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Abstract

In this thesis various aspects of the electromagnetic effects influencing the commutation of

uncompensated single phase universal motors are investigated. An introduction to the subject

as well as a review of significant literature on the subject are given. The literature review

includes classical text books about commutator motors as well as more recent publications

about the mathematical analysis of the commutation of universal motors. 

Subsequently, the analysis of the most important inductances of the machine is outlined that

comprises the analytical and numerical calculation as well as the measurement of the machine

inductances using different measurement techniques.

Moreover, a brush model for commutation analysis of small commutator motors is presented.

Equivalent circuits of the brush are established for the cases of one coil shorted and two coils

shorted by one brush, and a strategy to obtain their elements is proposed. This uses a dedicated

finite difference program to calculate the effective brush resistance between all pairs of

terminals. The treatment of the boundary conditions is critical in this process. The resulting

terminal resistances are regarded as combinations of a set of internal resistances and this

nonlinear relationship is inverted to obtain the internal resistors using a modified

Newton-Raphson method. Results are presented showing the influence of anisotropy and

geometry, and a simplified example of commutation analysis using the model established is

given.

In the next step the arcing phenomenon in analysed mathematically. Equations are given for

the pre-arcing phase, the arcing phase and the post-arc oscillation. Equivalent circuits for the

different phases are proposed and the equations are derived strictly from a circuit point of

view. In the analysis a constant arc voltage (confirmed by experimental data and literature on

the subject) and a minimum uncommutated residual current necessary for arc ignition are

assumed. Those quantities are adopted from reviewed literature and used in the calculations. 

The design of a motor test bench is described that allows to measure the motor performance

according to the principle of the reaction dynamometer. The load machine is mounted on air

bearings to minimize possible torque errors in the measurements. A measured torque speed

characteristic of a universal motor is shown as well as the torque as a function of the motor

current. These measurements were carried out at reduced motor voltage to keep the shaft speed

within reasonable limits.

Furthermore, theoretical and experimental investigations are carried out in order to estimate
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how strongly certain rotor coils undergoing rapid current changes affect each other due to

mutual coupling and how the mutual coupling changes in the presence of a damping field

winding. Several FEA simulations are performed in order to get an insight into the flux pattern

if rotor coils are acting on each other and the field winding is allowed to impose its damping

effect on the rotor coils. Simple AC measurements are performed as well as di/dt - tests using

a more complex oscillating circuit for measurements of the change of the di/dt of a rotor coil

with and without the presence of an active field winding. Additionally, investigations are

carried out in order to analyse the influence of power cord and source impedances on the

ability of the field winding of an uncompensated universal motor to damp flux variations

caused by the commutation process. The motor is regarded as a harmonic generator with the

power cord and the source impedance acting as a load. Rotational tests are carried out with

different loads connected to the field winding and the Fourier spectrums of the field voltage

are evaluated.

In the final stage a simulation model is described that uses deductions from the previous

chapters and that simulates the electromagnetic behaviour of the machine including the

complex problem of brush commutation. Measured and calculated signals suitable for

validation of the model were compared in order to evaluate the accuracy of the model with

regard to motor performance and commutation analysis. 
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Introduction

Chapter 01

1 Introduction

1.1 Background

The field of research this work is carried out in is the analysis of commutation of mechanically

commutated machines. The uncompensated single phase commutator motor is examined to

acquire a deeper understanding of the commutation process and to draw conclusions that serve

as a basis for the implementation of a simulation model of the electromagnetic behaviour of

the machine including the commutation. 

Even though it has competition such as electronically commutated motors and switched

reluctance motors the universal motor is still a competitive drive of home appliances like

power tools, washing machines, vacuum cleaners etc. Its high power density also makes it,

despite its comparatively low efficiency, the preferred drive of professional mains operated

power tools designed to highest standards concerning lifetime, power / weight ratio and

reliability. 

Much has been written about the design and the calculation of these motors already but as the

design optimisation process goes on leading manufactures are not satisfied with the

mathematical tools and classical theoretical approaches available anymore. Increasingly the

use of transient solvers coupling Finite Element simulations and differential circuit equations

is desired. The goal of the layout optimization of universal machines is basically an improved

commutation. Currently many manufacturers base the estimation of the quality of the

commutation on indicators, which are not fully based on theoretical insights but experience.

The main disadvantages of these indicators are that they do not refer to brush material, brush

size or related parameters and often neglect the fact that small motors are driven to a high

saturation level during operation. Therefore, numerous measurements are necessary to evaluate

the commutation quality in universal machines. 

The quality of the commutation of a new layout is estimated through the achieved lifetime of

the carbon brushes over repeated cycles of endurance tests at no-load and overload conditions

in comparison with the standard design. However, due to the high dispersion of the

measurements the evaluation is very time consuming, and it could lead the design engineer to

1



Introduction

Fig. 1.1 Classification of rotating electrical machines

sub-optimal decisions. There are numerous factors affecting the quality of the commutation

that can be of either mechanical, thermal, chemical or electrical nature. The main focus of this

research work is on the modelling of the electromagnetic system of the machine with focus on

the commutation process.

It is expected that a successful mathematical model of the commutation of the universal

machine can be established if mathematical approaches for the most critical aspects of brush

commutation can be identified, that model the physics of the machine with satisfactory

precision and that ideally can be tested separately before putting them together in an overall

simulation model of the commutation of the universal machine. Those critical aspects have to

be identified during the research, particularly in the literature review, as there have been

significant research activities on the subject in the past.

The discussion, however, confines itself to motors excited purely sinusoidally.

1.2 Classification of the Universal Motor

1.2.1 Classification of the universal motor in the area of rotating electrical machines

In Fig. 1.1 classical types of rotating electrical machines are classified according to excitation

and power range and examples of typical applications of the respective machine type are given

[1]. In this classification the single phase universal motor appears in the lower power range

(logarithmic power - axis) where it still remains the preferred drive for applications such as

power tools and home appliances.

2
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Fig. 1.2 Classification of Universal Motors according to their performance

1.2.2 Application - oriented classification of the universal motor

Fig. 1.2 shows, roughly outlined, the range of rated speed and electrical power of single phase

universal motors supplied by a 230V/50Hz grid. Moreover, the applications of the machine

are indicated and their electrical power and speed range [2]. One can see that angle grinders

are located at the high end of the power range. These power tools not only have a high rated

power, the high shaft speed of the motor also ensures a relatively high shaft power.

1.3 Brief Outline of the Problem of Commutation

As stated above, this work is concerned with the electromagnetic aspects of the commutation

of the universal motor. In general, the function of the brush - commutator contact is to ensure

current reversal in the armature coils in order to achieve the correct direction of torque

produced by the interaction of the field winding and the armature conductors, i.e. the direction

of current in a coil whose terminals (commutator segments) arrive at the brush is reversed after

the coil terminals leave the brush. During the current reversal the current progression is in

general not ideally linear but under - commutated (delayed - or retarded commutation) or over-

commutated (accelerated commutation) . The process of current reversal is shown in Fig. 1.3

for a motor where the stator has two salient poles and the armature has a lap winding. 

The problems arising with sub-optimal commutation and the parameters influencing the

reversing current are discussed in chapter 2.
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Fig. 1.3 Process of commutation
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1.4 Thesis Structure

Chapter 02 is a review of significant books about commutator motors and published articles

about the commutation analysis of universal motors. 

A commutating circuit is shown and the importance of its elements in the mathematical

analysis is pointed out. Classical analytical methods are described as well as semi-numerical 

approaches to commutation analysis. Moreover, some equations established by other authors

are given in order to give some examples of the calculation of the voltages induced in the

commutating coils. 

Chapter 03 presents the analytical and numerical calculation of the most important self - and

mutual inductances of the universal motor. Furthermore, inductance measurement techniques

for electrical machines are described where the advantages of DC bridge methods over the

simple AC method are demonstrated. Analytically and numerically calculated inductances are

compared to measured inductances at a certain rotor position, and numerically calculated and

measured inductances are compared over a range of rotor positions. 

Chapter 04 describes the development of a model of the resistance of the carbon brush that can

be included in the mathematical analysis of commutation. Equivalent circuits of the brush are

established for the cases of one coil shorted and two coils shorted by one brush, and a strategy

to obtain their elements is proposed. This uses a dedicated finite-difference program to

calculate the effective brush resistance between all pairs of terminals. The treatment of the

boundary conditions is critical in this process. The resulting terminal resistances are regarded

as combinations of a set of internal resistances and this nonlinear relationship is inverted to

obtain the internal resistors using a modified Newton-Raphson method. Results are presented

showing the influence of anisotropy and geometry, and a simplified example of commutation

analysis using the model established is given.

Chapter 05 presents a circuit theory approach to arc modelling in a commutator motor. A

literature review on that particular part of the commutation problem is given and the different

phases during the arcing are analysed analytically. Equations for arc duration and arc energy

are established under the assumption that the arc voltage is constant during arcing.
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Subsequently a brief experimental study is carried out in order to verify the assumption of a

constant arc voltage in the calculations. 

Chapter 06 describes the design of a motor test rig that allows motor performance

measurements according to the reaction dynamometer principle. The load machine is mounted

on air bearings to minimize torque errors in the measurements and the speed is measured using

a built in speed sensor comprising a ferrite ring and a hall sensor. The noisy voltage signal of

that sensor is transformed into a series of voltage pulses and evaluated by a flexible electronic

controller (FCIV1) in order to find the motor speed. 

Measured torque - speed and torque - current characteristics are shown that were measured at

a reduced motor voltage.

Chapter 07 outlines theoretical and experimental work carried out in order to get a better

insight into the interaction of the coils undergoing commutation with and without the presence

of a damping field winding that also saturates the magnetic circuit. FEA calculated flux plots

are shown that demonstrate the effect of a damping current on the inductance of a rotor coil,

the effects of aiding and opposing, and short pitched and full pitched rotor coils on each other.

Moreover, an oscillating circuit is used to measure rotor coil inductances at rapid current

change with and without field damping effects and the same circuit is used to examine the

change of the rate of change of current with time in a rotor coil if another rotor coil

experiences a rapid current change. Rotational tests were carried out as well, where the

machine was driven by another motor and armature and field circuit were kept separate. A DC

current was fed through the armature circuit and the FFT spectrum of the field voltage was

evaluated for different circuits connected to the field winding.

Chapter 08 presents a simulation model of the machine including commutation analysis based

on the brush model and the arc model established in the previous chapters. As a further

deduction the line current is not kept constant during a commutation event in order to allow

for damping currents in the field winding. Therefore, the model is voltage-driven and uses

precalculated (FEA) inductances in the system of voltage equations and solves the system

using Euler’s method. Motor current, commutating current and the field voltage are calculated

1
Flexible electronic motor controller developed in the SPEED Laboratory, University 

                of Glasgow under direction of Calum Cossar

6



Introduction

and comparisons with experimental data are shown. 

Chapter 09 gives a brief summary of the previous chapters and recollects the general

conclusions from the various aspects of the research carried out in this thesis. 

1.5 Original Contributions 

The contributions of this thesis believed to be original are summarised in the following points:

# A complete analysis of the most important inductances of the machine calculated

analytically, numerically (FEA) and measured by a simple AC method and Jones’

bridge technique (Chapter 3).

# Equivalent circuits of the carbon brush where the brush body resistances are calculated

using the Finite Difference Method where Cholesky factorisation is applied to obtain

direct non-iterative solutions (Chapter 4).

# An algorithm to obtain the elements of the equivalent circuits of the carbon brush by

calculating a set of “terminal” resistances one by one and subsequently inverting the

relationship between the “terminal” and “internal” resistances using a modified

Newton - Raphson method in order to find the “internal” resistances (Chapter 4).

# An analysis of the influence of brush height and anisotropy on the elements of the

equivalent circuits of the carbon brush (Chapter 4).

# A method to estimate the contact and constriction resistance of the brush to bar contact

experimentally by mounting a blank commutator with pairs of inter-connected opposite

bars on the shaft of another motor and calculating the resistance from the measured

instantaneous voltages and currents (Chapter 4).

# A set of equations for arc current, duration and  energy based purely on circuit theory

and which is different from the equations established by other authors (Chapter 5).

# Flux plots showing the difference of the flux distributions of a non-damped rotor coil

and an ideally damped rotor coil where the damping current in the field winding forces

the flux into leakage paths and changes the rotor coil inductance from an air gap

inductance to a leakage inductance (Chapter 7). 

# An oscillating circuit where capacitors are discharged through certain motor coils

(using MOSFETS controlled via FCIV) at different times in order to observe the
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change in the di/dt of those coils before and after additional coils are switched 

(Chapter 7).

# An experimental analysis of the influence of an active field winding on the intensity

of the interaction of rotor coils (Chapter 7).

# An experimental analysis of the influence of additional elements such as power cord

parameter (resistance, inductance, capacitance and leakage conductance) in the field

circuit on the damping capability of the field winding (Chapter 7).

# A voltage-driven simulation model that uses the proposed brush model and derives the

simulation equations from the most general case introducing simplifications based on

findings from the previous chapters and symmetry assumptions (Chapter 8). 
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Fig. 2.1 Commutating circuits at one brush

Chapter 02Chapter 02

(2)

(1)

2 Literature Review

2.1 The Commutating Circuits

As stated in the introduction, in this chapter the critical aspects of universal motor

commutation are identified and approaches to mathematical commutation modelling of  other

authors are shown.

In the technical literature on the subject of brush commutation variations in terminology for

the electromagnetic quantities involved in commutation analysis occur, particularly with

regard to the brush voltages and

brush resistances. In order to give

the reader a clear picture of how

the commutating circuits are

defined a brief technical exposition

needs to be given at this point

before moving on to the actual

review of the relevant literature.

In Fig. 2.1 a configuration is

depicted where a brush makes

contact with three commutator

segments i.e. two coils are

undergoing commutation simultaneously at this brush.

For a mathematical analysis of the commutating circuits shown in Fig. 2.1 by means of

Faraday’s law the voltage equations

and
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apply for coil 1 and coil 2, respectively. The coil inductances are L1 and L2 and the coil flux

linkages are ψ1 and ψ2. Moreover, the coil currents are  i1 and i2 and R1 and R2 are the coil

resistances, ia the armature current, and the brush voltage drops v1, v2 and v3 include voltages

across brush body resistances as well as the highly nonlinear contact resistance comprising the

contact constriction resistance in series with the film resistance. The total time derivatives of

the flux linkages in (1) and (2) represent the entirety of the induced voltages in the coils.

Voltages in the commutating coils are induced due to self induction, mutual coupling with

other coils and  the rotation of the armature.

In the following review the work of other authors on the subject is outlined. Their arguments

are highlighted and circuit equations established are described. Moreover, the meaning of the

circuit elements mentioned above as well as their importance in the analysis of commutation

are made evident.

Due to the vast amount of literature on the subject in both German and English only a selection

of the books and publications can be discussed here. They are chosen to demonstrate best the

following aspects:

# The analysis of commutation of AC commutator motors is a classical problem in the

area of electric machines and has been vital over a hundred years [3] and still has a lot

of significance today [20] - [22].

# Classical text books mainly deal with the commutation of large and medium size

machines and generally take purely analytical approaches [3] - [8].

# These approaches require a high level of comprehension of the electromagnetic

behaviour of the machine, and give detailed insight about the parameters of the

magnetic and electric circuits of the machine that influence commutation.

# More recent publications on the subject take advantage of the advances in computing

power and propose transient solvers that use numerical methods to solve the magnetic

field equations (e.g. FEA) and the electric circuit differential equations (e.g. Runge-

Kutta) [9] - [14], [17], [20]. The numerical field computations provide a higher level

of accuracy for the distorted field in the uncompensated machine and deal with the 

usually high saturation of the magnetic circuit of universal motors.

# The proposed differential equations describing the commutating circuits are generally

very similar although the terminology used by different authors might differ.

# The main difference in the commutation analysis in the more recent publications

10



Literature Review

appears to be the treatment of the brush to commutator voltage drop or rather the

contact resistance (see also chapter 4).

# There are methods to evaluate the commutation quality by measuring the armature or

field voltage rather than modifying the armature winding in order to measure

commutating currents directly [15], [16], [21], [22].

2.2 Text Books about Commutator Motors 

In the early work about AC commutator motors of Goldschmidt [3] the problem of

commutation is already analyzed. It is assumed that the sides of the commuting coils are

located in the interpolar space. The problem of sparking at the end of the short circuit if

commutation is unfinished is mentioned, and the importance of the length of the period of time

available for current reversal is emphasized by stating that, if one tries to commutate too

quickly, the current lengthens the commutation by mean of a spark. The delaying effect of the

self inductance of the coil undergoing commutation is explained to be associated with the

commutation time, which is critical for the EMF generated in the coil due to self inductance.

As a possibility to achieve more time available for commutation an increase in brush thickness

(see Fig. 2.3) is suggested and the consequence of this measure, namely an increased number

of coils short circuited by one brush and therefore an increased current load in the brush is

pointed out.  Moreover, the unfavorable interaction of the coils commutating at the same time

is mentioned as well as circulating currents  caused by EMFs induced in the commutating

circuits. The circulating currents contribute to the current loading of the brush and it is stated

that a hard carbon brush, i.e. a brush with a very high contact resistance would have a more

or less governing influence on the current distribution at the brush - commutator interface

where the segment leaving the brush. The possibility to aid current reversal by means of a

brush shift against the direction of rotation (in a motor) is correlated to the rotational EMF that

is a result of that measure and tends to reverse the current. However, due to the field

weakening effect the author does not recommend brush shift in an uncompensated plain series

motor. Another EMF induced in the commutating coil, caused by the alternating flux the coil

encloses and which therefore is a transformer EMF also contributes to the circulating currents

mentioned above.
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Fig. 2.2 Current in one armature coil in an AC machine

It is assumed that if the current is reversed without the influence of the self induction the

current progression is linear and will change to a delayed progression if self induction is

effective. The EMF induced by the main flux can be beneficial or unfavorable for

commutation depending on whether the resulting circulating current is falling or rising.

This work, however, is more concerned with large machines rotating at slow speeds (<1000

rpm) and having several hundreds of commutator segments.

In Taylor’s book [4] about AC commutator motors a graph is shown (Fig. 2.2) which

illustrates one of the main differences between commutation in a DC machine and

commutation in an AC machine. 

In the DC machine, the current to be reversed is a DC value whereas in an AC machine the

current to be reversed is the instantaneous value of the armature current. 

The different induced voltages that occur in the commutating coil are distinguished as:

# reactance EMF

# rotational EMF

# transformer EMF

It is stated the rate of change of current due to commutation is large compared to the rate of

change due to its cyclic variation and therefore the calculation of the reactance EMF can be
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carried out by methods generally applied to DC machines. This calculation is then based on

the assumption that the commutation takes place in all conductors of a slot simultaneously and

thus an average EMF induced in a conductor during the time of commutation can be applied.

Moreover, only the leakage flux of the coil undergoing commutation is considered for the

calculation. High frequency ripples in

the reaction voltage caused by slots,

segments and non-uniform rate of

change of current are mentioned as

well. 

Simplifications are introduced in

order to establish an analytical

expression to calculate the rotational

voltage. The simplifications are that

the axis of the alternating (but

stationary in space) flux is at 90E to

the short circuited coil axis.

Moreover, it is assumed that the short circuited coil always occupies the same positions

relative to the flux. The transformer EMF is described to be the result  of the mutual coupling

of the coil undergoing commutation and the main winding producing alternating flux in the

single phase machine. It is stated that the voltage drop across the brush from entering to

leaving edge is in general more than the voltage drop between two adjacent commutator

segments making contact with the brush and should be kept to a minimum.

The radio interference of the machine is mentioned which is generated due to the abrupt

change of current during commutation as well as the sparking that may occur and cause high

frequency voltages that appear across the armature of a commutator machine. 

In Clayton’s book [5] about direct current machines the EMF induced in each coil of the

armature is considered having a frequency that is equal to the product of the rotor speed and

the number of pole pairs.  Ideally, current reversal of a coil should take place at the instant

when the EMF induced in that coil is zero. The nature of the brush resistance is explained to

be by no means constant which complicates the problem of current reversal significantly. The

brush resistance is considered the main resistance in the commutating circuit and largely

depends on the current density at the contact interface.

Fig. 2.3 Brush commutator contact
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Fig. 2.4 Sinusoidal commutation

Distinguishing between the positive and the negative brush the author emphasizes that for a

dynamo at low temperature the contact drop is less at the positive brush than at the negative

brush and the converse holds for a motor. In addition to that the very large extent to which the

contact voltage drop depends on the composition of the brush is mentioned.

In Fig. 2.3 a brush sitting on a commutator is shown where the geometry parameters of the

brush are indicated using the notation of the author. The author discusses several commutation

curves, such as retarded and accelerated commutation in comparison with a linear

commutation curve (see Fig. 1.3). Moreover, a curve of sinusoidal commutation is shown

which has, according to the author, the advantage that di/dt = 0 both at the beginning and at

the end of commutation and is slightly retarded before and accelerated after the zero crossing

(see Fig. 2.4).

It is emphasized that even if a small EMF is induced in the commutating coil and also the coil

resistance is not negligible the voltage drop at the brush is the most important term in the

commutating circuit and the resistance of the brush contact alone can suffice to ensure

satisfactory commutation. 

The total EMF induced in the coil undergoing current reversal is explained to be the total rate

of change of flux linkage in the coil. Changes in flux linkage occur in the DC machine due to

motion of the coil through the stationary magnetic field in the motor and due to change of

current in the coil itself or neighboring coils. 

The author gives an account of how armature reaction and brush shift influence commutation.

If the brushes are located in the quadrature axis and the magnetic neutral axis is shifted due
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Fig. 2.5 Tooth tip and slot leakage Fig. 2.6 End winding leakage

to armature reaction against the direction of rotation in a motor a dynamic EMF in the

commutating coil therefore produces retarded or under-commutation2. On the other hand a

brush shift against the direction of rotation beyond the magnetic neutral axis will cause the

dynamic EMF to be in such a direction as to accelerate commutation. If the brush shift is too

large over-commutation will occur. 

The static EMF due to the inductance of the coil is always present such as to retard

commutation. The fact that there is always retarding EMF makes it essential to develop a

reversing EMF in the coil to be commutated in order to rapidly reverse the current.  

The inductance of a coil undergoing commutation is considered to be a leakage inductance

comprising slot leakage, tooth tip leakage and end connection leakage (see Fig. 2.5 and Fig.

2.6). The reduction of the coil inductance to a pure leakage component is justified by stating

that the reversal of the current in the coil does not appreciably affect the value of its total flux

due to armature reaction but serves to alter the manner in which this flux links the coil. 

In the book about DC machines by Liwschitz-Garik [6] the length of the period of time of the

short circuit of a winding element is described to be critical as sparking under the brush may

occur if the short circuit time is too short which is to be avoided. 

The author closely relates sparking with commutation and states that “good commutation” is

to be understood as current reversal where no sparking at the brushes occurs. The short circuit

period of time is proportional to the brush thickness (see Fig. 2.3). One part of the current

carried by the short circuited coil is considered an internal current which circulates in

2
 Statements given for non-interpole machines
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Fig. 2.7 FE-flux plots of armature reaction and shift of magnetic neutral axis

(3)

the short circuit path made up of the coil , the commutator risers, both commutator bars and

the brush. Moreover, it is emphasized that if the current density at the instant of separation of

the trailing edge of the brush and the commutator segment becomes too large sparking appears

under the brush which leads to both increased commutator - and brush wear. During the time

of commutation the short circuited winding element moves a fixed distance through the cross

flux of the armature (see Fig. 2.7b) which delays commutation. Moreover an EMF is induced

by the pole flux (Fig. 2.7a) if the brushes are displaced from the neutral axis. This EMF is

described to be of either accelerating or delaying character with regard to commutation of a

winding element (rotor coil section). The effect depends upon the position of the coil in the

main flux during the commutation period. The statement is given that in general commutation

in a motor is accelerated by shifting the brushes opposite to the rotation, and is delayed by

shifting the brushes in the direction of rotation. The self-induced EMF due to current reversal

in the coil is explained to oppose any change in coil current and therefore delays commutation.

For the total EMF e induced in a commutating coil the expression

is given where the first term represents the EMF due to self induction with the leakage

inductance L, and the sum in the second term represents the EMFs induced by all other motor

coils that carry varying currents, including other coils commutating at the same time. 

Hawkins [7] describes sparking at the brushes as to shorten the lifetime of the commutator and

brushes and its suppression thus is desirable. The sparks are described to be small arcs between

a commutator sector edge and the brush edge that will, if allowed to continue, sooner or later
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pit the commutator surface and heat the brushes. This will lead to an untrue commutator , worn

into deep and rugged grooves and thus brush bounce and increased sparking. A similar

expression as (3) is introduced to calculate the total EMF in the commutating coil. Moreover,

the expression “apparent” self inductance is introduced owing to the damping effect of the

field magnet due to the great mutual coupling between the commutating coil and the field

winding. Also the retarding effect of the self induced EMF is mentioned. The EMF induced

due to the rotation of the shorted coil through the field produced by the stator winding

(distorted by the armature reaction) is expressed as a function of time f (t) and it is stated that

a reversing f (t) is achieved shifting the brushes against the direction of rotation in a motor. It

is pointed out that a reversing EMF is needed as the carbon brush cannot be expected by its

own unaided action to effect the commutation of a coil with considerable inductance without

sparking. 

The current in the coils undergoing commutation is divided into two parts, one part

corresponds to a straight line (ideal, linear commutation) and an additional part which accounts

for any deviation from the straight line current. It is emphasized that such a resolution of the

actual current is entirely artificial. 

