated at each worent of time to give knowledge of the
magnitude of the influence of the parameter on the model's response.

This is achieved by differentiating the crilerion function J with

respect to the parameter. Thus
- wos
I = ZQSG Ze %n
Iy “dy dq,
i
Y
: : ; ; i'm
The partial derivalives - — are known as parameter sensitivity
331

134
2 308
functions.

The principle of parameler estimation is to adjust the parimelers

such as to minimise the criterion Dunction, when the error is at a




154.,

minivum estimates of the paraenelers are oblained, fn the vontinuous
case adjustment of the parameter is arranged to be proporticnal not
only to the magnitude of error but also to the magnitude of the

sensitivity function

doan aqi aYm (%_is an arbitary gain constant > 0)
= - g,e .
dt i~ 2qg

For larger values of error the rste of adjustment is high whereas
near the optimum setting the error is small and the parameters will,
therefore, change more slowly. The yain constant 9 is chosen by a
trial and error procedure. Largey values of gain may <avse ipsiobility
while small values of gain may give unacceptobly slow convergence.

In the analysis of argon wash-out data there is only one poraneter
(1/va) and hence only one parameter sensitivity function, ‘e

crpuetion of the lasic model is

ap .
A sy
e Ly 7 R, 7
dt v, (P =Py,) -6

and by differentiating with respect to 1/VA we obtain

P - ﬁ- P
"1'(/3—\7— B_ti] = BV PRy —5“ _g‘l%v'
g A A A
(PA is now considered as a function of t and I/VA)
V 3 A @.7)
- S 4
i.e. _.(_i_ gA . SV (PI'—PA)- T g'i-/—v"
dat Bl/vA A A
Fa
”i?V is the parameter sensitivity function, As a result of the
R
limited capacily of the available on-site analogue computer the second
BP
term of the equation was approximated byMzi?V where M is an arbitrary
A
constant. Such an appreximation has been shown using a larger

analogue computer not to effect the final estimate of 1/V, hut the

rate of convergence to the optimum value.
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"he adinctment of the parsmier l/VA is =uch that

d e A =
S5 Q] =~ ke 1N (X>0) (4.8)

The three equations, 4.6, 4.7, 4.8 can be =olved using an
analogue computer. The 'patch' diagram for this solution is shown
in Flgs 4:1% The details of Gerivation of this patch diagram and
implementation on an analogue computer are discussed in Appendix 2.
The initial value of PA in the alveolar compariment of the model was

such that it corresponded to the measured end-tidal arxgon partial

preasure in the last breath of the wash-in of argjon.

¢)  Experimental Studies

The experimental studies were carried out in twenty-five

subjects. All subjects vere Lon oket 3. he antlirop Lo ue

data of cach subject are shown in Table 4,2, In the experi-
ments which were performed the subjects inspired a gas mixiure
centaining approximately 80% argon until eguijibriuvm was roached
Liztween the inspired ond alveolar concentrations of argon. At this
point the subjects returned Lo Lreathing room air. The cxperiments
were conducted as described in Chapter 3.4(a). The data were
recorded on a magnetic tape loop. Recording of the experimental
data was commenced shortly before the end of the period of the wash-
in of argon. At the end of the argon wash-out test the subject was
asked to expire maximally so that the subject's expiratory rescrve
volume could be measured, The functional residual capacity wais also
measured in each subject using the standard closed-circuit helium
dilution meihod.264 A measurement of expiratory reserve voluue was

obtained at the end of this test.
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"Patch" diagram for solution of equations
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The experiirental data wers analysed {see Pig. 4.2) using
the paraneter estimation method which is described in the previous
section and implemented on an analogue computer. (Fig. 4.1). The
dead space of the subject was assumed to equal the expected body
weight in pounds, (This relationship is demonstrated in the work
of RadfordBo Yo The agreement between the prediction of alveolar
argon partial pressure of a model with the optimum lung volume and
measurement is good. (see Fig. 4.3).

There is no significant difference bhetween the estimates
of lung volume which are obtained by parameter estimation and those
by the c¢lesed-ciccuit helium dilutinn sethod aflber correction o
the same end-expiratory volume (see Table 4.3). There is a
liiwar relationship betwoeen the results from these methads of
meAsnrenent . The slope of this relationship is not: signii Gy
di{ferent from unity (See Fig. 4.4).

The analysis of argon wash-out data using the melhod of
pargneter estimation should be unaffected by variation in the
veeinh i lation of the subject. 'nis is demonsirated by a study
(see Fig. 4.5) in one subject who carrled out two argon wash-out
Ltests. In one of these the ventilation was regular but crratic
in the other. There is good aygrcement between model predict ion
and measurement in both cases and the same result for lung volume

was obtained (2.17L and 2.18L respectively).




SUBJECT
1 EM

2 MS

3 EG

4 GB

5 FD

6 M

7 RJIM
8 GC

9 JMcK
10 RMcC
Ik JDHB
12 AS
13 ML
14 KK
15 MK
16 AR
17 RB
18 JW
19 JS
20 DM
21 JS
22 aMS
23 CW
24 JMcE
25 JMcK

SEX AGE b
F 23
F 24
P 24
M 29
M 26
M 42
M 42
F i9
M 23
¥ 40
M 54
| 24
F 25
M 29
P 31
F 24
M 28
M 33
F 39
M 10
M 12
P 13
M 27
M 23
M 24

120

144

152

150

190

147

128

140

136

154

136

108

153

213

133

147

121

71

77

92

152

168

145

148,
FJXPHACT‘F,D '.'.'L"I_l t '-H_'I:

130

121

129

172

160

192

14¢

118

149

149

165

161
125
132
149
155
130

12

34

99
157
167

153

The sex, age, weight and expected weight of ecach

subject wiio took part in these studies.

The

expected weight is derived from knowledge of the
subject's age, height and sex305
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FIGURE 4.2

Outputs from the analogue computer during solution of
equations 4.6, 4.7, 4.8, At the top of the figure is
the comparison between model prediction of alveolar
partial pressure of argon (MODEL) and that measured
experimentally (SYSTEM). Since measurement is made at
the mouth the model and system should only agree during
the end-tidal part of each breath. The end-tidal argon
partial pressures show an exponential type decrease during
the wash-out. The initial part of the experimental data
is from the end of the wash-in during which the model is
held in "initial condition" mode. The second line of
the figure (ERROR) is the difference between model and
system computed during the end-tidal part of each breath.
The last line of the figure is the parameter (LUNG VOLUME).
Since it is the inverse of lung volume which is the
parameter the scale goes from o at the bottom to 1.5L

at the top. The value of lung volume is updated on each
breath to minimise discrepancy betweenmodel and system.
The experimental data are recorded on a magnetic tape
loop and computation can be repeated. In the example
shown the lung volume parameter is such that during the
second computation there is good agreement between model
and system. The signals between the two sets of data

are the zero and calibrate signals.
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80

kPa

FIGURE 4.3

Comparison of model prediction of alveolar partial pressure
of argon during a wash-out with that obtained experi-
mentally, once the parameter (l/VA) is at its optimum
value. The measured inspired partial pressure of argon

is zero. There is good agreement between model prediction
and measurement during the end-tidal part of each breath.
The initial part of the record is the end of the period
during which argon is washed into the lung. The model

is held at an initial alveolar partial pressure until the
start of the wash-out.




suBJECT £RC U SO FRC eRC
IQD—EL ?"'_\_ IF?_L’ i;f"‘.].-[‘ljlvl. imhﬂ C_O_R_RPLCT}"‘D_ IJE,L’ l_U_Pi
1 EM 3.39 1.88 3.05 1.72 3.23 3,05
2 Mk 3.05 1.55 2.72 1.41 2,72 2.91
3 xG 3.22 = 3.36 . 3.22 3.36
4 cB 4.16 2.53 4.06 2.32 4.06 3.95
5 D 4.79 2.05 4.74 2.02 4.76 4,74
6 M 4.30 2.¢8 4.86 2.95 4.57 4.36
7 RIM 2.15 0.74 2.21 0.88 2.29 2.21
8 o« 1.70 i.i% 1.85 1.01 1.59 1.48
9 UMcK 2.8 .87 2.94 1.95 226 >.94
10 RMcC 3,22 1.88 3.87 1.91 3.25 2. 67
11 JDHB 3.03 1.44 3.00 1.55 3.14 300
12 AS 2.65 1,30 2.92 124 5 .9 >, a2
1 o 2 0 Yoodid 1.83 0.36 1.49 1.83
14 <K 3.67 2.37 3.91 2.73 4.03 2,91
15 vk 2.03 1.03 125 0.94 1. 84 1.75
16 AR 2.45 1. 36 2.55 1.32 3,41 3.58
\7 KRB 3.46 2.04 3.03 1.85 3,37 3.03
18 W 3.7 2.29 3.91 2.40 3.87 3.91
19 Js 2.92 1.33 2.89 ).24 5,43 2.89
20 DM 1.48 0.52 1.32 0.44 1.40 1.32
)1 Us 1.54 < 1.33 ’ 1.54 155
)2 AuS 1.43 1.13 1.65 1.02 1,32 1.65
23 CW 4.60 3,07 4.19 2.92 4.45 4.19
24 JMcE 4.18 1.99 3.39 1.85 4.04 3.39
25 aMek 3,23 1.93 2.61 1.43 2.73 2,61

TARLE _4.3.

The uncorrected functional residual capacity (FRC) from

analysis of argon wash-out (FRC model, column 2) is obtained

by addition of {'n estimated volume of the alveolar compartment

(V) and pre =ot 1 .d =pace volume. This FRC is corrected Lo
A s i 5

the same cnd cxpirdory level (FRC corrected) as that during ithe

meacurcie nt of FRC by the closed-circuit helinm method. i f—
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TABLE 4.3. (Caption continued).

The correction is made by sublracting the difference
between the measurements of expiratory reserve volume
(ERV T ERV ) from FRC model. In subijects

in whggea satls¥acto?y measurement of expiratory

reserve volume was not obtained, the difference has been
assumed to be zero.
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FIGURE 4.4

Comparison of lung volume as estimated by the
use of parameter estimation (FRC MODEL) with
that obtained by the closed circuit helium
dilution method. The line shown is the line
of identity.
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FIGURE 4.5 (b)

Comparison of model prediction and measurement
during two argon wash-out experiments in the

one subject. (For details of interpretation of
records, see caption Fig. 4.3) In these graphs
the volume of each breath is also shown, being
represented by the height of the spikes at the
bottom of the figure. In the first experiment
(Fig. 4.5 (a)) the ventilation is relatively con-
stant in contrast to the erratic ventilation in
the second experiment (Fig. 4.5 (b)). There is
good agreement between model prediction and
measurement in both cases and the same result for
lung volume was obtained.

165.



106.

4.4. FUTURE PROSPECTS FOR THE USE OF DYNAMIC MODFLS
IN THIS AiEA.

The division of wash-out tests into single-breath, using
iformation within a breath, and multiple-breath, using one data
point per breath, is an unnecessary simplification. In multiple-
breath tests the changing slope of the alveolar plateau within
the individual breaths throughout the test should provide additional
information. The dynamic modelling approach will allow utilisation
of informnation within a breath to qguantify abnormality. The problem
as to what factors are principally responsible for the inconstancy
of the alveolar plateau is, however, one of the large unres=olved
problems in respiratory physiology.

Discussion of this is polarised unnccessarily into a

dehale between those who propose that 'barallel inhumogeneity' is
i'e main mechanism and those who propose "series inhomogeneity".
This subject was introduced briefly in the first section of this
chapter.

If the slope of the alveolar plateau is to be related Lo
"parallel inhomogeneity", two conditions need to be met:-

a) the concentration of inert gas is different in different
lung units;

b) these units empty asynchronously, (often called sequential

ventilation).

The lung is in reality a highly assyumetric structure.

(The asymmetry has been guantified in detailed anatomical studies'}37 )
The anatomical asynmmetyy will lead to condition (a) being fulfilled
both due to unequal distribution of dead space gas and vnegual
distribution of alveolar ventilation. Units can furthermore

differ in mechanical properties, i.e. their resistance and
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compliance. This will effect Hoth the amplitude and phase
of their relative ventilations. This has been studied using
260,35

mathematical models with related experimental results_310"312

Differences belween the function of different lung regions

313,314, 31¢
can be demonstrated experimentally. ' yS1251990 This is

explained by the effects of gravity leading to less negative

316-3
pleural pressure at the base of the lung 4l and more distended

322

alveoli at the apex. There is also evidence, at least in

dogs, of different intrinsic elastic properties in the upper and

lowerx ]ohes?23'324 The different behaviour of the npper »nd

lower lobes i3 most marked at low lung voluies due to the non lincarity

325,326

of the pressure volume relaticnship. Closure of uniis in the
327-329 Y .
lower zones occurs at low lung volunes, The differences in
the pattern of ventilation beltwesn upgper iid lower Tohes is 6o red
. . . . ’ 333-337 - ; .
by the inspirtory and expiratory flow-rales. "he distcibution

of inspired gas at low flow rates is detcrmined primarily by the

; 3:3,332,3 :
relative compliance of lung regions, ~f #532 At ligh flow rates
the relative resistance of different aiiways is important.

The ventilation to volume ratio differcice between upper
and lower lobes will not of itself cause inconstancy of the alveolar
plateau. There is a need for condition (b} to be satisfied.
Sequential ventilation is demonstrable even during tidal breathing

- 338
but is a small order effect.

Much of the slope of the alveolar plateau arises, !horefore,
from other factors. Significant slopes in inert gas concentration

; < i - ; : ’ 315,340
during expiration can be demonslirafted in small airways both in man
e 339 g 4 : g
and in dogs. (The latter using a medification of the technigue of
2 . 341 .
retrograde catheterisationl ) These studies suggest that the

inconstancy of the alveolar plalcau arises mainly from differences

within units subtended by airways whose diamelexr is less than 3 mm,



168.

The demonstration of significant slopes in small airways
does not of itsel f add weight to either a "parallel" or "series"
argument,

For the variation of the alveolar plateau at the mouth to
reflect series inhomogeneity it is also necessary for two conditions
to be met:-

(a) gradients in concentration must exist in terminal lung units
even at the end of inspiration;

(b) such gradients must not be abolished by convection during
expiration, i.e. ihey must be demonstrable at the mouth.

“vidence from simulation studies212'215'?]6'226'227 would suggest

Ihat condition (a) but not condition (b) is fulfilled.

Supporters of the concept of "parallel inhomogeneity"
vmploy models which asswume that gas transport in the airways is
solely convective. Supporters of "series inhomogeneity" utilise
models which assume equal convection to all lung uniis,

It is evident both theoretically and experimeantally that
the truth is unlikely to lie on either side. Indeed in the complex
transport in the lung it is impossible to separate so ccumpletely the
linked processes of convection and diffusion.

The most rational approach to this problem is Lo construct
models which incorporate all mechanisms. This necessitates use of

models which combine descriptions of pulmonary mechanics and gas

transport. Such "multiple models" are used in the study of cardio-
16;17 - - :

vascular problems. The application of more complex models will

require increased information content in the experiment. Practical

considerations indicate that such models will have to.be lumped
rather than distributed models. It is, therefore, necessary to
consider the importance of the distributed phenomena such as

cffective diffusion and convection in airways.
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4.5 THE IRMPORTANCE UF TAYLOR NDISPERSTON / A MIMUIATTON STHDY.,

a) Introduction.

In Chapter 2.8 a distributed model of gas transport in the
airways was described. This model incorporated both convection
and Taylor diffusion. The development of lumped parameter models
to analyse detailed measurements within a breath will be difficult
if Taylor diffusion is an important mechanism,

The existing experimental evidence as to its importance
is conflicting. Since in laminar flow diffusion increases with
molecular weight (being inversely related bto molecular diffusivity)
evidence of its presence has been sought with experi-opts using
inert gases of different diffusivities. An increase in Lhe
steady-state uplake of carben monoxide has been demonstrated when
{

4 higher density inerd aas wWivhur Ybesxat!woride, Sih as sred
) i ’ 3

345 = T
with helium, Be) is alwo present. This incrouse is more marked

at higher ventilations. Likewise a larger inspired arterial

vessure difference Yo oxygon Les Doeon demonstrated in degs whien
P : : s _ , ; 344

the lighter gas, helium, is substituted for nitrogen: The

vxplanation of Lhese resulls is thought to be asydwanced diflu=ion as
a result of Taylor dispersion.

Convervsely a nurber of oxperinents using gases of different
diffusivities indicate the limiting role of molecular diffusion.
Sulphur hexafluoride is washed out slower than helium from excised

193 . 400 .
dog lobes and slower than hydrogen in man. Single breaths of
: o . 342 e 343 .
gas mixtures containing helium and SF6 or neon and SF6 indicate
that greder cmounts of the dense gas are expired in early expiration
with increussed amounts of the light gas in lalte expiration. Such
differences are abolished by breath holding.
The results from simalations studies using the model which

was desceibed in Chapler 2.8 tend to support the view that 'Taylor
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diffusion is relatively unimportant,

b) Simulation Studies.

Tn these studies a lung model which is based on the data
. 211 - -
of Weibel is used. Since this data corresponds to a lung at
three-quarters of full inflation, the dimensions are scaled to
give an equivalent functional residual capacity of 2.4L. The scaling
: ; ; : : , 229 .
is consistent with physiological studies. The data for the first
four generations are not scaled, however, giving a lung model
el e - . 21
similar to that studied by Paiva.

A sinusoidal flow rate is used in these studies such thot
the tidal volumwe is O.5L and respiratory freguency 15/min. Csrdiac
output is taken to be 5L/min.

In Figure 4.6 the partial pressure of C02 is shown as a
Tunction of x every 0.4S during a breathing cycle. Ce
plotted both for the cases in which Taylor diffusion is omitted or
incorporated in an unmodified form. This coxresponds to the cases
in which o in equation 2. 80is ot equal tno O and 1 respectively,

The steep pCO, pressure gradient is convected towards the alveoli

2
during inspiration (0-28) and towards the origin of the medel during
expiration (2-48) . Only during early inspiration (times less
than 0.8S) and early expiration (2.0 - 2.88) does the value of o
have any effect on the pC02 curves. The convection of the pCO2
gradient towards the origin of the model during expiration produces
the expired concentration curve shown in Figure 4.7. The laxyer
effective diffusion in the upper airways when the Taylor coutlribution
is included produces a small but significant change in the shape of
the expirate, but does 1ot cause any significant increase in the
amount of CO2 expired at the end of expiration {less than 3%).

The similar graphs for oxygen are shown in Figures 4.8,4.9,
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FIGURE 4.6.

