1609.07438v2 [math-ph] 11 Mar 2017

arxXiv

POISSON-LIE GROUPS, BI-HAMILTONIAN SYSTEMS AND
INTEGRABLE DEFORMATIONS

ANGEL BALLESTEROS, JUAN C. MARRERO, AND ZOHREH RAVANPAK

ABSTRACT. Given a Lie-Poisson completely integrable bi-Hamiltonian system on R™, we
present a method which allows us to construct, under certain conditions, a completely inte-
grable bi-Hamiltonian deformation of the initial Lie-Poisson system on a non-abelian Poisson-
Lie group Gy, of dimension n, where n € R is the deformation parameter. Moreover, we show
that from the two multiplicative (Poisson-Lie) Hamiltonian structures on Gy, that underly the
dynamics of the deformed system and by making use of the group law on G, one may obtain
two completely integrable Hamiltonian systems on G, x Gy. By construction, both systems
admit reduction, via the multiplication in Gy, to the deformed bi-Hamiltonian system in
Gy. The previous approach is applied to two relevant Lie-Poisson completely integrable
bi-Hamiltonian systems: the Lorenz and Euler top systems.

1. INTRODUCTION

It is well-known that a Hamiltonian system on a symplectic manifold M of dimension 2r
is (Liouville) completely integrable if there exist r first integrals that pairwise commute and
which are functionally independent in a dense open subset U of M. In such a case, U admits
a Lagrangian foliation and the solutions of the Hamiltonian dynamics live in the leaves of this
foliation (see [I]). The previous notion may be extended, in a natural way, for the more general
case when the phase space M is a Poisson manifold P, not necessarily symplectic (for more
details, see [17]). Following this approach, a dynamical system on a manifold P is said to be
bi-Hamiltonian if admits two Hamiltonian descriptions with respect to two compatible Poisson
structures on P. Bi-hamiltonian and completely integrable Hamiltonian systems are closely
related since, under certain conditions, a bi-Hamiltonian system is completely integrable (see,
for instance, [16]).

We also recall that for a multiplicative Poisson structure on a Lie group G, the multiplication
is a Poisson epimorphism. In these conditions, the dual space g* of the Lie algebra g of G admits
a Lie algebra structure in such a way that the couple (g, g*) is a Lie bialgebra. In fact, the Lie
algebra structure on g* is defined by the dual map of an adjoint 1-cocycle on g with values in
A2%g. Conversely, an adjoint 1-cocycle on a Lie algebra g with values in A2g whose dual map
satisfies the Jacobi identity, induces a unique multiplicative Poisson structure on a connected
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simply connected Lie group with Lie algebra g (see [9]). Lie groups which are endowed with
multiplicative Poisson structures are called Poisson-Lie groups and Lie-Poisson structures on
the dual space of a Lie algebra g are examples of abelian Poisson-Lie groups (for more details
see, for instance, [23]). Poisson-Lie groups are instances of Poisson coalgebras for which the
comultiplication map is given by the group law, and the quantization of the former are the
so-called quantum groups, which are the underlying symmetries of many relevant quantum
integrable models (see, for instance, [, [10]).

As it was shown in [6], Poisson coalgebras can be systematically used in order to construct
completely integrable Hamiltonian systems with an arbitrary number of degrees of freedom.
Moreover, under this approach, deformations of Poisson coalgebras provide integrable defor-
mations of the previous systems, and all constants of the motion can be explicitly obtained.
Since then, this approach has been extensively used in order to construct different types of
finite-dimensional integrable systems (see [2], B[4} [7] and references therein) and several closely
related constructions relying on the modification of the underlying Poisson coalgebra symmme-
try have been also proposed in [5], [12] [19].

Nevertheless, the generalization of the Poisson coalgebra approach to bi-Hamiltonian systems
was still lacking, and the aim of this paper is to fill this gap by presenting a systematic approach
for the construction of integrable deformations of bi-Hamiltonian systems, which will be based
on the theory of multiplicative Poisson structures on Lie groups.

To achieve this goal, we will firstly need an appropriate geometric interpretation of the results
recently presented in [3]. In particular, from a Lie-Poisson completely integrable Hamiltonian
system defined on the dual space g* of a Lie algebra g and in the presence of an arbitrary uni-
parametric family {¥, },ecr of adjoint 1-cocycles whose dual maps satisfy the Jacobi identity,
we will show that a Hamiltonian deformation of the initial system can be constructed on a
connected and simply connected Lie group with Lie algebra g;. When 7 approaches to zero,
one recovers the initial system on g* and, under certain conditions, the deformed system is also
completely integrable. Now, by using that the multiplication in G, is associative and a Poisson
epimorphism, one may obtain new Hamiltonian systems with more degrees of freedom on N
copies of G, by coupling of the integrable Hamiltonian deformation in G,,. We will show that,
by construction, these systems admit reduction, via the multiplication, to the deformed system
in Gy,. Moreover, under certain conditions, they are also completely integrable.

Secondly, if we want to generalize the previous construction when the initial completely
integrable Hamiltonian system is bi-Hamiltonian with respect to two compatible Lie-Poisson
structures Il and II; on R"”, this implies that we have to deal with two compatible Lie algebra
structures [-,-]o and [-,-]; on R™ which induce the two compatible Poisson structures Iy and
IT;. As we will show in this paper, the following important considerations and findings arise as
a consequence of the bi-Hamiltonian approach:

e In order to stay within the category of bi-Hamiltonian systems, we will have to impose
that the integrable deformation of the initial system has to be bi-Hamiltonian with
respect to two compatible multiplicative Poisson structures Ily, and II, on the same
Lie group G,. So, we should be able to find a common uni-parametric family of adjoint
1-cocycles {¥, },cr for the Lie algebra structures [+, -]o and [, -]1.

