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Lo ording to KUIRER, abeut 70% of all staws
in the solar neighbourhood kelong to double ow
mzltiple aystems: dowble sbaws ave thevelore one of
‘the COMBORBT phenomena in the Galauy. And anongst
these, oloss binery gystemd are frequently obeerved
in the form of ealipsing or spectroHscopic binawied,
Light curves ave available for sboubt & gquartewr of
tne 4,000 or o eclipsing veriables which have
bean discovered. A similar numbeyr of @peetroseopic
hinapies are knowa, lavgely amongst she brighter
stars, and for these stars veloclby gurves are
available, The propowbtion of stare observed which
tarn ond e be apectroscopic binaries is din the
reglon of 20%, & Ligvre whilch iﬂ'ﬂ@nbled Lor @tars
of epectyal type B

Apazxt fyoem their numericel impovbance, close

binayy systemg are our ounly scuree of information
ghout the masses of early-type stare apd therefove
of the upper pext of the emplricsl wass-spectral

Sype velotlonshilps they previde s test of the theories



of the dnbernal coustitution of the stars through
their apsidal motions and the ellipticities of

their components; and they are of Imherent intevest

in that they valse guestions sboud thelir orvigin and
gvolution, and the nature of thelr mutual interactions.
The importance of the systems is Iurther enhenced by
the vecent discoveriss that esveral novae and explosive
veriebles conmiat of close palrs, often with orxrbldal
periods of only e few houvys., Ikplosive variasbles

$end 4o be intrinsically f£aint, o0 that although

few are known, thelr space densiity may be high.

T+ variations of

L]

2o  The perigdicity of the 1lig
Algol wag £ ¢

g

irst snnouneed in 1782 by GOODRICKE,
although, a8 i well kaown, the none suggesta that
Alpol®e variability was known ¢ the Arsbs long
before, It was not until 1889, however, that the
golipeing nature of the gtar was Linally establlisheds
YOGEL found Algol to be & spectroscopls blnery whose
conjunctions colineide with the minlms of lighi. The
firet gpectrescople binary, namely the brighter
component of NMizar in the Great Bear, had besen
disogovered esrlier that year by PICKERING.

Although at that time only o few stars were

2.



mown o be elé@@ binayry systems, the nuwber of
discoveries incressed rapidly in the closing decadss
of the nineteenth century end in the early payrt of

the btwentleth centurys; and methods were soon developed
by mesms of which 1t is poseible o extract the
diseovershle elements of & clome bivary from the

Light ox veleéiﬁy curves., In fqmr'pap@rﬂ published

in 1912, RUSSELL sud SHAPLEY divulged the Tired
general nethed of discuseing eclipsing veriables.
‘Ba@imally'%h@y'@@mgiﬂ@r@@ apherical stays with

Lineay but @%hérwi@@ arbitrary limb-darkening. In
comparing thely model with wreal steva, it is
necesBary o °$§@%ify° the @b@@é@@a light ourve,

that 18, to remove the varietions due to
complications arising from the faet that close

gbars cannot be regarded simply s linb-darkened
spheres. The awbthors derived a@pﬁ@ximat@ QRpre’slions
Tor the bolometrie alfects of oblabeness and weflechio
Tp 1915, SHAPLEY published the elements of 290

sclipeling syatenms derived by the new method.

3. With the development of moderm photoeleciriec
photometyry it h&% been found that RUSSELL'n
graphical method is not powerful cnouwgh 4o hendle

¥ £\

L]



light curves whoge individual observations are
measurad o within e few thousandths of o
magnitude. An snelybilesl method was developed by
BOPAL over :bhe pevied 1941 - 50 which is
applicable ¢ binaries whiech do m@% denart greatly
fom the idealised model of a pelr of sphericel,
arbitrarily linh-darkened share wmelfected by
proximl by @ﬁfééﬁga

However, moot sysiems of this sord undexgo
mutual im%@ra@%i@m@a TwWo Sypes of indberaction
manif@gtﬁh@ﬁgai%@s in the light varlations end
apectra of ¢lose binavies, these being due to the
tidal distortions and mutual heabing of the stars,
the lattor being kaown as the w@fl@@ti@m eftect,
KoPAL'e methoed 18 not therveiore eppllicable in
general, a8 these effects are viten lavrge.

With the incressing aveilability of electronic
gomputers, it sppesrs bthat a third stage of
developaent in the study of binery systoms ia
arising. Papers have been published by TABAGHIIE
gnd &HULBERGrilgﬁﬁﬁg ond KITAMURA*(196§)9
derceribing methods for the d@t@xmimaﬁimm of the
orbitel clemente of eclipsing hinaries by means

of computers. The method of KITAMURA iz ueeful in

b

7 T
T Soviel ﬁs-f‘rona’my 3_, MB) 467 * Qdvances /n As ronm/ and ﬁsfro,b/
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the ebtudy of Light curves with shallow minimas
the ratio of the depths of the minima, nsoed in
enrlier analyees, iz often sn wncertain guantity,
whereas the rabtle of the aresas, used by XITAMURA,
can be found moere aceurstely. |

The difficulty remsine that the Light
variations of close bhineries owutside eclipse are
not theoreticelly uwnderstood. A vésumd of the |
imv@&tigati@mﬁigf these varlistions 40 date Lfollows

in the gections belows—

4. Photowmetric Effects of Distortion. The
theory of the form of distorted bodles im lergely
gleagical and was developsd in the nineteenth
century by CLAIRAUT, LEGENDRE and LAPLACE, Tt was
sarly recognised that the prala%@ﬁ@a@ of the
component stars Is et least oune cause of the light
variahility ountalde eclipme. 48 alvseady stated, a
proliminery etbempt wes made by RUSSELL and SHAPLEY
to estimate the belometrlic consegquences of this, bub
a8 gravity-darkening had not then been discovered
thelir result was not generally valid. The latter
gffect was discovered independently by WILNEf@mﬁ
VON ZBIPEL iwn 1924, bub 1% was not unbil 1934 shet

5

- “M.N. Bl 665, 694 and 702,



vomebey of
Who

adopted o Roohs model: a reabriction which was removed
in 1943 by STERNE, A FPurther dipoussion on the
photomgbtrls effects of sllipbiclsy wan given by
WHSSELL In ,ﬂﬁﬁf A more exast investigation of

the mutvel ddstertion of binary conponents hes bHeen

B n

vablinhed by KOPAL, but the investigetions of 19414
&7 49? i 5

and 194% ave asdequese Ho deal with the meet refined
phobometry.

5. $he Eolowmebtric Reflechilon Hffeet. The effentd

4

ey e

was diseovered by DUSAY 4m 1908, in bthe Algoel avetem.
(X treatment le dus bo HUSSELL

"b J
_-d
fo=t

Tha fizet theore
ad SHAPLEY who assumed simply that the inner
hemigpheres of the components were uwniformly brighter
than the outer homispheres. They found that the
varietion of brightuens between eclipses could be
reprepented by & co8 @ term {vheve e iz a phese angle),
which i esslly identificd with the corresponding
serm evising from o Fourler empansion of the light
varietlon owtside sclipse. Thereafter the existence
of & "reflection’ term was noted in many systemd.

L6 wan not watdl 1920, however, that the Lirsgt fully

2 @
-

tative treatment was published, by EDDINGTON,

6
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emososatione. For ingbtarcs the phoencmonon of
‘negotive refleation’ is comwonly observed, that il
the coefficlent of ¢ou® in the Fourier expansicn hes
the wrong signs. It is argued later in the thesis
that the treatment of the bolomsitrie reflestion
effeet to date hes not been satisfastory, largely
due 4o the olow convergense of varione mseries

whieh have been developed by these authore.

8. Photopetric Hefleetion. The light chengews

due 4o reflegtion occvrring in a dlverede range of
wavelength have usually been discussed in the
Litersbure in terms of & *luminous efficliency fasboxr?,
whose value 18 caleoulated on the assumption thab

aach part of the reflesting almnosphere radiates like
2 black body. Sﬁﬁimﬁﬁirﬁlgﬁﬁb has Dolved the trausifeor
equation for grey and noR-grey atmospheres om the
aesusption that the irradiating flux 18 a pavalleld
beam. His resultse apply 0 Algol-type systems aad
disagree with the observationr of several such

BYBTEmNS,

T Ap.T. Supp, Mo jog 12, 263,
ibid., 109, 12, 276,
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clans oyoten from the wolagdty curven 46 v

SO S 1 e - o Brat o o 1% ¢ my s eyl ety
relatively eloweutary metiter. The geometrical

- cof b o 2" <R
gontrs of the stellawy dise lo teken bo ooingide

with the prajected centrs of gravidty of each

& R

phor, an apeumpiicn which was examined hy HOPAL

in 1845, who feund 4% o be jueatified. He also

&,

Malauﬁﬁ that depecinres due e reflection would

§. The Spvetrescopic Reflection Iifent. In his
1026 papor, LDDINGTON poimted ouwd that reflesticn

mues have au effeet on the weloelty curves of
gpeetireocople binapies. This offect hes bean
comparatively negleoted. ROPAL'e invessigation eof
1543 duvolved the sdopbtion of a point sources of

2 A
o

illuginetion at a findte digtance from fthe primary

-

rallecting ebar.

The opeetrescepie reflection effect has been
noted in only o few clooe binarxics. Une of these i
80 Cygnl which was diseussed by OVENDER in 1954,
Thia suthor came Vo the conclusion that the
ppestrogosoplce reflection offeet had a comnsiderable

inflnence on the estinated mavges of Sthe atars,



sndt B beldng dnvelved, In esutradiotion
5o Tho theosretiesl view that only a gmall influvenge
g e veleolty curves wad 1o bhe expected. OVERDEN'g
noper luspired & further treatwent of the effeet
by BATTEN , published lan 19%7. BATTEN mede use oF
Boleometiric thoory. Hie conclusion wan
that only rarely, in the cese of some very c¢lese
pairs, wonld the effeet rsach the importance
indicated for GO Cygnl.
Tn 38963, 0% DT publiehed a further papsx on
e gpeatrescople redleetlon oeffest In which he
raveslod o conceptual fallacy inbherent in all
nefvious btreatwments of the effeqt. The paper also
ineinded ohservations of the speeitrosesple bBLasyy
97 Cygni, which Indicated that in this systen slso
the effeot in lavger by & least om order of megnitude
than proviovs theories wonld indicate,

In view of the aferementicned fellagy, and of
the obhsorvatione of %7 Cyegnd, It 1e cleawr that the
apogbroscople reflection effect also requiren o be

gompletely re-disgussed.

Do The present thesis arises from on athempd
B0 provide & theorebleal imnmterprotation of the
aheeryvabtions of %7 Cygni in terme of the 8pectroscopis
refleetion effeat,

(O »

= A A I 2 M N 1L 7



Wrem N g o T hinmes TQSTY ovoamms o WV TN
J.‘ueii’:?l (o JLEJ, l’;“ \\43; J‘ Sy r-ﬂrs '\.Jf[.ﬂ.iix’ }-:‘;")' i»ﬂ,“ ‘!'F‘J ﬁ‘-@v‘{}‘:‘ {\9 gi';’ @ jl. 1 3 [y ) \'|,r j’@i'} },Aﬂ; ‘&\

TR IPRRgS PO, nen Sy o O e e PR
somnt 49 nade 9 intornres

&’."*?‘
A
3%
REx
A
WA!

A A . o
grmmericod. AL fivead o

vea gy o T e e Pean r e ol el o A ren et B
choervablong, snd dwe ELfficultien awe wedt width.

oT g 4) P I L B 2 men'd Ky B o g st B
Helsher difficuvity com be reaolved fn terums of th
PO, J—— . o = w - oy X
pinple moedeldl of the sters adopied.
, aes et ey W oy atyail eop el e o T AT s o ke Wi s, )
Cheoptey X1 consigte of a discusslon of thew

8

Im Chapber ITT T atvenpt to Tind a completely

sgenorel eclution 0 the problem oFf QONSTLUGTIRG &

af 97 Gygni from the observatiouns. In the evendt o

P g S L iy SN W ) <lx Wy g ean ooy o vy oy B m vy ey
broad conetralints can be plesed onm Hhe Lenperatuy
o & . e PR N T T ey T e p—— AT S
ddaesributlons over the Inner hemisphewen. Bwe 1%
" & s . 2.7 LI AP e coole oot & e T Ty
sossdible €9 shoew thet the axes of rotssion of the
3 > e eds o e a -
and their apis of revoluticen are all pevallel in

opaee, with an wueortainty of only a few degraet.

“"':
:.4..1

Thesa Ou

r

conts axre probably o secondany consSequenc
of the weflegtion affent

The firet three chapters alwogt fulfill the
indtial purpose of the reseavch. However, in the

SOHRITHG

)
G

studying FOPAL'@ 19%4 bolometrie theory

@
]

wed

aly

{}3
R
Foara

denco of surfoce cirovlaetory currents ig Jfounds

0

of the refleotion effeet (as o prelude te BATTEN'g

1957 speetrosceoplio theory) o nunber of algebraie

errors hecame apparent. Lt wes therefore decided 1

"



=
€

T
ws 3
@ ] i
ot o g ] -—
e & =] & &
¥ a 2 : 3 et -~ pory
& BRI & < s o D 2
= y ) o
g . bt o 2Y) g e m.w T
i = o = 3 .
2 2 2 o & -~ 2 P B S 2
P & & % o m 8= R~ SRR > R < S )
@& = & & 22 5 & & s = 83 &3 & X
& . G . e . P ] —~ = Ef L d ] ]
St AR ] o] & 4] & & & e i ] & =
&2 o 2 & & K 2y = 551 = o}
a2 c aey i = ] 2 2 ran X5
_ & = g @ B R RO et 4=
sl e b T o 5] e R » =3 & mw., = i1
4 2 & P, 1t !
i Sl 5 e, o e &= 2 = s B mmm_
& b
) [ = @8 = 52 e & &5 & 4P 4 =3
» P - P s = % P ” 23 B
2= fr @ 1 2 & 2] & ws Q4 o T 22 i &g
o =1 ) Y ot 4 =~ ) @ = ) & P &
£ (64 = £ B ] & & e & % 4= & = @
== 2 T} =3 ~ re o , : 2
%2 5 898 & & [ T D B 2 o
3 S < B & e - & % W o 4= S W e £
7 = h ) g 2% % £ [
&y & @3 2 2 % & 8 W g
iR & o £ =4 & & & 7 B
San o = Pt & £
2= &3 & i e 42 ot o] i)
W, 3 em;\nm ) 14 w.u % = b s Py i =
S B B @ & - & g g
Panst - = k) 4 o 7 AE e
- e 9 D et o e & LS T &
ki o K AT o
&3 ©° 8 g @ W9 8 = W 9@ ,
< = ;o o PR
o] > 0z g anM = e . =y m..‘lm ~ [ B=j
™, = T 4 %
5 By @ G & =) & 25 £ ﬁ.m B 2
" 3 ) D - E] = 2 a
2y B & ] @ 40 53 & & e
o4 ", Fict & S 17y r i o, s 2
m,u.‘ [t A.um & 1 & &2 me = Hw m\ =
1 z e i iy £Ty Fa
o - T 3 e K s
5 & w48 T R - T - S < . B
o5 &S & 8 L2 & 4 (o} & &
£ 77 o) Fntty 4 & ) e 3 & =3
< T 2 4 98 ¥ 2 o= B
€5 % B 4 £ @ & o e SO T
i) L T R
> e SIS R - T R
e s -~ oty -, Z i &
HJWW ] ] B @ &5 s L] & £ P s i)
<% KF & g3 - B T I~ m@ B3
Py B, Y 22! 2o £m 7.0
] - & ﬂ.w\w. e m\\C» namm.h. nn.&\ ] am“oh.m N.\ g WVW
P o e o £ 4 i, o e
3 & & & &2 . o & = & 3 = i
3 e . b5 =t = i » . a3
st ¥4 o} & = & & & & o e &3
) i et 5 &2 et > HLE: v 23
ﬂ.wm & P L3 G >.mwv mlau 5] i) _.N\W 3 b
J e ) ¥ 2 % : . ; Py % 2 o
G} S et o S8 o =] w;w & B
¥ L 1y ) L] 3 : ( i £, sy
& e B 2 = B s @ w9
: s ol
& & a7 &l & 4B e
=g - ] ] = p— o
] .m.ww Yoo £hm} 3 &2 g 5] 22 B}
% : d ¢ s ¢
& ] ] (9] X I B ] 520 =g
= el 5=l & 25 R
- =3 H Psd 3 o o] e}
B0 <5 & 88 25 e O
Py . ~ .o k 5 3 i o
&2 Y = D 3 @ 3 & 4R LB
@ 2 [ s 5 o
o - B - S X i o R | , .
.y , N - Ly ] >y A g =i
€3 ] fac ok £ &5 42 Fy o5 w& &
-, = o = - :
5 5 3 i S =2 ] i e £
: . 5 3 -~ 2, 3 &
wm o= 2 &3 ] = € = i g B
2

@, ':?:;:a. 9

&9
T,

ho

i

O %
T and

€3¥

A
H
3

o MW, 0w

L

l

“l'b

R Y

¥

o

i

i

?
Py D

o

o
o

0lab
100

b

GChapte

]

kel
SIRDEEY

;’?"

ation ©
53)

s

1

g
2

Sa

EA1TENS
A

B
«:

hoer of discuspions on

3
2

j{‘r

i
5

oA

o
il

niebted o

A

[
.

Lo ogour

LEXY

Py

43
A
-
.

4
<

-
J{E

&

Lerly

nbe
.

"ol equation

Edorpim g nin
OWEEE

-
53
2

3IRE
3
p

-

vy
2
"

3]
Ll

¥

w el
5
K

e

BN
[

Ll
T
tod

eﬁi‘

)
o
w
>



S4L 206

N T L A LN = P
of e wvellootion alfeo

1 S VT T S N S e . X N 1+ - -
g voesbiseblon was parsusd gt Glasgow

was supperied by & grewnt from the

Talenes Reaossraeh Coumneild

irs i Q@

willoaw. MeB. Nafps
e o

3



PART I

Spectroscopic Reflection Effect



Chaptor . . ERELIMINAGY AWALYSTS

. & R .
el u.m".’-C'.""}n LA ‘295;;"1‘.1. MRTIORERIR AR

&a the e%%?ﬁlﬁﬁmﬁﬁéﬂb of this rongargh 18 the
paper by WM.W, OVEUDEN (1963) 1 shall begin by

pummerising Ite comtonta.

Lo The anthor poimts out thet in ecllizsing
syosben G0 Uygni which he had sbudied some years og0

- - 1' "
{(19%4), for whish photometric ond spectroscopic

shearvesicns were evailsble, the effect of wefleation
e the determimation of the stellar mapsen was

@@ﬁ@i@@?&bl@@ He otebes thet "The relative brightnces
ot the secopdary wes esgsentially equal b0 the smount®
of reflected light (caleunleted Trom Bddington's
Pormula), and the assumpblon that the sscondary
spagtrun wad a result of reflection, the spectrum
eoming from o "hotepet' cleose to the prinmary abar,
served ¢ wvegoneile the deduced masses with the
general mags-opectral type relationship, =nd the
- ohserved mass-ratio with the observed elliptieity of
bhke component atars. The corrgcted mosses, on thiag
hypothesis,weres approximately 3 and 2 times the
ungorregsed messes, for the primexy snd seqondsery

s M. N L, 569,



components vrespectively.”

This result was contrary to what would be expected
from the early theoretlcal investigations of Z. KOPAL
et al., which implled that the mass~distortion due %o
the spectroscopie reflection effeet ghould be amall.
However, the earlier work involved some approximationao
In the light of thie paradox, A.H.BATTEN(1957) further
puraued the analytical problem. As the bolametric
theory of KOPAL (1954) was by now availeble, and a9
thieg was congidered to supersede the preﬁious work,
BATTEN was abie t0 ealculate a mass~distortion
which was move accurate (in the context of the
theoretical ideas used) then beforea The procedure
wae to calewlate the ‘distortion' velocity due to

reflection by means of the formuls

], vi%
= Hgld" ' (1)

where the domain of integration ¥ is the projected

aresz of the visible disec of the refleciing star,c is
an element of area, V the radial velocity, and I the

brightness at any point of the dise. I i

s

T MmN 7, 521 * MmN, I, f0).
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masp-gietortion would only »rarely, in the case of 9ome
FEry GL0Re palrs, e o8 lorge en wan indiceted fow
GO Oygnie

However, 1% wes noted by OVER mLﬁ that & consaepbunl
failasy exlete in the treatnent of the spectroncopia
refiechion effect by BATTEN a8 well as by the earliey
workers in She Field. To illustrete thip, consider s
speobrel lins which is 2o tomperaiure-mensitive thab
% sen appeady only oF the hottest point of the
sunriacy of the pefleating oteyr, bthat is, at the pub-
palmary point. Then when the sysitem is in the podes
sueh o line im silfted Lron the wwdisplacsed position
by the maximwr poesible &m@mmﬁg although the @
avalvated by (1) mighs be mmahle The use of the
holowetrice Fadiadtion I ag the weight fagbor ig thus
seen o be irrelevant o the problem.
The illuvstratlion guoted abeve indicates 1@5 e
of the reflectlon ¢ffett shorld depsnd omn the

5 v

nhysical k@%a?ﬁ@&ﬁ of the spegtyur Line copelidered,

ot

gnd OVENDEN decided to inventigate empirvisally whebther

in a 8love blnory aysvtem, this wad @9.

2. The gbar chomen from & 8hord-list of twenty wag
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Valosity-dilference curves were represented by

&ﬁﬂ il &s"' f;éw éﬂg&g: o3 {&'ﬁ -'fﬁ“' @@fﬁ) s @ €605 ﬁ’-ﬁ?j

()
In the neual symabolism .

The systemic velocityy is zere for a normel

=

veloelty-differonce curve, but a8 the curves belng
anelysed are distorted by wreflesetiom, {2) will im
goneral only be en appr@ximat@'fi% %0 the obhasyvetions
and the presense of reflection may produce s @@@@ﬁ@aﬁf«
The resulie ai@ng with shandard errors of the
clements ave given in Table 2. Pigures 1 illusbrates
the variation of seml-amplitude K, from ene group of
lines Ho another, and in figure 2 Louy velosgity-
differense curves of the form (2) ave plotted elong
with the observaticns.
A similar procsdure was carvied out for the
inﬂivi@ual veloglty curves. The olomenss dexived
ore given in T oble 3, where the QORPORENE SHTAr8 8re
arbitrerily designated 1 and 2, Veriatiows of
Kéilm@a)% and Eﬁ§1«é§% ere shown in figures 3a
and 3b. The veloclty curves and individunal obsexr-
vatlonag of the extrome caséw NILL awvd Mgll are shown
in Pigures 4 snd %. Thess oheservations cannot be
reconciled with a single veloclty curve. It 1s uoticesble

however, that the £it of cach line on o a cuxve of the

24
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A number of checks on the reality of the

effest were madd, Including indepondent measurementy

of some of the plates by R.M.PETRIS; The poseibiliiies
Df an artefacd @f ﬁ¢m~mr@m@m;:él pome sort of aygiematie
blending of lines were also discussed, and rejected.

The effeet was thus established as o property ¢f the

»

hinary System.

S A gualitative discussion of the effect was
Pinally givem by bhe ewithor, amd a correlation
predicted which turned owt, im fack, He hold,

In the £irdt plece, 1t might be that the star
hen differont spgular velocities of robatlion at different
depthss IT in oddition the cenitre of 1llumination of
each sbor was displeced from the geomebrical cembrs,
5 & rerlection effect whiech mleht be oulte small,
then weaker lines, formed at grester depthe,
would have systematically lavger o @mall@@ reflection
pffects depending on the vertisal V@i@@lﬁy grofiont
in the atmoaphere.

Another poseibility is that different effective
ventres 0f 1llwnination produce the variouws

displacenentss Then we expect the lines corresponding

0 the higher temperatures to be displaced Gowards

25
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approximately of this foxwm, then the high-teupsraiure

1ines on this modsl ceoxeespond o the velocity
gurvens with smaller semi-gaplitude K, which i@
WRAY We ODBeIVE.

vuran 3 aad 3b suggents Hhatv

N 5 S TTY 1 e TTF 74 oA F Y el iy
She S1TT, HAI1I and Call limewn, end poegibly the HIX

3 "% e Uy - Y i P P e QT "“\"“" T
line also, mey be ononslous. However, OVIEIDEH

B 1, o whn 3 wle  efa s 4 AP W o g - s g € -
w@srates that bthe lines form a TWo-paramebten

myaten, Clgures 3 dlluetresing the velatlonship
with only one of the pavametors, nawsly Fwaz. The
othery paramebter 18 the wavelengbh i, znd figure &
Gemoncitrates shie coryelstlion. e snomalics
neowtioned abhove are then seen o dlsappesar.
Thian soeond covpelebion wag predicied by the
aubhor on the aspuapbicn that the hypothesis of

raniestion holds. An absorpition ldlme is due o

e ety T ol - ¢ Penpa ol oy e ude o « ) s
rgagvel of energy frowm the condivuan ab

come wavelength, the swount of crergy vemoved being

width of the

PR @ oy
B0, where ¥ ls the sguivalend

time and BT} is the Planek fumetion corresponding

w0 some benperadture T. The displocement of a Line
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i

< Al oy o e amy gy ] o % e ‘ s whe - w4 - <
111 Sewnd b9 redune this aeparation, bus i is

Qo o

own in Ghapter IX that the componsnte have

syre) p s £ el 3 ™ enen Yy o ~ £ T e L el T} 1 P ! oo oy ) T
Longeet anes only & fow peveent lengey than theiw
PRLAYT BXe8.

I8 the siveular yveleedby of one COMPURENS

W, W R .} B e n RO, P 1 e 13 o oy proms
{with the other an oxigim) is ¥V, then

sy

A
LS eaamhe i
3

o

ad T oo 357 Eafmec. 48 K= 47 sin 1, whewe the

i” 1..‘

faclination i is measured from the plape perpone

Gloular o the obmerver's line of sight, we L£ind
Ao 38’ )

Hore genereldly,

3, 3
Moedw L = X, B/an

3o



oS FE

R 3 e T BT e e S » osmpa ey dr ra:1 ey m o g
iF % ie mescured in years snd £ in s.u.fyone. Thus

B oeindd = 1.96
gn our nodel.
Foo moness of eurly-type abory are lorgely
derived from bhe veloeldy ourves of 2poctroscopis
hinagriesn, vhich cuwrves mey be affected by reofleghion

L3

0 8 greater exbont than has boenm ea@éﬂ%“mmw thovght.

Ty

% le pooeible thet the masses of the eavly-type
yhare are thus wadexestiumated. If wo set an wpper
agbor by which the masses ape
undersatinated, asod LF we 2leo ouppose that eash

s Tw T o A ren "2 o o en Y quas I T ey
sompsasnt agbar is wallkely 0 hewve B 4.4E, bhen

30% € 1 € 457

and Prom Hepler's esquation

D000 2o € @ € 0107 aeu,

In fdgured the obare heave Shelr minimom
separation in Hthe apparent orbit. p and 4 ave the
mrojested noparatlions of bthe cendyes and closest
noints of the steliar ditos respectively. In an

aalipsing eystem, 40, Ve have

& = pefR =@eo® i~88 = 0.028 a.u.