Partial pressure profiles of pCO, throughout

the lung model at ten equally spaced intervals

of 0.4 sec during a single breath. Numbers

one to five correspond, therefore, to inspiration,
and six to ten inclusive are during expiration.
The continuous lines are the cases when o =1

and the dotted lines are when a = O. At most
times during the breath there is no significant
difference between the profiles for o= 1 and

a = O in which case only one profile is shown.
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FIGURE 4.8
Profiles of pO2 throughout the lung during a
single breath of atmospheric gas. The

symbols are as in Figure 4.6.
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FIGURE 4.9

The model prediction of p02 at x = O during
a single breath of atmospheric gas. The
dotted curve corresponds to the case when

o = 0 and the continuous line to o = 1.
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Again the enheaced ditfusion with a = 1 prodiuces no inecrecse in the
caleulated oxygen uptake of the bloed.

The results of a simulaticn of a single breath nitrogen
test are shown in Figure 4.10. Tn this simuwlation the breath of
oxygen is of 0.5L volume. The effect of o is only evident on
the partial pressure curxves during ¢ -rly inspiration and carly
oxpiration. The coxresponding effect on the expirate is shown
in Figure 4,11. The inclusion of Taylox aitfusion Jdoc. not
significantly alter the amount of nitrogen "washed-oui" of the
lung at ond expiralion. Thus the valve nf Y has an [ Ffect on

: ; j 130
the caleulated volome of the Jvad spiee vwsing (e 3000 i ciplal

: 100
Whis 18 also reporlted by Lacquet et al,

¢) DNiscussiecn,

Tn the imalations whivlh were Cescribed n iba Vi

ok

sechion the inclusion of Todor diffusion mal= ne signficant
alteration Lo gas uplake or cutput, or to the nagnitiude of Jesd
POETOIN These simnlaiions oo carvied ond with o ol fhee | 2
egual to unity giving ihecelore (Yo daxinwn pessible ol ecn o
Taylor diffusion.
The inclusion wf Taylor aiffusicn loes produce ceriain
effects on concentration profiles in the 'ung during the respiratory
cycle. Such effects, are, however, only demonsirable during early
inspiration (L<0.8S) and early cxpiration (2.0- 2.48). During
carly inspiration (£<0.85) the pressure gradients are in the airways
where Taylor diffusivity is high,. The cffects of this high
diffusivity on the p{x,t) curve can be seen in Figures 4.6, 4.8, 4,10,
During the remainder of inspiration there is pno signiric oL ayiToronce
in the p(x,t) curves for a = 0 or 1, Early in expiraticn (2.0-2,48 in

these simnlations) the gradienis are again in the region in which
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FIGURE 4.10
Partial pressure profiles of pN2 in the lung
during a single breath (tidal volume = 0.5L)
of 100% oxygen. The symbols etc are as in

Figure 4.6.
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FIGURE 4.11
Comparison of model prediction of pN2 at
x = 0 during a single breath of 100% O2 in
the cases in which o = 1 (continuous line) and

o = O (broken linel}.
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i€ o =1, the Tuaylor-Arig dijffusivity is high. The rvualtant
effect on the p(x,t) curves can he seen. During the romainder of
expiration the graedients have largely been convected out of the
lung, and the value of @ is not expected to have an effect on the
plx,t) curves,

Quantitative differences in the O0,, CO, and N, results are

2 2 2

related to the different molecular diffusjion coefficients and to the

different concentration gradients hetween inspired and alveolar gas,
The relative lack of cffect of Taylox diffusicn as compared

to its magnifude is explained hy:-

(1) The Taylox-Aris effect, pcoporiional to the = uice of the 10w

veloeity becomes negligible for generation mummbers 72 2 12, since for

these generations the flow velocity u is very small, This results

in thirye Leing a region in the Tung whexre moloocular diffusion is the

Tominsnt transport smechanism,

(2) Foxr the uppex airways 2<12, the Tayloxr -Avis diffsivily can Le

very l!large at peak flows (e.g. two hundred tiues larger 'hoa nclecular

diffusivity) bt at such fimes ihe large flow couvects qui Y1y he

precvvre gradient, Lthreugh which diffusion operalkes syl of 1. e

airways.

(3) Since the tntal cross—-sectional area of the lurng rapidly inore —as

with distance from the trachea after the {welfth generation the

flow velocity musi decrease rapidly. Thus, during inspiration,

gas which is dispersed ahead of the mean convective flow enters

initially the region where the flow velocity is low. Thus this

gas becomes effectively stationary, whereas the remaindexr of ithe

inspired concentration front continues to be convected. There is

a resultant reduction in the degree of dispersion and an increase

in the concentration gradient in this region, Thus although

Taylor diffusion allers the concentration profiles in the upper of oL ys,

this is not rcilected by alterations in the concentration profiles in



the terminal airways. Gass has to be transported acress the latter
region te ¢nter or be removed from the alvedi., The variation in
velocity within the bronchial tree will tend to have the opposite
effect during expiration, i.e. increase the degree of dispersion.

The effect of variations in convective velocity at different
points on a concentration gradient on the apparent degree of
dispersion was neglected by Engel et al?02 and by Scherer et al?33
who attributed the spread of a gradient to diffusion alone,

245

It might be expected that variations in the tidal
volume or breathing frequency will wodify the magnitude of ‘he
effeat of Taylor diffusion since an incrcase in either of Mese will
increase the flow velocity and hence the Taylox Aris diffusivity.
However, this increased flow velocity will decreassa he | ime ihat
Lthe pressure geadient is in the vupey airyays acd Lwece the Fioe
avaiiable for the vcohanced diffasion to act. Tn sioalaiion
studies, variatiovns in tidal volume end fregqueocy peoduce no adied
cffeck of Taylor diffusion va ovecall gas Flux as congar «d Lo the
case with only molocular diffusion.

The main conclusion frum these simulations is that Taylor
diffusion has little effect on the efficiency of gas exchange,
This is contrary {o the suggestion of Kvaleet a1§4§ All the
experiments which have indicated an important rele for Taylox
diffusion have measured the relative transfer of gas into the
arterial blood in differcnt breatbing conditions {(e.g. with heavy
gas as compared to light gas in the lung). This is in contrast
to those experiments which suggest the limiting role of molecular
diffusion in which only relatively inscluble gases are stadied. It
is possible that in the first type of experiment other factors
are operative. For example the change in breathing conditions may

alter the relative disiribultion of ventilation-to-perfusion., The

179
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conclusiong which are drawn from these simulations will e affected

by the validity of the model. The syrmetrical nature of the

model may be of particular importance. It is conceivaeble that in

pathways with different geometries, for example pathways with

shorter transit lengths, Taylor ditffusion is more important. it

is to be emphasised, however, that the conclusion is reached from

simulations in whkich the effect of Taylor diffusion is maximised (a=1)L
The main cffect of Taylor-Aris diffusion in the lung,

therefore, is to alter the distribution of gas in tha upper airways

(Zz € 12) relative to molecular diffusion, There is a roes=allant
effect (during expiration) on the pariial preveare ourve o insk
time at the origin of the model, The distribution of Ihe vxpirate
is affected but not the arcunt cxpired. (Note +hat thae friogral
fy‘:‘dt; gives only the vonvective centribation to the 1w, "1 the

case with a = 1 there ig a “ignificant diffusive wondivilaiion Lo ihe
total flux at the origin of the model.) Moavurcments of expired
concentration of gases at the mouth resemble wore clocoly (a
predicted results wi h a = 0, As dndicated in Chopler 2 the cemplex
fluw counditions in the lung imply that ¢ will bé less han 1.0
thronghout most of the region in which Taylor diffusivity is opcrative,
The magnitude of a cannot be ohtained from wathematical .nalysis
since the problem for the lung is too complex, There is a need for
further experimental work both in wman and in more realisiiec structural
models than that cmployed by Scherer et a1?33 Tt may be 'hat even

the detail of the ctpired concentraiion curve is relatively unaffected

by Taylor diffusion.
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4.6 CONCLUSION

The technigque of dynamic mwodelling has been applied successfully

to the analysis of inert gas wash-out experiments. Most methods of
analysis of such experiments assume a constant ventilation. Methods

which are based on parameter estimation technigues are seen {o be
applicable even in situations in which the ventilation of the subject
is exratic, These studies have been carried out in normal subjects.
The alveolar plateau in such subjects is flat, whecrcas in patients
with respiratory discase there is a significant slope. Similar
techniques could bhe applied to such patients by employi g ave:ajing
icchnigues over the alveolar portion of the cupirate, The time
variation of the partial pressure of the expirate throuwshoul. the
wash-out experiment would ceem to present, however, an «dditional
scource of experimental iafeormalion. There is a need Tor re

complex models which iocorporate both

'parallel” ond “"svries"

inhe ogeneity to analyse this data. Investigations wikth a
distributed model of gas {ransport in airways indicates that

‘uylor diffusion Aces .ot produce significent effects un cverall gas
troasports It may, however, alter ithe shape of Lhe expired
concentration curve, There is a need for further experimental
studies to elwcidate this role of Taylor diffusion as a step in the
development of more complex lumped parameter models. Such models
will contain more parameters and hence increase the difficulty of
applying paremeter cstimation methods. Parameter estimation has

been applied to the estimation of four parameters in a model of

carbon dioxide transport. This is discussed in the next chapter.
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CHAPTER 5

A DYNAMIC'. MODEL OF CARBON DIOXIDE

TRANSPORT.



CHAPTER 5. A DYNAMIC MODEL OF CO,_, TRANSPORT.
——— 2

5.1. INTRODUCTION:

In this chapter the techniques of dynamic modelling are
applied to the study of carben dioxide transport. Carbon dioxide
is exchanged between peripheral tissues and the atmosphere. The
model which is used is more complex than that for an inert,
insoluble gas. The complexities are related to the storage of
carbon dioxide in lung tissue, to the peripheral stores of carbon
dioxide in other tissues, and to the non-linear relationship
between tension and concentration in blood. The structure for
the lung component of the model is that which was shown in Fig. 2.1.
The equations for a model describing carbon dioxide transport were
considered briefly in Chapter 2 (equation 2.59). There are a
larger number of parameters in these equations as compared to the
model with a single parameter which was discussed in the previous
chapter. The problem of parameter estimation is, therefore,

more complex.

5.2. STORAGE OF CARBON DIOXIDE IN LUNG TISSUE:

The lung is known to contain more carbon dioxide than

could be accounted for by simple solution of CO

347 ; . %
extravascular water. This carbon dioxide is present in

5 in pulmonary

several forms - dissaved CO carbonic acid, and bicarbonate.

2l
348,349 ;

Experimental evidence, ! which has been obtained by

infusion of radio—active labelled bicarbonate and carbon dioxide

into the pulmonary artery, suggests that interconversion between

the various forms is rapid. The rapidity of the chemical reaction

183.



184,

is related to the presence in the lung of the enzyme, carbonic

anhydrase. This enzyme has been demonstrated to be present in
. 350,351
blood-free lung tissue.” ' The interconversion between the

various forms is altered by administration of a carbonic anhydrase

inhibitor?48' 354 The pulmonary membrane is thought to be

348,349

impermeable to bicarbonate. CO_ diffuses readily

2

through the membrane, combines with water in the lung tissues
to form carbonic acid which instantaneously dissociates into hydrogen
and bicarbonate ions. The presence of significant amounts of

arbon dioxide in the lung, in additon to that present in alveolax

353

gas, buffers the changes in alveolar pCOz.

The amount of CO2 in the lungs of man has been measured
354
by Sackner et al, using a plethysmographic technique, and by

Hyde et al355 using an indicator dilution method with a stable

isotope of CO2 (13C02). There is reasonable agreement between

the results. The results of these studies have been expressed

as the slope of the linear relationship between amount of CO2

(ml of COZ,STPD) in pulmonary tissue, excluding the amount in the

pulmonary capillaries, and the tension of C02(pCO2 in mmHg).

The mean of the results in 5 subjects are 1.32 ml of Coz/mmﬂg

and 1.41 ml of C02/mmHg respectively. There is, however, a
large variability between individuals in the amount of CO2 present
in pulmonary tissue. In the study of Hyde et al355 values

range from 151 to 255 ml of COZ(STPD). This variability is not
related directly to body-size since the results after standardisation
for surface area of each subject vary from 104 ml/m2 of surface

area to 164 ml/mz. One can anticipate that, on average, a

subject with a lung volume of 3.0L will have 150 ml of CO

21n

alveolar gas, 200 ml in pulmonary tissue, and 50 ml in
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pulmonary capillary blood.
In modelling carbon dioxide transport the "store" of
CO2 in lung tissue can be considered separately from that in
lung gas (see Section 2.7b). The process of equilibration,
3 : i ., 356
however, between pulmonary gas and surrounding tissue is rapid.
Studies have been carried out in dogs to quantify this
RO 3925357 )
equilibration time Gsing infusions of ether and bicarbonate into
pulmonary artery. Ether is used to enable correction of the
bicarbonate results for a circulatory delay. The mean time
for evolution of 50% of CO2 from bicarbonate (relative to ether)
in these studies is 0.44 sec. Thus the equilibration is

sufficiently rapid that for practical purposes equilibrium can

be assumed to be instantaneous between alveolar gas and pulmonary

tissue. This corresponds to using the concept of an equivalent
lung volume}gs'lgs'197 which contains components from both lung

tissue and lung gas.

5.3. TISSUE STORES OF CARBON DIOXIDE:

There is approximately 100 litres of carbon dioxide stored

35
in an average man. 2 The amount of carbon dioxide stored in
individual tissues is variable. One of the largest stores of
359,360

carbon dioxide is in bone, in the form of carbonate.
44

In the early mathematical models of tissue stores a single

; 4 361
homogenecus tissue compartment is used. Experimental studies
of total changes in carbon dioxide stores and arterial pCO2 dwing
hyper and hypoventilation indicate the presence of multiple tissue
compartments with different time constants. Models with multiple

X . 3
tissue compatments were introduced by Farhi & Rahn.58 Each
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compartment represents a specific tissue, e.g. muscle, and is
considered to be "well-stirred". The parameters for each
compartment are its volume, perfusion, C02 production, and slope
of the dissociation curve relating concentration of carbon
dioxide in the tissue to tension. Data for these parameters is
given in the original reference,358 although it is incomplete.
Tissues with a small perfusion relative to the amount of carbon
dioxide stored will show slow dynamic responses to changes in
state. This type of model gives reasonable agreement with data

from experiments of long duration. There is poor agreement with

experimental data362'365 from dynamic studies whose duration is

less than fifteen minutes.358'362'363'36 Changes in arterial

and venous pCO2 are faster than that predicted by this model.
These fast changes have led to the concept of an immediate carbon

362
dioxide storage space, which was measured using labelled carbon

364,11 362,364

dioxide { C02). Initially it was proposed that

the presence of a fast tissue space for carbon dioxide is related

to a diffusion barrier between intracellular and extracellular

. 365,366,367
s i

spaces. An alternative hypothesi s that CO

2
hydration is slow in certain tissues, particularly muscle. Models

366,
which incorporate both mechanisms have been studied. 665168 The

experimental data365 can be accounted for by either hypothesis.368

There is supporting evidence, however, for the hypothesis that CO2

hydration is slow. It takes 30 minutes of carbon dioxide

3
inhalation for muscle bicarbonate to increase measurably. a3

3
There are negligible amounts of carbonic anhydrase in muscle. 63,370

The lack of carbonic anhydrase results in a low slope of the

dissociation curve in tissue. Each tissue can thus be considered

"

to have an "effective tissue volume" which is defined as
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slope of dissociation curve (tissue)

effective tissue volume = tissue volume X SR - -
slope of dissociation curve (blood)

These more sophisticated models predict the known results

; . 363,364
as obtained experimentally, Reasonable agreement between
model prediction and measurement for short duration experiments is
obtained, however, using a single tissue compartment with a small

. S 36 : :

effective tissue volume. Such a model structure is used in
this chapter since all experiments are of the order of 90 seconds

duration following a step change in carbon dioxide concentration in

the inspired gas.

5.4. RELATIONSHIP BETWEEN THE CONCENTRATION AND TENSION OF
CARBON DIOXIDE IN BLOOD.

The biochemical processes which govern the transport of carbon

dioxide in blood are complex (for useful reviews see Davenport,371
3

Roughton, 12 van Slyke%w3 ) Carbon dioxide is transported

in several different forms. It dissolves in plasma and a small

amount of this is converted to carbonic acid, which in turn dissociates
into hydrogen and bicarbonate ions. The largest fraction of carbon
dioxide diffuses into erythrocytes. The enzyme carbonic anhydrase

is present in red blood cells in a high concentration. Thus
significant amounts of hydrogen and bicarbonate ions are formed here.
The hydrogen ions combine with the protein, i.e. haemoglobin, therebye
buffering any change in intracellular pH. Bicarbonate ions diffuse
from the erythrocytes into plasma since a concentration gradient is
established. Electrical neutrality is maintained by a corresponding
"shift" of chloride ions into the cells. Carbon dioxide also
combines chemically with the amino groups on certain proteins, in

. : . 374,
particular haemoglobin, to form carbamino compounds, i.e.

R-NH, + CO, m==———> R-NHCOD £
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The relative amounts of carbon dioxide in different chemical forms

in blood are shown in Table 5.1.

Total CO2 in 1 litre of blood 21.53
Plasma

Total CO2 in plasma 15.94

As dissolved CO2 0.71

As bicarbonate ions 15.23

Red Blood Cells

Total CO2 in red blood cells 5.59

As dissolved CO2 0.34

As Carbamino compounds 0.97

As bicarbonate ions 4,28
TABLE 5.1.

The distribution of carbon dioxide (mmoles) as transported
in one litre of arterial blood. The data are taken from
Davenport371 The original source of data is Henderson3’5

The transport of carbon dioxide is linked with the transport

of oxygen. For a given pCO,_, more carbon dioxide is carried in

2
blood with a low oxygen content than in blood fully saturated with
oxygen. (This difference has become known as the Haldane effect).
The biochemical basis is that reduced haemoglobin forms more
carbamino-Hb 274 and is also a more effective buffer of hydrogen ions?

There are two main approaches to the mathematical description
of the relationship between concentration and tension of carbon
dioxide in blood. In one approach a description is developed from
the basic physico-chemical equations which are incorporated in a

computer subroutine:.L47'377'378 The alternative is to fit a
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function to published experimental data which give the relationship
between concentration and tension. There is a wide variety of
such functions used in simulations of carbon dioxide transport
(see Table 5.2).