In the book about AC commutator motors by Richter [8] a stationary EMF is introduced that

would be induced in the commutating coil due to the pulsating flux produced by the field

magnet if the rotor was stationary. The transformer coupling between the field winding and

the coil shorted by the brush is described to be the reason for that EMF. The short circuited

armature coil behaves in this case like a short circuited secondary of a transformer with the

field winding acting as a primary. Also the repercussions for the field winding are mentioned.

Then, the consideration of this transformer EMF is expanded to the case where the armature

is rotating. The currents (contributing to brush erosion) caused by that EMF are assumed to

decrease with increasing speed as they cannot build up to their maximum due to the short

period of time the coil is short circuited.  In addition, due to this short period of time the

transformer EMF is considered constant. The main influential element in the commutating

circuit is stated to be the brush to bar contact resistance (if no additional resistors are inserted

into the circuit).

The EMF due to current reversal is shown to be in phase with the armature current in a motor

and will oppose any change in coil current. The calculation of the EMF is done using a self
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inductance of the coil comprising slot- and end winding leakage inductance. As the decisive

quantity for brush sparking the sum of the three EMFs described is contemplated. 

With regard to current harmonics it is stated that current waveforms with sharp peaks are likely

to cause more brush wear which is referred to the higher harmonic content in the induced

EMF.

In the text books classical analytical approaches have been taken in order to analyze

commutation mathematically where simplifications were introduced that hold for large or

medium size machines. In recent scientific articles on the subject more modern approaches can

be found using numerical field calculations and coupled magnetic field - and electrical circuit

transient solvers. The accuracy improvements obtained by these methods permit the

application of those methods to commutation analysis of small uncompensated high speed

universal motors where the simplifications introduced for larger machines tend to be too

coarse. 

 2.3 Publications on Commutation Analysis of Universal Motors

Di Gerlando and Perini [9] analyze the commutation of an universal motor with a typical

configuration of two salient stator poles, a set of two brushes, four coil sides per armature slot

and an armature slot to commutator bar ratio of 1:2. A commutating coil section is

characterized by a resistance3 R, a self inductance L and mutual inductances Mx (representing

the mutual coupling between coil sections undergoing commutation simultaneously), and an

instantaneous EMF e induced by the main flux which is due to the current in the field winding

and the non-shorted armature coils. It is emphasized that the relative positions of stator and

rotor are symmetric after turning the rotor over one slot pitch. Moreover, the line current is

assumed to be practically constant during the very short time a coil section is undergoing

commutation where this time period can be lengthened by an arc. 

The self - and mutual inductances are found multiplying the number of turns of the coil by the

difference quotient of the magnetic flux linking the coil and the respective current. Magnetic

saturation and the frequency dependent penetration depth of the magnetic field are considered.

3
 Variable names may differ from cited references in order to establish uniform 

                  annotations.
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It is not made entirely clear how the magnetic fluxes are determined yet it is stated that a

numerical method must be applied as some quantities are nonlinear. 

As the three flux paths related to the self and mutual inductances of a commutating coil section

the authors name

# the slots around the coil sides

# the path around the end windings

# the path through the air gap, closing in the main ferromagnetic circuit of the

machine

and state that only the third path, the most important one, depends on the rotor position. Yet

the authors do not take the position dependence into account in their simulations.

For the brush - commutator contact voltage the authors distinguish between a static curve of

voltage as a function of current density where the current density is constant and a dynamic

characteristic that takes into account the instantaneous current density. Both characteristics

contain constants that need to be found experimentally. 

In addition to the consideration of the brush to commutator voltage drop the electric arc is also

taken into account in the mathematical analysis by means of Ayrton’s equation which also

relies on parameters identified from measured curves. 

The authors present a graph showing two calculated (per unit) commutating currents. The coil

sections are assumed to be short circuited by the same brush and are located in the same pair

of rotor slots. The coils sections start commutating at different instants and their interaction

becomes evident at the instant the second coil starts commutating. The coil that has already

started commuting before that instant experiences a considerable current increase due to the

opposing EMF caused by the high di/dt in the coil section that has just started commutating

and the strong coupling of the two coils sharing the same slots. 

Wang and Walter [10] use an equivalent circuit in their commutation analysis as depicted in

Fig. 2.8. The motor examined is a two pole universal motor with one coil side per armature

slot. The authors combine the field winding and the armature winding (non-shorted armature

coils) to one winding, the main winding. Moreover, the two commutating coils (resulting from

the motor topology) are also combined to one winding, the commutating winding. The voltage

equation for the commutating winding is of the same form as (1) and (2) and the brush

voltages v1 and v2 are calculated from a matrix equation deduced from Fig. 2.8 using a brush 
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(4)

(5)

Fig. 2.8 Commutating circuit

resistance matrix that includes both the brush contact resistances Rcf1 and Rcf2 and the brush

body resistances calculated using a 2D FEA package. The brush leading and trailing edges in

contact with the commutator are considered Dirichlet boundaries with given voltages but also

the end surface of the brush in normal direction to the commutator is defined as a Dirichlet

boundary condition with a voltage equal to zero. The brush body resistances are calculated

from the field solution using an energy formulation. The brush contact resistances are

calculated using an empirical expression where the full resistance is found

and Vbr is the average contact voltage drop provided by the brush material manufacturer and

Ia is the current at which the commutator surface is filmed. Subsequently, the position

dependent contact resistances Rcfn are found as follows, where Afull is the apparent (see 4.6)

contact area at full overlap of the carbon brush and a commutator segment and An is the

apparent contact area at a certain rotor position (An # Afull).

The flux linkage in the commutating

winding is found using its self inductance

and its mutual inductance with the main

winding calculated by FEA. These

inductances are then multiplied by the

commutating current and the current in

the main winding, respectively.

A state space formulation is derived using

flux linkage as state variable which is

then integrated numerically. 

Also the electric arc is modeled in the simulation. Near the end of commutation the current

density and the associated electric field strength become extremely high at the trailing edge of

the brush. The threshold electric field strength for arc formation is given by Ethr = 106 V/m.

Once this threshold is reached, Rcf2 (see Fig. 2.8) is replaced by an arc model in the simulation.

The arc resistance applied is the threshold field strength Ethr  multiplied by a constant film

thickness of 20 @ 10-6 m and divided by the arc current.
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A curve is presented that shows a calculated commutating current which progresses slightly

accelerated. Due to the motor configuration and the combination of the two coils commutating

simultaneously to one commutating winding the graph does not show effects caused by

interaction of the commutation coils.

In a later publication by the authors [11] the simulation is extended to motors with two coil

sides per armature slot. A maximum of two coils shorted by one brush is now allowed in their

simulations. Three windings are considered, the main winding comprising the field winding

and the non-shorted armature coils, the first and the second commutated coil. The two voltage

equations established for the commutating coils are equivalent to (1) and (2). Again matrix

equations are solved in order to obtain the brush voltages whose number have now increased

to three, and inductances are calculated by use of FE-software. 

The authors reduce the order of the required inductance matrix to the order of two by applying

a transformation that treats two coil flux linkages as independent variables only although three

windings are considered. This is done for what the authors call type-1 commutation. This

commutation type is referred to the case of coils undergoing commutation are located in the

same rotor slots. If the coils are located in neighboring slots the authors denote that type-2

commutation.  The authors show simulated commutating current waveforms where type-1 and

type-2 commutation alternate. 

Benedičič et al. [12] present a similar approach. Their machine model allows for

configurations of two and three commutator segments connected to one brush and therefore

up to two coils can commutate simultaneously per brush. The voltage equations for the two

coils shorted by one brush is equivalent to (1) and (2). Inductances are taken from

magnetostatic calculations using a commercially available FEA package. Subsequently the flux

linkages are calculated as functions of current and rotor angle. The entries of the resistance

matrix are calculated in the same manner as in [10]. The arc model presented is based on a

constant arc voltage of 16.5 V which is the average of an anodic and a cathodic brush. The

current at which the arc extinguishes is Imin = 0.22 A which is again the mean value of an

anodic and a cathodic brush. If the conditions for arc ignition are satisfied an apparent contact

resistance is calculated by maintaining the constant arc voltage drop. However, after the

segment leaves the brush a V/I arc characteristic is applied. If the current falls below the

minimum arc current Imin the arc stops in the simulation. Moreover, the “charred layer” is

discussed where due to arcing under the brush a blackened charred layer develops which grows
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(6)

P

(7)

(8)

in the opposite direction of armature rotation. This increases the brush to bar contact

resistance. 

In addition to the model described another model is established that includes capacitors in

parallel to the commutating coils to demonstrate their arc reducing effects.

Kurihara et al. [13] also analyze a motor with two salient stator poles, twelve rotor slots and

twenty four commutator segments. The equivalent circuits of the commutating coils  are

similar to the one shown in Fig. 2.8, with the main difference that brush voltages are used

rather than brush resistances in the analysis. The voltage equations for two coils short circuited

by one brush are expressed by

and

where e1 and e2 denote the induced voltages in the commutating coils 1 and 2, respectively.

The coil currents are i1 and i2, and R1 and R2 are the coil resistances. Lσ1 and Lσ2 denote the end

winding leakages of the coils and v1, v2 and v3 the contact voltage drops at the brush to

commutator bar interfaces. The induced voltage e in each coil is found using the line integral

over the time derivative of the vector potential A as follows

where the vector potentials are found from FEA and the brush to bar voltage drops calculated

from a mathematical expression that relies on constants derived from a measured curve. The

argument by the authors is that a conventional brush voltage - current density characteristic

does not show the saturating behaviour of the measured curve and therefore introduces a large

error in the simulation and thus the saturating, parameterised expression is proposed.

Matsuda et al. [14] base their commutation analysis on the assumptions that the contact

voltage characteristic is the same for anode and cathode brushes, the thickness of the

commutator segment insulation can be ignored and the armature current and the revolving

speed are constant under a constant load.

Moreover, the AC voltage source is replaced by two AC current sources in the parallel

armature circuits in the simulation. Due to the small variations of the 50 Hz or 60 Hz AC wave
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during the period of commutation the authors believe that it is possible to ignore any error

caused by the approximation of constant armature current. A mathematical model is

established that takes into account self and mutual inductances of up to four coils (two per

brush), transformer and speed EMFs and combined static and dynamic characteristics of the

brush contact voltage.

The magnetic circuit parameters are calculated using a 2D numerical model which takes

magnetic nonlinearity into account. 

The speed EMF in a commutating coil is found from a difference quotient of flux linkage and

time where the magnetic vector potential is calculated before and after a small angular step of

the rotor with current in all coils kept constant. 

Self - and mutual inductances are found from difference quotients of flux linkage and current

where the flux linkages are determined before and after a small current variation in a certain

coil.

Fujii [15] divides the period of time in which a coil is undergoing commutation into three

intervals

# the period just after the start of commutation where the current is still almost

constant

# the period where the current is decreasing but has not changed polarity yet

# the period after the zero crossing

The author states that in an ordinary case the commutation period is far smaller than the

electrical time constant of the commutating coil and a high jump of commutating current

occurs at the end of commutation and thus a high reactance voltage is induced. This voltage

appears between the brush and the commutator and the author measures it as pulses in the

armature terminal voltage waveform. Moreover, it is concluded that the main flux is under the

influence of the commutating current.

In the later commutation analysis by Fujii and Hanazawa [16] the excessive voltage pulses at

field or armature of the motor caused by rapid current change at the end of commutation are

described again. The integration of the waveform of these pulses is considered to give

information on the commutation quality. Due to the short commutation period of an armature

coil the current is assumed to jump to its designated value at the end of commutation and thus
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the large voltage pulses are induced. The authors regard these pulses as indication of poor

commutation. 

The integration of the field - and armature voltage gives the waveform of the saw toothed flux

that is generated by the harmonic contents of the commutating currents. Regarding the brush

contact resistance the authors state that it affects the time constant of the commutating coil and

varies not only as the armature input current varies but also as the motor running time elapses.

It is found that the brush contact resistance in case of AC operation is larger than in case of DC

operation. Moreover, the authors present some suppressing circuits to improve commutation

i.e. diminish the voltage pulses. 

The influence of a mechanically unstable brush contact is discussed too. Vibrating brushes are

found to downgrade commutation quality to an extent where electrical measures, i.e. the

suppressing circuits shown by the authors do not lead to satisfactory commutation.

Therefore it is emphasized to improve the mechanical configuration first and then to apply

electrical measures to improve commutation. 

Doppelbauer [17] uses a different mathematical approach in his analysis. He points out that

the quality of an universal motor depends much more strongly on the quality of the

commutation than it is the case with DC machines.

As a strong simplification of the problem magnetic saturation effects in the lamination steel

are neglected. The current transfer from the brush to the commutator is described to be one of

the key problems in the mathematical analysis. It is pointed out that for commutation

simulations the progression of the brush to bar contact resistance has to be known precisely.

To include the brush resistance in the calculations the author performs a set of measurements

to establish characteristics for certain brush types. Subsequently, these brush resistance

characteristics are emulated section by section by linear functions and second or higher order

parabola functions. The time dependent currents are considered  as Fourier series with

complex coefficients. The same is done for the self - and mutual inductances. Therefore the

inductances are precalculated using 2D Finite Difference magnetic field analysis. 

The flux linkage is calculated by multiplying the currents by the respective inductances and

the brush voltage drops are calculated by multiplication of the brush resistance and the current

through the commutator bar. Hence, multiplications of complex Fourier series are required.

After the set up of the complex system of equations it is transformed into a real system of the

same order to decrease computing time.
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v Ri
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v2 1= + +

φ
(9)

Roye and Poloujadoff [18] claim to be the first to give a quantitative evaluation of the EMFs

in a commutating coil of an universal motor. The authors point out that all fractional

horsepower motors present some characteristics which are fundamentally different from those

of the medium sized and large machines. Moreover, an “ideal commutation” reference case

is defined. The commutation is described to be ideal if the variation of the coil current is such

that the magnetic field does not move. For a commutating coil the authors present a voltage

equation as follows

where φ is denoted the flux in the commutating coil (the turns are not mentioned at this point

therefore it can be assumed the authors use the expression “flux” for what other authors denote

“flux linkage” where the turns are already considered). The brush voltages v1 and v2 are

calculated following the laws indicated by the brush manufacturer which is a function of

current density. The magnetic parameters of the voltage equations are obtained by

measurements of the coil flux linkages as functions of current. Thus, saturation of the steel is

taken into account. The obtained curves are then approximated by mathematical functions. The

authors obtain curves for several different rotor positions and state that they approximated

more than 200 curves. 

Subsequently, the electric circuit equations are solved by a computer program. In the

calculated motor current the repercussions of the commutation are notable. It is emphasized

that the sudden short circuit of a rotor coil causes a relatively large voltage drop across the

rotor terminals. As a consequence the input motor current rises very rapidly as the network

impedance is always too small to limit these variations. The increase of the line current tends

to cause an increase of the flux through the commutating coil which decreases the

commutating current by transformer action.

The authors explain that if the commutating current decreases too rapidly the magnetic neutral

line may rotate in a direction opposite to the rotor movement and causes the speed EMF to

increase or even change sign which then causes a delay in current reversal. At the instant the

current reversal in the coil ends the sudden variation is assumed to have several consequences

such as sparking due to change of stored energy, and the shift of the magnetic axis in the same

direction as the armature movement.
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Bradley and Ismail [19] point out that, in a universal motor, the armature coils undergoing

commutation share a similar winding axis to the AC excited field coils and appear as shorted

turns producing an opposing MMF where the number of shorted armature turns is an

appreciable fraction of the field turns in the small series machines. The authors present a

voltage equation for a commutating coil as follows

where the subscripts F, A and c refer to field, armature and the commutating coil, respectively,

and the time derivative of the flux linkage is resolved into the mutual parts between F and c,

A and c, and the self flux linkage of the commutating coil. 

The voltages vbp and vbn are the brush contact voltages at each side of the commutating coil.

The derivatives of the flux linkages are expanded as follows

which takes its dependence on the current i and the rotor position θ into account. 

In a case of two coils undergoing commutation simultaneously (one coil at each brush) the

coils can be represented by a single coil only when exactly similar conditions apply at each

brush. To solve the electric circuit equations pre-calculated magnetic fluxes are used obtained

for a variety of currents and rotor positions (lookup tables). Due to the high amount of 

required magnetic field solutions the authors decided to use a simplified magnetic network

rather than FEA.

The authors show in their simulation results that the transformer EMF dominates the initial

change of the current in the commutating coil and it is not until well into the commutation

process that the brush contact voltage drop starts to dominate the current change as the current

density under the brush rises rapidly. 

Niwa and Akiyama [20] analyse a universal motor with a rated speed of 33000rpm. An

equation for a commutating coil is presented as follows
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where the inductance L of the commutating coil is calculated using FEA, the resistance R is

the sum of the coil resistance and the commutator riser resistance, T is the commutation time

and Rb is the contact resistance which is modeled by a time response that varies between an

”on” and an “off” value. The current I is assumed constant whereas i is instantaneous, and e

is the commutation EMF. The authors present a graph showing calculated brush voltage

waveforms of a low resistance brush and a high resistance brush. One can see that the voltage

at the low resistance brush has significantly higher spikes than the voltage at the high

resistance brush. These voltage spikes are assumed to be an indication of commutator

sparking. 

A non-mathematical analysis is carried out by Möckel and Oesingmann [21], [22]. The authors

are concerned with the evaluation of the commutation of an operating machine that requires

a minimum of modification of the machine. As it is aimed not to modify the armature to

measure the commutating current directly an indirect method of commutation evaluation is

proposed. This is based on the repercussions of the commutation for the field winding. 

It is stated that there is a contribution of the commutating coils to the air gap flux that links the

field winding. Hence, a high rate of change of flux caused by commutation will be notable in

the voltage drop across the field winding. 

The induced spikes in the field voltage are described to be positive with respect to voltage

polarity if the current at the instant of separation of the brush and the commutator bar is over-

commutating. If the current is under-commutated the voltage spike that appears in the field

voltage is negative. It is shown that at AC operation the commutation near the peak value of

the motor current is generally unfinished and that just before the motor current reaches its peak

value the voltage peaks change polarity i.e. there is a transition from over- to under-

commutation. Between the over- and the under-commutation zones there is a small period

when nearly ideal commutation takes place which is indicated by the absence of the voltage

peaks at the conclusions of commutation periods. 

Moreover, the discrepancy between the theoretical and actual width of the contact zone of

brush and commutator is examined. Due to the charring at the trailing edge of the brush or

eroded commutator bars the actual contact width can, in extreme cases become less that one

commutator pitch even though the theoretical (mechanical) contact width may be 1.5

commutator pitches. 
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Chapter 03

3 Inductance Calculations and Measurements

3.1 Inductances in Commutation Analysis

As shown in the literature review, inductances are commonly used in the analysis of

commutation. They represent the capability of a coil to build up a magnetic field that opposes

any change in flux that links the coil and therefore are important indicators of how strongly

the current reversal is affected by the rate of change of currents in the coils. The inductances

depend on the magnetic circuit, i.e. the cross section geometry of the motor and the position

of the rotor, and the state of saturation of the steel. Hence, the inductances reveal how the

coupling of the coils changes with rotor position, modifications of the motor geometry and the

choice of steel. 

Today, FEA is commonly used in universal motor analysis to calculate inductances. In this

chapter important inductances of the universal machine calculated using FEA are compared

to inductances calculated analytically and measured inductances to verify the application of

numerical magnetostatic field analysis. The analysis is carried out for a 230V mains-operated

power tool motor.

3.2 Analytical Calculations 

3.2.1 Calculation of the armature inductance

As shown in [23] the analytical calculation of the armature inductance of a salient pole

machine that has brush shift can be carried out by subdividing the full inductance into a d-axis

part and a q-axis part.

To calculate the q-axis inductance Lq with respect to the armature current (see Fig. 3.1 and Fig.

3.2) the flux linkage of that axis Ψq has to be calculated. This flux linkage has three

components. The first component Ψpq is associated with the flux Φpq that is circulating under

the salient field poles (see Fig. 3.1). Assuming a smooth unslotted rotor with a linear current

sheet K = CIa /a = ZIa/(2πa) where Z is the number of total armature conductors, Ia is the

armature current and a is the number of parallel armature branches, the incremental flux dΦ
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Fig. 3.1 q-axis analysis [23]

(13)

(14)

(15)

(16)

links 2Cθ armature conductors with reference to Fig. 3.1. Hence dΨpq=2CθdΦ where

r is the rotor radius, lstk is the lamination stack length and δ' is the air gap modified by Carter’s

coefficient. 

Hence

where α is the per unit pole arc and p is the number of pole-pairs. 

A second component Ψqq is associated with the flux crossing the interpolar space between

adjacent poles. The flux is assumed to cross that distance Y in straight lines so that the

incremental flux loop now becomes

Now, with γ = 1 ! 2β, where β is the per unit brush shift angle and dΨqq=2CθdΦ one obtains
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(17)

(18)

Fig. 3.2 Flux linkage component Ψqu [23]

(19)

(20)

which is the second component of  Ψq. Moreover a third component  Ψqu must be added as

there are 1u armature turns which are located under the pole shoes and are linked by the flux 

as therefore can be calculated as follows

where 1u = αZ/(4p).

The q-axis component of the armature inductance is the sum

As the motor examined has a brush shift β < (1 ! α) / 2 the d-axis flux produced by the

armature can simply be calculated as follows (see Fig. 3.3)
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(24)

(22)

(23)

Fig. 3.3 d-axis flux [23]

(25)

(21)

and the d-axis flux linkage is

In order to find the effective air gap for the calculations above one can apply Carter’s

coefficient kc found using for example [24]

where τs is the slot pitch and δm = (δmin + δmax)/2 is the mean air gap and 

where s is the width of the slot opening and the modified air gap is now found as follows

Now, in order to determine the slot leakage inductance Lσs of the armature winding [25] the

slot permeance coefficients λs=0.25h/w and λt=t/s+2T/(w+s)  are defined with reference to Fig.

3.4. With these permeance terms the armature winding’s slot leakage inductance becomes

where 1s is the number of armature coils and cs is the number of conductors per slot.
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(27)

(28)

Fig. 3.4 Slot geometry parameters

(26)

(29)

The end winding leakage inductance Lσe of the armature winding [25] is found using the

geometric mean distance Dgm of the conductors located in the same pair of slots. Hence, using

the cross sectional area Ac of a conductor, Dgm can be found as follows

and with the diameter d, that is found assuming that the end windings of the two ends of a coil

are taken together to form a circular coil whose diameter d, is equal to the chord spanned by

the coil so that

where rs is the radius from the mid point of the rotor to the slot base and the coil span

σ=2π/1sATsp with the coil throw Tsp in slot pitches. The end winding leakage inductance Lσe of

the armature winding can be found as follows

and the full armature inductance La is 

The parameters of the motor examined as well as the calculated flux linkages and inductances

are summarised in table 3.1.
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(30)

Table 3.1 Parameters of La calculation

Parameter Annotation Value Dimension

Z total armature conductors 504 —

a parallel armature branches 2 —

α per unit pole arc 13/18 —

β per unit brush shift angle 1/8 —

p number of pole pairs 1 —

Y interpolar gap length 6.330 mm

r rotor radius 17.500 mm

lstk lamination stack length 56.000 mm

τs slot pitch π/6 rad

s slot opening 2.000 mm

δ' modified air gap 0.658 mm

Ia armature current 0.500 A

1s number of armature coils 24 —

cs conductors per rotor slot 42 —

λs slot permeance coefficient 0.350 —

λt slot permeance coefficient 0.620 —

Ac conductor cross section 0.475 mm2

rs slot base radius 11.000 mm

Tsp rotor coil throw 5 —

Ψq flux linkage q-component 3.000 mVs

Ψd flux linkage d-component 1.100 mVs

Lq inductance q-component 6.000 mH

Ld inductance d-component 2.200 mH

Lσs slot leakage inductance 0.810 mH

Lσe end winding leakage inductance 0.080 mH

La full armature inductance 9.090 mH

3.2.2 Calculation of the inductance of the field winding

The calculation of the unsaturated air gap component of the field winding inductance is

straightforward and based on the assumption of a constant magnetic flux density in the air gap

Bδ under each pole i.e. slotting is not considered and Bδ can be calculated as follows

where 1Fc is the number of turns per field coil and IF is the field current. Now with the flux

linking one field coil ΦFc = Bδ r lstk απ/p the air gap component of the inductance of the field

winding LFδ can be obtained as follows
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(31)

Fig. 3.5 Relevant stator geometry parameters

(32)

(33)

(34)

In order to find the leakage component LFσ of the field winding inductance one has to consider

the leakage in the stator slots characterised by the leakage flux ΦFσs and the leakage at the end

windings of the field coils characterised by the leakage flux ΦFσe.