3/
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which is oounsisteont with the fact that 97 Cygni ie
@0t sn esclipoing aystem. Suppene & = O, correuponding
4cho o marginelly eclipeing biasry. Then

~f
i = cos(28/ a ) = 60%

- EF

e Supposs the offective womporaturs on the outer
hemispheres is Ty, aud neglect prolatoness, limbe
and gravity-durkening. Over the inwvard-Tacing
hemiospheron there will be o fully 1it sone, where the
companden 8%er appeers entivrely above the hoxizon
B0 an obsérver on the other ater, end a penumbral Zono.
ROPATY (1954) has shown thet over the Fully-1lit mons,
~%he zadilaeblon vooeived on each sguare centimebye
Lrom the adjegcent stay ig squivalent ¢ that Lfyom
& point gonree of the seme lumineslity end zenith
diotance. Thus the enewgy emlited Trom o Sgnaie
conbingtye at an axbitrexy point ie

ort= o 4+ eTE(R/L) cos =

where {R,g,ﬁ;) ore defined in figure 8. Then From Stefan’m

law, 4% *}?‘% ig the effective temperaturs of the
sub=stollar point,
og:

Py = ['ﬂg @ Tg(ﬂ/ﬁ)&_]

B4
T MmN U 0],



oo+ R, @ tho soparsbion of the sub-wteller pointe.

m% e &f 4 ﬁ?ﬂ“ﬁfmj with T, = 20,000
/R EEYAQ P

0 1.0 20 24,000

i .30 22,000

(] 1.06 21,200

i 1.04 20,800

2 1.02(%) 20,500

Pable 4.

Am in our modal /R = 2, the mise in Gompereture

due b0 the Fefleotion eficet ie only 500° or @0
even 1% wo sesumo T,w= 2@@@@@@ y & rathey high valune
gomparsef with rwet estimebes v the literature.fince
5% ie umlikely thed a<0.08% acn. then 8/B > 13 end
o temperetuve wige (T,- Ty) of move than 5B, or

1,000, 1m unlikely (Ligure /0). KOPAL's thoory
ipmﬁzm&@éi in Ghapter IV) negleets the effeet of
mltlple weflections. According o the theorxry
@m@m’m@ in Chepter ¥V, those are only of
conzoguenes when the otare ave aeparated by less

then o gtollay yeding,
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TG in absence @F mufft'Pfe refff?cf‘far

e com s o '?; wltl. maﬂ'ofsfe reffecfao&z
(sckemai“m

I3 )

Loindmum P#‘Ofmlﬂla@
.»/R s/ R
&
“\jr\\wwimmm
1o L.
'fa. =2

@ |/?¢

{(s5/r)

M@m;ﬁﬁ?u"atur@ ‘T; at substellar Po:’n?'s af- ic(entiraf
s I“e[ﬂrc“s(auts the 5eioaraf¢'<

componenls of a binary system,

a{: vhe sultsi"ufﬁw“fwt»nts
Te & temperalure in aésfmce a{v’ reflection

A = radius of star

lote the! when swo, Ty m’z%"“’)’é jn the ebsence of multiple
reflection

Fa‘gur‘@ ©
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$o. D, OVEEDER mentions in his papsy that he found
svidence {partly confivmed by PETRIE) of & thixd
component. It is almo poseible that the "thixd
compoeent® I8 in Ta0b a gaseous ghream. Such s
stream might be expected ¢ glive »ise ¢ emivgion
as well e abporpiion lines. BUTLER and THOMSON'
navwe measured the squivalent widthe of lines of a
munber of early type stars, including 57 Cyswi. In
the range 4100 - &700 K & fow weok emissions are
Found, but theze ave giated dn the paper to be
interstellar: they mey be circumgtellar. Ezceptions
are, Lo instanee, 01T at A A4593, 450635 but other
gtarn exanined, of the same spectral type, alse
have these emission lianers with similar strength.
Thervefore 1f a gaseous gtream exists In the uneighe
bourhood 0F each compoment it 1o vnusual in that
no emignlon lines are assocliated with 1%,

Anothey possibility 48 that o Qifferent sord
of reflecblon eltogether 1o lnvolved. I¥ ¥, were
nighh enough, corresponding to the temperature of
an O=type 8tar, thon elsctron-scatitering might be
important im the region of the sub-gfellar points.
T, refers to the effective temperaturse of the

sub-ateller polnt of each atar. In such 8 case

U Pub. Roy. Obs, Edin,, Voﬁ,ﬂf, nov g, 225, 196,
37



P e gy 4 1l [ E— S o W Pegnonn 6 vla . = T . .,
mhobong ingident on & sbay frer L2 neighbour mighb
v mA b e e CeaVors y Ly Aal] Wl T aryteen ol oy’ a.

e weflected by the fres slectrons wilthout other
K JE N 3 cndl Wnfm ol . < P e P vy £
nberaghions with the aitnospheva, @: apt For sone

e in coergy due b0 Compdon ocabitering. The

S
,g
£
[
o

gpeatirun of the sdar world then conpiet ot only of
Lines inhereomt o the adar, but aleo of snother aeh
of absoprption lines, displeced wrelative o strongew
Lines, bub softened by scattering =2nd therefore
Fainter. In general the displacements of sueh lines .
wonld differ from those of lines fozned by heating.
Thia type of reflection (due %o scabtering vather
then heeting) in not considersd here as 57 Oygni iw
o't puificlently hot fow the process G0 be lmpowbtaat,
Judging by the extrome falunbness of the lines, evew
arppeeing that the "third compornewts® is due bto this

BETHGG.

Te Ve may now ask whet observeble conseguenoes
ars to ke expegted Irom the prelliminary model of
57 Cygni.
The bhypethenis is adopted througbeut the
vemalnder of the chapher thalt cach small surface
aren of 57 Cygnl com be treated s o wimature gtellar

atmosphere with the same spestral type/effective

semperature reilationship as exlets Lfor main
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o

OE . 0sars, nay bhen e opplied to 97 Cyand.,
Theae Wisveodtzal type) ocurves aye nsuwally geussian
(see figuwe 12}, with half-widthe which increase as
T man Qocreapes, T,,,. being the effective temperasure
2t which a given sohoorption line reaches maximum
gtrength on the main S8GRENCGG.

Hogleet for the moment the -effeet of the
‘Wiam@k fonctlion and coneider a Bequencs of ashaowptionm
lince of decweesing T,on. Lot T, reproseut the
affactive vemperature of the averted (nom-1livmineted)
heulsphexres. Then for ¥, . > Tg o the displecements

2y 5 mreans as i
will decorease as L

decrensen, leading to reglom A
of the Thas / @ dlegrem (figure 1 ), Region B is
cocupled by Lines which have T,,, <%, , 80 That
shey are woalker over the innsr henlephere of eagh
whar. Mall 10 sn example of this. A Tyqy Talls
Ffurther, the W(T) curve becomes flatter over the
relevant temperature ronge, and this flatness may
have the effect of causing the lines %o tend bagk
towarie e = 0 {rezion €Y. Any lines appearing in
voglon D wonld be enomalous 1T the Plenck funcbion

had ne effeat.

29
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A i

sensibive o demnperaivre will apgear, on bhe
onal oy AL Ol aver o bh TN i sHORG
L S LSS v WALEY W YA & J. R g.x ﬂ WGEe
WP ure Lies withir o T res o hows W
Hempae [ ANIA LALEE WAYHRAER 8 naryow e WAES ABoWy

»

Tae valve of dispplacenents due e yrerlecbion is thewn

obbalned by o eultoble averaging of velocity over the

gtrdn. A2 She eoordinates of the styvip depand only on

24

the T dletribution over the &ise, the Flanck

Tunotion conrst enter into the exprsmalon fow @ o

5 ~ P W o sty R i A T R o o n vals <o
A sequence of eush llnes of various wavelengihs will

o

Hherafore ohnw o correlatlion w

U
o
A
-
<3
2
"ot
=
£
[
2

&2

“,‘2

o e 4 o5
EwEil QELELDE
, i

ag o cousagquence of B LT}, and a dlagron suoh o8

7

fheurs © sheuvld not be eupected,

Likewlne o fequoense of lines conpletaely
insepeitive to temperature, and which would all
Lig om @ = O in tho absence of o wavelength effect

ra

ig subleet bo the full influence of the effect; am the

G

lines appear over the whoele gbawy

The @%ﬁ@?ﬂ@%.gyy% dlagvam 18 atx least consistent.

g

ah Dires glapoe, with the above remarke. Nevertheless

on glLoser

o

gng 0¥ tTwo dimcrepaneies begome apparen’
gromination of the oboerved dlagrams. Jm the Lirved

2

placs WIL, which le anowmslons in semms ol “a@.ﬁ%@
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a

diagwan, 1o net 80 i ahczaf% diagram. But WXL is
she nost highly sensitive of the absoerptlon lines
obeerved and should therefore be uwnaifected by the
wavelength sorrelaticn, 80 that it con ouly be o
eoineidence that 1% lies vhere it does in figure G
and the abpormal position of ﬁiﬁ in figure 3 remeing
wnexplained. Jonwider, furthermere, & gradiend
flefined in the @M}k dilagram by drawing the bewt atraight
lime through absorption limes with eimilar Weopeotzal
sype) eurved. Three sueh gradients, for instance,
are defimed by the 0II limnes, the sequemce (HyHE, HE),
and the best line through the muliiplets of Hel{°D),
Apgording o the ideas of the previous paragraphs
she glopes of these lines should decrease with
inereasing T,ex, and yot there i no evidencs of thiss
Lines so Fformed are more or less parallel.

In conclusion, the model adopted appears to
voepresent the observations quite well gualitatively,
although there gseem to be one or two disturbing

Zeatures in the @/A diagram,

The JFoymuls Ffore
A

8o If the sbeorpition 1lines of 57 Cygnil had been

42



L IC S D S Fornr e B gmeneln d enan B 3 R S
N }r."";, izrﬂ:,:;&i: .L(.’-{a@ 24u uﬁ,}f PRl leqruisi: ¢ b i .E.u pky

. 7 gty n LS Y rign eyt st o8 v o ) YO € ol on A
have hoon necsssary o connider ouy agysuebtriss in

< eyt ol ¥Imal 2] an i oo ofn ol em 2 v s R, Y
$he 1ine nrefiles which aight swise. It wonld aleo

heve heen necessapy 40 ooneidesr wore ¢leosely the
relationghin between the setting of 8 Gross-wige
onn & Line, and the expression for the Lina'w
Aisplocemend. However the effeet i8 80 lavge thab
thin problem does not arise. The intensitomnsber
tracings geve indlostiony of saymmetrie line profiles
he cage of one or two lines. Tracings of the
GIT Line teken from severald spestyograms are shown

in Digure 1% . However throughout the present work I

mhall woe o mean, appropristely weighted, ond sgoums

thet this mean ig ocompabtible with the coryeepsnding

srosg-wire astting on the absorption line. The other
sbviowns exprension fer o ling displacement is &
gentroid, which is lons sonvenient 0 handle
methoenatdcally and ig not used

In acsordonce with the argument in OVINDEN°s
paper, wo shall welght the veleelby &t any poind of
whe abar with the enorgy reonoeved Lrow the combhimeuvn
a% that point. This is W(T) %%@ﬁe

The equivelent width of & ldne will in general
vary over the dise, the variation depending on

uninowne such a8 the Gepariture from thermodynzmic

4.7



sgullibrium in the relflectling almosphere. The
digtribution of temperature over the disc will

vary not only because of the veflection effect but
8180 becauvse of limb-darkening. The latter is
convoluted with reflection. MILNET(1926) ghowed that
the radiation emltted by each part of the reflecting
gtmosphere can be sgeparated into a "non-refleoted?
and a ‘reflected’ compoment; this arises from the
Linear nature of the transfer equation, o0 that
partliceular solutions can be superposed. Accoxding ©o
MIINE the reflected radietion is strongly limbe
darkened, while the unreflected component hes &
limb-darkening coefficient which is uwnaffected by
reflection,

Suppoge B, yB, represent the Planck functlons
of the non~relflected and the reflected components
of radlation respectively. Letds. and da, represent
glements of avea on the outer and inner hemispheres
regpectively (of sither component), and let B;Lbe
the value of B ,at the centre of the stellar disc.
Suppose © is ‘the wsual lilmb-darkening angle.

Then

§ VW B, (1~utu 28 )ews do, gj‘ vwe,' wn'e do,
o 30 | £,
@D § § wBg,' (1—u-+u £o>B) R 5(6‘."_ ~+ S S WB;:’ o B ola'.;,
5, Z,
bty

T M. N. 87 03



where the domains of Integration axre over the
reopective hemiopheres. It should be noted that
HILRD s analysis is valid only in the case when
the iliuminetling fuw Iis in the forn of a paralleld
boam.

As e Lirst approack o the problem, I decided %o
aae whether or act the T;MJ@ and @/A dlagrans of the
model woeunld agree, o within an order of megnitude,
with the observed diagrenn of 57 Cygni. himbedarkening
iz them a refinement which cam be neglected and ¥
took the reflected snd nou-reflected components of
radiaticon o be uwndarkened. In the nodles, the
isothermg will appear 28 gtroight Linss parallel
to the yeaxis {(figure 15), a configuration which
arises due to the symmetzy of temperature shout the
suh-gtellar point. The star is here daken m@.b@ of
unit rading, and the x-axis has, a8 origin, the
cenbre of the dlse and, as direcihion, the line
Joining the stellar centres. The wadial velooity
V of any point is then glvem by ¥V =dx, where w
in the anguler wveloclity of rotatlon about the y-axis,
There is mo loas of generality in daking the stellar
rotation to be aboud the y-axis, ad w), broadens but

does not displace a line, while w has no effect om the

45



o - o) - . o = t
g - W -~ P T - obe g -
N I ; ORE B OLDMSe fod LED TGELELE: Bl O
e o P ey T r%, Y A, ; .
WL ERER. LAABN G FORIMmRLE LOX ((J‘ reducans o

4020 w7 B, ()

=

R

K
e
fad
Pls?

g
O ™y w3, (7 el

.—\

5 An swpirical hkoowledge of the funeticn W{T)
18 nsgessary in order to make uwse of (3). The
semperature referred to here i1 colourw %@Eg@gﬂ%mr@@
as bhis Lo the arsument of the contimuvam i&%uﬂﬁ;ﬂy
'%kﬁae A few awbhors howve pm%?ﬂwha W&gp&@rva‘ Sype )
data, the mopdt ewitensive beinmg due 36 Wlﬂbiﬁ%ﬁ §1@38§
and to RUDEIC {ij@ » Ulograms g@&jﬁvlmw WILLIAKS
are zeproduced ln Tigure 123 those of RUDNICK sxe
saimiiaw.

o " 5 ; <n o7 e T * - TS T
To uwoe dote seeh ad that of YILLIAME and RUDNTGE

%)

S
X
g
3
fd
31

ve require o coaversion Trom spectzal type o colour
venperature T,. Sech a converslon is shown in figuwre 14 -
The pointe §9%, B0, B and 290 on have b@ém taken Dwrom
ALITN s AQ snd dhe curve has besn Formed by interposlation
tnfortunately it ia then necessary to convews Lwom the
apectral claggiflceatblion @&@%@m need by ALLER to the
aystans used by other authorsg, There i powne
digeareement between the various wygﬁam@ of
glapsliiisation, smounting 0 an vwaesrtainty of abowd
one speetral subs-division.
1o,
T ap.T. 83,308, *np.T. 83, 433,
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Lnvolves
conslderaticn of varietlons of strengths of numerous
LTines and of comporisons of walstive lines gtrengthe.
And different systems make use 0F dilferant lines,
Gven when, 83y, & pavbticular ster i belng examined.
The following noter hrislly sunmeri’e some apvests,
povtoining %o B aters la particulaw, of the clage-

ifioation pystems uwsed in the subeequens analysisse

1o {Astrophyoical Quenbtities)
Dot i av pmlﬁ@@ fow 09,
BOy BSsouoescand the
veouired datz for obhem

By Qv%?%& Wypes9 18 obtained
@y interpolation, assuning
tan Pqua& divinions oFf
pach Type.

e Hamvard SvebemifD) Bé, BH, and BT ave oultbed.

Be Syemhom MEE ) B4 ig omitted. Inwminosibty
clopses I $o havae boer
Intvodueed.

4. Viotogia Syvetem fo sub-dlvinlions are
omitted, and large B, WEhera
¢f otars sre fouwmd im
clagpen B3I and BS.

9.  Hillilomg Willioms adjuote ﬁjﬂ ﬁmhm

divisions so that

nunbher of 9tars im@y&nﬁ@&
smoothly with lateness of
apegbtrael Sype. Ho sube-
@ivx&iamw are omitited.
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Bince the equivslient widithe of some lines vary
fron mazimum obrengih 0 Zore ¢ver two sSpestral sube
divielione, ond sines the above systoms may well
differ from each other by sbout one sub-division,
the sonverslon between equivalent width and colour
temporature by wey of ppsesral byps cammet be
rolieble 1f the date arve teken Ffrom various 2uthors.
As faxr an poosible, therefore, I chose to use that
of WILLIAMS, as hie system of claseification seemy
0 be the wost significant phyelsally, and in
ad@ition hie dabe 1o smoothed, imeressing its
ugetulness, It wap necesgaxry to supplewent this by
lnfoxvmation from BUIDNICK, in pawtioular for the

helive Lines,

I

An  Therssive lMethed

10, Zheopy From figure 14 and the discussion
of § 5 i% appears thet the rise In efXfeetive tempersiure
over the hemispheres of the component otars

sorveoponds 40 o chenge in spogetxal type Lfrom °ALLEN?
type B4.5 to about B4.0, or only balf o speciral
sub-dlvision. The change in sguivaslent width of the

line in smell over this range and g lineer relatlonship
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batwoeen coleour temperature and eguivalent widths
holds., However in ordey 0 teke agcount of eny
survabure of the W{T) ocurve over this range, which
might be marginelly signlficont, 4% was deslided %o
ropresent ¥ by & ouedratic expression. For simplieity
the tempewrature T, on the ouber hemispheres wae
taken equal o umity, and the squivalent width atb

any polint euypressed In terms of the differemnce in
%émp@raﬁmwa between the point and that of the outer

honispheres thug

R
)= Lo+ wmaA? +w, (&T)
wWhers AT = P o T@

The guantities {(w,,w,) describing the variation of
W ovar the range of temparsture of interent, are
eeslly calenlated,

Pigure 17 is derived from tables of the
Planmek function and covers the renge of waveleugth
of the cboerved lines, The Plansk fumction is ales
penaglbly linscsr ovew the relevant renge of
tenpereture and wavelength and conld be described
with sufficient accuragy by & linesy expression in T,
However o quadratic texrm was onee more included ©o

toke aesount OF any ocurvatures
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By (2] w Lo b, (AT) ¢ by (A%

B, (T} i arbltrverily put egual to wnily at tewpevedure
Pe o ¥o ave eutitled to do this ag it appears as &
ratic inm the expression for the displagement. b, end
b, ave tabulated Por verious wavelenghhe in figuve 17
L a?l.@gg@ not vary appreciably over the range 3934 < AL

4684 and iz smell compared with b, . We have thab

3
W) B, (2 = 1+ qd% + q(4T) + g (&2)  (4)

where g, = W, % b,
q, = Wy + By + W
4, = Wh + W,
Az o Tivet approach ¥ deslded do represendt The

temperature dlstribution over the ianer hemisphere

of the reflseting otar by o cubic in x3

AT = @ for « lgxe®
N o v
AT = Dx + T,x ¢ Tgﬁﬁg Lor Ogwgl

The csoefflicients (P LR LY ) are keps avbitvery fop
the woent, The ides was to develop (3) anslytieally :
the adeption o partiSuler values fox the T . and (9, E.g,}‘
would resmld In diagrams which could thenr be compars

with obsexrvation. The comparison would wreswlt in an
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Iwprovenens of the é’,fﬁ 267 JE . ) By ditewxatlon unbil
the best cublie had besn fowmd. ITn the ovent two
dirficulsies avene which led to the abandoument of
the sinpls nodel se far adopbeds-

We have, in the vemge 06 x €,

.sﬂ u?» e '; g M ,ﬁ,"?’" .Xi

gEy
w5t
Rangen?

+

rery - < N 3 ¢ 4 » ) & ® . &
R X 4 4 K "@"«"a R oo fo B o J& X
& 3, . Lh 5 & 7 ) ® o
(ﬂmfﬁ == ”&gg Ko By X g g X - ;‘S&' K ofm B B e i, 50 & X

B
ed
E)
me®
g
i

FHaTrs
| P
. aly ] o
o = o == o '
JL = 7, J’g = 2T T jgl menE
‘ &
s '—T l u m
j? s O 75 Jdﬁ - y ’v
o o= T < k@I {T, T 7
N H N g ¢ o vy v
3 O RO "
K, w67 Ty Tp =0T, 'P{g 23T Ty w3 B fe” e

Ingerting  the avove im {4) we have

M {61

- Rich ]
( e [ s a0
i
W
o g P
wils

A

N o= LaT)p(52) 2. T+9, J,]B(2E)
=9, BT J, %3 &Jﬁﬁ?(%{ 9%} o4 Lo, d 4 9, ;;B_J 8(3. % \)
e E‘!Z’m-jss“#“‘?s'i:fj B(%-%) [ 9ndy P2 é’ééj Blé,d )
Lo ke BUER) L k] BOSE) wl, k] ol( s ]
&8



= [T 3CLEY L0, B +9,0,7 BCOE 3 ) - [0,5 42, 4, + 2 K B (20

W00 bt Dy e 8CE>E) o L90y + T3 k] BCR T )+, J, 175k [ BOE
Loy ke B (4 2) + RIS 3 + [ k] BES,E)

&
o ‘Qtﬂ"’e pete ¢
wpere Blm,n) = & RinG coB o,d0 on putiting % = sin &,

L]
The B{m,2)=l %ake the values
vE R gyaen

T, m 033333 T,m 019635
Ly 093333 31:%«‘: 0. 09897
Tz 0,07699 I, 0006136
L, 0:05079 Tom 004295
zqm: 0, 03694 :‘ZE@'-?,H {3, 03221
Given R vaive of «{which has the dimensions ef =

voloolty 28 the steyr hes redius R = 1) and the
guantities (g . Qézi',g_ 9%) for sny liae, then (&)
gxprenoes o relotionship between the displacement
of the lime and the temperelture distsibution,
representsed by o ouble over the imneyr hemisphere.
it the obaewved radial %Mﬁémy Eﬁ:@ im the nodes i
compomed of the orbltal componendt, Y,., » and the

QOBRPONONTG @ dune $o the reflection effest,

7 "-ﬁ;"‘
u’B
"‘3; ﬂ:«' .bs,r 3) D Lo
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Hno gwotemts veiaadidy 1o hoave westontad

LR BFOGGHMLY TOLGSLEY L8 480 NEFZFLedusde
)y, 5 ] v gon, . ) P B, 3 iy oy €2 g - o ".
Py pooowed voluss of the parameters, sn orbital

vedeeltsy V., f eswld be saleulated, where

u‘zfcﬁga EE (WWM: 3& -@»@Jjﬁ@

o

suffizx zeoxd veferving

k]

%0 the flrat aspuwsd valuned,

Wa con then write

Y - ,If " s %
vw&s 1?-1:%?5& [ﬁﬁ?. & é}:{{“@@r‘?} ,_4[}‘_‘: Q«Q ﬂj

.zm.é&,v o «fﬂ@«ﬂéﬁ,‘ﬁ = W A

2
Liceg PY!‘W:’ rq e
RultaF = § X AT,
Ed

and finally

LRl o A LI ey in
’«’"’c York il «}); ““’j"“‘:‘; AT PR bes = \"z’aﬁw; - i“ (%Wé’ )w o+ e,
e Q) ) .)as'.ll" ’ e *

G B G D wromSwiam o W 3 EE N ¥ SR T
EE dmitial valuveo of V., 0 .(T, .%,:%,) ave taken,

g

r"‘-““'

gn Tive lines ore neccasary 9 solve fov

i)

A "i’ﬂw. o B Add), A leamt squares proceduve wsing

£

ahd

¥x

nll the Linss available wouwld give the "be
valngs of the varionsg guontitics coneistent with
the negleat of limb-darkening aad prolaotences, sud

\

with the cuble vepresentation of demperature.

1. 48 imitial values I took = D.1, Tym Ty G
This glves a 108 riee in affecblve bonperature, and

the conversion fron effeptlve benperxabture o speetyal



& % XL o ln - o e S s e o ol oenede  JHTV Y T ARTW o g el ey T8
tyoe was made on the sasumpblon thoit WILLIAND speatpal
Py " s & y LY . 2B . o -m-;ps
Yype de ldeatieal bo that of ALLE,

Then

; - 3
. — 2 .
e bt re. b v e LT

. {13
Tr0 L+ oL, 1+ 6LT |
_Eﬁpyﬁﬁwﬁ@m@:@M?§% were derived but are not reprodused
here as thay waf@kn@% made wse of.

The soefficiente (w,,w,) of the expansion (4)
for W may be fourd either by direstly £itbtlng the
quadratic on te the W(T) graphe of figure 12, ov by
& Taylor expunsion abowt T, estualong what the curves
a9 geussdan.

Thowe values were casilly dexived for abaorptlon
Llves oueh a® Mgll, CIT and the hydrogen end helium
1ines, an they are visible in nowsal gtars of
Hepvard type B3, The sorvesponding ¥ were all
gxtremely gmall, being generally in the regiom of
0.02, The asprend im displecement of themse lines
amounts to about 30 kmfeee on the T.,p dlegran of
‘@ash star {(see figure 3 of chapier L), SHinece

¢ =K, then for linse designated 1 amd 2,

Fa

@ - @:.9, «mwg?ﬁa = §§a)
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P }s:$
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ka

would oneuse wislbhility of NILY. However we would
Bhen Wave woe ¥ e 0 end thereforvs T £ O

The olvsumnbences that TITE swd 31TV are

4} wiaiblo, £11) highly dlisplaced, eve therefore

metnally exelusive in the oowbexnt of the nmodel vaed

iy

120 Dicoussion of the Bifficulties. Vearlation

U\ SEAR 1R B a v e

wy,

{within a rossopsble range) of the geowstricsl elements

o, G .{'. L

r ety 2] o R [r Uy S 1% >y EY e 2 " s gl . - v
g8 the modal, o of the stellay pagten, had no

Hfoad oy v «38 o KT mn g L s ph, g
affoot ol any BORSCUREREES=

I et T Gy Y @ * £ 5 & Ly o . 2,
A wime of, vay, L0007, would otwraln the
. o e A - & e

dimensdons of the medel, and 2,000V ¢an bo regerded
- wny g R tavla e N8 e .J-. YN -r" . { R T PR N
am helng coppletely sukalde permizeiblie Limity.

o P
% §7 B E AN . SRR A o adegm o B ey o (P 1 2,
AT o Z.000°7 aervasponds Bo o zpestrel chonge Sros

20 o P s o -
glear from Dgure 12 thet even

e B oY g - e he) 1 TopY. (g ok, ¥ Jupp. g T 4 N N G - P
Shig de dnsdequete te scoount Loz the vwislbility of
VA1 ol ) o JE A Py s Ty o Y. .