The main sources of, and the original data are summarised
’ 382 5
in Table 5.3. The data of Henderson et al are derived from
studies on the blood of one man (A.V. Bock). The data of Dill

383 ; 3
et al are published in the form of a nomogram and represent the
average of studies in twelve healthy subjects. The data which are
; 384

presented by Dittmer and Grebe are the average of the data in
the literature.

Over the range of interest (30 € pCO_, £ 60 mmHg) the

2
relationship can be approximated by a linear function (see Fig. 5.1
and Table 5.4). There is little difference between the slopes of
the straight line fit to different data and at different oxygen
saturations (see Table 5.4}. The slopes which are shown in
Table 5.4 are for oxygen saturations of 95% and 70% correspending
to arterial and mixed venous blood respectively. The intercepts
of the linear functions are different for mixed venous and arterial
blood (see Table 5.4). This is related to the Haldane effect.
This difference is neglected in many of the simulations of carbon
StEalae transport.94'195'197'198'202'286'380'

This published data can only be applied to subjects whose
bicchemical status is similar with respect to several variables,
e.g. serum protein, chloride, and bicarbonate concentrations.
Indeed, it was appreciated at an early point39S that the relationship

between concentration and tension of carbon dioxide in bloed is

different in different subjects. Of particular importance in
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10 20 30 40 50 60 70
Pcoz(mm.Hg.)

FIGURE 5.1

Graphs showing relationship between carbon

dioxide concentration in blood (Cgg,, ml.STPD. /100 ml.
of blood} and tension (pCO,,mmHg) at two different
oxygen saturations (70 & 9%%) i Over the range of
interest 30 £ pCO, £ 60 the relationship is seen to
be approximately Iinear.
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Reference

Grodins et al44

Trueb et al37

. 197
DuBois et al

195
Chilton & Stacy 2

Yamamoto198

: . 208
Lin & Cumming

Flumerfelt & Cranda11202

Milhorn & Pulley237

; 37
Visser

Kim et a1380

Meade et al206

TABLE

Animal

Species

Man

Man

Man

Man

Man

Man

Man

Man

Man

Man
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Description
b = 0.00425
Cco2 = (0.149-0.14SS)PCO20'35
S = Saturation (Oxygen)
CC02 =8 bPC02
b = 0.00425
CC02 = a + bPC02
b = 0.00714
CC02 = a + bPCO2
b = 0.00714
Coo, = @ + bPeg
b = 0.0063
CC02 = 0.01097 -
0.0002256P¢(,+0.000001749P¢
CC02 = aPCO2 + b(PC02) 2
1+ CPCO2
(a,b,c are functions of oxygen
saturation)
0.0655
S = Saturation (Oxygen)
CC02 = @ v bPC02
b = 0.0047
Ceo, =  Peo
aPCO2 + b

a

1.255; b = 0.0357

Different functions which have been employed to relate
concentration of carbon dioxide in blood (Cpog
to tension (mmHg), in simulations of carbon dioxide transport.

L(STPD) /L)
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causation of this variability is the variability of haemoglobin

concentration. The important role of haemoglobin in carbon

dioxide transport has been discussed, both in buffering the

change in intracellular pH and in the formation of carbamino- Hb.

The relationship between concentration of carbon dioxide and tension

. . : ; , 396

in blood has a low slope in subjects with anaemia and an increased
- . . . 397 .

slope in subjects with polycythaemia. The effect of haemoglobin

concentration on the skpe of the linear relationship between

. ; 3 5 398

concentration and tension has been investigated by Peters et al,

over a wide range. The oxygen capacity of the bloods which were

studied ranged from 2.65 to 28.7 vols% (i.e. haemoglobin concentrations

of 1.98G% to 21.42G%). The slope was demonstrated to be related

linearly to oxygen capacity of the blood and hence to haemoglobin

concentration, i.e.

0,334 O2 capacity + 6.3

30 x 100.0

Slope L/L/mmHg

0.448 Hb., conc. + 6.3
30 x 100.0

The slopes have been calculated using this relationship for a number
of different haemoglobin concentrations and are shown in Table 5.5.
For a useful discussion of the effect of bicchemical variables on
the mathematical description of the carbon dioxide dissociation

3
curve see McHardy.99



TABLE 5.5.

Haemoglobin Concentration Slope of linear relationship

G/100 ml of blood

between Cco2 (L (STPD) /L. blood)

195,

and Pc02 (mmHg) .

10.0

11.0

12.0

13.0

14.0

15.0

16.0

17.0

The slope of the linear relationships between
carbon dioxide concentration (L(STPD)/L blood) and
carbon dioxide tension (mmHg), at several different
The slopes are
calculated from the relationship described by

haemoglobin concentrations.

Peters et al.398

0.00359

0.00374

0.00389

0.00404

0.00419

0.00434

0.00449

0.00464
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85:5: MODEL OF CARBON DIOXIDE TRANSPORT.

The mcdel of carbon dioxide transport which is used in this
chapter is based on a lung model with dead space and alveolar compartments
(see Fig. 2.1), with the tissues being represented as a single "effective"
tissue compartment with volume VTC' It is thus assumed that the
dissociation slope for CO2 in tissues is identical to that in blood.

The circulatory delay between the tissues and lung is not modelled.
The volume of the alveolar compartment (VA) is the "equivalent" lung
volume, The model is described by two equations, whose form is
similar to those described in Chapter 2.7 and derived in Appendix 1.B.
i.e.

v BgdPA

i N = sUBg(P_-P) + Q(f, (P.) -£,(P,))

I

d ¢ "
VTCEE (ch+bPTC) M-0 (fl(PG) - fz(PA))

but £ (Po) a_ + bP_CO (see section 5.3)
l v v v

2

+
f2(pA) aa bP_CO

A 2

where b is the slope of the linear relationship between concentration

and tension of carbon dioxide. Other symbols as defined in Chapter 2.
i.e.:=
V.Bg A e . E : _
A At = SVBg(PI PA) + Qb(PTC PA) + Q(aG aa) 5.1y
dp
V... b T¢ .
Te=as ® Mo Qb(PTC- P,) - Q(a‘_, a) (5.2)

It is assumed that P = P-.
g & v
The equaticns are solved using the approximate numerical

technique which is described in Chapter 3.2(b).



1917,

The equations contain a number of unknown parameters, i.e..-

.

é Cardiac output

VA Lung volume

M Metabolic production of CO2
Tissue volum

VTC e e

In addition values have to be assigned to the initial wvalues of PA

and PTC at time t = O and to the volume of the anatomical dead space.
385 ;

Dead space volume and PA(O) are measurable directly. To

calculate PTC(O) it is assumed that at time t = O, the tissue

compartment is in a steady-state, i.e. dPTC . It is not
.....—:0
dt
assumed that there is a steady-state in the lung. This does not

represent, therefore, a limitation to the experimental procedure.

It dPTC

dt

= 0 then
M -—Qb(PTC(O) - PA(O)) -0 (a‘_, = @) =0

.M - (a--a)) +
PTC(O) 9 v a PA(OJ (5.3)

Thus a value can be assigned to PTC(O) if ﬁ,Q,PA(O) are fixed.
The paramter estimation problem is, therefore, to estimate the

unknown parameters Q'VA'M'VTC'

5.6. OUTLINE OF EXPERIMENTAL PROCEDURE.

The experiments wich are described in this chapter were
carried out in four healthy subjects. The volume of the anatomical
dead space for each subject was obtained as described in Chapter 4.
All subjects are non-smokers. The physical characteristics of each
subject are listed in Table 5.6. Experiments were carried out at

rest and during exercise. The experiments which were performed



involve a perturbation so that the dynamic response of the carbon
dioxide transport system can be examined.
of an initial period (30 secs) in which the subject breathed air,
followed by a period breathing a gas mixture containing 5% carbon

dioxide (90 sec duration).

198,

Each experiment consisted

The details of the experimental

procedures arxe considered in later sections of this chapter.

experimental methods were discussed in Chapter 3.

The

TABLE 5.6,

Subject Sex Age . Ht. Wt. Surface Haemoglobin Functional Volume
{yrs) m., Kg. Area Concentration Residual Anatomical
m2 g/100 ml. Capacity Dead Space*

L. L.

II F 23 1.64 68.6 15725 12.3 1.4 0.150

RMcC F 43 1.68 59.5 1.67 12.4 3.6 0:175

JU F 48 1.60 50.9 1abl 14.5 2.2 0.150

WG M 30 1.82 70.0 1.90 15.4 3.8 0.190

Physical characteristics of the subjects who

took part in the studies which are described

in this chapter.

* Includes small instrumental dead space.
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5.7. PARAMETER ESTIMATION PROCEDURES.

The problem of estimation of four parameters is more complex
than the single parameter case, which was discussed in the previous
chapter. Continuous parameter estimation techniques306'307 are
inappropriate and the alternative discrete methods are used.

Discrete methods of parameter estimation involve a criterion

function J which is the total error between model prediction and

measurement during the complete experiment i.e.

T
2
J = e (t,Q)dt
o
where T is the duration of the experiment and
e(t,@ =y (t) -y (t,Q)
is the error, i.e. difference between model prediction ym(t,g) and
measurement ys(t). Q is the vector of parameters.
The discrete methods of parameter estimation involve

optimisation procedures which adjust the parameter values (Q) such

as to obtain the minimum of J. There are two different classes of
optimisation procedure. Direct search methods involve a search,
according to a specified algorithm, to find this minimum. The

function J is evaluated at different points in parameter space, i.e.
with different values of the parameters. The search procedure
moves to a new point such that the value of J is reduced and the
search recommenced. Gradient methods carry out a similar
procedure but the gradient of the function J is evaluated at each
point as well as the function itself. Thus these methods utilise
information on the slope of the surface J.

Both types of optimisation method can determine only a local.
minimum, i.e. a point which is a minimum with respect to its immediate
surroundings but not necessarily the overall minimum (global minimum).
It is, therefore, useful if it can be established that the function

is unimodal, i.e. it has only one minimum over the range of interest
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of the parameter values.

Error surfaces are one means of investigating the shape of
the function J but can only be used to consider J as a function of
two variables. In estimation problems involving a large number of
parameters such surfaces allow inspection of the surface J in theplane
of two of the parameters. Error surfaces can be drawn as contour
plots consisting of contour lines joining points of equal error drawn on
a 2 parameter space. Such a plot is generated by calculating the
value of J at each peint on a grid over the parameter space and using
an interpolation technique to find points of equal function value?86
An example of such a surface for the parameter estimation problem
which is described in this chapter is shown in figure 5.2. The
surface is seen to be unimodal.

Before applying optimisation methods it is useful to obtain
information on the effect of individual parameters on the model's
performance. This can be achieved by carrying out a number of
djifferent simulations of a standard experiment with different values
of the parameters. The experiment which has been simulated consists

of an initial five breaths of air (PICO = 0.0) followed by a step

2
change to an inspired gas such that the inspired partial pressure of
carbon dioxide (PICOZ) is 21.0 mmHg ( 2.78kPa). Simulations
have been carried out in which each of the parameters (Q,VA,E,VTC)
have been varied in turn over the range of interest with all other
parameters fixed. These simulations indicate the effect of cardiac
output (Fig. 5.3), lung volume (Fig. 5.4) and metabolic production
(Fig. 5.5). The model has a distinct sensitivity to these

parameters. There is little interaction between the effects of the

parameters. The model's performance throughout the simulation is



Q litressec

litrea

FIGURE 5.2

Error contour plot in the plane of the

two parameters Q{L/sec) and V, (L). Each
line on the plot represents a line of iso-
error. The mnimum is at a lung volume

of 4.0L and cardiac output 0.08 L/sec.

The lines at the periphery of the plot are
of higher error. The error contour plot is
seen therefore to represent a valley-shaped
surface.
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20 0 60 80
TIME SECONDS

FIGURE 5.3

Demonstration of effect of variations in cardiac output
parameter on model's response. The experiment which

is simulated consists of an initial period of air-
breathing followed by a step-change to breathing gas
mixture containing 3% CO,. Five different simulations
are shown in which the cardiac outputs of the model are
3.5, 4.5, 5.5, 6.5, 7.5 L/min respectively with all other
parameters being constant throughout all the simulations.
The main effect of the cardiac output parameter is seen to
be on the later part of the transient.

202.
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pCo, [ ) ‘ 1
mmHg
70+ ;
/ / 4 /f 7 /. W
b A% \// vV 4

20+

20 40 80 80
TIME SECONDS

FIGURE 5.4

Demonstration of effect of variations in lung
volume parameter on model's response. The
same experiment is simulated as for Figure 5.3.
Five different simulations are shown in which
the lung volumes of the model are 2.5, 3.5, 4.5,
5.5, 6.5L respectively with all other parameters
being constant throughcut all the simulations.
The main effect of this parameter is on the
early part of the transient.
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FIGURE 5.5

Demonstration of effect of variations in metaldic
production parameter on model's response. The
same experiment is simulated as for Figure 5,3.
Five different simulations are shown in which the
metabelic production is varied from 0.15 L/sec to
0.35 L/sec in increments of 0.05 L/sec with all
other parameters being constant throughout all the
simulatbns. Alteration of this parameter affects
the entire model response.
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affected by the value of metabolic production. The initial part
of the transient response to the step-change in inspired pCO2
is dependent on the value of lung volume. The later part of

the transient is sensitive to cardiac output.

Simulations of the model's performance with different
values of the tissue volume parameter indicate that the model
is much less sensitive to this parameter. Any effect of
variation in tissue volume is demonstrated at the end of the
transient.

Initially, therefore, parameter estimation has been
applied to the estimation of three parameters (Q,VA,Q) with
tissue volume being considered fixed. Investigation of different
optimisation procedures as applied to this problem indicates that
the two methods (the Rosenbrock method387 and the Davidon-Fletcher-

388, 389

Powell method)are the most efficient.386 (For useful

- . 3
reviews of optimisation methods see Adby & Dempster,390 Box et al, 2

Dixon,392 Powell,393 White394). The Rosenbrock387 method is a

direct search method and the Davidon-Fletcher-Powell cer36?

is a
gradient method. The details of the theoretical basis of

these methods and their implementation are presented in Appendix 9.

Optimisation which is @arried out with different tissue
volumes indicates that the estimates of the other three parameters is
dependent on the value of tissue volume (see Table 5.7). There

is, futhermore, a distinct minimum in the criterion function at a
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TABLE 5.7
Tissue Volume Optimum Parameters Critericn Function
Cardiac Lung Metabolic
Qutput Volume Production
Subiect L L/min L L/min mmHg2
WG 3.0 7.56 2.03 0.223 0.6225
4.0 7.40 2. 15 0.236 0.4327
5.0 6.74 3.22 0,241 0.3881
6.0 6.29 3.62 0.245 0. 3850
7.0 5.88 4,00 0.248 0.3928
8.0 5.60 4.24 0.249 0.4023
9.0 5.38 4,52 0.250 0.4110
10.0 S21 4.73 0.251 0.4185
20.0 4,55 5.55 0.254 0.4525
3Cc.0 4,36 D78 0,254 0.4631
40.0 4,29 5.90 0.254 0.4682
Subject
RMcC
3.0 4.46 4.68 0.197 0.3097
4.0 3.73 5.67 0. 207 0.2662
5.0 3.24 6.31 0.211 0.2686
6.0 2.93 6.72 0.213 0.2743
7.0 2.81 6.91 0.214 0.2791
8.0 2.67 7.08 0.214 0.2827
9.0 2.58 7.23 0.215 0.2856
10.0 2.53 T332 0.215 0.2879
20.0 2.32 Tl 0.217 0.2982
30.0 2.25 7.84 0.218 0.3014
40.0 2.22 7.90 0.218 0.3030

Effect of tissue volume parameter on estimates of other parameters
and on criterion function for experiments which were carried out

cn subjects WG and RMcC. The experiments were carried out at
rest. Each experiment consisted of a period (30 secs) breathing
air followed by a step change to a gas mixture containing 5% CO In
the simulation of the model's performance, a value of 0.0045 L/Eymmﬁg
is used for b, and a value of 0.0129 L/L for the difference between
the intercepts of the linear relatiocnships between CO,. concentration
and tension in mixed venous and arterial blood. The Rosenbrock
method of optimisation is used. Variation in tissue volume is

seen to affect the estimates of the other three parameters, There
is a distinct minimum in the criterion function at a tissue volume

of 6.0L for subject WG and 4.0L for subject RMcC. The criterion
function is the mean of the square of the differences in mmHgZ between
model prediction and measurement during the end-tidal part of each
breath.
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certain tissue volume (see Table 5.7). This minimum in the
criterion function occurs at the same tissue volume in different
experiments in the same subject at rest (see Table 5.8). The
same phenomenon is found in optimising experimental data which
are obtained in studies during exercise (see Table 5.9).

These results suggest that the information content in the
experimental data is sufficient to allow estimation of the four
parameters. The input disturbance applied experimentally is
not a pure step-function as there are additional random
fluctuations due to variations in ventilation.

The criterion function which has been used in these
optimisation studies is the integral of the square of the
diffeence between model prediction and measured pCO2 at the mouth
during the end-tidal part of each breath. Thus the information
which is obtained experimentally is not just the breath by breath
changes in pCO2 but also the change in pCO2 within the breath.
There is a steeper slope in the alveolar component of the expired
concentration record for carbon dioxide as compared to that for an
inert insoluble gas (for discussion of the latter, see Chapter 4).
This steeper slope is related mainly to the continuing evolution
of carbon dioxide from the lung into a reducing lung volume
during expiration.zo6 The slope is steeper during exercise.

