ON THE SECOND FENG-RAO DISTANCE OF ALGEBRAIC GEOMETRY
CODES RELATED TO ARF SEMIGROUPS
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ABSTRACT. We describe the second (generalized) Feng-Rao distance for elements in an Arf numer-
ical semigroup that are greater than or equal to the conductor of the semigroup. This provides a
lower bound for the second Hamming weight for one point AG codes. In particular, we can obtain
the second Feng-Rao distance for the codes defined by asymptotically good towers of function fields
whose Weierstrass semigroups are inductive. In addition, we compute the second Feng-Rao number,
and provide some examples and comparisons with previous results on this topic. These calculations
rely on Apéry sets, and thus several results concerning Apéry sets of Arf semigroups are presented.

1. INTRODUCTION

Algebraic Geometry codes (AG codes for short) are a family of error-correcting codes whose
parameters improve the Gilbert-Varshamov codes (see [HvLP]). These codes can be efficiently
decoded by means of the so-called Feng-Rao majority voting decoding algorithm introduced in [FR].
This algorithm decodes up to half the so-called Feng-Rao distance, which is a lower bound for the
minimum distance, better than the Goppa distance. The Feng-Rao distance depends only on a
Weierstrass semigroup of the underlying algebraic curve, and this allows us to study this parameter
in general numerical semigroups.

The construction of asymptotically good sequences of AG codes became more explicit from the in-
troduction of asymptotically good towers of function fields by Garcia and Stichtenoth [GS]. Numer-
ical semigroups associated to this construction are inductive, and in particular are Arf semigroups
(see [CEM] and [EG]).

The minimum distance was extended with the introduction of the generalized Hamming weight,
independently in [HKM]| and [W] for coding and cryptographic purposes, respectively. The general-
ization of the Feng-Rao bound was first considered in [HP], where it was proven that the so-called
generalized (Feng-Rao) order bounds are also lower bounds for the generalized Hamming weights.

For large elements of the underlying numerical semigroup I', the 7" (generalized) Feng-Rao
distance equals the Goppa bound up to a number, which is called the 7" Feng-Rao number, denoted
E(T', 7). This integer depends solely on 7 and the semigroup I". The second Feng-Rao number for
inductive semigroups was computed in [FG], and as a consequence, that of the tower of function
fields by Garcia and Stichtenoth. Nevertheless, for small elements of the semigroup, namely those
between the conductor c and 2c¢—1, the actual generalized Feng-Rao distance can be larger than the
corresponding Goppa-like bound. This is due to the fact that Arf semigroups are (almost always)
not symmetric (see [EM]).

The problem of computing Feng-Rao numbers and generalized Feng-Rao distances is hard. For
numerical semigroups generated by intervals or by two (coprime) positive integers we have formulas
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for the r** Feng-Rao numbers (see [DFGLI] and [DFGL2], respectively). In this paper we compute
the second Feng-Rao distance in the whole interval [c, 2¢ — 1] for Arf semigroups, generalizing the
results of both [CEM]| and [FG]. The computation is done by means of a very explicit algorithm,
and the calculations improve sensibly those obtained in [FG].

Every Arf numerical semigroup can be constructed by a series of translations of the form I';,, =
{0}U(m+T), starting with N (the set of nonnegative integers). We study how Apéry sets and sets of
divisors of I'y;, can be constructed from the corresponding sets in I' (more details in Section ). With
this machinery we will be able to infer properties of the second Feng-Rao distance and Feng-Rao
numbers of an Arf numerical semigroup.

The approach we follow in this paper is different from the one given in [F'G], where homothecy was
considered instead. The class studied there was the one closed under these homothecies: the class
of inductive numerical semigroups. Every inductive numerical semigroup has the Arf property; thus
in some sense the results presented in this manuscript extend those given in [FG]. We also study
here Feng-Rao distances, which were not considered in [FG]. In particular, the second Feng-Rao
distance of the inductive semigroups underlying in the construction |GS|] of Garcia and Stichtenoth
can be explicitly computed with our algorithm.

The paper is organized as follows: Section [2]introduces the preliminary results needed in the rest
of the manuscript concerning numerical semigroups, Arf semigroups, divisors, Apéry sets, Feng Rao
numbers and generalized Feng-Rao distances. Section Bl computes the second Feng-Rao number
for Arf semigroups. Section []is devoted to the calculation of the second Feng-Rao distance in the
interval [c, 2c — 1], which is divided in two parts. We first study the interval [c,c+ e — 1], with e the
multiplicity of the semigroup, and then the remaining elements in [c,2c — 1] by using an iterative
procedure. Section [§] studies the particular case of hyperelliptic semigroups. Section [0 discusses
some computational issues concerning generalized Feng-Rao distances for arbitrary semigroups, and
finally Section [[lshows some examples and applications to AG codes coming from towers of function
fields.

2. PRELIMINARIES

In this section we introduce the notations and definitions needed in the rest of the paper. A
numerical semigroup is a set of nonnegative integers that is closed under addition, contains the
zero, and has finite complement in N.

Let I' = {p1, p2, ...} be a numerical semigroup, with 0 = p; < ps < .... We say that I' is an Arf
numerical semigroup if for every i > j > k, p; + pj — p is in I'. Thus Arf numerical semigroups
are a particular example of numerical semigroups that can be defined by a pattern [BGS|]. Arf
numerical semigroups can be also characterized as numerical semigroups attaining a redundancy
bound associated to evaluation codes, [BI.

We will denote by e = e(I") = py the multiplicity of T'. The conductor of T, ¢ = ¢(T") = p,, is the
least integer ¢ such that ¢+ N C I'. The genus of T is the cardinality of N\ T', and we will refer to it
as g = g(I"). More details on numerical semigroups can be found in [RG], and some applications in
[AG]. A nice review of the interaction between numerical semigroups and AG codes can be found
in [BI].

For a numerical semigroup I', and x,y € Z, we say that x divides y if y —x € T (in the literature
this is denoted sometimes by = <r y). This relation is an ordering in Z. If z € T" and = # 0, then
x has at least two trivial divisors (0 and x itself), and x is called irreducible if it has exactly these
two trivial divisors.

A subset A of ' is a generating system of T if ' = (a1 + -+ +ax | k € Nyaq,...,ar € A). Every
numerical semigroup I' has a minimal generating system, that is, a generating system such that none
of its subsets generates the semigroup. This minimal generating system is precisely I'* \ (I'* + '),
with I’ =T"\ {0} (we will use the asterisk notation to remove the zero element from a set of inte-
gers). The elements of the minimal generating system are precisely the irreducible elements of the
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semigroup. The cardinality of the minimal generating system of a numerical semigroup I" is known
as the embedding dimension of I". As two irreducible elements in a numerical semigroup cannot
be congruent modulo the multiplicity of the semigroup, it follows that the embedding dimension
is less than or equal to the multiplicity of the numerical semigroup. Numerical semigroups with
mazimal embedding dimension are thus numerical semigroups with embedding dimension equal to
the multiplicity. It is well known that numerical semigroups with the Arf property have maximal
embedding dimension (see for instance [RG|, Chapter 2]).
For any integer x € Z, denote the Apéry set of I' with respect to = by

ApTz)={m el |m—x ¢TI}
The Apéry set of x € Z is formed precisely by the elements in I" that are not “divisible” (with respect
to the semigroup) by . If z € T', then Ap(T',x) has precisely x elements (indeed the converse is
also true). Apéry in [A] originally defined these sets only for elements in the semigroup. We will

see later that extending this definition to every integer is quite convenient.
If I has maximal embedding dimension, then the set

{er U (Ap(T'e) \ {0})
is the minimal generating system of I' (see for instance [RG, Chapter 2]).
Let I' be a numerical semigroup. The set of divisors in I' of x € Z is given by
D(z) =Dr(z) ={meTl |z—meT}.