HILTE and 8171V, Fowthosnore, ag dhe inolinabion

- ‘, I = yret rile e, - ) ey L 1L -~ ’ o av e
Low 307 0r BOy the asighbonrhosd of the osub-gbellaw

podat of esch o%ary will be hidden from the obsewrap

[N N SR s B . §aBrgma Ry Ty o .....‘..,.

over part of the oxbital ayoele, WILY fwiﬁg vimibie
g i o By ol o e 5 ermgegin 5 & ok s uf g7 P

over the entiire gyele, 1% camot be ondined bo a

small asres aveumnd the hotepns, bud must be visible

gver mach of the inver surfece of the SHari.
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vy n{Pem e . v T H ) ol U gAY A B i SRS S R iy 33 Ty &
Fven for ATw 22,0007 the first ALPfisnlity, vig shas

2 of the hydrogen and hellum and other lines awe
vary small, remsing, (;
earli€r

IE the stber 1o of & @@m@whd%,m@ﬂ@bﬁgg type then
we have been adopbing, L6 might be that FIIT would
pouear ot the hobtepot. The argument concerning the
vinibility ot 2ll phapes of WILY m6iil applies,
however. 97 Cygni wowld have to be of type BL or go
badora a laﬁ@ﬁ$@>ﬂﬁ@ alveys visible WIXY wowld
roeults ond 8% %y@@ BL Lines such a8 OFY would have
mere disglacement. Apert fron whicsh il avthoms
ares Faizly well smongst thernelves concerning

tyne of 97 CGyenid. Bl or vo must be completely

The bavpie Jidficulsy ig that the expected
heating of oach star by the other is o  amall
et very 1ittle change in the speetrel chavasbowrs

iatics of the abtwosphoeres should Be expested over

& [l

p..

Py ey D . h ey <& afa a3
she spurfaceg. Honece only wvery smell weflection

s

LﬁpmwnySﬂ%ﬁ should be observed.

pioture behdnd the predietion

Loy

2
<
@

The gualidesd

k

#
a8

of & qufq\ dlogram is thet of a sexies of gtrl
on the edar, coech contalning an absorption 1ine.
The eloser the atrip to the sub-tellar poiat,

the bhighewr the T (@f the line 1t comtaimss the

Vreeyy
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steepent descents could be used to evaluate (3) with
{8) for the more sensitive lines, that is, for large
h) but it wes decided to follow the method outlined
agbove in order to be sure of orders of magnitude and
the llike befowve embarking on more laboxious
ealenlations. It tuma oult that a second unexpected
fTeature aroge, 58 a counseguence of which the model
had t0o be modified further, and in the event no

more complicated spproach than the one above is
Jjuetifiable.

The colour temperature at the sub-stellar
point was chosen to be double that of the far
hemisphere. Fortunately a formula exists which is
well adapted to the present problems- BRONWIN's
formula atates that, for s function whose twellth

differences are negligible,

§ ) ] R .
g ';:()()('“")(3} 4 G'/x = eg;;{ {;(@?05 Jfo) %"5"‘("@5 4-5 ) .ﬁgg,-ic(@@g‘?‘j
=
o-F (cos =15°) 4f (cos b §° Y e Flecos =76

whene eosl’® = 0.965 926
cosd5® = 0,707 107
cosT5® = 0.258 819
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Yo the oumerator we pwt £{x) = x(1-F) W(x) B{x), while
in the denominstor, fagx) s {(1=-%*) W(x) %‘:K)o
Three of the wvarious tempersture distributions
which were btried aye plotited in figure [8. Two
corresponding T, . /((o dilagroms are shown in Llgures
49 =mnd2a There is egreement wlth the qualitative
expectotions and with the disgrams obtained from the
ohservations of 57 Cygni.
Regard T.s for the moment a8 s parameter which
can be varied et will. For T, £ T, , the absorpiion
lines in the T,/ dlagram lie close to @= 0. Am
T, increasesd, the lines will begin to soxrt
themselves out, bubt VIII, &iIV, OII and NII
will not be visible. Foxr NITI and SiIV in
particular to sppeay, T,must corrvespond to ok
leaat type BO.
If the proporvional displacement of a line,
%, corresponds rourhly to the x-soordinate at
which the ster has colour temperature ¥ = T _ .,
it can be seen that as T;increases further, the
linea will thep tend 0 move back towards @ = Oz
Let the effective temperature dis*ﬁ:mbu‘biaﬁ

take the form

T =14 (T,- 1) x

6%
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over the inner hemisphere. Then

F .
Toan® L4 (Tg = 1) F

4
provided that T, >T, . hence

.,,-ém

Pl e

K %s .nanmf&&upa=wwnm'ﬂw»b
P

U |

~

m;aﬂia the effective temperature corrvesponding to

noo . £ o
the colour temperature T,,,. Take T, = 20,0007,

corresponding to a line with maximum strength ab

Rl (e.g. OIL). Then from the table below

T T
20,000% 1
30,000 I/3
404000 17§
50,000 b/

and from the observations it is clear that a
temperature I, much higher than 30,000° is
unacceptable as the displacements of the OIT
Yines would then be {foo small. This corrvesponds
to about 08,

In conclusion, the Tmax/§> diagrams of
57 Cygnl arve acc@umtaﬁle if the temperature i
taken o rise smoothly from T = 15,000° (B4.5)

7!



e 22,000%¢ T % 30,000° (BO to 0B at the aub-

stellar pointl.

14, A Further Difficulty. A plot of the £/

diagrams corresponding to the three T(x)
distributions reveals no indication of any

wavelengith corvelstion:-= @.g. figure 21,

19, The fact that temperature distributions
with TssQQ%'T@ fail by ot least two oxdexs of
mognitude o duplicate the obsexved /A diagram,
indicates that the Planck funetion explanation
ig insufficient. (See also §82 of chepter IT).

Home major effect muat occeur on 57 Cygni which
has not been allowed for.

As

2.

(i) T 20 T,
{(i1) the Qbﬁ@f?@ﬁ(ﬂ/A correlation is much graater
than that expected,
it 12 clear that the phyasics of the reflection effect
adopted so far is inadequate to account for the
observatione of 57 Cygni, and I decided to abandon
the attempt to Lind an accurate T(x) dlstribution.

Some speculations as o the possible causes

T2
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of the difficulties above are described in

chapter 11,

74



Chapter IX, TFURTHER ANALYSIS AND INTERPRETATION

B e e
e R R T R T L R R R R N R R R N R R T T T R e R S o

Ve fnetion

Is smother'd in surmise,?

SHARKESPEARE
{(Macheth)

Ao THE TEMPERATURE DIFFICULTY

The result that T, > Qéﬂgis 80 surprising
that is ia g8 well 4o see whether this conclusion
can be avoided, Two areas where error might
arise ares-

(1) The data of RUDNICK and WILLIAMS might
be uvnsuitdble as a ﬁegﬂure of the variastion of
line strength over th@‘stvro

(2) The cenveraion from gpectral type

to @ff@@ui?@ ﬁ@mperauufe mjght be inaccurate; for



example the tempersture gcale iteself for early type
atars moy be errongous. A perusal of the litersture
indicated that dissgreement between authors ls
marked for early type stars, amounting to ovexr
10,000° (effective) for BO. It was decided o

lnvestigate this discrepancy.

1. The W(T) data, PISWMIS has shown that,

statisticglly, the reflection effect in close binary
systems 18 sugh that there is o peating of the inner
surfaces of the starss there is no evidence thmﬁ im
any system vadiation is reflected without being
conaiderably chemged, in quality, by the aﬁﬁ@ﬁphere
on which it ls incldent. To this extent, therefere,
we mey expect the W(T) data to be an eppropriate
nesasure of the variation of line strength with
spectral type over the surfsces of the component
atara. ‘

The equivalemﬁ width of a line in a2 stellawy
atmoaphere depends not only on temperature, but
also on surface gravity g. It i® only because g is
g unigque funetion of temperature ‘along the early
part of the main sequence that one ean write
W8 (T} ) = W (T), where auffiz me refers to

the main sequence. The component stars of a close

76
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aysten must be distorted by wvotatlon and revolution
0 Anme ewvhkenht. conmine a wariation of loeal evravitv
aysten must be distorted by rotatlon and revoluvlon
from point 4o polnt. Fhen at some polas on the
gvar, at whlch there is a temperature T, a given
line will have equivalent width W(T;gg(m) ) = W (D),
where suffix s refers to the star. We wounld not
expect W (T) = W (T) %o hold in general, as
gmgm) # 8,{T) in gemeral.
LA variation of surface gravity mnust ocour
(1) over the surface of each .component of 57 Cysni
and also (i1) along the main seguence.
(i) PFor two polytropes of equal mass with
W .=med o the shape of each star is that of an
ellipgold with three unegual axes, the longesd
being directed towards 1o companion and the
shortest being the polar axis, where the ratios
are, according to LUYTEN (1938)r
polars 1-%e =43
mediums 1+4e ~F%

tongests 1 +4 € + %3

3
To the £ifth orvder in (R/a), we have ém(-—%-n) Ao,
- 3
y e %)&&am

R\

Longest diameter ! - %( -;;-») A,

B : et - NG

Polar dismeter ! wa%§(ﬁ?% 4 a,
77
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A, 18 a constant related o the degree of the
pelytrope, and varies from 2.9 for o homogeneous

shaz (n = Q) %0 1.0 for a Roche model (n = 4),

Roshe Homogeneous
8/R  longest/polar 8/R  lomgest/polex
O Lo 37 0 2-.16
£ 117 % 1049
1 T1.170 1 1.20
15 100 1% 119
2 L.04 2 T.10

{(11) Pigure 22 demonstrates the change of
surface gravity with spectral type for main
sequence stars, derived from masses and radil
tabulated in AQ.

Noglecting for simplicity the departure of
the stars érﬂm the spherlical shape, the suwface g
at the hotspots is 0.38 in solar uwnits (corresponding
t0 B4.5), whereas according to the previous simple
model ¥W{spectral type) data should correspond to noh
earlier than B3.% and g = 0.32. The effect of am

%%%f = 20% in g on the equivalent

increase of
widths of absorpbion lines should be comsidered.

The influvence of gravity manifesis itself

28



also in the difference in spectrse of glapnt and
dwarf stars and we may adapt the caloculation
vaed im discussing this effect (the absolute
magnitude effect)s—

If N,= no of ionlised atoms of an element in
state n per unlt volume,

No= no of (ionised <+ neutral) atoms of
an element im state n pexr unit volume,

then L
2 kT
N, . _me
N, | 4 L 6O
N@

where N, = no of electrons per unit volume, and

2 eme W s
mg&ﬁwgﬂﬁﬁ 2, & b

G(T)
‘ h »‘?’
neetl

where @ﬁﬂwﬁi) are appropriate statistical welghts.
Les By = gurface gravity at a point on 57 Cygni
corregponding to a particular tempefature Ts

Bne ™ gurface gravity on a star on the mein
gaquence cérrespoﬁéiﬁg t0o the same tegperature.

Then’

i G(T)
Na { 9g7) = I+ Nmah
Na ( Gims ) ! = { GH{T)
Ng (9s52)

and since P = N&kTg

Ne (95‘7) ) Pe (?‘5’7)
Ne (s ) Pe (Gms)
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P lg Tthe electron pressure.

If we suppose that 7 Cygnl is at a hilgh
enough temperature for all the hydrogen to be
ilonisged, then since hydrogen is presumably the
pfeéomim&mﬁ element, the electron pressure is half

the gas pressure and we may wyrite

Ne (g f"’:) = r (g?‘?)
N © (gms) P (@m.s)

where F ils the total gas pressure.

Since
ar _ 5
atT K

wzres

ik being a mean absorptlon coefficient, we have
P & g% ¥ supposing that R does not vary greatly
throughout the region in whiech sbgorxption lines are

formed. T 18 a mean optical denth. Then we may

write, approwimately,

N o (& 5p) g2
N, (8, s
Hence
)
N (8 5e) i Jer AT
NS &7 . T Gms __No (95)
N, (8,4 |+ ZLT)
Ne (95y)

go
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I we take W< W, then

Wm0, T) o gy
W ( ﬁ‘uﬂ@ 3 T) = gm.s
Applying this to the sub-gtellar points, we have

W(gﬁ’?i T’S) % O°3$ %Jwicﬂ
W Cmsy Ts) Q- 32 |

I3 follows that the use of the W(T) data leads

o an wnderestimate of the strength of absorption
lines around the sub=gtellar polntg, but that the
increase is likely to be less than 20%. This
affeet corvesponds to a slight change iu the
value of W in the expression
Woe 1o+ wy AT

and therefore does not appreciably change the
conclusion of chapter I that the temperature rise
ia an orvder of magnitude greater than expecied.

2. The Temperature Secale. Four types of

temperature are used here:-
1) excitation temperature, which cccurs in
Boltzmann's equation

Llonlsation temperature, which ecccurs in
Sabha’a egquation.

g2



3) colour temperature, which occurs in
Planck s lawy that is, Te would be
derived for some wavelength range from
the spectrophotometric gradient in
the range.

4) effective temperature, which is defined
by L= 4 ReTE where (T,R) are the
luminosity and radius of the star, and
is Stefan’s constant.

The regtriction that T € E%QQ refers of course
to effective temperature.

One of the earliest effective temperature
geales for early type stars was introduced by
KUTPER (1938). For stavrs of type O and B, effective
temperature wag fouud from a theoretical study of
the maxima of cexiain apectral series, discussed
on the bagis of the theory of.ﬁhe continuous
absorpiion ecefficient given by PANNIROBK (1936),
Taking surface gravity to be constant (log g = 4.4)
for main seguence starg, RKIIPER derived the wesult
sunnarised in figure 23, |

A temperature scale propoged by KOPAL im
1955 relied on three early type eclipsing systeme
for which rarallaxes and radii were availableie

Aur A Te= 10,700° 4 500°  Type AO

Per L  Te= 12,200° & 500° Type BB
' Seo Al Te= 16,6007 £ 500°  Type B3

63
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The geale derdlved by KOPAL differs from that
due to ﬁNDEHHILLTé%Qalqg derived from model
atmospheres, by aboutd 10,0009° Thig discrepancy
appears in the range BO - B5 or g0, which range
depends considersbly on the value of effective
temperature deduced for,#”Sca A, whose parallax
was derived by EKAPTEIN in 1914 ovn the assumption
that 1t iz a membeyr of the Scorplo-Cenmbauvrug
Group. Using a more recent parallax for the group
due o BERTIAU (1958), HARRISS™increases the
deduced T, for 4 Sco A by ebout 10,000°, eliminating
the discrepancy between the empirleally determined
temperatures and those found from theoretlcal
atmospheres. According to HARRISS, the star is
of VKK type Bl.5 V and has T = 27,5007,

Wevertheless the parsllax of/w Seo A remsing
uncertain, particularly as the exlstence of the
gcorpio-Centaurus Group has recently bheeu doubted.
The MEKK type Bl.5, glven by HARRISS, corresponds
to abouwt Bl on the HD gystem. This is such a2 large
gifference from the earlier ealtimate that the
spectral type muet also be regarded as uncertain.
The binary has a period of 1%4463 and muat therefore

be almost a contact system.

i
X Basi f' r
Basic Astromomical bate, VAW, 4.263(/263), Pub DA.O K, 19,1457,



It ig likely that & gpectroscopic reflectlon effect
ginmilar to that on 57 Cyganl is found in the

binarys: this would account for the disecrepancy
between the egstimates of the spectral type. At

any rate, the system cannot be relied upon to
provide an accurate plot on the speetral type/
effective temperature dlagram.

In his compendiuvm on the aubject, HARRISS
(193@) states that T(spectral type) was first
obtalned for the MKK system of classification by
KEENAN and MORGAN (1951) using the temperature
geales of KUIPER and of STEBBINS and WHITFORD
(1945). HARRISS revises this in various ways
taking, Tor example, BO V to have a temperature of
30,000° rgther than 25,000%. Some of his resultis
are shown in Ligure 23,

STROM(1964 ) has computed a grid of early type
atmosﬁhew@ﬁ using an IBM T090, on the assumption
of radiative, hydrostatic end local thermodynamic
gguilibria. The integrated flux in the models
was constant to within a few parts perthousand.

A photoelectric scanner was used to obtain

apectrophotometric obeervations of a group of

B=type stars in the Pleilades. The effective

F5

t Smithsonian dnsti tution, S;»ecfa.f) Report Tlg 167, 2973,



temperatures were deduced (by comparing observed

and caleulated monochromatic fluzes) to within

$,50000 Theae observations, combined with the

gpectrophotomatyric data of OKE and BLESS, give

a scale of effective temperaturs in good agrecment

with that of HARRISS, except at A0.

KOPYLOV' (1963) has determined the relationskip

between effective tomperature and spectral type

by reference to a considerable nunber of published

atmogpheric models. These were fitted on to 2

homogeneous spectral seguence of real stars by an

analysis of the spectral charvacterligtics of the

models,

Independently, quapecﬁral type) was found

Lrom models of the internal gtructures of stars

#.
on the zero-age maln sequence (e.g. HOYLE 1960),

MEK

Tefe ©Vion Texe  exsion exseff ionseff
08 399200 339000 299500 089 075 084'
09 39.300 29,500 264700 QL 016 0O
BO 31,400 25,700 24,200 «94 o717 .82
Bl 27 5 300 22,500 21,600 296 o 19 082
B2 23,700 20,000 19,500 98 .82 o84
B3 20,200 17,200 17,200 1,00 85 85
By 17,400 15,000 15,000 1.00 - 86 86
B605 159000 ?33000 139500 1004‘ 0\90 987
B 12,800 11,200 11,700 1.04 91 .88
B9 10,750 9,800 9,800 1.00 .92 .91
AQ 9,850 8,850 8,950 1.01 91 <90

Table 5
2%

t Astrophys, Obs. Crimea, 32, 9,
8é

MN, /20’ 22,



Prom figurs 23 1% is evident that if we neglect
the earlier results of KUIPER and KOPAL, agreement
between suthors ls astisfactory, and the discrepancy
of 10,000° whiech applied to stare arcund BO no
longeyr appears. The rise in temperaturs dus to the
reflection effeet on 57 Cygnl should therefore
correspond +0 a change of only about one half of
one spectral svb-~division, & conclusion which is

strengthened by KOPYLOV's result thet T,,ﬂ;- :r--fi.“r .,,,PTem o

3. The existence of the large rise in temperature
over the surfaces of the components, although
Bompletely at wariance with the simple physical
plceture postulated by KOPAL and others, is accepied
here ag there seems to be no other way in which the
behaviour and visibility of some 0f the absorption
lines can be explained. Az a final negative check
oxn the reality of the effect it was decided to see
whether the photomeitric conseguences of such a large
temperature variation are compatible with the

obseyvations,

4. The Magnitude Variatilon. 57 Cygni is

listed in the catalogues as & "suspecied varisble®.
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Dr. OVENDEN has observed the gtar photometrically
in a numbeyr of wavelength ranges over a slx-week
period, but the observations have not at the

time of writing been reduced. At present it cen
only he aseid that the varlistion of magnitude in
the visual range over a cycle must be lesg than
about OV15: thus am, ¢ 0715 in an obvious notation.
The photometzic conaéquencas of the temperature
variation must therefore be comparatively small if
this explanation is to be accepted. This suggests
that some congirvaint might be appllied to the model.

In flgure 24, C is the centre of the reflecting

atar and H is the svb-gtellar point. P is an
arvbitrayy point on the stellar surfuce. Then

& = O&H is a measure of the phase of The system:
if € = 90% the stars are in the nodes, while if €
takes its minimum value (909 - i), the stars posess
only the systemiec radial velocity. & = PCH. It is
to be expected that along the small cirele defined
by some given & , the physical characteristics of
the atmosphere will not change. In particular the
monochromatic brightness J, of a wnit area is
congtant and we may write J,(5). In chapter V

1t is shown that the monochromatic brighitness of

&9



the entire aystem, subject to some asgsumptions,

g given by

Let{Z « p + (q~-p) sin’e}

where %
D= 2 B RM%M&& ES
=0
/a
q = g T;, in® § A6
§=0

(g = p) is uswally a negative quantity.
Minimam brightness therefore occurs when € takes
its moximum value, that is, in the nodes, while

the system is brightest when € = 90° - 1,

Therefore

(max)
Am, = 2.5 loglo(t"" }

L, (min)
10 L, (max)
gﬁ“—’- 3__3\(m5n)

Lh{max) L g
L., (min)

o

il

for small megnitude changes.

P =1 aln )

,.°.,4&me =
Te

(1)

qo



Bouation (1) mives the variztion in magnituds
to be expected, given the inclivation 1 and s
prescribed variation of intensity J,(6) over the
stars. The procedure adopted was to sssume some
particular form for the temperature distribution,
leaving some parometers uvnspeciflied, and test
whether the requirvement that am, 40715 could be
satiafied for reasonsble values of the parameters.
The valwe of inclination adopted was 38%, so that
sin 1 = 0,62,

Digtributions of the form J,= 1 + J cos’ b,
vhere (J,n) are constants, are shown below for

J = 1 and various positive integers.m(ﬁ%?.zﬁﬂ.

Then
* V2 b2 j &j
j y — 2
P:"‘:%‘«,’% a%Zwaa 8/%56% m__'__g_.,.gm e
q “‘%“ + 3 § oS ain Sl ©
Wi,
O"B’gj {§ Mpwswﬂ-éaismm—f;}
Ooo &l-ﬁl = 4]

\3 “+J { ‘gnwa $ 0in’Sold - ﬁ;,g }

e &o

EJM ]
16 <+ 3]

for n=1, an,=
/4,.\} PR

o= 2, Al 20 4 2J

3\j -ﬂz
1 4 J

n= 39 Aly=

U

(’m}ta”@' 2,328
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2. Az}

n = 4’?; AN = Zg..J crs
> 150 -+ 6 |

LY S,

94 o
go +

n = g, A, =

(as j-+eoy am-n gin’™i).

The T./(® dlagram can be explained if it is
suppesed that the temperature rises to Iy = 2
or 80 in terms of the effective temperature T,
over the outwards hemispheres. From tables of
the Planck function we then have B(%;)/B(T,) = 3,
which implies that J = 2., Then for

-3
: 1y A= 0,27 sin i

o=

a
n= 3, am= 0,33 sin”i
n= 4, ams= 0,30 sin®i
:
L]
i
n=9, am= 0,22 gin™i

In spite of a wlde variety of forms of
temperature distribution, the theoretical
magnitude variation is small and for a reasonable
value of inclinstion there is no confliect with
the observation that 57 Cygnl does not vary greatly

in brightness. Thus for 1 = 38%, n = 1, we have

9%



A = 0T14, If the real temperature disbribution

is convex downwards, the corresponding intensity

disteibution may be fitted approximately on to

a distribution giving the form J,(8) = B,(8) = 1 + IE o
It remaing vo be found whether a temperature

digtribution which is concave downwards will also

give o small magnitude variation. A distribution

of this form might be represented approximately

by & hot polay cap, the pole beling the sub-gtellar

point. Thus fTor

By (1) = W>1, for 0§%% 5% X

BA(T) = J. otherwise,
Since 5o i S I
wi{ +{ =cw-n] + |
§=o0 5 e @

then after reduction we Lind that

&
p =g =-d (W 1) cos§, {2+inb —2 0o ot

o &
(W"’”E)’msa{aa#“'MSa maw S@} "W&i

n, =
» @M(W“a) ‘{%(-ﬂmso"“ﬁ) %Mgomﬁgo'k

For &.,::: 009 Amg= 0 0
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. D o
. 866 - .
€ 3009 pm= Q. 866 (wWe1) s 0
bpo =0 016 F ( We1))

o » B
&= 45°,  amym L2227 (wW=1)  gini
b 0086 ( Wem1)

N ¢ A2
5, 60°, ame l123 (w—1)  _aia™i
le b O EECTOW =} )

%O:; 9009 A I, = Q.

Again, Tor a reassonable value of the inclination
ond for W = 3, the magnitude variation is small.

The shape of the distribution has little
effect onam,. However 1f it should be possible o
isolate that part of am due to the reflectlon effect,
then it should be posslble to find J or W within
certain limits. Iu particular it should be possible
to test the hypothesis that T 3> 27%"?!;?

The main conclusion of the present section is
that a temperaturse distribution high enough to

aeceount for the spectroscopic observaltions need

not conflict with the observation thatam < 6215,

Posgible Ezxplanations

5. Circulation Currents. . A vertical velocity

V cm/sec on one star, produced by the heating
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effect of the other, requires a net acceaslon of
energy of amount Vg erges/sec/em. (g being the .
local gravity), that is, Vps ergs/c.c./pec. Now
if B ergs/emi/sec., of energy are emitted by the
gtellar surface, then as the gtars are identical
the amoumt incident on the neighbouring atmosphexe
lg Ef, wheve 0 <£f<«<1, In a miform atmosphers of
height h cm., the rate of deposition of energy in
a cubic centimetre is Ef/h ergs/c.c./sec.

IT a fraction p of this energy is converted

into vertical motion,

Ef P
=9 3 9 b4
Typically, =10 3 g =10 5 h = 10 3 E= 10 3 £ = 10
o%a Y. o [0‘“-:.%,/5@(.‘. 0% ps |

If a suvbstantial fraction of the incident energy

weyre converted to motlon, the resulting velocities
would be welativistic. p must be a negliglbly small
quantity, say ldg&br less, a9 there is no evidence

in the spectrum of velocities of I&im/seco Nevertheless
there is a plentiful supply of energy with which
clreulation currents could be maintained, and the

cirewlation veloeity might be, say, of the order

96



of 10 = 20 km/sec.

It can be shown that there must be circulation
currents on the stars:-

Frow the equation of hydrostatic equilibrium
grad P = @ grad$, it is a well-known result that
temperature T (a8 well as P and P ) is constant
over a surface of constant potential ¢ , i.e.

T =T (£). However T varies due to the refleection
effect over the surfaces of the components of

57 Cysni. Thus there arises a contradietion, as
thege surfaces ave of constant potential.
Hydrostatice equilibrium cannot hold in the
atmospheres and there must be circulation.

By analogy with the HADLEY cells which
occur in the terrestial atmosphere (and are
cauged by solaxr heating) it is likely that the
cirveulation currents rise at the sub-gtellar
point, spread outwards and sink after they have

radiated thelr excess energy:-
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As the temperature immediately below the
photosphere muyreach 10%9 it ig at least possible
that a supply of energy adequate to account fox the
opbsexrvations might be obitained. The process can
operate only if atmospheric material reitaing =
temperature in excess of that of the surrounding
Tor a 'gufficient® length of time, in the sense
that an apprecliable temperature excess must remain
in the time tsken for material to rise from the
base to the top of the photospheres~

In the photosphere, the transfer equation with
a time=dependent factor has a term, additional to
the nsual ﬁermsg.éuggéo Thae factor ¢ in the
denominator indientes that The characteristic
time g photosphere will take to adjust to a
changing radiation field is roughly the time
taken by a photon to traverse the atmosphere.

The situation 1s different at the sub-photospheric
level, where the mean free path is of the order of
a centimetrs (ef 10 km in & B~type photosphere).

At this level, ths flow of heat across a unit
erea is k(T,@ ) grad T, where k(T, @) is a thermal
conductivity depending in some way on the state of

the gas. The rate of flow of heat into a unlt
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elementary volume 1s thereflore
div{ k(Type ) erad 1}

But by definltion this must egual minus the

divergence of the radistive flux:

div B = = daiv {k(T, ) grad T}

0 B om o= k(T p) grad T
But the equation of poimt transfer, valid in
sub-photospheric regiong, is

| o
- ke .7 o grad T

3k, (J'M

g
i

The thermal conductlivity must therefore be given by

‘3 z
(T, (3) = oo TP
3k, I

(An absorption coefficient of the form K= ko " 7
is assumed in the derivation of the transfer
equation. & represents Stefan's constant).