These leakage fluxes are found taking into account the geometry of the stator [26] (see Fig.3.5)

and are calculated as follows

where rF is the radius of the field coil. As the field leakage flux can be expressed as the sum

of the two leakage parts ΦFσs and ΦFσe one obtains the leakage inductance as follows

and the parameters and results for the motor examined can be found in table 3.2 where α is

slightly augmented to allow for fringing. Table 3.2 contains the relevant stator geometry

parameters, rotor geometry and air gap parameters are listed in table 3.1. The stack length is

the same for stator and rotor.
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(35)

(36)

(37)

(38)

(39)

Table 3.2 Parameters of LF calculation

Parameter Annotation Value Dimension

1Fc turns per field coil 87 —

α per unit pole arc 3/4 —

hF see Fig. 3.5 12.820 mm

bF see Fig. 3.5 4.740 mm

bp see Fig. 3.5 40.000 mm

hp / rF — . 2 —

LFδ air gap inductance 67.000 mH

LFσ leakage inductance 0.760 mH

LF full field inductance 67.760 mH

The full field inductance LF is calculated as the sum of the air gap component and the leakage

component as follows

3.2.3 Calculation of the inductance of a single rotor coil

Although in scientific articles dealing with the analytical calculation of a single rotor coil

inductance of a universal motor often series expansions of the magnetic flux density or the

winding- and air gap distribution are proposed, (e.g.  [25], [27] ) the calculation of a single

rotor coil inductance in this chapter is based on  simplified magnetic networks. Due to the

value of α (table 3.2) and the value of β (table 3.1) one can assume that one side of the first coil

of one of the armature branches is located under the fringe of a tip of a salient stator pole as

indicated in Fig. 3.6. Due to the short pitching (table 3.1) the other side is not located under the

tip of an adjacent pole. The other coil side is located between the second pole tip of the same

pole and the q-axis. Therefore one can establish a magnetic network per half pole assuming the

flux paths indicated in Fig. 3.6. The half pole paths are denoted path a and path b and the

magnetic networks are shown in Fig. 3.7 where the elements are calculated as follows
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Fig. 3.6 Flux of single rotor coil

Fig. 3.7 Magnetic networks

(40)

(41)

(42)

and the magnetic reluctances of the paths a and b become

and

which yields the air- and interpolar gap component LcδY of the single rotor coil

with the number of turns of the rotor coil 1c.
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(43)

(44)

(45)

(46)

Now, to find the slot leakage and end winding leakage components of the single rotor coil

inductance according to [25], the relevant parameters from table 3.1 can be used. The slot

leakage component Lcσs is

and, with

the end winding leakage component Lcσe is

 

and the full coil inductance is found as follows

The results are listed in table 3.3.

Table 3.3 Parameters of Lc calculation

Parameter Annotation Value Dimension

1c turns of rotor coil 11 —

Rma reluctance path a 877.670 kA/Vs

Rmb reluctance path b 876.810 kA/Vs

LcδY air gap inductance 275.870 µH

Lcσs slot leakage inductance 18.720 µH

Lcσe end winding leakage inductance 3.660 µH

Lc full coil inductance 298.250 µH

3.2.4 Calculation of the mutual inductance of two rotor coils with coinciding coil axes

If two rotor coils are located in two different pair of slots in a way that their coil axes coincide

one can assume that the flux crossing the air gaps produced by one coil c1 links the other coil

c2 so that Mc2c1 . Lc1δY i.e. in the case of a coil located as shown in Fig. 3.6 we obtain for the

mutual inductance with another coil with coinciding coil axis Mc2c1 . 275.87µH.
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(47)

(48)

(49)

(50)

3.2.5 Calculation of the mutual inductance of one rotor coil and the armature winding

Considering the armature winding as the current carrying winding whose flux links a single

armature coil that is assumed to be separated from the rest of the armature winding and located

as shown in Fig. 3.6 one can assume, with regard to Fig. 3.1 that the q-axis flux will cancel out

in that armature coil and it is only linked by the d-axis flux produced by the armature. 

However, now there are 1c conductors missing locally in the belt of armature conductors

producing d-axis flux and (20) needs to rewritten as

 

and with

with the factor ζ = 5/6 accounting for short pitching one obtains a mutual inductance of Mca =

424.29µH.

3.2.6 Calculation of the mutual inductance of one rotor coil and the field winding

Considering the field winding as the current carrying winding whose flux links a single

armature coil located as shown in Fig. 3.6. Assuming that the angle between the coil axis and

the d-axis is negligible, i.e the armature coil links the full air gap flux produced by the field

winding (just slightly reduced due to short pitching) one obtains for the mutual inductance

with a value for the armature coil shown in Fig. 3.6 of McF = 3.35mH.

3.2.7 Calculation of the mutual inductance of the armature winding and the field winding

Considering the armature winding as the current carrying winding one can assume that the field

winding is linked by the d-axis flux produced by the armature and therefore

which yields a value MFa = 11.60mH.
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(51)

(52)

P

P

(53)

3.3 Numerical Inductance Calculations using FEA

3.3.1 Inductance from Finite Element Analysis

In many FE-programs the inductances are found from energy formulations taking into account

the magnetostatic field distribution and co-energy [61]. However, a more rigorous approach

is to use the vector potential A obtained from FEA directly [28]. Via use of Stoke’s law the

magnetic flux can be expressed as

which in the 2D case yields

and the inductance of a coil with 1 turns carrying a current I is found as follows

The vector potentials are taken at the coil side locations and represent the respective z-

component of the A - vector if the magnetostatic problem is solved in the x-y-plane. 

The commercial software package PC-FEA [55], a module of the SPEED motor design

software [79], is used to obtain the vector potentials. As the PC-FEA meshing stage is

optimised for the use with motor geometries  created in the SPEED motor design programs,

the time required for the automatic meshing (triangular elements) is considerably short

compared to other available FEA programs. Hence, FE-results can be obtained within

comparably low computing times which is important due to the high amount of required

computations. The created meshes can be checked and customised if necessary [55].

3.3.2 FE-calculation of the armature inductance

Due to the complex armature circuit where, in the universal machine examined, two branches

are in parallel and the individual armature coils share their “go” and “return” slots with other

coils that are in the same branch and in the respective other branch, the calculation of the

armature inductance using FEA is not straightforward but requires a careful establishment of

the correct excitation and summation of the branch flux linkages. The distinction “go” and

“return” slot is chosen to clarify that in the two slots the coil sides are located in the current

flows in opposite directions.
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Fig. 3.8 PC-FEA plots and slot numbering convention, θ = 0E

Taking into account the parameters of the

armature lap winding of the motor examined

(table 3.1) and with regard to the slot numbering

convention shown in Fig. 3.8b) one obtains the

slot MMFs required to simulate the armature

field listed in table 3.4. This slot MMF

distribution corresponds to a reference position of

θ = 0E. Letting the rotor rotate with that armature

slot MMF distribution fixed is equivalent to a

stationary rotor with a rotating brush gear where

the brushes span less than the width of the inter-

segment gap.

The MMF distribution shown in table 3.4 assumes point contacts on opposite commutator

segments where no coil is short circuited by carbon brushes. This is in compliance with the

way the armature resistance and inductance are measured in practice. 

Now, in order to find the full armature inductance the branch inductances have to be found

first. In the motor examined the armature winding has two parallel branches which are

mutually coupled which leads, taking the 1s = 24 armature coils into account, to the

apportionment of armature coils between the two parallel armature branches 1 and 2 listed in

table 3.5 where, again, fixed point contacts are assumed.

Table 3.4 Rotor slot MMF distribution

Slot No. Slot MMF

1 !21cIa/2

2 !41cIa/2

3 !41cIa/2

4 !41cIa/2

5 !41cIa/2

6 !21cIa/2

7 21cIa/2

8 41cIa/2

9 41cIa/2

10 41cIa/2

11 41cIa/2

12 21cIa/2
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Table 3.5 Apportionment of armature coils

Coil No.
Armature

Branch

“go” 

Slot

“return”

Slot

1 1 6 1

2 1 5 12

3 1 5 12

4 1 4 11

5 1 4 11

6 1 3 10

7 1 3 10

8 1 2 9

9 1 2 9

10 1 1 8

11 1 1 8

12 1 12 7

13 2 7 12

14 2 6 11

15 2 6 11

16 2 5 10

17 2 5 10

18 2 4 9

19 2 4 9

20 2 3 8

21 2 3 8

22 2 2 7

23 2 2 7

24 2 1 6

After running FEA with the rotor slot MMF distribution listed in table 3.4 and the field

winding left unexcited the armature branch inductances L!a1 and L!a2 can now be found using

the calculated vector potentials and taking into account the apportionment of armature coils

listed in table 3.5. As L!a1 and L!a2 include the mutual effects between the two parallel branches

the armature inductance is found

 

For deeper comprehension of the apportionment of armature coils between the two parallel

armature branches 1 and 2 a typical armature winding diagram of a universal motor armature

lap winding with two coil sides per layer, twelve slots and a throw of five slot pitches is shown

in the appendix A1.
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3.3.3 FE-calculation of the field inductance

Similar to the analytical calculation the FE-calculation of the field winding is straightforward.

The armature is left unexcited and the coil sides of the field winding (see Fig. 3.8) are carrying

the MMFs ΘF1 = ΘF2 = IF1Fc and ΘF1' = ΘF2' = !IF1Fc.

Now, the inductances L!F1 and L!F2 of the two field coils can be calculated from the vector

potentials. As L!F1 and L!F2 include the mutual coupling between the two field coils the field

inductance as a series connection of the two field coils can be found as follows

3.3.4 FE-calculation of the inductance of a single rotor coil

Assuming a coil in the slots 1 and 6 with regard to Fig. 3.8 the slot MMF required is Θ1 = !Θ6

= Ic1c and all other coils are left unexcited. The single coil inductance is then found using the

vector potentials in slot 1 and slot 6.

3.3.5 FE-calculation of the mutual inductance of two rotor coils with coinciding coil axes

Two rotor coils are assumed to be located in two different pair of slots in a way that their coil

axes coincide. For convenience these pairs of slots are chosen to be 1;6 and 12;7. Now, with

the same excitation as in 3.3.4 the mutual inductance can be deduced from the vector potentials

in the slots 12 and 7. 

3.3.6 FE-calculation of the mutual inductance of one rotor coil and the armature winding

The single rotor coil is assumed to be located in the slots 1 and 6. The armature winding is

considered the current carrying winding and assumed to be separated from the single rotor coil.

Hence, the rotor slot MMF distribution in table 3.4 only needs to be changed for slot 1 to

!1cIa/2 and for slot 6 to !31cIa/2. Subsequently, FEA is performed and the mutual inductance

can be deduced from the vector potentials in the slots 1 and 6.

3.3.7 FE-calculation of the mutual inductance of one rotor coil and the field winding

The single rotor coil is assumed to be located in the slots 1 and 6. The field winding is

considered the current carrying winding.  Now, with the same excitation as in 3.3.3 the mutual

inductance can be deduced from the vector potentials in the slots 1 and 6.
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3.3.8 FE-calculation of the mutual inductance of the armature winding and the field winding

Considering the armature winding as the current carrying winding the slot MMFs are the same

as in table 3.4 and the mutual inductance with the field winding is found from the vector

potentials taken from the locations of the coil sides of the field coils. 

3.4 Inductance Measurements

3.4.1 AC measurements

The AC method is often chosen to determine inductances in power systems. It is simple to

setup and evaluate. To measure the self inductance of a coil its ohmic copper resistance R is

determined first using 4 wire or DC bridge measurements [29]. Subsequently, the coil is

excited with an AC voltage of known frequency f, and the rms values of the coil current Ic and

the voltage across the coil terminals Vc are measured. The coil inductance Lc is then found

solving the AC impedance formulation for Lc as follows

and the mutual inductance M12 between two coils 1 and 2 is found

where V1 is the rms value of the voltage measured across the terminals of coil 1 and I2 is the

rms value of the current in coil 2. 

However, despite its simplicity the AC method should not be the method of choice to

determine inductances of electrical machines. Due to resistance and parasitic induced currents

in conductive components in the neighbourhood of the circuit whose inductance is to be

measured, AC methods are of questionable value [28]. Not only these currents lead to incorrect

test data, their influence is also supply frequency dependent owing to the eddy currents induced

in the lamination stack [30]. To overcome these difficulties Jones’ bridge method [31] is

applied which is explained in the next subsection.

Due to the uncertainties arising with the use of an AC inductance measurement it is only

applied here to demonstrate its weakness compared to DC bridge techniques [30], [31].
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Fig. 3.9 Circuit diagram of self inductance measurement

 3.4.2 Jones Bridge measurements

In this method described by C. V. Jones [31] to measure the self inductance of a coil the

problems of measurement errors due to currents in coupled circuits (including eddy currents)

are avoided. The principle is based on a balanced DC bridge that compensates for the ohmic

copper resistance of the coil whose inductance is to be measured. If the DC supply voltage is

removed or reversed after the bridge is balanced, a transient disturbance occurs in the bridge

which causes the voltage across the bridge to take non-zero values before it reaches the final

steady-state condition which is again balance. Thus, the voltage across the bridge is integrated

during the transient disturbance to obtain the inductance of the coil. In the measurements, the

current through the coil was reversed using an H-bridge. The circuit diagram of the test setup

can be seen in Fig. 3.9.

 

After the bridge circuit comprising the measured coil (copper resistance RL, inductance L) and

the non-inductive resistors R2, R3, and R4 is balanced with resistor variable R2 the integrating

voltmeter across the two bridge branches indicates a value of zero. Subsequently, the current

in the bridge is reversed by switching the pair of conducting transistors T1 and T4 off and, after

a dead time of approximately 1 µs,  switching the pair of transistors T3 and T2 on. The

transient disturbance causes a voltage drop across the integrating voltmeter which is analysed

[28] using the voltage drop vp across the parallel circuit i.e the sum of the voltage drops across

R3 and R4 which is equal to the sum of the voltage drops across R2 and the measured coil.

Hence
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where iL is the current in the coil, and for the voltage drop v2 across R2 one obtains

Moreover, the voltage drop v3 across R3 is

and the voltage v across the integrating voltmeter is 

and, the balanced condition

yields

for the bridge voltage drop.

Hence, if the current in the coil is reversed from I to  !I the integrating voltmeter reads

which yields for the inductance

Now, in order to determine the mutual inductance between two coils the method proposed in

[31] again uses an integrating voltmeter which is connected across the terminals of an open
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circuit coil which is magnetically coupled to another coil that is undergoing a current reversal.

Again, the H-bridge was used to reverse the current in one coil 1 (in this case from !I1 to I1)

and the integrating voltmeter  across the terminal of the second coil 2 reads

 

and the mutual inductance can be found as follows

The measurements of self - and mutual inductances were performed as described below.

For the measurement of the armature inductance supply leads were soldered to two opposite

commutator bars. This ensured a fixed armature slot MMF distribution as shown in table 3.4.

Subsequently the armature inductance was measured with the Jones bridge.

The measurement of the field winding was straightforward, the two field coils were connected

in series (aiding in the d-axis, as connected in normal operating conditions) and the self

inductance of the field winding was measured with the Jones bridge. 

In the measurements of the self inductance of a single armature coil only a single rotor coil was

galvanically isolated from the rest of the armature winding and its self inductance was

measured with the Jones bridge.

For the measurements of the mutual inductance between a single armature coil and the

armature winding the single coil was left isolated from the rest of the winding and the gap in

the armature winding caused by its exclusion was bridged by a piece of copper wire. The

current supplied through the soldered leads to the armature was then reversed using the H-

bridge and the voltage caused by that current reversal in the single armature coil was integrated

in order to find the mutual inductance. 

In order to measure the mutual inductance between two single rotor coils located in different

pairs of slots with coinciding coil axes these coils were isolated from the armature winding and

the voltage in one coil caused by current reversal in the other coil was integrated.

The measurement of the mutual inductance between the field winding and the single rotor coil

was done in the same manner, the current in the field winding was reversed and the voltage in

the single rotor coil was integrated. 

The mutual inductance the field winding and the armature winding is found reversing the

current in the armature and integrating the voltage inducted in the field winding.
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Fig. 3.10 Non-inductive film resistor

Fig. 3.11 FCIV controller

The non-inductive resistors used are of substrate film type (see Fig. 3.10) and the H-bridge

transistors were controlled by an FCIV controller4  (see Fig. 3.11).

4
 The transistor switching algorithm was implemented by Mr Calum Cossar, 

                  researcher and lecturer at the School of Engineering, University of Glasgow
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3.5 Comparison of calculated and measured Inductances

3.5.1 Comparison at fixed rotor position

Here, the analytically and numerically calculated inductances are compared to the measured

inductances at the rotor position of θ = 0°. The commutator lead of the armature used of 22.5°

is considered in both the analytical and the numerical calculations. It is equivalent to a brush

shift against the direction of rotation and yields the per unit brush shift of β = 1/8 used in the

analytical calculations. In the numerical calculations the excitations are set as described above

and the armature is turned to θ = 22.5° to account for the commutator lead. The comparison

of measured and calculated inductances can be found in table 3.6. In addition to the analytical

calculations and the FEA data there is an additional column for the FEA data corrected for end

winding leakage (analytically calculated as shown above; applicable to self inductances only)

as well as columns showing the errors between analytical calculations and FEA data (corrected

for end winding leakage for self inductances) eC,  FEA data and AC measurements eCT1, and

FEA data and Jones’ measurement technique eCT2 (100% @ (1!FEA value / comparison value)).

One can see that for almost every inductance measured and calculated the measurement

technique proposed by Jones is significantly more precise than the AC method and should

therefore be the preferred inductance measurement method for electrical machine inductances.

The AC method gives errors of up to 26 % and is not further pursued. 

3.5.2 Comparison at several rotor positions

In order to cover the change of inductance with rotor position FEA was performed as described

in 3.3 over the full range of 360° and measurements were performed as described in 3.4.2 in

Calculations Measurements Errors

Inductance Analytical FEA
FEA + End

Windings
AC Test

Jones’ 

Bridge
eC [%] eCT1 [%] eCT2 [%]

LA [mH] 9.090 8.560 8.640 8.220 8.710 4.950 5.109 0.804

LF [mH] 67.760 70.800 70.900 56.050 68.500 4.634 26.494 3.504

Lc [µH] 298.250 281.460 285.120 238.000 292.000 4.402 19.798 2.356

Mcc [µH] 275.870 245.010 - 207.000 266.000 11.186 18.362 7.891

MAc [µH] 424.290 425.150 - 438.000 413.000 0.203 2.934 2.942

MFc [mH] 3.350 3.300 - 3.900 3.000 1.493 15.385 10.000

MFA [mH] 11.600 12.400 - 10.900 11.700 6.896 13.761 5.983

Table 3.6 Comparison of calculated and measured inductances
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Fig. 3.12 Universal motor mounted on dividing head

Fig. 3.13 Armature Inductance

a range of 42° in 6° steps. For exact positioning in the measurements the motor was mounted

on a dividing head as shown in Fig.  3.12. 

The inductances calculated using FEA and measured [31] can be seen in Fig. 3.13 to Fig. 3.19

corrected for the commutator lead. 
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Fig. 3.14 Field Inductance

Fig. 3.15 Single rotor coil inductance
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Fig. 3.16 Mutual inductance of two rotor coils

Fig. 3.17 Mutual inductance of single rotor coil and armature winding
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Fig. 3.18 Mutual inductance of single rotor coil and field winding

Fig. 3.19 Mutual inductance of armature and field winding
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Fig. 3.20 Effect of saturation on motor inductance

3.6 Discussion of Saturation Effects

As universal machines are usually driven into high saturation during operation at rated power

a brief discussion of the change of inductance with current will be given at this point. Due to

the high utilisation of the ferromagnetic material  i.e., the relationship of flux linkage and

current in a coil becomes highly nonlinear [61], the effective coil inductance decreases. The

saturation level of the machine will mainly change with the motor current. Small changes that

may occur due to commutating currents [10] are not taken into consideration. Hence, the full

motor inductance (series connection of field and armature inductance) at a fixed rotor position

was calculated for different currents using FEA. In the calculation all rotor coils and the field

coils were excited so the calculated motor inductance contains all mutual effects between rotor

and stator. Similar to [10] the variation of the per unit inductance (normalised to the

unsaturated value of 65.8 mH) with current can be seen in Fig. 7.20.

 

It can be observed that the saturation already starts at a  motor current of 1A and the motor

inductance decreases steadily from this point. At 20A its value has diminished to

approximately 20% of the unsaturated value.  

For the self inductance of a commutating coil, the saturation will affect the air gap component

of that inductance (if not damped, see chapter 7). Also mutual inductances associated with flux

paths through the ferromagnetic part of the machine will be affected by saturation. FEA is a

computing tool in the mathematical machine analysis capable of dealing with the difficulties

arising with saturation.
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3.7 Conclusions

In this chapter it was demonstrated that, for unsaturated universal machines, analytical

calculations of self and mutual inductances of salient pole machines are an important

comparative method in order to verify the use of FEA in motor analysis. The agreement of the

analytical calculations and FEA is satisfying and the correction for end winding leakage does

not seem to be necessary for the FE-calculated inductances. Moreover, in the analytical

equations the influence of certain geometry parameters is highlighted which, despite the

limitations with regard to magnetic saturation and slotting effects, makes the analytical

calculation an essential tool in motor analysis.

Furthermore, measurement techniques are applied to verify the mathematical analysis. It can

be demonstrated that with the method proposed in [31] good accuracy can be achieved whereas

a simple AC method proves to be inadequate for electrical machine inductances. 

The influence of saturation effects on the motor inductance is discussed, too. The change of

the motor inductance with motor current can be seen from a curve computed using FEA. The

inductance starts decreasing at a motor current of 1A due to saturation of the steel. 

With regard to a machine simulation model FEA is a tool capable of dealing with variations

of the machine inductances with rotor position and motor current. Hence, FEA is applied to

calculate the machine inductances in the overall simulation model (see chapter 8).
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Chapter 04

4 A Brush Model for detailed Commutation Analysis 

4.1 Brush Models in Commutation Analysis

In the past the analysis of commutation of universal motors has received considerable attention

and many significant works on that subject have been published such as [9]-[22]. In this

chapter the problem of modelling the brush resistance in commutation analysis by means of

equivalent circuits is examined. In Fig. 2.1 it can be seen that the voltage in a commutating

coil is equal to the difference of the brush voltages at the two adjacent commutator bars the

coil is connected to. Hence, brush resistance has to be considered in the mathematical analysis

of commutation. This problem has already been addressed by other authors in previous works

such as [10], [11]  where a brush resistance matrix is used that includes the brush and contact

resistances . The brush resistances are calculated by means of 2D finite element conduction

field solutions where Dirichlet boundary conditions are applied to brush - commutator

interfaces and the opposite surface of the brush. The resistances of the brush body are

calculated using an energy formulation. The contact resistances (see Fig. 2.8) are found using

an empirical equation. In [12] the procedure is very similar, the resistor network representing

the brush is found using a commercial finite element software package. 

A curve of the brush to bar voltage drop is used in [13]  instead of a resistor network. The

argument is that the saturation in the brush to bar voltage curve is not covered sufficiently by

use of contact resistance. A mathematical expression is derived  from a measured saturating

brush to bar voltage curve which is then used in the analysis. 

Formulations for brush to bar voltage drops using parameters obtained in tests are also applied

in [9] and [14] whereas in [9] the distinction between a static (constant current density) and

a dynamic (time dependent currents) voltage drop characteristic is made.

In [18] the brush voltage drop is obtained following the guidelines of the carbon brush

manufacturer which leads to a voltage drop expressed as a function of current density.

Although these approaches are quite practical this chapter develops a more rigorous method

using resistor networks. The highly nonlinear contact resistance between the brush and the
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commutator bar taken from experimental work provides reliable data in support of this

method. 

The resistor networks established are considerably different from the networks established by

other authors. 

4.2 Mathematical Formulations

4.2.1 Formulation of the conduction problem

A brush making contact with 2 commutator segments is depicted in Fig. 4.1. It is assumed

there is a uniformly distributed current density J1 at the top of the brush and two further current

densities J2 and J3 at the brush-to-segment contact areas. In this case J1 is flowing into the

brush and J2 and J3 are flowing out of the brush. Similar to a nodal point in an electric network

the sum of currents entering the brush must be equal to the sum of currents emerging from the

brush. Hence, the summation  of current density J over the whole surface S of the brush must

be zero and Kirchhoff's law applies [32], so that 

which yields

The current density J is linked to the electric field strength E via the conductivity κ.

Furthermore it is well known that the electric field strength is the negative gradient of the

scalar potential n. Hence,

and

where (70) represents Laplace’s equation which in a 2D problem can be rewritten as
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Fig. 4.1 Current densities at brush contact

(72)

PP

4.2.2 Formulation of the numerical problem

The way of solving the conduction problem was chosen to be a finite differences algorithm

implemented in Pascal. A 5-star point is depicted in Fig. 4.2. For convenience an equidistant

grid is implemented. Hence, the linear system to be solved is 

where [A] is the coefficient matrix, x is the vector of unknown node potentials and b is the

solution vector according to the boundary conditions. The matrix [A] has only certain bands

of non-zero elements. These bands consist of reoccurring tridiagonal matrices [TD] and

diagonal matrices [D]. The structure of a coefficient matrix [A] with 36x36 elements can be

seen in Fig. 4.3. Less than 12% of the elements are non-zero elements in that matrix. The

advantage of that  structure is clear. Only the non-zero elements of the tridiagonal matrix [TD]

need to be stored and, as all diagonal elements of [D] are equal, all matrix multiplications

involving [D] can be reduced to a simple element-wise multiplication which reduces the

memory consumption significantly and reduces computing time. [A] can thus be written
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Fig. 4.3 Structure of coefficient matrix

Fig. 4.2 5-point star

(73)

P

(74)

For block tridiagonal systems that are also symmetric i.e. [An+1n] = [An+1n]
T it is favourable to

execute a transformation into a block bidiagonal system [33]. Using an extension of the

Thomas algorithm which aims at transforming [A] into a block bidiagonal matrix [H], the

whole system is transformed into a new one maintaining the vector x as follows
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Let [QC] be the Cholesky factorization of a matrix [Q] so that [Q] = [QC]T[QC]  [34] and [Hij]

a submatrix of [H], and [Aij] a submatrix of [A], respectively. Moreover, let xi and ci be

subvectors of x and  c, respectively.

Thus, with [H11] = [A11
C] we get the first row of the new system 

Accordingly, the second row becomes

where the unknown x1 is eliminated. This procedure is continued for all rows leaving 

in the last row. Subsequently, the system can be solved by block back substitution starting at

the last row by solving (77) for  xn.  Subsequently all remaining subvectors of x are calculated

row by row. This algorithm simplifies remarkably due to the fact that [Aii]=[TD] and 

[Ai+1i]=[Ai+1i]
T=[D]. Non-zero elements of [H] are stored in one dimensional arrays  for the

main diagonal and the upper secondary diagonal. This algorithm provides a stable direct

calculation of the linear system where no iteration is needed.