It is easy to see that this set is not empty if and only if x € I'. If m € T, then 0, m € D(m) and we
have #D(m) = 2 if and only if m is irreducible. The following will be useful later.

Lemma 1. Let " be a numerical semigroup. Given m,m’ € T' with m < m’' we have that D(m) C
D(m) if and only if m € D(m’).

Proof. Since m € D(m) the necessity is obvious.
For the converse, suppose that m € D(m') and take x € D(m). Then x € T and m' — z =
(m' —m)+ (m —z) € T', whence m € D(m/). O

For my,...,mg € I', we write
D(mi,...,mg) = Dr(mq,...,mg) =D(m1)U---UD(myg).
The r** Feng-Rao distance of m € I is given by
Opr(Tsm) = min{#Dr(my,...,m;) | m <m; <--- <m,,m; € T'}.

One of the goals of this paper is to compute 5%R(F; m) for I" an Arf numerical semigroup and m > ¢
(the conductor of I').
For m > 2¢ — 1 we have
pr(@;m)=m+1—-29g+E(,r),
for some E (I', ) depending only on I' and r (see for instance [FM]).
Moreover, we also have
opr@ym) >m+1—-29g+E(,r)
for m > c¢. Note that the case m < ¢ does not make sense for AG codes, since we should have
m > 2g — 2 if we want to have an injective coding map (see [HvLP]). It may happen that the above
inequality becomes an equality for all integers greater than a certain bound less than 2¢ — 1. For
instance, for r = 1, such a bound has been calculated in [I] for acute semigroups, and Arf numerical
semigroups are acute.
For the particular case r = 2, we have

1) B(T,2) = min{#Ap(T,2) | 1 < & < e())
(see [EM], or [FG] with the notation used here).
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Given a numerical semigroup I' and an element m € I', the set
Ip={0}u(m+7T)

is again a numerical semigroup (indeed it has maximal embedding dimension, [RG, Chapter 2]).
Moreover, I' has the Arf property if and only if I';,, has the Arf property [R].

The following result follows immediately from the definition of I';,,, and will be used later without
referencing to it.

Proposition 2. Let I' be a numerical semigroup and let m € I'. Then
o g(l'm) =g(l)+m—1,
o ¢(I'y,) = c¢(I) +m,
o ¢(I'y,) =m.

We will prove later that for Arf numerical semigroups, E(T';,,,2) = min{m, E(T,2) + 1}.
In order to simplify notation, (I'y,),, will be denoted by Iy, .
For 7 a positive integer, set
di == pit1 — pi
the distance between two consecutive elements in I'.

Lemma 3. Let I' be an Arf numerical semigroup. If i < j, then we have p; +d; € I' and d; > d;.

Proof. The first assertion is a consequence of the Arf property for the triple j > i+1 >4, if j > i+1,
andi+1>j5>dif j =i.
If i <j,as pj +d; € I" and pj +d; > p;, we obtain pj +d; > pj11. Thus d; > pjy1 —p; =d;. 0O

In particular, d, < --- < dy < dy = e = pg. Also dpy, = 1 for all k € N (d, = ppy1 — pr =
c+1—c=1).

The sequence (di,...,d,) is known in the literature as the multiplicity sequence of T' (see for
instance [BDF] or [GHKR]), and if T" is an Arf numerical semigroup, it determines the semigroup
since

P:{O,dl,dl+d2,...,d1+"'+d7~_1,—>}

(the arrow here means that all integers greater than the integer preceding it are in the set).

Remark 4. Let T be an Arf numerical semigroup, and let (dy,...,d,) be its multiplicity sequence.
Then
(2) I'=Nag, 1,0 = Na,_y,.do )y -

In other words, every Arf semigroup can be obtained from N after a finite set of translations (and
adding 0 to become a monoid).

Remark 5. Let I' be a numerical semigroup with conductor ¢, and let m € I'. For any a,b € Z such
that ¢ > 2 and b > ¢ we have

al'y, U (a(b+m) + N) = (aI' U (ab + N)) g

As a consequence, if (di,...,d,) is the multiplicity sequence of an Arf numerical semigroup I
with conductor ¢, and a,b € Z such that a > 2 and b > ¢, then the set al' U (ab + N) is an Arf
numerical semigroup with multiplicity sequence (ady,...,ad,_1,a,...,a,1) where a appears b — ¢

times in the sequence. That is,

al’ U (ab + N) = Na,b:.c,a,adr.,l,...,ad '

1

Starting with I' = N, and repeating this process we get the class of inductive numerical semigroups,
see [EG].
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3. APERY SETS AND THE SECOND FENG-RAO NUMBER

In light of Eq. (Il), a good understanding of Apéry sets will help us in the computation of the
second Feng-Rao number.

Let T' be a numerical semigroup and let 0 # € € I'. Recall that I'z; = {0} U (e + I'). It is clear
that 'z C T'. Let us denote Ap(T",e)* = Ap(T',e) \ {0}.

Proposition 6. Let I' be a numerical semigroup and let e € T'*. Then

I'\T'z:=Ap(T,e)".
Proof. Observe that m € I' \ I'z if and only if m € " and m ¢ € + I", which happens if and only if
meTl andm—e¢T. O

Every nonzero element of 'z is of the form &+ m for some m € I'. The following result describes
the Apéry set of €4+ m in I'z in terms of the Apéry sets of € and m in I.

Proposition 7. Let I' be a numerical semigroup and let € be a monzero element of I'. For any
m €T, we have

Ap(l'e,é+m) = (e+ Ap(I',m)) U (e +m+ Ap(T',€)") U {0}.
Proof. Let m’" € Ap(T'z,e+m)*. Thenm/ =e+s' with s’ €. Nowe+s —(e+m)=5"—m ¢ T,
so that we have two possibilities:
o if s —meT, then s —meT'\T'z:=Ap(T,e)*, whence s’ € m + Ap(T',e)*;
o if ' —m ¢ T, then s’ € Ap(T', m).
For the other inclusion, if s’ € Ap(I',m), thene+s' €Tz ande+ s —(e+m)=s —m ¢T. In
particular, €+ s’ — (€+m) ¢ ['s. So €+ Ap(I',m) C Ap(Tg, € + m).
Finally, let s’ € Ap(T',e)* =T \Tz. Thene+m+s €T, bute+m+s —(e+m) =5 ¢ ;.
Hence € + m + Ap(T,e)* C Ap(T'z, e + m). O
Recall that the second Feng-Rao number can be computed as the minimum of the cardinalities

of the Apéry sets of positive integers less than the multiplicity. We now give a series of lemmas that
will allow to see how these cardinalities behave in an Arf numerical semigroup.