The model also predicts a slope in the end-tidal pCO, and an
increase in this slope during exercise. Application of the model
to exercise conditions may lead, however, to inappropriate estimates

of parameters (see Table 5.10}.
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TABLE 5.8
Tissue Volume Optimum Parameters Criterion Function
Cardiac Lung Metabolic
Output Volume Production 2
L L/min L L/min mmHg
Experiment 1

3.0 5.19 2.69 0.202 0.6109

4.0 5.25 2.74 0.212 0.2879

5.0 5.02 2.99 0.219 0.1659

6.0 4,82 3.28 0.224 0.1252

7.0 4.65 3.49 0.227 0.l164

8.0 4,58 3.63 0.230 0.1212

9.0 4,29 3.85 0.230 0.1280
10.0 4,23 391 0.231 0.1370
20.0 3.65 4.51 0.233 0.1940
30.0 3.54 4,72 0.234 0.2174
40.0 3.54 4.86 0.237 0.2336

Experiment 2

3.0 5471 2.83 0.206 0.7726

4.0 5.75 2,71 0.214 0.3339

5.0 5,52 3,03 0.222 0.1800

6.0 5.26 3.38 0.229 0.1325

7.0 5.01 3.64 0.232 0.1254

8.0 4.79 3.89 0.234 0.1331

9.0 4.63 4.02 0.235 0.1453
10.0 4.47 4.15 0.236 0.1585
20.0 3.87 4.81 0.239 0.2399
30.0 3.74 4.96 0.240 0.2704
40.0 3.66 5.06 0.240 0.2861

Effect of tissue volume parameter on estimates of other parameters
and on criterion function for two experiments performed on same
subject (II} at rest. Experimental details and simulation/
optimisation details as in Table 5.7. A minimum in the

criterion function occurs at a tissue volume of 7.0L in both cases.
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TABLE 5.9
Tissue Volume Optimum Parameters Criterion Function
Cardiac Lung Metabolic
Output Volume Production 2
L L/min L L/min mmHg
Subject II

3.0 8.89 4.26 0.628 2.992

4.0 9.58 3.85 0.631 2.1%6
5.0 9.79 3.83 0.640 i1.810

6.0 9.85 3.94 0.651 1.631

7.0 9.64 4.06 0.659 1...553

8.0 9.41 4.14 0.664 14527
9.0 9.18 4.23 0.668 1.528
10.0 9.05 4,32 C.672 1.542
20.0 T8 4.89 0.684 1,731
30.0 712 5.26 0.687 1.825
40,0 7.07 533 0.689 1.873

Subject RMcC

3.0 7.70 3.54 G530 2.894

4.9 ZonS 3.67 0.541 2357

5.0 7.19 3.86 0.548 24177

6.0 6.84 4.11 0.554 2.119

7.0 6.54 4,32 0.558 2.105

8.0 6.30 4.48 0.560 2.106

9.0 6.18 4.58 0.563 2.113
10.0 5.98 4.73 0.564 220
20.0 5.41 5.24 0.569 2.181
30.0 525 5.40 0.571 2.206
40.0 5.16 5.44 0.570 2.219

Effect of tissue volume parameter on estimates of the other three
parameters and on the criterion function for experimental data
obtained during exercise in two subjects RMcC and II. Details
as in caption for Table 5.7, Exercise was carried out on a
bicycle ergometer. A minimum in the criterion function is
demonstrated at tissue volumes of 8.0L for subject II and 7.0L

for subject RMcC. These values are higher than the corresponding
values at rest (see Table 5.7 and Table 5.8). The fit between
model prediction and measurement is not as good as that obtained
at rest (higher values of criterion function}.
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The estimation algorithm is attempting to fit the model to the
measured steep slopes in end-tidal pCo, (see Fig. 5.6). This
leads to a low estimate of lung volume. This problem is overcome
if the model's performance is compared with the average pCO2 during
the end tidal part of each breath (see Table 5,10). Thus the

criterion function J is

n (1) m(i) 2
;o E PCOZS 5 PCOjnodel
B j J=1 - J=1
i=1
m m
L —
where there are n breaths in the experiments. m is a function of

i (breath number) and is the number of samples measured during the
end-tidal part of each breath.

With certain measured data this change in the criterion function
produces an insignificant effect on parameter estimates both in studies
at rest (Table 5.11(a)) and during exercise (Table 5.11 (b)). In
other cases there is a significant difference in the parameter
estimates. It is not evident in what way these data sets are
different. In view of this uncertainty and the uncertainty as to
the mechanisms determining the nature of the expired concentration
profile (see Chapter 4) the criterion function which utilises the

average end-tidal pCO2 is used hereafter.
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Comparison of prediction of model with optimum parameters of alveolar pCO
and measured pCO, at the mouth. The two should be in agreement during
the end~tidal part of each breath. For other details see text.



TABLE 5.11(a)

Studies at Rest

213.

Subiject Experiment Criterion Optimum Parameters
Function Cardiac Lung Metabolic  Tissue
Output Volume Production Volume
L/min L L/min L
II 1 No averaging 4.78 3.58 0.231 6.44
II 3 Averaging 4,66 3.63 0.230 6.40
11 2 No averaging 4,36 3.48 0.226 6.61
II 2 Averaging 4,36 3.51 0.227 6.73
RMcC 1 No averaging 371 5.63 0.207 4,06
RMcC 1 Averaging 3.3 5.42 0.201 3.58
RMcC 2 No averaging 4.13 5.04 0.217 Bt
RMcC 2 Averaging 3.48 5.75 0.216 3.90
WG 1 No averaging 6.59 3.38 0.243 5.39
WG 1 Averaging 5.61 4.85 0.252 7.26

Comparison of parameter estimates as obtained using two different

forms of criterion function.

The studies were carried out at

rest. One form of criterion function involves"averaging" the

pCO2 values during the end-tidal part of each breath before

calculation of the square of the difference between model and

system, In the simulation of the model's performance a value

of 0.0045 L/L/mmHg is used for b, and a value of 0.0129 L/L for

the difference between the intercepts of the linear relationships

2

between CO, concentmtion and tension in mixed venous and arterial

blood. The optimisation which is used is a combination of the

Davidson-Fletcher-Powell method for the initial phase of

optimisation followed by a change to the Rosenbrock method.
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5.8. Effect of Various Assumptions.

A number of assumptions have been made both in deriving
the equations for the simple model of carbdon dioxide transport
and implementing parameter estimation techniques. A small
number of studies have been conducted to ascertain the likely
effect of such assumptions on parameter estimates. These
studies are described in this section.

(a) Lung Volume.

In the results which have been presented lung volume
has been regarded as a fixed parameter. Thus the variation of
lung velume during the respiratory cycle has been neglected. The
lung volume increases during inspiration and decreases during
expiration:-

For inspiration

t t t
VA(t) = VA {o) + (th Co (Vozdt + J VCOth
o Jo o
where o represents the beginning of inspiration. (A similar
expression can be written for expiration). The difference

between the last two terms (oxygen uptake and CO, output) is

2
small. (Of the order of 5 ml per breath.) Thus
tl
v.(E) =V (o) + (th 5.4)
Jo

During expiration only an approximate measurement of V is obtained.
(See Chapter 3).

A number of different sets of experimental data have been
analysed with VA(t) fixed and as in equation 5.4, to investigate
the importance of incorporating the time variation of Vv _. The

A

parameter which is estimated in the case in which VA is time

variant is VA(O) - the volume of the lung at the start of

inspiration. The lung volume of the model is reset to VA(o)
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at the start of each breath. Incorporation of the time variation
in VA in the model has only a small effect on parameter estimates
both at rest (Table 5.12(a)) and on exercise (Table 5.12(b)).

There is a significant difference in the estimates of lung volume

in both cases. Time variation in lung volume is thus incorporated
into the model but the relatively small order of its importance is

not such that accurate measurement of expired flow is required.

(b) Dead Space.

In applying parameter estimation to this model it is

assumed that the volume of the anatomical dead space can either be
. 385 ) . , 308

measured directly or estimated from the subject's weight]
Studies (Table 5.13(a) & (b)) of the effect of variations in dead
space volume on parameter estimates indicate that the model is
relatively insensitive to this. Any inaccuracies, therefore,
in the measurement of dead space volume should not alter

significantly the parameter estimates which are obtained.

(c} Linear Description of CO, dissodation curve.

A linear description is utilised for both the relationships
between the tension of 002 and concentration in arterial and venous
blood. The relationships haﬁe the same slope (b) but different
intercepts (aa and ag respectively). The parameter estimates
are unaffected by a significant alteration in the difference
between a_ and as. (See Table 5.14(a) and (b)). The estimates
of Q and vTC are such that the products é X b and VTc X b are
constant. This is to be expected from the formulation of the
equations. Alterations in b have, however, no significant

effect on the estimates of the other two parameters.



STUDIES AT REST

TABLE 5.12 {(a)

OPTIMUM PARAMETERS
SUBJECT EXP. LUNG CARDIAC LUNG METABOLIC TISSUE
EQ: VOLUME QUTPUT VOLUME PRODUCTION VOLUME
L/min T L/min L
I1 1 Fixed 4.66 3.63 0.230 6.40
1 Variable 4.53 3.1 0.226 6.22
11 2 Fixed 4.36 3.51 0.227 6.73
2 Variable 4,20 3.19 Q.221 6.52
RMcC 1 Fixed 3.71 5.63 0.207 4.06
1 Variable 3.50 5.22 0.198 3.61
RMcC 2 Fixed 3.48 5.75 0.216 3.90
2 Variable 3.29 5.49 0.213 4.14
WG 1 Fixed 5.61 4.85 0.252 7.26
1 Variable 5.69 4.47 0.248 6.55
WG 2 Fixed 5.98 5.33 0.229 5.14
2 Variable 5.92 4.94 0.225 4.95
AVERAGE FPixed 4.63 4,78 0.227 5.58
Variable 4,52 4.45 0.222 5+33
AVERAGE
DIFFERENCE 0.1l 0.33 0.005 0.25
SIGNIFICANCE OF
DIFFERENCE BY N.S. p<0.001 N.S. N.S.

PAIRED t-test

Comparison of parameter estimates as obtained (a) assuming that
lung volume is invariant and (b} that lung volume varies throughout

the breath due to ventilation.

this study.

Data obtained at st is used in
Each experiment consisted of a period of air

breathing (30 sec. duration) followed by a step change to breathing

a gas mixtrure containing 5% CO, (90 sec., duration).

estimation method used is a comgination of the Davidon, Fletcher,

Powell & Rosenbrock methods,

using a paried t-test.

The estimates have been compared

217.

The parameter



TABLE 5.12 (b)

STUDIES ON EXERCISE
SUBJECT EXP., LUNG CARDIAC LUNG METABOLIC TISSUE
Eg. VOLUME OuUTPUT VOLUME PRODUCTION VOLUME
L/min L L/min L
II i | Fixed 10.26 3.71 0.651 7.20
1 Variable 10.90 3.09 0.658 6.84
II 2 Fixed 9,71 317 0.772 8.89
2 Variable 10.48 2.70 0.790 8.40
RMcC 1 Fixed 12.50 6.43 1.042 1115
1 Variable 12.88 5.59 1.056 10. 46
RMcC 2 Fixed 6.05 4,33 0.549 7.25
2 Variable 6.32 3.57 0.549 6.58
WG i Fixed 8.65 5.94 0.946 6.34
1 Variable 8.79 4,77 0.969 5.74
WG 2 Fixed 7.67 4.86 0.697 6.23
2 Variable 7.91 4,38 0.725 6.33
AVERAGE Fixed 9.14 4,74 0.776 7.84
Variable 9.54 4,02 0.787 7.39
AVERAGE -0.41 0.72 -0.012 0.45
DIFFERENCE
SIGNIFICANCE OF .005<p<.01 .001<p<.005 NS NS

DIFFERENCE BY
PAIRED t-test

This is identical study to that presented in Table 5.12(a)
The experimental data used, however, wem collected

during exercise on a bicycle ergometer.

218.



TABLE 5.13 (a)

STUDIES AT REST

OPTIMUM PARAMETERS

DEAD CARDIAC LUNG METABOLIC TISSUE
SUBJECT EXP. SPACE OUTPUT VOLUME PRODUCTION VOLUME
NO. VOLUME

L L/min L L/min Ti

II 1 0.130 4.82 3.63 0.237 6.83

1 0.150 4.66 3,63 0.230 6.40

1 0.170  4.42 3.57 0.220 6.06

T 2 0.130 4.61 3.46 0.235 7.00

2 0.150 4.36 3,51 0.227 6.73

2 0.170  4.10 3.43 0.214 5.85

RMcC 1 0.155 3.92 5,61 0.211 3.91

1 0.175 3.71 5.63 0.207 4.06

1 0.195  3.60 5.04 0.189 3.20

RAcC 2 0.155 3.74 5.80 0.226 4.30

2 0.175 3.48 5.75 0.216 3.90

2 0.195 3.51 5.76 0.210 3.60

Wwe © 1 0.170 5.88 4.54 0.254 6.80

1 0.190 5.61 4.85 0.252 7.26

1 0.210 5.67 4.57 0.254 6.49

WG 2 0.170  5.92 5,21 0.231 5,537

2 0.190 5.98 5,33 0.229 5.14

2 0.210 5.86 5.56 0.225 5.01

AVERAGE  V_=0.020 4.81 .71 0.232 5.68
v, 4.63 4.78 0.227 5.58

v, +0.020 4.52 4.65 0.219 5.04

AVERAGE VD-O.OZO 0.18 0.07 0.005 0.10
PIPEERENCE v +0.020 0.11 0.13 0.008 0.54

SIGNIFICANT DIFFERENCES
BY PAIRED t-test

VD-0.20 N.S. N.S. .005¢<p<.01 NS

VD+O.2O N.S. N.S. N:.5: .005€p<.01
Study of the effect of alteration in the volume of anatomical dead
space on estimates of the parameters. Parameter estimation was
carried out with 3 dead space volumes — the known dead space for
the subject (V_.), V_-0.02L, V_ + 0.02L. Data obtained at rest
wereused in these studies. Whilst this magnitude of alteration

in dead space vdume produces a change in the parameter estimates,
this change is significant only for metabolic producticn (comparing
results for V_ - 0.20 & V_) and tissue volume (comparing results
for v_. & V_ + 0.20). For the cardiac output parameter, a change
in dead space volume of the order of 12% produces a change in the
estimate of cardiac output of the order of 3.5%.
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TABLE 5.13 (b}

Subiect Exp. No. Dead Space Optimum Rrameters
Volume Cardiac Output Lung Metabolic Tissue
L Volume Production Volume
L/min L L/min L

II 1 0.130 10.22 3.66 0.653 7.26

1l 0.150 10.26 3.71 0.651 7.19

1 0.170 10.25 3.74 0.646 7.12

II 2 0.130 9.72 3.19 0.778 9.15

2 0.150 9.71 3.17 0.772 8.88

2 0.170 9.65 a2 0.770 9.00

RMcC 1 0.155 12,49 6.13 1.032 10.90
15 0.175 12.50 6.43 1.042 11,15

1 0.195 12.53 6.58 1.044 520

RMcC 2 0.155 6.11 4.25 0,553 7.82
2 0.175 6.05 4.33 0.549 7ie25

2 0.195 5.98 4,42 0.548 8.04

WG 1 0.170 8.49 5.73 0.937 6.21
i1t 0.190 8.66 5.96 0.947 6.44

1 0.210 8.76 oIS 0.953 6.36

WG 2 0.170 7.45 4,56 0.687 6.00

2 0.190 7.67 4,86 0.697 6.23

2 0.210 7.79 5.00 0.702 6.29

AVERAGE VD - 0.020 9.08 4,59 0.773 7.89
VD 9.14 4.74 0.776 7.86

VD + 0.020 9.16 4,81 0.777 8.00

AVERAGE DIFFERENCE
(Compared to VD)

VD - 0.020 0.06 0.15 0.003 0.03

VD + 0,20 0.02 0.07 0.001 0.14

SIGNIFICANCE OF DIFFERENCES BY
PAIRED t-test. N.S. N.S. N.S. N.S.

Similar study to that in Table 5.13(a). Data which have been used
here were collected during exercise. Alteration of dead space volume
has no significant effect on parameter estimates in this case. The
magnitude of the alterations in the cardiac ocutput prameter are of a
smaller order than at rest. This is related to the larger ventilations
of the subjects during exercise.
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TABLE 5,14 (a)

OPTIMUM PARAMETERS
SUBJECT EXP. av - aa CARDIAC LUNG METABOLIC TISSUE
NO. ——— QouUTPUT VOLUME PRODUCTION VOLUME
/L L/min L L/min L
II 1 0.0 4,66 3.64 0.230 6.40
i 0.0129 4.66 3.63 0.230 6.40
II 2 0.0 4,37 3.50 0.227 6.72
2 0.0129 4,36 351 0.227 6.73
RMcC 1 0.0 3.73 5.48 0.201 3.61
1 0.0129 3.73 5.42 0. 201 3.58
RMcC 2 0.0 3.48 5.74 0.216 3.88
2 0.0129 3.47 5.75 0.216 3.90
WG 1 0.0 D3 4,78 0.251 6.99
4. 0.0129 5.61 4,85 0.252 7.26
WG 2 0.0 5.76 5.66 0.230 5.35
2 0.0129 5.98 5433 0.228 5.14
AVERAGE 0.0 4,62 4,80 0.226 5.49
0.0129 4,63 4,75 0.226 5.50
AVERAGE
DIFFERENCE -0.01 0.05 0.0 -0.01

SIGNIFICANCE OF
DIFFERENCE BY N.S. N.S. N.S. N.S.
PAIRED t-test

Comparison of parameter estimates as obtained (a) neglecting the

Haldane effect, a- - aa = 0.0 and (b) assuming that the difference
between the intercepts of the linear functions relating concentration

of CO, to tension in mixed venous blood (a-)and arterial bloecd (a_ ) is
0.0129 L CcOo. (STPD)/L. Data obtained at rest are used in this s%udy.
Each experiment consisted of a period of air breathing (30 sec. duration)
followed by a step change to breathing a gas mixture containing 5% CO

{90 sec. duration). The parameter estimation method used is a combination
of the Davidon, Fletcher, Powell & Rosenbrock methods. The estimates
have been compared using a paired t~test. N.S. is no significant

difference.



TABLE 5,14 (b)
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OPTIMUM PARAMETERS
SUBJECT EXP. a§ - aa CARDIAC LUNG METABOLIC TISSUE
NO. w— OuUTPUT VOLUME PRODUCTION VOLUME
L/L L/min L L/min L
II 1 0.0 10.29 3.73 0.652 7.20
i 0.0129 10.27 3.73 0.652 7.25
IT 2 0.0 9.74 317 0.772 8.85
2 0.0129 9,71 3.19 0.773 8.89
RMcC 1 0.0 12.00 6.43 1.043 ¥1,X2
i I 0.0129 12.54 6.41 1.042 112
RMcC 2 0.0 5.97 4,38 0.550 7.66
2 0.0129 6.01 4. 35 0.549 7.58
WG 1 0.0 8.72 5.84 0.944 6.28
1 0.0129 8.66 5.96 0.947 6.44
WG 2 0.0 7.65 4.83 0.696 6.21
2 0.0129 7.69 4,80 0.696 6.23
AVERAGE 0.0 9.06 4,73 0.776 7.89
0.0129 9.14 4.74 0.776 7.92
AVERAGE
DIFFERENCE -0.08 -0.01 0.0 -0,03
SIGNIFICANCE OF
DIFFERENCE BY N.S. N.S. N.S. N.S.