At this point the algorithm was tested against an analytical solution as shown in the appendix

A2. Good agreement of numerically and analytically calculated scalar potentials could be

observed. In these simplified tests cases Dirichlet boundary conditions only were applied in

order to obtain unique analytical solutions.

However, under normal conditions the analysis of the brush - commutator problem needs to

be treated with mixed Dirichlet - and Neumann boundary conditions. As an unique analytical

solution for mixed boundary conditions can only be found in exceptional cases [35] the

numerical algorithm is necessary to obtain reliable results.
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4.3 The equivalent Circuits of the Brush

4.3.1 The reference system

The model was created for universal motors with a brush width to commutator segment width

ratio ζ 0 [1; 2] as the most common ratios in practice are in this range. Therefore, a maximum

of three commutator segments in contact with a brush at a time occurs and a minimum of one

commutator segment in contact with a brush occurs depending on ζ. Thus it is necessary to

distinguish between the different cases in order to establish the appropriate circuit. The case

where only one commutator segment is connected to a brush can be modelled by a single

resistor and is irrelevant for commutation analysis as no coil is short circuited. However, the

different cases occur in cyclic transitions and therefore, the equivalent circuits of the brush

change in cyclic transition as well. 

In Fig. 4.4 the reference system is

depicted, where σ is the commutator

segment width, µ is the width of the

insulating layer between two segments, β

is the brush width and γ is the rotor

position angle; all measured in radians.

The commutator is moving in positive

direction of γ. The reference point γ = 0

is located where the centre axis of the

insulation layer is aligned with the brush

centre axis. 

If  β # 2µ + σ there is a transition from

one to two segments in contact with the

brush only. Starting from γ = 0, where two segments are in contact with the brush, the

transition from two to one connected segments takes place at γ1 = 1/2(β ! µ).  Subsequently,

the transition from one to two segments takes place at γ2 = γ1 + 2µ + σ ! β and the next

transition from two to one segment in contact with the brush at γ3 = γ2 + β ! µ etc. As

mentioned above the case of one segment in contact with the brush only i.e. no coil is shorted

by that brush is modelled by a single resistor and more important for motor performance

analysis than commutation analysis.

Fig. 4.4 Reference system
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If  β > 2µ + σ a cyclic transition between the cases of two and three segments in contact with

the brush takes place. The case of one segment making contact with the brush does not occur.

At γ = 0 two segments are connected to the brush until the angle γ1 = 1/2(3µ ! β) + σ is

reached where the transition from two to three segments in contact with the brush takes place. 

The next transition  from three to two segments takes place at the angle γ2 = γ1 + β ! 2µ  ! σ

and the consecutive transition to three segments connected to the brush occurs at γ3 = γ2 + 3µ

+ 2σ ! β etc. 

According to the defined transition angles, the corresponding resistor networks are taken into

account in an overall commutation analysis. Hereinafter, only the cases of more than one

commutator segment in contact with a brush at a time are going to be analysed.

It has to be pointed out that the brush resistances are contact area dependent and vary between

a minimum value and an infinitely high resistance (segment not in contact with the brush). In

the simulation model the resistance cannot become infinite and has to be limited to a

reasonably high value Γ. Due to the usually high conductivity of the brush material a value of

Γ = 500 Ω is sufficient.  

4.3.2 Two segments in contact with the brush

The brush is a conductive body which theoretically allows current flow between all its

terminals5. It can thus be considered a resistor between every pair of terminals.  Maintaining

the convention of terminal numbering in Fig. 2.1 the equivalent circuit of the brush for this

case is the circuit depicted in Fig. 4.5 where terminal 0 denotes the top of the brush, terminal

1 the first segment connected to the brush, terminal 2 the second segment connected to the

brush. Those represent the circuit terminals of the brush body resistor network whilst 0, 1' and

2' represent the terminals of the full brush circuit including contact resistances. Ra, Rb and Rc

are the internal resistances of the network. It is obvious that resistances measured across two 

terminals {0, 1, 2}  are combinations of Ra, Rb and Rc. The equations describing this

relationship are

5
The brush terminals are referred to the parts of the carbon brush where 

                current can flow into or out of the brush.
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and

So far only the brush body resistances have been

annotated. Yet in order to establish a complete

circuit of the brush resistance active in the

operating motor the nonlinear contact resistance

has to be considered, too. This resistance

represents the contact constriction resistance in

series with the film resistance [36]. In the circuit

(Fig. 4.5) this resistance is added at both brush

commutator interfaces and denoted Rcf1 and Rcf2.

A method to obtain these resistances  is

discussed later on.

4.3.3 Three segments in contact with the brush

The number of internal resistors doubles in the case of  three segments in contact with the

brush,  i.e. two coils commutating at this brush, compared to the previous case (two segments

in contact with the brush). This is due to the fact

that again, a resistor is considered between every

pair of terminals. A resistance measured across

two terminals {0, 1, 2, 3} is a combination of 

the internal resistors. The use of six resistors in

this case allows a unique set of equations of the

terminal resistances R01, R02, R03, R12, R23 and R13

as functions of the internal resistances Ru, Rv, Rw,

Rx, Ry and Rz (see Fig. 4.6) and appears to be the

most natural circuit for this configuration. 

Also, the contact resistances Rcf1, Rcf2 and Rcf3 are

considered.

The relationship between terminal resistances

Fig. 4.5 Equivalent circuit of a brush in contact 

             with two commutator bars 

Fig. 4.6 Equivalent circuit of a brush in contact 

             with three commutator bars 
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Fig. 4.7 Circuits to obtain R01

Fig. 4.8 Delta - Star transformation

(82)

(83)

and internal resistances now becomes more complex as shown in the appendix A3. For

example, the resistance measured between terminal 0 and terminal 1 can be found  redrawing

the circuit in Fig. 4.6 to the one depicted in Fig. 4.7a) (contact resistances omitted). After using

the delta - star transformation shown in Fig. 4.8 the circuit becomes the one  in Fig. 4.7b)

where

and the expression for R01 derived from this circuit can be found in appendix A3.
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Fig. 4.9 Boundary conditions used in external resistance calculation

4.4 The Strategy to obtain the Internal Resistances of the Brush

At the first stage, the terminal resistances R01, R02, and R12 in the case of 4.3.2 or R01, R02, R03,

R12, R23 and R13 in the case of 4.3.3 are calculated one by one. This is done by allowing current

flow between two terminals only, i.e. setting Dirichlet boundary conditions there, and setting

Neumann boundary conditions at all remaining parts of the brush periphery to prevent any

current flow there. This way of proceeding is shown for the resistances in the case of 4.3.3 in

Fig. 4.9. The scalar potentials n at the Dirichlet boundaries are set externally. Subsequently,

Laplace's equation is approximated by a five-point-star finite-difference method with

user-defined mesh density using the transformation to a block bidiagonal system as described

above.
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(84)

Fig. 4.10 Calculated current density vector field with four terminals active 

P P P

(85)

To calculate the power dissipated in the isotropic or the anisotropic brush correctly the field

distribution in the brush has to be covered sufficiently as the current flow in the brush will be

distorted due to different degrees of anisotropy [37]. Therefore the volume integral of the

product of vectors of current density  J = +κ, E and electric field strength E = !grad n is

applied as follows

where m is the number of grid points, Vi a discrete volume element and the conductivities κx

and κy can differ from each other in an anisotropic brush.

Now, the resistance active between two terminals p and q can be found as follows

This is done consecutively for all pairs of terminals of the equivalent circuit of the brush. It is

important at this stage to point out that if there are more than two terminals “active”, i.e.

current is flowing in or out, rigorously speaking the dissipated power cannot be resolved into

the parts dissipated at different internal resistances. This arguments becomes clear regarding

Fig. 4.10. The calculated vector field of the current density is depicted for a case where three

segments are in contact with the brush. Current flow is allowed between all four terminals at

the same time by applying Dirichlet boundary conditions at all current carrying terminals 

(n0 … n1 … n2 … n3).

The calculated dissipated power P cannot be resolved in the parts dissipated at Ru, Rv, Rw, Rx,

Ry and Rz (see Fig. 4.6). This is the reason the strategy of calculating the terminal resistors one

by one is proposed. 
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(86)

P P

(87)

P P

(88)

(89)

(90)

After all external (terminal) resistances have been determined at a certain rotor position the

nonlinear system

where Rext is the vector of external resistances and Rint is the vector of internal resistances, (86)

needs to be inverted. To solve 

it is transformed into a problem of finding zeros as follows

where RFD is the vector of external resistances (= Rext)  calculated by the finite difference

method. More - dimensional Newton - Raphson's method was chosen to solve (88).

4.5 Newton - Raphson’s Method applied to calculate the internal Resistances

In the general Newton - Raphson's method the iterative solution for (88) of the linearised

problem is found solving

 

until the stop criterion is satisfied, where 

is the Jacobian matrix of the system in the case of 4.3.2 and
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(91)

(92)

P P

P P

P P

P

P

PP

P

P

(93)

is the Jacobian matrix of the system in the case of 4.3.3.  However, to achieve convergence the

initial guess needs to be chosen sufficiently close to the desired solution. Otherwise, Newton

- Raphson's method may diverge [38]. For the more-dimensional problem to be solved where

resistances vary according to the rotor position an accurate choice of the starting point is

therefore difficult. Hence, Newton - Raphson's method was modified in order to achieve global

convergence [33], [38]. This is done by adding a damping term λ 0 (0; 1) in (89) which now

needs to be rewritten as

The strategy is to force the iteration progression to decrease monotonically so that 

|| f  ||2 > || g ||2 where λ is initially set to 1 to try a full Newton step and

and the Euclidean vector norms of f and g are calculated for comparison. If || f ||2 > || g ||2 is not

achieved, then λ is multiplied by a constant α0(0, 1) and g is calculated again. This is repeated

until || f ||2 > || g ||2 is satisfied. Subsequently, the next iteration is found using (92) and λ is set

to 1 again. This procedure is repeated until all elements of f are smaller than the tolerated

approximation error g. An overview of the procedure described can be found in Fig. 4.11

where R* is the starting point of the Newton - Raphson  method and fn is an element of f.
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Fig. 4.11 Flow chart of modified Newton - Raphson method
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Fig. 4.12 Contact constriction and film at one instant of time 

4.6 Proposed  Procedure to obtain Rcf

As already mentioned the resistance Rcf represents the contact constriction resistance in series

with the film resistance. In Fig. 4.12 the contact properties of a brush - commutator interface

are depicted (greatly zoomed) . The constriction resistance is due to the fact that the actual

contact between surfaces is made through microscopic contact spots where the current lines

are being constricted and current density is increased. The film resistance is the resistance of

the thin oxide layer (film) on the commutator surface. It is the nature of a copper surface that

it, once exposed to air, develops oxide layer mainly consisting of Cu2O.  However in the brush

- commutator sliding contact also brush particles are incorporated in the film. Moreover, water

molecules are part of the film due to condensation as well. 

The contact resistance is subjected to many "outer", non-electrical influence parameters such

as surface roughness,  spring pressure, surrounding atmosphere and material hardness [36]. 

Additionally, the electrical parameters such as current density in the contact spots and

conductivity of the film have a significant influence. Due to such complexity it is explicable

that no successful model for the brush contact resistance has been established in the literature

and in order to include it into the simulation empirical models or measured values have to be

used. 

However, in order to include the contact resistance into the calculations as shown in Fig.4.5

and Fig. 4.6 it is identified experimentally.
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Fig. 4.13 Brush holder and commutator mounted 

               on AC motor shaft

Fig. 4.14 Test setup schematic

Fig. 4.15 Current and Voltage during tests

The brush voltage drop comprises the voltage drop along the brush braid and the braid to brush

contact, the brush body and the constriction and film resistance [36]. In order to separate the

constriction and film resistance from the remaining components of the brush resistance the

following procedure is proposed. A blank commutator with 24 segments is mounted on the

shaft of an AC motor. Subsequently the brush holder of a motor with an identical commutator

is mounted on the housing of the AC motor using an adapter plate (see Fig. 4.13). This ensures

that the brushes have the same play and spring pressure they would have under normal

motoring conditions. At the blank commutator  three pairs of opposite segments are

interconnected and the brushes are connected to a DC source. This principle can be seen in

Fig. 4.14. It allows six periods of conduction during one revolution as shown in Fig. 4.15.
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Fig. 4.17 Test principle to determine brush body 

                resistance
Fig. 4.18 Carbon brush with test prods

The AC motor was run until the commutator had a clearly visible film. Then, the voltage and 

current in the circuit were recorded using a digital oscilloscope. Subsequently, the resistance

of the circuit was found as the quotient of instantaneous voltages and currents.  In Fig. 4.16

the resistance time waveform can be seen during a period of conduction. Only the resistance

during the period of time where the contact areas at both brushes are constant and the

resistance is reasonably constant is of interest. The mean value of that resistance of several

periods of conduction was used. The tests were repeated for different speeds and currents as

the resistance is a function of both.

Regarding Fig. 4.14 it is obvious that the

resistance R measured across the

brush-braid terminals is equal to the sum

of 2Rsb (resistances of braids and brush

bodies) and 2Rcf as the resistances of the

c o m m u t a t o r  b a r s  a n d  t h e

inter-connections are negligible. It is well

known that the voltage drops are different

for anodic and cathodic brushes, yet, as

the model is used for AC commutator

machines where both brushes become anodic and cathodic during an AC cycle, the use of a

mean value seems justified. Now, to determine Rsb 4-wire-measurements were performed as

shown in Fig. 4.17 and Fig. 4.18. Subsequently, in order to find Rcf as a function of the contact

area a similar expression as in [10], [11] and [12] is applied.

Fig. 4.16 Current and resistance during one period of  

                conduction
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(94)

(96)

For the 4-wire measurements a single brush was connected to a DC source in a way that the

brush strand was connected to one terminal of the source and four test prods where connected

to the bottom of the brush on one side and connected together to the second terminal of the

source on the other side and the current in this circuit was measured. A fifth test prod was

applied in the midpoint of the bottom of the brush to measure voltage between this point and

the top of the brush stand. Tests were carried out at several currents and it was found that the

brush strand and body resistance remained reasonably constant with current.  Results can be

found in table 4.1.

For the tests described above several sets of brushes of the same type where used in order to

obtain expressive results. 

Table 4.1 Results of 4-wire tests

I in Amps V in Volts Rsb in Ω

0.500 0.050 0.100

1.000 0.100 0.100

2.000 0.198 0.099

3.000 0.301 0.100

4.000 0.392 0.098

5.000 0.497 0.099

Now, the contact restriction and film resistance can be found as follows

The highly position dependent Rcf1, Rcf2 and Rcf3 are then found using the expression

where Afull is the apparent contact area at full overlap of the carbon brush and a commutator

segment and the position dependent contact areas are found as follows

(95)
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(98)

(97)

Fig. 4.19 Rcf as a function of speed and current density

with the data required taken from table 4.2. 

Table 4.2 Parameters of brush during simulation

Parameter Annotation Value Dimension

m width of mica 0.053 rad

s commutator bar width 0.209 rad

β brush width 0.405 rad

pc commutator pich π/12 rad

ζ β / s 1.938 )

h axial brush length 8.000 mm

rc commutator radius 12.350 mm

h brush height 16.000 mm

Afull hs 20.649 mm2

The resistance Rcf obtained as a function of current density for two different shaft speeds can

be seen in Fig. 4.19.
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Fig. 4.20 Calculated external resistances

4.7 Results and Discussion

4.7.1 Simulation results

Simulations were carried out for a brush with the parameters listed in table 4.2. In Fig. 4.20

the calculated external resistances, normalised to Γ, are depicted over about one commutator

pitch and the transition points γ1 and γ2 are indicated. They are highly position dependent and

behave inversely proportional to the contact areas of the commutator bars and the brush. For

each position the more-dimensional Netwon-Raphson's method was applied, distinguishing

between the three- and the six resistor circuit, to calculate the internal resistances which can

be seen in Fig. 4.21. It has to be pointed out that for example Ra1 progresses to Ru etc. during

the cycle. In the annotation the labels of the resistances are chosen with regard to the

distinction made in Fig. 4.5 and Fig. 4.6. There is one transition from the three- to the six

resistor network (γ1) and one transition from the six- to the three resistor network (γ2) within

one commutator pitch. In can be seen that the internal resistors show the same behaviour with

rotor position as the external ones.
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Fig. 4.21 Calculated internal resistances

In the following the effect of anisotropy on the internal resistors is investigated. In order to

simplify the annotation only the subscripts u, v, w, x, y and z are used for the resistances. Now,

a degree of anisotropy k = κy / κx is defined [37] where κy is held constant and κx is decreased

in order to vary k. It is important to note here that in the anisotropic case k needs to be

multiplied to the term M2n / My2 in (71) which, however, does not affect the symmetry of the

system (72). The effect on the internal resistors in orthogonal direction to the commutator Ru,

Rv and Rw can be seen in Fig. 4.22, moreover the effect on the ones in transversal direction to

the commutator Rx, Ry and Rz can be seen in Fig. 4.23. The anisotropy has an effect on all

internal resistances, yet it can be noticed that the influence on the transversal ones is

considerably higher. As the conductivity κx is decreased, the current is drawn more into

y-direction due to the higher κy, current paths and thus resistances are increased [37]. In the

next step the influence of the brush height h on the internal resistances is investigated. The

brushes simulated here are isotropic and the height is decreased starting at h = 16 mm. The

results can be found in Fig. 4.24 and Fig. 4.25. Here the influence of h on the orthogonal and

transversal resistances is illustrated. The influence on the orthogonal ones is quite significant

(Fig. 4.24) while the influence on the transversal ones (Fig. 4.25) is negligible. In practice this

means that Ru, Rv and Rw are strongly affected by brush wear while Rx, Ry and Rz are barely

affected. For good recognizability of the effects examined Γ was limited to 5Ω in Fig. 4.20 to

Fig. 4.25.
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Fig. 4.23 Influence of anisotropy on internal resistances Rxyz

Fig. 4.24 Influence of radial brush height on internal resistances Ruvw

Fig. 4.22 Influence of anisotropy on internal resistances Ruvw
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Fig. 4.25 Influence of radial brush height on internal resistances Rxyz

Fig. 4.26 Analysed commutating circuits

4.7.2 Simplified application example of the brush model

To demonstrate prospective use of the brush model a simplified commutating circuit is

analysed here. It is assumed that two coils are being short circuited by one brush. The current

in the armature Ia is 10A and assumed constant during commutation. Hence, the governing

circuit is the one in Fig. 4.26. It is assumed that the coil c1 which started commutating first is

carrying 1A and coil c2 which started commutating later is carrying a current of 4A. 

Using the method described above to obtain Rcf for a brush with the parameters listed in table

4.2 a value of 0.325 Ω was found at full contact between the brush and a commutator segment.
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(99)

(100)

(101)

(102)

(103)

(104)

(105)

The currents emerging from the brush can now be found as follows

and in order to find the remaining currents in the circuit the node voltage method is applied

which gives

where [G] is the conductance matrix

and the calculated voltages V02, V12 and V32 can be used to find all branch currents in the brush

circuit as follows
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(106)

(107)

(108)

(110)

(109)

(111)

(113)

(112)

Considering the currents to be instantaneous, the expressions 

and

can be derived from the circuit, and can be used to calculate the time waveforms of the

commutating currents based on the simplifications mentioned below applying Euler's method

(112) and (113).

The simulated waveforms can be seen in Fig.4. 27. The circuit was simulated to the point

where current reversal in coil c1 finishes. The influence of the sudden increase of resistance

just before the end of commutation can be seen in the time waveform of ic1. The time

waveform of ic2 is still unaffected as the coil c2 is still considerably far away from the end of

commutation. In addition to table 4.2 κx = κy = 40kS/m and Γ = 500 Ω. A mechanical speed

ω = 80π s-1 was assumed.
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Fig. 4.27 Simulated commutating currents

As shown in this chapter, the brush body resistances are influenced by anisotropy and radial

brush height. It could be observed that the anisotropy has a stronger effect on the resistances

in transversal direction Rx, Ry and Rz than on the resistances in orthogonal direction Ru, Rv, and

Rw. Moreover, it could be observed that the influence of the radial brush height has significant

influence on  Ru, Rv, and Rw whereas its influence on Rx, Ry and Rz seems negligible. Now, in

order to observe the influence of the brush body resistances on the commutating currents ic1

and ic2 the transverse and orthogonal resistances were, starting from the resistance values used

to calculate the transients in Fig. 4.27, increased manually by factors 5 and 20 and the

commutation transients ic1 and ic2 were recalculated. It was found that there is no significant

influence on ic2 and the effect on ic1 is not until it reaches the phase of rapid resistance increase

towards the end of commutation as shown in Fig. 4.28. The increase of the brush body

resistances causes the commutating current ic1 to reach its designated value of !Ia / 2 = !5A

earlier i.e accelerated commutation is achieved. Especially the increase of the transverse

resistances has an accelerating effect on ic1. The commutation current reaches !5A the fastest

with increased transverse resistances by factor 20 and increased orthogonal resistance by factor

5 within the examined range. 

Before the phase of rapid resistance increase (trailing brush edge reaches the end of

commutator bar) no influence of increased brush body resistances is evident which may lead

to the conclusion that up to this point the main resistance in the commutating circuit is the

contact resistance Rcf in combination with the ohmic coil resistance.
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Fig. 4.28 Simulated commutating currents with different brush body  

               resistances

4.8 Conclusions

A brush model has been developed that can be used to investigate the influence of brush

parameters such as dimensions, conductivity and anisotropy on the currents in the brush, the

commutating circuit and the power dissipated in the brush at each operation point. A rigorous

approach was taken where the resistances between two terminals of the brush were calculated

by a quick and dedicated finite difference program which uses Cholesky factorisation in order

to obtain a direct non-iterative solution. Subsequently, Newton-Raphson's method is applied

to calculate the internal resistances of the brush referring to resistor networks established for

both a three- resistor case and a six-resistor case. It is shown that the brush body resistances

are influenced by anisotropy and radial brush height. The anisotropy has a stronger effect on

the resistances in transversal direction than on the resistances in orthogonal direction with

respect to the commutator circumference.  Moreover, it could be observed that the influence

of the radial brush height has significant influence on  the resistances in orthogonal direction

whereas its influence on the resistances in transversal direction seems negligible.  Moreover,

in a simplified application example commutation transients are shown as well as the influence

of the brush body resistances on the progression of the commutating currents. The

commutation was fastest with increased transversal resistances by factor 20 and increased

orthogonal resistance by factor 5 within the examined range. The progression of the calculated

currents shows that the brush resistance is a critical quantity in commutation analysis. Hence,

the brush model will be included in the detailed commutation model. (See chapter 8)
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Chapter 05

5 Circuit Theory Approach to model the Brush Contact Arc in

a Commutator Motor

5.1 Arc Modelling in Commutation Analysis

In this chapter it is intended to calculate the currents in the commutating coil and the

commutation arc that ignites due to a non - zero difference of the current in the commutating

coil and the armature branch current (see Fig. 5.2 and Fig. 5.8) at contact separation. This

current difference is denoted the uncommutated residual current and the analysis is carried out

strictly from an external circuit point of view as the values of the circuit elements are under

the control of the motor designer. Therefore the current in the arc is calculated by means of

circuit resistance and inductance as well as the armature branch current and the current in the

commutating coil applying Kirchhoff's law. From the arc current and arc voltage, the arc

energy can be calculated as well as the arc duration as a function of circuit resistance,

inductance and the uncommutated residual current. 

So-called black-box models are widely used to model electric arcs especially in circuit

breakers. The most important ones are the models of Cassie and Mayr and in scientific articles

such as [39], [40], [41] and [42] many further developed and extended versions can be found.

However, the parameters of those models have to be identified using test data. It is very

difficult to produce repeatable test  conditions for a commutation arc [43] as the conditions are

subject to ongoing changes with current density, temperature, humidity, the condition of the

commutator film as well as the brush polarity during the AC cycle and the state of wear of the

contact members. 

To model the commutation arc of universal or DC machines, in [9] and [44] Ayrton's equation

is proposed, which also requires constants that have to be identified experimentally. Moreover,

in [44] a brief overview of some equations modelling the arc voltage as a function of the arc

current is given as well as the simple method of modelling the arc using a constant voltage.

In [10] it is assumed that the ignition of the arc takes place if a certain electric field strength

is reached and the electric field strength and the conductivity in the arc are constant during
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arcing. The arc length is defined as the thickness of the commutator film. The arc model is

included into the overall simulation as a simple resistance. 

In [45] and [46] a very deep analysis of the arc physics is carried out. The commutator

switching arc is assumed to be a short arc (which under certain circumstances might become

a drawn arc which is a long arc with a higher voltage required to persist) which ignites at the

minimum arc voltage Um and becomes extinct at a sufficiently low arc current Imin. The

theoretical analysis includes ionisation of air near the electrodes, tunnel effect and the problem

of differently ionised layers between the commutator bar and the trailing edge of the brush.

Average values of ignition voltage (which is slightly higher than the arc voltage) and

extinction current are taken from Holm’s works and confirmed experimentally. The values

differ depending on whether the brush is anodic or cathodic. The average values for those two

cases are given by Um = 16.6V and Im = 0.22A. 

Graphs of commutating current and commutating voltage are shown in [47]. At the conclusion

of commutation an oscillation can be noted in the commutating current taking place after

arcing (this oscillation is also shown in [48]). It is stated that if the current at the brush contact

at the end of commutation is high, the trailing edge is exposed to an enormous current density

and the contact bridges (actual contact spots, see Fig. 4.12) between the brush trailing edge and

the commutator bar burst. If there is enough energy stored in the inductance, the arc ignites

after contact burst. During the dynamic phase of commutation i.e. the phase where the trailing

brush edge reaches the end of the commutator bar (see Fig. 5.1), the brush to bar contact

voltage rises proportionally to the rise of the brush resistance as the contact area decreases

towards zero. The arc is characterised by a constant voltage and the initial arc current is the

current difference of the commutating current and the armature branch current at the instant

of separation (see Fig. 5.2).  At the instant of separation a capacitive current starts flowing into

the parasitic capacitance (see Fig. 5.3). Hence the voltage rise at the open contact is oscillatory.