Lemma 8. Let I' be an Arf numerical semigroup. If d; < d;—1, then
Ap(r7 _dl) = {pla s 7pi—l}'

Proof. For any j <1i—1 we have p; < p; +d; < pj +dj = pjt1, s0 pj +d; ¢ T', which means that
pj is in the Apéry set. Lemma [3 ensures that if j > i, p; ¢ Ap(I', —d;). O

By using the relationship between the Apéry set of an integer and its opposite, we can get the
cardinality of the Apéry sets of the distances between elements in an Arf numerical semigroup.

Corollary 9. Let I' be an Arf numerical semigroup. If d; < d;_1, then

Proof. We only need to use the fact that #Ap(T,z) = #Ap([, —z) + = (see [FGHL), Lemma 1))
together with Lemma 8 O

Next we see that the cardinality of the Apéry sets of integers between the distances are controlled
by the distances.

Lemma 10. Let I' be an Arf numerical semigroup. For any d; < x < d;_1 we have
Ap(T, —d;) € Ap(T", —z).
In particular, #Ap(T', z) > #Ap(T', d;).
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Proof. For any k < j — 1, we have py < px + = < px + dx = pr+1, and so pr, — (—x) = pp +x ¢ I.

By Lemma [8, this implies that Ap(I', —d;) € Ap(I', —z), and thus by [FGHL, Lemma 1],
#Ap(T,z) = #Ap(T', —z) + = > #Ap(I', —d;) + d; = #Ap(T', d;). O

Remark 11. This means that in order to compute the second Feng-Rao number using the formula
in Eq. (Il) we only need to check Ap(T",d), with d a distance between consecutive elements in T

Remark 12. Notice that if I' is an Arf numerical semigroup and m,m + 1 € I, then 2m 4+ 2 —m =
m + 2 € I'. Arguing in this way, m > ¢. This proves the following result.

Lemma 13. Ap(I',1) =T'N[0,c] ={0=p1,p2,...,pr = }.

With this, we can calculate the second Feng-Rao number of an Arf numerical semigroup in terms
of its multiplicity sequence.

Proposition 14. Let ' be an Arf numerical semigroup with multiplicity sequence (dy, ... ,d,), that
is, ' =Ng,_, _.a,- Then

E (Ndrq,...,dlﬂ) =min{dy,ds + 1,...,dr—1 +7—2,7}.
Proof. Using Corollary [ we have
#Ap(T,d;,—1) ifd; =d;,
di+i—1 if d; < d;i—q.
Soif dj11 < dj = d; < d;j—q, with ¢ < j, we obtain
dj+j—1>d;+1—1=#Ap(l',d;) = #Ap(I',d;).

#Ap(l',d;) = {

Since by Lemma [I3]
#Ap(', dy) = #Ap(I', 1) =,
we can apply Remark [[T] to get the desired result. O

Also, this allows us to give a recursive formula. Recall that I" has the Arf property if and only if
I'z has the Arf property.

Theorem 15. Let I" be an Arf numerical semigroup and let € € I'*. Then
E (T'z,2) = min{e, E(T,2) + 1}.
Proof. This is a consequence of Proposition [I4] together with Eq. (2] O

Notice that, by using Remark [, the above theorem provides us with an algorithm to compute the
second Feng-Rao number for any Arf numerical semigroup. In fact, if I' = Ny _, 4, as in Section
2l then we start with I' = N where E (N, 2) = 1, and iterate Theorem [I5] with m from d,_1 to dj.

Ezample 16. Let T' = (5,7,9,11,13), which has multiplicity sequence (5,2,2,1). Observe that
N; = N. By Theorem [[5 E (N3,2) = min{2,E(N,2) + 1} = 2. By using again this formula,
E (Ng2,2) =min{2,2 + 1} = 2. Finally, E(I',2) = E(Ny25,2) = min{5,2 + 1} = 3.

If we use Proposition 4] E (T',2) = min{5,2 + 1,2 + 2,4} = 3.

As a corollary of Proposition [I4 and Remark [5l we obtain the following formula for the homothetic
transformation (compare with [FG]; recall that every inductive semigroup has the Arf property).

Corollary 17. Let I be an Arf numerical semigroup with conductor c¢. Let e € I'*, and a,b € Z
such that a > 2 and b > c¢. Then

E (al'zU (a(b+€) + N),2) = min{ae, E (aI' U (ab + N), 2) + 1}.
Furthermore, if T has multiplicity sequence (dy,...,d,), then
E (aI' U (ab+ N), 2) = min{ad;,ads + 2, ...,ad,—1 + 7 —2,a+r—1,(b—¢c) +}.
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4. THE SECOND FENG-RAO DISTANCE

Our next goal is to compute the second Feng-Rao distance for elements in an Arf numerical
semigroup greater than the conductor of the semigroup. To this end, we will apply again Remark
M iteratively. Note that for m > 2c — 1 one has &z (m) = m + 1 — 2g + E(I',2) [EM] and we have
computed the second Feng-Rao number for Arf semigroups. The starting case I' = N is actually
trivial, since 635 (m) = m + 2.

Given an Arf numerical semigroup I" with conductor ¢, we first study the second Feng-Rao
distance for the elements in [0,c+e—1]NT", and then from ¢+ e on. We need some lemmas relating
the divisors of a numerical semigroup and its translate by one of its elements (as we had in the case
of Apéry sets).

Lemma 18. Let I' be a numerical semigroup and let € € I'. For any m € I, we have
Dr,(2¢ +m) = (¢ + Dr(m)) U{0,2€ + m},
and this union is disjoint.

Proof. First, we show that é 4+ Dr(m) C Dr_(2¢ +m). Take s € Dp(m). Then e+ s is clearly in I'g,
and 2¢ + m — (€ + s) = € + (m — s), which is in I'z because m — s € I'. This proves one inclusion.
Let now s be an element in Dp_(2¢ + m) \ {0,2¢ + m}. Since s € T'z \ {0}, we have s —é € I.
Also, m—(s—é) =é+m—s,and as 26 + m — s € 'z \ {0}, we conclude that € +m — s € I". Thus,
s=é+ (s—e) €e+ Dr(m). O

From the above lemma we can determine completely the (classical) Feng-Rao distance for an Arf
numerical semigroup (this was done already in [CFM]).

Theorem 19 (Campillo-Farran-Munuera). Let I' be an Arf numerical semigroup with ¢ = p,, and
denote my := 0 and my = ¢+ pp — 1 for k € {2,...,r}. Then one has #Dr(m1) = 1 and
#Dr(my) =2k —2 for k € {2,...,r}, and hence

[ 5%R(F;m1) = 1,

o Sip(Tim) =2k — 2 if mp_1 <m <my, k€ {2,...,r},

o Stp(Tim) =m+1—2g if m > m,.

Note that the main purpose of this paper is precisely to generalize the above result for the second
Feng-Rao distance. Thus we need to know how divisors of two elements behave under translations.