PAIRED t-test

Identical study to that presented in Table 5.14(a).

Data were collected, however, by measurement

during contrcolled exercise.
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548 Measurement of Cardiac Output at Rest

Studies have been carried out in the four subjects while
seated. The subjects refrained from drinking tea or coffee for the
two hours before the start of the experiment. Prior to the start
of the test the subjects were instructed to empty their bladder.
Each subject sat quietly for twenty to thirty minutes before
measurements were made. The experiment was repeated up to a
maximum of six times in each subject.

Each experiment consisted of several phases. The initial
phases of the experiment consisted of inputting zero and calibrating
signals to the computer system. This was described in detail in
Chapter 3. After the subject was connected to the measurement
system (see details in Chapter 3) the subject's expired ventilation
was collected in a Tissot spirometer for one minute. The expired
ventilation was then directed into the room using a valve system
and the spirometer emptied. A further two-minute collection of
the subject's expirate was performed. Thereafter logging by the
computer system of ventilatory flow rate, partial pressures of C02,
N2 and O2 was commenced. After thirty seconds the subject was
switched to breathing a gas mixture containing 5% CO2 and logging of
data was continued for a further 90 secs. Throughout the experiment
the subject was connected to an electrocardiogram and the point at
which the subject began to breathe the gas mixture containing CO2
noted. Heart rates were measured over three thirty second periods =
(a) while breathing air; (b) after the start of co, breathing;

(c) just prior to the end of the experiment. When the experiment
was complete the relevant concentrations of the gas in the Tissot

spirometer were measured using the mass spectrometer. The measured

data were analysed using the computer software and results obtained
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for cardiac output, lung volume, metabolic production, and
tissue volume. A graph of the optimised model prediction of
pCO2 as compared to the measured pCO2 for one of the experiments
is shown in Figure 5.7.
The results from these studies are presented in Table 5.15
(a,b,c,d). Each table contains the measured heart-rates during
each of the three periods for each experiment. The minute
ventilation (QE), carbon dioxide output (VCOZ), oxygen uptake (Qoz)
and respiratory exchange ratios (R) as measured from the collected
expired ventilaticn are shown. The parameter estimates for each
of the four parameters are tabulated. The stroke volume is calculated
from the cardiac cutput and heart-rate during the first period.
The cardiac index can be calculated from knowledge of the
cardiac output and surface area of each subject. Using the mean
of all the measurements the results are:- 2.9 (subject II),
2.7 (subject RMcC), 3.0 (subject JU), and 3.1 (subject WG).{in l/min/mz) .
In two of the subjects (II, JU) there is good agreement

between the metabolic production as measured by collection of the

expired gas and that obtained by parameter estimation. The
mean of the differences are 0.0lQL/%ﬂ%‘0.00QL/%%%bectively. There

is no significant difference in these results by a paired t-test.
In RMcC the mean of the differences is 0.026L/,m Ut the results are
not significantly different. In WG, however, the results from

parameter estimation are higher consistently as is confirmed by a

paired t~test (p<0.001).
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TABLE 5.15 (a)

2

SUBJECT II Laboratory Temperature = 22.5°C.
Run  Heart Rate/min v Vo Vo R
1 2 3 = 2 2 =
= & = L/min L/min L/min
L 93 94 90 8.79 0.251 0.249 1.01
2. 98 98 88 7.36 0.223 0.272 0.82
3. 94 92 92 7.18 0.218 0.265 0.82
4, 91 94 92 7.38 0.233 0.294 0.79
5: - - 90 6.86 0.215 0.267 0.81
6. 92 96 94 6.47 0.199 0.266 ©.75
OPTIMISATION RESULTS
Run Cardiac Output {Stroke Lung Metabolic Tissue
Volume) Volume Production Volume.

L/min ml. L. L/min. L.
1. 5.0 (54) 3ol 0.267 10.7
2. 5.6 (57) 3.3 0.286 12,1
3 5ai3 (56) 3.4 0.228 7.3
4, 4.8 (53) 0 0.221 V)
5 4.8 (53)* 3.4 045215 Z.1
6. 5 (55) 3.2 C. 210 6.0
Mean Sl (55) 3.4 0.238 8.5
Coeff. of
Variation 6.1% 3.0% 6.2% 13.1% 28%

For details see text,

* Calculated from measurement of heart-rate during CO, breathing.
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TABRLE 5.15 (b)

SUBJECT RMcC Laboratory temperature = 24.5°%
Run Heart Rate/min OE vCo VO R
1 2 3 L/min L/min L/min

L 78 84 82 5.74 0.159 0.191 0.83

2 76 82 84 6.76 0.175 0.210 0.83

3. 78 82 84 6.82 0.165 0.184 0.90

4, 80 82 86 6.87 C.183 0.206 0.89

Bis 78 82 84 7.20 0.194 0.231 0.84

OPTIMISATION RESULTS

Run Cardiac Output (Stroke Lung Metabolic Tissue
Volumel Volume Production Volume.
L/min ml. L. L/min. L.
L. 4.7 (60) 5.6 0.204 4.7
25 4,0 (53) 5.4 0.204 4.8
3. 5.1 {65) 5.3 0.174 4.5
4 4.8 {60} 5.1 0.217 4.1
5. 3.9 {50) 5.0 0.209 4.2
Mean 4.5 (58) 5.3 0.201 4.5
Coeff. of 11.6% 10.5% 4,5% 8.1% 6.8%
Variation :

For details see text.




TABLE 5.15 (c)

SUBJECT J.U.

228,

Laboratory temperature = 23.0%

Run Heart Rate/min v \.ICO2 602 R
Iz 3 -
L/min L/min L/min
Tin ll16 106 106 7.79 0.220 0.303 0.73
25 96 98 100 5.56 0.168 0.235 0.72
3 96 94 94 5.28 0.172 0.226 0.76
4. 94 94 94 5.75 0.187 0.244 Lo 00 ¥ |
5s 98 96 96 7.85 0.257 0.285 0.90
OPTIMISATION RESULTS
Run Cardiac Output (Stroke Lung Metabolic Tissue
Volume) Volume Production Volume.

L/min ml. L. L/min. L.
3 B 5.9 (51) 3.7 0.264 Tall
2 3.9 (41} 2.8 0.173 3.4
34 3.8 {40) 2.8 0.167 3
4. 37 (39) 3.3 0.195 3.9
5: 5.5 (56) 3.3 0255 6.6
Mean 4.6 (45) 362 0.211 4.9
Coeff. of 23% 16.8% 12.1% 21.8% 42%
Variation

For details see text.




TABLE 5.15 {(d)
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SUBJECT WG Laboratory temperature = 26.0°C.
Run Heart Rate/min OE \‘ICO2 002 R
3 2 2 L/min L/min I./min
L. - 88 88 7.05 0.193 0.246 0.79
2, 88 87 88 6.83 0.195 Q.27 0.71
3% 87 90 87 6.36 0.193 0.270 0.72
4, 88 88 88 6.77 0.196 0.259 0.76
5e 87 86 86 6.43 0.188 0.275 0.68
6. 86 86 86 6.92 0.197 0.278 0.71
OPTIMISATION RESULTS
Run Cardiac Output (Stroke Lung Metabolic Tissue
volume) Volume Production Volume.
L/min ml. L. L/min. L.
1. 5:9 (67) 4.5 0.248 6.6
2. 5.5 (63) 3.6 0.225 4.1
3 5.4 (62) 3:7 0.215 4.0
4. . (65) 5k 0.225 5.3
5 . (77) 5.0 0.226 5.4
6. 6.2 (72) 4.3 0.237 522
Mean 5.9 (68) 4.4 0.223 5al
Coeff. of B.2% 8.6% 14.4% 4.6% 18.9%
Variation

For details see text.
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5. 10. Measurement of Cardiac Output During Exercise.

Similar studies have been carried out in three of the
subjects during graded exercise on a bicycle ergometer. Collection
of the expired ventilation was commenced after the subject had been
pedalling for two to three minutes. Heart-rate was not measured
during these experiments. The experimental details were as
described previously. The results are presented in Table 5% (a,b,c).

There is no significant difference by a paired t-test between
the results for metabolic production as obtained using parameter
estimation and by direct measurement. The mean of the differences
between the paired results are 0.0L/T%%bject L)% 0.00BL/Téﬁbject RMcC)
and 0.039L/Tégbject WG) .

The results for cardiac ocutput are as expected correlated
with the measured oxygen uptake. The correlation coefficients are
1.00 (p<0.001, subject II), 0.92 (0.001<p<0.0l, subject RMcC}, and
0.88 (0.02<p<0.05, subject WG). For the grouped data the
relationship between cardiac output and oxygen uptake can be
represented by a line such that

0 = 4.59\'/02 + 5.94
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TABLE 5.16 (a)
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Laboratory Temperature

= 27.1%.

Optimisation Results

Run

v w N
.

For details see text.

Load v vo, vco,, R
kpm/min L/min L/min L/min

150 17.02 0.721 0.619 0.86
150 17.81 0,777 0.670 0.86
300 22.91 1.000 0.928 0.93
300 24,00 1.043 0.932 0.89
200 19.29 0.914 0.704 0.77
Cardiac Lung Metabolic Tissue
Output Volume Production Volume
L/min L. L/min. L.
11.1 3.1 0.613 12,1
11.4 32 0.676 9.4
13.2 3.1 0.954 8.6
13.5 3.2 0.836 11.0
12.5 32 0.776 10.1
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TABLE 5.16 (b)

Subject RMcC Laboratory Temperature = 28.0°C.
Run Load VE VO2 VCO2 R
kpm/min L/min L/min L/min

L. 100 12.18 0.563 0.445 0.79
2. 100 11.19 0.526 0.426 0.81
35 150 14.59 0.636 0.547 0.86
4. 150 15.07 0.658 0.558 0.85
5 250 16.46 0.770 0.662 0.86
6. 250 17.85 0.730 0.668 0.87

Optimisation Results

Run Cardiac Lung Metabolic Tissue
Output Volume Production Volume
L/min. L. L/min, L.

i 1 7.4 3.9 0.434 15l

2. 6.9 b ) 0.407

3 8.8 4.2 0.507 6.8

4, Fea 4.0 0.571

5. 9.2 4,5 0.648 6.2

6. 10.1 4.2 0.693 6.9

For details see text.
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TABLE 5.16 (c)

Subject WG Laboratory Teperature = 24.4°cC.
Run Load Ve vo, vco, R
kpm/min L/min L/min L/min

1. 150 13,77 0.690 0.577 0.84
2, 150 - - - 0.80
3. 300 16.70 0.926 0.726 0.78
4, 300 18.13 1.009 0.838 0.83
S 450 20.60 1.202 1.005 0.84
6. 450 22.24 1,329 1.067 0.80

Optimisation Results

Run Cardiac Lung Metabolic Tissue
Output Volume Production Volume,
L/min. L. L/nin. L.

L. 8.0 1.9 0.533 5.0

2. ) 3.4 0.508 4.3

3. 8.2 4.6 0.687 4.5

4, 9.6 3.8 0.753 6.1

54 9.9 4.9 1.000 6.3

6. 9.8 52 1.045 8.6

For details see text,




234,
T o 1 DISCUSSION

Application of the techniques of dynamic modelling toc the
study of carbon dioxide transport leads to a non-invasive method
for the measurement of cardiac output and the carbon dioxide lung
volume. Other non-invasive methods of measuring cardiac ouput,
which are based on the analysis of gas exchange have utilised

generally the Fick principle (see Chapter 3.1).

i.e. é = ”YET!§_E:T_
a v
{For useful reviews see Hamilton,4o3 Butler?o4 Farhi & Haab 403
Guyton, Jones & Colemanaos).
Methods which have used soluble inert gases407' 408 are

based on the assumption that, while breathing the foreign gas and
during the initial phase of the experiment, CG is zero. Other
variables can be measured directly.

For carbon dioxide CV has to be estimated by other means.
This can be done using a rebreathing procedure in which gas in the
lung is equilibrated momentarily with mixed venous blood. P‘-,CO2
is obtained either from the exponential change of PACO2 during

. 409 N A 410 -
rebreathing or from the equilibrium plateau of pCO2 in the
rebreathing bag. Both techniques have been applied to the

411-415 .
measurements of cardiac output. The "plateau method" is
; ; ; 416 ;
said to give more reproducible results. Cardiac output can also
be obtained directly from the rate of rise of pCO2 in the rebreathing
417 ’ ; :
bag. Measurements using the rebreathing method are complicated
by the fact that equilibrium is not established between venous pCO2
418 :

and alveolar pCOz. {The so-called upstream difference).

Mixed venous pCO2 can also be estimated from a breath-holding

38

procedure, & The theoretical basis is that the magnitude of the
Haldane effect is such that when the instantaneous respiratory exchange

379

ratio is 0.32, the mixed venous pCO, is egual to the arterial pCOz.

2
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This technique has been applied to studies during exercise419'420

42
but is inapplicable at rest. &
Technigues involving parameter estimation have also been
applied previously in the non-invasive measurement of cardiac output.

A model of the type described in section 2.5 of Chapter 2 is used by

Maloney%86 In this technique only one parameter {cardiac output)

is adjusted. (Other parameters - tissue volume, metabolic
production, CO2 lung volume, and initial tissue pCO2 - are fixed.)
The experimental data are collected during a steady-state. Sensitivity

analysis indicates that the result for cardiac output is dependent on
the choice of values for the other parameters, particularly on the
choice of initial tissue partial pressure. An incorrect choice of
tissue pCO2 leads to errors in cardiac output estimates of the order
of 15%,

A more complex model is employed by Homer and Denysyk378 to
predict changes in alveolar p02, pN2 and pCOZ. The aiterion
function which is used is the weighted sum of the differences between
model prediction and measurement of p02, pNz, pCO2. The experiment
which is empkyed is rebreathing of gas mixture containing 15% CO, and

2

15% O for 30 seconds. The sensitivity studies which are shown in

27
Fig. 5.3 indicate that, for pC02, the model has only a low sensitivity
to cardiac output during the first thirty seconds following induction
of a transient. Similar studies for oxygen, indicate very low
sensitivities to cardiac output during transient states. Nitrogen
is virtually inscoluble. Thus in this method of measurement results
will be determined almost completely by the carbon dioxide component
of the model. In the model which is used the dead space is treated

as a well-stirred homogenous compartment. The effect of this

simplification is not assessed by the authors.
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The results which are cobtained by the present method are
within the expected range for subjects at rest (see Table 5.17).
The results which are quoted in this table are for subjects while
seated. Differences between subjects are in part related to
size differences. Results can be normalised by calculating the
cardiac index (cardiac output/surface area) although use of this
ratio has been criticised by Tanner422 on theoretical grounds.
Although there is still significant variability between subjects
sixty-one percent of the results for cardiac index from the
studies which are shown in Table 5.17 lie between 2.5 and 3.5 L/min/mz.
Thus the results which have been obtained by this non-invasive method
are in good agreement with published data.

In assessing the reproducibility of measurement of cardiac
output by the type of experiment which has been described, there is

a significant biclogical component in the measured variability.

This is most obvious in the results for J.U. In the first
experiment both the heart-rate and cardiac output are high. This
may be related to anxiety. After the fifth experiment the subject

stated that she had felt uncomfortable during the test and both the
measured cardiac output and minute ventilation were increased.
Previous studies of reproducibility of measurement of cardiac
output by the standard Fick method have assessed reproduciblity by
comparing the results of duplicate measurements. The results are
expressed as the mean and standard deviation of the differences
between the two measurements. Analysis of the present data using
both the results at rest and exercise show comparable reproducibility
to the Fick method (see Tble 5.18). In the study of Selzer and
Sudrann429 reproducibility is expressed as the relative error, i.e.

the difference between the two measurements/average of the two
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measurements. The mean relative error in this study was 8.6%.
If the data from our new method of measurement is analysed in this
way the mean relative error is 7.6%, i.e. slightly better than the
Fick method.

The measurements of cardiac output during exercise show as
expected a correlation with the oxygen uptake. The linear relationship
which is demonstrated between cardiac output and oxygen uptake is
similar to that obtained in other studies (see Table 5.19).

The estimates of metabolic production which have been
obtained by parameter estimation agree in all but one set of data
with those obtained independently. The explanation for the
discrepancy with this set of data is not clear. There is no
evidence that during parameter estimation a local and, therefore,
false minimum was detected. The metabolic productions as obtained
by steady-state gas collection seem low for a subject of this size.

The estimated carbon dixide lung volumes for all subjects are
as expected greater than the corresponding inert gas lung volume.

At rest the comparable figures are 3.4L and 1l.4L for subject 1I,

5.3L and 3.6L for subject RMcC, 3.2L and 2.2L for J.U., 4.4L and

3.8L for subject WG. These estimates are lower than would be

expected from the data of Hyde et al.?s5 and Sackner et al?54

This may be related to the assumption of instantaneous eguilibrium
between alveolar gas and lung tissue.

The estimates for tissue wvolume show, as would be expected

from the relatively low sensitivity, the highest coefficient of

variation. The estimates are, however, of the correct order of
. . 364
magnitude as compared to published data. The fast space for
364

carbon dioxide can be related to the extracellular fluid space

with a volume of 17.0L. This is composed on average of 5.0L of
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blood and 12.0L of water. Thus if the dissociation slope of the

tissue compartment is assumed to be 0.0045 L/L/mmHg its volume should

be

_ 5.0 x 0.0045 + 12.0 x 0.0007

Ve T 0.0045

= 6.87L

The estimates of tissue volume which have been obtained are 8.5 (II),

4.5 (RMcC), 4.9 (JU), and 5.1 (WG). (in litres).



Reference

Astrand et al430

Astrand et al430

426
Bevegard et al

Donald et al431

4
Holmgren et al a2

4
Holmgren et al 32

Julius et al433

434
Reeves et al 3

Age
yr.

19-33

21-30

23-41

21-52
16-40
16-25
18-34

19-44

TABLE 5.19

No. Sex
11 F
12 M
10 M
9 F
16 (M,F)
14 M
4 F
18 (m,F)
10 M

241.

Cardiac Output

Regression Equation

Lo

Lol

e O 10 KO O 10

1O

L/min

5.48 + 5.34 Ooz

=4.34 + 5.22 VO

2

= 4,63 + 5.75 VO
= 7.61 + 5.28 VO
= 6.93 + 5.34 VO
= 6.93 + 5.74 VO

=6.34 + 6.17 VO

= 3.95 + 5.88 vO

Published data for relationship between cardiac
output and oxygen uptake during submaximal
exercise.

Dittmer.