Arcing takes place as soon as the ignition voltage is reached. It is stated that contact wear

during arcing is proportional to arc energy and the arc current is approximated as a linear

function as the resistance of the commutating coil is neglected. The arc energy depends

directly on the uncommutated residual current.

A similar approach is taken in [49] where arcing is considered a very significant influence

parameter on brush wear. Electric heating causes contact bridge burst at the end of

commutation and a large amount of the stored energy is dissipated as heat in the phase of
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rapidly rising contact resistance. The remainder of the stored energy is dissipated in the arc.

Again, the commutation arc is referred to as a short arc which ignites once the ignition voltage

is reached. Moreover the voltage at which the last contact bridges burst is given by 5V. The

short arc voltage is assumed to be constant during arcing and given by 12.2V. Similar as in

[47] the resistance of the carbon brush is neglected and the arc current is assumed to decrease

linearly. However, it is stated that in practice the brush resistance will cause the current to

decrease exponentially.

In [43] the different stages in the commutator sparking (the authors refer to arcing as sparking)

are defined. The pre-arcing voltage rise is referred to as the period of time where physical

contact separation between brush and commutator bar takes place and a parasitic capacitance

comprising the parasitic inter-segment capacitance and the distributed coil capacitance is being

charged by a capacitive current. This causes an oscillatory voltage rise where the arc ignition

voltage is reached within the first quarter of a period. The frequency is determined by the

effective coil inductance and the parasitic capacitance (see Fig. 5.3). 

Once the arc ignites it is described to persist at constant 12V. This is referred to as sparking

or post-commutating short arc. The high-frequency oscillation at the conclusion of sparking

is mentioned and it is assumed that it has the same frequency as during the pre-arcing voltage

rise. As the short arc voltage is almost constant the arc duration is governed only by circuit

conditions i.e. it depends on resistance, inductance and capacitance in the circuit. The arc

extinguishes when the current reaches a minimum short-arc current which is different for

anodic and cathodic brushes. 

Reference [36] introduces the terms “brush fire” and “brush sparks” as synonyms for

commutator arcs. Here a minimum arc length of 5@10-8m is specified referring to Holm. Due

to the short arc length there is no anode fall and the voltage is mainly constant and drops

rapidly to zero at the end of arcing. As there is also capacitance in the circuit the system is

vibratory. The voltage across the inter-segment gap also includes contact resistance of the

brush to bar interface. The ignition voltage is higher than the arcing voltage and given by 20V. 

The arcing voltage is given by 12V...17V for an anodic brush and 17V...20V for a cathodic

brush. Arc current decrease is assumed linear. 

Reference [50] states that oscillations in a closed circuit containing resistance, inductance and

capacitance can be maintained by an arc. Moreover, it is said that in any practical contact

circuit there is resistance, inductance and capacitance and that in order to prevent an arc from
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being set up the local self inductance must be exceedingly low. The ability to strike an arc on

opening contacts is stated to depend on the instantaneous potential difference between the

electrodes, and the nature of the gas and the resistance of the arc depends on the current.

In [26] it is stated that in the best case scenario, the voltage at contact separation does not reach

the value that causes the contact bridges to burst. After contact burst the brush and the

commutator bar are galvanically separated and a capacitive current starts flowing (see Fig.

5.3). A strong reference to [43] is made. The voltage rise across the separation gap is

oscillatory and if the uncommutated residual current is not sufficiently small after separation 

the arc ignition voltage is reached within nanoseconds. 

5.2 Interpretation of Terms

In the literature the usage of the terms sparking and arcing is not quite unified. Therefore it is

necessary for any further steps in theoretical analysis to define those terms and retain those

definitions throughout. This definition of terms also includes a definition of different time

intervals during conclusion of commutation. 

# Interval 1 : Pre-arcing; period of contact bridge bursts

This is the period of time where the last contact bridges burst (at approx. 5 V [49]) and

glowing carbon material flies out. This interval is from now on referred to as sparking. 

# Interval 2 : Arcing

This is the period of time where articles differ in their terminology. One can find the term

sparking (for example in [36] and [43]) as well as post-commutating short arc [43], short arc

(for example [46],[49]) or electric arc (e.g. [9], [10] ). This period will be referred to as arcing

and is generally considered to be the main reason for electrical wear at the contact members. 

# Interval 3 : High frequency oscillation at the end of commutation

This oscillation is shown in [47] and [48] and is mentioned in [43]. This will be referred to as

post-arc oscillation.
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Fig. 5.1 Brush leaving segment

Fig. 5.2 Commutating current at separation

 5.3 Theoretical Analysis of the different Time Intervals

5.3.1 Pre-arcing

This is the period of time where the physical contact area between the brush and a certain

commutator segment approaches zero (see Fig.5.1). The last remaining contact bridges burst

at approximately 5V due to high current density and glowing carbon material flies out as

sparks.

At the instant of separation t = tσ a certain amount of energy has been dissipated in the contact

resistance. If there is still a difference (see Fig. 5.2) of the current in the commutating coil and

the armature branch current (half of the armature current) a capacitive current starts flowing

and the governing circuit is the one depicted in Fig. 5.3. The theoretical commutation time is

the brush width divided by the commutator velocity.
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Fig. 5.3 Circuit after separation

(114)

(115)

In Fig. 5.3 the index ν is associated with the commutating coil where Eν is the induced voltage

due to coupling with other circuits. Cp is the parasitic capacitance (10-10 ... 10-15 F, [26]) and

Rb is the series connection of the brush to bar contact resistance and the film resistance

between the leading edge of the brush and the respective segment. The resistance Rb and the

armature current Ia will be assumed constant during the calculations.

 It can be seen, that the circuit is valid for a brush shorting one armature coil. 

For nodal point N we get the equation

and for mesh M we get

where Lν  is assumed constant during the calculation as Ia is also expected to be constant and

a single armature coil is not considered capable of changing the saturation level of the machine

significantly.
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(116)

Fig. 5.4 Time coordinates

(117)

(118)

(119)

(121)

(120)

If we now use 

in (114) and replace iν in (115) we get 

and ultimately

with the general solution

where

and

Now to determine A and  n0 in (119) we change the time coordinate t to tN for convenience as

depicted in Fig. 5.4.

The voltage at contact separation now becomes Vσ  =  vc(t = tσ) = vc(tN = 0) = 5V and the current

at separation becomes Iσ  = iν(t = tσ) = iν(tN = 0) which depends on the circuit history up to the

point of contact separation (see Fig. 5.2).
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(122)

(123)

(124)

(125)

(126)

(127)

(129)

(130)

(131)

Now with (114) and

(See Fig. 5.2) we get

and, assuming Eν is constant, with (119) we get

with (119) equation (123) becomes

and solving (124) and (125) for A yields

To solve (126) we set γ = Cp ( Vσ ! Eν + RνIa/2)/∆I and q = tan( n0 ) which gives

which yields

Thus

and, with (124) one obtains
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(132)

Fig. 5.6 Current during voltage rise

Fig. 5.5 Capacitive voltage rise

(133)

which gives the analytical expression 

for the voltage drop across the capacitor. The voltage vc is plotted in Fig. 5.5 simulated for a

set a set of parameters as shown. The plot stops at the point where the voltage reaches the

ignition voltage of 16.6V. The voltage starts rising at tN = 0 and reaches the ignition voltage

within approximately half a nanosecond.

Another important point to consider is the change of current in the commutating coil during

the voltage rise. With (114), (116) and (132) we get for the current

For the same parameters as in Fig. 5.5 the current during the voltage rise is shown in Fig. 5.6.
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Fig. 5.8 Circuit during arcing

It can be observed that the change of current during the voltage rise is negligibly small. Hence,

the initial current for the next phase, the arcing, can still be assumed to be Iσ.

5.3.2 Arcing period

It is assumed that the arc has been fully established during the phase where the voltage

decreases from ignition voltage to constant arc voltage (See Fig. 5.7).  

Hence for this phase a constant arc voltage is assumed.

Due to the constant arc voltage and the assumption that

the voltage drop across Rb is mainly determined by the

armature current Ia, which is held constant during the

calculation as mains frequency is much lower than

commutation frequency, changes in the voltage across

Cp are neglected. From (116) it follows that there will

be no capacitive current during that phase and therefore the governing circuit for this phase

is the one in Fig. 5.8. The sign conventions in the circuit have been chosen for convenience.

As mentioned above the initial current in the commutating coil for this phase will be the

current at separation Iσ. 

Fig. 5.7 Ignition and arc voltage
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(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

For nodal point K we get

and for mesh W we get

where 

and 

Now, combining (134), (135), (136) and (137) gives

and, after differentiating with respect to time

with the solution

To find the constants K1 and K2 a new time coordinate tO is introduced so that iν(t = tα) = 

iν(tO = 0) where tα  is the instant where the arc voltage reaches the constant value Vα. (See Fig.

5.9). With regard to Fig. 5.2 the constants can be found as follows

and, with (142) and (143), (140) can be rewritten as 
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(145)

Fig. 5.9 Time coordinates

(146)

(147)

(148)

Thus with (134) we obtain for the arc current

It can be seen that the theoretical time needed for the arc current to become zero is infinite. To

keep this time in practical limits it is taken into account that the arc extinguishes at a

sufficiently small current Imin. 

Hence, solving

for τα gives

Now, to calculate the energy dissipated in the arc we get

which is closely related to the arc erosion of the contact members [6], [7],[70],[71],[72].

5.3.3 Post-arc oscillation 

This phase starts at the instant the arc has extinguished. As stated above this happens if the arc

current falls below Imin. As there is no current flow from the trailing edge of the carbon brush

to the commutator bar any longer (re-ignition is not considered) the governing circuit for this

phase is again the one in  Fig. 5.3 with the instant of extinction t = tα  + τα. With (114), (115)

and (116) we get the differential equation of iν
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(149)

(150)

Fig. 5.10 Time coordinates

(151)

(152)

(153)

with the general solution

where B and  0 are found applying another time coordinate tNNN as depicted in Fig. 5.10. Note

that β and ω have the same values they had in the pre-arcing phase as given in (120) and (121).

Now, assuming that at the instant tNNN = 0 the arc voltage is still Vα which drops to zero

instantly afterwards, and the current in the commutating coil at the same instant is !Ia/2 + Imin

we obtain a relationship similar to (126)  

where 

Using q = tan(ζ0) gives
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(154)

Fig. 5.11 All phases

(155)

and subsequently B can be found as follows

and (150) can be rewritten as

5.4 Results

5.4.1 Full simulation including all phases

The current in the commutating coil was emulated using a simple exponential function

controlled by a parameter that determines the value Iσ  at contact separation. From this instant

the current iν at every stage  is calculated as described above. The calculated current for a

certain set of parameters can be seen in Figs. 5.11 and 5.12. Moreover the resulting arc current

can be seen in Fig. 5.13. The arc voltage is set to 12V.
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Fig. 5.12 Zoomed view of Fig. 5.11

Fig. 5.13 Resulting arc current

5.4.2 Arc energy and arc duration as functions of current at separation

In Fig. 5.14 the uncommutated residual current ∆I, the arc duration τα and the arc energy Warc

are plotted against the value of current in the commutating coil at the instant of separation Iσ.

All other parameters were held constant during the calculation. It can be seen that the

normalised graph of Warc very closely follows the normalised graph of  ∆I which emphasises

their proportionality. 
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Fig. 5.14 Arc parameters as functions of Iσ

Fig. 5.15 Arc energy as a function of arc duration

Moreover, the arc energy is plotted against the arc duration. The graph can be seen in Fig.

5.15.

5.4.3 Arc energy and arc duration as functions of inductance

The inductance was increased by decimal power steps and all other parameters were held

constant. The best way to present the resulting graphs was found to be a doubly logarithmic

figure (Fig. 5.16) where it can be seen that the graphs of arc energy and arc duration are

parallel with a proportionality factor of approximately 10.
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Fig. 5.16 Arc energy and arc duration as functions of Lν

Fig. 5.17 Arc energy and arc duration as functions of Rb

5.4.4 Arc energy and arc duration as functions of Rb

The resistance Rb was increased in small steps of 0.15Ω  and all other parameters were held

constant. The influence of Rb might be significant with regard to parameters such as spring

pressure that have significant influence on the contact resistance. The graphs are shown in Fig.

5.17. where the ordinate axis is scaled logarithmically for better presentability. 
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5.5 Experimental Study

In order to verify the mathematical analysis the current in the commutating coil during arcing

is measured and compared to the current simulated using the appropriate simulation

parameters. The application of slip rings on the shaft has not been pursued as the motor used

does not provide the space required for them between commutator and bearing or, on the other

end, rotor end turns and fan impeller or between fan impeller and bearing. Therefore it would

be necessary to through-bore the shaft in axial direction to provide space to bring out the

connector leads for the sliprings. As the shaft is only 8mm in diameter this would pose

significant stability problems and possibly result in the loss of the rotor. Therefore, the

following measurement technique is proposed.

The rotor is clamped using a lever arm that is connected to a tension spring as depicted in Fig.

5.18. A photograph of the setup is shown in Fig. 5.19. Now, applying force to the lever arm

on the opposite end to the spring builds up a force in the spring that will cause the rotor to

quickly turn a certain angle once the initial force is removed. This angular step allows the

commutator bars associated with the coil with the shunt resistor inserted to travel across the

carbon brush from entering edge to leaving edge. The advantages of that method is that leads

can be soldered to the coil examined directly without the use of slip rings. To measure the

current in a single rotor coil during arcing a non-inductive, low value resistor (0.03Ω) is

inserted by breaking the coil’s connection to a commutator segment and bridge the gap created

with the resistor (see Fig. 5.20).  Subsequently, the voltage across the shunt resistor is

measured which has essentially the same progression as the current in the coil which can then

be found using Ohm’s law. Moreover, the voltage drop between the brush and the trailing

segment is recorded as well (see Fig. 5.21) in order to determine the beginning and the end of

the arcing. The recorded voltage and coil current can be seen in Fig. 5.22. These waveforms

were obtained feeding the rotor circuit with a DC current of 7A and leaving the field circuit

unexcited. Hence, the single rotor coil inductance is not affected by any field damping effects

(see chapter 7) and the value of  Lν = 280µH determined as shown in chapter 3 is assumed. It

can be seen that the assumption of a constant arc voltage seems justified and the value of 14V

is in good agreement with the values found by other authors. Moreover, it can be seen that at

the instant the arc ignites the difference ∆I between the coil current and !Ia/2 = !3.5A is

almost exactly 2A. This is emphasised because ∆I is an important parameter to be used in the

simulation. Another important parameter taken from the measurement is Vα = 14V. The brush
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Fig. 5.20 Shunt resistor for coil current measurement

Fig. 5.19 Photograph of Setup Fig. 5.21 Voltage measurement

Fig. 5.18 Test Setup

contact resistance Rb = 0.325Ω (see 4.7.2) was used in the simulation as well as a measured

coil resistance Rν = 0.25Ω. For the minimum arc current Imin a value of 0.22Awas applied [45],

[46].
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Fig. 5.22 Brush to bar voltage and coil current during arcing

Using the parameter extracted from tests, the current in the commutating coil was simulated

and compared to the measured current as shown in Fig. 5.23. Up to the point where the arc

extinguishes in the simulation good agreement of simulated and measured current can be

observed. At the point where the post-arc oscillation starts one can see that the frequency

seems to be too high which is possibly due to insufficient knowledge of the actual inter-

segment capacity (Cp = 10-10 F used in the simulation).

Although the result looks quite promising the limitations of the measurement technique

described have to be pointed out. As we can see in Fig. 5.22  the characteristic ignition voltage

at the instant of arc ignition as described by other authors ([36], [45], [46], [47], [49], [43]) is

not evident in the tests which suggests that the behaviour of the sliding contact is different in

the test and under normal operating conditions. This is comprehensible as under normal

operating conditions the friction between the brushes and the commutator rotating at high

speed causes additional heating and therefore the conditions at which the last contact bridges

burst will be different from the test conditions. For this reason, and the fact that the voltages

induced in the commutating coil will be different if the armature is rotating, the testing method

cannot be applied to determine the commutating current in any other phase than during the

arcing. However, the test and simulation results suggest that the measurement technique is

valid for the period of arcing. The arc duration in the test was identified as 1.22ms (see Fig.

5.22) and the calculated arc duration for the set of parameters shown in Fig. 5.23 is 1.10ms.

The good agreement indicates that the critical parameters ∆I, Lν, Vα, Rb, and Rν have been

identified reasonably precisely.
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Fig. 5.23 Simulated and measured rotor coil current during arcing 

It has to be pointed out that the determined arc duration seems very high although the value

of ∆I = 2A used is not unreasonable. However, under normal operating conditions damping

of the field and the armature winding as well as saturation will cause a reduction of the

effective coil inductance which will have significant influence on the arc duration. This

problem needs to be addressed by an overall motor model based on numerical field

computation that can fairly precisely predict the effective inductance of the commutating coil

under the influence of all other motor coils and the state of saturation of the machine. 

The constant arc voltage applied together with the effective coil inductance found by

numerical computations is expected to give a good approximation of the coil current during

the arcing phase. 

5.6 Conclusions

A circuit theory approach was taken in order to model the arc at the conclusion of

commutation. The different time intervals after contact separation are analysed theoretically

and mathematical expressions for the build-up of the critical voltage drop across the inter-

segment capacity, the progression of current in the commutating coil and the arc current are

derived. Certain simplifications had to be applied that were adopted after an extensive

literature review on the subject.
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It was shown that, taking into account the inter-segment and parasitic coil capacitance, the

theoretical voltage rise time to a typical arc ignition voltage is less than a nanosecond. The

inter-segment and parasitic coil capacitance was neglected in the mathematical analysis of the

arcing phase and it was found that, taking the brush resistance into account, the arc current as

well as the current in the commutating coil during arcing decrease exponentially towards their

designated values. Equations for arc energy and arc duration were derived that reveal the

strong dependency of both quantities on brush resistance, coil resistance, effective coil

inductance and the difference of armature branch current and the coil current at contact

separation. The mathematical analysis is based on the assumption of a constant arc voltage

adopted from reviewed literature. Moreover, a simplified measurement technique was applied

in order to verify the theoretical analysis. Even though the technique is limited to the arcing

phase the results suggest that the equations established model the commutation arc  with

satisfactory  precision and thus can be applied in an overall motor simulation model including

commutation.
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Fig. 6.1 Reaction dynamometer

Chapter 06

6 Design of the Motor Test Bench

6.1 The Reaction Dynamometer

In order to obtain reliable test data to verify the results of the motor simulation (see chapter

08) a precision test bench needs to be used. The design of this test bench is explained in this

chapter.

In order to avoid an in-line torque transducer which requires a setup with two couplings and

which also poses the possible problem of torque transients exceeding the rated torque of the

torque transducer full scale rating [28] it was decided to use a reaction dynamometer. It

combines the capability of braking the motor under test (MuT) to the desired speed and

straightforward and precise torque measurements. 

The principle of the reaction dynamometer is based on the force between stator and rotor in

an electrical machine. If a MuT drives the dynamometer (load machine) with a certain torque

(not no-load) the torque provided by the MuT is also effective between stator and rotor of the

dynamometer. The stator of the load machine is pivoted and its movement is restricted by a

lever arm that is connected to the stator of the load machine on one end and connected to a

force gauge on the other end. Therefore the torque provided by the MuT can be found by

multiplying the force obtained from the force gauge multiplied by the length of the lever arm.

The principle of a reaction dynamometer with a commutator machine applied as load machine

is depicted in Fig. 6.1. The shaft is rotating in the two bearings B1 and B2 mounted inside the

machine housing.
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The housing is pivoted on a base plate via the two bearings B3 and B4. This means that nearly

all forces are transmitted to the housing of the load machine (apart from a small amount of

force created by the air stream of the fan impeller) [29]. The bearings B3 and B4  are a source

of torque error if not chosen to be of low friction type. The oblique bracket Y is part of the

lever system where the actual lever arm restricting the angular displacement of the machine

housing in B3 and B4 is connected to the midpoint of Y orthogonally to the 2D illustration in

Fig. 6.1.

To tackle the problem of the torque error introduced by B3 and B4 it was decided to apply air

bearings as they have many technical advantages such as near zero friction and wear, high

speed and high precision capabilities, and no oil lubrication requirements [51]. As a load

machine a universal machine from a power tool (angle grinder) is used. It was decided to leave

the universal machine in the tool polyamide housing and insert the housing into an aluminium

tube with the required surface finish and outside diameter of 75.000mm [52]. The schematic

of the load machined described is shown in Fig. 6.2.

Compressed air used to supply an air bearing must be properly cleaned and dried. Air bearing

performance and useful lifetime greatly depends on the quality of the compressed air.

General-purpose filters are used to remove the bulk of particles before it gets downstream and

damages the coalescing filter. The coalescing filter is used to remove oil and liquid water,

including all the particles that passed through the general-purpose filter. The desiccant dryer

is used to remove the water vapour before it condenses [51]. The equipment used can be seen

in Fig. 6.3. The rated input pressure of the compressed air is 0.41MPa which leads to an air

film in the 4 micron air gap [52] between metal tube and air bearing that provides frictionless

motion and therefore avoids need for correction for bearing friction in the torque measurement.

As mentioned above the torque is measured via a lever arm connected to a force gauge. A 3D

view of the load machine assembly without the air supply system is shown Fig. 6.4.

This setup enables a very precise adjustment of the desired operating point in order to get

reliable test data. Test data of the motor performance is required to compare simulation results

with measurements in order to evaluate the simulation model (see chapter 8) with regard to its

accuracy. 

To minimise angular, parallel or axial misalignment when coupling the MuT to the

dynamometer, the MuT was mounted on a linear slide system with spindles in x - y - z -

direction and locking mechanisms for each spindle. Subsequently the slide system was

mounted on the common base plate.
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Fig. 6.2 Dynamometer on air bearings

106



Design of the Motor Test Bench

Fig. 6.3 Air supply system

Fig. 6.4 Load machine assembly

107



Design of the Motor Test Bench

Fig. 6.5 Coupling of MuT and Load machine 

              shafts

Fig. 6.6 Full assembly

The load machine and the MuT were connected using a BSD Thomas coupling of 965 (CBC)

type (see Fig. 6.5). This coupling has compensating capabilities for the types of misalignment

mentioned above. It was applied using a dial indicator to check if the axial, angular and

parallel offset are within the tolerated values for this coupling, and if required the x - y - z -

spindles were used to make adjustments and subsequently locked. The lesser misalignment

faults, the higher compensation capacity, lifetime and smooth running during operation [53]. 

It has to be pointed out that both the MuT and the load machine remained in their original

polyamide housings and the gearboxes that are normally used in these tools were removed so

that the two armature shafts were coupled directly. The full assembly6 can be seen in Fig. 6.6.

6
The author would like to acknowledge the distinguished work on the 

                assembly by the late Mr  Jimmy Kelly, technician at the mechanical workshop,

                James Watt Building, University of  Glasgow 
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Fig. 6.7 Typical power tool built-in speed sensor

Fig. 6.8 Voltage signal produced by speed sensor

6.2 Measurement of Torque and Speed

As stated above the torque is measured using a lever arm connected to a force gauge. The

torque is equal to the measured force multiplied by the length of the lever arm. The force

gauge is a digital SHIMPO force gauge of the DFS series. It has an RS232 communications

output that allows to directly control the force gauge with a PC and download the test data

from the internal force gauge memory.

To measure the rotor speed it was decided to use the built-in speed sensor comprising a ferrite

ring and a hall sensor (see Fig. 6.7) that provides the speed signal to the speed controller at

normal operation of the machine as a power tool drive. The ferrite ring is mounted onto the

motor shaft and is  multi-polarly  magnetized. The hall sensor is located in the motor housing

right beside the ferrite ring.  It produces a noisy voltage signal as shown in Fig. 6.8. In order

to quantify the information available from this voltage signal the number of pole pairs of the

ferrite ring was identified using a Gaussmeter. The number of pole pairs was found to be eight

as shown in Fig. 6.97.

7
The measured graph ultimately is periodic over 360E even though this  

                appears not to be the case due to the coarse resolution.
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Fig. 6.9 Measured radial flux density

Fig. 6.10 Speed measurement

This information was used in order to determine the speed of the machine. An electronic

circuit converts the voltage signal shown in Fig. 6.8 into a series of voltage pulses that were

evaluated over a certain time interval in order to determine the shaft speed. The evaluation is

done using an FCIV controller (see Fig. 3.11). The circuit8 takes into account the positive half

cycle of the noisy voltage signal and, if a certain threshold value is reached converts it into a

voltage pulse that ends if the signal voltage drops below the defined threshold. A detailed

circuit diagram can be found in appendix A4. As stated above the series of generated pulses

is evaluated using the FCIV controller and the speed is made available to the user by FCIV -

PC communication as shown in Fig. 6.10.

8
The circuit was designed by Mr Ian Young, technician at the School of Engineering, 

                University of Glasgow 
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Fig. 6.11 Measured torque - speed characteristic at reduced voltage

This method of speed measurement was checked against an optical speed sensor with good

agreement. 