e When comparing with the prescriptions given by the generic Poisson coalgebra method
used in [3 [6], now we have more constraints in choosing the two Hamiltonian functions
Hy,, and Hy,, for the bi-Hamiltonian system on G,,. The reason is that Hy, and Hy,
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must be commuting functions for the Poisson structures Ily, and II;,. This, in some
cases, fixes uniquely the definition of the Hamiltonians Hy, and Hy,,.

o The dynamics of the (completely integrable) Hamiltonian systems (Ilo,, Ho,) and
(I1y,, H1,) on Gy, coincide. However, the coupling, on one hand, of the system (Ho,;, Ios)
on G, x G, and the coupling, on the other hand, of the system (H,,II1,) on G, x Gy,
can be used to produce two completely integrable Hamiltonian systems on the Lie
group G, x G, which do not have, in general, the same dynamics. In other words,
the method does not provide, in general, a bi-Hamiltonian system on the phase space
Gy x Gy,

o Nevertheless, the two completely integrable Hamiltonian systems on G, x G, admit
reduction, via the multiplication, to the deformed bi-Hamiltonian system on G,,. So,
for this reason, we can say that the Hamiltonian systems on G, x G, are ‘quasi-bi-
Hamiltonian’. Moreover, in the same way as in the general method [6] and by using
the associativity of the multiplication in G, one may extend this construction in
order to obtain two multiplicative completely integrable Hamiltonian systems on N
copies of G, with N > 2. By construction, these systems admit reduction (via the
multiplication) to the deformed bi-Hamiltonian system on G,, and will preserve for any
N its ‘quasi-bi-Hamiltonian’ nature.

e The method here presented is fully constructive and it could be applied to any Lie-
Poisson completely integrable bi-Hamiltonian system such that both Lie algebra struc-
tures [-,-]o and [-,-]; have a common 1-cocycle. Indeed, if this cocycle is found to be
multiparametric, then we would obtain a multiparametric integrable deformation of
the initial bi-Hamiltonian system.

The paper is structured as follows. In Section [2] we will review some definitions and basic
results on Poisson structures, Poisson-Lie groups and Poisson bi-Hamiltonian systems. In Sec-
tion 3, we will present the systematic method to obtain integrable deformations of Lie-Poisson
bi-Hamiltonian systems. For the sake of clarity, we will exemplify the method to the par-
ticular case when our initial dynamical system is a specific Lie-Poisson completely integrable
bi-Hamiltonian system on R*. Our motivation for considering this system lies in the fact that
its restriction to a submanifold of codimension 1 is just an integrable limit of the well-known
Lorenz dynamical system (see [3} [18]). In Section 4 we will face the problem of the construc-
tion of the two completely integrable quasi-bi-Hamiltonian systems on R2" = R™ x R”, which
will admit a reduction to the bi-Hamiltonian systems on R™ that have been presented in the
previous section. The deformed counterpart of this construction leading to coupled systems
on G, x Gy, is presented in Section 5. In order to show the fully constructive nature of the
approach here introduced, in Section 6 we apply it to another relevant Lie-Poisson completely
integrable bi-Hamiltonian system: an Euler top on R3. Finally, a concluding section closes the

paper.

2. BI-HAMILTONIAN SYSTEMS AND POISSON-LIE GROUPS

In this section, we will review some definitions an basic results on Poisson-Lie groups and
bi-Hamiltonian systems on Poisson manifolds (for more details, see [23]).

2.1. Poisson manifolds and Lie-Poisson structures. We recall that a Poisson structure on
a manifold M is a bivector field IT on M such that the Schouten-Nijenhuis bracket [II, II] = 0.
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This is equivalent to defining a Lie algebra structure on C*° (M), whose bracket {-,-} is called
the Poisson bracket. The relation between the two definitions is given by the formula:

{f, g9} =1(df,dg), Vf,gecC(M).

A Poisson structure IT on M determines in a natural way a vector bundle morphism IT# : T*M —
TM from the cotangent bundle T*M of M to the tangent bundle TM. We also denote by II*
the corresponding morphism between the space Q!(M) of 1-forms on M and the space X(M)
of vector fields. The rank of the Poisson structure at the point x € M is just the rank of the
linear map TI*(x) : T M — T, M. Since this linear map is skew-symmetric, the rank is always
an even number. It is clear that II¥(z) : T/M — T, M is not, in general, an isomorphism. In
fact, a real C°°-function on M is said to be a Casimir if IT#(df) = 0 or, equivalently,

{f,9} =0, VgeC®(M).

If the rank of a Poisson structure IT on a manifold M is maximum and equal to the dimension
of M then the structure is symplectic. This means that the manifold M has even dimension
2n and it admits a closed 2-form 2 which is non-degenerate, i.e., the vector bundle morphism
bo : TM — T*M, induced by €, is an isomorphism. In fact, in such a case, we have that IT? is
just the inverse morphism of bq.

Another interesting class of Poisson structures are the so-called Lie-Poisson structures on
R"™. A Poisson structure on R is said to be Lie-Poisson if the bracket of two linear functions is
again a linear function. So, if (z1,...,z,) are the standard coordinates on R", it follows that

{a:i,a:j}chjxk, fori,5 € {1,...,n}, (2.1)
where cfj cR.

In fact, there exists a one-to-one correspondence between Lie-Poisson structures on R™ and
Lie algebra structures on the same space. In fact, the Lie algebra structure [, -] on R™ associated
with the Lie-Poisson structure characterized by (2.1)) is given by

[z'e;,2e;] = xixjcfjek.
2.2. Poisson bi-Hamiltonian systems. Let II be a Poisson structure on a manifold M.
Then, a smooth real function H (the Hamiltonian function) induces a vector field Xz = II*(dH)
(the Hamiltonian vector field). Hamilton’s equations of motion for H are:

i =1I*(dH) = {z, H}.
So, solutions of the Hamilton equations are just the integral curves of X . The pair ({-, -}, H)
is said to be a Poisson Hamiltonian system.