435

The data is taken from Altman &
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CHAPTER 6. RECAPITULATION AND PROSPECT,

The starting point of the work described in this thesis was
the belief that current methods of analysing respiratory gas exchange
could be improved by improving the technigques of mathematical treatment
of measured data.

The initial work was an extension of the available methods for
studying ventilation-perfusion distribution. (See Chapter 2).

There are existing methods based on studies with inert gases, but an
attempt was made to base the work on the more readily available data

for oxygen and carbon dioxide transport. The analysis is complicated

by the need to inccrporate the oxygen and carbon dioxide dissociation
curves, so that it was necessary to develop an efficient method for
construction of the ventilation-perfusion line for the individual subject.
The analysis itself was empirical in type and was based on finding the
point of correspondence between the minima of two error criterion
functions (see Appendix 10). The method was used to analyse data
collected during steady-state studies.

It became clear that the limitations of this approach included
difficulties in establishing steady-state conditions, particularly in
dyspnoeic subjects, and the restricted information content imposed by
the steady state conditions was developed. This was based on
dynamic models consisting of ordinary differential equations rather
than the more familiar algebraic equations of steady-state models.

Both analogue and digital computing methods were applied to the

solution of these equations. Experimental methods for application

of these techniques were developed together with the necessary computer
software {see Chapter 3). The software, which incorporates facilitie;
for synchronisation of the measured data, breath detection, and detection

of the end-tidal sections, is of general use for on-line studies with a
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respiratory mass spectrometer. A complete set of graphics facilities
is included.

The feasibility of this new approach to measurement was shown
by application of the technique to analysis of argon wash~cut experiments
(Chapter 4). It was demonstrated that the parameter estimates obtained
were well correlated with independent measurements of the same variable,
even when erratic breathing patterns occurred.

The dynamic modelling technique was also applied to study of
carbon dioxide transport (Chapter S5}. In this model there were four
parameters to be estimated, equivalent to lung veolume, cardiac output,
metabolic production of carbon dioxide and "tissue volume". Sensitivity
studies and other evidence, e.g. error contour plots, suggested that the
parameter estimates obtained were likely to be unique. Standard
methods of parameter estimation were employed. {(The optimal methods
of parameter estimation for this particular problem have been
investigated.sae) Studies of optimisation results with different
assumptions in the model indicated that the parameter estimates were
relatively insensitive to certain of these assumptions.

The estimates of cardiac output obtained were of the correct
magnitude both at rest and on exercise. The reproducibility of the
method was comparablie to that of the standard Fick method. Thus a
new simple non-invasive method of measurement of cardiac output was
developed.

In application of these methods to measurement it was necessary
to use the average end-tidal partial pressure. Thus the full potential
of this new approach was not realised since the within-breath detail
of the expired concentration measurements was not exploited. The
patho-physiological mechanisms which determine the expired

concentration curve are not known at this time. As a first step
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to investigating this a simulation study of the importance of Taylor
dispersion in the airways was carried out (Chapter 4).

Although in this thesis a number of new techniques of
measurement have been developed, there are considerable possibilities
for further expanding this approach. Shce the available information
content in experiments is increased it should be possible to identify
parameters for more complex model structures. The first obvious step
is characterisation of the way in which gas is handled within the lung
itself (since gas transfer into blood is ignored in this step). A
number of available insoluble gases is suitable for this experimental
work. At a further stage, models will have to be developed which
incorporate both pulmonary mechanics and gas transport.

The dynamic modelling approach can be extended to the study
of other aspects of respiration. A particularly fruitful area would
seem to be the study of the respiratory control system: currently
available techniques of assessment of respiratory control ignore the
dynamic aspects of controller function. They are, moreover,
applicable only to linear systems which the respiratory control system
is not.

Models can also be used for educational purposes. Because
the model should demand no special computing ability of the student,

a special purpose analogue computer operated by dialled controls, has
been built. Although digital computation is more flexible students
may find interaction with the digital computer tedious if it involves
typing. The current availability of micro-processor technology will
enable construction of special purpose simulators with more elaborate
models than have been used here, incorporating, for example, gas

exchange, mechanics and control.
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APPENDIX 1A, DEFINITION OF DERIVATIVE.

The derivative of a function f of the independent
variable time t at a time to is defined to be the limit of

f(t +At) - f£(t)
(@] [e]
At

as At tends to zero.

APPENDIX 1B. CONSTRUCTION OF ORDINARY DIFFERENTIAL EQUATION.

Equation 2.55 can be derived using the definition of a
derivative as given in Appendix 1A. The mass of a gas species
i which is present in the alveolar compartment of the lung model
illustrated in Fig. 2.1, at time t = tO during phase 2 of the
respiratory cycle (as defined in Table 2.7), is

= [
M(to) VA(to) A(toJ
and at time t = t0 + At when At is a small increment
Aty = + AtV & BEQIE.-C
M(t_+ At) VA(tO)cA(tO) tve_ (t) Qc-c)

1.8 M(t + At) - M(t))
o o
At

= Ve + Q €--C
LI(t) Q s a)
and taking the limit as At > O this becomes

am - -
ok VCI(t) + Q @G-Ca)

and hence since M(t) = VA(t)CA(t) and CA = Bg]?A etc

Bgd(VAPA)

aE - T Ve .B 1 0R (Re = 8
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APPENDIX 1C. CONSTRUCTION OF PARTIAL DIFFERENTIAL EQUATION.

Partial differential equations can be derived similarly.
For a function f of two variables (x,t) the partial derivative of

9 ;
the function with respect to x,si is defined as

af " lim f(x +dx,t ) - f(xo,t )
ax Ax—+>0O = e g and
A x
; : 3 ; of
the partial derxivative with respect tOt'EE is
of _ lim f(x ,t + 8t) - f(x 'to)
3t At-o0 e =2

At

To derive equation 2,77 which describes gas transport in
the airways consider a small section of airway as demonstrated in
Fig. T. At time tolet the mass of gas in a small segment of
length Ax be M(t,x). Then the mass present at time t + At, M(t +At,x)
is given by

M(t+At,x) = M(t,x) + u(t,x)ﬁét,x)c(t,x) At - u(t,x+Ax)5Jt,x+Ax)

3C '| ‘ oc l
Aeioncs : At + — . - *
i %&P_(t %) T %xD (t,x+4x) At F*AxAt

C(t,x+Ax) bt~

where u(t,x) is the velocity of gas flow at length x in the model
and time t.
AA(t,x) is the cross-sectional area of airways.
D is the diffusion coefficient.
F* is a function describing transfer of gas across the
alveolar-capillary membrane per unit length per unit time.
but
M(t+At,x) = AxAT(t+At,x) c(t+dt,x)
M(t,x) = AxAT(t,x)C(t,x)



\

Jult,x) DU\ At x)
* '

Mass M(t x)

e iu(t,xd\x) D(t,x+Ax)+ At x+AX)

Length Convection Diffusion Area

FIGURE I

Three small segments of airways of length Ax.
The symbols etc. are explained in text.

247.
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where
AT is the cross-sectional area of airways plus alveoli.
By forming

M(t+At,x) - M(t,x)

and taking the limit as

At
At +0, Ax >0 we obtain
3 e 2 <O iy 90
3t P = A (Bjuc) + 70 (B, iy T B
but C = B P and if F = F*/B
g g

9 9 _8 9p, _
ot (ATP) ax (AAup) ¥ ax (AAD Bx) E

APPENDIX 1D. LINEARISATION OF A NON-LINEAR EQUATION.

The operation of many non-linear systems can be described
approximately by linear differential equations with constant
coefficients provided that the description is only applied to a
very limited range of the system's performance.

The linearisation process is based on Taylor Series expansion.
For a function f of time t which fulfills the mathematical conditions
of continuity and differentiability the function f can be represented

over a limited region from t = £ by

af (t ) 2
~ % ~ a“f(t ) 42
f(t) = f(to) Eee it to) + = o (t to) dnf(to) (t_to)n
e . +R
Il

where Rn is the remainder
As n > oC R # Q.

For the non-linear equation describing the
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motion of a pendulum

2
3]
a° 5 (g/1l) sinf =0
2
dt
where 1 is the length of the pendulum, and g is the acceleration

of gravity, and € is the angle of the pendulum from the vertical.

For a small operating range around 06 = O this becomes

2
Q_% + (g/l)éi_ ('—— {sin SH ) =0
dt = Q
2 3
i.e. g_% g (9/14: L'%T ........._] =0
dt ) —

Approximating with only the first term of the expansion we obtain

the linear equation

)
dt2

+ (g/1)® = 0 which is valid over a small

operating range around 6 = 0.
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APPENDIX 2. USE OF AN ANALOGUE COMPUTER

1. Introduction.

The use of an analogue computer was considered briefly
in Chapter 1, The practical details of its use are considered
in more detail in this section. (Most of the standard texts on

this subject require prior knowledge of electronics.)

2. Concept of a Machine-Unit.

In using analogue computers it is necessary to scale all
voltages to lie inside a certain defined range, which is specific
to the computer (commonly #*10 volts). It is more convenient for
practical scaling purposes, however, to consider this as scaling
all variables to lie between +1 to -1, where +1 is defined to be
a MACHINE-UNIT. This not only allows the user to consider
problems numerically, rather than in voltages, but also the solution
which is developed for a particular problem is also applicable
immediately to other analogue computers, where one machine unit may
correspond to different voltage levels, e.g. 100 volts, 10 volts,

1 volt.

3. Analogue Computer Compenents.

As indicated in Chapter 1, the analogue computer has a
number of distinct components, each one of which carries out a
specific function. In order to programme the computer, the
components have to be linked by wires {patch-cords) in a pre-

determined way. The main components were considered in Chapter 1

(see Table 1.4).
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4. Modes of Operation.

The analogue computer has four modes of operation, which
are controlled by the operator using panel mounted controls.

These modes are detailed below:-

Mode Qutput of Function
Integrators
Potentiometer Setting (P.S.) Zero For manually setting

potentiometers to the
required values.

Initial condition (I.C.) Stading values For setting problem to
of variables. initial status.

Hold (H) Output is held For "freezing" operation
constant. of computer so that
current status of problem
can be examined.

Operate (0.P.) Required Integrators are made to
solution. operate and the solution
of the differential
equation obtained.

5. Solution of a Simple Differential Equation by Analogue Computation.

As indicated in Chapter 1 the main application of the
electronic analogue computer is in the solution of ordinary
differential equations.

Consider the following simple eguation:-

2
aVie) o x B 4 xue)=a
2 1 dt 2
s av (t)
where Kl, K2,A are constant. At zero time (i.e. t = 0) V(t) = l,az— = 0.

A patch diagram, which describes the required linkages
between the computational components, must be developed to programme
the problem, To aid development of the patch diagram, the equation
should be reformulated with the highest order derivative on the left

hand side:-
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o
<
L8
o

av(e)
1 DT

= =K - K2V(t) + A.

The derivative terms in the equation are removed using integrator

units; thus, for example, if the input to an integrator is

2
avi(t) . ; -dav (t)
35 its output will be ac .
The equation can be solved with the "patch" illustrated
’ ’ av .
in Figure II. The values of V(t) and Eg(t) at zero time are set
as initial conditions on the integrators. The scolution V(t) is

obtained as an output of the appropriate integrator.

6. Amplitude Scaling.

Problem variables must be normalised so that they fall
within the range *1 machine unit. This normalisation or scaling
of variables presents a problem in analogue computation, but it is
a problem which is overcome easily if a systematic approach is
employed. The most logical approach is to establish eguality,
for any problem variable X, between one machine unit (computer
maximum) and the maximum possible value of the variable X ax

ax

i.e.
_ X

b3 : T
normalised (x )
max
The equations are rewritten in terms of these new normalised
variables. It is more convenient to normalise the eqguations
describing the performance of individual amplifiers in the patch
(the so-called decomposed equations) rather than the differential

equations themselves.

For the decomposed eguations for integrators

b (amplifier output)

o algebraic sum of inputs

and for summers

~(amplifier output) algebraic sum of inputs
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FIGURE IXI

Patch diagram for solution of equation described
in text. Standard symbols (see Table 1.4) are

used. The solution (V) is obtained as the out-
put of one of the integrators.
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In the example of the previous section the "unscaled"

patch diagram (Fig. II) contains 4 amplifiers.

equations for each amplifier are:-

The decomposed

" ~_g[__dl(t) _ v
at| dat a2
d av
2) - a—;[v(tﬂ = =
av(t) . av{t)
O i at
4) dzv(t) av(t)
- ? = Ky at * KZV(t) = A

and on normalising these

are
2 av (t)
g—z(t) = 10 ; dat
2 max
dt
max

we obtain:-

—~df tav
1) T [[;é] x 10
noxm

d [ & —
2) - at [anorm 3.3 l;;' = -
av Qv |
- = x10 = - =
3) Kl dé] Kl dt
i norm Bsstal
a%y [av |
4) - — x 10 = Kl e
dt I

noxm

equations assuming that the maximum values

10 2 100

max

x 10

norm

x 10 + K2 V} X 100 -~ A.
norm norm

represents a normalised variable.

This reduces to the final form of the normalised or so called

MACHINE EQUATIONS.
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Amplifier No. Machine Equation
2
L. _a [Q‘L:I _| &y
de |dt dtZ_‘
norm = norm
2 -5% [V] = zl tav
noxm 10 [ dt
-lnorm
av ]
3. K. |=— _ av
1 dt:| = Kl [dt
norm —norm
) % . 91]
dt2 1 jdat ok IOKZLJ =
norm norm norm

The maximum values of each of the variables, which are used in

this normalisation process, may be estimated in many cases from
knowledge of the physical problem or differential equation solution.
The recommended approach in the absence of such knowledge, is to
carry out trial simulations on a digital ceomputer, e.g. using a
high level simulation language, to ascertain the likely numerical

range of the variables.

7. Time-scaling.

A great advaqtage of the analogue computer is that the
duration of the computation can be altered by the user. This is
unlike the digital computer where the computational time depends
only on the capabilities of the particular computer. The variable
time in the equations (t} can be replaced by a new variable T = Bt,
and solution of the reformulated equations can either accelerate or

slow down the simulation depending on choice of the constant B.
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8. Logic Capabilities of Analogue Computers.

Mocdern analogue computers provide logic facilities for
controlling the mode of operation of individual units or of the
entire computer. The logic in an analogue computer is standard
binary logic which is based on the concepts of Boolean Algebra.

Thus logic variables have only two states, either on or off, (1 or 0).
Logic variables are distinct from problem variables.

The logic area of the analogue receives inputs from various
sources which are monitoring the problem's status in a preset way,
operates on such logic, and produces logic information to control
the operation of the computer.

The main logic inputs to the logic area are (a) from signals
from outwith the analogue computer; (b) from a "clock" in the
computer atpme-set times and (c) from comparators. Comparators
are components which compare the relative magnitude of two proHem
variables (x,y). If x2 y the logic output is on (1) and if x<y
the logic output is O. The analogue computer has a number of
components which operate only on logic variables:-

Unilt Function

And gate Logic output is one if and only if both inputs
to the and gate are one.

Or gate Logic output is one if either of inputs is one.
Complement Logic output is the opposite of input.
Monostable Logic output is "held" unaltered for pre-set

time after input to this unit has changed.

Differentiator Unit recognises changes in logic states

9. Example of Use of an Analogue Computer in Solution of a
Lung Model Eguation.

In Chapter 4 the application of a continucus parameter
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_estimation method to the analysis of inert gas wash-out experiments

was discussed. The equations to be solved on the analogue computer
were
ﬁ=\s,_v[PI'PA] (a)
dt A y
- t,
S =1forv> 0 & Jth),VD
o
S = O otherwise
i EE&. =svlp -p - S iiﬂ
at a1, ¢ A v, 31, (b)
A Va
9P
a(t/vy) A
= =K —
at o7 ted
Va

Following the procedure outlined in this Appendix, the
first step is preparation of the unscaled patch diagram (Fig. 4.1
with scaling factor = 1). In this patch logic is generated to
obtain § in the equations; to control individually the mode of
the integrator which is integrating Q; to control the mode of
operation of all the integrators collectively; and to sample
the difference between model and system only during the last part
of the expiration. The variable S can be generated by opening
(S=0) and closing (S=l1) a relay (see Fig. 4.1}, The operation of
this relay is controlled by logic output from a comparator. This
comparator compares the integral of inspired flow during each
repiratory cycle with the pre-set dead space volume,. Thus the
integrator which is integrating the flow signal is controlled to
operate only during the inspired phase of the respiratory cycle
and to reset to zero during expiration. The phase of the respiratory
cycle is determined by another comparator.

Since the experimental data has to be computed iteratively
the operation of the computer is contreclled such that it computes

only during the actual experiment. This is achieved by generating
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logic external to the computer. A rapid series of electronic
pulses, which are sensed by a differentiator/monostable unit, is
recorded on the magnetic tape to mark the zero and calibrate
section, of the experiment. The error function e is generated

by cleosing a relay during the last part of expiration. This
period of the respiratory c¢ycle is recognised when two conditions
are satisfied; Q<O (by a comparator) and a pre-set time has
elapsed from the start of expiration. (A comparator and monostable
in series are used to monitor for this latter condition)

For amplitude scaling of these eqguations the following

. 3P
problem variables have to be scaled V, PA' 515 ; l/VA, e, and
I/VA
the measured partial pressure of argon. The following maximum

values are used:-

v 2L/sec
PA PAmax kPa
3ﬁé
al/vA PAmax
l/vA 15
e PAmax kPa

Measured arxgon PAmax kPa

partial pressure
Since the data is input to the computer at eight times the speed at
which it was recorded, the computer time T = 1/8t where t is real
time. Substituting these values into equations {(a), (b), (c)

we obtain
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a(P )noxm P S(V) X 2.0
_L_ & Amax = _-_____nggll_ X [P ~-P X P
4dsrT (VA) A A
rorm norxm max
P
a_ |a ] >
8 9 % . =
ok Pnax = s(¥) X 2.0 X[PI PA] X P
Va noxrm m A
— no max
S P
AT % @
A 1 A
norm /VA max
norm
d apP
=== (1/V.) ==K(e) A
dsT A — noxrm LV < PA .PA
A max max
norm
i.e. the equations become in their scaled form
d(Pzi.)norm _ 160 x Sx(&)norm
ar - (v,) S 5 (d)
A ' norm
)
Al | 16.0 x Sx(V)norm X (P_-P_)
ar a]_/vA ' I A'noxm (e)
norm
- su* BPA
v 31
( A)norm /VA norm
3P
da 1, == K* _é
& v Vil rorm K* e (31 ) ()
norm 'VA norm
2 : A
where K* = K x 8 x (PA ; faa K is an arbitrary constant chosen
max

by trial and error..M* is 8 x M.