Lemma 20. Let I' be a numerical semigroup and let € € I'. For every configuration m,m' € T, we
have

Dr,(2¢ +m,2¢ +m') = (€ + Dr(m,m’)) U{0,2¢e + m,2¢e + m'}.
If in addition |m —m/| < €, then this union is disjoint. In particular,
#Dr(m,m') +2 < #Dr, (2 + m,2e + m') < #Dr(m,m’) + 3.
Proof. The first statement follows easily from Lemma [I8 For the second, suppose m < m/, and
som’ —m < & Then 2¢ +m’ ¢ (€ + Dr(m)) because m — (¢ + m’) = m —m/ — & < 0. Similarly,
2¢ +m ¢ (e+ Dp(m')), since m' — (+m) =m' —m —e <0.
Notice that 0,2e + m’ & € + Dp(m, m’). From this observation, the last inequality follows. O

The union might not be disjoint if |m — m/| > €. For example, it is not disjoint for m’ = m + e.
The following result gives bounds for the cardinality of the set of divisors of two elements in a
numerical semigroup in terms of the divisors of each element. This will be used later.

Lemma 21. Let I' be a numerical semigroup. For any m,m’ € T' with m < m’ we have

max{#Dr(m) + 1, #Dr(m’)} < #Dr(m,m’) < #Dr(m) + #Dr(m’) — 1.
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Proof. The first inequality comes from the inclusions
Df(m) U {m/} - DF(m7m/)7 Dr(m/) - DF(mam/)v

where the first union is disjoint.
The second inequality is clear since 0 € Dp(m) N Dr(m’). O

Recall that we are looking for minimums of #Drp(m, m’) with mg, m, m’ in a numerical semigroup
I, with mg < m < m/. The following result is telling us that we can choose m and m’ at distance
at most the multiplicity of I'. This simplifies the search.

Lemma 22. Let I' be a numerical semigroup with conductor ¢ and multiplicity e. For m > ¢, we
have

min{#Dr(m,m’) | m < m'} = min{#Dr(m,m') | m <m' <m +e}.
Proof. Suppose m’ > m is the smallest element in which the minimum in the left hand side of

the above equation is attained. If m’ > m + e, then m’ — e € Dp(m/), and by Lemma [l we have
Dr(m’ —e) € Dp(m’). Thus,

#DF(m7 m' — 6) < #DF(m7 m,)a
which is in contradiction with the minimality of m/. O
With this series of lemmas we are now ready to study the second Feng-Rao distance on an Arf
numerical semigroup I'. We will study first the interval [0,c+e—1]NT and then the elements larger

than ¢+ e, with ¢ the conductor of I' and e its multiplicity. This distinction will become clear later,
since the results obtained in each case are different in nature.

4.1. Second Feng-Rao distance up to c+e— 1. First, we study the case e = 2. In this setting,
c+e—1=c+1,ciseven, and I' = (e,c + 1).

Lemma 23. Let ¢ be an even integer greater than one. For I' = (2,c¢+ 1) and m € I', we have

4 if2<m<c+1.

Proof. 1t is clear that 625 (2) = 3, since Dr(2,c¢+ 1) = {0,2,c + 1}. For any other element of the
semigroup with 2 < m and m # ¢+ 1, #Dp(m) > 3, and by Lemma 2Tl #Dr(m,m’) > 4 for any
m’ > m. As for m = ¢+ 1, we have {0,2,¢+ 1,m'} C Dr(c+ 1,m’) for any m’ > ¢+ 1, so also
#Dr(c+1,m’) > 4. We deduce that %y (m) > 4 for m > 2. Finally

Dr(c+1,c+3) ={0,2,c+1,¢+ 3},
which gives 62z (m) =4 for 2<m < c+1. O

We now deal with the case of embedding dimension greater than two. The following property
simplifies the task.

Proposition 24. Let I' be an Arf numerical semigroup with conductor ¢ and multiplicity e > 3.
Then either c+ e — 2 or c+ e — 3 is irreducible.

Proof. Recall that Ap(T',e)* U {e} is the minimal generating system of T

Since e > 3, clearly both ¢4+ e —2 and ¢+ e — 3 are in I'. Now suppose that ¢ + e — 2 is not
irreducible. Then c+e—2 ¢ Ap(T, e)*. That means that c—2 € T'. If c—3 € T, then by Remark [12]
we will have ¢ — 2 > ¢, which is a contradiction, so ¢ —3 ¢ I'. Thus c+e—3 € Ap(T',e)* U{e}. O

With this we know the value of the second Feng-Rao distance for the elements in I" up to c+e—3.
For ¢+ e — 1 and ¢ + e — 2 the calculations require more work.
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Corollary 25. For I' an Arf numerical semigroup with conductor ¢ and multiplicity e > 3 we have
Opg(m) =3
for allm € T with m < ¢+ e — 3. Moreover, §¢g(c+e—2) =3 if and only if c—2 ¢ T

Let I' be an Arf numerical semigroup with conductor ¢ and multiplicity e. Let I's = {0} U (e +T)
with € € T'*. The conductor of I'z is then ¢ = € 4+ ¢. Recall that every Arf numerical semigroup
is constructed by applying this procedure several times. The base case is I' = N, and we have the
following. Observe that Ny = N, and so in the first step we can always omit the case e = 1.

Lemma 26. Let I'; = {0} U (e + N) with € > 2. Then ¢ =€, and
Spr(De;c+ée—2) =3,

and
Str(Tec+e—1)=4.

Proof. Clearly, the conductor of I'z is €. The equality 5%R(Fé; ¢+é—2) = 3 follows from Corollary 25]
because € — 2 ¢ I's. For the last equality, since ¢ + € — 1 is the largest irreducible of 'z, we deduce
from Lemma [27] that 51%R(E +é—1) > 4. But we have

Dr.(c+e—1,c+e)={0,e,c+e—1,c+e},
whence 0Zg(c+¢é—1) = 4. O
Now we go for the general case of the second Feng-Rao distance of ¢ 4+ e — 1.
Lemma 27. Let I' be an Arf numerical semigroup with multiplicity e > 1, and let & € I'*.Then
4 ife=e
sprTeic+e—1) = ’
Pr(le ) {5 otherwise.
Proof. Take m =¢+é—1and m' > ¢+ e — 1 in Lemma 2] which yields
#Dré(m/) < #Dré(é—i_ €— 1,’171/) < #Dr(m/) + L
By taking minimums we obtain
Spp(Tegé+é) <min{#Dr.(c+e—1,m) |m' >é+é—1} <opg(Te;é+e) + 1.
Notice that for m > ¢+ e and m’ > m, we have
#Dr, (m,m’) > #Dr,(m) +1 > dpg(Te;e+€) + 1.
This implies that 623 (T'e; ¢ + € — 1) is attained in #Dr, (¢ + & — 1,m/) for some m’ > m. Thus
Str(Tec+e) < Sgr(Tee+e—1) < opp(Tee+e) + 1.
Since e > 1, T'e = {0,é,e + ¢&,...}. By using Theorem [[J, we obtain 6ty (Ts;¢ + €) = 4, and
consequently
Sip(Te;c+e—1) € {4,5).
Now 02, (Te;é+ & — 1) = 4 if and only if exists m’ € Z with ¢+ & <m’ <é+ e+ e — 1 (the upper
bound of m’ comes from Lemma[22)) such that #Dr,(c+é—1,m’') =4. As4 = #Dr,(c+e—1,m') >
#Dr,(m') > 65 (Te; c+€) = 4, we deduce #Dr, (m’) = 4 and ¢+é—1 € Dr,(m’). Write m’ = é+e+k
with 0 < k < e — 1. This would mean that m’ — (¢+é—1) =k+1€T;={0,6,e+é,...}. This
can only be the caseife=e =k — 1. O

The next step will be describing 6% (I's; ¢ + € — 2).