Let ({-,}o, Ho) be a Hamiltonian system. This system is said to be bi-Hamiltonian if there
exists another compatible Poisson structure {-,-}; and a Hamiltonian function H; such that
the corresponding Hamiltonian vector fields Xp, and Xy, coincide. This means that

T = {SC,H()}O = {I,Hl}l.
We recall that two Poisson structures II and II’ are said to be compatible if the sum II + IT’ is
also a Poisson structure or, equivalently, if the Schouten-Nijenhuis bracket [IT,II'] is zero.

There exist different notions of completely integrable Poisson Hamiltonian systems. In this
paper, we will adopt the following definition. Let II be a Poisson structure, with Poisson bracket
{-,-}, on a manifold M of dimension n such that the rank of II is constant and equal to 2r <n
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in a dense open subset of M. A Poisson Hamiltonian system ({-,-}, H) is said to be completely
integrable if there exist ¢1,...,p,—1 € C®(M) satisfying the two following conditions:

(i) The functions H and 1, ..., p,—1 are functionally independent in a dense open subset
of M, that is,

dH Ndpy A+ Adgr_1 # 0,

in a dense open subset of M.
(ii) They are first integrals of the Hamiltonian system that pairwise commute, i.e.,

{¢;,H} =0 and {¢;,¢c} =0, forjke{l,...,r—1}

2.3. Poisson-Lie groups. A multiplicative Poisson structure II on a Lie group G is a Poisson
structure such that the multiplication m : G x G — G is a Poisson epimorphism or, equivalently,

(gh) = (Tyrn)(T(g)) + (Thlg) (11(R)), Vg, h € G.

where 7, : G — G and [, : G — G are the right and left translation by h and g, respectively.
In this case, G is called a Poisson-Lie group.

Note that R™ endowed with a linear Poisson structure is an abelian Poisson-Lie group.

For a multiplicative Poisson structure IT on a Lie group G, the linear map 1 = d Il : g — A%g
is a 1-cocycle, i.e.

[&Wﬂ - [777¢§] - ¢[§un] = 07 Vfﬂ? €9

and the dual map 9* : A%2g* — g* is a Lie bracket on g*. In other words, the couple (g, g*)
is a Lie bialgebra. Note that if IT is a multiplicative Poisson structure on G then II(e) = 0, ¢
being the identity element in G.

On the other hand, if ((g,[,]), (g%, [,]*)) is a Lie bialgebra and G is a connected simply-
connected Lie group with Lie algebra g, then G admits a multiplicative Poisson structure IT
and [-,]* = d!II.

3. BIHAMILTONIAN DEFORMATIONS AND INTEGRABILITY

In this section, we will present a systematic method in order to obtain integrable deformations
of Lie-Poisson bi-Hamiltonian systems and we will use the Lorenz system as a guiding example.

We recall that our initial data is a dynamical system D on R", which is bi-Hamiltonian with
respect to two compatible linear Poisson structures. In fact, in the examples here presented,
the system D is completely integrable. The aim of this construction is two-fold:

o Firstly, to construct a bi-Hamiltonian deformation D,, of the dynamical system on R",
whose bi-Hamiltonian structure will be provided by a pair of multiplicative (Poisson-
Lie) structures on a non-abelian Lie group G,. We will see that, under certain con-
ditions and for every n € R, this method is fully constructive and systematic, and
guarantees that the limit 7 — 0 of D, is just the initial dynamical system on R".

e Secondly, under the assumption that the bi-Hamiltonian system on G, is completely
integrable, we will try to construct two completely integrable Hamiltonian systems on
the product Lie group G, x G, whose projection, via the multiplication -, : G, x G, —
G, in Gy, is just the bi-Hamiltonian and completely integrable system on G,,.

In the sequel we will make this construction explicit by splitting it into several steps.
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3.1. The system D and its bi-Hamiltonian structure. The Lorenz dynamical system (see
[18]) is given by the differential equations

r = U(y—l‘),
Yy = pr—xz-—1y, (3.1)
2 = —Bz+uzy,

where o and p are the Prandtl and Rayleigh numbers, respectively, and f is the aspect ratio.
In [21], 22] (see also [13]), the authors consider the conservative limit of the previous equations,
which is obtained through the following rescalling

1 1 1

1
t—et, T— —x, Y= ==Y, 25z, €= ——
€ o€ o€

3

In the limit € — 0, the system (3.1)) reduces to

To=y,

j = a(l-2), (3.2)

z = zy.
Furthermore, the transformation

To r3 + 2
T =z, =—=, z=
Y 9 9
carries (3.2)) into:
x
.751 = ?2, .1:2 = —I1T3, 353 = T1T2.

It is straightforward to check that the previous system is bi-Hamiltonian with respect to the
Poisson structures {-,-}o and {-,-}, in R? which are characterized by

x x
{z1,22}0 = —?3, {z1,23}0 = ?2, {z2,23}0 = 0,
1 x
{r1, 22} = T {r1,23}a = 0, {r2, 23} = —71~
The corresponding Hamiltonian functions are
Hy=x3 — 22 and Hy = 23 + 3, (3.3)

respectively (for more details, see [13]).