Thus the main effect of scaling is to introduce an arbitrary
scaling factor 16.0 into equations (d) and (e). This scaling factor
is represented on the patch diagram (Fig. 4,1) and is obtained using
a potentiometer set at 0.16 and altering, as is possible, the "gain"
on the associated amplifier such that the output of the amplifier is

x100 the input.
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APPENDIX 3. USE OF HIGH LEVEL SIMULATION LANGUAGE.

A number of high level simulation languages exist which
are relatively simple to programme. One of the most widely used
languages is CSMP {Continuous System Modeling Program} which was
developed by the IBM corporation. These }anguages enable users
to solve sets of ordinary differential eqguations simply. The
program statements are related closely to the formulation of the
equations. The language provides users with a number of functions
which can be called in the programme, e.g. integration. CSMP has
several numerical integration routines - fixed step Runge-Kutta;
Simpson's; trapezoidal; fifth-order Milne predictor-corrector;
fourth order variable step Runge-Kutta.

In CSMP the programme consists of three sections:-
Initial All statements in the initial section are executed prior

to the simulation.
Dynamic Simulation section.
Texrminal All statements in the terminal section are executed
only at conclusion of the simulation.

The parameter values for the simulation are set in the programme.
The programme has the facility to assign new values to the parameters
and to repeat the sipulation. The compiler sorts the problem
statements in the dynamic section into the order which is required
for numerical solution of the equations. The program cutputs the
solution as a plot on a line printer of the chosen variable against
sample number.

A listing of a programme to solve a differential equation

which describes the wash-out of an inert gas from the lung is shown.
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{equation 2.57 & 4.6)

t

Ss=1 V>0 & S\'fdt}.v

o]

0 otherwise.

D

The descriptions on each line are to aid the reader and are not

part of the programme.

PROGRAMME
TITLE ARGON MODEL
PARAMETER VA = (3.5,5.0,6.5)
INCON IPA = 600.0
INCON IvOoL = 0.0
CONSTANT PI = 0.0
CONSTANT VIl = 0.5, F = 15.0
CONSTANT VD = 0,150
INITIAL .

W = 2,0*%3,412*F/60.0

A = W*VT/2.0
DYNAMIC

Allows 3 runs of programme
with 3 different walues of VA(L)

Initial condition for PA'

Initial condition forIV.
Value of PI.

Sets wlues for tidal volume and
respiratory freguency.

Sets volume of dead space.
Calculates appropriate amplitude
and frequency for sinusoidal

ventilation.

Dynamic section contains solution
of equation,

VDOT = A *SINE (0.0,W,0.0) Sinusoidal ventilation,V
VOL = INTGRL {IVOL, VDOT) VOL =J.\.idt
SO = COMPAR (VOL,VD) SO =1 VOL2 Vet
SP = COMPAR (VDOT,0.0) SP =1 VDOTZ2 O0.0.
S = AND (SO,SP) Generates S.
CALC = S * VDOT * (PI-PA)/VA Forms R.H.S. of equation.
PA = INTGRL (IPA,CALC) Obtains PA.

No need for terminal section.
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TIMER DELT = 0.02, FINTIM = 6000.0, OUTDEL = 10.0

Sets:—- Time step for calculation (DELT).
Total length of simulation (FINTIM).
Time step for print/plotting (QUTDEL).

LABEL ALVEOLAR PARTIAL PRESSURE OF ARGON.
Label for plot on line printer.

PRTPLOT (PA) Causes print/plotting of sampled
values of P, .
A
END
STCP

ENJOB.
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APPENDIX 4 SIMULATOR FOR EDUCATIONAL USE.

The observation and manipulation of the performance of
an adequate model of a complex physiological system may give students
greater insight into physiology than can be obtained by more
standard methods of teaching. Respiratory gas exchange is such
a complex process which students find difficult to comprehend
completely; in particular they often find difficulty in under-
standing the ventilation-perfusion concept. (See Chapter 2).

The main reason for this difficulty is that students have
to consider simultaneously several inter-related physiological
variables:- ventilation, dead space volume, perfusion; inspired
gas concentrations and partial pressures; alveolar, arterial,
mixed venous partial pressures and related gas contents which
in the case of carbon dioxide and oxygen invelve complex inter-
dependent non-linear relationships with the associated partial
pressures; respiratory exchange ratio, oxygen uptake, carbon
dioxide output.

A model which simulates ventilation-perfusion distribution
in the lung must have a minimum of two compartments so that
ventilation can be maldistributed in relation to perfusion. A
model (Fig. 111 thereere, which has a commen dead space, two
ventilated and perfused compartments, and a right to left shunt
has been used to simulate gas exchange for educational purposes.
In addition the model structure may or may not contain a single
tigsue compartment.

Equations of the Model.

In the case where no tissue compartment is included the

equations of the model are:-
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L |
& Va1 Va2 o,
> —> : —_
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by-pass

veins / Y arteries

tissues

Nee a7

FIGURE IIL

Model structure on which the simulator is
based. The model consists of two ventilated
and perfused compartments with volumes Vpy

and Vp_, and blcocod flows Ql and 92' There is
a right to left shunt (by-pass). The
anatomical dead space has volume Vp. The
tissues are represented by a single tissue
compartment.
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Alveolar Compartment 1.

e . ;
= S.k P - - P
Va, = KV [D PAl] + 5.kV [PI Al:]
0. 82 [ £ ¢ (P )
+ 0 B ) = f (P
where S, =1 V20 &S"\'Jdt N
o
=0 otherwise
t
s, =1 {z;os.{x}dt)vD
o
=0 otherwise
fl = function relating mixed venous partial pressure to
mixed venous gas content
f2 = function relating end-capillary partial pressure to

end-capillary content.
(It is here assumed that there is equality between
end capillary and alveolar partial pressure.)
Symbols as in remainder of thesis, and are summarised in Appendix 5.

The subscript 1 refers to compartment 1. -

Alveolar Compartment 2.

dPa, ; . 8b
= =sl(1—k)v(PD-pA2)+sz(1-k)v(PI—pA2)+Q§ ‘fl(Pv)'fz(PAz):I

v
Ay

Arterial blood.

£,@, )= Q, £, (pAl) +Q, £, (PAz) £, (P3)

0,+0+Q

when Qs is flow rate through right to left shunt.
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Mixed Alveolar Gas.

Py = kPAl + (l—k)PA2
thus allowing calculation of the alveolar-arterial difference for
the gas under study (PK - Pa)’
In the case where a tissue compartment is included the equations
are almost identical, except that P‘—, is replaced by EI'C , (circulatory
time delay between tissues and lung is not included) and an eguation

for the tissue compartment is added:-

df3(PTc) ° . E . _
Voe T at =R 1 5Pl T fz(PAlf] -9 [fl (Fpd — %5 (PAQ_)J
when f3 = function relating partial pressure in tissue compartment

to gas content.

An analogue computer solution of these equations presents
no particular difficulties and the "patch" diagram is shown in
Figure 1IV.

For educational purposes the model simulation should be
interactive, so that the student can alter the model's performance
directly and observe immediately the effect of this change.
Communication between the student and simulation should be simple.
In the simulations used for teaching in industrial practice, e.g.
flight-deck simulation, the student is completely unaware that
there is a computer, and the man-machine interface is an exact
replica of the flight-deck.

The model of respiratory gas exchange for teaching purposes
is implemented therefore using a specially constructed simulator
{see Figure V). This incorpoxtes a special purpose analogue

computer.*®

* Construction of this was completed by an electronics technician,
Mr. E. Miller.
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TISSUE COMP

ALVEOLAR COMR 2

FIGURE IV

"pPatch" diagram for solution of equations for
simulator. The symbols are the standard ones
(see Table 1.4). The patch has 3 integrators -
one for alveolar compartment 1, one for alveolar
compartment 2, and one for the tissue compartment.
In this form of the model it is assumed that

£, = £, = f3 = £ f(PCOZ) = a+t+ bPCO2 where a and
b are constants.
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FIGURE V

Picture of simulator. The front panel has a
diagram of the model lung. The controls are
calibrated in physiclogical units. The simulator
can be attached to an oscilloscope or chart

recorder for observation of the temporal changes
in pCOz.
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The design of the simulator embodies the following features:-
It is constructed from readily available low cost components,
which achieve an accuracy of 1%.
It is compact and suitable for desk-top operation.
Use of the simulator does not require knowledge or skill in
analogue computation.
All controls are easily identified and calibrated in appropriate
physioclogical units. The controls are placed at anatomically
appropriate positions on a drawing of the model, similar to
Figure III which forms part of the front panel of the machine.
Rotary switches are used for all the controls which are
associated with representation of the parameter values apart
from the continuously variable controls for metabolic production
and mixed venous tension.
Time scaling is used to solve the equations in a time much
faster than real time (x 10). By this means the student
can observe morxe quickly the effect of changing model parameters.
The ventilation is, therefore, simulated by a sine wave generator,
the frequency of which is ten times real time (i.e. 3 Herz).
The outputs from the computer are continuous electrical signals
which show the Fime variation in model variables using an
oscilloscope or chart recorder. Two output channels are
available, each ocutput having sufficient positions to provide

zero & 50 mm. of Hg. CO, tension calibrating signals, and a

2

choice of the CO2 tension in each of the alveolar compartments,

mixed alveolar CO2 tissue tension and arterial tension.
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7. One parameter in the simulation is fixed and the student
cannot alter this (VTC); in addition the rate of breathing
is constant although the depth can be varied. The values
of the remaining parameters are under the control of the
student

The student can observe by using this simulator both
dynamic and steady-state aspects of gas exchange. In particular
the effect of changes on perfusion and ventilation on alveolar
and arterial pressures can be studied (see Figure VI). The
mechanism of production of an alveolar-arterial difference for

carbon dioxide can be investigated.
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BLOOD MIXTURE

GAS MIXTURE
20- TIME
1 2 3 4 MINS

FIGURE VI

Graph of pCO, output from simulator of arterial
pCO, (blood mixture) and of mixed alveolar pC02
{(gas mixture). In the initial part of the

record the two alveclar compartments have equal
blood flows and ventilations. In the later part
of the record one compartment is hyperventilated
relative to the other. The development of an
arterial-alveolar difference for CO, is seen.
There is a slight switching transient at the point
at which the parameter wvalues have been changed.

271.



APPENDIX 5.

SUMMARY OF

SYMBOLS WHICH ARE USED
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IN THIS THESIS.

Py

Fa

G(V,T,M)

Several symbols in these chapters are subscripted.

are listed separately.

separately.

standard cnes in use in respiratory physiology.

are taken from the original publications.

CHAPTER 1
Flow rate of urine down one ureter.
Filow rate of urine down other ureter.
Arbitary function describing flow of urine down
urethra, This function is a function of volume of
bladder (V), urethral sphincter tone (T) and tone of
abdominal musculature (M).
Flux of mass into compartment X.
Mass of material in compartment X.
Flux of mass from compartment X.
Input to system.
Output of system in response to input xi(t).

Overall system output.

CHAPTER 2/3

The subscripts
Greek symbols which are used are also listed

The symbols which are used are where appropriate the
Otherwise the symbols

A small number of symbols

are used consequently at different parts of these chapters for different

variables.

This is clearly identified in text and in this list, The

appropriate page numbers are given for more than one usage of a symbol,
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Symbols Continued (Chapter 2/3)

a Cross—-sectional area of individual pulmonary capillary.

A Area of membrane through which diffusion occurs.
Cross sectional area of pulmonary capillary (page 100}.

A(x) Cross sectional areaof airways.

AA(x,t) Cross sectional area of airways {excluding alveoli),
AT(x,t) Cross sectional area of airways (including alveocli).
b Slope of dissociation curve for C02.

b(t) Oscillatory function of time.

B Barometric pressure.

C Concentration of gas species. Moles/L.

d Diameter of individual pulmonary airway.

di Diffusion coefficient of gas species (i).

dunit Diffusing capacity of capillary per unit length.
D(x,t} Effective diffusion coefficient of gas in airways.
Dapp Apparent diffusing caprity of lung (as calculated

assuming that lung is homogenous) .

DL Diffusing capacity of lung.

DM Membrane component of pulmonary diffusing capacity.
Dmol Molecular diffusion coefficient.

f Frequency of breathing.

f(x) Flexibility function describing compliance of airways.
fl Function relating concentration to partial pressure

of a gas species in venous blood.

£ Function relating concentration to partial pressure of
a gas species in arterial blood.

f(PACOZ) Function relating concentration of carbon dioxide in
arterial blood to alveolar partial pressure.

F Fractional concentration of gas species. L/L.
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Symbols Continued (Chapter 2/3)

gtjl

g(P,0,)

LOTE o b7 |

O

Fraction of pulmonary diffusing capacity in jth unit,
Function relating concentration of oxygen in arterial
blood to alveolar partial pressure.

Conductance 0of gas species.

Constant of diffusion between tidal volume and alveolar
compartments. {page 78).

Rate constant of transfer of gas species between
alveolar gas and pulmonary tissue.

Rate constant of transfer of gas species between
pulmonary tissue and pulmonary capillary blood.
Length of individual pulmonary capillary.

Termination of model of pulmonary airways.

Quantity of an individual gas species.

Flux of an individual gas species.

Number of pulmonary capillaries.

Partial pressure of gas.

Mean "alveolar" partial pressure.

Pulmonary capillary blood flow.

Blood flow through right to left shunt.

Total pulmonary capillary blood flow.

Respiratory guotient.
Gas constant (page 43).

Unit surface area of pulmonary capillary.
Switch function defining stage 2 of respiratory cycle (page

Switch function defining "phase 1" of respiratory cycle.
Switch function defining "phase 2" of respiratory cycle.
Switch fundion defining expiration.

Slope of dissociation curve relating concentration to

partial pressure in pulmconary capillary blood.

80) .
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Symbols Continued (Chapter 2/3)

S
P

u(x,t)

u(t)

VDANAT

VDpuysToL

x*

Slope of dissociation curve relating concentration to
partial pressure in pulmonary tissue.

Start of expiration.

Start of inspiration.

Transit time through individual pulmonary capillary.
Absolute temperature.

Transfer factor of lung.

Velocity of gas flow in airways.

Velocity of blood flcw along pulmonary capillary.
Volume.

vVolume of blood in pulmonary capillaries.

Volume of blood in pulmonary capillaries.

Dead space volume.

Volume of "alveolar" dead space
Vvolume of anatomical dead space.
Volume of physiological dead space.
Tidal volume,

Flow rate of gas.

Carbon dioxide transfer per unit time.
Oxygen transfer per unit time.

Flux of carbon dioxide between lung tissue and alveolar
gas in unit time.

Total amount of carbon monoxide transferred into blood
in unit time.

Alvecolar dilution ratio,

Thickness of pulmonary-capillary membrane.
Alveolar-capillary membrane (page 88)}.

Boundary between inspired and alveolar gas.

For individual gas this equals diBi.
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Symbols Continued (Chapter 2/3)

Greek Symbols.

a

Subscripts.
a

A

%

Aeff

DA

Solubility of gas species.

Coefficient for Taylor-Aris effective diffusion term
(page 97).

Capacitance coefficient for gas species (AC/AP).

Rate of formation of carboxyhaemoglobin per unit time

per unit plasma tension.

Arterial.

Alveolar
Airway - referring to Area.

Alveolar (expired) (Applied to ventilation).
Effective alveolar (refers to volume) (page 86).
Alveolar (inspired) (Applied to ventilation).
Blood.

At conditions of full saturation with water vapour
at 37% (refers to partial pressure).

Pulmonary capillary blood.

For mean (partial pressure in pulmonary capillaries.

Dead space gas.

Refers to gas passing from dead space to alveoli during

inspiration.

Expired gas.

Mixed expired gas.

Gas.

Individual gas species.

Inspired gas.

Gas inspired into individual pulmonary unit.
Tdeal compartment.

Individual pulmonary unit.




Symbols Continued (Chapters 2/3)

k

L

<l

(o)
(1)
(n)
1

2

Individual pulmonary unit.
Lung.

Mouth.

Pulmonary tissue.

Tidal volume compartment.
Total cross secticonal - refers

Mixed wvenous.

Individual gas species.

Breath zero / or time zero t =
Breath one.

Breath n,

Compartment 1.

Compartment 2.

Abbreviations for individual gases.

AR

co

Argon.

Carbon monoxide.
Carbon dioxide.
Helium.

Water Vapour.
Nitrogen.

Oxygen..

to airway area

0.
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Many of the symbols which are used in this chapter are

similar to those used in Chapters 2 and 3. Additicnal symbols,

redefinition of symbols, subscripts are listed below.

C Compliance of individual unit.
e Error function.

e(t,Q) Error function.

G(k) Continuous weighting function.
J Criterion function.

K Turnover rate.

M 90% wash-out time.

Individual parameter.

Q Vector of parameters.
T Time constant.
Xﬁ Half-time.

ym(t,g) Model output.

ys(t) System output (measured).

Greek Symbols.

R Rate constant.

§ Specific tidal volume.
Subscripts.

i Single pulmonary unit,

CHAPTER 5
Most symbols as in rest of thesis.

a, Intercept of linear relationship between
and tension in arterial blood.
a-— Intercept of linear relationship between
v : . :
and tension in mixed venous blood.
M Metabolic production.
T Duration of experiment.

Subscript TC is for tissue compartment,

co

CO

2

2

concentration

concentration
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APPENDIX 6. PROGRAMME FOR CONSTRUCTION OF ﬁ/é LINE.

The listing of the principal subroutines of a programme for
construction of the ventilation-perfusion line using the method
which was described in Chapter 2,3(f). The programmes are
written in Fortran but there are some non-standard features due to
the programmes being written for the Egtran compiler. The main part
of the programme (the listing for which is not given) carries out
calculation of minute ventilation, oxygen uptake, etc. from measured
input data.

The construction of the G/é line is carried out in subroutine
SVQ. In this form of the routine 150 points on the line are
identified, 75 of these being spaced equally between PGO and

2

110.0 (mmHg) and 75 between 110,0 and PO Evaluation of the

9
function whose root is sought is carried out in subroutine FUNCT.
The subroutine SVQ includes facilities for obtaining the root by
either bisection or regula falsi methods. Much of the initial
part of this subroutine is to obviate the difficulty which is
produced by the discontinuity in the function. The calculated
valucs of VA/Q'PACOZ’ Cco2' CCCO2 along with PAO2 are stored in an
array.

These values can be graphed subsequently if required. In

PCO, are calculated

this version of the routine the inspired PO2, 5

to allow for the effects of rebreathing of dead space gas.