Lemma 28. Let I' be an Arf numerical semigroup with multiplicity e, and let € € T'*.
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o [fe=e, we have
o 3 ifc—2¢T;
Ap(Tgmc+ée—2) = ’
Fr(le ) {4 otherwise.
o Ife<e, then
3 ifc—2¢Ts,
ip(Tec+e—2)=<S4 ifc—2eT;andc=ée+2,
5  otherwise.
Proof. By Corollary 25] we already know that 5%R(Fé; c+e—2)=3ifand only if ¢ — 2 ¢ T';.
If e=¢and ¢ —2 €I, then Lemma 27 and Corollary 25 ensure that 02, (I'e;c+ € — 2) = 4.
Assume that e < & and ¢—2 € I'z. Then by Lemma[27, the only possibilities for 62y (I's; ¢+ € —2)
are 4 and 5. By definition,
62 (Te; ¢+ € —2) =min{#Dr.(m,m’) |[c+&—2<m < m'}
=min{min{#Dr,(c+¢e—2,m') |e+é—-2<m'},
min{#Dr.(m,m’) |e+e—1<m <m'}}
=min{min{#Dr.(c+é—2,m') | c+e—2<m'},
str(Tae+e— 1)}
In light of LemmalI], #Dr,(¢+é—2,m’) > #Dr,(¢+é—2)+1, and by LemmalRT 62y (T's; c+e—1) =
5. Consequently
6ip(Te;c4 € —2) > min{5, #Dr. (¢ +¢—2) + 1}.
Thus 02, (Te; e+ € —2) = 4, if and only if #Dr, (¢ +&—2) = 3. Now, since ¢ — 2 € I, we have that
0,6, —2 and ¢+ ¢é — 2 are in Dr,(¢ + & — 2). So, necessarily we will have € = ¢ — 2. It is easy to
see that when e =¢ — 2, 'z = {0,¢,e 4+ 2, —} and we have
#Dr.(c+e—2)=3. O
We can summarize the main results of this section as follows.

Theorem 29. Let I' be an Arf numerical semigroup, with multiplicity e = py and conductor ¢ = p,.
) 3 ifm=2

o Ife=2, then form €T with2<m < c+1, 62,(m) = ’

/ F - e (M) {4 if m > 2.

o If e > 2, then we have:
(1) form €T, withe <m < c+e— 3, 62z(m) = 3;
(2) If p3 = 2p2, then
2 _ — 3 ifpr—1<0—2,
drr(c+e 2)_{ L ifp e 2

and Sp(c+e—1) =4;
(3) if p3 < 2p2, then
3 7;pr’—l <c— 27
Stp(cte—2)={ 4 ifp_1=c—2andr =3,
5 ifpr_1=c—2andr >3,

and
4  ifr=2,

Sir(cte—1)= {5 ifr>2

Proof. Apply Corollary 25l and Lemmas 27 and 28], and just notice that p3 = e + € and that always
pr—1 < c—2. 0
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4.2. The second Feng-Rao distance for m > ¢+ e. For a semigroup of the form I'z = {0} U
(e+T), we first compute 6% 5(m) for m in the interval [¢,¢ + & — 1] with the aid of the previous
paragraph, and now we are going to see how to compute it for m > ¢+ € in terms of I', so that we
can iterate the procedure to get the values in the whole interval [¢, 2¢ — 1].

Lemma 30. Let I' be an Arf numerical semigroup with multiplicity e and conductor c. Let € €
I'\{0,e} and ¢ =c+e. Then

SEp(Te;cte+k) = 02g(Tic+ k) +3
for all k € N.
Proof. By Lemma 20} we can easily see that
G2p(Tic+ k) +2 < 62q(Te;c+e+ k) < 62x(T;e+ k) + 3.
Suppose that the first inequality is actually an equality and let k < i < j <i+ € — 1 be a pair such
that 0z (e;é+ e+ k) = #Dr (¢ +e+i,6+e+j) (Lemma2Z). But now
Ep(Die4+ k) +2=08g(Te;c+e+ k)
=#Dr.(c+é+i,c+ée+7)
> #Dr(c+i,c+j) +2
> 0pp(Tie+ k) + 2.
This means that the inequalities are all equalities and we will have
#Dr,(e+e+i,c+e+j) =#Dr(c+i,c+7)+ 2,
which happens if and only if ¢+ &+ € Dp(c+ j). Since
c+j—(c+e+i)=(—i)—e<0,
this can only be the case if j =i + é. But we will also have
#Dr(c+i,c+j) = 6pr(T e+ k),

which is impossible because j —i =€ > e (#Dr(c+i,c+j —e) < #Dr(c+i,¢+ j), see the proof
of Lemma [22]). O

We now focus on the case e = e.

Lemma 31. Let I' be a numerical semigroup with multiplicity e and conductor c. Let ¢ = ¢+ e.
Then, for any k € N, the following conditions are equivalent.

(1) 3 (Tesc+e+k) =63g(Tic+ k) +2.

(2) O (Tsc+ e+ k) = 62x (T e+ k).

Proof. Notice that 0tg (T;c+ e+ k) > 623 (T; ¢+ k). To see this, let p be an integer greater than or
equal to k such that #Dr(c+e+p) = dpz(T;¢+ e+ k). Then
Spr(T;c+k) < #Dr(c+p,c+e+p) = #Dr(c+e+p) = p(Tic+ e+ k).

Suppose 625 (Ce;¢+ € + k) = 62g(Isc + k) + 2. Then there must exist integers i and j with
k <i<j<i+e (Lemmal2) such that #Dr, (c+e+i,c+e+j) = 625 (;c+k) +2. By Lemma 20
we have

#Dr, (+e+i,c+e+75) > #Dr(c+i,c+j) +2 > 6fp(Tic+ k) +2,

so these inequalities must all be equalities. This can only happen if j = i+ e (Lemma[20), and then
#Dr, (¢ +e+i,c+e+j) =#Dr, (¢+2e+i) =023 (T;c+ k) + 2, which implies #Dr(c +e +1i) =
625 (T; ¢+ k)(see Lemmal[I8). So the following inequalities

SEp(Tic+ k) <Spp(Tic+e+ k) < #Dr(c+e+1)
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must all be equalities.
For the converse, suppose oty (I;c+ e + k) = 6%z (I';¢ + k). Then there exists an integer i with
k < such that #Dr(c + e + i) = 0%z (I;c + k). But then by Lemma [8

SEr(Tic+k) +2=#Dr(c+e+i)+2=#Dr, (¢ + 2e +1)
= #Dr,(E+e+i,c+2e+i) > 0tr(Te;c+ e+ k).
Lemma[8yields 625 (Te; e+e+k) > 625 (T'; c+k)+2, and all these inequalities become equalities. [
We summarize now the results of this paragraph in the following theorem:.