Note that the Poisson structure {,-}, on R? is affine and the corresponding linear Poisson
structure {-,-}; on R? is given by

x
{z1,22}1 =0, {x1,23}1 =0, {z2,23} = _?1‘
So, we can consider the extension {-,-}; to R* of {-,-};
x x
{z1,20}1 = f’ {z1,23}1 =0, {x2,23}1 = —717 { z4}1 =0, (3.4)

which is a Lie-Poisson structure. In this way, the affine subspace A defined by the equation
x4 = 1 is a Poisson submanifold, and the induced Poisson structure on A is just {-,-},. In
the same manner, we also denote by {-,-}¢ the trivial extension to R* of the Poisson structure
{*,"}0, namely

z3
2 3

i
{1, 22}0 = — {z1,23}0 = ?2, {z2,23}0 =0, {-,24}0=0, (3.5)
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and the Casimir functions for the Poisson bracket {-,-}o are
Co = a3 + 23, ChH = x4.
The linear Poisson structures {-,-}¢ and {,-}; on R* turn out to be compatible, in the sense
that we can define a one-parametric family of Lie-Poisson structures (a Poisson pencil)
{}ta=0=-a){,}o+af, .}, withaeR

whose explicit brackets are given by

{z1,02}a = — —(1-a)2 (z1, 23} = (1-a)2

2,
(3.6)
{22,23}0 = (—a)—, {,Z4}a = 0.

Obviously, if {X1, X2, X3, X4} is the canonical basis of R* then the corresponding Lie bracket
[, ] on R* is given by

aX. X X
X1 Xolo = 7 -(1-0)F XXl = (1-a)3,
X, (3.7)
[XQ; XS]OL - (_a)77 ['7X4]Oz - O
Therefore, we can say that the dynamical system D
xr, = $22$4’ 1:2 = —X1T3, 1:3 = T1T2, 1:4 == O, (38)

is bi-Hamiltonian with respect to the Lie-Poisson structures {-,-}¢ and {-, -}; with Hamiltonian
functions given by Hy = x3z4 — 23 and H; = 23 + 23. From the previous considerations, we
also deduce that this bi-Hamiltonian system is completely integrable. Note that the original

Lorenz system is recovered within the submanifold x4 = 1.

In general, starting from a dynamical system D on R”, the first task consists in finding
two compatible linear Poisson structures {-,-}o and {-,-}; such that our dynamical system is
bi-Hamiltonian with respect to these two Poisson structures. This means that there exist two
Hamiltonian functions Hy : R” — R and H; : R® — R and the evolution of an observable
p € C*°(R"™) is given by

¢ = {¢7H0}0 = {@,Hl}L

In fact, in the Lorenz system that we have just described we observe that:

e The Hamiltonian Hy (respectively, Hy) is a Casimir function C; (respectively, Cg) for

{'a '}1 (respeCtiVGIY7 {'a }0)
e The rank of the Poisson structures {-,-}o and {-,-}; satisfies the following condition

rank{-,-}o = rank{-,-}1 = 2r

in a dense open subset of R™. In the previous example r = 1 and n = 4.
e The Hamiltonian systems ({-,-}o, Ho) and ({-,-}1, H1) are completely integrable.

.....

In general, we will denote by {C;, Gg }i=1,....n—2r—1 the Casimir functions for {-,-};, withi =0, 1,
and by {¢7};-1,... ,—1 the set of common first integrals for the Hamiltonian systems ({-, - }o, Ho)
and ({-, }1, H1).



8 A. BALLESTEROS, J. C. MARRERO, AND Z. RAVANPAK

3.2. Construction of the bi-Hamiltonian system D,. Let [,-]o (respectively, [-,-]1) be
the Lie algebra structure on R™ associated with the linear Poisson bracket {-,-}¢ (respectively,
{-,-}1). Then, we have to find a non-trivial common adjoint 1-cocycle ¢, : R" — A*R™, with
n € R, for the Lie algebras (R™, [, ]o) and (R™,[-,:]1) and with the initial condition ¢y = 0.

In doing so, we deduce the following result.

Proposition 3.1. Let v, : R" — A%(R™) be a common adjoint 1-cocycle for the compatible
Lie algebras (R™,[-,-]o) and (R™,[-,-]1) and Gy, a connected simply-connected Lie group with Lie
algebra (R™, [,y = ¥r). If {-,-}oy and {-,-}1, are the multiplicative Poisson brackets on G,
associated with the 1-cocycle 1, : R™ — A*(R™) then {-,-}o, and {-,-}1, are compatible.

Proof. Tt is a consequence of the following general result. If H is a connected Lie group with
Lie algebra h and {-,-}o, {-,-}1 are two multiplicative Poisson brackets on H then the Pois-
son brackets are compatible if and only if the dual Lie algebras (b*, [, ]§) and (h*,[-,-]) are
compatible. H

Next, we have to find a Casimir function Cy, (resp., C1,) for the Poisson bracket {-,-}o,
(resp., {-,-}1y) on G, in such a way that:
(i) The Hamiltonian systems ({-,-}oy, Hoy := Ci1yy) and ({-, -}y, H1y := Coy) coincide, that
is, we have a bi-Hamiltonian system D, on the Lie group G,,.
(ii) This system is a n-deformation of the original bi-Hamiltonian system D, i.e.,

lim €, oy = {»-}o, Hm{s iy = {oh

and
%%HOWZHO7 }]LI)IBHanHL

Moreover, in our examples, the Hamiltonian systems ({-, - }o,, Hoy) and ({-, -}y, Hi1,) are com-
pletely integrable and the ranks of {-,-}o, and {:, -}, are again 2r within a dense open subset
of G,,. We will denote by {Ciy, ng}j:L___m_gr_l the Casimir functions for the multiplicative
Poisson bracket {-, -}, with ¢ = 0,1, and by {@Z]}jzlw,r,l the common first integrals for the
Hamiltonian systems ({-, - }in, Hin), with ¢ = 0, 1. In fact, we have that

1ir%e{n:e-g', withj=1,....,n—2r—1,
n—
and
lir%go%:goj, withj=1,...,r—1.
n—

3.2.1. The Lorenz I-cocycle and its associated non-abelian group G,. A straightforward com-
putation shows that a non-trivial admissible cocycle for the family of Lie algebras g, (see (3.7))
is:

wﬁ(Xl) = 07 wn(XQ) = 777X3 A X4a wn(XS) = 77X2 A X4, 1/)77(X4) =0.
So, we have the family of Lie bialgebras (ga, ). The Lie bracket [-,-]; on (R*)* ~ R* obtained
from the dual cocommutator map is:

[X27X4];k7 — 77X37 [X37X4];k7 — _,',’XZ’

the rest of basic Lie brackets being zero.
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Now, let G, be the connected and simply-connected Lie group with Lie algebra (R?, [, 1)
Then, one may prove that G, is diffeomorphic to R* and the multiplication - of two group

elements g = (21, x2, x3,24) and ¢’ = (2], 25, %, x)) reads

g g = (1 + 21, 22 + x5 cos(nrs) + xhsin(nzs), xs — x5 sin(nza) + x5 cos(nza), x4 + ).
Note that G| is the abelian Lie group and G,,, with n # 0, is isomorphic to the special euclidean
group SE(2).

A basis {§17 %2, ?3, Y‘l} (resp., {?1, 22, }3, ?4}) of left-invariant (resp., right-invariant)
vector fields for G, is found to be

0

{i cos(nx )ifsin( x )i sin(nx )i+cos( x )i —
8161’ 4 (’)xz 4 81'37 4 6.’172 4 ’8.1‘4

8:63
g o0 0 0 0 0

IR Al PRl PR PR T
Finally, the adjoint action Ad : G, X g, — g, for the Lie group G,, can be straightforwardly
computed:

(resp., {

Ady(XY) = X1,

Ady(X?) = cos(nzs)X? — sin(nws) X3,
Ady(X3) = sin(nzs)X? + cos(nrs) X3,
Ady(X*Y) = —no3X?+nr X3+ X4

3.2.2. A Poisson-Lie group structure on G,,. By construction, the following family of non-trivial
admissible 1-cocycles for the Lie algebra (R*,[-,-]*) is obtained as the dual of the commutator

n
map (3.7), namely

YalX) = -SXIAX, pax?) = Loy,
¢a(X3) = _(1;Q)X1/\X2a ¢a(X4) = %Xl/\XQ'

Denote by II,, the (unique) multiplicative Poisson structure on G, which is induced by the
1-cocycle 1,. In order to obtain Il,,, we consider the 1-form 7, on G, with values in A%g,
which is characterized by the following relation

T (y)(g) = Ady (Yo (X)), for X € g, and g € G,,.

As we know (see the proof of Theorem 10.9 in [23]), vy, is an exact 1-form. So, there exists a
unique function 7 : G,, — A%g, satisfying

m(e) =0 and dr=ryy,,
where ¢ = (0,0,0,0) is the identity element in G,,.
If we suppose that
m(g9) = mij(9) X AN X, for g € Gy,
then the multiplicative Poisson structure I, is given by
—

Han(g) = mi(g) X" A XY

(see the proof of Theorem 10.9 in [23]).



10 A. BALLESTEROS, J. C. MARRERO, AND Z. RAVANPAK

Applying the previous process, we deduce that the corresponding compatible multiplicative
Poisson brackets {-,-}a, on G,, are given by

o sin(nx x T
(o oafey = SO T e = (—a)L,
i ( 2) 1 2 (3.9)
X Q. COS\Nx —
(01,23} ay = (1_a)72+1”+, {ti}ay = O

As we expected, lim, 0{.,.}an = {.,.}o. Thus, we have constructed an n-deformation of
the Lie-Poisson bracket . We stress that is just a multiplicative Poisson-Lie structure
on the noncommutative group G, while can be thought of as a multiplicative structure
on the abelian Lie group R%.

3.2.3. Casimir functions and deformed bi-Hamiltonian structure. In the particular cases when
a =0 and o = 1, the n-deformations {-,-}o, and {-,-}1, of the Lie-Poisson brackets {-,-}¢ and
{-,-}1 have the form

T T
{z1,22}0y = —?3, {z1,23}0np = ?27 {x2,23}0, =0, (3.10)
and
sin(nx cos(nzy) — 1 T
{.’1,'17_’1,‘2}17] = 53711)’ {xlam?)}ln = ("74;) ) {.’L’Q,l'?,}]n = _71 (311)

The function x4 is a Casimir for both Poisson structures. Other Casimir functions for these
two multiplicative Poisson structures are found to be
sin(nx cos(nxy) — 1
eon = (Eg + CE%, 617] = (:77 4)x3 - (77 4) T2 — xi

where it becomes clear that lim,_,0 Co, = H; and lim,_,Cy;, = Hy. In fact, if we denote
the Casimir functions Co, and €y, by Hi, and Hy,, respectively, then the dynamical systems
associated with the Hamiltonian systems (G, {-, }on, Hon) and (G4, {-, - }1y, Hi1y) coincide and
define the deformed dynamical system D, given by

1si 1 -1
.’E.1 = QSIH(ZZQM) ZTo + 2COS(7]£;4) xIs, .’fg = —X1x3, 5[,'5 = X1T2, LC.4 =0. (312)

In other words, this dynamical system D, on the Lie group G, is bi-Hamiltonian with respect
to the compatible multiplicative Poisson structures {-,-}o,, and {-,-}1,. Indeed, this deformed
bi-Hamiltonian system is completely integrable and the n — 0 limit is just the D system .
The preservation of the closed nature of the trajectories under deformation is clearly appreciated
in Figure 1, where the trajectories have been found by numerical integration.

4. COUPLED INTEGRABLE DEFORMATIONS AND NON-ABELIAN REDUCTION

In this last step, we present how to construct two coupled completely integrable Hamiltonian
systems on the product Lie group G, x G, which admit reduction, via the multiplication
n ¢ Gy x Gy = Gy, to the same bi-Hamiltonian system on G,, that we denoted D,, (see Section
3.9).