6.3 Measured Motor Performance 

To measure the torque speed characteristic the motor voltage was reduced to 25V (rms, 50Hz)

for laboratory safety reasons. This is because the gear boxes of both MuT and load machine

were removed and therefore the motor shafts were coupled directly.  To reduce the risk of

damaging the coupling during the measurement the speed and therefore the motor voltage had

to be limited. At high speeds ejected objects, despite the polycarbonate shielding, pose a

potential threat to health and safety. Moreover the coupling used is an expensive piece of

equipment. The motor used was designed to operate from a 120V grid. Hence, the motor was

operated at 20.8% of its nominal voltage during the measurements. The torque - speed

characteristic of the motor was measured for five operating points.

At each operation point the force gauge was set on “continuous memory mode” where 100

measurements are performed and the gauge provides the average force as well as the standard

deviation. The measured torque - speed characteristic can be found in Fig. 6.11 and table 6.1.
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Fig. 6.12 Torque as a function of motor current at reduced voltage

Moreover, the torque as a function of motor current (rms) is shown in Fig. 6.12. It can be seen

that the progression of the torque as a function of the motor current is approximately linear

although the functional correlation of torque and current is quadratic in this machine [1]. This

indicates that the machine is saturating and therefore, as flux now increases only minimally

with current, the relationship of torque and current becomes linear.

Table 6.1 Test results

n[rpm] M[Nm] I_rms[A]

10000 1.22E-03±4.89E-04 2.95

8000 1.83E-02±1.22E-04 3.39

6000 3.42E-02±2.45E-04 4.05

4000 6.23E-02±6.11E-04 4.80

2400 8.80E-02±8.56E-04 5.60
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6.4 Conclusions

A motor test bench has been built that allows to measure the motor performance according to

the principle of the reaction dynamometer. The load machine is mounted on air bearings to

minimize possible torque errors in the measurements. The speed is measured using the built

in speed sensor comprising a ferrite ring and a hall sensor. The noisy voltage signal of that

sensor is transformed into a series of voltage pulses and evaluated by a FCIV controller in

order to find the speed. 

A torque speed characteristic of a universal motor was measured as well as the torque as a

function of the motor current. These measurements were carried out at reduced motor voltage

to keep the shaft speed within reasonable limits. 

The test bench could now be used for several rotational tests involving generator tests (see

7.5.2) and due to the capability to reliably set the desired operational points of the motor, test

data could be obtained in order to check the accuracy of the mathematical model of the

machine (see chapter 8).
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Chapter 07

7 The Interaction of Commutating Coils and Field Winding

7.1 Characterisation of the Coil Interactions in Technical Literature

The interaction of the commutating coils is shown in several publications dealing with the

subject of commutation. For example in [9] graphs are shown where the computed waveforms

of the currents of two commutating coils are depicted. The coil that started commutation first

is decreasing towards its designated value of 50% of the armature current. At the instant the

second coil starts commutating the current in the current in the first coil increases before it

decreases again. This effect is due to the mutual coupling of the commutating coils which

varies depending on the locations of the commutating coils (rotor position, same slots/

different slots) and the state of saturation of the machine. 

In [11] also a graph with two calculated commutating currents can be seen where the

interaction of these coils is evident. Here an increase of current in the commutating coil can

be observed at the instant the respective other commutating coil reaches the end of

commutation. 

Measured curves of commutating curves are shown in [45] during arcing where the effect of 

the commutating coils on each other becomes evident. 

In the work about DC machines [54] the authors describe an EMF in the commutating coils

due to the rates of change of currents in each of the conductors in the same pair of slots. It is

described to be composed of three parts, a central component due to commutation of the coils

at a given brush arm and two equal components of similar form but smaller magnitude,

respectively, displaced right and left by the chording, due to commutation at neighbouring

brush arms.

Among others the publications mentioned above give an adequate image of the interaction of

commutating coils. However, the description of the interaction of the field winding and the

commutating coils is often limited to the transformer voltage induced in the commutating coils

by the field winding in AC commutator motors e.g. [8]. The effect of field damping is only

rarely described.

In [7] it is stated that for rapid changes of current, like the frequency of commutation, the
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(157)

(158)

effect of a secondary with negligible resistance closely coupled to the commutating coil

(considered the primary) nearly counterbalances the action of a short circuited coil which then

has very little effective self inductance.

Moreover, the author states that any change in total flux linked with the exciting coils is, in

fact, damped by the great mutual inductance between a short circuited coil regarded as a

primary and the field coils regarded as a secondary.

In this chapter some theoretical investigations and measurements are carried out in order to get

a better insight into these processes. 

7.2 Theoretical Investigations

7.2.1 Simulation of ideal field damping using FEA

We assume that the (full pitched) coil c located as shown in Fig. 7.1 and Fig. 7.2, is excited,

no other rotor coil is carrying a current, and the damping effect of the armature winding is

neglected. Lσ is the leakage inductance, Lh is the main (air gap) inductance and M is the mutual

inductance of the field winding and coil c. The current Ic in the armature coil c causes an emf

in the field winding that is represented by jωMIc. The effect caused by the field current IF in

coil c is represented by jωMIF. The full inductance of a single coil comprises the leakage and

the main inductance (L = Lσ + Lh). Moreover, if we neglect the copper resistances of the coils

and assume sinusoidal excitation the voltage equation for the field winding is

and the voltage equation for rotor coil c is

Setting VF = 0 (ideal damping, i.e. field winding short circuited) the current in the field

winding necessary to cancel out the main flux between F and c can be found as follows

Concerning the damper effect of the field coils in the d-axis there are two ways of looking at

the problem.

(156)
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(159)

(160)

(161)

(162)

(163)

(164)

(165)

a)  The field coils are connected in series and short circuited.

In this case the self inductance of the series connection of the field coils becomes 

Furthermore, coupling between the field winding F and the single rotor coil c is

And the required damping current is calculated using (158).

b)  The two field coils are short circuited individually.

Now, the voltage equations for the two individual field coils must be considered. Again, the

copper coil resistance is neglected as it does not play a role in the FE-calculations. 

Setting VF1 = VF2 = 0 to achieve short circuit conditions from (161) and (162)

and

are found. 

Solving the system (163), (164) for IF1 and IF2 gives

and
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(166)

Inductances [µH/m]

LF1 LF2 MF1F2 MF2F1 MF1c MF2c

29.000 29.000 25.000 25.000 25.500 25.500

Table 7.1 Calculated Inductances

P

(167)

for the damping currents in field coil F1 and field coil F2 respectively.

Now, the self and mutual inductances were calculated from the vector potential obtained from

FEA as described in chapter 3. The software used was PC-FEA [55]. It is important to point

out that these investigations have been carried out for non-saturated conditions.

The calculated inductances per turn and per metre stack length for the cross section depicted

in Fig. 7.1 and Fig. 7.2 are listed in table 7.1.

With the inductances computed using FEA and an injected current in coil c of Ic = 17.933A

one obtains for the damping current required in the field coils calculated by (158), (165) and

(166) IF = IF1 = IF2 = !8.468A which suggests that it is unimportant if the field winding is

considered to be two single coils that are both short circuited or a short circuited series

connection of the two field coils. However, this only holds if MF1c = MF2c which is not

necessarily true for short pitched rotor coils at certain rotor positions. 

The resulting field plot can be seen in Fig. 7.1. It can be observed that no mutual flux links the

rotor coil c and the field winding F. This behaviour is similar to the process in a transformer

undergoing a sudden short circuit of the secondary winding. The shorted secondary winding

attempts to maintain the flux it is linking at the instant of the short circuit. It drives a short

circuit current that opposes the change in linked flux. The fluxes of c and F are forced into

leakage paths and do not link the respective other coil. The apparent inductance of c, Lc per

turn and per metre stack length is found from the calculated vector potentials A and the

injected current Ic as follows:
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Fig. 7.1 Ideal field damping

Fig. 7.2 No field damping

To compare the inductances of the ideally damped and the non-damped case the flux pattern

of the non-damped case is depicted in Fig. 7.2. Coil c is excited only and the field coils F1 and

F2 are linked by the flux produced by c. The same current in c as in the damped case leads to

an inductance of Lc = 30.05 µH/m. Ideal field damping causes a reduction of the apparent coil

inductance to approximately one fifth compared to the non-damped case for the motor cross

section used in the calculations. Non - ideal damping will cause a value that is between the

non-damped and the ideally damped case.
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Fig. 7.3 Two aiding rotor coils

One can see from the field plots (Fig. 7.1 and Fig. 7.2) that the ideally damped armature coil

inductance is almost solely a leakage inductance whilst the non-damped inductance is solely

an air gap (main) inductance. An inductance of an electric machine generally contains both

parts, leakage- and air gap inductance. In normal operating conditions field damping will force

a part of the flux produced by commutating coils to leakage paths and therefore increase the

leakage inductance of the commutating coil although the full inductance of the coil may

decrease.

7.2.2 Simulation of interaction of rotor coils using FEA

The program PC-FEA was used to simulate the field in a universal motor for the cases when

only two armature coils are excited and all other coils do not carry any current. The excited

armature coils were chosen in a way that they represent short pitched, full pitched, aiding or

opposing coils close to the interpolar (quadrature [23]) axis. 

Fig. 7.3 shows the flux caused by two aiding coils in the armature. It is obvious that this flux

distribution is valid for two full pitched as well as two short pitched coils. In this configuration

those rotor coils are aiding in the polar (d-) axis and are opposing in the interpolar (q-) axis. 
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Fig.7.4 Two opposing full pitched coils

Fig. 7.5 Two opposing short pitched coils

It is a different case if the armature coils are opposing in the d - axis. Their fluxes cancel out

in the d-axis and sum up in the q-axis in a way that there is only leakage flux left and the field

coils are not linked as depicted in Fig. 7.4 for two full pitched coils. 

If the two opposing coils in the armature are short pitched as depicted in Fig.7.5 i.e. they do

not cross over, there is flux crossing the air gap in the d-axis and linking the field coils.

However, this  d-axis flux does not link both field coils at the same time. Hence it can also be

considered leakage flux of the armature coils. The effects on both poles cancel out. 
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Fig. 7.6 Locations of coils

7.3 Static AC Measurements

7.3.1 Test setup

An empty rotor and empty stator lamination were used to examine the effects observed in the

FE plots. On each pole of the stator a field coil was wound. According to the motor data sheet

each field coil got 87 turns. An actual pre-wound machine stator could not be used as the

machine-wound field coils do not leave space for the sense coils to be placed around the

salient stator poles. Around each field coil a sense coil with 10 turns was wound. Additionally

a sense coil with 10 turns was wound around the stator yoke. On the rotor two short pitched

and two full pitched coils were wound (10 turns each) and another sense coil was wound

around a tooth to examine tooth leakage. The full configuration can be seen in Fig. 7.6.

A minimum air gap of 0.5 mm in the d-axis at each pole is ensured by the use of plastic shims.

The rotor and the plastic shims were inserted into the stator and the terminals of all the coils

were brought out to connector blocks (see Fig. 7.7 and Fig. 7.8). 
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Fig. 7.7 Setup view 1 Fig. 7.8 Setup view 2

Fig. 7.9 Armature circuit

The adhesive tape was used to protect the wire insulation as it is very likely that the sharp

corners of the lamination cause damage to the insulation which leads to short circuits in the

coils and between the coils and the lamination. 

7.3.2 Tests with field winding left open circuit

At first, the field coils were left open circuit whilst current was injected into the armature coils.

As the connections at the connector block may have different resistances the excitation circuit

of the armature coils got variable resistors to ensure the current in the armature coils is equal.

The excitation circuit is shown in Fig. 7.9.

The resistor R1 serves as a current limiter as the coil resistances are very small. R2 is a

variable resistor with a coarse range and R3 is a variable resistor with a fine range. The

combination of R2 and R3 is used to adjust the current. An AC source was used to apply a

sinusoidal current to the coils. To avoid saturation the current was kept reasonably low.  (0.75

A (rms) at 60 Hz)
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The following measurements were carried out with the field coils open circuit:

# M1: One full pitched coil excited

# M2: Two full pitched coils excited (aiding)

# M3: Two full pitched coils excited (opposing)

# M4: One short pitched coil excited

# M5: Two short pitched coils excited (aiding)

# M6: Two short pitched coils excited (opposing)

7.3.3 Tests with field winding short circuited

At the next stage, the field coils were connected in series and short circuited. Subsequently,

the following measurements were performed:

# M7: One full pitched coil excited

# M8: Two full pitched coils excited (aiding)

# M9: Two full pitched coils excited (opposing)

# M10: One short pitched coil excited

# M11: Two short pitched coils excited (aiding)

# M12: Two short pitched coils excited (opposing)

7.3.4 Results

The results of M1 - M12 can be found in table 7.2. They are in compliance with the findings

from the finite element simulations. Comparing M1 and M2 it can be seen that the flux in the

yoke increases significantly while the tooth leakage flux seem to vanish in case of M2. This

agrees very well with Fig. 7.2 and Fig. 7.3. Moreover, if M2 and M3 are compared the

opposite effect can be observed. The flux in the yoke decreases significantly while the tooth

leakage becomes very high as expected from Fig.7.3 and Fig. 7.4. Basically the same effects

take place  with the short pitched coils. However, there is a difference in the cases M1 and M4.

The coupling of a single short pitched coil to the sense coils on the field poles is not equal at

the rotor position shown in Fig. 7.6. This effect and be confirmed using 2D FEA. In addition 

there is more flux linking the coils on the field poles in M6 than in M3. This was to be

expected with regard to the field plots in Fig. 7.4 and Fig. 7.5.
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Voltages in Sense coils / mV

Measurement S-Field 1 S-Field 2 S-Tooth S-Yoke

M1 34.9 35.1 3.9 16.7

M2 76.7 76.8 0.8 37.6

M3 0.8 0.7 7.8 0.9

M4 36.8 33.9 3.9 17.6

M5 77 77.2 0.6 37.6

M6 2.8 3 7.6 0.9

M7 16.5 16.6 3.8 7.9

M8 34.1 34.1 0.5 16.6

M9 0.6 0.6 7.6 0.7

M10 17.8 16.1 3.8 8.4

M11 34.3 34.4 0.6 16.6

M12 3.2 3 7.4 0.8

                        Table 7.2 Measurement results

Now the open circuit cases and the short circuit cases are to be compared.  The damping is

significant in M7, M8, M10 and M11 compared to M1, M2, M4 and M5 respectively. This

could be expected regarding Fig. 7.1.  Again, regarding Fig. 7.4 and 7.5 the insignificant

damper effect in M12 compared to M6, and M9 compared to M3 becomes plausible. There is

no or very little flux in the poles so the short circuited field coils do not seem to have an effect. 

7.4 Static Inductance and di/dt - Tests using an oscillating Circuit

7.4.1 Purpose of measurements

Desired is an estimation of the inductance when a single coil experiences a sudden current rise

i.e. a high di/dt. Furthermore the change of this inductance if other coils also experience a high

di/dt is to be investigated. The change of this inductance highly depends on the other coils

carrying currents that lead either to aiding or opposing fields in the d - axis and q - axis,

respectively. The influence of damping and saturation is another interesting aspect in that

matter and will be observed as well.

Moreover, the effect of a sudden current injection into a coil on the di/dt of another coil will

be examined. The resultant accelerating or braking effect can give some indication about

beneficial or unfavourable current reversal conditions from an electromagnetic point of view.
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Fig. 7.10 Commutation scenarios

7.4.2 The motor used

For the measurements a 2 pole universal motor was used. The field circuit has 2 field coils and

the armature circuit comprises 24 coils distributed in 12 armature slots. There are 4 coil sides

per slot and the rotor coils are short pitched with a throw of 6 - 1 = 5. The rotor winding is a

lap winding.

The number of turns in one field coil is 87, the average number of turns in one armature coil

is 10.5. It is known for the rotor that a commutator lead of 30 mechanical degrees is applied

equivalent to a brush shift of 30 mechanical degrees against the direction of rotation. The slot

pitch is 30 degrees and the commutator pitch is 15 degrees. A typical armature winding

configuration for this motor can be seen in appendix A1.

7.4.3 The commutation scenarios examined

The reference system described in 4.3 shows that there is a cyclic transition of the

configurations 4 coils commutating - 2 coils commutating - 4 coils commutating - ... in this

machine, with different lengths of the intervals 4 coils commutating and 2 coils commutating.

Illustrated in Fig. 7.10 is an overview of the number of coils commutating simultaneously at

certain rotor angles where coils shorted by brush 1 are labelled with odd numbers and coils

shorted by brush 2 are labelled with even numbers. The reference point 0E  in Fig. 7.10

corresponds to a brush position on the commutator where the brush centre axis is aligned with

a commutator bar centre axis.
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Fig. 7.11 θ = 0E Fig. 7.12 θ = 10E

Fig. 7.13 θ = 15E Fig. 7.14 θ = 20E

Fig. 7.15 θ = 30E

Now the positions of the coils undergoing commutation at different rotor positions can be

determined. The coil positions in the motor at different rotor positions are shown in Fig. 7.11

- 7.15. The direction of rotation is clockwise with respect to the commutator.
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Fig. 7.16 RLC circuit

(168)

It can be seen from Fig. 7.11 and Fig. 7.13  that the case of 4 coils commutating has two

different configurations. In Fig. 7.11 the coils undergoing commutation at one brush are

located in the same slots whilst in Fig. 7.13 the coils are in different slots and cross over which

is likely to cause quite different field distributions in the q- and the d- axis as shown in 7.2. In

Fig. 7.15 the commutating coils after one slot pitch (30E) are indicated. The configuration is

the same as at 0E just with other coils involved. Hence the current reversal process of this

motor is 30E - cyclic.

7.4.4 Proposed inductance and di/dt test method

In order to apply a rapid current change to one or several coils at a time or at different times

to observe changes in inductance or in the di/dt an oscillating circuit (see Fig. 7.16) was found

suitable for this purpose.

The idea is to charge a capacitor with

known capacitance C using a DC source.

Then, the DC source is disconnected from

the capacitor and the capacitor is discharged

through the coil to be investigated (coil

resistance R; coil inductance L). The

appearing decaying current oscillation is

recorded with a current probe and a digital

oscilloscope. 

In the test - circuit the disconnection of the

capacitor from the DC source is done by a

relay. The capacitor is then discharged

through the coils using electronic switches (N – channel MOSFETS) controlled via a FCIV

controller. The choice of electronic switches was due to the requirement of fast switching and

negligible contact bounce. The circuit will be explained in detail later on.

The capacitor C is charged to the voltage V0 and is discharged through R and L via the switch

at the instant t = 0. After the switch is closed the governing differential equation for the current

is 
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(169)

(170)

(171)

(172)

(174)

(173)

(175)

with the solution

where

and

Moreover, the unknown parameters I0 and n0 can be found using the initial conditions as

follows

and

The graph of (169) is depicted in Fig. 7.17. From the current waveform the logarithmic decay

can be determined as well as the oscillating period T ! . Subsequently, with the knowledge of

the capacitance C active in the circuit and the voltage V0, the parameters  β, L, R, I0 and  ω! 

can be found using (175), (170), (171), (172) and (174). This also deals with the problem of

knowing the value of resistance in the circuit as it might vary for different circuits and change

due to warming of the conductors and eddy currents (skin effect) due to the high frequency.
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Fig. 7.17 Decaying current (Te = T !)

Furthermore the inductance determined is the inductance active in the circuit which includes

mutual coupling with other active coils as well as damping effects of the field coils or the

remainder of the armature circuit, eddy currents and saturation effects. 

7.4.5 The test circuit

As shown in 7.4.3 there is a maximum of 4 coils undergoing commutation simultaneously in

this motor. Hence, a capacitor bank of 4 identical AC film capacitors was set up in order to

supply 4 rotor coils independently. The circuit can be seen in Fig. 7.18. The capacitors are

charged through a DC source and subsequently disconnected from the source and each other

using 2 relays capable of switching 2 circuits each. Furthermore  each capacitor is connected

to a rotor coil ( R and L) through 2 electronic switches (N – channel MOSFETS). 

There is need for 2 switches in each branch because all the armature coils are connected in

series round the commutator. The first switch needs to be between the capacitor and the coil

to make sure that no other capacitor discharges through that coil when its lower switch is open.

The second switch needs to be located between the coil and ground. As the capacitors are

connected to one ground the second switch makes sure that the capacitor switched does not

discharge through more than one coil. If there was no second switch the capacitor would

discharge through a parallel connection of several coils connected to the same ground. The

MOSFETS are driven by 2 different gate drives. One  drives the 4 "upper" switches between

the capacitors and the coils and the other one drives the  4 "lower" switches between the coils

and ground. These two gate drives were originally designed for H - bridges and are isolated

from the power side. There is need for 2 different gate drives for upper and lower switches as

the two MOSFETS in one branch have two be switched at the same time i.e.

129



The Interaction of Commutating Coils and Field Winding

Fig. 7.18 Test circuit

triggered by the same gate signal. This means that both transistors need to have the same

reference which would lead to the coil to be shorted out if there was only one gate drive. The

gate drives are controlled by a FCIV controller via an interface that converts the signal

transmitted via optical fibre to the input signals of the gate drives. The switching instants of

the MOSFETS can be user defined on the PC and sent to FCIV via parallel port. 
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(176)

Fig. 7.19 Frequency response of capacitor

(177)

The gate drive and interface circuits were provided by Ian Young, the capacitor bank and the

relays were provided by Peter Miller, and the switching algorithm of for the FCIV - controlled

MOSFETS was provided by Calum Cossar, all members of the Systems, Power and Energy

Research Division, School of Engineering, University of Glasgow. 

The circuit diagram of the interface for the MOSFET control and photographs of the test setup

can be found in appendix A5.

7.4.6 Evaluation of the parasitic inductance of the capacitors used

It is well known that the impedance frequency response of a capacitor has a minimum at the

resonant frequency f0. If the frequency is increased further the impedance starts rising. This

effect is due to the parasitic inductance of the

capacitor.  In Fig. 7.19 the typical impedance

frequency response of a capacitor is depicted. 

A frequency generator was used to supply a

sinusoidal voltage of variable frequency to the

capacitor and its impedance was measured. The

minimum was found at f0 = 9MHz. The

capacitance of the capacitor is 1µF. Hence

Thomson's equation

yields

Hence, the parasitic inductance of the AC film capacitor can be considered negligible as the

expected measured coil inductance is not smaller than several  µH.
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Fig. 7.20 Rotor coils with minimum induced 

               voltage

Fig. 7.21 Profile of induced voltages

7.4.7 Identification of coils located in one slot 

To set up the different commutation scenarios as depicted in Fig. 7.11 - 7.15 the reference

position θ = 0 E needs to be identified first. It can be seen in Fig. 7.11 that in this case 4 coils

are commutating simultaneously whereas the coils being commutated by one brush are located

in the same slots.  To find a configuration of 4 coils where 2 coils are connected to one side

of the commutator and located in the same slots and the other 2 coils are connected to the

opposite side of the commutator and on their part located in the same slots the following was

done:

The two field coils were connected in series

and connected to an AC source. The supply

voltage was 3V (rms) at 50 Hz and the induced

voltages in the rotor coils were measured

across two adjacent commutator segments in

each case. The rotor was in a position where a

tooth axis aligns with the interpolar axis as

depicted in Fig.7.20. The profile of induced

voltages can be seen in Fig. 7.21. The

segments with minimum induced voltage

measured across represent the terminals of the 4 coils indicated in Fig. 7.20. 
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Fig. 7.23 Modified armature loop

From Fig. 7.21 it can be seen that the minima of the induced voltages are measured across

commutator segments 1-2,12-13,13-14 and 24-1 where the coils connected to segments 24-1

and  1-2 are located in the same slots and the coils connected to segments 12-13 and 13-14 are

located in the same slots, respectively. Therefore those 4 coils were selected to represent the

4 coils undergoing commutation in Fig. 7.11. Those coils are from now on denoted coil1,

coil2, coil3 and coil4. To bring those coils in the position shown in Fig. 7.11 the rotor was

turned into a position where the centre axes of segments 1 and 13 align with the q - axis. It has

to be pointed out here that the rotor was inserted into the stator using plastic shim to ensure

a minimum air gap of 0.5 mm in the d - axis at each salient pole and to hold the rotor in place. 

7.4.8 Insertion of sense coils in the q - axis

To capture leakage flux in the q - axis straying from teeth

to the stator yoke across the interpolar  axis 2 sense coils

with 10 turns each were inserted into the interpolar gaps of

the motor. These coils are fixed in position and do not

change location if the armature is turned. See Fig. 7.22. 

7.4.9 Access to armature coils

To measure the current through a single armature coil it was necessary to break the armature

winding at several points to solder additional loops in which were brought out to current

probes. Comparing Fig. 7.11 and Fig. 7.15 the magnetic properties will be the same in both

cases so tests were carried out for the cases in Fig. 7.11 - 7.14 only and therefore 6 loops were

soldered into the armature circuit (see Fig. 7.23 and 7.24). 

Fig. 7.22 Position of sense coils
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Fig. 7.24 Access to armature coils

Fig. 7.25 Calculated and measured waveforms of coil1

7.4.10 Inductance measurements

#  Tests at θ = 0E

For these tests the circuit in Fig. 7.18 was set up in a way that  coil1, coil2, coil3 and coil4

were connected to a capacitor each. The capacitors were charged in parallel to a DC voltage

V0 = 30V. Subsequently, the capacitors were separated from the DC source and discharged

through the coils using the electronic switches.

The coils were switched one by one without interaction between them. The decaying current

in coil1 when the field winding is left open circuit can be seen in Fig. 7.25.  The inductance

estimated using the logarithmic decrement Λ and the period T ! is L = 99µH.
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Fig. 7.26 Rotor coil inductance as function of DC field current

The logarithmic decrement  Λ and the oscillating period T ! can be obtained from the measured

time waveforms. Subsequently, β , L, R, I0 and ωN can be calculated as described above. Those

parameters can now be used to calculate the current waveform using (169). Both the measured

and calculated current waveforms are then plotted against time in the same diagram for

comparison.