Theorem 32. Let I' be an Arf semigroup with conductor ¢ and multiplicity e. Let & € T'* and
c=e+c. Forevery k € N,

2 . s 1 ) _ $2 .
520 (Tt &+ k) = 61;R(F, c+k)+2, ife= ? and dpg (Tic+ e+ k) = 6pr (T e+ k),
Opr(Tic+ k) + 3, otherwise.
As a consequence, as long as we can compute the first and second Feng-Rao distances for I', we
can iterate this process to obtain the second Feng-Rao distance for every Arf semigroup by means
of a recursive algorithm.

Algorithm 33. Feng-Rao distances and numbers of Arf numerical semigroups.

Input: The multiplicity sequence (dl, ...,dy) of an Arf numerical semigroup T'.

Output: E (T,2), 0t (I';m), and 62z (I;m) for all m € T.

1. Set I'(0) = N with 6Lz (N;m) = m + 1 and 62 (N;m) =m + 2, for m € N, E(N,2) = 1.
2. Forie{l,...,r—1} do

Set I'(é) :=T'(i — 1)q,_,, e; :==e(I'(d)), and ¢; := c(I'(3)).

Compute E (I'(¢),2) = min{d,_;, E(T'(i — 1),2) + 1}.

Compute dZg (I'(i);m) for ¢ < m < ¢+ e by using Theorem 291

Compute 0%, (I'(i); ¢ + € + k) for k > 0 by using Theorem

Compute dtg (I'(4);m) for m > 0 by using Theorem [I9

Next we illustrate the algorithm with an example.

Ezample 34. Consider the Arf semigroup I' = {0, 12, 24, 32, 36,40, —}. We will apply Algorithm [33]

to I'; and compute step by step the following (Arf) semigroups. The multiplicity sequence of T" is

(12,12,8,4,4, 1).

(1) We start with I'(0) = N, with 6% (N; m) m+1and 625 (N;m) = m+2, form € N, E (N, 2) = 1.

(2) I'(1) = Ny = {0,4,—}. It has ¢; = e; = 4. Then E(I'(1),2) = min{4,E(T'(0),2) + 1} =
min{4,2} = 2. The values of 6.3 (I'(1);m) and 623 (T'(1);m) are given in the following table:

m 0 4567
Ep(C(1);m) (2 3 3 3 4
SGrT@)m) (1 2 2 2 2

(3) I'(2) =T'(1)4 = {0,4,8,—}. It has co = 8, ea2 = 4. The second Feng-Rao number is E (I'(2),2) =
min{4, E (I'(1),2) + 1} = min{4, 3} = 3. The values of 615 (I'(2);m) and 02 (I'(2); m) are given
in two intervals [8,11] and [12, 15].
In the first interval [co, co + mgo — 1] we apply Theorem 29 and we obtain

m 8 9 10 11
Ep(T(@2);m) |3 3 3 4
SppT@2)m) |2 2 2 2
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In the second interval we apply Theorem B2], taking into account that e; = es, and we obtain
the results of the following table. Note that in I'(0) we have

0fr(L(1);4) = 3 = 0pr(I'(1); 8)
m 12 13 14 15
2x(C2);m) |5 6 6 7
SErT@2)m) |4 4 4 4
(4) T'(3) =T(2)s ={0,8,12,16,—}. Now c3 = 16, e3 = 8 and E (I'(2),2) = min{8,E (I'(2),2)+1} =
min{8,4} = 4.
For I'(3) we have to consider again two intervals: [16,23] and [24, 31].
In the first interval [c3, c3 + m3 — 1] we obtain the following results

m 16 17 18 19 20 21 22 23
2x(C@3y;m) 3 3 3 3 3 3 3 5
SrT@B)m) 2 2 2 2 2 2 2 2

In the second interval we apply again Theorem [B2] obtaining the following table. Note that
now eg > €9.

m 24 25 26 27 28 29 30 31
2:(CB)m)|6 6 6 7 8 9 9 10
SEr@@Bym) |4 4 4 4 6 6 6 6

(5) T'(4) = T'(3)12 = {0,12,20,24,28, —}. Now ¢4 = 28, e4 = 12 and E (I'(4),2) = min{12, E (I'(3), 2)+

1} = min{12,5} = 5.
6) T =TB) = I'4)12 = {0,12,24,32,36,40,—~}. Now ¢; = 40, e5 = 12 and E(I',2) =
min{12,6} = 6.
We proceed in the same way with I'(4) and T' = T'(5), and compute the second Feng-Rao distance
in the whole interval [¢;, 2¢; — 1]. In both steps we always sum 3 to the previous semigroup, in I'(4)
because e4 > e, and in I'(5) because the exception when we sum 2 in Theorem B2] never happens.
The second Feng-Rao distance for I' is shown in the following table

m 40 --- 50 51 52 --- 62 63 64 --- 70
2xTym)| 3 -~~~ 3 4 6 -~ 6 8 9 ... 9
m 71 72 73 74 75 76 77 78 79 80

S2x(T;m) |11 12 12 12 13 14 15 15 16 17

We observe that, in all the steps, the case m = 2¢; — 1 matches with the Goppa-like bound
m+1—2g; +E((),2).

We also remark that we are improving the Goppa-like bound given by the second Feng-Rao
number, which can be even negative at the beginning of the interval [¢;, 2¢; — 1]. For example, we
show below the comparison for I's.

m 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 3l
525 (T(2); m) 3 3 3 3 3 3 3 5 6 6 6 7 8 9 9 10
m+1-2+ET2),2)|5 4 3 2 -1 0 1 2 3 4 5 6 7 8 9 10

Remark 35 (Ordinary semigroups). Let I" be a numerical semigroup such that ¢ = e, that is called
an ordinary semigroup. It is always an Arf numerical semigroup with ¢ = ps, that is I' = N.. In
this case the irreducible elements are precisely

{e,e+1,...,2¢e — 1}.
Applying Proposition [I4]it is easy to see that
E(I',2) = #Ap(T’, 1) = 2.
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Thus, if m > 2c¢ — 1 = 2e — 1 we know that
Str(m) =m+1-29+E[,2)=m+1—(2e—2)+2=m— (2e — 1) + 4,

because g = e — 1.
We can obtain the same result from Theorem [32] since ¢ = e > 1 we have for m > ¢+ e = 2¢

62p(Nesm) = 62g(Nsm —2¢) +3=m —2c+5=m — (2¢ — 1) + 4,
and from Lemmal26], we get 623 (Ne;2c—1) =4 = (2c—1)—(2e—1)+4. Finally, fore <m < 2e—1,
625 (Ng;m) = 3.
If I is ordinary with ¢ = e, then
3 ifce<m<2e—1,
5%R(m) = .
m—(2e—1)+4 if2e—1>m.
Note that this also applies to the case e = 2 (the elliptic semigroup).