If H ig the smount of beat/unit elementary
volume of gas, then the rate of increase of H with

time il given by

b . dw dT d(ﬁw’* AT

At 4T dE T J7\ e JdE
6o T AT
= T ot
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Again, this equals - Qlv ¥, by definition,

e 60 TPIT . i [ KT, @) gradd T
e g TIL i ¢ gl T}

The diffusion equation ig thus, finally,

T T - J...,,..,,,. ‘d"‘f(
ot 3

f"*"“" ?MT}

. 3-
In an egquilibrium atmosphere, T 'ﬁbr”‘m A, where
A ig a konown constent. Por small perturbations, the

diffusion equation is therefore

( v
= ;\o

Neither equation can be handled analytically.
Even the standawrd numerical technigues for dealing
with diftueion equations {e.g. CRANK; Mothematics
of Diffusion) sve inspplicable. An ordsr of
magnitude estimete of the rate of cooling of a
hot, rising atreamlof gas may, however be obtained.
I? a mass of gam at temperéture T, 1s surrounded
by materilal at a lower temperature T,, the

L.
characteristic cooling time ¢ is given by T = 0('4@? Ko )
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where T 1a the scale height of the wregion over which
the temperature difference existis,
KRAMEES® absorption coefficient is K =ke f T &
mith o = 1, p = 3.5, K= 3,10 2(1+X) where
%2 is the proportion by moss of heavy elements
{Z=0.03 typicelly) snd X repregents the hydrogen
content of the atmosphere: X=0.71l, say, hence

235
l‘{(@ o= 105 100

3 2 .
;1.5 10 (pL) /T

Thua,; in the sub-photosphexric reglons, a
deviation Trom an equilibrivm temperature
distribution, even oveyr 10%kms.,-would daecay in
a time of about a second, on taking @~ 1(5f Ei."%'-"!».ii.of,‘?~
Ti~100

It follows that the circulation current is
everywhers at an equillbrium temperature and that
the suggested effeet cannot operate. The same
result holds a fortiori for am eleetron-
seattering atmosphere.

Another conseqguence of this rapld damping
in an wngtsble situation is that non-radial
energy transfer due to circulation currents in

the atmoesphere of a reflecting star can be

lo/



neglected. Purthermore, a study of such currents
need not lovolve consideration of the heat
capacity of the atmospheric materlial. Finally

a 'time~lag’® of thoe reflected radiation, when the
rotation of the reflecting star is not synéhranous

with its oxrbital period, should xnot be expected,

6. Gageousg Streams. 4An attempt was made,

without suoccess, to invoke the effects of
circumstellar material. XKOCH has suggested that
the asymmetries inm the light curves of some
secondaxry components within eclipse csn be explained
as & counsequence of the heating effeect of

outflowing matter from the primary, impinging on
the gecondary. KRUSEEWSKIrhaa shown that, when
ejection of mass axrises {from non—-gynchronism, the
various particle trajectories which arise tend to
converge just before landing, resulting Iin 2
relatively localised "hotspot?.

These resulits apply to stars for which W Coray
and the secondary is about a tenth as masgive as
the primary; they caunot be applied to 57 Cygni.
It is possible, however, that a gimilar effect

operates in this system. In chapter III it is
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ahown that the hotepotes of the stars coimcide with
thelr respectlve sub-gtellar pointsg. Then any gaseous
gitreamg giving rise to atmospheric heating by
colligion are likely to interpenetrate. Ag the

mean free path of an atom in the stream is much

Jess than the dimension of a binayy system, the
streams cannot interpenstrate and the explanation

seems wnlikely.

T. Variation of Abgorption Coefflcient. Possibly

the incident radiation modifies the absorption
coefficient of the atmosphere in such a way as to
expose the hotter layers below. The radlative
flux,ﬁ?amd the absorption ceefficient Kk are

related by

08

o 7%: eg)ﬁ’a‘m/z' T

and 1t could be argued that the atmosphere will
adjust itself to a change io K by altering its
temparature gradient rather than its net flux,
This gquestion is considered further in the

following seection.
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8. DSecunlar Stability. The high-temperature

lines are visible on both stars ovér all phases

of 57 Cygni, including those phases during which the
‘hot® hemisphere of one star is partially hidden
from the cbserver. This iwplies that TS 2%'1‘@

over an appreciable part of the stellar surfaces.
Conseguently the energy emitted over the inner
hemisphere of sach gtar must be congiderably in
excess of that over the averted hemiaphere.
Comparing the luminosity Ljof the star with the
luminosity I, it would have in the absence of &

temperature rigse,

I
L

i. ‘
R
Suppose T;= T {l+ax) (2)
& & congtant.
Then
P ¢
L § J € i==x*)dx —g-_g J(’“XL)(F"#"%X)&P‘J,&(
! ey = o
b 2. Vﬁ/é’ Jr 3 R
-1
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Poxr example, forel = 1, corresponding to @&
hotspot effective tempersturs twice that of the
averted hemisphere,

Ly
Lo

& 300‘9?

Consequently the component stars of
57 Cygmi are radiating much more energy, measured
roughly by L,, than is being produced by the
nuclear reactions of the interior, measured by Lg.
The conclugion rests on the assumption that
T Eﬁﬂgaver mach of the luner hemispheres, and
does not depend on the adoptlon of any particular
T(x) distribution such as (2) above.

Therefore elther

(i) the interpretation so far adopted, viz. that
the appearance and behaviour of the high
exeitation lines can only be due to very

hot inner hemispheres, must be false,

o
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{1i) the stars must be secularly uustable.

In the present section the alternative (1ii)
is dilscussed.

As the excess energy (L,- Lo) is comparable
with the nuclear energy production L_, and as
the energy/second radiated by a contracting star
ig comparable with ite rate of nuclear eunergy
production when il »esaches the main seguence
then the componenis of 57 Cygni must be contracting
in a time comparable with their classical KELVIN
contraction time 5@107%V$ years, say Boloéyears@
The evoliution of these B-type stars must then
be profoundly differemt, if we aecepﬁ“T=¢'2%T€$
From the evolution of solitary early-type stars.

The implication of the a2bove remarks is tThat
a change in the surface conditions of a star,
induced by a neighbour, can give rise to an
emigsgion of excess energy such that the star must
countract to supply the deficiency.

Thig appears to contradict the VOGT-RUSSELL
theoramaccording to whkich a star of given mass and
chemical composition has a uniguely determined
gtructure. Peculliar clrcumstances ariging in the

atmosphere cawunot therefore appreciably affect

106



the sntirs stellar gtrucitures in parilcular the
gtar cannot be made wnatable by, say, o change in
the surface absorvtion coefficient.

The besls of the VOGT-RUSSELL theorem is
that we have a number of Internal structure
equations (hydrostatic equation, equation of state,
ete.) and the same number of boundary conditions
(P = D=pP= 0 at the surface, for example). The
gtructure must therefore be uniguely defined in
the a@sﬁnﬂa of degeneracles and the like. Certainly
no change in the surface condltions is produced
by & change in the atmospheric ebsorption
coefflcient,

However, 1t iz supposed in the theorem that
the rate of enevrgy generation/gram, € , depends
only on the stete of the gas: € = & ((,T). I the
star is coniracting or oxpanding, energy released
by gravitational contraction must be added to the
auclear energy mource: ¢ = &( (0 ,T) + £(p ,T,v).
£ depends in some way on tho velocity v of
contraction of the gas. The equations contain
an odditional wnknown and without some further

hypothesis a wigue solution is not possible,
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Az Yhe VOE-RUSSELDL $hoeoren presupposes stablility
(£ = 0)g 1% cannot be used %o prove stability as
otherwise o civoular argunent le involved. Hence
the guestlon of whether a secouvler ingtabllity can
be produced by o chonge in eurlacs. conditions
cannot be resolved by The VOET-RUSSELL thoorew.
{in oxample of contractionsl ingtability cavsed by

peeuliay atmosphaerle condlitlions which do net chaunge

A

-

the surface conditions T = 0, ete, is provided by

the circuletion curvents m’i‘§ S IEf the heal copaclty

w

of = gtellar gbmosphere had turmed out to be largs,
an wpwellling of hot material Trom below would heve
given wise bo gravitational collmpsc.)

T the absence of apy gexneral theoren stating

L’

whe glroumptances in whieh ¥ 8 gter

Toco

e

ey
&
2
&
T
z
o
%
2

will bo profussd by conditiong prevelling in its

atnognhare, The questlon of whoether a high temperature

.
2

{i.6. ﬁ;&%éﬁﬂﬁ wey be produced by wirtue of Incident
radlabion from the nelghbouwr, shonld perhans He
laft open.

Howegver the effect is couslidersd wlikely. The
afftect of an increzssd intensity of radistion is 4o
inereass kv , 1f the sbsorpbion ig dve to ioniped

hydyrogen, and this is the reverse of what we regulre.

108



9. Deviatlon from s Glepsical Abwogpheve. If the

hypothesls of the previowvs section is wejected, then
we ragulre & mechanism whieh will produce

exelitatlion temperatiure in a medinm whose effective
vemnperature iz low By comparison. This can only he
gehleved by o deparivre Trom locald thermodynamic
eguililibrima, either In the senge of an excess of
high=cnergy vhotens, o by eollisional sexceitetlon
corvegponding to & high electron tewperaiture
{T~20,000% atthe hobtepots).

{1} Hizh-ecnergy Photons. In his 1926 paper,

SUTYIYT ATV YN . ~ ey T H a3 ol . wBg ¥ o ol v EAL PN 3 g
EDDTHEION rewarked that "The radistlon from 8, has

Py

& sviebegic afvaptage in that 1t attacks the

otoospoere of 8, fron outelide. The absorption fop

whkely 1% is yesponsible iz the lest o be imprinted

on the spectrun of S, ¢ and cannot be blurred ovnd

by the svbsequent expsviences of the vaedilabion,!
fnothe cage where 8, ig 2 ¢ool gter, illumlnsbed

Ty s hot gter 8, 5, the lonisstion of the lwmer suriace

of 8,will be determined hy the enmrgy of the photons

ineident from 85, o Absorpition lines, formed at the
o of the vhotosgphere of 8, will therefore

correspond o an lonisaticn temperature close to the

] .

effective temperature of the hot sbar, althongh the
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inceresse in the effective temperature of B, . ey be
comparasively alight.

When 8, and S, are ildemtical, however, the
argunent clearly no longser applies; ags the
Illuminating star is then no longer a source of
photons whose mean enexrgy is higher than that of the
photons from the reflecting star.

An excess of energy at short wavelengths might
e sufficlent Lo cavse an atmosphere at 1590600 €0
have gsonmg of the characteristies of one at BGQOOOQQ
If A 18 the wavelength at which the Planck function
tokes its maximum value for some temperature T, then
AT = 0,288 cm.deg. Thus for T = 30,0007,

Am = 1,000 Ao Am appreciable excesns of non—thermal
emigsion in the vegion of 1,000 i would thus be
expectaed to give rise to lines such as BS1IV and NIII,

An ultramviolat excess might be caused by a
change in the atmospheric absorption coefficlent
indueced by the incident radiation. If 30% oy so
ineresse in the radiation density were t0 produce
guch g drastie change In the atmogphere of a B4.5
atar (WILLIAMS spectral type) we would expeet stavs
of type B3.5 and earlier to show appreciasble wlitra-

vieolet excesses, which is not the case. It geems

1o
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improbable that the continuoug absorption cosfficient
ig g0 gengltive to & smell inersase in the inbtenaily

of the radlation.

(11) Exeitation by Collisions. & kinetie

temperature greater tham the radlation tenperature

il

of the material arises in the solar chromosphere,
1€ the absorption lines of 57 Cygni originate in
a gtellar chromosphere, the possibility then arises
that its properties vary sultably over the surfaces.

Aecording to Miss UNDERHILL (1965)"

"Any speetral feabure in a stellar gpscirum
that is strong in the theoretical sense will give
information about a stellar chromosphere becsuse the
gtrength and shape of & strong line will be governed
by the particular conditions characterising the
chromosphere ravther than the conditions that evolve
from applying the conditions of radiative and
mechanical equilibrivm of the gas and making the
simplifying statement that the monochromatic
emigseivity is thet appropriate to a gas in thermo-
dynamic equilibriuvm at the local temperature.

"I you look at the speectra of O and B stars, you

will Tind that the lines that are used for classification
purposes, and which thus determine the spectral type,

tef
t Swmithsonia Institution, Special Reperl [l 174, 384,
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are Indeed the types of line that one would expecd
0 be umelfuvl as ceriteria of the presence of a
chrvonosphere.

The kinetic temperature in the wupper layers
of the stars mey therefore be greater than that
expected from thermodynamic equilivrivm. This
heating must be conged by mechanlieal disgipation

<

of energy in these layers, which energy is usuvally
gupposed to rige from the couvection zowne in the
photosphere below. Theoretleaslly a conveective
envelope 18 not to be expected In a B-type star,
although the @bﬁ@fﬁ&iiﬁﬂu‘}F cate that they exist
(ihiﬁ)i
The nolise production from a convection zone is

proporviongl to the Tifth or sixth power of the
turbulent velocity of the mone. An explomation slong
the lines suggested thug requires only & slight
increase in the turbulence at the hotepots of the
stars as compared with the averted hemispheres. This
surbulence counld arise directly as a consequence of
the incident rediation or indlrectly from the
gireulation currents over the lrmer bhemispheres.

In 2 normal atmosphere, intringlcally weak

nnms‘

Lines such as NITTI would be formed in the upper part

(12

special Reporl 7o 167, 232,
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D ¥ gopm b ;o oo - oy oy oo R I g
of the phobosphere (¢ = 0.1 or less). The svggesbion

o

A

deseribed above luplies that they would arise in
the inward-facing veglons of the stellayr chromo-
spheres, along with strong llnes such ma%ﬂy whiceh

prohenly appesr over the entire chromosphers.

.

It is difficult to evaluete this hypothesis.
In the Lirst place there s no theory of stellar
chromoegpheresy secondly there ls no theory concerning
the influence of inecldent radiation (or surface
currents) on the turbulent velceities in an abmeosphere
ond ag 1t 18 quite likely that the properilies of
thig chromesphere will vary over the aurface of
esch component of the binary, 1t is clear that &
datalled lnterpretation of the Ta.a/ f diagram

may he very ocomplex.
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B THE WAVELENGTH DIFFICULTY

1o If the temperature ot which the equivalent
width of a line reaches ite maximum on the main
gsequence vaxries systematically with wavelength, &
p/}\ correlation would be im%rbdm@eﬂ by virtue of
the L./ » correlation. No such correlation existe
a9 can be seen by plotting senslitivity of various
Llines sgalnst wavelength, and anyhow it would be
expected that in the event of such a relationship
exioting, the numerical models would then show a

/A correlation. The observed diagram must
therefore corvespond 4o some physical phenomenon

occurying on the atar,

2o It he2s been shown in ?7 of c¢hapter 1 thab
(3/k should be numeriecally largest Tor lines whose

equivalent widths are completely independent of

temperature, that ig W{(T) = constant. For such a
line, with the usual assunpiions (no limb-darkening

apherical stars, etc.) we have

m
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j X JC1—x>) Bh{-r(x)}o!x
£ g

e=

X =
b Cr=x®) By T 0} ol

i}

As the Planck function is virtually linearx
in temperature over the range of temperature

implied by the S/p dlagrem’ we may pub

JBA(T) = 4 =142 0
B{T) = 1 - by+ b, T 0¢xgl

Then

§ o

_ b, [S XTOO S =V oy —F]
X =

L 55 TOO f (1=3) el = I

Poxr two inseneitive lines at wavelengiths )\f and A,

[_ S X T of (1™ ol "“‘LJ(bA ""!;;\‘,)

T
Ao T 3"-"- -+ b, E:S‘T"‘(x)d’(i“"k’&)w’x - Z ]

where in the denominator a mean value bz\ has been

taken, This 1s justilied as at

= 3934 £, b, = 2.078
= 4684 A, b, = 1.849

1-

Sz Azm«.tw.té, #W&W:&Mwﬁmﬁmﬂ«; Lo Tablo .



( A5 »,) covers the observed A - range.

Now \
§
jsﬁT(x)Jvl'iw;f'*}dx % Tg $K,/(i-x3}a/x = -;-,- g

[~ o

and ' / -

S Ty ) Crmyd el > ga«/“"x"’)f”” = g

(<]

o°a Kh& e }(}}? < 3o (6 “&7\#) ("Tém § )

= 0.049 (T5—1)

< A (7 —4)
s 2.0

L., &(-’<J~ V aind (T3 =1)

As Ap > 40 m/esec from Ffiguve 6 of chapter 1, and

ag T, § 2 or thereabouts, we wequire Ve? gin 1 = 800 kw/seq,,
which i3 absurd. The value.of AE cannot be reduced,
certainly not to the 5 kw/sec or so necessary For

the inequality to be reasonsbly satislied; and T

cannot be imeressed by the amount neceasary {:@

resolve the contradiction, as temperatures of

several hundred thousand degrees would then be

involved. The conclusion is that the behaviour of

the Planck function cannot be invoked to account

for the observed (/A diagram. This accounts for

Ié



the discrepancies pointed out in §7 of chapler I.

Posgible Explenetion

3o Linmb=Darkening. We may Lormally aceount oz

the /X disgrsm by introducing into the expression
for ¥ any parameser verying sultably with
wavelangth. Thus we may introduce a limb-darkening
factor of the Form g,ian fi"s where pt=ew® ; with
sultable valuee foir the coefficlents a,. If we
auppose the star 4o be strongly davkened at the
longest wavelengiths and wndarkened at the shortest
wavelongthe, this might account Foxr The ohservations,
Suppose that in the range 3900 $A¢ 4700 (A1)

we have
I lop) =L (0,0) C1mu, +u, ~<ne)

1 {(A—3900)

Take t, = =
od
Now f*‘&% = “(’3 T

i CJTO 0’83\(7’) . {
-0 dr dr B, (o) u,

( since B (7)= By Co) Ci—uy --u, ) )
==
.t K, we (A=3700)

n7



A=3900 /é

N =P

r‘elf)aﬁ“fve. aé&or}ni’;on COf;ﬁF:’cienf
re?uireol te accounl for The (J/A o!iaymmo

o aésorjoh'on &:oefft'cipnt due to "}"‘!”"’je”
over the relevant (T X)ranye

Sca/’e (s arbii’rar)/; re,bresemi?af{en is schema fm,

F"s"ﬁuv“@, 26,
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Flgure 26 shows @ plot of the required relative
abaorption coefficient against wavelength in the
observed range. This is completely ditferent fyom
the absorption coefficient for hydrogen atome in
this range {AMBARTSUNMIAN, Theoreticel Astrophysies,
Po 52) and we must conclude that the limb-darkening
required o produce the @ /A diagram, apart from
being dnconeistent with that deduced Lfrom a study
of eclipsing bineries, leads to an absorption
coerficient completely different from that expected

fyom theoiy,

4, A similay comcluslon can be reached concexrning
the effect of monochromatic grevity-darkening. It
is elear from a perusal of KOPAL's table ol the
coefficlent U in H, = b g (% KOPALi: (lose Binary
Systems, p. 173) thet the varistion of p{over the
obheerved wavelength range is too small and goes in

the wrong direction.

o I8 Noun-thermal Emission. Suppose, withoud

any attempt at theoretical justificamion, that
the tempervature dlsitridbution ovexr the staxr is

taken to vary with wavelength: T = T ( A, x). Since

the larger displacements @ are correlated with the

g



shorier waveleungthe, we might expect to produce
[ s ¢/ N ) diagrems resewbling those

obsexved if, for given %, T incresses o A decrenses,
A number of attempits were made o reprodunce the
cheerved disgrems, the procedurg being o0 assume

o Funotionm T(A ,x) and caleulate the disgreme
Cnumerically. A glight corvelatlon was generally
obtained, but the resemblance t0 the obsevved
diagrans wes poor (A4 typical exemple is shown in
figure 27 ).

How take

(%) B (DY, with T = T(QK)Q Taz Tol Ay x)o

It nuat be Lommelly poeaible o reproduce the
cheerved dlagrewms as £ is-a funetion of Two
auantitiess @ = @(T;mw‘%)” and wa hove %wo ﬂiapoaabla
functions (T, ,T,). Tt is probeble that a more
satisfactory wavelengih dlegram could be produced
if (x = 1) were teken sufticiently high st shorter
wgvelength&s-bﬁ% then the Planck function would

ceaze o be a useful messure of such & large
non-thermal emission. The posslibility then erises

that an emisslon sufficiently large to produce s

potisfactory wavelength dlagram would conflict with
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the observetion that 57 Cygni ie only marginally

voariabliese

5.1  Comaiyainmts Imposed. The formula for am,

mey be used as befowe, except that the Plaouck function
B>$T) nust now be replaced by the ‘von~thermal’
quensity 7,(8). As before, particular forme of
distribution axe vaken, but wilth free parameters

g0 that g wide reuge of real Jistribustions may be
approximately f£itted on o the theoretical Lforme

by a sultable choice of the parameters. Theve i
now & Ffurther constraini to be applled to the model.
Conmistent with the requirvement thet am, € 0Fi%, we
require $0 produce s difference of displacements

of about 40 kw/sec betwesn the tempersture-
insensitive Llines at M, = 4600 A ond ab A, = 3900 Ko
The coxresponding ﬁ;w ﬁ;&is 0,73 on the model of
chopter 1. Am thers in no guareawitee that vhe non-
thermal emlission has venished at the longer wave-

Llongth, we camnot necessarily take %;? 0. Any wmodel
with this emission le therefors required $o give

%, 0073

5.2 dhs d 4+ 5008 8, With this form of intenslty
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distributions over the imnexr hemilspheres, we require

;j;\g 0 at the longer wavelengthe, and J,lasyrge at the

shorter observed wavelengths. As before,

E

{3@3;14-&5 0?5 olf 2. } e

n -3 ES

[+]

Am = ; - W
Ao ﬁ'ﬁjh{‘;‘:g wos§ 4?8 A S 4 n"_w}

The displacement from zero of a line in the nodes is

given by Gy = VG?'J}?,\@:M i, where

/ ‘ '
— y g K/(/""‘Xa-) (’#’JA'Kn)OIx Jki =0 =—1&X-
Xy 2 e
A
S‘p St € 13,7 2™ ol J‘; =, e €
By
§
J § KT G b
j,o@o ‘5;{;@3 . @l
% + J, 5 K" S € 1—x*) i
o

Strictly speaking the above form For X should not be
used in conjunction with that foram as they have
been derived under different assumptions. These
assumpiions concern only limb-daxkening, however,
which cannot have a large effect om the results

derived below,

0196 J,
W ¢ ¥
3 T OB,

Form=1, X. =



e 2 9
Por n = 5, T, Q081 J,,

)xgg I o
w‘i "#"00 @‘?ﬁ“j}\
o o032 J

For m = 9, X, =

L 0-037 f

(am, %, ) sre plotted for various (n,J) in figure 27,
5 i of interest that a distribublon with n = 1 is
unaccepinble as even if joeo a sufficiently large ﬁ&
canmot be reached, even apart rom the fapt that Am,
is then oo large. The requirement %hatéﬂ%§ﬁ??§
has been wvelexed (see the shaded gone in the figure)
as the visuval range algo cncompasses wavelengths ab
which there will be little or no non=thermal ewmission,
It ds clear that a distribution of the foym
considered, convex downwards, csn produce a
gufTiciently large displacement only at the prilce
of too large = megnitude vayiation.

The situetion caunot be improved by adopting
a different orbital inclination. Suppose that at
some point In the Clgure the situstion is almost
but not quite acceptable, both of the (ggg%(?)
being just ouniteide the permissible Zone. Then it

can be seen that a chenge in 1 simulteaneously

increases or decreases (4@@@ @)9 that is, it
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inproves one quantity but makes the other less

accephable,

5.3 'Hot=Spot® Model. In this model, as before

we have Jy= W>1 for 0K §& &, g %, end otherwise
JAE? 10

I, def |
R . A (ﬁ:&:ﬁm&,)
L(w=1)(1—=£7)

" o= = -
» %(:«%W) e (l#w){éq/ﬂmf )+§M!f}
Also0,
(wi) 2o By § 2t oinbo=2ea b} ara*i
Aﬁ’i@ks—a ~

& = (=) {a(ﬂméﬁwl)%ﬂmﬁam&}

For = 0" , £ =1, T, = O

I 3 wetss - 2 { W
Por §= 30°, (. g.%. o 0% (w—4)
L o0p5w

For §= 45°, { =/ = ® = 248 (WD)
10428 of= O, 14.3 W

= 0:207 (W=1)
12,64 ©. 306 W

FQI" 5@&‘?—- 6005) i

B
ap
>4

o @ — iy - Qn ./, Wm__a_.,nw
For §,= 90°, £ =0 o oM }

The corrvesponding plot is shown in figure 29,
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As before, a am,of 0%3 ox 004 418 taken to be
acceptable. Once more all models of this sort
(wiﬁh i = 38%) are found to be inconsistent with
the observationsg., The situation is different,
however, in that for & = 90° there is no change
in the brighitnezs of the aystem as it revolves.
Thus by a different choice of inclination or
gquatorial welocity W% it 18 possible to decrease
the accepitable ¥ while still retaining an acceptable am,.
A permissible value of ¥ is 0.35 or less, Since

G = Q%ain 1.%,, 1% is necessary to double ﬁ%stn i
if a sufficiently emall ﬁ;is to be produced., This
cannot be done by 2 change in oin i ( = .62 for 380}9
and must therefore he largely achieved by lincressing _
E% appreciably. Thers are %hr@e main objections %o |
this ideas-

(1) M.HACK (1966§rhaa shown that statisticelly
at least, binary eystems with periadé of less
than about ten daye have ) ,.=0,,,. A8 no large

change in the ryelative dimensions of the model
adopted eon be contemplated, this implies that
the value of V,, chosen, based on. the assumption
of asynchronous rotation, must be approximately
correct. (ﬁpjjﬁhb,ol,,qffx
(i1) HOWARD emd SLETTEBAKAagree with HACK's

conclusion more or less, However for two of the

systens examined by them, it appears that Wt < Yy s
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57 Cygni being one of the two excepitions. They

point out that the reflection effect might Aistors
the absorption line profiles, and that their
conclusion can only be tentative in the case of

57 Cygni. Nevertheless the lines measured by them
were presumsbly etrong lines such as Hg”and MgTl
whose profiles are probably not greatly distorted by
reflections so that an incresse in the sdopied value
of‘V;?
Murthermore we require Wyt D Wpay 9 CONTTrATY 1O

HOWARD and SLETTEBAK's conclusion for 57 Cygni.

by a factor of 2 secens t0 be ruled out.

(11d) 'Pidal drag’ should tend to eqgualise
the periods of rotation snd revolution, equality
being achieved in a time of order ?Oéyeara'for
2 ayatem such as 57 Cygni.

The above pointe are not conclusive however., In
the first place the restriction that am, < 073 or
0% e only rough. Prolateness, which also has g
gin 2¢ form, has the opposite effect bolometwyically
t0 that of reflection, the coefficientes of sin 2é
having different signs: 4t is not impossible that
a am of abowt 047 would be acceptable. Furthermore
the dynamical argument refers to a mean angulaer

velocity throughout the body of the staxr, and
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a'&a,*téé nothing about the wveloslty im the photosphere
which might be different. Nevertheless a re@ﬁ:‘ar
im}gmﬁabla eombima*bion' of civcumstonces has o

be postulated, =nd the conclusion of the present
section is theat It ig unlikely thet even a '"hotapot’

distribution cen be made to satlsfy the observations,.