EGTRA!" COMPILER "MARK NOe 302 DATE 07/03/73

OO0 0

O o

OO0 0O0N

(a}

(o1

to}

SUBROUTINE §V7

DIMENSION Y(77,y830),vall50,5)

PUBLIC va,VDANATSVOLST,BLOG),»BLOG2rysVs}1,0,CvC02,Cv02,
1SHUNT»PAQ2Z» KK

EQUIVALENCE(VDS,VDANAT)» (VDOTaVOLSTy»(Msl 1}, (PALIPAD2)
1,0(Y],BLOGL1Y»(Y2,BLOG2)

PRINT 101

FORMAT(3HSVR)

PHi=Y(3Q)

pH2zY(28)

PETCO2aY(9)#(V(41247,0)/100,0
IF{PETCQ2+,LE«O2001IPETCO22Y(17)
PET02=Y()0)#(V{4)=47,0)7]00,0
IF(PET02,LEsD0+0})PETQ2zPAL

P102=Y(2)%(Vv(4)_47.0)/]00.0

CALCULATE NUMBER OF BREATHS/MINUTE

10

B

NBzY(4)/Y(5)
CORRECT FQR DEADSPACE AMD COMPYUTE [nSPIRED pCo2

P1022(P]2*(VDOT="ExVviS)+N3&yDS*pPETg2)/VvDOT
P1CO23(HB*VDS*PETCO2)/VNOT
wRITE(2,)0)P102,P1C02

FORMAT(6H P102=2,F7+3,10X27H PlCO22sF7:3)
PVEO02=2(Y(23)+Y(24))/2.0
PVO2z(Y(22)+Y(25))/2,0

K22

STEP=z{|]0e0=PV02)/75,0

PAD2:2PVA2

DO 100 KK=1,149
IF(PAO2,GTo 1040 ISTERE(P102411040)/7540
PAO2zPAQ2+STEP

IF(PAN2.2TeP102)60TO 150

A=P1COZ2

J=1

B=PVC02-300

wE WlkL TEST OUR UPPER STARTING VALUE FOR RQQT F1  DING

IF K 18 | WE ARE USING A “ETHOpD OF FALSE POSITION, [F K
USING A METHOD oF BlsSECTION

TEST THAT 8 IS 40OT7T THE ROOT

CALL FUNCT(R,PAQ2sPH1,PH2,P[02,P|CO2,A1D)
FUNCTB=A]D

BABSzABS(FUNCTB)

[F(BABS.LT+0¢0001360 TO 28

TEST To SEE IF FUNCTY(OH EVALUATED AT 8 1S PQSITIVE
[FIFUNCTB+LT¢04s001)50 7O 12
c0 10 14

FUNCTIOH NOT POSITIVE, B INCREASED yNTIL T IS POSITIVE
DO 13 [=21,300

BE=B+0el

CALL FUNCT(B,PAQ2sPH|,PH2,P1Q2,PIC02,A1D)

FUNCTB=AID

TEST THAT WE KAVE 3T HIT THE ROOT

BABSzABS(FUMNCTB)

1IF(RABS«LTeQe00013G0 TO 28

280.
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IF(FUNCTB«GT«0,001})60 TO 16
13 CONTJHUE
WRITE(2,4503B,FyUNCTR
450 FORMAT(15H STEP UP FAILED,10OX»2F10e3)

GO T0 %0
o
C TEST THaT B I8 nOT VERY LARGE
14 JF{FUNCTBsLT«150e0)60 10 }6¢
JF(KeEQa2)C0 TO 16
)
C FUNCTIQN POSITIVE AND LARGE ,8 REDUCED UNTJL FUNCTIOM SMALLER
DO 18 51,200
BZB=Qe|
CALL FUNCT(B,PAQ2,P!11,PH2,P102,P1C02,A1D)
FUNCTB=A1D
C
o TEST THAT WE HAVE ©gQgT HIY THE ROOT
BABS=ABS(FUNCTB)
JF(RARSLTeDe0001}G0O TO 28
C
JIF(FUNCTB«LTe15040)60 TO 17
C

18 CONTINUE
WRITE(2,7000)B,FUNCYS
7000 FORMAT(}7H STED DO FAILED, 0xs2F1043)

60 TOo %0
17 JF(FUNCTB«GTe0e001) GO TO 1§54
c TEST THAT WE HAyE QT OVER-STEPPED

IFCFUNCTBWLT«=0,00})G0 TO 35

16 CALL FUNCY(A,PAQR2PH 2PHR2aPI02,PIC02,4A1D)
FUNCTA=A]D

21 X=FUNCTA«FUNCTB
IF(XeGTa0+0)60 70 41
[F{KeERL2)60 TO 22
C=B~(BuA)®FUNCTR/ZFCTR=FUNKCTA)Y
G0 T 24

22 C=A+({BR=A)/2,.0

24 CALL FUHCT(CsPAQ2sPH|»PH2,P102sPIC022A1D)
D=AID
FSABS{D)
TEST=FUNCTA»D '
JFCTESToGTe0e0)a=C
IF(TEST,LTaNe0)=C
IF(TEST.GTe0e0)FUNCTARD
JIFUTEST oL Te0e0)FUNCTE=D
JEJH]
1F(JaGT,250)60 70 59
GO0 T0 2}

2B pPACO2=8B
60 10 32

30 PACO2=C

372 PHX=2PH{PACO2,PHL»PH2,Y],Y2)

C CALCULATE Cn2 AyD 02 CONTENTS

NUM3 )

CALL CONTO(PAD2,PACO2/,PHX,V{S),V(7),NUM,SATR!,VALUE)
SATOZ2=SATRN

CAD2=VALUE

gUNM=zQ

CALL CONTO(PADZ2,PACOZ.PHX,V(5),V(T7),NUM,SATRN,VALUE)
CACQ2=VALUE

A=5.63




282,

COMPUTE y/0Q

o0

R;0=A*((CVCOZ-CAC02)¢(CAOZ-CVOZ)#(P}COZ{PZOZ))/(PACOZePAOZDPICOZ/P
1102)
GO To 39
35 WRITE(Z,600)B,FyNCTB
600 FORMAT(3I|H GVERSSTEPPED FUNCTION NEGATIVE,S5xs2F}0,4)
GO0 10 %0
40 4RITE(2,60) PAOQ
GO T0 %0
50 WRITE(2,70) PAD2
G0 To 90
60 FORMAT(]OH ERROz 1 1 F73)
70 FORMAT(}OH ERROR 2 ,F743)
80 wRITE(2,500)RVQ,PAC2,PACO2,CA02,CACO2,KK2K,y
500 FORAAT(5X»5F10e404X,13,4X,11,18)
JLZKK#*]
va(]s1)=20e0
vR(),4)=pv02
vA(1,5)=pvC02
vA(JL2 1) =RVA
vA(JL»2)=CAQ2
v(JLs3)=CACO2
yRA(JLs4)=PAD2
va3(JLs»BY=PACD2
90 cONT]NUE
100 CONT | NUE
150 CcONTINUE
RETUR
END

EGTRAN COMPILER MARK NOe 302 DATE 07/03/73
SURBRAUTINE FUNCT{Z, PAD2sPH|,PH2,P102,P1C02,41D)
DIMENSION V(7),y(30)

PUBLIC CyC02,Cv02yBLOGI2BLOG2rYsVa]]
EQUIVALENCE(Y1,RLOGY)»(Y2,BL0G2)
PHZ=PH(Z,PHI+PH22Y1,Y2)

NUM=1

CALL CONTO(PAO2,ZsPHZiv 51,y (T)sHUM,SATRN, VALUE)
SAT02=SATRN

CZ02=sVALUE

NUM=zg

CALL CONTO(PAD2,ZsPHZ,v{5),v(7)»NUM,SATRN,VALUE)
cZC02=VALVE

JF(CZ02=CV02+F3,040) CZ202=C702+0,00000)
KE({CyCN2-C2C02),(CZN2~CV02)
FIC025P1CO2/(V(41=47,0)

F102z=P102/7(vi4),4749)

X2F JCO28(1e0=R)&R

JF(XeEQ4020)X=0,00300]
AlDzPAQ2~(R#P102=Z+P[CO2+(Z%(]),0~R)aF]02))/x
RETURN

END




EGTRAN COMPILER

c

noOoOoOoOooOo

20

SUBRQUTINE CONTO(P02,PCO2,PHXsHB,PCysNUHsSATRN, VALUE)

HARK N0 07/03/73

TH1S SUBROUTINE CO VERTS PO2 10 CONTENT IF NUuM 1,
THE SATURATION IS RE'URNED IN SATRN AND THE CONTENT

283.

TIMNE

OR P02 TO CONTENT |
IN VALUE

BY

KELMAN

DIMENSION V(7
PUBLIC V
TEMPz37,0
Alz-B8e532229E3
A2z224,121401E3
A3=-6¢70739%E1
A4:294359609E5
AB=-3e134626E4
Ab=2,396167E3
A7==60710441E1]

10 x3P02%10,0%#(04024%(3740=TEMP)+0¢40u(PHX=794)+0.,06%(1a602]

15

30

|-ALOGIO(PCO2)))

SATRNE100*{X® (X (XM (X+AZIHA2I+AL) )/ (X IX*(Xn(X+ATI+A6)+A5)+44)

JF(NUMeEQeJ)GO

VALUE=(l.39Q5“TQN'HQ)/100.0+0,003.902

60 T0 39
P27e4=PHX

PK=6.086000042lp*(35.0~TEHP)0(0.00472*0.00139.p)

TEMP=z7,0-TENP

SOL=0s0307+0¢00057%TEXP+0400002#TEMP##2
DOXz095900+0429] 3%FP=0,08444Pwn?2
DR=0¢564+002275#P=0,0938%Psu2
D2DOX+(DR=-DOX)#(1e0-5ATRN/100.0Q)
CP=5S0L*PCO2#(120*10.0%%(PYx-PK))

cC=p«CP
pCv2zPCy#0e0!

VALUE=(PCY2#CCe(140-PCy2)2CP)ez,22

RETURN
eEND



APPENDIX 7.
List of equipment which has been used in these studies:-
Tissot Spirometer 100 litre recording spirometer.

Made by:- G.Plant & Son,
Harborne, Birmingham 17.
{(No longer available).

Analogue Computers. TR20 and EAL 380.

Made by:- Electronic Associates Ltd.,
Victoria Road,
Burgess Hill, Sussex.

Pneumctachographs. Disposable Flowhead Type Fl.

Made by:- Mercury Electronics Ltd.,
Pollock Castle Estate,
Newton Mearns, Glasgow.

Micromanometers. Type MDC Range  0.5"Wg.

Made by:- Furness Controls Ltd.,
Beeching Road South,
Bexhill-on—~sea, Sussex.

Tape Recorder. 8~-channel Six-speed
FM and Digital Recorder
Type MR 1200,

Made by:- Epsylon Research & Development Co. Ltd.,
Central Way,
Feltham, Middlesex.

Schulander Micro Gas Analyser Type ES 34,

Made by:- W.G. Flaig & Sons Ltd.,
Exelo Works,
Margate Road,
Broadstairs, Kent.

Bicycle Ergometer Type AM 368,

Made by:- Elema-Shonander AB,
Stockholm, Sweden.

Lung Volume Spirometer.

Made by:- C.F.Palmer Ltd.,
High Wycombe,
Buckinghamshire.

(No longer available).

284.



Mass Spectrometers.
(1) mM.s.4

Made by:- A.E.I. Ltd.,
Manchester.

(2) Centronics MGA 007.

Made by:- 20th Century Electronics Ltd.,
New Addington,

Croydon.
Digital Computer. PDP 11/45.
Made by:- Digital Equipment Company,
Maynard,

U.S.A.
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APPENDIX 8 SOFTWARE FOR PRE-PROCESSING OF MEASURED DATA.

In this appendix programme listings are given for the Fortran
programme to pre-process the experimental data (see Figure 3.13) The
version of the programme shown here is specific to a data set in which
only pCO, and ventilatory flow have been measured. Synchronisation
of the data to compensate for the inherent time delay in the mass
spectrometer is carried out in the data logging programme. The
main programme — NSTCO2 - reads the data from the file which is
created by the logging programme and stores the data in separate disc
files related to each of the measured variables. The flow data are
filtered and corrected to BTPS conditions. This programme has the
facility for plotting the measured data (programme PLTDAT). In the
routine NNORM the sample numbers associated with the start of each
inspiration and expiration are determined and stored in a disc file
(IBRB.DAT) . The volume and minute ventilation of each breath are
determined. The expired flow is normalised approximately by
calculating a correction factor such that the total volume inspired
during the experiment is equal to the total volume expired. The
sample numbers associated with the start and end of the end-tidal
section on each breath are calculated as described in the text and
stored in the disc file (EBRB.DAT). The important general infor-
mation about this data file are stored in the file INDX.DAT. The
measured pCO, values are normalised to BTPS conditions using the

routine NFILE.
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APPENDIX 9. PARAMETER ESTIMATION METHODS.

Parameter estimation methods work by proceeding in an
iterative manner improving the estimates of the parameters at each
step. The improvement is such that the error ériterion function
is reduced. Thus at any step a new estimate of parameters (2k+l)

is obtained from the ©ld estimate (ék):

e~ A
when gk represents the direction in which the parameters are changed
and Ak the distance or amount by which they are changed. a, etc
are vectors and contain elements therefore of all the parameters to
be estimated.

In orxder to implement parameter estimation methods it is
necessary to scale the parameters so that they are numerically similar.
This is achieved for any single parameter o by the relationship

a - a

a = min
B e
o -a

max min
where aSC is the scaled wrsion of o which is an element in the vector a.
a . and @ are the minimum and maximum possible value of the
min max
parameter as determined in this case by physiological considerations.
There are two main methods used in this thesis, The first of
387, . .
these (the Rosenbrock tethod ) is a direct search method. The

method operates by taking step lengths AS AS::  we wsses ASn along

17 "2

each of a set of n orthonormal direction vectors S

1’ §Q........ §n in

turn. (The initial choice of these vectors is the "coordinate" vectors
for the multidimensional parameter space). From the initial estimate

of parameters a, a nevw estimate is obtained (21) where

- + AS_S
= g, * 85,5
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If the error function at 31 is less than at 30 the new estimate of 91
is retained and the step is termed a success. On the next search
along this direction the size of the step is increased such that
(Asl)new = 3.OASl
However, if the error is g::eater:_a__1 is rejected and the step is termed
a failure. On the next search in this direction the size of the
step length is reduced, i.e.
(Mlhmw =0'SASl
This process is repeated until there are consecutive failures in all
n directions.
At this peint a new estimate of parameters is current (é)new'
A new set of n "axes" are calculated centred on this point. The

first of these corresponds to the direction between the initial a and

(a)

s This set of "axes"-orthonormal vectors - are obtained using

the Gram-Schmidt orthonormalisation relationships, details of which
are found in textbooks of linear algebra.
The second method whichhas been used is the Davidon-Fletcher-
388,389 ; 3 i
Powell methed. This method is a gradient method and calculates
the new direction of search from knowledge of the gradient of the

error surface at any step. The mathematical details of the method are

based on Taylor series expansion for a function of several variables.

1
n n n 2
J(a + Aa)= J(a)+ B (ég') + % h h (2_2_ [,
— peadicd = j da. 'a ik aajaak

j=1 j=1 k=1
h = = h
where pa 0& n]
In matrix notation
iy e
J(a + Aa) = J(a) + g ba + % pAa Hra ...
where G is the gradient vector and H the Hessian matrix of second

derivatives.
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For a quadratic function in which H is constant at all points
on the surface it can be shown that

Aa = - _H_'l (a) g(a)

Applying this result leads to a procedure of the form
a1 T X _Akg«k-lg-k
where the value of Ak is determined by searching according to a
suitable algorithm along the direction —Ek-lgk for a minimum.
Clearly in this method the inverse of the matrix of second
derivatives H—l has to be obtained. In the Davidon-Fletcher-Powell
method an iterative procedure is developed in which an improved

-1 3 ;
approximation to H is obtained at each iteration.
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APPENDIX 10 COMPARTMENTAL ANALYSIS OF V/Q DISTRIBUTION.

This appendix describes the method of analysis of ventilation-
perfusion distribution which is based on the model structure shown
in Figure 2.7.

For both oxygen and carbon dioxide the arterial blood compo-~
sition can be considered to consist of three components, i.e. from

the right to left shunt, from compartment one, and from compartment

2 + Q2C2CO2 QCaCO2 = QSC;CO2

élClCO

0)C)0, * 0,00, =90, - 2,572,
where C is the concentration of oxygen or carbon dioxide and é is
blood flow. Subscripts refer to compartment 1(l} compartment 2{2) the
right to left shunt (S) arterial blood (a), and mixed venous blood
(v). The quantities on the right hand side of these equations can
be measured directly. {In the example shown in Figure 2.8 é was
measured by the dye dilution method, és assumed to be 3% of cardiac
ocutput, and Pa02, P, C05 measured simultaneously. By converting
P,05, Pa002 into the corresponding concentrations (Ca02, CaCOZ) using

147, 148

the standard computer subroutines, C‘—JO2 and CGCO can be

2

calculated by application of the Fick principle since VO, and VCO2

were also measured).

Thus

. + 0.C.CO. = K
€ S4F0y ™ RE R0 = Ky

€10, * 9,650, =K,

where K, and K, are known.

1 2
If arbitary values are assigned to the ventilation perfusion

ratio of the two compartments (Vl/él and Vz/éz, Vl/Q1_< 1.0, and

V2/Q2 > 1:0) clcoz, 0102, C2C02 and 0202 can be obtained from the
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ventilation-perfusion line for that subject. The equations can

then be solved to yield Q1 and Q2. Vl and V2 can also be obtained
since the ventilation-perfusion ratios of two compartments are known.

It must be the case however that

0, #0, 50 ~D

and

Where V is the measured total ventilation of the two compartments.

Thus two error functions can be defined:-

= B-8 ~0;=0.)

(U]
|

and

W - v

I

%2 1 2
By evaluating the two error functions with large numbers of
values of Vl/Ql and V2/Q2 it is found that for low values of Vl/Ql

minima in e, and e, can be demonstrated. These minima are small
and are either zero or close to zerc. The minima do not occur
however at the same value of 62/é2. By increasing &l/él a point
is reached at which the minimum in each of the error functions is
at the same value for V;/Q;. This is taken to be the solution.
Fer higher values of Qi/él one or other of the error functions

does not show a distinct minimum, i.e. with values on either side

of a minimum.
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