It can be seen that even though the peaks of the current waveform change significantly over

the measured period of time the calculated and the measured curves agree very well over the

full measured range. This indicates that the parameters of the decaying oscillation do not vary

significantly during the measurement. One could expect that the parameters change due to

saturation and the measured curve starts deviating from the calculated one at some point but 

the low number of turns of a single armature coil (10.5 average) is not enough to drive the   

magnetic circuit into considerable saturation. 

In the next step, the influence of a field winding current on the single rotor coil inductances

is examined. Therefore, the  field winding was supplied by a DC source and the field current

was increased successively. The inductance of coil1 as a function of the field current is shown

in Fig. 7.26. 

From the graph one can see that the inductance decreases significantly after the DC source is

connected to the field winding but then remains almost constant with field increasing field

current. It is known that the motor used starts saturating at about 1A motor current (peak or

DC value) therefore saturation does not seem to have a strong influence on the inductance of
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a rotor coil experiencing a rapid current change. The decrease of the inductance is more likely

to be caused by the damping currents in the field winding caused by a high rate of change of

flux linking the field winding due to the high di/dt in the rotor coil. 

Therefore, in the following tests only one value of field current (2A) is applied in order to

examine the influence of the presence of a saturating and damping field winding. In table 7.3

the inductances of coil1, coil2, coil3 and coil4 are listed for the cases of field winding open

circuit and field winding carrying a DC current of 2A.

One can see that the single coil inductances decrease to approximately 50% of their value if

the field winding is active.

This was confirmed by the same tests at the other rotor positions shown in Fig. 7.12 - 7.14.

The current oscillation in the rotor coils causes a voltage in the sense coils that is a decaying

oscillation as well. At the instant the current starts flowing in one or more rotor coil the voltage

in the sense coils jumps to a certain value instantaneously and starts decaying sinusoidally with

the current. The following approach to evaluate this voltage signal is proposed:

The area enclosed by one half cycle of the voltage and the time axis represents the flux linkage

in that coil during this period of time. Choosing the first completely originated half cycle and

dividing the calculated area by the number of turns (10) of the sense coil gives the maximum

interpolar flux Φym captured by a sense coil (comprising rotor coil - and field leakage, see Fig.

7.1) in the duration of current flow. The idea is outlined in Fig. 7.27. This quantity will be used

to compare the sense coil voltages of the different tests. This comparison can be found in table

7.4. For the two sense coils the average value of Φym has been taken into account for each test.

Inductance / 10-5 H

coil switched 1 2 3 4

field open

circuit

9.9138 9.765 9.7311 9.7783

field current

2A

5.0226 4.8425 4.9308 4.8491

Table 7.3 Measured inductances
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Fig. 7.27 Sense coil signal

Table 7.4 confirms the conclusions drawn above. The flux  Φym increases to approximately

twice the amount if the field winding is active. This is an indicator that the flux produced by

the rotor coils as well as a part of the flux produced by the field winding is forced to leakage

paths.

7.4.11 di/dt tests

In the di/dt - tests coils are switched at t = 0. Subsequently, at t =  ∆t other coils are switched

and their influence on the di/dt of the coils switched at t = 0 is examined. This is done to see

if there is a significant braking or accelerating effect which is an important insight regarding

current reversal. 

Φym / 10-7 Wb

coil switched 1 2 3 4

field open

circuit

2.41 2.6 2.17 2.77

field current

2A

4.98 5.34 4.21 5.27

Table 7.4 Sense coil fluxes
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Fig. 7.28 Coil1 and coil3, braking effect

# coil1 switched at t = 0 and coil3 switched at t = 5µs / no source connected to field circuit

In this test the pair of coil1 and coil3  is switched only with time delay of 5µs between coil1

and coil3. This simulates the case of one coil undergoing commutation and then a second coil

starts commutating as the rotor moves forward and the brush makes contact with one more

commutator segment. A reversing effect can be observed in Fig. 7.28. The rise of current per

second has been estimated using linear fits before and after the switching instant of coil3. At

the instant coil3 is switched and starts carrying a current with a di/dt = 8.0583@105 A/s the di/dt

of coil1 changes from 2.8730@105 A/s to -5.5051@105 A/s. This is roughly the difference of the

di/dt of coil1 before coil3 is switched and the di/dt of coil3. The significantly higher di/dt of

coil3 at the switching instant t = 5µs compared to the di/dt of coil1 at the switching instant t

= 0 is due to the fact, that the sudden current reversal in coil1 at  t = 5µs leads to a pair of

opposing coils which reduces the inductance significantly and therefore allows a much steeper

current rise in coil3. In real commutating conditions a strong effect on each other of coils

located in the same slots can be expected.

# coil1 switched at t = 0 and coil2 switched at t = 5µs / no source connected to field circuit

This test simulates an asymmetry where both brushes do not switch at the same time. That

causes a time delay between the starts of commutation of coil1 and coil2. The time delay is

assumed to be large enough so the di/dt in coil1 has changed sign (as if strongly over-
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Fig. 7.29 Coil1 and coil2, accelerating effect

commutating). The influence of the rapid current rise in coil2 on the di/dt of coil1 can be

observed in Fig. 7.29. It can bee seen that the di/dt of the current in coil1 increases by factor

1.477 after coil2 is switched, i.e. the coil2 accelerates coil1.  This is due to the strong coupling

in the d - axis of those two coils. If coil2 is switched its flux induces a voltage in coil1 trying

to cancel the effect of coil2. As coil1 carries current producing an opposing field already, the

voltage drop induced is in the same direction as the voltage applied. Hence, the coil current

is accelerated. 

# coil1 switched at t = 0 and coil2 switched at t = 5µs / 4.2V and 2A DC in the field winding

In this test the influence of the field winding on the accelerating effect observed in the previous

test is investigated. In Fig. 7.30 it can be seen that the accelerating effect has vanished. One

could even draw the conclusion that coil2 now has a braking effect on coil1 as the di/dt of

coil1 is significantly lower than before coil2 is switched. Yet on second thought, the di/dt of

coil2 is very close to value of coil1 before coil2 is switched and therefore it has roughly the

same effective inductance as coil1 at t < 5µs. This means the coils are not able to build up

significant mutual flux as this is impeded by damping of the field winding. The lower di/dt of

coil1 after the switching of coil2 arises from the sinusoidal shape of the coil currents as the

oscillating circuit in Fig. 7.18 is used. (See zoomed out view in Fig. 7.31.)
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Fig. 7.30 Coil1 and coil2, field winding active

Fig. 7.31 Zoomed out view of Fig. 7.30

# coil1 and coil2 switched at t = 0 and coil3 and coil4 switched at t = 5 µs / no source 

connected to field circuit

This test simulates the transition of the scenarios coil1 and coil2 are undergoing commutation

only and coils 1,2,3 and 4 are undergoing commutation. The coil currents are depicted in Fig.

7.32. It can be seen that at the instant where coil3 and coil4 are switched the coils carrying

current already show a reversal of current direction. This is due to the tight coupling of the

coils. The pair coil1 and coil3 is located in the same slots as well as the pair coil2 and coil4.

The sudden current rise in coils coil3 and coil4  induces voltages in coil1 and coil2 that oppose
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Fig. 7.32 Four coils switched

Fig. 7.33 Coil3 and coil5, braking effect

the applied voltages. As the current rise in coil3 and coil4 is very steep and, as stated earlier,

the coupling is very tight the induced voltage exceeds the applied voltage and causes the

current to reverse.

# coil3 switched at t = 0 and coil5 switched at t = 5µs / no source connected to field circuit

Similar as in the test where coil1 switched at t = 0 and coil3 switched at t = 5µs  a pair of coils

connected to adjacent commutator bars was switched with a 5µs time delay. In Fig. 7.28 it can

be seen that at the switching instant of the second coil the current of the first coil is reversed.

Those two coils are located in the same slots and therefore the coupling is very tight. As coil3

and coil5 are not located in the same slots the effect is much weaker. The coil currents are

depicted in Fig. 7.33.
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Fig. 7.34 Coil3 and coil5, active field winding

# coil3 switched at t = 0 and coil5 switched at t = 5µs / 4.2V and 2A DC in the field winding

The coil currents are shown in Fig. 7.34. The rate of change of current with time of coil3 after

coil5 has been switched is now positive. The change of the value of the di/dt is due to the

sinusoidal shape similar as described above.

Also, a significant increase in initial rate of change of current can be noticed compared to the

case where the field winding is left open circuit.

# coil3 switched at t = 0, coil2 switched at t = 5µs and coil4 switched at t = 9µs / no source

connected to field circuit

In this final test a case is simulated where again, due to an asymmetry both brushes do not

switch at the same time and the di/dt in coil3 has changed sign before the instant coil2 starts

carrying current. The coil currents can be seen in Fig. 7.35. A slight accelerating on the current

in coil3 can be seen after this point. Subsequently, coil4 is switched after t = 9µs. A reversing

effect of coil4 on coil2 can be noticed which is due to the tight coupling of these two coils

(located in the same pair of slots) whereas coil3 does not show a further acceleration as the

effect of coil4 in the d - axis is cancelled out by the reversal of the direction of the current in

coil2. 
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Fig. 7.35 Three coils switched at different times

7.5 Rotational Tests

7.5.1 Test purpose and setup

To investigate the influence on the capability of driving damping currents of the source and

cable impedance (the load seen by the harmonic generator) is investigated here. It is assumed

that the damping capabilities varies with different field circuits. Therefore different

configurations must show different amplitudes in the Fast Fourier Transform (FFT) spectrums

of current and voltage at certain frequencies. In [56] motor current and field voltage have

already been proposed as useful quantities for universal motor diagnosis and the coupling of

the commutating coils with the field winding is described. The simplified equivalent circuit

of the universal motor at operating (supply) frequency  supplied by a power source and a

power cord is shown in Fig. 7.36. Zp is the source impedance, Zc is the cord impedance, Rfa is

the series copper resistance of armature and field winding and Lfa is the series inductance of

field and armature. Now, regarding the machine as a harmonic generator the equivalent circuit

becomes the one shown in Fig. 7.37. To analyse the influence on the damping of Zp and Zc

several rotational tests have been carried out with different field circuit configurations.

The test bench described in chapter 6 is used for the tests where two universal machines were

mounted on a base plate, machine 1 acting as a motor and machine 2 acting as a generator (see

Fig. 7.38). Both machines have 12 rotor slots and 24 commutator bars and the same lamination

geometry. 
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Fig. 7.36 Simplified equivalent circuit for 

               motoring

Fig. 7.37 Simplified equivalent circuit if machine 

               is regarded as harmonic generator

Fig. 7.38 Test setup

7.5.2 Generator tests

The investigation of the field damping on a motoring universal machine is problematic as due

to the series connection of the armature and field circuits currents induced in the armature also

flow through the field circuit and cause voltage drops there that bias the information in the

FFT spectrum with regard to the field damping. Therefore the following test procedure was

applied. 

Machine 1 drives machine 2 (sitting in an Aluminum tube) at different speeds n = {4000rpm,

8000rpm, 12000rpm}. In machine 2 a DC current of 1 A flows through the armature circuit

at all speeds. The armature of machine 2 is supplied by a power source that has an output

isolated from the grid. Moreover the impedance of that power source is negligible. Thus, the

power source represents a short circuit for harmonic components. The field winding of

machine 2 is kept separate from the armature circuit, and the FFT spectrum of the field voltage

of the generator is examined for different field circuits. For the different rotor speeds the

rotating frequency fd, the slotting frequency fn = 12fd  and the commutator frequency fc = 24fd

= 2fn are listed in table 7.5.
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# Field winding left open circuit

 This test serves as a reference where no field damping takes place. In Fig. 7.39 the measured

voltage across the field winding and its FFT transform in a frequency range of [0; 10kHz] at

a speed of n = 4000 rpm can be seen. Similar as in [57], where also the field voltage at open

circuit of a machine driven by another one was examined, the component at commutation

frequency is predominant. This component represents the repercussions of the commutation

for the field winding. Moreover in the graph additional integral multiples of fc can be observed.

This is due to different magnitudes of the peaks in the field voltage as commutation takes place

in a sequence of 2 coils commutating - 4 coils commutating simultaneously in this machine

where flux variations due to a particularly high rate of change of current in the commutating

coils appear at the beginning and the end of commutation. Also, due to manufacturing

processes the inductances and resistances of the rotor coils vary and the brushes do not always

switch simultaneously. The latter will become more problematic with increasing speed due to

the dynamics of the sliding contact (brush vibrations, brush bounce). The damping taking place

here is due to coupling between the commutating coils, coupling between commutating coils

and non-shorted armature coils, and eddy currents only. For a field circuit that allows damping

currents to flow one can expect the voltage components at m@fc to decrease. (m 0 ù )

In Fig. 7.40 the armature current as well as its FFT spectrum at the same rotor speed is shown.

(DC - component removed from FFT spectrum). In the armature current the component at fc

is not the predominant one. One can observe that there are various significant components at

integral multiples of fd. The component at fn is due to the slotting of the rotor; the resulting flux

variations during motor rotation cause a current ripple at slotting frequency [57], [58].

Moreover, for sequentially manufactured machines of universal motor type multiples of the

rotating frequency are common, even in a non-faulty machine, and are caused by mechanical

n [rpm] fd [Hz] fn [Hz] fc [Hz]

4000 200 / 3 800 1600

8000 400 / 3 1600 3200

12000 200 2400 4800

Table 7.5 Speed dependent frequencies
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Fig. 7.39 Voltage induced in the field winding at 4000rpm

(178)

asymmetries such as slightly elliptic rotors, dynamic eccentricity of the rotor due to sub-

optimal bearings, varying inductance and resistance with rotor position [57]. The motor current

as a quantity suitable for diagnosis of asymmetries, manufacturing faults or bearing faults is

often emphasised [56], [58], [59].

Integral multiples of fc higher than one do not occur in the FFT spectrum of the armature

current due to the weaker coupling of armature winding and commutating coils. Hence, in this

study only the field voltage components at commutation frequency are of interest with focus

on the field damping of flux variations caused by current reversal. The problems arising with

the use of the FFT are that due to limited observation time leakage effects cannot be avoided

completely. Therefore spectral components of the observed frequency no longer contain all the

energy. Parts of the energy are located at adjacent frequencies. Yet these problems seem to be

negligible regarding Fig. 7.39 and Fig. 7.40. One also has to be aware that the speed of the

machine is not constant but varies slightly around the measured speed. 

Aliasing, which occurs if the sampling frequency is smaller than twice the maximum

frequency of the spectrum is avoided by use of a sufficiently high sampling frequency. As a

quantity representing the damping capability of the field circuit 

is introduced where the sum of the 4 most significant field voltage peaks at integral multiples

of fc are related to the corresponding sum in the case of the field winding left open circuit

(non-damped case). The obtained values for the case of the field winding left open circuit can

be found in table 7.6.
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Fig. 7.40 Armature current at 4000rpm

# Field winding short circuited

The terminals of the field winding were short circuited. This test represents the case of ideal

damping with Zc = Zp = 0 with reference to Fig. 7.37.The results obtained can be found in table

7.7. Voltage components at m@fc are no longer evident and the damping factor γ . 1 at all

observed speeds.

# Field winding connected to power cord

The terminals of the field winding were connected to a standard power cord for this machine

(as a power tool motor) with a length of 4m. The other end of the power cord was short

circuited. Typical cables contain lengthwise inductance Lc and resistance Rc as well as

transverse capacitance Cc and leakage conductance Gc [60]. Due to the short circuit at the end

of the cable only the lengthwise components will have an influence. This configuration

simulates a machine acting as a harmonic generator where the impedances in the circuit in Fig.

7.37 are     Zp = 0 and Zc = Rc + jωLc (values not given in datasheet). The results obtained can

be found in table 7.8. The influence of the cable is not very significant which implies that the

lengthwise components of the cable Lc and Rc are very small. This is in compliance with the

fact that the cable is designed to supply the motor from a low voltage grid of 120V. Hence, it

has to stand rated currents of up to 12 A and therefore is designed to have minimal losses.
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# Field winding connected to long power cord

In the next step the previous test was repeated with a 8m power cord of the same type. Again,

one end was connected to the field winding, the other end was short circuited. The results are

listed in table 7.9. As in the test with the standard power cord the cable parameters do not

reduce the damping factor γ significantly.

# Field winding connected to inductor

The terminals of the field winding were connected to the terminals of an inductor Lp = 0.2H

with a resistance of Rp = 6.5Ω. Whilst the plain short circuit of the field winding simulates a

motor supplied by an ideal power source and an ideal power cord, the connection to a

relatively large inductor can be regarded as a motor supplied by a transformer. Hence, the

impedances loaded to the harmonic generator are Zc = 0 and Zp = Rp + jωLp. The results

obtained are listed in table 7.10. The damping is significantly lower compared to the

conditions with the plain short circuit of the field winding or the field winding connected to

a short circuited cable.

# Field winding connected to power cord and inductor

The field winding was connected to the 4m power cord and other end of the power cord was

connected to the inductor used in the previous test. Now, also the transverse capacitance Cc

and leakage conductance Gc of the cable are active in the circuit. The impedances are Zc =

%[(RNc+jωLNc) / (GNc + jωCNc)] where N indicates quantities in relation to cable length, and Zp

= Rp + jωLp. The results listed in table 7.11 show that the damping capability is slightly

reduced compared to the previous case.

n [rpm] γ

4000 2.9913 0

8000 4.9107 0

12000 6.7921 0

Table 7.6 Field open circuit

n [rpm] γ

4000 0.0036 0.9988

8000 0.0037 0.9993

12000 0.0041 0.9994

Table 7.7 Field short circuit
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Fig. 7.41 Damping factor γ for all investigated cases

# Summary of Results

The results of the preceding tests are summarised in Fig. 7.41.Whilst the tests with short

circuited field winding, standard and longer power cord connected to the field winding provide

almost ideal damping conditions at all observed speeds, the field damping is reduced in the

tests with the inductor due to its relatively high inductance and copper resistance.

n [rpm] γ

4000 0.0051 0.9983

8000 0.0051 0.9989

12000 0.0049 0.993

Table 7.8 Standard power cord

n [rpm] γ

4000 2.3576 0.2115

8000 3.9073 0.2042

12000 4.8576 0.2846

Table 7.11 Inductor and power cord

n [rpm] γ

4000 2.0857 0.3024

8000 3.5556 0.2758

12000 4.6902 0.3092

Table 7.10 Inductor

n [rpm] γ

4000 0.0062 0.9979

8000 0.0061 0.9988

12000 0.006 0.9991

Table 7.9 Long power cord
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7.6 Conclusions

In this chapter several different approaches have been taken to investigate the interaction of

the commutating coils and the influence of the damping current in the field winding on the

coils undergoing rapid current changes.

In theoretical investigations it was found that a damping current in the field winding,

calculated to provide ideal damping, forces all the flux of a single armature coil to leakage

paths and therefore cancels out any mutual flux between the armature coil and the field

winding.

Moreover, the interaction of certain armature coils was observed using FEA. The single coils

interact differently depending whether they are short pitched, full pitched, aiding or opposing. 

The different flux patterns found from the FEA were confirmed using simple AC

measurements where sense coils were used to get an insight about the flux distribution in the

motor lamination at different excitations with and without a short circuited field winding.

In the next step an oscillating circuit was used to determine the coil inductances with and

without the presence of an active field winding. Capacitors were discharged through certain

rotor coils and the periodic time and the logarithmic decrement of the decaying current

oscillation were used to determine the inductance. The inductances measured in the presence

of an active field winding were significantly lower than the inductances measured with the

field winding left open circuit. It has to be pointed out that due to additional wires used for the

test setup and the high frequency of the oscillation the inductances measured are unlikely to

be the same as under normal operating conditions of the machine. However, one obtains a

detailed insight of the change of inductance under the influence of a damping, saturating field

winding. 

Furthermore, the same circuit was used to observe the effect of coils undergoing a high rate

of change of current on each other. The effect (accelerating or braking) is significantly higher

if the sides of the coils are located in the same pair of slots. Also the effect of the field winding 

on the intensity of the rotor coil interaction was found to be significant as the mutual and self

inductances are decreased. The effect of eddy currents in the conductors which may cause a

significant increase of the effective coil resistance is not discussed at this point.

Subsequently rotational tests were carried out where the machine was driven by another motor

and armature and field circuit were kept separate. A DC current was fed through the armature

circuit and the FFT spectrum of the field voltage was evaluated for different circuitries
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connected to the field winding. The open circuit case served as a reference and was compared

to the cases field winding short circuited, standard and long power cord connected to the field

winding, inductor connected to the field winding, and a combination of inductor and standard

power cord connected to the field winding.  The field damping was almost ideal in the cases

of plain short circuit of the field winding and standard and long cable connected to the field

winding whereas the damping was reduced significantly in the test involving the inductor.
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Chapter 08

8 Simulation Model

8.1 Deductions from previous Chapters 

With regard to  the investigations carried out in the previous chapters the following deductions

for a simulation model of the commutation are made:

# The use of inductances calculated using FEA is justified as found from comparisons

with measurements and analytical calculations. Moreover, the end-winding leakage can

be neglected as it only accounts for a very small percentage of the full inductance.

# The brush resistance is a significant element of the commutating circuits and therefore

needs to be considered in the simulation.

# The commutation arc can be modelled by a constant voltage where a mean value for

anodic and cathodic brushes of 14V gives reasonably precise results.

# The motor line current should not be kept constant during a commutation event in a

full simulation model as damping currents in the field winding need to be considered

that change the di/dt in the commutating coils significantly. Therefore, the simulation

model needs to be voltage-driven. 

8.2 Equivalent Circuits of the Machine and their mathematical Analysis

8.2.1 Two commutator bars in contact with one brush

The brush model described in chapter 4 is used the mathematical analysis of the machine. It

is limited to the cases of one armature coil short circuited by one brush and two coils short

circuited by one brush, and an arcing phase.

Applying the reference system described in chapter 4 and maintaining the coil numbering used

in chapter 7, the first case to be discussed is the case of two commutator bars in contact with

one brush (see Fig. 8.1).
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Fig. 8.1 Equivalent circuit of the machine if a brush makes contact with two commutator bars

(179)

(180)

(181)

For the supply voltage vs one obtains from the circuit (dψk/dt represents the total voltage

induced in an inductor Lk )

which yields

where equal armature branch voltages, i.e. Rbr1im / 2 + dψbr1 / dt = Rbr2im / 2 + dψbr2 / dt are

assumed.

Now, assuming symmetry at both brushes, i.e Ra1 = Rb2 = Rab, Rb1 = Ra2 = Rba, Rcf1 = Rcf6 = R16

and Rcf2 = Rcf5 = R25, one obtains

which always holds if ia1 = ib2, i2 = i5, i6 = i1 and  ia2 = ib1. 
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(182)

(183)

(184)

(185)

(186)

(187)

For the voltage vp in the main circuit of the motor one can write

where RFA is the combined ohmic resistance of the field and armature windings.

For the coil commutating under the left brush with regard to Fig. 8.1 one obtains

and since symmetry at both brushes is assumed one obtains for the coil commutating under the

right brush with regard to Fig. 8.1

Now, resolving the time derivative of the flux linkage in a coil into the voltage components 

due to the self inductance L and the mutual inductances M between the coil and all other coils

it is magnetically coupled with yields

Rewriting the term due to the self inductance with respect to L = f (i(t), θ(t)) where θ(t) is the

rotor position, and ω = dθ / dt one obtains

and rewriting the term due to a self inductance in the same manner yields

and for the main motor winding one obtains
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(188)

(189)

(190)

(191)

(192)

where LFA is the combined armature and field inductance. In the simulation this is calculated

using FEA when armature and field winding are excited and therefore contains the mutual

effects between armature winding and field winding. Mpk represents a mutual inductance

between the main machine winding and a commutating coil.

As found in the previous chapter, the current in a single rotor coil does not change the

saturation level of the machine considerably and therefore MMpk / Mik . 0.  Moreover, if one

takes into account that the main electromagnetic torque produced Tem is associated with the

rate of change of the mutual inductance of the field and armature windings with rotor position,

one obtains

which yields

Hence, the rotational voltage of the main winding upω can be found as follows

where the torque, which depends on the current and rotor position, used in the simulation is

found from lookup tables precalculated using FEA (mean value of Maxwell Stress Tensor and

Virtual Work Method [55]).

Hence, one can rewrite (188) as follows
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(193)

(194)

(195)

(196)

(197)

(198)

Now, for the voltages in the two coils commutating simultaneously where MLν1,2 / Miν1,2 . 0  and

MMν1,2 / Miν1,2 . 0, (183) can be rewritten as

and (184) still holds. 

These representations of the voltage equations of the machine coils allow the use of inductance

and torque matrices precalculated using FEA for a set of 30 rotor positions covering one slot

pitch (1E - steps) and a set of 20 motor currents (1A - steps). The data is then interpolated

using cubic splines [63]. The rotational voltage uν1ω in a commutating coil is primarily caused

by the rotation of the coil in the field produced by the main motor winding, hence

and for the three windings the governing system of equations is

where
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(199)

(200)

(201)

(202)

(203)

and

where the self - and mutual inductances are found for a certain rotor position and certain

values of instantaneous currents in all motor coils. Moreover,  reciprocity of the mutual

inductances is assumed [61].