5.4  Enexgy Requirements. The surface aree of

the 'Polar cap® of the hotepot model is glven by

142

b= 2’”‘"5 y J O+ [T ) o

Xo

where a represents the stellar radius. Since y = 1/( @ Femp*)

A= 2ITa(la *f)o For a star of wnit radius,

eXCe98_emergy 2 (w=DU~L) _ § fwei}(1—£)
stellar energy 4ar *

By ‘'excess enexrgy’ here is meant the energy

emitted/sec, 4 by the star in excees of the energy
emitted by a normasl BSV atar, the latiter being
referred to above as 'stellar energy’. From the

facbor 477 in the denominator, representing the
gteller energy, it is clear that the energy/cm’/seco
emitted Lrom the ouwtwards facing hemisphere hae

30



besn taken as the unit of energy.

Figure 30 demonstrates +the relationship
between AB, the energy excess in terms of the total
"normally’ emitted from the star(i.e. twice the
emission from the outwards facing hemisphere),
and X, As 5, muet be in the region of 90° if a4 m,
iz to remain small, the bulk of the energy emitted
by the etar muet be in the form of non=thermal

emission, om the hotspot model,

5.% The result of the previous sectlon suggeste
that any continuum intensity distrlbution giving
the necessaxy “r‘f:; = o79 will require 2’ large excese

energy, snd this ie found to be s0i=

To simplify the equation we put J(8) = 1L + £(§)
and consider the change 4L, in luminosity
corrvesponding to 4m,. Then

lg,:
{ in§ e £08) S

exeny

&y

2

r Z
A Ty = §m§m“$f(5>4£ — §§ winS£(8)db

]

I 4 [ "en's $5)d8

13]



. k3 -
5. = 2 £y s
o« i - “ " 4 . Lb 7 e 7 ‘
Then g o § 71’(5‘)0!8 ey T~ i S oy P )a& }\x 2 AL N
Q

#
s

[}
i
2N
2
As we must have £{3) » 0, grw’ §¥)20 and therefore
Q

1
§Foin®s £ ol 5w — 2481,

Defining the excess of energy from each star over
what it would have 1ln the absence of reflegation

to be AE,, we then have

g% $ ol &3
e\ FC8) 0 : ‘
AT, = e mé%{:mmgﬁ
8 £-TF
[+
e * 8 of
put  § Fem bl > S £8)ain’8A8
@ o

- W
AR YN > Y Ky By,

The A L corvesponding toam, ¢ 0TS 18 0.06,

e’ A Ek>1°§57 X 0973 oo 9006 = 1@?20

At the very least, no matter how we choose
the function J A(S)e the continuwm emission from each
gtar must be double that expected Trom a BS V stax
[
over the wavelength range, say, 3900 - 4200 A. This
result has essentially been obteined by comparing

the inward and ouvbtward faelng hemispheres of each star,
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5.6. The hypothesis that the pP/A disgram can
be agcounted for by & suitable distribution of
non=thermal continmum emission, varying sultably
with wavelength, over the inner faces of the ﬁtafsg

should probably be rejectedi-

(1) A small mognitude variation over the
visual and photometric renges can only be achieved
by adopting @n improbable dlstribution of enexgy
namely one in which the inner hemispheres are
uniformly bright (hotspot model with §, = a0y,

Even o small deviation Tfrom this model results in
& large imereaﬁ@:hzﬂuk

(1) Such & distribution, if adopted,
vesults in a velue of X which is too low by a factor
of two, The discrepancy can be removed only by an
increase in the adopted walue of the equatorial
velocity of rotation. It hes already been shown
that the required incresse is wnlikely.

(i11) The rate of energy generation necezsary
to give the observed (/A disgram exceeds the
thermal emisaion by a factor of at least thiree
over a ronge of several hundred Amgstram vnite,
and probably more.

(iv) Gven if sn 'explanation’ of this sort were

acceptable from & phenomenclogical point of view, it
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ig difficult to ses what physical process could
give rise to such Intense emimslion, and such &

distribution,

6. Hadlebion Dilution. The principle of delailed

balanclng holds that treangitions beltwsen any two
energy levals in avn atom occur with egual fre@u@mmy'
in aither directlon. Thls holds in a state of
thermodynamic equilibrivm. I the principle holds

in any two gtates, 1t mugt also hold for any closed
gizvenit of transitiong, for example A and B below
{ROSSELAND 1936).

PN [y

4 U2
A B

Pluorescense arises when radistion whose
gpentyral distribution corregsponds to some telperature
lnteracts with material at a lower temperabura.
Relative to the equillibyium situation there ia then
an excess of high-energy photons, as & consequence

of which cycles of Type A operate more frequently
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than type B, The effect will be to weakon long-
wavelsngth lines, while sitvengthening the short-
wavelength lines. There is evidence of fluoresceunce
in early-type gtars, and the guestion arises
whether dilute radiation £rom one component falling
on ‘the other will cause additional finorescence
sufficient to account for the @/ N diagram.

L@% w(Y) represent the nvmber of photons of
snergy ¥in a unilt voluwne of material in thermoldynamic
gguillibrium. Then st frequenclies Vv, and ¥, we may

Gefine
n '!"p)
)

ol =

According to the above ideas, fluovescence will
ceeur only if the addition of evergy from an
external souvrce incrosses the number of high-eneirgy
photons capeble of performing cyele A relative to
the number of low-energy photons which mey perfovm
ayele Be

Svppogse now thal pm(;@chang photons of energy
{ ¥, ) arve added to the volume from en exiernal
soures of illumination. The ratie of the numbers of

photons at energlem ( »q,.»a)'iﬁ now

p o RV Pl ) g“(_i_f_ﬁ_>
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In the cagse of 97 Cyeni, the illuwinating

and reflecting sources are identical. Thus the zatio
of the number deasities of photons from the
illuminating source with energiea (v, v, ) ig8 e
1o8ey P=g. Hence <=3 . Accoxrding to the above
remarks, Tluorescence depends on an excess of high-
snergy photons from an exbermal source, l.e., EFec,
Fluorescence will not therafore be caused by the
mptual illuminetion of the components of 57 Cyani,

The avgument sbove appears 0 be comtrary to the
ngual ﬁ@iﬂt o view, which ig that flucrescence mugt
arise in & medivm exposed to diluie Lemperature

« 2 o

radiation. It may be re-expressed gualitatively as
followa, Conglder a medium in thermodynamie equilibrium,
Let 1t now be exposed To photons from an external
gource whose energy density is not so great ay to
appreciably increase the tempereture (The latier
condition is not essential but it siuplifies the
apgument ).

Anslogously to the tendency towards equipasrtition
of energy between the molecules of a gag, incoming
photong will geln or lose energy in such a way ag o
reach apn enevgy digtribation corresponding o

equilibrivm at the vemperature T of the medium.,
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IT the incoming photons correspond to a higher
Lenpaerature, they must tend to be converted to
grester numbers of lower-energy photons (eyele A).
Gonversely, dilute radliation corresponding to a lower
temperature nust be converted to fewer photons of
higher energy (cycle B).

If this argument is valid, it is not sufficlent
For incoming radiation to be dilutes the mean
gnergy of the photoung must alseo be greater than
that corvregponding to the equilibrium temperature.
Differvential fluarescence over the surfaces of
57 Cyeni should not therefore arise.

The possiblliity of an ilntense emission in the
ultra-violet over the inner hemlgpheres was
considered earlier. Thig could formally asccount
Tor the Tmﬁ/g> correlation. If such an emissglon exists
1t will give vise to flucorescence in the amblent
stmogphere, and a (w/h correlation is then much
more likely.

One phenomenon would thus give rise to the
two correlations, which is an attractive Teatuve of
the #lea - I have been told by Dr. OVENDEN that
evidence exlats, largely wapublished, indicating

that the inner hemispheres of some close binaries
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are bluer then their averted hemispherss, 0 &
greater extent than the heating would imply. Some
published evidence of this exigts: e.g. HURURATA

ab alf.hava shown thet intense ultra-viclet
enission exbending Inte the bPlus ls found over

the Imner surfsces of the close eclipsing binaxry

U Pegasi, Whiéh they attempt to explain in termsg of

Tlare~-1like activity around the svb-gtellar poivts.

T. The displacement due to refleetion of a line

involves (1) the continuum emigsion

{11) the intrinsic line stwvength

{111) the veloeity field
We hove seen that (&) & large non-thermsl. eﬁia&iam
in the vigible range could explain the P/k
gorrelation but would confliict with the small
variability of the staw.

{(b) radistion dilution cannot
account Tor the p/A covreletlon unless em imbense
UV emisoion of vmerpleined origin arises over the
inner suwrfaces.

The remaining posolbility is a sultable
modification of the velocliy field adopted so faw.

If a differentinl votation with helght exisis in

139
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the atmospheres of the gters, we require 0 correlate

the wavelsngth of an sbsorpiion Line with the

mean height at which it ig formed. But no obvious

correlation exiets.



Chapter III THE GENERAL SOLUTION

acsn £ D (T G fy IR (T CORY €ICA CTE €T (R T O O D gy (D m
— RN ESEEEEEERE

Tntroduchion

1. So far the problem hag been 40 £ind a
semperature T(x) satiafying eguations of the
form

[
~ § X JC1=x=) T (A, %) ol x

Ay = = Z (1)
j J =) T %) dx

i = jxygzgoooooooooom

where the ¥, are given by observation, i referring to
the 1 - th spectral line, and thewre are n lines,
The J{A,x) ave related 0 the btemperature T(x).

As it stands the set (1) cannot be solved
vniguely, although a best solution cam be found
in the least-=8quare sense.

If the chromospheric origin of the lines,
suggested in chapter IX, is correct; a different

temperature distribution %{x) will apply to each



L2 LR

abaorpbion line as they form st different levels,
Thus we have WﬁiTi(X} ) For the 1 th line, with
no obviong connsction between the various Té(x)o
The temperature distribution Ti(x) for the 1 th
sbgorption line munet then be found Tfrom that
1ine slone, without relating it to the other
absorption lines,

On the other hand, if @g»?ﬁ Te over much
of the stellar surfaces, that is if the stars
were secularly unstable, then the ‘besgt!’
golution would be mesningful. However, this
hypothesis was considered to be unlikely.

A unique solution, or even & °‘best’
solution, for %(x) cannot be obtained Ffrom
figures of the form 3{a) and 3(b) alone.

But if we were to follow the sitars throughout a
revolution, the continvally changing aspect of
the wvisible discs as 'seen' by the spectrograph
might be expscted to give a unique solution

even if only a single absorption line was
observed. We might also hope to find in principle
the genuine orbital elements of the system,
ineluding the oxbital inelination, a8 well as the

magnitude and direction of the stellar rotations.
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The present chapber thus deseribss an attempt Ho
use the entire wvelocity curve of esch line. 48 the
lines are now considered sepavately there is no
need to assume asny form of interdependence of the

J; and the ouantity to be found ie simply J; (x)

.
]

for a given i,

The Orientation of +the Poles of HRBotation

2., wtatietical studies of line broadeuing in
apectroscopic systeme have suggested to some authors,
for example MaHACKT(1960) that if a system has a
period of less than abowt ten days, the periods of
rotation and revolutlon coinecide; while mors
widely sepearated binary components tend 1o have
ghorter vrotation times relative to theixr periods.
The implication of this is that 1lun systems with
P <« ten days or so the axes of rotation and
revolution will usually be parallel in spoce. An
examination of the velocity curves tends 1o bear out
this conclusion in the case of 57 Cygnis-

An observed veloeity curve can be regarded
as being composed of a veflectlon=Ffree, 'standard®
veloelty curve, plus a curve due to refleation
along., As the eccentyricity of the system ies small

we may write spproximately V = K cos (vew) for the

1475
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gbtandard part, neglecting a systemic veloelty whieh
has no influence on the subsequent discussion. An
inspection of the velocity curves in M.W.OVENDEN's
paper (see figure 4 of chapter I ) reveals that
%0 a high degree of epproximation there is simply
a scaling vp or down of the curveg this is also in
evidence Lox the other lines from an examinetion
of ‘the tebulated elements. The term due to
reflection muet therefore take the form =D, cos(vew), D;
g constant for the 1 th line conaidered. It is
obvious by comparing, say, Mgll aad NITI that D;
may be comparsble with K, .

Suppose now, without abttempiing theoretical

Justification, that the reflection term can take

the form <D;cos{vew=1), v,a constant.

Then V, == (Kg=D; o v ) am (vied) = heint) adn(v4w) (2)

i‘ﬁiﬂ = W(’M — B 209 V) e V etd) = Dy im ¥, €50 { V4 02)
LAY 'm(mcmeM?%%Mw(%¢W)“mem%,ﬁWf%%w)

= O for maximum velocity

w=ff N
V;vx@x = tan Dé’ B Y, } (3)

A



where v, is the true anomaly corresponding to the

ma

maxinom velocity. Also when V = O,

Zero g)g. A %

= Jan™ [ “‘"@“@M}

In general, therefors, when v,¢# 0, different
sbsorption lines will reach thelr greateset
displacements at differvent times, snd likewise for
zero displacement, as v, and v _mnow depend on D,
which varies consilderably from lime to line. Also,
the sine texm in (2) introduces a skewness into the
velocity curve, which would give rise 40 & spurious
egecentricity if naively interpreted.

It will now be shown that mecessary (but not

sufficient) conditions for v,= 0 are that

(4} the pole of axial rotation lies on the
great circle defined by the pole of orbital
revolotion and the observer

{i1) +there is no 'time-lag': the reflected
radiation hes symmetry about the line
joining the stellar centres.

The necessity of the firet circumetance can bhe
agen from figuve 3/ . In position A the star hse
its systemic velocity and axis ««’ sptisfies

condition (i). Then from the indicated symnetry of

the rotational veloelty and the lines of equal
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absorption (lsosorbe) it is obvious that the
reflection term must be zero. If the axis ie in
position Pf’th@r@ is no such symmetry and there
will be & non-zerc Pfeflection term. The case wx’ 1w
consistent, and that of[qf'is incomsistent, with a
reflection tern which is simply & multiple of the

standard velocity K cos(v+w]).

Position B represents the instant when the
isosorbs and the velocity contours are symmetrical
with respeet to each other in th@g%'caﬁeo Then
the reflection texrm is zero, which is consistent
with the foxm -D;cos(viw-v) and is incomsistent with
the form =D.coe(vew ), the standard velocity when
being of the form -D,cos(viw-1),

The upshot of this argument is that the
necessity of (1) has been demonstrated. Condition
(ii) follows immediately from a similar argumentd.

The great cirele on which the rotation pole
mast lie includes the physlically significant pole
of revolutions if the rotation pole lies elsewhers
on the cirecle this can only be & colncidence ag
the position of the observexr in space ig random.
Since both stare satlefy conditions (1) and (ii)

it seem® very likely that the axes of rotetion and

%G



revolubion are parallel in space.

4o In Tigure 34, S, represents the star undexr
consideration, $, being the Llluminating star. S,
the x-axis, is the projection (om to the plane
perpendicular to the observer's line of wight) of
the line joining the stellar centres, Jy being the
y-axis. P represents the pole of rotation of S, ;
the other symboles are self-explanatory. In view of
the pr@eedimg‘ﬁia@u@@ian the poles of rotation and
revolution ayxe taken to coincide, 80 that PX = i
and .2.P = 907,

Only «,, the y=component of the sngulax
rotation of S5,, comtributes to the wreflection
effects Gy &0 COB Py and we thus require 4o find

how Py varies with v. From triangle Py¥,
- #4\ L]
cos Py = 8in 1 cos X = ain i cos Qy.

Ag Xnen?P = 9@09 KPQ is & great civcle with ..
as a pole, hence Q.= 90?9 But xy = 9000 Hence
Qy =.nx and

cog Py = sin 1 cos(rx).
From $triangle S5,.nx, using the four-partes Fformula,

tan( <2 x) = ton(vew) cos 1.
3% follows that

W, =w 8in i eo@{*ﬁ:anmu (’tam(v+u)) cos %}} {4)
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The Question of Solvablility

5o Substitution of numerical values reveals
that over a wide range of inclination i, the

expression (4) may be veplaced by

¢aygaJ@in 1 cos(veew)

with an error of only a few pexrcent. In partiecular
the above expression is adequate over the range
30° ¢ i < 45% within which 57 Cygni must lie.
Buﬁ‘m?&pp@ar@ as a multiplier in the expression
for the reflection, the othexr factor belng a
function of the intensity distribution J, (x). The
refleection texym is therefore approximately of the
form =B (J; ) cos{vs+e ), But we have seen that to
a high degree of approximation the reflection terms
of the absorption limes of 57 Cygni are of the foxm
=D; con(ver w ), D;a constant.

While this re-affirms the conclusions that
the axes of rotation amd revolution are probably
parallel in space and that there is no time-lag
involved in the reflection effect, the conclusion
mist also be drawn that £(J;) = D; a constant. The
implication of this is that the variation with phase
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LA R PPN 0 ofm o o eDe o mepan 5 e Sl o Ty o 8B e o
of dhe reflection term is due alonost entirely o

the changilng value @i’u@amﬂ ig 1ittle affected by

the reflecting hemisphere.

e

the chenging aapegt of
Ta bwen thie suggestss that no more infoxmation
gbout J; (%) con be obitained from the study of am
nvire veloglty curve than can be got by exemining
the ourve a6 any one phase, for example in the
nodes,

£ {J; ) depends on J; in the same way bhet X,
depends om § in the nodes ceses of all possible ko
functions J; the observations enable us to select
an infindty of fumetions as posalble distributions
but give no furthey informetion.

Thig can be seen snother way if we plot the
elements sgainet the senil-gmplitude X, as in
rigurs 1% oTh@ vertical lines omn the zight of the
dlegrams represent Typlesl standard deviations,

and it is obvious that by end large the spread

£

of the elements is within that which would be

if no syetematic distortion of the curves
existed; this agein implies thet each veloclty

curve 18 obtainsble from any other by an appropriate

chonge of the vertiesl scele, and that we have

wﬁgsﬁﬁiv»aﬁ)e The tendency for elemsents Lrom Lines

l5e



with smaller X to show a greater spread ls
presumably due to their greater standard deviations,
lines with small K belng weaker and more difficult
0 measure.

(The single exception to this rule is the
gystemic velocity ), which shows a distinct
glope when plotted against K. There seems to be no
way in which a reflection effect could produce &
gpurious [ , and the cause of the slope must lie
in some physical process not yet discussed. It
follows that in addition to the 8/ and (/)
diagrams there exists = third correlation, the Jﬁjf’
diagram, whose explanatlon cannot be found in
terme of our model so far. Discussion of the new
diagram is deferred until a2 later section).

In spite of the low seunsitivity of the curves
10 the intensity distributlons; e genersl solution
might still be worth trying. Firstly, e very rough
answer might still be obtained from such deviations
from & mere vertical scaling as may exist. Secondly
it is conceivable that not every distribution would
give rise 40 s wD,ccs(v+&a) form of amswer: a
general solution would narrow down the range of
possible J; to those whose precise shape is

undiscoverable from the velocity curves, and it is at
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least poseible that the nervowing-down would be
considerable. In the light of these posslbilities

a general solution wae attempied.

The General Solubtion

6. The problem is to find J,(6 ) for the

i th sbsorpiion line from the expresslion

ng v J;(8) do

&g T, (8) do
&

where V i the radial velocity at each point om

(=

the stellar surface, d¢ is an elementary ares on
the etar projected onto the observer's celestial
sphere, S represents the vielble disc over which
the integration is to be carried, & is a single
parameter on which J depends (J being supposed
symmetrical about the sub-stellar point) and P4
is the distortion due to the reflection effect at
any phase, measured in unitse of velocity.
As nll the velocity curves are closely

represented by equations of standard form, it is

not possible to decide which curve is the reflect-

ionless one, if any, and I assumed a ‘trus’ curve
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with elements

K= 130 hm/sec: e = 0.125;
y = <15 kn/eeocs W = 2,0044;
T = 0.,6182 g n = 2,200

n = PTW/P and (e,w,© ) are average valuses for all

the lines. The Large value for X, was chosen before

the model for 57 Cygnl, presented in chapter I was

derived. Re-computation with the improved K, (= 11lO0kn/sec)
ig not worth while. An equatorisl wveloelty of

70 km/sec in @ direct sense was assumed, This is

lass than the V., given by HOWARD and SLETTEBAK,

©g

but I was not aware of thelr paper at the time; and
not

re-computetion was once more,considered worth while.

O = F AR [ e (V@) peens] empy o K [0 (b ) 4 00 @3 ]

where suffix m refers to the (measured) velocity

curve of the i the line.

To An Integral Equation Formulation. Consider

the surface of the star as seen by the observer
(figure 32 ). Tet C represent the centre of the
apparent disc, H the sub-stellsr point. Then CH (= &)

measured over the spherical stellar surface, is g
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measure of the phase of the systemy 1f € = 90°
the aters are im the nodes, while if ¢ has its

minimwn velue the stars possess only the systemic
velogcity. The co-ordinaten of sm erdbitrery point P
sre ( 8,7~ ), where § is meesured over the stellsy
surface from H ond A = PEC in %he spherioal
triangle., Altematively we may measure the position
of Poy ( ® ;, A ) as shown vhere @ is measured
over the surflace.

dphericity hes been assuned, and consequently
there is no grevity derkening. Dimb-darkening will
also be neglected although this is less obviously
Justifiled. But as it is questionable whether any
apswer at all will be obtainable at this stage
of the presentation, it can be regarded as s
refinement to be included only 1f the underkened
case yields significent resulta.

We have do = dx dy ﬁgﬁ%ﬂg"{%m pind cose 48 4 .
(An elementary area on the sphere haw do'= sins d§ ax
and we require ite projection om the observer's
celeatial sphere; hence the cose factor). There
are two prevalling regimes, one when el ¢ & and
the other when le/> &, Differvent limits of
integration correapond to these two regimes, and
1P 2&& 5 ot} i® the walue of X at time ¢ when P

ig on the stellar limb, we have
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It only remains to give an expliclt expression for
V{ & ¥ ¢6). We have seen thalt the symmetry of

JB about H implies that the ounly component of
which conbtribuwtes to ‘a“;fa@ reflection effect im o,

measuraed din sw inertisl frame. Hence

V= (@R)x =R sine cosl

=@ R{cond sine ~gind cose cos))

If the star bas unit radius, B = 1 and we must let
w take the dimensions of a veloelty. Then
@ = 70 km/sec in (4).

From the cosine formula,

e @ eoy § o @ Foaind i € con Y
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where the unlmowa is 4, (8§ ).
In a system of finite eccentricity we

ghould strictly weite §,( % ,%), a8 the temperature
et any podnt ( § , x ) on the immexr hemisphere
of the ster will vary in general with the distance
of the illumineting star from that point. The
sccentricity is small and the effect is neglected
pelow. In any cese a ualgue solution for J4,{ & ,t)
ie impogsible without some further physieal
hypothenis.
The occurence of the unknown under an integral
gl suggeste that the above expression might
be reducible to an integral equation of standaxd
Torm. It turng out that this Gén be done, butb
the solution of the resulting equation by the
usual method involves intractable algebras-
suppose that the imtegration over ¥ has been
performed, giving integrands of K%( § %) F1(8) and
K%( & %) %( 5 ) dn numerator and denominator

reapectively. Then
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57t
, g K Cst) T7(8) dl$
e SdEo
g &= S/t
{ K82 Ti (8 o8
beo

3'0) %
Cr 8 g, (8,8) ~ K (s,ﬂ} TS =0
&2

o 4

o"a )
| {(where the inclination i should
not be confused with the suffix 1),
If we replace the time-dependent upper Limit
by its maximun value 77, we obitain o homogeneous
Fredholm integrel equation of the first $ype

with o discontinuous kernel:
i

V55,00 ) s w o (6)

Sexp
where 12 J&| ¢ L

w‘;’e(),,fi“)ﬂ,%(&ﬂ ~ K5, vhere o % Sg&
K( 6 3%) = J w) () L.052) — 1.7C8,1) where € < $¢w—e

O where r—€< & & W
and 1f Jel > &
O where © £ § € &

B § ,3) = w;’miﬂt,w(&wmaffé,ﬂ where € < &  W—¢
w;p O 1) (8,8)=17C8,8)  wnere e < § €7

The imtegration owver X yields
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g @ . a .
N!{(ﬁqi' ) = et enn o ( 2 ra’f.m»? R & ) ey, & Con €

WK (8,) = 2 7 ain B & cn

M‘ﬁ.(g,'éf) = -lifi“n-ﬂzwu%mg Ry &
Lts, ) = ""’"’"%{;‘: L a0 & o ERDE ol sintE —00,2E) A § €08 00AX pn
) =

qm%hﬁ&whﬁﬂmﬁﬁ&xm.%%Aﬁb&%m}}

L {8, %) = ain {,xcm 20s B tan & fmain S tine & in Hum)

- cots &
X, = (— Se
The literaturs coptains vivtually nothing
on the subject of integral equations of the Tfirst
type. I considered, however, that the equation
might be solved by converting it to am inhomogeneous
equation of the second type by pubtbting J( % ) = 1#f( Je
regarding £{ § ) as the funchlon %o be determined

and differentiating (6) with respect to times

75
g 2K (€, ‘“g;: 6V S 4 K (T W'w o)
c?
d=o
-
w — | D& kg m)
ot (7)
8o

163



Thias is8 of bthe form
S
wixy = ) ) gmm,g) w(8)ol§
&8

which is generslly solved by the Diouville-
Neumann wmethods If

b
PONY = A gﬁﬁ(&S)a{&

b b
3 50 (S
- N H o ? AT ds, 45,
m (85,,8,) by (6, 84

KE8,8,) .. KRS, 8)

!
!

| 48, dS, o5,
K (S, 5,) K(Ss,5s)

0
?

and

DO,y AY B AR, y)

K (5 y) K(5,8) oAb

b
x § ﬂ% (#,y) K(x,8)
KoLy KK, 5,y K(x,8,)

K(8,y) IR (8,,5) I (8,,82) |8, db
K(8,,y) K (5,,8,) K (8,8,)

g3




then provided that DL A ) # 0, the unique and

continnous solution Tor u(x) is
b
w0 =F 00 + L %%N)D(xg‘é;«wd%

a

Inspection of the kernel in the present problem
makes 1t clear that the algebra involved in
solving by the standard method wounld be
prohibitive.

~ An equation of the type(7) has a unigue,
non-gero solution if and only if D{ A ) ¢ 0. By
inspection, £,{ § ) = =1 is a solution of (7)
which must therefore be the vnigque solution 17
DL A ) # 0. As this molution ie physically untenshle
then D A ) wuet be zexo and the method does wnot
in any case apply.

Given thet we must have D(A ) = 0, it
followa from the Ilouville=Neumenn theory that
either (7) must have no solutions at all or 1t
hos an infinite number. Bub aﬂ'im@peetiom of (5)
veveals that J(§) is arbitrary to.the extent of a
maltiplying constant. Whether there is & single or
a malétiple infinlty of solutions in the comtext of

the Lilouville=Neumenn theory can only bhe
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devermined by further iwvtractsble algebra.
Physically it i® to be expected thet to each gl%)
there will correspond a J(§) unique apart from an

aroitrary constani.