FEzample 36. Consider I' the ordinary semigroup with ¢ = e =6 and g = 5.

m |6 7 8 9 10 11 12
02,(m)|3 3 33 3 4 5

5. HYPERELLIPTIC SEMIGROUPS

Although section [ gives an algorithm for all Arf semigroups, we study in this section the special
case I' = (2,2g + 1) with g a positive integer (g is precisely the genus of I'), in order to get a closed
formula for hyperelliptic semigroups. The conductor is precisely ¢ = 2g, so that this semigroup is
symmetric (in fact, these are the only symmetric Arf semigroups). Also I' = N, 4 5 (2 appears g
times). Using Theorem 5] we get

E(T,2) =2.
Thus, for m > 4g — 1, we have
62p(m)=m+1—-29+E(I,2) =m —2g + 3.
Observe that the case of genus equal to one, (2, 3), has been considered in the preceding section.
The closed formula for the second Feng-Rao distance is a consequence of the following property.

Lemma 37. For any hyperelliptic numerical semigroup T' = (2,29 + 1), and any k > 0, we have
Spr(T329 + 2 + k) = 63x(T; 29 + k).

Proof. Recall that ¢ = 2g and e = 2. We will use induction on g. For g = 1 it is easy to see that
Spp(Nos2 +2 4+ k) = Shp(N; k) +2 =k + 3,

while the second Feng-Rao distance is (using Remark [35))
Ep(Nos2+k)=2+k—(4—1)+4=Fk+3.

Suppose that, the formula holds for ' = (2,2(g — 1) + 1), we will prove it for I'ys = (2,29 + 1).
We have, in light of Lemma [I8], that
(3) 6br(T2;29 + 2+ k) = 6pr(T2;2(9 — 1) + 2 x 2+ k) = 0pp(T52(g — 1) + k) + 2.

First, suppose that k = 2 + &/, with ¥ € N. By using the induction hypothesis and Theorem [32]
we deduce
OFr (T2 2 + k) = 0pr(T2; 20 + 2+ K) = S (0209 = 1) + K) +2,
but this is equal again by induction hypothesis to dfg(I';2(g — 1) + 2+ &’) + 2, which is the same
as 6tg(T;2(g — 1) + k) + 2. Hence 6t (I'52(g — 1) + k) + 2 = 623 (T'2; 29 + k). Now by Eq. @), we
obtain
6pp(T2;2g + 2+ k) = 6¢g(Te; 29 + k).



ON THE SECOND FENG-RAO DISTANCE OF AG CODES RELATED TO ARF SEMIGROUPS 15
If k € {0,1}, by Lemma[3] 6% ('9;2g+k) = 4, and by Theorem [0, 61 (T2;29+2+k) =6—2 =4
(here mo =2g+2—-1<294+2+k<mg=29g+4—1). O

Proposition 38. LetT' = (2,2g+1) be an hyperelliptic numerical semigroup. Let k be a nonnegative
integer smaller than g, and p € {0,1}. Then

6Rr(T;2g + 2k +p) = 4 + 2k.
Proof. By Theorem [32] and Lemma B7 applied % times, we get
0fr (L5 29 + 2k + p) = 0fR(Ny s :2(9 — k) +p) + 2k.
Now, Lemma [23] ensures that 5%R(N2,g:k’2; 2(g—k)+p) =4 O
For a given numerical semigroup I', we define the Goppa-like bound by
Gi(m):=m+1—-29+E(T,2).
We summarize the main results of this section in the following result.

Theorem 39. Let I' = (2,29 + 1) with g > 2,

o Form=2g+2k+1, k>0, one has 623 (I';m) = G&(m).

o Form =29+ 2k, 0 <k <g—2, one has 633(T';ym) = G&(m) + 1.

o 02 (Ti4g —2) =29 +1=Gi(4g — 2).
Ezample 40. Consider I" the hyperelliptic semigroup (2,11) with ¢ =5 and ¢ = 10. Computations
of the second Feng-Rao distance are summarised in Table [Tl

m 2 4 6 8 10 11 12 13
Rpm) |3 4 4 4 4 4 6 6

m 14 15 16 17 18 19 20
6ip(m)| 8 8 10 10 11 12 13
TABLE 1. 5%1% for the hyperelliptic semigroup (2, 11).

6. COMPUTATIONAL ASPECTS OF THE FENG-RAO DISTANCE

Several computer experiments were performed in order to guess the behavior of the second Feng-
Rao distance and number for Arf numerical semigroups. We already had some GAP [GAP] code for
the numericalsgps package [DGM] that was able to compute the Feng-Rao distance of a numerical
semigroup. These were used in [DEGLI] for the computation of the Feng-Rao numbers of numerical
semigroups generated by intervals.

In this section we present an algorithm to find a finite set in which the minimum in the formula

Opr(Tsm) = min{#D(m1,...,my) [ m <my <--- <myp,m; € T},
is attained.
Let I' be a numerical semigroup with multiplicity e and conductor ¢. Set
P (m)={(my,....my) €T |m<my <--- <my}.

This is the set where we need to find the minimum. Given z1,...,2, € I' such that z; > m and
x; # x; if i # j, we denote by [z1,...,z,] the unique element in P"(m) obtained by sorting the ;.
We will define recursively a finite subset X" (m) C P"(m). First, denote u = max{m +e—1,c+
e — 1}, and put
XY(m)={m,...,u}NT.
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This is clearly a finite subset of P!(m).
Suppose we have defined X"~!(m) C P"~!(m), and let (m1,...,m,_1) € X""1(m). Define

X(msma,...,me—1) = ({me—1+1,..,uy ND)U{mi +e,...,me—1 +e} \{0,...,my_1},
which is clearly finite. We also have that for every x € X(m;mq,...,my_1), my—_1 < x € I" so that
(mi,...,my_1,z) € P"(m). Then set

X" (m) = {(my,...,m,) €T" |(mq,...,mp_1) € X" (m),
m, € X(m;my,...,mp_1)}
which is a subset of P"(m), and has finitely many elements.
Proposition 41. Let I' be a numerical semigroup, v > 0 an integer, and m € I'. Then
min{#D(x1,...,2,) | (x1,...,2,) € X"(m)} = min{#D(p1,...,pr) | (p1,-..,0r) € P"(m)}.
Proof. Clearly,

min{#D(z1,...,2z,) | (x1,...,2,) € X"(m)} > min{#D(p1,...,p.) | (p1,---,pr) € P"(m)}.

Suppose that the other inequality does not hold, and let (pi1,...,p,) € P"(m) be such that
#D(p1,...,pr) < min{#D(z1,...,2.) | (z1,...,27) € X"(m)}. Clearly, (p1,...,pr) € X"(m). We
can choose (pi,...,p,) to be minimal with respect to the lexicographical ordering fulfilling this
condition.

Since (p1,...,pr) ¢ X"(m) we have that either p; ¢ X!(m) or there exists i € {1,...,r — 1} such
that (p1,...,p;) € X*(m) but piy1 € X(m;p1,...,pi).

If pp ¢ X1(m) = {m,...,max{m + e — 1,c +e— 1}} NT, that means that p; > m + e and
p1 > c+e Sop—e>mand p; —e > c. This means p; — e € P'(m). Now by minimality of
(p1,-..,pr) we should have

#D(pl —€,p2,... 7p7“) > min{#D(gjlw .. 7337‘) | (xlw .. 7337‘) € Xr(m)} > #D(plv s 7p7“)‘

which is a contradiction, since D(p; —e) C D(p1).