For this purpose, we will consider the product {-, -}, & {-, -}, of the multiplicative Poisson
structure {-,-};; on G, with itself, ¢ = 0,1. Then, we will obtain two multiplicative Poisson
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x2

FIGURE 1. (A) Closed trajectories of the Lorenz system for x4 =1 and
the initial data z1(0) = 1, 22(0) = 2, 23(0) = 3 (black line) and of the deformed
Lorenz system with the same initial data, x4 = 1, and n = § (green),
n=—% (blue), n = § (red), n = —% (yellow). (B) The same figure as (A) but
with initial data x1(0) = 1,22(0) = —1,23(0) = 0.5.

structures on G, x G, which, if there is not risk of confusion, we also denote by {-,-}o, and by
{:,-}1n, respectively. Note that

rank{-, -}op = rank{-, -}, = 4r
in a dense open subset of G, x G,,. Moreover,

J J
{Cinopr1, €}, opri, Ciyopra, Cf o pratj—i,  n—20—1

are Casimir functions for {-,-};,, with ¢ = 0,1. Here, pry : G;, x G, = G, and pry : G, x Gy —
G, are the canonical projections.

In addition, we also consider the coproduct of the Hamiltonian functions Hy, and H;,, that
is, the Hamiltonian functions on G, x G, defined by Hyo-, and H;o0-,, where -, : G, xG,, — G,
is the multiplication in G,,. If there is not risk of confusion, we will use the same notation Hy,
and Hy,, for the previous functions.

We remark that Hy, (respectively, Hi,,) is a Casimir function for the Poisson bracket {-, -},
respectively, {-,-}o,) on G, x G,. Furthermore, we have that the multiplication -, : G, X
n n n n n
G, — G, is a Poisson epimorphism between the Poisson manifolds (G, x Gy, {-, }oy ® {-, -}on)
(respectively, (G, x Gy, {-,-}1n @ {-,-}1y)) and (G, {-, - }on) (vespectively, (G, {-, }1,)). This
implies the following result.

Proposition 4.1. The Hamiltonian systems ({-, - ton®{-, - }on, Honoy) and ({-, - }1,®{, - }1y, Hiy
0-;) on Gy x G, admit reduction, via the multiplication -, : G, X Gy — G,,, to the bi- Hamiltonian
system D, on G,.

From the previous result, the dynamical systems on G, x G, are said to be quasi bi-
Hamiltonian systems.

We also remark that

(- Joy @ (- Jon) = Yo @ £ o,

m({7 '}177 S5 {'a '}177 = {'7 '}1 S3) {'7 '}1

li
n—0
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and

%E}I})(H@nO'n) :]{00<F7 %LIIlo(Hlno.n) iHl O+.

Therefore, the Hamiltonian systems ({-,-}i, @ {-, }in, Hin © -n), ¢ = {0,1}, may be considered
as r-deformations of the quasi bi-Hamiltonian systems ({-,-}; ® {-,-}:, Hi o +), i = {0,1}, on
R™ x R™. Note that these last systems admit reduction, via the sum + : R” x R™ — R"™, to the
initial bi-Hamiltonian system on R™.

Moreover, we have that

k
{Hl’ﬂ O, HOT] Omy® © 'n}k:l,“.,r—l

are functionally independent first integrals of the Hamiltonian system ({-, - }o, ®{-, - o, Hono-y)
that pairwise commute, and the same holds for

{HOW O, Hln O @k © 'n}k:l,“.,r—l
and the Hamiltonian system ({-,-}1, @ {-, }1y, Hiy 0 5). So, we conclude that

Proposition 4.2. Ifr =1 the Hamiltonian systems ({-,-}on & {-, }oy, Hoy 0 -n) and ({-,-}1, &
{, - tins Hip 0 -y) in Gy x Gy, are completely integrable.

Proof. 1t follows using that {Ho, o -, Hi, © -} are functionally independent first integrals for
both Hamiltonian systems and, in addition, they pairwise commute. l

We remark that in the two examples presented in this paper, r = 1.

4.1. Deformed coupled Lorenz systems. Denote by Ily, and II;, the multiplicative Poisson
structures on the Lie group G, associated with the Poisson brackets {-,-}o, and {-, -}, given

by " and ‘ ’ respeCtiVGIY7 and by (ya Z) = ((yl,y27y37y4)7 (217227 23 24)) the standard
coordinates on G, x G, ~ R* x R%.

Then, we can consider two multiplicative Poisson structures on G, x G:

e The product of 1y, with itself, that is, the Poisson bracket on G,, x G}, which we also denote
by {, }oy, defined by

22

Y3 Y2 23
{ylay2}0n:_§7 57 57 {21723}077: ?»

the rest of the Poisson brackets of the coordinate functions being zero and

{yh ys}on = {217 Zz}on = -

e The product of 1I;,, with itself, that is, the Poisson bracket on G, x G, which we also denote
by {-,-}1s, given by the non-vanishing Poisson brackets

_ sin(nys) _ cos(nya) — 1 _ 0

{yhyz}ln = Ay {y1,y3}17, = 41 ) {y27y3}1n = 9
sin(nzy) cos(nzyg) — 1 21

{2’1,22}17; = T, {2'1723}117 = T, {2272’3}1n = —§~

If pr; : Gy x G, = Gy, with i € {1,2}, are the canonical projections then the Casimir
functions for the Poisson brackets {-,-}o, and {-, -}1, are

2 2 2 2 / /
Coy 0o pr1 = y3 + v, Cop 0 pra = 25 + 23, Coy 0 Pr1 = Ya, on ©Pra = z4,
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. in(nya) () ~ 1
sin(nya Cos(NyY4) —
Cipopr1 = Yz — Y2 — i,
n n
sin(nz4 cos(nzy) — 1
Cipopra = Ui )23— (nz4) zo — 23,
n n
Clyopri = wya, Gy, opra= 2z,
respectively.