The vector of time derivatives of the currents is

and for given initial values for im, iν1 and iν2 one can calculate 

and

Subsequently, the brush resistances are found from precalculated tables according to the rotor

position and the conductance matrix 

can be calculated.
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(204)

Fig. 8.2 Equivalent circuit of the machine if a brush makes contact with three commutator bars 

(205)

(206)

(207)

(208)

(209)

Now, with

the resistive voltage drop

can be calculated. Moreover,

and

Subsequently, the numerical integration step is done using Euler’s method as follows

Now, after a certain number of time steps depending on the step size the transition from the

cases of two commutator bars in contact with the brush to three commutator bars in contact

with the brush needs to be made and the governing circuit is the circuit shown in Fig.8.2.
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(210)

(211)

(212)

(213)

8.2.2 Three commutator bars in contact with one brush

As in the previous case, symmetry at the brushes and the armature branches is assumed but

now, five windings carrying different currents have to be considered. Hence,

and
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(214)

(215)

(216)

(217)

(218)

(219)

(220)

(221)

(222)

Moreover, 

and

where [G] is found from (103). The resistive voltage drop vrd is now found as follows

Now, the voltage drops in the windings are

and the numerical integration is done using Euler’s method where
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Fig. 8.3  Equivalent circuit of the machine if the arc has ignited

(223)

(224)

(225)

(226)

8.2.3 Arcing phase

If, after the trailing edge of the brush separates from the commutator segment and therefore

interrupts the commutating circuit involving this segment, the difference of the coil current and

the armature branch current is greater than a certain Imin, (see chapter 5) the ignition of an arc

between the trailing brush edge and the commutator segment is assumed and the governing

circuit is the one shown in Fig. 8.3.

Again, symmetry is assumed in the circuit analysis and for the currents emerging from the

brush one obtains

and

where [G] is found using (203), and the resistive voltage drops becomes
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(227)

Fig. 8.4 Simulated currents and imposed supply voltage

(228)

(229)

(230)

Hence,

and the system (195) is again solved using (209).

An overview of the progression of the simulation can be seen in appendix A6.

8.3 Simulation Results, Comparison to Test Data and Discussion

Simulations were carried out for the operational points measured as described in chapter 6. As

an example the simulated currents in the case of n = 4000 rpm are shown in Fig. 8.4. The

simulation data used is listed in table 8.1. Measured resistances of the 120V machine were

used.
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Fig. 8.5 Simulated currents at positive half cycle of im

%Resistances

Rnu(1…4) = 0.11Ohm;

RFA = 1.74Ohm;

%Supply data

Vmax = sqrt(2)*25V;

frq = 50Hz;

ts = 1E5s;

Tp = 1/frq;

t = linspace(0,Tp,ts);

vs = Vmax*sin(2*pi*frq*t);

%Arc parameters

v_arc = 14V;

Iarc_min = 0.22A;

%shaft speed [rpm]

n = 4000rpm;

omega = 2*pi*rpm/60;

dth = omega*dt;

%pre-allocation (comp. time)

i_m = zeros(1,length(t)); 

i_nu1 = zeros(1,length(t)); 

i_nu2 = zeros(1,length(t)); 

i_nu3 = zeros(1,length(t)); 

i_nu4 = zeros(1,length(t));

Table 8.1 Data used in Simulation

The simulation was set up in a way that the instantaneous currents of the coils undergoing

commutation are written consecutively in pre-allocated vectors. This explains the jumps from

!im/2 to im/2 (at positive im, at negative im the jump is in opposite direction) in the simulation

graphs. One coil finishes commutation and the next one starts at im/2. In the simulated time

waveforms the influence of the commutating coils on each other as well as the signature of the

commutation in the main current im can be seen. To observe the influence of commutation in

the main current however, one needs to zoom in considerably (see Fig. 8.5).
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Fig. 8.6 Arcing phase

Fig. 8.7 Comparison of simulated and measured motor current

Moreover, the arcing phase can be observed as well zooming into the commutating current

waveform of a coil (see Fig. 8.6). It can be seen that after the instant of separation (if the

ignition conditions are met) the current progression is exponential rather than linear which

could be expected with regard to the investigations carried out in chapter 5. 

The simulated and the measured motor main currents are compared in Fig. 8.7.
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(231)

Good agreement of simulated and measured current can be observed. The slotting effect is

clearly visible around the peak values of the current. The saturation effect seems a bit stronger

in the simulated current. This is due to the fact that the steel data of a standard motor

lamination steel [55] was used rather than data of the actual lamination steel of the machine

used in the measurements which seems to cause less curvature in the current rise towards the

peak value. 

However, the most critical quantities in the simulation are the commutating currents and it is

essential to examine whether they have been determined reasonably precisely. The main

current im is not suitable for this examination as the signature of the commutation in im is very

small (see Fig. 8.5) and the measured current contains a considerable amount of noise (see Fig.

8.7) which practically prevents any meaningful comparison at the small-scale commutation

signature. Also, direct measurement of the commutating currents is not taken into

consideration. As explained in chapter 5 the space does not allow costly slip ring

arrangements, moreover, direct measurement requires interference with the commutating

circuits which is likely to distort the results. 

As a quantity in order to compare commutation in simulation and measurement the voltage

across the field winding is taken into account. The field voltage is often emphasised as a

quantity suitable to evaluate commutation quality [16], [21], [22], [56], [62].

To compare the calculated and measured field voltage, the simulated field voltage was found

as follows

where the rotational voltage induced in the field winding is neglected, and the measured field

voltage was recorded using a digital oscilloscope. Subsequently, the measured and calculated

field voltages were filtered using a bandpass consisting of a 3rd order Butterworth high pass

filter and a 3rd order Butterworth low pass filter [63] to minimise the components in the signal

that are not of commutation frequency m@fc (m = {1, 2, 3, 4}).  The filtered signals calculated

and measured at a shaft speed of 4000 rpm can be seen in Fig. 8.8.
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Fig. 8.8 Calculated and measured field voltage after filtering at 4000 rpm

Even though the agreement of the two signals is not ideal, the calculated curve follows the

measured curve in tendency. Generally, the calculated values seem to be too high, particularly

at some salient voltage pulses. This could be due to the fact that eddy current damping is not

considered in the calculations. At a rapid flux variation in the motor due to a commutation

event the induced eddy currents may be significant and damp out a considerable part of the

flux variations so that the reaction of the field winding is lower than it would be without the

eddy currents. 

Moreover, the state of wear of the contact members changes during the measurements and

other mechanical effects such as changing brush pressure and sightly displaced brushes which

are not considered in the calculations might cause these differences between test data and

simulation results.

However, the tendency of the calculated values to follow the measured values is promising

that the electromagnetic behaviour of the machine including the complex problem of brush

commutation could be simulated reasonably well, despite all the simplifications introduced

in the mathematical and circuit analysis.
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Chapter 09

9 Conclusions

In this thesis theoretical and experimental investigations on the commutation of

uncompensated single phase universal motors are outlined that have been carried out in order

to get a better insight into the problem of current reversal in these machines. The factors

affecting the commutation are of electromagnetic, mechanical, chemical and thermal nature.

However, this thesis focuses on the electromagnetic behaviour of the machine with regard to

commutation analysis including the sliding contact comprising the commutator and the carbon

brushes. It is expected that a successful mathematical model of the commutation of the

universal machine can be established if mathematical approaches for the most critical aspects

of brush commutation can be identified, that model the physics of the machine with

satisfactory precision and that ideally can be tested separately before putting them together in

an overall simulation model of the commutation of the universal machine. The discussion

confines itself to motors with full sine wave excitation.

Therefore, at the beginning relevant literature was reviewed in order to establish a sound base

of knowledge as a starting point of the research. This included classical text books dealing

with the commutation of large or medium sized DC or AC commutator machines and more

recent publications presenting mathematical models of the commutation of universal motors.

In the text books classical analytical approaches have been taken in order to analyze

commutation mathematically where simplifications were introduced that hold for large or

medium sized machines. In recent scientific articles about the subject more modern approaches

can be found using numerical field calculations and coupled magnetic field - and electrical

circuit transient solvers. The accuracy improvements obtained by these methods permit the

application of those methods to commutation analysis in small uncompensated single phase

universal motors where the simplifications introduced for larger machines tend to be too

coarse. In the literature review the most critical aspects of commutation modeling could be

identified which are the motor inductances, the brush resistance, the commutation arc and the

interaction of the commutating coils with other motor coils.
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Based on the knowledge acquired in the literature review investigations were carried out

whether or not the use of inductances calculated by numerical methods, essentially FEA, is

justified in the mathematical analysis of commutation. Inductances are commonly used in the

analysis of commutation and represent the capability of a coil to built up a magnetic field that

opposes any change in flux that links the coil and therefore are important indicators of how

strongly the current reversal is affected by currents in other coils. Moreover, the inductances

depend on the magnetic circuit, i.e. the cross section geometry of the motor and the position

of the rotor, and the state of saturation of the steel. Hence, the inductances reveal how the

coupling of the coils changes with rotor position, modifications of the motor geometry and the

choice of steel. A selection of important inductances is calculated using FEA and compared

to inductances calculated analytically and measured in order to verify the application of

numerical magnetostatic field analysis. It is demonstrated that, for unsaturated universal

machines, analytical calculations of self and mutual inductances of salient pole machines are

an important comparative method in order to verify the use of FEA in motor analysis. The

agreement of the analytical calculations and FEA is satisfying and the correction for end

winding leakage does not seem to be necessary in the FE-calculated inductances. Moreover,

in the analytical equations the influence of certain geometry parameters is highlighted which,

despite the limitations with regard to magnetic saturation and slotting effects, makes the

analytical calculation an essential tool in motor analysis.

Furthermore, measurement techniques are applied to verify the mathematical analysis. It is

shown that with the method proposed in [31] good accuracy can be achieved whereas a simple

AC method proves to be inadequate for electrical machine inductances. With regard to a

machine simulation model FEA was found capable of dealing with variations of the machine

inductances with rotor position and motor current. Hence, FEA is applied to calculate the

machine inductances in the overall simulation model. 

Another important subject to look into is the brush resistance and the brush to bar contact

constriction and film resistance as it is essential in the mathematical analysis of commutation.

Although other authors already presented approaches in order to include the brush resistance

in the commutation analysis that are quite practical, in this thesis a more rigorous method

using resistor networks is developed . The highly nonlinear contact resistance between the

brush and the commutator bar taken from experimental work provides reliable data in support

of this method. The resistor networks proposed are considerably different from the networks
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established by other authors. They are established for both a three-resistor case and a

six-resistor case. It is shown that the brush body resistances are influenced by anisotropy and

radial brush height. The anisotropy has a stronger effect on the resistances in transversal

direction than on the resistances in orthogonal direction with respect to the commutator.

Moreover, it could be observed that the influence of the radial brush height has significant

influence on the resistances in orthogonal direction whereas its influence on the resistances in

transversal direction seems negligible. In a simplified application example commutation

transients are shown as well as the influence of the brush body resistances on the progression

of the commutating currents. The commutation was fastest with increased transverse

resistances by factor 20 and increased orthogonal resistance by factor 5 within the examined

range. The progression of the calculated currents shows that the brush resistance is a critical

quantity in commutation analysis and the model was included into the full simulation model

of the machine.

A complete commutation analysis also contains the analysis of the arcing phase at the

conclusion of sub-optimal commutation. Therefore the parameters and currents in the

commutating coil and the commutation arc due to a non - zero current difference at contact

separation are discussed and used in a mathematical analysis of the arcing phase. The analysis

is strictly carried out from a circuit point of view. The different time intervals after contact

separation are analysed theoretically and mathematical expressions for the build up of the

critical voltage drop across the inter-segment capacity and the progression of current in the

commutating coil and the arc current are derived. Certain simplifications have to be applied

that were adopted after an extensive literature review on the subject. It is shown that, taking

into account the inter-segment and parasitic coil capacitance, the theoretical voltage rise time

to a typical arc ignition voltage is less than a nanosecond. The inter-segment and parasitic coil

capacitance is neglected in the mathematical analysis of the arcing phase and it was found that,

taking the brush resistance into account, the arc current as well as the current in the

commutating coil during arcing decrease exponentially towards their designated values.

Equations for arc energy and arc duration are derived that reveal the strong dependency of both

quantities on brush resistance, coil resistance, effective coil inductance and the difference of

armature branch current and the coil current at separation. The mathematical analysis is based

on the assumption of a constant arc voltage adopted from reviewed literature. Moreover, a
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simplified measurement technique is proposed in order to verify the theoretical analysis. Even

though the technique is limited to the arcing phase the results suggest that the equations

established model the commutation arc reasonably precisely and thus can be applied in an

overall motor simulation model including commutation.  

Furthermore, as the commutation causes high rates of changes of flux in the magnetic circuit

of the motor the interaction of the commutating coils as well their interaction with the field

winding is of interest as the time needed to reverse a current in a rotor coil in machine will be

affected by the interaction of coils. Several publications by other authors show graphs of either

calculated or measured commutating currents that react strongly on the beginning or the

conclusion of the commutation of other rotor coils. The analysis of the influence of the field

winding is often reduced to the transformer voltage and the damping effect is only rarely

mentioned. In this thesis several different approaches have been taken to investigate the

interaction of the commutating coils and the influence of the damping current in the field

winding on the coils undergoing rapid current changes.

In theoretical investigations it was found that a damping current in the field winding,

calculated to provide ideal damping, forces all the flux of a single armature coil to leakage

paths and therefore cancels out any mutual flux between the armature coil and the field

winding. 

Moreover, an oscillating circuit was used to determine the coil inductances with and without

the presence of an active field winding. Capacitors were discharged through certain rotor coils

and the periodic time and the logarithmic decrement of the decaying current oscillation were

used to determine the inductance. The inductances measured in the presence of an active field

winding were significantly lower than the inductances measured with the field winding left

open circuit.

Furthermore, the same circuit was used to observe the effect of coils undergoing a high rate

of change of current on each other. The effect (accelerating or braking) is significantly higher

if the sides of the coils are located in the same pair of slots. Also the effect of the field winding 

on the intensity of the rotor coil interaction was found to be significant as the mutual and self

inductances are decreased.

Subsequently rotational tests were carried out where the machine was driven by another motor

and armature and field circuit were kept separate. A DC current was fed through the armature

circuit and the FFT spectrum of the field voltage was evaluated for different circuitries
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connected to the field winding. The open circuit case served as a reference and was compared

to the cases field winding short circuited, standard and long power cord connected to the field

winding, inductor connected to the field winding, and a combination of inductor and standard

power cord connected to the field winding.  The field damping was almost ideal in the cases

of plain short circuit of the field winding and standard and long cable connected to the field

winding whereas the damping was reduced significantly in the test involving the inductor. 

For the simulation model of the machine the following deductions can be made from the

analysis mentioned above.The use of inductances calculated using FEA is justified as found

from comparisons with measurements and analytical calculations. Moreover, the end-winding

leakage can be neglected as it only accounts for a very small percentage of the full inductance.

Moreover, the brush resistance is a significant element of the commutating circuits and

therefore needs to be considered in the simulation. The commutation arc can be modelled by

a constant voltage where a mean value for anodic and cathodic brushes of 14V gives

reasonably precise results, and the motor line current should not be kept constant during a

commutation event in a full simulation model as damping currents in the field winding need

to be considered that change the di/dt in the commutating coils significantly. Therefore, the

simulation model needs to be voltage-driven. 

The simulation model proposed uses precalculated inductances (PC-FEA) as well as

precalculated brush resistances. These precalculated quantities are used in a transient circuit

solver for three different cases. The first of the analysed cases is each of the two brushes

making contact with two commutator bars and therefore one coil is undergoing commutation

under each brush. Subsequently, after the transition to the case of each of the two brushes is

making contact with three commutator bars, i.e. two coils are undergoing commutation under

each brush, the circuit to be analysed needs to be extended. Then, if at  the next transition back

to the case of a brush making contact with two commutator bars the ignition conditions of the

arc are met a circuit including a constant arc voltage drop is analysed. 

The algorithm comprises significant simplifications such as perfect symmetry at both brushes

and both branches of the armature winding. The system of all coil voltage equations is

established and solved numerically using Euler’s method. The brush circuits established in this

thesis are used to represent the brush in the simulation and all internal brush voltage drops are

found using nodal voltage analysis.
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To verify the calculated time waveforms tests have been carried out using a motor test bench

that has been built that allows to measure the motor performance according to the principle of

the reaction dynamometer. The load machine is mounted on air bearings to minimize possible

torque errors in the measurements. The speed is measured using the built in speed sensor

comprising a ferrite ring and a hall sensor. The noisy voltage signal of that sensor is

transformed into a series of voltage pulses and evaluated by a FCIV controller in order to find

the speed. The simulated and measured motor currents show good agreement, and as a quantity

in order to compare commutation in simulation and measurement the voltage across the field

winding was taken into account. The measured and simulated signals were filtered and

compared. Even though the agreement of the two signals is not found to be ideal, the

calculated curve follows the measured curve in tendency which is promising that the

electromagnetic behaviour of the machine, including the complex problem of brush

commutation, could be simulated reasonably well, despite all the simplifications introduced

in the mathematical and circuit analysis.

The model proves to give a reasonably good prediction of the steady state motor performance

like the models for example presented in [64], [65] and [66].

It can be concluded that a successful model of the machine, including the commutation

process, could be established, based on the calculation of the machine inductances, the brush

resistance, the commutation arc and the consideration of coil interactions. These critical

aspects were modelled and tested separately before combining them to an overall simulation

model.

In future work the model can be developed further in order to achieve better agreement

between measured and calculated field voltage. The field voltage is used as an indicator, that

the simulation of the commutation gives a good prediction of the actual commutation quality

in the machine. Possible ways to improve the model are a finer resolution in the precalculated

brush resistances and inductances i.e. the angular steps and current steps in the pre-calculation

can be refined. Also a more detailed analysis of the brush contact resistance [67] possibly by

taking the state of wear of brush and  commutator [68] into account could improve the

accuracy in the commutation analysis. Another way of improving the model is the inclusion

of a detailed eddy current model [69] in the simulation to account for eddy current damping

at high rates of changes of motor flux due to commutation. A model with improved accuracy

can then be used to predict the quality of the commutation of a new machine design and help
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the machine designer to increase brush life [70], [71], [72] and decrease electrical (RFI) [73]

and audible [74] noise emitted by the machine. 

Moreover, as the model is voltage-driven, in future work it can be used to simulate the

machine supplied by power electronics [75], [76], [77], [78] and the influence of the shape of

the supply voltage on commutation can be observed. 
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Fig. A1.1 Winding diagram

Appendix A1 - Winding Diagram of Armature Lap Winding

Lap Winding:

Throw = 5

Coil sides per 

layer = 2

Coil sides per

slot = 4

Number of rotor

slots = 12

Number of 

brushes = 2

Number of 

parallel arm. 

branches = 2

Created using

PC - WFC

Winding Editor
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Fig. A2.1 Test cases

Appendix A2 - Check of 6umerical Algorithm against                   

                 Analytical Solution

To check the numerical calculation five test cases have been established which have also been

treated analytically. Different Dirichlet boundary conditions were set on the edges of the brush

in every test case as depicted in Fig. A2.1. Moreover seven random points were selected to

compare the analytical and numerical results for a brush with the height b = 10mm and the

width a = 5mm. The position of those points can be seen in Fig. A.2.2
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Fig. A2.2 Test points

(A2.1)

(A2.2)

 # General analytical solution of Laplace’s equation (71):

Separation gives 

which yields

where both sides of (A2.2) must be equal to a constant. For convenience this constant is

chosen to be m2. Hence one obtains
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(A2.3)

(A2.4)

(A2.5)

(A2.6)

(A2.7)

(A2.8)

(A2.9)

and

with the solutions for X

and Y

The general solution of (71) can now be written as a linear combination of all particular

solutions with the separation parameter m as follows

 # Test case 1

Boundary conditions: From Fig. A2.1 it can be seen that

which indicates that A = 0.

Moreover, 

requires that m =   απ / a.

177



Appendix

(A2.11)

(A2.12)

(A2.13)

(A2.14)

(A2.10)

The third condition is 

where C =  !D can be found directly. 

Now, (A2.7) becomes

where Kα  = 2BαCα .

There is still one boundary condition that has to be taken into account.

If we write (A2.12) as

then Kα  can be found as the coefficients of the Fourier sine series for the constant term on the

right side of (A2.13) follows

The analytical solution for test case 1 is therefore (A2.11) with Kα  calculated from (A2.14).

The numerically and analytically calculated scalar potentials in V can be found in table A2.1.
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(A2.15)

(A2.16)

(A2.17)

Test Point analytical 36 171 741 3081

P1 2.220 2.286 2.243 2.228 2.224

P2 0.045 0.051 0.047 0.045 0.045

P3 0.979 1.021 0.990 0.982 0.980

P4 0.073 0.082 0.075 0.074 0.073

P5 6.090 5.981 6.057 6.082 6.088

P6 0.073 0.082 0.075 0.074 0.073

P7 0.171 0.187 0.175 0.172 0.172

numerical solution / grid points

Table A2.1 Numerical vs Analytical Results Test Case 1

From table A2.1 it can be seen that the scalar potentials (in V) converge to the analytical result

with a rising number of grid points. Good results can be obtained even with a relatively small

number of points.

# Test case 2

Boundary conditions: Analogously to test case 1, A = 0 and m =  απ  / a. This time the potential

on the top of the brush is set to 0. Hence

and therefore D = !Ce 2bαπ / a. The general solution for test case 2 is 

where Kα  can be obtained using the last boundary condition i.e.

hence
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(A2.19)

(A2.18)

Test Point analytical 36 171 741 3081

P1 0.009 0.010 0.009 0.009 0.009

P2 0.445 0.457 0.449 0.446 0.445

P3 0.055 0.060 0.057 0.056 0.056

P4 0.678 0.676 0.677 0.678 0.678

P5 0.006 0.007 0.006 0.006 0.006

P6 0.678 0.676 0.677 0.678 0.678

P7 0.122 0.128 0.123 0.122 0.122

numerical solution / grid points

Table A2.2 Numerical vs Analytical results Test Case 2

The results can be found in table A2.2.

The convergence in test case 2 is similar as in test case 1. 

 # Test case 3

Boundary conditions:

A problem like this (see Fig. A2.1) can be solved by superposition i.e. the result is the sum of

the solution for test case 1 and test case 2.

Hence, the analytical solution is

where Kα1 is taken from (A2.14) and Kα2 is taken from (A2.18). The results can be found in

table A2.3.
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(A2.20)

Test Point analytical 36 171 741 3081

P1 2.232 2.296 2.252 2.237 2.233

P2 0.490 0.508 0.495 0.491 0.490

P3 1.034 1.081 1.047 1.038 1.035

P4 0.751 0.758 0.752 0.751 0.751

P5 6.097 5.988 6.063 6.088 6.095

P6 0.758 0.758 0.752 0.751 0.751

P7 0.293 0.315 0.299 0.294 0.293

numerical solution / grid points

Table A2.3 Numerical vs Analytical Results Test Case 3

(A2.21)

(A2.22)

In general the numerical results agree well with the analytical results. Only point P6 shows a

deviating behaviour; for a very low number of points the analytical and numerical result are

identical but the numerical result converges to a smaller value with an increasing number of

grid points. Nevertheless the error of 0.9 % at point P6 is still reasonable. 

 # Test case 4

Boundary conditions: Similar to test case 2 A = 0, m = απ / a and D = !Ce 2bαπ / a. In addition 

(x,0) = g(x), where 

which can also be expressed as a Fourier series as follows

Again, Kα  in (A2.16) has to be determined by using a Fourier sine series
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(A2.23)

(A2.24)

Test Point analytical 36 171 741 3081 7021

P1 0.031 0.051 0.039 0.035 0.033 0.032

P2 1.513 2.286 1.959 1.794 1.715 1.689

P3 0.191 0.301 0.239 0.214 0.202 0.199

P4 2.213 3.378 2.807 2.541 2.409 2.366

P5 0.021 0.034 0.026 0.023 0.022 0.022

P6 2.380 3.378 2.807 2.541 2.409 2.366

P7 0.430 0.641 0.521 0.469 0.445 0.438

numerical solution / grid points

Table A2.4 Numerical vs Analytical Results Test Case 4

The results can be found in table A2.4.

In table A2.4 most of the test points agree reasonably well with the analytical results. Only the

points P2, P4 and P6 seem to converge slower. Those points are located very close to the

boundary condition  (x,0) = g(x). It is obvious from (A2.16) and (A2.22) that the analytical

solution comprises two infinite sums which necessarily become finite in the calculation.

Hence, in table 4 two approximations are compared and therefore a maximum error of 10.4

% at 7021 grid points is a reasonable result. It should be pointed out that the numerical

calculation (FDM) for this number of grid points is very fast (approx. 1s).  Analytical

calculations were done using the parameters  γ = ξ = 2.

# Test case 5

Boundary conditions: Similar to test case 2 A = 0, m = απ / a and D = !Ce 2bαπ / a.  In addition 

(x,0) = h(x), where

with the Fourier series
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Test Point analytical 36 171 741 3081 7021

P1 0.009 0.015 0.012 0.010 0.010 0.010

P2 0.335 0.566 0.486 0.443 0.423 0.416

P3 0.057 0.089 0.071 0.064 0.060 0.059

P4 0.632 0.926 0.778 0.704 0.667 0.655

P5 0.006 0.010 0.008 0.007 0.007 0.007

P6 0.777 1.100 0.906 0.820 0.778 0.764

P7 0.136 0.206 0.165 0.149 0.141 0.139

numerical solution / grid points

Table A2.5 Numerical vs Analytical Results Test Case 5

(A2.25)

and

The results can be found in table A2.5.

In this case only point P2 seems to converge very slow. The reasons for this are probably the

same ones as in case 4. Again calculations were done using the parameters  γ = ξ = 2.
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Appendix A3 - Relationship of external and internal Resistances 

                           in Case of 3 Segments in Contact with the Brush
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Appendix A4 - Diagram of Speed Sensor Circuit
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Appendix A5 - Diagrams and Pictures of Oscillating Circuit
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Full charge circuit

Setup
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Full discharge circuit

Interface Gate drive circuit
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Appendix A6 - Flow Chart of Machine Simulation
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