8. A Numericel Approach. A more praciible

approach would be to spproximate (6) or (7) by
a gt of eimultansous linear eguations. The
integral over 6 sould be replaced by a sum of
the integrand evalusted at & = 0f 8, 800000 &,y
where §, = T, On inserting specific values

€, 9 € 5€a900008,, 0 phase angle we would have
n equatlons for the n unkmownse J(§), &(§), J(8),
oooaooeig(éw% Jd{m). Presumably some opbimum n exists
which represents a compromise between a Lloss of
information due to under-representation of J(8),
and an excess of é{,(é}) to whose wvalues little weight
can be given. This approach would be feasible on
en @lechronic computer for large n, while 4Ff
only a few lines were belng considered and the
optinum n was, s8ay, % or less, compuitaition by hend
wonld suffice,

If we had assuned dEe), 569, Ja,(ig,,@?,,“”g (me)

a8 the Ulnite eccentricity of the system strictly



gpsaking iwnplies, on teking n phose angles we would

have a set of n equationeg lovolving the % unlmovms

3{8,55) 2= 0y192g000000l =1g
B = 097929000000 ¥) =k}
We thew always have mors unknowns them equations,
and by considsyring the sitvation g8 n->ee we
arrive at & heurisitic argument Jjustifying the
earlier agsertion that a unigque solution is
imposaible without some hypcn'i:h@xam preseriving the

variation of J, with time.

9. Ap_Anelyvlesl Approach. The method which wag
agtually veed in tackling the general solution
involves changing the limlts of integration Lrom
(&, ) to (A,0) and expressing the intensity ae
a polymomial in cos 6., The unknowns then becoms the
coefficients of the polynomial, This is a2 nabural
extension of the nodes case, where we have X = cosd

and

3o
d}(i{) £ 304“ J‘K P Jax *roeoecsaco
and the problem is to determine the Jj's from the
obsexrvations. |

Both the integral equatlon and the purely
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namerical methods have the adventage that it ila
ginple $o dunbroduce the essumpilion that over the
outer hemisphere of the veflecting star the intensity
%(3) is coustant. In the former case one introducesn
another disconbinuity of the kernel at 6= I, with
J;= 1, say, in the kernel when 33 L; while in the
nwwerlical case. the accureacy of representetion of
J; obtainable from the observstions is increased.

The following enelysis does not possess this
gdvantage, but this is of no counseguencse in
application to 57 Cygni. Thexe is probably litile
e choose between the numerical end snalyticsl
precedures Lyrom the point of view of simplicity,
and the only justification for applying the
analytical method o 57 Cygui is that this wae the
method whilch was Liret thought of.

e shall therefore represent the intensity

dlatribution by o truncated sevies of the foym

dlcosd) = j + j, 0088« ;j&cw"‘sh..,.m :}mcmsamﬁ {8)

Other ssries are concelveble, such as a Fourier
geries or & sum involving Legendre or Techebyschefd
polynomials, Howeveyr, any of these series is

squivalent to any other, as an expansion of (asy)
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P .(cosd) and an sppropriate re-arvengement of the
terms is always poassible. Only il the orxthogonality
properties of (say) P.(cos§) or cos(rd) vesnlited in
a gimplification of the integration would such an
expansion be worth while, and it was found by trial
that (8) was easily the most straightforwerd
representation,

The degree of the polynominl was chosen as a
conpromise between the desirabillty of rapresen%ing
the intensity distribuiion by as many terms as
-possaible in oxder to hendle any sharp pesks oy
discontinuities in gradient which could avise, and
the labour iunvolved in deriving the texme,

In equation(5) we have

s ﬁwy@iﬂ@ cOE A

des aine® cosd de aA

Therefore
o oar
§ XM@.«&%A T (8 ) 0in © 2o fodA
, 4y =D A=p (9)
Gt (t)= 7 r n
g’ g T (8) ain @ e0 cool)
G=06 A=
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Since cosd = come cose + swlne s8iné cos A, the double
integration in {(9) is eesmily performed as we obly

have B=Tunctions 4o evaluste. We hove

o
Led E Fu Jn
Y aoo
1) .
IR

e

p; (1) = (10)
where (f.,8,.) are known functions of phase
(omd hence time ). Removing a factor # which cancels

out of all termse, we Tind
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In figure 34, since ¢ is the angle between the
observer's Tine of sight and §8, , we hgve 8,x =¢ =907,
Then sincee

. Sy 3 wn wbere (V- ) oo §

we have Loy @ gm wn i { Ve ) At d

win @ wm A of (1 0o E)

the poglitive sign being required as angles measured
over o spheve arve always = 180% The f'® and g's may
now be found in terme of the true snomaly and hence

time t. A® the eccentriclities concerned are all of
ovder 0.1, it was counsidered sufficient 1o solve
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for the true anomaly in terma of time by the

truncated serles

3
® e 13 elain3 M
= M (e — @€ )MM*%G e M A 55 i3

with M = 1 (t=1%),

The question arises ag to whether w is to be
taken a8 a positive or a negative quantity. With the
elemnents chosen to represent the "true! orbilt, we
see thot 2 line such as NIIT must be displaced
along the positive m-awis, i.6., & £; J,/ 5 & J;
positive. But for NIII, @4 is also positive im the
region of the ascending node (vew = 07), Thus
{10) implies that, when v+« = 0%, ® should be such
ﬁhaﬁz%,i@ positive which, as (4) indicates, means
that « must be taken positive for direct rotation,
negative for robation retrograde with respect to
an inertial frame.

Bguation (10) bhecomes

2, EPrdu—w, £27), =0 (11)

=@

To solve this set it was necessary to srbitrarily
specify one of the j's and j, was taken equal to
unlsy. This ig consietent with the earlier remark

thet Jfcos §) is arbitrary to the extent of a
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multiplying congtant. Ten equally epaced values of
time were therefore btaken, (£, w,f, .8,.) caleulated
for those times, the sed (11) wes solved, snd the
di%tributimn J{cos § ) caloulated for 0036 in the
venge =1 (0.1}, This was done on en slectronic
computer for a number of lines, with various
combinations of ‘true’ K,and i, A typical result

ig shown in figure 35. The results cannot correspond

$0 real %(5} distributions.

10, The algebra and the computer programme were
chaecked thoroughly and no error wes revealed. In
a@ﬁiﬁian the yrogxamm@ wae extended to caleulate
the veloclty eurﬁa corregponding to some J(6)
distribution. The distributions &erived in the
first place were found Ho give the veloecity curves
firom which they originally comes thus V;(t)§?%q%(é)o

The possibility was congidered that the veal
digtribution might be overaxepf@santeﬂ by the tenth
degree polynomial. Thus in o sémsé the coefficients
of the polynomial might nolbe subject Ho sufficient
conetraint, snd a polynomial of lowei degrea, ox
which was required to fit more points on the veloelty

CUIVE might give a betber representation of the
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J(5) curve.

A Fifth degree polynomial was taken and
applied to the observaiions of NIIT (figure 37),
Also foxr WIIX, a tenith degree polynomial representation
wae required to Fit 50 equally spaced points on the
velocity curve as well as possible, that ls, using
e least squares analyeis. (figure 3¢) Evidently the
oacillations of the cuxves camnot be accounted for

in this way,

Finally, the conclusion was reached that the
%(6) distributions for the wvarious lines on 57 Cygni
are such that Hle) = D;, that ie that the oseillations
cccur because the distridbutions arve undiscoverable
from the observed wvelocity curves., Presumably a
slight change in some pavameters, such as the values
of time taken, would produce a large change in the
distributions, such as g shilsé in the phase of

the waves.

11. Cilwveulation Currentg. It has been shown
in § § of chapter II thet atmospheric material
must stresm away from the suvb-gstellar points. Thias
gtreaming arises because of a horizontal pressurs

gradient. If the d@nsity"f of material al gome
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physical depth in the stmoaphare does aot vary ovey

elther star, this pressure gradient is given by

i RAT
AP = (’/u

where R is the gas constant and the molecular

weight M = %. A P ie also the change in the

internal energy of unit volume of gas whose tempersture
changes by A T. If this chenge in energy, which

arises as the volume moves away from the sub-stellar

point is converted to energy of motion, then
%‘Pv& =4AF

and we L£ind

T = 0.18 mm‘i‘

when V is measured in km/sec.

I£ AT is a typlcal change in surface
temperature avising from the reflection effect, V
may repreaent & typicsl veloelity of streaming. In
fact V is likeiy to be an uvpper limit. In photospheric
vegiong, AT o= 500° and,*, ¥ o= 4 km/sec., In the
shromosphere, according o the previous ideas, we
may have A Te=10,000° snd thus V2« 20 km/sec, If
absorption lines are foxrmed im o chromosphere,

evidence of a velecity of atreaming of this ordex

should be observable in the velocity curves.
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The veloclty eurveas of vhe 5&753 corvelation may
arlse asm a comsequence oF such g streswming.lines
which are highly distorted by vefliection show the
largest spurlious Yo implying that the circulation
velocity is highest around the sub-stellar points.
This is qualitatively in agraameﬁ% with one'a

expectations Lrom the equation of continuity.
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PART IX

Bolometric Reflection Effect



Chapter IV ROPAL'S BOLOMEIRIC THEORY

TP TP a0 S Ly 1w vt 70 s T e i S W2 m s SENIRINGRES

1o introduction. The effect of reflechion

or the Llight curves of eclipring systems in
particenlar was not treated under reslistic
phyedical condlitions until 19%4. Befove then the
radlation incident on a reflecting star was
congidered to be elther parslilel in spsce, or o

+

emanate Trom & point of light at a Linite distonce
(SEN3b194839 In 1954, ROPAL extended the sinmpler
picture to include the care of a epherical
1lluminating source

The problem can be divided into three main

parte nemelys-

1)  Te find the bolometric intensity
distribution J( & ) over the surface of
gach ztar.

2)  To convert this to & monochromatic
intensity distribution J(%) in some
discrete wavelength range.

3) To convert this, in tuim, to a
monochromatic magnltmdﬁ variation
m (5) with phase ¢ of the system.

These three parts sre couvoluted in KOPAL's

aperoach.

T Proc. u.s, Acad. Sei., 34 , 31,



Mainly, his conmcern is with the following problem,
which for convenlence is referred 0 later as

KOPAL's problems—

Given twe spherical stars with erbitrary
radil, lumincsities, limb-darkening and separation.
To Lind the consequent bolometric magnitude
variation with phase, on the assvmpbions thet the
albedo of each shtar is undity (in EDDINGTON's
terminology ) and that LAVBERT's cosine law of
refleetion applies,

KOPAL's theory is reviewed in the Lirvet paxi
of the presewt chapier. In the counrse of exeamination
of the theory & nunber of slgebraic errors were
found =nd the work was repeeted with corrected
algebras in the event the final answer is
unehanged. The second part of the chapter consists
of a discussion of the theory from a concepbual

point of view,

Raview of XOPAL's Theoxry

2o If (a758, 7 Toprende tne vodis of the
component stars and R the separntion of their
centres, the tidal distoxrtion im of the order of
(a/R)3 » and since the reflechtion effect iz of
order (afﬁ)g s then dQimtortion terms will not

enter into the reflection effect vnless terme of
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order (a/R)5 and higher ave employed., The
agsumption of ephericity therefores implies that

terms of order higher than (a/R)4 , Which i
ferms of order higher than (&/R)4 o Which 18 gp,

taken to include &afag/ﬁa)g g Will not appesal.g gtar,
also described as the primary by KOPAL.
The emountd of the secomdary's light reflected

by the primary in the direction of the observer

is given by
&L = gg Jed, 5 )=op do
C

where § (&, » ) denoies the intensity of radiation
reflected from a point P with coordinates (4,7 )
not yews d@fim@ﬁggfia an angle of foreshortening,
and the domain C of integratioun extends over

the visible hemisphere, Bvaluation of ﬂ(fgq ) ie
possible provided that the flux incident at (4, %)
igs known and that the physics of the transfer of
the radiation is also undersitood. The lattex
problem is by-passed by KOPAL when he adopts
LAVBERT's law and considers mainly bolomesric

radiation.

3 The Fully-Illuminated Zong. In figuvre 38,
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P i an erbistravy point on the reflecting star 0,4
p denotes the angle 0,PQ betwsen the lengthe (’9("
defined in the ﬂiagrmm ond W= C?.%Q/q ¢ 1 the

engle between ¢’ and the mormal ab P,

Then

CoB Y = o8 coB e 4+ 8ine sing cosw

Tet the dletribution of brightness I(e’) over
the appsrent disc of the secondary component

{(suffix 2) be given by

€) = 1(0) { Lelled COS @f}

Then KOPAL stetes that the intensity of light

veflected at P is given by
3(‘?’@7 %’} =1(0) { {Lemn ) ejﬁ e méfg}

whera

8 et w0’ els
Jp = === 2 (1)

a = g q,_,.a:z.
with ds, = ajﬁsin@ dedw
= af P/ p) aptde
The devivation of (1) hes ivvolved LAMBERT's law,
i:80, the sssumption that the reflected radiation is

distributed isetropically.
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3

After a straightforward reduotion, carrylng

the Integration over

18 fovnd that

fmde
b
imia

whille simlilarly,

Thus finally

Loy 0268

j ({Cf s?)'ﬁ’* m;.;“z;“m”

where Ly %??az I(G){"lméu}
represents the apparvent lundnosity of the
segondary component.
Since the integration has bheen carried over

(04 eg2w the above expression for J(, » )
applies only dn the Lfully=illuminated zmone of the
reflecting star. In this zone, the amount of light
reflected at any point is exactly the same as if
the illuminating stay were a point with the same
digtance, directicn and apparent lumincsity as the

real star (L result which arises as a particular

18/



)

coee 0 o nore general theoren esteblished in
chapter V). It shounld be noted, however, thatb

the effect of sscondary reflection has so far been
neglected. Secondary reflection arises when ¥he
brightness distribution, due 4o refleation, over

the dise of the illuminating star is token into

SeCouUnto

4, The Penumbral Zone. In this reglon the

sgcondary component is partially eclipsed by the

horizon of the observer at P, KOPADL now writes

o o
Jed vy = T(0) { (Ueu) 339, u}

- N ?
1 (G2) g (L)
Jj e Al @&

7 7
'3 ({ ?- &2 i ° 2
T ¢ 5 % o § weor & sain & , de dao
T no "CIZ'. ) 5 (?)
(:) e -

A 18 o geometrical '"depth of eclipse’ and iw
5 .A.
given by HO, P
To chneek the limits of integration, consider

figure 39 .
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T - - e A%y mr ol 3
BU represents

Then

Biny = AP
€2 A
2

the horizon of the observer ot Po

. Al
] :E_,m 22 emeems
o A

d —onsoe OB
Oy A AR

.% BinY = —coswasine

uﬂ[] o
L W) m com | Bl 33:/_)
-rﬁ‘w:’n/ é}

When the coentre of the {lluminating 8tar is bhelow

the horizon,wwlll alwsye be less than 90% and

a = :‘9, RIS &2 ”
w2 et havew= oo / (+k*). Similarly when O,

appears above

We may take

P
& =

ey ;i!
the horlzon, we regulrs w= Q08 ‘?{ =k ),

==l mz:.;@;?%z
cos SESIRRTAE

A @

= f b o X
or W B OOSD ( Bttal (33

Lo,

a8 we plesse, provided that e sign convention Ffor X

-

ia taoken such as to eatisfly the conditions above,

&

In both his 1954 ypaper and his book (Close

Binary Systems) KOPAL takes an upper Limit of

integration

wilim, 2{:
e @

&u:nﬂ -
e = QOB {«gavmwmj Since we require

w=f
w = con (=k)

when 0? ig above the horizon, )} must then he token



negative. Sinllarly we require J positive when
0 i balow the horizon. In his book, KOPAL states
that 'We shall, moreover, rechon s8¢ that ite upper
linit corresponds to the begluming of the eclipse’,
Byidently one is not entitled t0 use such o sign
sonvention foxr X 1 (3) is to he adopbted. The
opposite convention for X is adopted in his paper,
and this leads to different formulse Ffor various
guantities, slthiough the final result is the same.
In figuresc{a), when Q0,18 above the horizon,
$he limite of integration are
Bl ar e (4)) e (it i o)

4
- (4)
& o ;;{j o

while when 0,is below the horizon, we have

(% @) el (+ X ) win )

|
J

1| o

KOPAL has appsrently overlocked the shaded
refion in Figuve wlal.
Since cog % = coso cog + sine sinp Co8 w,
J; = M, o8« ¢ N, 8inec,

In the cese whexre 0,1is abhove the horizon,
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. I

| g a2 g .
i 2 - LoD 3 Ao @ L &
R [7”1 % ¢ Lo

2

0 ¢’
M;,;(ﬂz/{,)
T Py ,M.,;“’ M )M@mﬂ ¢
»}-gg ¢ Lin @ @ de
s 2.
1) C

on using (4). Also

-
f@@ﬁ (@1/0)
_g__
W, = 287 W(ﬂ M@(W.&@mmlmaxj&méfmn@y deo
J
x|

KOPAT, states that "If, however, only terme of
the lowest order are %0 be retained, we may

evidently set

Q. @
@in( m.?p

con (b o |
cos @ o 0o8®
S
Then % , |
M, 28 [ 27T gz‘@m@/ﬁm@ de o= 2j¢ i @ €Or M} aned
A &
i 2]
% e d

‘N g @ (M&@mﬁm;{) Lo & @
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(The corresponding expression for M given by

RKOPAYL is

we
2) = .
. - Ao AL .
lﬁ; .«aa-;' - @}W«Qm@d@
M. = = vt

Which is meesningless for &<X).

Theae reduce to

M, =

X -t A co}
wr

i
/":'\
~ D
V!’é
=
M <=
i

in the absence of limb=darkening.

£t ds of imterest that the expression Tor M,
is the same whether or not the centre of the
illuminating star is above the horizom. It is
because of this that KOPAL'g omission did not lead
O error.

From triengle HO,P (figure 41 ),

winl F—let—A]  in (F o]

C 2,

. eos(st = X) e._gm@m ey of
Qy

[}

and gince o o=

M
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el '
Sin?{%mm ° mxgmi:?u%/@b’ﬂ.%

Q. ce (3

-"‘MQ&““’“Q

These equations arve sabisefied when 0&19 a2bove oxr
below the horizon.

Define z =4 8in X . Then

(%) (L~ "“’WM%X)( s )+3-3%*@@°3X (6)

37?“(9

s

_ (@afzg i 2L +-x(;wx*)% f 28, € 1ex*)
= (P g "f’"";;';j;;% (7)

3
g, = &w{i o= Y 2"t =2.) 4”.%. (4»7:“)2'}

Both forms agree with those 1n XOPAL's paper.

Since

e} 3
Sii’l Kgit‘“@“:’é“x Tfooecesocooe

o ‘
(lmx'g)ﬁ 1= %Xﬁév% N SO (8)

(1“”%?’) 1@«3’-&3{ °%=§'}‘C “—‘-"oouoooono

Recalling that ff( %fég) = T(0) { (1l-u) Jof«:r u J:} 0

and inserting (8) into (6) and (7), we £ind that
to O{x%),
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s
o 2 , 1
v Dy bz 2 2 2z % el (9)
v 7 @3 377 2. T {2 ¥

Where we have made use of the fact thaet

@ngrmilﬁa) (1=4u), and also @ heo been Gaken
equal o R. Superseript v refers o undarkenad
radiation, (9) differs from the corvespénding
equation (81) in EOPAL's pép@rs he hag a +3x term.
Ag jwrepresamﬁs;th@ Light reflected from a sgquare
cantimetire of the primery when the source is an
vndarkenaed, partially set astar, we should have

corresponding %o einx = I

o

2 2F
J = 0 when x = 1, this
- un 02
This check 1o satisfied in the case of I above
« cn {u 2 ) P
but wot for KOPAL'a J , which must therefore be

STTONe0Us,

Likewise,
o % 4s -
L. Gads §3 | om o, Bx L m] _
= Th RE L8 2 & I (10)

Agein, when X=l, ?%% O ag requived, and once more
K0PAL'e T°faile to satisfy the check,

For an sxrbltrarlily limb-darkened irradiating
gtar, the intensisty ffof rodietion reflectad From

undlt ares in the penumbral zone is given by

/90


mailto:ther@fo.re

Fi'g ure &l

i (Cunina ?‘«‘i»’z? slar M

P@fﬂ?c‘l"iﬂj

Sfar

Figure 4.2
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o “~\\Afwe of )
T ‘ 5333{3

t}'eome‘i‘ry of the Reffection Effect,
‘ qft@r oPAL

i quire 43
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§1g )= (G ) + 2 I h7)

s @

5o The amount of the sscondary’s light

reflected from the primsry component into the line
of sight has been glven as

4= ggiﬂ”"’e}’“f{%

<

whers J hae now besn found im terms of x = sin X
the depth of eclipse. The integration of
conatituntes

i the final part of the solwution of

ROPAT s problen. From teisngle NPE in

cos )2 = 8iny cos (& = )

&
ufesg = 8, s;infz;} &'7; df)

FTigure &3,

The wvarious quantities are defined in figure F4.

Phase € teles 1ts minimam wvalue when the intenalty of

radiation refleated Trom the primary towards the

extemel ohserver ig a maximam.

co8 é = =gin{vew ) gin i

KOPAL now introduces the integral operator X(x:)
defined by

193
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mﬂ.n P T e ,«aénwp “ﬁﬁ? )
KOO} == e} e,
€=k ‘@Mmp(-eji »

The imner bangent cone to the stars has semi-sngle 7,
given by

Q=
gin g, = - "R - (figure 44 )

and within this coune, i.e¢. within the fully-

1llunmineted sone,
kg ¢ 7P~ b

Similarly, the boundary between the penunbral zone
and the non=-illiuvminated part of the reflecting

gher descxibed by « =9, where

931351?;? = R
= TR

Therefore in the range %, &€&y, the fully-1it
gone ie delimited by an application of the
operator K(sin 7,): while the penumbral zone
showld be delimited by an application of “mad s
K(sing,) - Elsin 9,).

Outslde this range of phase, the K-operator
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met he modified in o mammer dependiug on the
phase and relative raddi of the stars. TFoxr
example in the remge w—%, € € ¢ 747, the
fully illuminsted zone dissppesrs Lrom view and
the integral operstor must therefore vanish.
However the modifications need not concern us,
In oxrdexr to apply the operator, ¥ is related

to 4 = cos )’ = cos # sinzy . Trom figure 42,

P Oi/\’i — @‘P-‘:"“MP - ag t(’e&ﬁl};@ﬁ
#” B R R

Buh @)ﬁsﬁ according to XOPAL

m& o8 e = Rfi &

xR, @y,
. 7 W R pa
o & &a

KOPATL hog -x = —o 8
03’-

His expansions in x of J 7° ave correct if x i
replaced by -x. Reversal of slgn slso corrects his
xQﬁm} equation. Thus these errore cancel out when
the integration oVer M is performed, and in the
abeence of further eryrors his final result will

be corredt.

For the fully illuminated zone,

[9¢



£, “Cove

10f.1) = —

— Ley *“R/M
=W TR qat —aa RV
La
= ﬁ.ﬂz{ﬂ(/ft)%*mw > P(/“ “P”}

£, (a9a0€) = ¥(sing, ) {P, () & <t 2 A 973 BE TR ;l%?
where ;t’a represents the amount of light reflected by
the primary from the fully illuminated sone along
the observer's line of sight. The actual integration
ig laborious., KOPAL finds eveuntually that for any

phase angle € within the range % , SEG W=7,

20
2 . ° é
gﬁs (a,,) a%é‘) = Lz{ :‘5”'(«%") (i 6)“‘3;5 F= B,

4 (%)3 ( 3en'c 420006 =) )

& Mémé a*a, aon €
=+ (W) = R T
+ w} (11)
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Outside this range the modified K-operator must be
uged. PForther integration produces the result that

within the range —%, ¢ € €9,

2.
Lr Ge [ 2 Q- D,
IO(QM a, £ ) == Ra,{g;- 4 R +.;%«:re¢é (12)

while for all other phases the reflection effect is
negligible.
In the penuwmbral zone,
b
CE& (cahﬂza_“:-?') == ggmrila oﬁ - fg_

3y 3-u

T [ Kein 90) — m’@wﬂ}ﬁ”"”@)gg)}

b
The expansion (9), (10) forJ in x are comverted

0 expansions in il

S = 2 L”z n (<4

and similarly for jbo

Wow it can be shown that

& 7]
my L B N P
REY) (49 = KoM p"} = 2D

whence
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whence

{K(sin 95 = K{ein "’w} 1" ¢ #, 2 )

» R . .
= 2 Lz @ C ( ) o 7, mM"""%ﬂ) Aen &
m 5 R -4 Qm,

# <=

2 ("4
= 2 ca,a,,) Lz&iwé’ {( Qa‘f*‘?:..) ( “v""az) }
7 A m«-f—! a,

where all the Gi s for m> 4 are ldentically zero.
Inserting the coefficients C, the summation reduces
t0 2/ and 0.6 for an undarkensd and completely
darkened lrradiating source vespectively (not

1/ and 0.3 as stated by KOPAL). However, the

final expressions are given corrvechly by KOPAL as

ih o
v ZﬁoQa) L, dern & -+

L = w7

- ( &a&a) Ly gn€ gm
‘fz, &5

Thue for an arbitrarily limb-darkened source,

. . .,
. e M2 Q) Ay } & (75 ) L.y Aon € oo ..
"f@, & e R 3=

for eny phase sngle within the range

ﬂ“’”a .« =
i Aty g € g T = gin QT2

R R
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The total amount of light reflected from the
primary is £ = L, + L, ., Yo expression for the
penumbral light is given within the range

o . .
in”! (g8) € B¢ o (L) (13)

KOPAL finally expands the phese law in a
Pourier cosine series, and in ascending powers of

coa € , Thus, Tor example,

-

L(a,, a.,6) =5 ?Cn cos e

n=0
with 3 5
o o2 () L(&) ~ £ ( aoq.z,_>+
o« *37 (") TR w7
G@ ""‘") “#’é&( ) -_faﬁmmm
Ay # 2 ¥ a&)
oo (G5 R (2] H(EF (5
Gg = O
2 R
Cc;, gn‘m&m %_ ‘%) ;L_ a, a&>‘%=.=.c,
- 36'?7' Ra.-

e e 12. &+ (m—5F)e
with k¥ = 1 = a— =

6. BSecondary Reflection. KOPAL states that

"The symbol L, ..... has been used to denote the

fractional luwminosity of the 1llumineting component
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ag seen from the reflecting star = that is ite
intringic luminosity auvgmented by that part of
the primary's light which will be reflected

from it back in the dlrvection of the radius wvector
(corresponding to € = 0)°,

The symbol L,must be replaced by (L.),,
representing the intrinsic luminosity of component

2, plus (L, ), (%)’3{% o wﬁ%%ﬁéwhm} from (12).
That is,

Ly = (Do) o (5,), (%) + 3%l + 2(ER) 4o} (18)

To Finally, an attenpt ie made t0 convert from
bolometric to monochromaiic radiation.
The luminosity (L,)s of the irradiating

component in an effective wavelemgth A is given by

3

(1., wﬁ,_;_) L
b /3

wheve J; ,J, denote the surface brightness of the

secondary in total and discrete lights

L, = ma’ J, (L,)y =mal J,

A known fraction o = q(€ ) L, of the secondary's Light
iz intercepied and reflected by the primary. Thus

AT — [ I
of}\"“(w>[£ mﬁ(ﬁ_)(sﬂ )”Lz‘

JF'&.B
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Tirh o] of ooy o o o oy o
Bliminocting L,

&g;ﬁ £ ?(@‘»(L;,,}%

where ] ( 5 )

(Jg Jﬂé, 2

represents the lumlncus-efficiency factor 40 be
applied to the bolometric radistion reflected along

the observer's line of sight.
If the stars radiate like black bodiles

&
I m(ﬂ? )“"
b

Ja T
{15)
€y
. T e ey
while | o =

whers T),q denote the mean effecltive temperaitures of
the iliuminated hemiepheres of the two stars.