Now, we consider on G, x G}, the coproduct of the Hamiltonian functions Hy, and Hj, on
G, which we also denote by Hy, and Hy,,

1 —cos +2z sin Tz
Hop :=Cipo-y = < (7775% 4))> Y2 + l(n(y;myg

and
Huy o= Coy 0y = Y3 + 13 + 25 + 25 + 2(yo22 + y323) cos(nya) + 2(y223 — y322) sin(ya).
The Hamiltonian system (G, x Gy, {-, }on, Hoy) can be straightforwardly computed and

reads .
— (Sm(n(y4 + 24))) Y2 (COS(U(M + 24)) — 1) Y3
A —_— | =+ =
U] 2 7 2
g2 = —ys(p+21), Uz=w2(y1+2), Ya=0,
P (sm(ny4) + 51n(7724)) ot (cos(nz4) — cos(ny4)> .
2y = _23(3/1 + 21), Z3 = 22(y1 + 21), 24 =0,

while (G, x Gy, {-, -}y, H1y) gives rise to the dynamical system

92 = —y1(ys — z2sin(nya) + 23 cos(nys)),
U3 = y1(y2 + 22 cos(nya) + 2z3sin(nya)),
394 = Oa
: sin(n(ya + 24)) — sin(nya) cos(n(ya + z1)) — cos(nya)
z1 = Y2 + Y3
2n 2n
sin -1
(), (o)
2n 2n

Zy = —z(sin(nya)yz + cos(nya)ys + 23),
z3 = z1(cos(nya)ye — sin(nys)ys + 22),
ze = 0.

As we know, both systems are completely integrable and they admit reduction, via the
multiplication -, : G, x G, — G, to the bi-Hamiltonian system D, on G, in Section
This last result becomes apparent if we consider the new coordinates (z,z2) = ((x1, 22, x3,
x4), (21, 22,23, 24)) on Gy, x Gy, with x =y - 2.
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It is straightforward to prove that in these new coordinates, we have the following expressions
for the Poisson structures Ily, and II;, on G, x G:

Mo (2,2) = -2 9,0 jwd 0 20,0 220, 0
On 2 h 2 81‘1 81’2 2 8%1 6%3 2 81‘1 822 2 8$1 823
0 0 20 0
81‘2 (92’1 2 62’1 823
z . z 0 0 z3 O 0
= (cos(tes = 2a) G +sin(nlas = 2)) 5 ) G- A g = S Ay

sin(nzg) 0 0 cos(nzg) =1\ 0 0 z1 O 0
My (2, 2) dn  Oxy A 0xo + 4n 0x1 A Oxs 2 Oxg 4 Oxs
sin(nz) 0 0 cos(nza) =1\ 0 9 = 0 0
+ dn  Ox; A 029 + 4n 0x1 A 0z3 2 0z9 A 0z3
N (Sin(n(x4 —z4)) — sin(nm)) 0 N 13} N sin(nz) 0 A 0

+ (COS(T](?L‘4 - z4))%3 —sin(n(zq — z4))22)

4n Ozy 02 dn 0z Oz
2 sin(nog — 20)) 5 A 5 — 2 cos(i(es — 1)) o A 5
N (cos(n(u — 227)7) - COS(77SI?4)) aixs A % LA cos(n(:m _ 24))% %
—I-%l sin(n(xq — 24))87% A (%3 + (m(nz;)1> 8121 A 5%3

The Casimir functions of the Poisson bracket {-,-}o, are
Copopri = a3+ F+ 235 + 25 — 2(w222 + 2323) cos(n(z4 — 24))
+2(z329 — x223) sin(n(xg — 24)),
Copopra = 23+ 23, Copopri =x4 —z1, C, 0pra =z,

and for {-, -}1,, we have

sin(n(xg — 2 cos(n(xy —2z4) — 1
Gln o pry = —(T’( :] 4)) (Ig — 23) — < (77( 477 4) > (932 + 22) — (xl — 21)2,
sin(nzy cos(nzy) — 1
Cryoprs — (n )Zs_( (n24) )zQ_Z%,
n n
G’ln opri = T4 — 24, G'ln o pro = 24.

On the other hand, the Hamiltonian functions Hy, and Hy,, read

sin(nx cos(nry) — 1
Hy, = (n 4)333 — ( (777’4) ) T9 — x?, Hy, = x% + x%

In these coordinates, the two completely integrable Hamiltonian systems (G, x Gy, {-, - Yo, Hoy)
and (G, x Gy, {-, }1n, H1) become

1si S -1
g = Lm0z o <m(m4>) s, Ty = —wizs, T = 3109, T4 =0,
2 2n
. (sin(n(zy — 24)) + sin(nzs) cos(n(z4)) — cos(n(xy — 24) (4.1)
Z1 = 2 Z2 + o Z3,

Zy = —T123, 23 =1T122, 24 =0,
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and
1 si -1
¥ = *Sm(ﬂm + (cos(nm) X3, Ty = —X1x3, L3 =T1T2, T4 =0,
2 2n
sin(n(zy — 2 cos(n(xy)) — cos(n(xy — 2
S TR i
2n 2n (4.2)
Zo = —z1(zasin(n(zy — 24)) + x3 cos(n(zs — 24))),
Zs = z1(zocos(n(zy — 2z4)) — z3sin(n(xs — 24))),
4 = 0,
respectively. Again, the multiplication -, : G, x G;, = G}, leads to the projection
n ((zla T2,x3, l‘4)7 (Zla 22,23, 24)) == (1'1, Z2,T3, x4)' (43)

So, by recalling , , and , we directly deduce that the two completely inte-
grable Hamiltonian systems (G, x Gy, {-, - }on, Hop) and (G, x Gy, {-, -} 14, H1y) admit reduction,
via the multiplication -, : G, x G, = G, to the bi-Hamiltonian system D,, on G,, considered
in Section

5. ANOTHER EXAMPLE: AN EULER TOP SYSTEM

In this section, we will discuss another example: an Euler top system. We will follow the
same steps as in the Lorenz system. So, first of all, we will present the dynamical system and
its bi-Hamiltonian structure.