Thus p; € X'(m). Suppose now that (py,...,p;) € X*(m) but p;y1 ¢ X(m;p1,...,p;). Then, as
Pi+1 > p; we must have p;y; > max{m+e—1,c+e—1} and p;y1 ¢ {m1 +e,...,m,_1 +e}. This
means that p;1 —e > ¢ so pip1 —e €T, also piy1 —e > m and piy1 —e # p; for all j € {1,...,i}.
By the minimality of (p1,...,p,) we obtain

#D([p17 vy PisPitl — €042, -+ - 7p7“]) 2 min{#D(‘T17 e 7‘TT) ’ (.Z'l, e 7‘T7“) S Xr(m)}
> #D(pla"'7p7’)7

which is again a contradiction. O

Observe that since X" (m) can be constructed recursively and has finitely many elements, Propo-
sition @1 provides a computational procedure to calculate dgg (I';m).

7. EXAMPLES AND CONCLUSIONS

As we told in the Example [34] the exact value of the second Feng-Rao distance is a much better
estimate for the second Hamming weight than the Goppa-like given by the second Feng-Rao number.
In this sense, the results of this paper strongly improve those of the paper [FG| for AG codes coming
from inductive semigroups, like those constructed from the tower of function fields given in [GS].
Notice that Arf semigroups are not symmetric (except for the hyperelliptic case), so that the equality
between generalized Feng-Rao distances and Goppa-like bounds is very rare.

Let us recall now the definition of the generalized Hamming weights. First, the support of a
linear code C' is defined as

supp(C) := {i | ¢; # 0 for some c € C'}.
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Thus, the rth generalized Hamming weight of C' is given by
d,(C) := min{fsupp(C’) | C' < C with dim(C") = r},

where C’ < C denotes a linear subcode C’ of C. In this paper we focus on r = 2. Thus, we know
that

do(Cpp) > 6kg(m +1) > m+2 — 29+ E(I,2)

for a one-point AG code constructed from an algebraic curve of genus g whose involved Weierstrass
semigroup is I', as long as m is larger than or equal to the conductor of I' (see the details in [HvLP]).
This is called the Goppa-like bound, and we denote it by GLB(m).

The results in [FG|] improve previous bounds of Pellikaan in [KP] or the Griesmer order bound
(see [HKM] and [DFGL2]), so that the results of this paper also improve them, as a consequence.
More precisely, Pellikaan bound in [KPL Theorem 2.8] for r = 2 states that

dQ(Cm) > 5FR(m + 2).

On the other hand, the Griesmer order bound for r = 2 yields

d3(Cpn) > GOB(m + 1) 1= dpr(m + 1) + {ww |

q

where ¢ is the size of the finite field underlying the code C,,.

We apply now our results to AG codes coming from the tower of function fields given in [GS].
Let us recall the definitions, and leave the details also to [FG].

Consider the tower of function fields (7,) over F, where 71 = Fp2(z1) and for n > 2, T, is
obtained from 7,_1 by adjoining a new element x,, satisfying the equation

This tower attains the Drinfeld-Vladut bound (see [HvLP]). As a consequence, error-correcting
AG codes construncted from this tower are very interesting because of their excellent asymptotical
behaviour.

Let @,, be the rational place on 7T, that is the unique pole of 1 . It is known that the Weierstrass
semigroups I'™ of T,, at Q,, are as follows: I'' =N, and for n > 2,

I"=¢-I"'u{meN|m>c,},

where

|3

_{ q"—an+1 if n is odd,
Cn =

q" —qz if n is even.

Thus, these numerical semigroups I'" are inductive, and they are Arf in particular (see [CEM]). In
fact, you can see in [FG] a description of I'" with n > 2 as a disjoint union of sets A’ as follows.
Write n =2k 4+ b with £k > 1 and b= 0, 1, and set:

AO = {07 qn_17 2qn_17 R (q - 1) : qn_1}7
AV = (g—Dg" " +{q"3,2¢" 3, ..., (¢ —1)g- "3},
A =[(g—1)g" 4+ (g —1)g" 2]+ {q"°,2¢"5,..., (¢ — 1)¢* - ¢"°},

A= (g= D"+ T H {2 (g - Dt g,

A= (g = DIg" 4+ " g 20" (g - Dt g,
A =(g=Dlg" 4+ ¢ F+ N
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m [415,420] 421 422 423 424 425 426 427 428 429 430
0Za(m+1) 18 18 19 20 21 22 23 24 24 24 25
Spr(m + 1) 14 14 16 16 16 16 16 16 16 16 16
GOB(m + 1) 16 16 18 18 18 18 18 18 18 18 18
Srr(m + 2) 14 16 16 16 16 16 16 16 16 16 17
GLB(m) <15 16 17 18 10 20 =21 22 23 24 25

TABLE 2. Parameters of the code C,,, from inductive tower, for ¢ = 3 and n = 5.

Thus, the semigroup I'™ can be easily recovered from the Algorithm B3l

We show now several examples comparing the Pellikaan bound, the Griesmer order bound, the
Goppa-like bound with the second Feng-Rao number, and the bound from the second Feng-Rao-
bound. Note that the AG codes only make sense for m > 2g — 2, and not only m > ¢ (see [HvLP]).

In both examples, we consider the dual one-point AG code C), over Fg . defined by the divisor
G = mQy, Q) the rational place defined above (see [HvLP] for further details).

Ezample 42. Consider the 5th floor of the above tower of function fields for ¢ = 3 (note that the
codes are constructed over the finite field Fg). Thus n = 5, k = 2 and b = 1, and the semigroup I'®,
with conductor ¢ = 216 and genus g = 208 is decomposed into the following sets:

e A% =1{0,81,162},

o A =162 + {9,18,27, 36,45, 54},

e A2 =216 + N*.

Thus, we have to perform Algorithm [B3] with successive translations 9, 9, 9, 9, 9, 9, 81, 81.

The results for m > 415 are given in Table 2l Notice that, for the Goppa-like bound, the second
Feng-Rao number is Ey = 9, and that for the Griesmer order bound the size of the finite field is 9.

Ezxample 43. Consider the 8th floor of the above tower of function fields for ¢ = 2, the codes being
constructed over Fy. Thus n =8, k = 4 and b = 0, and the semigroup I'®, with conductor ¢ = 240
and genus g = 225 is decomposed into the following sets:

o A% = {0,128},

o Al =128 + {32,64},

o A2 =192 + {8,16, 24,32},

o A3 =224 +{2,4,6,8,10,12, 14,16},

o A* =240 + N*.

Thus, we have to perform the Algorithm B3] with successive translations 2, 2, 2, 2, 2, 2, 2, 2, 8,

8, 8, 8, 32, 32, 128. The results for m > 449 are given in Table Bl Note that now the size of the
finite field is 4, and Fy = 9.

As a conclusion, in sight of the above examples it is clear that the results of this paper are a kind
of generalization of those in [CEM] for the second Feng-Rao distance, in the sense that this distance
is constant in large bursts, corresponding to the intervals [c + p;, ¢ 4+ pi+1 — 1] or subintervals of
them.
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