"It should be strszsed that these will not be
identical with the proper effective tempersiures of
their averted (dork) hemispheres, becaunse of +the

heating effect of incident radiagtiofNccococccoccoo’

Discussion and Critigue of +the Theowry

8. KOPAL states that ‘the expressions for the
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flux and Limite of integration could, in Tset, be
naed to eitudy the reflection of light from two

spheres in actuel contact, or from & sphere

)

e

Lluminated by an infinite wall = in both of which
gases there wounld be no fully illuminated zone,
but only 2 penumbral zone (extending, im the latier
case, over the entire surface of the reflecting
sphere ). Such extreme cases would, however, be of
little ox no estrophysical intereet, since two
gtars brought &0 close together could wnot

possibly retain spherical shape , and their mutual
dietortion wounld rendey the geometry of our
preceding seotions id exact.’ Thus the solubion

ig earyied shrough to terms of the order of

g;‘b a2 D -] A ¥ hy
afR) , since the effect of rotational oxr tidal

Sy

fane

letortion of the primary component would
influence the anount of light reflected from 1t
through a term of @(afﬁ)ﬁl

Howevey, the important point would seem to be
what, although the error in the calcoulated reflection
effect may be lavger for close systems than for

well-separsted ones, the proporitionsl error rvemains

gmall., Typleally, & Llight variation of about
0505 may be produced, The reflection effect is

<P
of order (a/R), and as the influence of distortion
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on the effect o of order (@/R}gg the relative
error, introduced by neglect of distortion,is of
order {a/ﬁ)gg which may be 10% typically. A
theoretical reflection effect for contact systems
should thus be systematically in error (by virtues
of the neglect of distortion) by ebout 0T005; a
guantity which will be much less for systems
geparated by, say, a stellar radius, due to the
thinrd power dependence of distoriion on separation.
It follows that a theory of the reflection
effect which neglects $idal and rotatlional
distortion is nevertheless & useful one 40 have,
even for very close systems, o8 the exror introduced
will probsbly be only a few per cent. A “uéefml“
theory im the present context is one whiech can be
used o draw meémimgful counclusions from observational

d a‘t @a@

9. It is fundemental +to EOPAL's work thet the
effects of the penuvmbral regions and secondary
reflection are oo small that they may be desly with
only to the lowest ovrder of spproximation. In order
to test this surmise a rough sitenpt was made to

eatimate the relative importance of the fully=1it
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end penumbral zZones.

Consider the reflecting star in a system with
1=0° ot Ffull phase (meglecting the fact that it
would then in reality be eclipsed.) Let (I, ,I.)
representy the relative intensities of {the penumbral
and fully 1illuminated regions respectively, as seen
by the external observer. Them the star appesrs to
the distant observer as a dise with concentric
anmali of various brighitnesses, Negleeting limb= -
davkening,

Tfa

&

I = QTFS .,CP(@)M@ de

8,
€y
I = 2Wi§§%(@)4@»@de

o
where @ ie the llmb-darkening engle and @ represents
the boundary between the zones (figure 45 ).

Tl ), fF£¢9)9 are functions describing the
intensity of radlation incident on points with angle
@, To estimate the relative importsnce of the

two zmones, o mean Intensity of reflected radiation
from each region should be derived. Suppose that the

intensity of radiation (incident on unit area of the

reflecting etar) is proportional to the cosine of the
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zenith distance of the secondary and is indspendent
of the distance of the srea from the segcondary.
These assunpitlons probsbly uvndevestimate the
importance of the penumbra, as from & zenith
distance of 90@ the incident intensgity is tsken %o

be zero, whereas it is in fact finite. Then

Wi

g Al O) ain & cor @’ de

"Zp = 60
I, %

g ion @ 2o &’ de
[e)

A( ©) represents that fractlon of the secondary's
dismc which i3 uneclipsed to an observer in the
penumbral region. Close to eé=e,, Ale ) & 1,

while for ¢=e = 4-, A(® ) = §. Frobebly no

large ervor ls ilutroduced if we suppose that a

mean value A is about £: only a rough estimate of
1o/1 18 required., Adopting ¥XOPAL's approximation
thot cos @ % cone’, we find I,/I. = & eot&@@ & %coi‘g’@@

with cote= (a,+ a)/R.
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~ (grwamhﬁ& l%,/fg

w2y )

0 1,00 co
30 0.87 2%
45 0,72 3
50 0.50 3
90 0. 00 0

It ie clear from the above table that fox
close binary systems in general ﬁh@ penumbral
reglone cannot be treated in the lowest order of
approximetion 1€ ROPAL's pyxoblem is to be solved
aﬁAall eccurately. Fox @xgmple in the case of
57 Cygnl the radistion from the penumbra may
be asbout e quarter of that from the fully
illuminated zone, while for a system the separation
of whose sub-gtellar points is about s radiuves, the
radiation from the penumbre is abowt T0% of thead
from the fully 1it zone at the p@aae¢§a Co
Furthermore this phase gives the minimum value
of Tp/I.; other phases would result in & larger

ratio.

10, Even for well-spparated aystems foxr which

an agcurete caloculation of the effects of penumbral
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and secondary reflegitlon terms is not necessary,
the percentage evror in these terms introduced
by virtune of KOPAL's spproximations may be guite
lorges-

(1) If we take account of secondary
reflection it ie no longer true that the brighiness
distribution over the secondary ie given by
&) = I(0) {].mu 4+ U COB a‘}g as the isophotes
of the reflected radiation sre symmetricsal adout
the line joining the stellar centres rather than
the line joining the observer P and the centre 0, o
The procedure of simply replacing (L,), by I,

{from (14) ) ie therefore not justified, and a
syotematic error in the calculated value of

g ( rﬁ » 9 ) must be produced, It is diffioult to
judge the oxder of megnitude of the effect, butb
at any rate KOPAL has not shown that his approach
ie sufficient In the sense that all vexrme of

2, 42 . .
0 {a,2,/R*) or lowsr have been included.

(i) The influence of the penumbra on the
o n{ € ) curve is neglected by KOPAL for all phase
angles such that the fully illuminated zome is
not eclipsed by the limb of the reflecting star
{see (13) ). This means that the penumbra is

ao0g
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neglected in the comfiguration shown im figure 46(a),
but not in 44b).
Wo jugtificatlion for this omission is given

by KOPAL,

11, We have seen that the approximate treatment
of the effects due to the finite radius of the
illuminating compounent is open 40 question, not
only because the penumbral zone is more impoxrtand
for close systems than KOPAL summised, but also
because his gpproxzimations are insdequate. It will
now be zrgued that even il the treatment had been
adequate %0 0(@/3)%9 it is doub%iful whether
realistic application to a close aystem could
have been made.

The concept of ’en oxder of magnitude' is
used by XKOPAL and by the earlier workers such as
TAKEDA, Its usefulness in the present context 1s
open to some doubt, howsver. To illuatrate this,
consider a function L of some wariable x, and

expand I a8 a power series in x3
L = Lyé I,x + L,x"+ texrma of higher order (16)

I7 I is %0 be evaluated %o, ssy, the order of x , the
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implication is that the ervor commiitted by the
omigsion of Lgxgg L&x$9 EEEERER Iies within a
fairly wellmﬁafiﬁed renge which is small compared
with L. For example if x = 0.1 and the coefficlients
L: are comparable in magnitude, then by evaluating
T to 0{x") a 1% sccuracy may be expected. Suppose
however, that x = 0.%, say. Then there is no
longer any guarsntee that (L3£3+ L¢x$+ cecooocal
is o small quantity compéred with L; it is likely
that the sum of the texrme omitted is a large,
numerically, ase lefg and even conceivable that
Lafgg-lelo

It follows that to evaluate the bolometric
reflection effect to O(a/R)Qwhﬁn a/R=§=003 or more,
say, 1s o meaningless p?ogedu;a, as the error
committed by the omission of the higher order
terms is likely to be fqlly a8 large as thé'
(&/R)4 terms, so that no signifiéahc@ can be
attached to the latter. The expansion of KOPAL's
phase law in-:ascendingipowgras ol '¢oeve’ 1TTudtrdtes -
this point. The series for the coefficients Cn
do not converge rapidly for realistic values of
/R, if they converge at sll. A similar criticism

can of course be levelled at the earlier theories
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of the bolometric effeci. Thus the applicability
of KOPAL's theory is questionable, apart from
the errors of approximetion already discussed.

It follows that eny attempt to extend the
theory of the reflection effect by the addition of
terms of successively higher order is likely to be

laborious and of dubious walidity.

1. The theme of the previous section may
be further illustrated by considering multiple
reflections in a very close system. Consider two
identical stars with flux F;erga/cm%/sec in the
absence of reflection. Let the flux around the
gub=-gtellar points be represented by F. Then if
the stars are sufficiently close the area HH' at
the hot-9pot of one star is illuminsted by a disc of
801id angle S and surface flux F. The flux from a
square centimetre of HH is therefore F, + E%gF,
since a proportion 5~of the radietion from ol
is interceptéd by HH, Thus as the stars are

identical
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Am the sters tend o touchy .n22mgnd F-—> o=
In effect this means that radiation from the
interior is ‘reflected’ many times in the reglom
of the sub-=gtellar pointes of o contact system.
The implication is that convergence of (16) is
slow at the hotepots of a close system, and
breaks down when the stars are in contact. Thus
at the sub-stellar pointe, when x:= &/R 18 close %o
half, it is no longer true to say that all I, are
comparable: beyond some term we must have
Liw /L;2=2: the dsyrivation of a few terms of
O&a/Rfacannot be expected to yleld an accurste
result for the intensity distribution of close or
contact binsry syustems in the region of the

sub-8tellar points.

12, In order to compare theory with observation
it is necessary to convert o bolometric distribution
t0 a photometric one in some discrete wavelength
range. The fact that no such counversion procedure
is given detracts from the usefulness of XOPAL's
theory. The quantities (T,,T,) in (15) denote the
mean effective temperatures of the 1lluminated
hemispheres of the sitars. However no way in which

the mean temperatures could be calculated is
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indicated, It might be hoped thet, given the
bolometric distribution, it would he possible o
convert to the photometric one, 80 thab @,mhﬁé )
counld then be calounlated, but Lt bturne out that
the mathematics involved in the derivetion of
J{ &y %) is se couvoluted with that involved
in the converasion J{ &, 7)- am(e ), thet this

ig not a practical propoesition.

13, Summaxy o (1) The neglect of Hidal
distoriion would not invalldate eny velflection
effect theory even for very close snd possibly
contact sygtems.

(23 The impoxrtance of the penumbral zoune and
of multiple veflection are underestimated by
FOPAL end in eny case his approximaiions srs

inadequate,

{(3) Any approach to reflection effent theory
baged on the ldea of deducing and adding individusl
terms of wavious ‘orders of magnitude' is unlikely
o be valid for close systems, due 0 the slow

convergence of series of the foxm (16),
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(4) There seems 0 be no way in which a
conversion from boleoemetric to photometrie
reflection could be made in KOPAL'as theory,
80 that the theory cammot be accurately

compared with observation.
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Chepter V. BOLOMETRIC REFLECTTON TN CLOSE SYSTENS

[P en g hod it a A ded Far o f A —-mw T BT S v AR v S s e o3

Liead we not here o Jjolly life
Betwlxt the shine end shede?

SIR HENRY TAYLOR

(Philip van Artevelde, Pt.II).

Lo Introduction. The presemi chepter largely

congigts of The treatment of KOPAL's problem from
a different polnt of view.

The guestion may be asked to what degree of
accuracy it is desirsble o solve the problem. In
the firgt place, it is possible that the physics of
real binaries does not bear a close resemblonce o
that adopted in the problem. For example HDSOKAWAT
(1959) Ffinds that the theoretical reflection effect
Tor Algol predieté to0 large an smplitude for the

4 m,(&) curve by a Lacltor of about two; and the

pospibillty exists that L3 2“% for 57 Cygni,

7 Sendai Asir Ra,bor‘fo‘f} 70 , =o7,



suggesting that the solution of KOPAL's problem
would have 1little relevance to the observed
4 m,(e) curves,

According to STRUVE and HUANG, gaseous streanms
are evident in nearly all systems with periods
between two and five daysg it is likely that
these streams obscure the effects of reflection
t0 some extent, and in fact the ‘asymmetric!
coeffieients (A A.) in the Fourier expansion of
the light curve outside eclipse are often comparable

with the symmetric ones (A,,4,):-

1= A+ Ajcosé + A,cos 2€ + A, mine + A sin 2e

The asymmetric coefficients are uwsuelly attributed
0 gageous material between and around the component
gtarsg.

However, a list of thirty close systems which
are comparatively uvnaffected by streams has been
compiled by HOSOKAWA' (1957); and there are
probably many meore which fall fo satisfy various
gelection ceriteria used by him. All these binaries
have large reflection coefficients. The observations

of some of these systems are in reasonsble
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agreenment with theoretlical expectations, although
most show systematlie departures from the reflection
theory used. The departures are significant bui

in mogt cases are not order of magnitude,
indicating that for these asystems the reflection
theory, although not satisfactory, is not based on
grossly erroneous physics. Tor HOSOKAWA's stars an
accnrate theory is called for.

It 1s uoually considered that the A,term above
ia due to reflection, the A,term arising from the
mutval distortion of the components. It remains to
be seen whether in a realistic treatment of the
reflection effect this result still holdss if not
then esgtimates of the ellipticity of close stars must
be systematically in error,

The solution of KOPAL's problem therefore secems
worthwhile, although probably not to the limits of
accuracy obitalinable with a photoelectric photomeier.
An accuracy of ~0005 or better is probably

attainable with the method described later.
2, The problem can be regarded as that of

solving a payxtial differential equation, the

trangfer equation, subjeet to appropriate boundary
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conditions. In the absence of circumsitellar
absorption or emission, the transfer equation
reduces to simply d1/ds = 0. Thus the intensity

of radiation from any aresa ls constant along any
path length s. No integration need then be
performed over dligtance and the problem now
involves only two independent varisbles. (Although
of course, relative dimensions are still involved).
The result is a simplification of the algebra by about
an order of magnitude, as a consequence of which

o satigfactory treatment of the penumbral regions

and of multiple veflections can be obtained.

3. Integral Bauation Formulation. The digtribution

of intensgity J(8) over the reflecting star depends
on that over the secondary, which in turm, due to
the multiple reflections whieh become appreciable

in close gystems, depends on that over the
reflecting sﬁér@ An integral equation formulation is
thereby svggested. It turns out that an equation

of the form

J(§) = J(8) F(A,B, " A ) aA dB /" da

A B I'A + a conslidt
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arises, where the kernel F(A,B, , A ) possesses
geveral discontimities in slope and is
complicated. If J(§) were expanded as a polynomial
in cos § , one would then have to solve n equations
for the wnkNOWAY J,sce-ee00], (Jobeing regarded as
known). n would have to be large to accurately
allow for the two discontinuities in slope along
both borders of the penumbra, and the flatness of
the J(8) curve over the unlit paxrt of the star.
golution of the simulitasneouns equations wounld
probably have %o be done by electronie computer.

The labour involved in evaluating

S g SSWV\S F(A’prsd) da B dI da

analytically when x is greater thau 3 or 4 is very
considerable,

Given that an integral equation formulation
arises, even formally, then any solution of KOPAL's
problen must involve elther an iteration procedure
or the solution of a set of simultaneous linear
equations: an explicit formula for J(8) or A m{s)
cen no longer be expected. It is only because he

evaluated secondary reflection to the lowest order
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of approximation that KOPAL was able to derive an

anglyitical expression.

4, Quadratic Representation. Let the intensity

distribution over star 1 be represented by
i .
J(8) = j, + J, cosd + j. coa™$

This 1s inadequate to glve & m(€) accurately, but
mey be ample in o caleulation of J(&€), whiech
caleculation involves the as yet uwnknown J(6§). The
polnt is that a rough representation of one
Glgtribution may be sufflclent in a caleulation to
find an accurate representation of the other
distribution,

The procedure therefore ils to agsuns some
plangible numbers (J/,Ji)s calculate an accurate
J%&) distribution, represent this by an approximate
RE) = f??oji cos’® and use the approximate J(8) to
derive an sccurate J%é)g new (jjgj;) being found;
and so on. Two or three lterations ghould suffice.
The limitation of this approach is that for the

closest systems, where multiple reflections are

particulaxrly important, s quadratic representation
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may not be sufficlently accurate, while to extend the
method to a cuble is impracticable because of the
prolixity of the algebra.

This approach was developed but is not
presented here as 1t is superseded by the method
described below. The algebra was long and tedious,
and the epplication of the method to practical

cages appeared to be longer than that below,

5. The symbolism used is that of chapter IV as
far ag possible.
Since, we have geen, the brightness of an
extended area per wnit 9olid angle is independewnt
of distance from the observer, then the energy/second

incident on any vnit area of the primary equals

(1) the intensity J(§) at any point P on
the illuminating star, multiplled by

(ii) the cosine of the zenith distance, cos
at that point on the illuminating
gtar, multiplied by

(iii) the limb-darvkening Pactor £(¢') at that
polut multiplied by

(iv) the area sing dp do surrounding the

point,
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lntegrated over the visible dise of the illuminating

gtar.

-jo'-k a(s) = % gf('@') cos %y J(s) sinp dp de (1)
w P
As 2 corregponding expression existe for
JQQS) in terms of J(8), a completely numerical
approach to the solution of JO(S), J(8) vecomes
practicable. The method below is best desceribed

a8 semi-numerical.

The Approach Adopted

6. Suppose that a square centimetre of the surface
of the reflecting star is illv;mina'i:eél by a body of
arbitrary shape but uniform surface brighitness. The
body is seen in projection on the observer's celestial
sphere as an ayes of some shape, the intensity of
radiation being constant over the area. Then the
flux on the square centimetre 1s given by the
intensity of each part of the irradiating area,
weighted with the corresponding cos t (Y} the

zenith distance), integrated over the visible areat-

ng\g cos § @A

A
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where we have put the intensity equal to unity.
di = s::‘i.nﬁrga 6(5 de
cosy= cos} cosp + slng s:i.ngs cos w

( ig now measured from the centroid of the
arbitravy area; %, represents the zenith distance

oi this centroid.

it

207 u(@)) 2.7 ’D(w)
°s L = cos ‘g@§ S?sinag eosF GP dw + sin%is sirf'rg COS d‘; d e
G=0 hﬁhﬂ@ ¢ =¢) (:5'?«0

= I cosb + J min},

J = %.&E ﬂgﬂ(w)w%fam{a,@am}j P e

=0

We now postulate that ﬁﬂ(w) o @a(ﬂ*mw)a But

cop@ws — c08 (Ww-w). The integrand above is then AL
an 0dd function and the integral over 21 13 zero.
‘ -
o’e L = 1 CO{S§ g{?‘
: ¢
Ll
Consider the area ACA which forms the plane Blle
base of the segment ABA . To each element of area
sﬁ.np ﬂg’s dw on the surface of the sphere, there
corresponds an element on the segment of avea A
sin(g. cosp (3{;\ de> . The area of the plane segment 1s
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therefore glven by
27" {s.(u))

%iﬁﬁ'@OQF dP d e

where the radius of the celestial sphere is taken -
egual to unity.

Thug I is to be interpreted as the area of a
pleme flgure whose pevimeter is defimed by @ (w).

Hence the flux from any wniformly bright erea
symnetrical about two orthogonal axes can be
immediately fovnd without integrations it ls the
product of area, intenslity and cos % .

The method described in the following pages
consigte of approximating the irrvadiating source
by a set of areas, each of wniform brighitness, and
puming the contributionsg from the areas. The
requirement that g, (@) = p,(ﬁ'w¢0) if integration
ig 0 be avoided can always be met in principle,
gince an arbitrary area can be regerded as being

composed of a gsum of areas satisfying this condition.
T. Within the fully=illuminated zone of the

irradiating star, the distribution J(§) is

represented by a set of concentirie polar caps
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(cgmﬁr@ the sub-gtellar poinﬁ) of varlous dbrighinesgey
To an cbserver in the fully=-illuminated zone of the
veflecting star, each cap appears in projection

as an ellipse of wiform brightness due to the

adoption of LAMBERT'g law for weflected radiatlon.

8. The Pully Illuminated Zone. In this region,

a8 the observer above and the polar caps of the
illuminating star are within the inmer tengent cone
common to the stars, the ceps are not eclipsed,
elther by the observer's horizon or by the disc

of the Llluminating stari-

: f()es nina l{l'ﬂj

star

Pof’ar caps i (sub-stellar Poiyzf;)

(concentric to H) gbserver’s heripon

Neglecting for the moment multiple reflectlouns
£rom the penumbral zone of the irradiating star,
the intensity distribution J(§) at any point of
gter 1 is given by the intensity jé of emission from

the stellar atmosphere, plus that of the radiation
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incldent from sun arbiirarily limb-darkened
1livminating disc, plus the intensity due to the sse?
of the polar caps representing the effect of

miltiple reflections. Thus

J(5) = 3+ M3l (1-Fu)em -ﬁ“‘}%j ma;by el (2)

where (a,,b;) represent respectively the semi-major
and semi-minor axes of the 1 th ellipse corresponding
to the 1 th polar cap, and §,and j, ave the zenith
distance of the centrold, and brighiness. We have
8; = 810 Pumax § b,=sin g, where the @ ‘s represent
the maximun and minimum semiwang;es of each ellipse
ag measured by the observer,

It ia gimplest to measure these éngles on a
diagram of the binary system drawn to scales—

In figure 4%, ACA?represents the base of a

polar cap, P the obgerver. Then

A A ¢
4 (ZPA + ZPA)

i

S

A AN i
by = sin [% (zPa - z:e,a.)]
A
The semi-major axle &.is Tfound by measuring APC from

gome point P which is the distance PC from the base,
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and which is such that there 1ls no foreshortening
of AAs P’ therefore lies on the axis DD as shown,
a;= sin [l AFC |

Measurement of three angles therefore glves
the three quantities (a;.b;,5:).

The procedure is to draw the system to scale,
gelect a small number of polar caps and a
repregentative set of points &. To each point
and to each cap, & set (a;,b;53;) can be found
by measurement and the area A;=ma;b;cos 5:
caleulated. If the sters are not ldenticel the
procedure is repeated for gtar 2. Also required

are (« ; ) for the calculation of the expression

?‘F‘Mapa Lap 6L (i"""?"‘)

and these can be immedlately measured for each
observer. Values of j; are assumed, J(SS calculated
for the various points, the J/ giving the best
representation of J(§') are found, giving an

improved J(f*), and so om. Alternatively a set of
gimnltaneous linear equations may be derived as
described later, the solution of which gives the J_ .

It is clear that measurements of the wvariouvs

sngles by protractor is aufficlently accurate, as
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a small wcertainty in the radiuns of either star,
which mwncertainty always exists, generally produces
a prohable error of more than a degree inm the
megsured angles, while an angle can eaally be
measured by protractor to withinm 2° . For the sake
of completenecss, however, & routine was obizined
which enables the calculation of (aigbgggi) to be
carried out for a polar cap of given §;, observed
from any part of the annulus of star 1 with
coordinates 5', but as it was not used it is not
given here., I% might be used, for example, in o

computer progremme for the calculation of the

bolometric reflection effect,

9. The Penumbral Zomne. Multiple reflections in

thig zone are negleeted for the moment.

Suppose, in figure 47, that in region B the
upper limit of integration over © ig taken to
be a constani @,, as shown. w,= cos (= cot«< cotp,).
This is equivalent to neglecting the shaded reglon
in figure 47 .

The integration over region B becomes:
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Wy B
2 E g ot acnp dp deo
.
w=o pup’
“w (e

wm o S 3 (‘ﬂmm f&s-.,(;; u-,‘-—/\'icouaﬂ .@Ewau(.a‘, f@o“.:o@u) réﬁnrz d!&a[m)

= - il
w=o o

B L
o, Lon e, { Avn (36, At "?vy)

#

ofe L 0l Aol G, £({)0 m('sf) mli,(a@.&«ml.(&ﬂ e .'2@(3‘6’}):,9

on neglecting the limb-~darkening of the lrradiating
ghar.
The proportionsl error introduced by this

gpproximation ig of the ordexr of

ares of shaded regionj(coﬁ(zodn of centroid of shaded region)
ares of A+B coas{z.d. of centroid of A+B)

For every depth of eclipse the relative area
of the omitted region ~ 0.1 or less, while, as the
ares borders the observer's horiszon, the cosine of
a typilcal zenith dlistance i close 10 zero, and we
nay ‘guesstimate’ Q.1 for the second factor. To an

adequate degree of accuracy, then, an analyticsl



expresglon for penunbral (1luminsiion exigts when
the sources is uniformly bright. (A 1% error will
alwaye be negligible due t0 the physical

approximations of the model, and the limitations

of the photometry).
4 limb=-darkening factor l-u+un cose' introduces

% %mg Mpmeld’ﬁdw

end since cos o = ,f (1= n-%-{;;;-&:ima'(% )5

toerms of the Lo
X’MF J 1= qae ) ol

%M-Wlﬁa/( | 'é‘ia:, ’d’;’”mﬁ) af‘,@

arise, The Tirst can be handled analytlically, while
the second reduces to an elliptic integral.

Finally, in the penumbral zone, we have
J(&) = (l=n) X+ u ¥
where X and ¥ mey be tabulated in terms of (cﬁ,fa)o
It wag sufficilent for the present purpose to

tobulate X: 1t is given in graphical form in
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Tigure 9, over the range used in the exsmples

which follow.

10, Refinementa. 50 far the effect of multipie

reflectiong from the penwnbral zones has been
neglected., The poleax cap representation may be
extended to these zones.

A polar cep on the illuminating star may
appear to an obgerver in the penumbra a8 a partially

st ellipses-

. ﬁ’ffumioaa_t’in?

Ry tar

Hori’?om.

The dimengions, zenith distance and depth of
eclipse can all be found by measurement with a
protractor.

Conslder a partislly set disc with the same
aeniih distance and surface brightness, whose radius

is the senmi-minor axis of the ellipse. To each
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PABLE £

p," 10 20 30 %o 50 60 70
30 088
ho 209 153
50 20 338 .25k
60 578 496 o113 5335
70 850 693 608 «52h H32
80 015 2856 <787 . T00 620 05?2'
90 +9%0 «960 2909 851 187 722 68U

Flw:/cma incident from illuminating ster (X/4p)

(Zero limb-darReningm:s w=o)
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horizontal atrip of dise there corresponds a
atrip of ellipse of the same zenith dlstance znd
intensity, but with a width 1/ / (l-e®) times
that of the dise, where e is the eccentricity of
the ellipse. The flux from the polar cap is thus
given by the flux from the partizlly set disc
described, whiech iz given in table 6 , multiplied
by a;/h; o

An accurate treatment of multiple reflections
in the penumbre of very close systems is difficuli
ag large polar caps may then be involved. These
will have projected areas delimited by rather

gomplicated perimeters, for examples-

FP@j@Ctl’OVL a;c

Fulty
i ffumfnafe;{

?anﬁ

la rge po Car ca/o

Hom‘!ovr.

Posaible approximations are to increase the
gffective value of j by some amount, or to
approximate the shape by a rectangle whose dlmensions

are adjusted to minimise the exror:-
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The errors in the diagram above are small
and earae alternately + and -, tending to cancel. The
percentage error must be gquite small and it'is
poggible that even for contact systems 1t will
suffice.

In the examples which follow I have not
congldered it worth while to take account of the
inflvence, on the J(6) curve,of muliiple reflectiouns
from the illuminating penunmbre. The neglect of
thege reflections lis clearly below the uncértainty
~ %01 set by the limitations of the physics

adopted,

m(€), given J(5),

11. TFourier Representation. If the intensity
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distribution over @ gbaer in some wavelength range
is represented by

Ty (6) = J o+ J,0008+ J,C00 Otecnenct jeos”s ,
where the jrare kunown from theory, the photometric

luminosity of the star at any phase is

LA,&S g T,(8) fce) do

by
where the integration ls carried over the visible
disce and (@) is a function depending on limb-
doarkening. This expression is gimply the denominator
of the equation for the displacement of an absorption

line at an arbvitrary pheses-

g § v T, (8) f (o) do

& % Fi(5) f(e)de

Thus 17 we neglect limb-darkening of both reflected

and 'primary'! radiation,

Eq
xtk;‘ WZ JV" gp (GD

reo
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where the g.(€) ave the quentities defined in
chapter III. (The factor T appears because 1t was
removed from the g.fe) Jo Arbitrary limb-darkening
of voth primery end reflected radiation could be
taken into account by this method, as the
integrations ave performed over (A,© ) and are
elementary. Once the g(e) were tabulated, which
could be done for gll time, the labour involved

in the conversion J,(8)-vam,(€) is largely that

of Linding the coefficients j_ ol best Lit.

12. Hepresentation by Strips. The approach

adopted below had the disadvaniage that the
limb=darkening of the multiply reflected radiation
mist be neglected. However this was not considered
0o outwelgh the seving in labour which resulis
when computing am,(€) by the present method. The
effect of darkening on the light curve is probably
very small and it has eanyhow been neglected in
the theory of the earlier sectlons,

The J,(8) curve over any omne star is

represented by @ histograms-
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T66)

& 5

The curve can thus be congidered to congist
approzimately of & series of concentyic polaxr caps
of various brighitnesses whose centre ls the sub-
atellay noint. If h is the "height® of the (d+1)%h
gtep sbove thet lmmediately below, and if a, 1 is
the area of the (i+1)th cap projected om the
cbasarver's celestial sphere in terms of the ares

of the stellar disc ag wnity, then

L= Jg (#m?ﬁr‘&} 4 2 a, he

The problen is now to £ind a. (5., &)
Congider onre polar cap. As the etar rotaives,

the following Ffive regimes may he digiinguished.
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The radius of the cap is § measured at the

gontre of the star. The phase € lg mesgured Lrom the
centre of the disc, over the stellar surifzce, the
centre of the cap. To £ind m,(e) we require to

Pind the projected arse of the vigible part of the cap.

Regime I
We have an ellipse whose semi-major axis

2.4+




is gin 6, , and whose semi-mejor axis is sind, cos e .
The areas of the ellipse is W ab = TBAN S, COS E o

Due to the symmetry 6@@1;11"3:'121@ in all ceasez we
congider only the positive parts of the xy

P . 24 3
planies. .o @&, €) = % in, COVE in this caseo

Regime 1L

The projected cap may be divided up

g followss—

(i) is o helf-ellipse, hence 4 = g-ja:i_m%@ CoB €
The area of (ii) is givem by integrating between

the two relevant stwvaight liness

4%

. ¢
(A N

T/
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L SN, A

Ain 8, Bin*$, con 6

+’o g gw:@' /(M&om&é "-‘?t)

Put k = sind, cos &

é

X
= L )
San &Sgdiy

!

720
)
) g J{ K 7y} dyg
©
[ e e (5]

where X’is the z-coordimate of the Liue <@
measured from the ai'é.;gim o of the élli.pseo

.i}wm % (o = éj:i.n% cogec ) where o = sinﬂa"i., Y being
the y-coordinate of af . Thig arises from the
standard equetion for the ares of o segment of a

cirecle. Hence
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where k = sind cos€
o = sin Y

and (X",',Y ) have not yet been calculated:-=

\\% to nefﬁ,!, bou ﬂ‘o.mﬁ
SZLar

vl

te observer

The w=coordinate of the centre of the ellipse ls
AB = 0B sine&
= 0C cosd, gine€

&= coad aln &

Therefore the eguation of the ellipse is

by



, Y
¥ ( X o . & o0 Q) .
i PE e g

r i it ‘25, 2. i
The egueition of the clrvele ds =+ y = 1 and wa
reguire the poinits of lvtersection. Substitution

glves

L3 b
T om amea,
At &

Y :wp/( o XD

2. tne guantities reguived are

[ © < &
3.{ r - Paray @@ Dat. B O ¢3® s 5 o RO &
At 6 e &

b

T = j { 1=X*)

3
froed

Reglme 11

In the case ¢ =8 ¥ = coed , ¥ = sing,

Q45"




nv
St

wnrea o =& and

Ay @ # (&~ sind, cos B, )

The cep is now seen a9 the difference in
aveas of a segment of circle of bage 2Y and a gecgment

of ellipse as showns

Aren of segment of ellipse regulired
o I .
= L gin’é come Berry

2
= L gin'G cose =

?x,f{k e KT (K ?

o P A
A= d(ec - gine cose) - Zgin'd, cose
(3

L_f3 ) (e ke )]

,?cs-a@

whera (o ,X, ki are defined ag before.

~
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The results for a polar cap of radius at some

phase € are given in table 7 ,

13. Identical Stars. A general expression for
the case where the stars have identical luminosities
radii and intensity distributions in some discrete
v/avelength range can be given provided that it is
supposed that the reflected radiation is completely

limb-darkened, i.e. that.u 1.

lvrtl

The shaded areas are the outer hemispheres
with uniform, unit intensity in the waveleng-kh
range considered. Compare the above system with

the follov/ing:



i

he shaded srass have been joined to give ‘star® A.

€0

Tor a LUlab-darkening law dependent only on a power
of cog @&, there ig a one to one coryespondence

betwean the small areas in the Ifirst syvgtem's

53]

averted hemispheres, and those of A. Integration ovew
the averted bhemigpheres is therefore equivalent to
invegration over A.

From the geometry of the Tirst system, the
igophote aa’ cen be joimed on to a corcesponding
isophoete bY to give an ellipse whose eccentrlelty
depends only on the phase angle. This ellipse
corvesponds to one in B, which 1s & trausparentd
hemigphere composed of the illuminated hemispheres
of the binary system. B bhes phasge sngle €

A ome t0 ome corvespondence must be egtabllshed
batween each elementary arsa on B and sach area on
the 1llumineted hemispheres. Points (x,¥) correspond
in every way, but points (y,¥) differ in that the
Timb-darkening sngles are (&, - &), y&being o the
far side of hemisphere 8B, although othsrwise they
are the same. An integration over B as it stands
would mean that the intenalty J, ()ewné over the far

gide of the hemigphere would take a negative value.
This didfficulty may be overcome 17 we congidexr

24.9



2 Us

the radisvion to be strongly Limbedsrhened. Then
there lg & one 4o one corregpondsnce a8 requirved
The iluntegration over the suelace of the real stars
may therglore be repglaced in this cese by o simpler
intagration over A and B.

We have

L o
T, = .AQL@,mWQCJ@aM
= AmO

-

2%

/A
2z
. 3 k-
Y o T (§) ain§ an'® dSdX
B b
Swo A=
{ginece imbensity is dy, plimb-darkening is cog @

and elementary projected area 1s sind come 46 de )

Now cose = cosd gose + oind sine cos X

2
and e dtt =0
A =0
T ar
o Ly """“g g T, (5) 0in$ (S eon’e 4 in S ai’e s )olBol)
§=o ¥=o
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. s - - x
Ly= L9 Ly= & Tu «peoses mq sin e

w/e
where D=2 g J, sinb cos’S as
§ =0
w2
q = SJ,\ gin’s as
5=

o
Toge Ly = T"'{ %"‘ 'f‘P’f‘(?“P)M"e}

In the absence of reflection J,= L. Then p = =
and q -~ p = Oy henve L, =% 7, for the luminosity of
two separate, completely darkened spheres. The
contribution te the total light due to the reflection
alone is therefore r{ p’ (g “'P>4"'nzé}
where /2

p'= 2 S (T, = 1) ain 620 &

o

Thug for two gtars the radiation from which 1s

arbitrarily limb-dorkened apaxrt from reflection,

T, = n’{?z( = 1) +p (g —ploine}

where u, 18 the limb-darkening coefficient of the

wreflected radiation. OJr

"
[

b= 3 () b €9 —py win™e }

[
«
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sSeme  Spplleations

4. 57 Cysni. The mothod deseribed sbove was
applied to a sysiem consisting of iwo identical stars
whose centyrss ave ﬂapéﬁatad by three stellar radil.
It was later reallsed thet a seperation of four radil
wowld ha#é been more appropriate as 8 representation
of 57‘Cygnig but the essential polate are brought
ony below,

Boen fully-illvminated zone wes raproaenu@ﬂ by
four polar caps of wradii § = 109, 200ﬂ 3009 20°, The
flue/en’” fron each star in the absence of reflection
is designated by i, ; thet €rom the eap of radius
40° vy (J,+ 3,)» that of wedius 30° by j, + J* 3y s
and go om. It im a aimple matter to apply (2) to
varions points J(8), making the necsssary
measurenents with e protrector as previouvwsly deseribed.
Points 3(0), J(10), 9(20), J(30), J(40) were iaken.

reflected : _
The total fluxes from these poluts were found t0 bhei-

JT0) = o250 37 = 033 J, + .095 j, & o165 I, + o250 3,
JT20) = .242 3 & .026 J + .093 J « o947 3, + .242 ],
J(20) = .200 ¢ + 020 3, + .063 I + 114 3, + 277 4,
H30) = L350 3 + 012 §, + . 039J, + 074 J§, + .123 J,
J(40) = 095 j + 004 J, + 019 § <+ .048 I, + 074 §,
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A factor m has been eancelled out of the eguatlons,
il = (I=4u)j, , and since units ave arbitravy, J!
may be taken equal €0 uwnity. As the gtars are

identical there is no need o use superscripts 1 and 2.

J5)

Trom the diagram sbove, J, may be roughly represented
by J ;= & { J(0) = J(l@)} o Sinmllar expressions
follow for j, , ete. Using as inltial velues of J (§)
the values givem by J, = Jo= Jds= Jgu= 0, the

valvwes after one iteration are

Initial 1et. Iheration
J(0) 1,250 1.263
J(10) L.242 1.255
J(20) 1,200 1.209
J(30) 1,150 ‘ 1,156
J(40) 1,095 1,008

o signifieam; improvement follows from further

iteration. The result is in figure §0. KOPAL's
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egtingte of the effect of secondary veflection is
obtained by multiplying the veflected radlation by
the term in squation (14) of chapher IV, that is,
™
HE IR CIREIC ) -

His corvection is seem 1o exaggervate the effeet of
secondary relleetion by a factor which varies with §
but averages aboult wwo. Presunzbly in e¢loser binaries
hig correchlon would undercstimete multiple reflection
as we have seen that JF(O)eo as the separetion
tends to serc. Tt is to be expected that the
imporﬁané@ of multiple veflections will incrsase
rapidly es the separation Alminishes.

The J{§) drstribution has been extended ovex
the penvmbral zone in figure 50, using figure 49.
Mulsiple reflection hes no effect of any congequence
in this money, In the present exsmple. I% is evident
that the penuwrbral zone is fully as loportant as the
fully-1it region, although the flux/cm™ from it ism
less., This ariges bhecause its extent is grester.
s From o strip of unit widih 2nd radius &
neasured from the hotepot, the flux is J(§) iR Soo
Comparing for example 8= 30% in the fully-1it zone,

with §= 60Y in the penwmbral, itbhe reflected
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radiatlon from the latter lg fomud w0 be Tully as
important. The ease of identical sbters, furbtheruove
L8 not ome in which & pexwadbral sone will be most

CoONSPionous.

5. FPoint Source. The poor conwvergence of the

gseries uged in pest discussiong of the veflection
effect has been pointed out in chapter IV. By
comparing the two Salmﬁians of @ bolometric problen
ualing the respective methods of chapters IV and V,
1t is possible to examine the ewvor commitied by the
poor convergence., Lo this ond the sluplest problem
wilil sufflce: o poliuvt illuminating source,

D,

= 5.8
R [

The configuvetion chosen was /R = .636. The
fluz In the abseuce of veflection was teken equal te
wity. and the luminosity of the lrradiating souirce
was chosen 0 be such that J(0) = 2. Then the
luminosities of stare 1 and 2 ave in the w»atio
(a/s) = 0,328 ¢ 1.

o2
el L “ .
The series Jis Lig Z(‘}n cos € g used by EOPAL,
neo

L56



The Tormulae for the Qﬁ are glven on page 200 of the

theslig. In the present example we have

Co = o110 ¢ o016 ¢ 012 +___ _ = ,138
6 = o135 + o065 4 _____ = .200
G = 024 + 048 & 045 4___ . = o117
¢, = 0 = ,000
C, = 001 = o008 4-____ = = 007

Convergence 18 poor, as anticipated.
X vepresants the light reflected along the

obgerver's line of sight. Then we gequir@ Laeds D,

where L, = 0,328, The luminesity variation with &

is ghown in figure §l, spsuming the system to be

inclined 60Y to “he observer's tangent plane.
The altervotive proceduwre involved splititing

the illuminated part of the star lunto polar cops

with §;= 5%, 10%, 20°, 309, 40, Tneident flux

at awy polat, in terios of the (uwnit) incident £lux W@Fﬁec&m%

@ o . S Ll
at § 0 , is given by (?y) coset o Thus

" N & s
J(0) =1 il 20 .05
J(10) = .73 2 30 015
J(20) = .40 3 20 .20
I(30) = .20 4 10 233
J(40) = .05 5 5 o 17

(J’w(ﬁ) ias veflected £1 ux;)
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L, (1507} e
gbg =7 \\:ﬂk\\

L g ) S R N A
D 6 qo 120 e
& =h

LaminosiTy varialien on %050@‘& soures model

wecording To method in chapber I

o ° L3 ra il
fo o o g based en series expansion in chapler 7

Figure & [
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and the Light varistion with phase is obitalned with.
the help of Hable 7 » It lm perhaps worth menbtloning
that the procedure is if anything less leborlous than
the firgt method. The result is also shown in Tlguve 5/
Although the amplitudes of the light variation
are iu agreement im this pavtlcular case, there 1s
a very lerge diffevence in the phase law. This nay
be taken to verify the opinion expressed in chepter IV
that the addition of terms of increasing orders of
pagnitnde ig not & fruiiful spproach to refleetiomnm
theory. This is particularly so o8 the addition of

each term has involved laborious algebra (TAKEDA,

SEF, KOPAL).
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ONCLUDING RENMARKS
mvmggzgmaa&gg:g;lnmm;#w =

Supmary

CERTI T

| 1. The main conclugion of Poxt T la that the
spectroscopie reflectlon e¢ffect, om 57 Cygnl at leasi,
camot be cxplained in simple terme. This arises
becauge the expecied mutual heatling of the stavs ig
g0 smell that there should be very little cheunge

in the strengths of the absorption Lines over the
gtellar suriaces,

It wos suggested that the properties of the
chromogspheres of the sters might be guch as ©o
aceount for the T,/ dlagraws, but 1 was uvmeble
to account for the /N corvelation., Nom-thermel visuel
emisgion was, however, showa not to be am sceepieble
explanation.

From the fact that each veloclity curve can be

tranaformed into any other by & change of vertical
seale, we have that



(1) the mpes-function campot he taken as
known. In particular, theve is no reapon to
guppose that the maps-Cunctlion derived from
the strong absorption lines ig siguilficawti.
Mhis was Tiret pointed out im the paper
by OVEEDEN7(1963).

IXES
the pedes of revolutlion and rotation are
probably parallel in space.

Fan

| aid

_ fads
-

(1ii) the shapes of the velocity curves, apart
from the verktical scaling, are ingensgitive
to the intensity distributions J,(6).

some slight evidence for the existence of
elroculation curyents was Tound.

It was ghown in Paxrt IT that the bolometrie
theory of ROPAL, which is the only trestment of the
effect wder realistic conditions, comtaing several
gonceptual errors and lg not in fact applicable to
close systems. It is possible, however, by usiag &
different spproach 4o the problem, to treat the effect
to an adequate mcourscy fox most close sygtems,

pogsible excepitioas being contact binaries,

Some  Implications

2. Moggem of O and B Btarg. The analysis of GO

Cyeni, published ia 1954, indicated that the curren:
theoxries of the spectroscopic reflection effect were

inepplicable to the binmary. In parﬁiculérg the effect

261
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19 much larger om GO Cygni than the work of KOPATL
implied. The obsewvations of 57 Oysal confizmed the
exigtence of & large reflection effect which conuot
be explained in simple terms. Asg both these systems
eppeared 1o be unexzceptional before OVENDEN®s
analysdsg, it is very likely that the phenomenon they
oxhibit 1s wideapread amongset close hinaries. Thero
are perhaps two reasons why the effect has hitherto
been overlooked. In the fivet place, the effect is
noticesble only by comparing velocity curves Trom
gstrong lines with curves Lrom lines which eve
weak and ave therefore not nornmally measured. Secondly
there lg 1little deviation of a‘valuéiﬁy curve Trom
oune of ptandard foxm, even when the wefieetion effent
is large. An observer would presuwmebly take this %o
meen that distorting Influences sye emell. In this
conneetion it should be noted that PEARCE (1939)’
derived veloeity curves for the componenis of 57
Cygni without discovering th@‘various corvelations.
4 lavge reflection effeet, whose eximience has
not been previously suspected, will give rise to
systemetic exrora in the messes of stars. In
particular, early-type stars whose masses are iownd

axclugively from eclipsing and spectroscople binaries,

262
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are quite likely to have caleulated masses which
are legs theu their asctual masses. Figure 52, taken
from the Hook by RUSSELL and MOORE, reveasls an
apperent discrepancy between EDDINGTON®s theoretlecal
mess/luninosity relationship, and the ‘ohserved!?
relationship amongst more masgsive stars. The
departure is comsistent with the existence of g
hitherio unsuspected spectroscoplc reflection effect,
but 1t must be admitted that the evidence is not
very strong. A factor of sbout two may be involved,
It indeed the masses of O and B type stars are
underestimated by a factor of two or 80, some
conseguences of interest in gbellar dynemics follows-
It is well known that equipartition of energy
exists amongst most Population I stars in the solar
neighbvourhood, the exception being stars of type
0 and B, which possess only about half the random
energy of motion. (See table & , based upon the

jnvestigation by SEARES)

Bpectral Type Average Energy
B3 1,95 10°°
88 ' 1.62
AD 3.63
A2 3.T2
FO 32h
G0 h 07
KO k27
MO 3,58
TRELE €
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The time of velazation of galactic sters s
appareatly asboutd 10ﬁ§emrag and & problem of stellar
dynamics has becn to find o mechonism wh;ch woulalgive
rise 1o o relaxation time greater than 10°years and
much lesgs tThan 10"baarso The upper limit arises from
the age of the Galaxy, the lower frgm the consideration
thet early&ﬁype'stars with ages < lOgyears have not
yet ettained equipartition of energy with other stars.

Given however, & doubling of the accaepted magses
of O and B stovs, equipartition nmust exist amongetd
atars of all spectral type. The problem iz thén not
to produce eguipartition repidly amongst existing
gtare, but rather to find a process which will give
bivth to stars, in groups in which equipartition
of energy slready exists.

A second consequence of the reflection effect
ig that the ages of sarly-type stars are at present
overeptimated. From the theoretical mass-luminosity
(M~5) relationship, TecM, The age of an early-type
gtar 18 T < W < /M, Thus @ star of spectral
clags B, whose age hag been previously teken as
ﬁoloyyearsv gay, must now be taken to be<lﬁryearao
Some discrepancies between thé expension ages of

AVBARTUSHMIAN's atellar associstions snd their ages
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deduced from v £, may perhaps be regolved in this
way. (For exomple 12 Lac and 16 lac, members of the
Lacerts association, have ages on the 014 seale an
order of magniitude greater thean that obiteined Lfrom
the expension hypothesiss: amd similarly feor 53 Ari,
g member of the Orion association.)

The wate of comnversion of interstellar material
into sbars iy sensitive to the adopted masses. Por
0 and B stars, the new turnover rate per . star C
igs about a factor 5=10 grester than the old rate,
Thus the turnover raite per unit mass ig s Tactor
~ 10-20 greater then has been supposed, for early-
type stars. The eyeling of material beitween gas
and the stars es o whole may eow&eqw@nﬁly he

slgnificantly faster thawn was thought,

3. lesses of Close Binavies, It is amongst

contact systems that gross deviations from the mass-
luminosity relaticnshlip should sppear to exist, due
4o reflection., Tigure §3 is taken from KOPAL's °Close
Binery Systems®, p. 494, and shows that large |
a@via%ioms}indeed éxisto In fact, if we igmnore the

W UlMa systens, almost everj contact component

plLotted in the figure ls epperently uvnder-massive,

(More massive sters appear, in the figure,to
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approach the empirvical M/I relationship more closely
But this may simply mean that the upper part
of the wrelationship, derived exclusively from binaries
for which no trigonometric parallaxes are available,
ig itself in error due to the reflection effect. There
ig thus some fLurther glight evidence that thé
empirical mess~luminosity relationship underestimates
the mosses of the more lumivous sters).
The R ClMa stars, plotted in figure 3 , avs
remarkably undev-magssive for thelir spectra. The table

below is takern fyrom KOPALG®!s book.

Star Peylod Specina B, My,
oA,

Et’, Oj}f?ﬁ" :Z. ° 136 FO"}‘ ( g@g ) O ] 49 O (] 11

RW Gem 2.865 B5+F5 1.9 0.8%

T LML 3.020 AO+{gKO) 0.69 0,15

TU Mon 5,049 BS+AS5 2.3 1.0

UU Oph  4.397 AO+{gBl) 0.84 0.24
37 Sgr 3.276 A3+(gKl) 4.8 0.48
RZ Sct 15,190 B2«+{(F5) 0.47 0,20
S Vel  5.934 AS5KS 0.80 0,14

KOPAL sbatem, of RZ Sct, that ' the mess of the
primary component results as m, = 0.423 aad that of

the (¥5) secondary, m,= 0.20 @! The velues of (radius
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Cuminos b
and mees) are quite consigtend with the B2 spectrum

of RZ Set &, and wonld locate this sbar feivly well
on the Main Sequence —the piriking pecullsrity is
only the Ffacht that bhe mass of this eariy B-star
of =3.7T absolnie bolometric magnltude appears to be
legs than one=half of that of the Swm 17! He goes om
$0 point out the severe energy Qlfficuliy involved,
viz the malutensnce of g high luminosity by such 2
gmall Dags.

The explanation in teemeg of reflection ig obviounsg,
The relatively long period might secem %o milﬁ%aﬁe
ageinet this possibility im the case of RZ Sob, bub
EOPAL pointa out later that R Clle gtars appear o
have rapid axial rotations. In particular, RZ S¢t A
hag an equatorial rotation spesd of 50 km/Bec., 29
against its (appasrent !) orxbitel speed of 11 km/sec.
Sineelp»a E% ¥, large reflection displacements might
gtlll resgult.

It is difficult to see why W Ulls stars are
apparently waffected by the spectroscople reflection

affect.

4. . Phetometric Reflection. In the only paper

devoted to the photometric reflection effect Iln one
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syatem (Algol) it has been shown that em aldbedo of
0.5 is necessary to remove the discrepaucy between
theory and observation. (HOSOKAVA 1959).

4 comparison belween observed and theoretical
reflection coeflicients in thirty eclipeing binaries
was made by HOSCORKAWA (19589). A non-grey atmosphere
wae agsumed. The suthor found that, for systems
pogsessing a component of type earlier than BB, the
obgerved luminouns efficiency ratio E,/E waes less then
expected (sulfix 2 referring to the coolay component).
The theoretical expression for the reflection coefficient
need by HOSOKAWA im due o RUSSELL and MERRTLL (1952),
This expression was derived on the assunmptlon that
reflection Lrom the penumbra i smalls gecondary
reflection was overlooked by RUSSELL and MERRILLg'
and they used serles whose coﬁvergenee ig voo alow
0 give accurate values for various coefficlenta.

The same general conclusion was reached by
SOBIESKL, whe solved the tromsfer equation for an
irradisted atmosphere dirvectly rather then by meauns
of lumincus efficiency factors (1965). Once more the

bolometric theory used is uvnsetisfactory.

270

T Frinceton Unly. Obs. Contrib. Vo, 26.



Topitoples for Fuinre Ituvestisationm

. Observetiong of Close Binawies. It is clearly

degizable To extend the empirical investigation of

veloclty curves (along the lines of that on 57 Cygnil)

t0 a8 meny spectroscople binary systems as possible.
Occaglonally, spectroseopic binaries are

observed with high eccentyicities. As pointed ow

in chapter 1T, a peeudo-e will appear in 2 system

1¥ the axes of rotation and revolution are not

parallel in gpoce, and if th@ra'is an appreciable

gpectroscople veflection effect. It would be of

interest to ezamine whether the ealeowlateld eccenitricities

in such systems vary ﬁyﬂtémaﬁieally from line to

line. In this eomnee%iom it shouwld be m@%@a that there

exist binaries. for which ég caloulated fraﬁ the

photomebric observetions, 1s incousistent with e

dawived from the velocity curve.

6. Qbmervetions of 57 Cymal Although ithe best
enrve through the (?/A diagrem is o stralght line,

this line cennot continue indefinitely. A4 /A
diagram extending over s wider range of wavelengthg
would presumably be repvesenited by & won-linmeer curve
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which wight help 1in the interpretation of the &lagram.
FPor ingtance, mneasurement of even & single velocity
curve short of the Balmer discontinuity { A= 3684 1)
would be useful. A Few high-vesolutlon gpectrograms
at appropriate phases might be used to study the

Line profiles of the stronger lines. Absorption
lines whose gtrengih ls diffefent oveyr the 'hot'! and
'eold? hemispheres must appear agymetrical at most
Phosea,

The gpread of the individual poluty sbout the
mean veloelity curve ls rother lawge for NITI
(figure 4 } even consideving %h@ difficulty of
measuremant of the line. There is 2 susplclom of an
intringie varlablility about the meswn cuxve. Thisg
could be checked If sufficient high-disparsion
apectrograms were available.

The reduection of the photometric observatiouns
of 57 CGygui will be of value in the interpretation
of the phenomena cccuring on the star. Fvldence of
a large reflection effect in éh@ ultre-violet would
tend to confirm the idea that non-thermal emlission
in this regioun gives rise, not only to the high
exeitation lines, but also to flunorescence amdv

hence the (v{?\ dlagram. Terms other than cos 2¢
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in the light curves ave probebly not explicsble as
oblateness or reflection terms, and their occurrence

would be of congldersble interemt.

7. Theoxry. (i) An underatanding of the physics
of lime formation In a reflecting atmosphere is an
owtatanding requirement for the further developmend
of the theoxry of the speciroscopic reflectlion effect,
Tine formation in a photosphere subject to incident
radiation involves & theoxry of monochrometic refleetion
which became aveilable fox the parallel beam case in
1965, Abgorpiion line formation in such simple
conditionzs is imsufflieient to dccoumiy for the
obgervatliong of 57 Cygnl, however. Further progress
along these lines may have to awail elucidetion of
the role of the chromosphere in line formetion in
earliy-type stars,

(34) The work of HOSOKAWA and SOBILESKI should
he repeated using the improved bolometric theory
of chapter ¥, It 1s possible that the obs.=calc,
discrepancies found in most gystems examined by them

will then disappear.
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