5.1. The system D and its bi-Hamiltonian structure. We consider the following com-
pletely integrable system D on R3

¥ = - x%,
:,C.Q = .’El(2{L'3 - {,CQ), (51)
,fg = 56'1(.’1?3 — 2,@2).

This system is equivalent to a particular case of the so(3) Euler top, which is a well-known three
dimensional bi-Hamiltonian system (see [I3]) belonging to the realm of classical mechanics [20].

In fact, the previous system is bi-Hamiltonian with respect to the Lie-Poisson structures
{-,-}o and {-,-}; in R3 which are characterized by

{931,$2}0 = —I3, {$1,$3}0 = I, {3527333}0 = —Z1, (5 2)
{z1, 22} = —xo, {z1,23}1 = 3, {2, 2311 = —2x. '
The Casimirs for these Poisson structures are
1
Co = —5(1‘%4—%%4—@%) and @y = 2% + 29x3.

It is straightforward to prove that the Hamiltonian systems ({-, -}o, Ho := C1) and ({-,-}1, H1 :=
Co) coincide with the system D.

The real Lie algebras corresponding to {.,.}o and {.,.}; are so(3) and sl(2; R), respectively.
The structure equations for so(3) and sl(2,R) are

(X1, Xolo = —X3, [X1,X3)0=X2, [X2,X3)o=—-Xi,
(X1, Xoh = —Xo, [X1, X351 = X3, [Xo, X351 = —2X,.
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We consider the family of compatible Lie-Poisson structures:
{}a=0-a){, }o+af,-}1, withaeR
which are characterized by

{z1,22}a = (a—1)azz—axz, {z1,73}0 = (1 — )z + axs,

{anxB}a - *(1 +Oé)l‘1. (53)

If {X1, X5, X3} is the canonical basis of R? then the corresponding Lie bracket [-, ], on R3 is
given by

(X1, Xz = (a—-1)X3-aXs, [X1,X3]a = (1-a)Xz+aXs,
[leXS]a = *(1 +Oé)X1.
So, we have a family of Lie algebras (ga, [, "|a)-

5.2. Construction of the bi-Hamiltonian system D,. First of all, we will consider a family
of non-trivial admissible 1-cocycles for the previous Lie algebras (ga, [, "|o) given by:

Yn(X1) =0, Py(X2) =nXo A Xy, ¥y(X3) =nXs A X,
Therefore, we have an n-parametric family of Lie bialgebras (ga,v,). The Lie bracket [-, -]}
on (R3)* ~ R3 obtained from the dual cocommutator map is:
XU X7 =—nX?, (X', X]r=-nX® [X* X% =0
So, (R, [-,-]3) is just the so-called book Lie algebra.

Now, let G, be a connected simply-connected Lie group with Lie algebra (R?, [, ‘Jy)- Then,
one may prove that G, is diffeomorphic to R3 and the multiplication of two elements g =
(71,22,73) and ¢’ = (2}, 2}, 2%) of R? is given by

’ ’ ;- ;)
g9 = (x1+ 27, 22+ xoe” 1 w3 + x3e” 1),

A basis {?1,§2,§3} (resp., {71,?2,73}) of left-invariant (resp., right-invariant) vector
fields is

0 0 0
—NT1 —NT1
(91'176 8x2’e 6:53}
0 o o0 0

(resp., {37551 - 779L"287x2 - 7795387333’ 572, 87:53, .
The adjoint action Ad: G, x g, — g, for Lie group G, is as follows:
Adg(X1) = (2o X? + 23X°) + X', Adg(X?) = e "™ X?, Ady(X®) = e "1 X7,
Next, as in the case of the Lorenz system, we will introduce a Poisson-Lie group structure on
G-

As we know, a family of non-trivial admissible 1-cocycles for the Lie algebra (R3,[-, ]

) is
n
Vo (X1) = —(1+a)X'AX3, Yo(X?) = —aX'AX2+(1-a)X'AX3,

Vo (X?) = (a—1)X'AX%2+aX! A X3
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Applying the same process as in the previous example (see Section [3.2.2)), we deduce that the
corresponding compatible multiplicative Poisson brackets {-, -}, on G,, are characterized by

{xla x2}cm = (Oé — 1)333 — Qxa,
{z1,23}0yp = (1—a)zs+ axs,
2 2 —2nx1 __ 1
{2, 23} an = n(a— 1)(%4—%) —nax2x3+(1+a)e 2
As expected, lim, ,o{.,.}an = {.,.}o and this means that we have a 7-deformation of the

Lie-Poisson bracket (5.3]).

In the cases when o = 0 and a = 1, the n-deformations {-, -}o, and {:, - }1,, of the Lie-Poisson
brackets {-,-}o and {-,-}1 have the form

{xlqu}On = —I3, 9 9 9 {xlax?)}on = x2,
_my  owy, e -1 (5.4)
{z2,23}0n, = —n( 5 + 5 )+ 2 .
{$17$2}1n = —X2, {961,553}177 = 3,
e~2mr (5.5)
{9627963}177 = —nroxr3+ ——.

Casimir functions for the previous two multiplicative Poisson structures are:

2 2 nT1 —nr1 _
r5+ag e te 2

2 2?2 ’

e*L L e~ %1 _ 9
Cy = 6"“(1‘2333)4-—772
It is clear that lim,_oCo;, = Cp and lim, €y, = C;. If we denote the Casimir functions
Coy and €y, by Hy, and Hy,, respectively, then the dynamical systems associated with the
Hamiltonian systems (R®,{-, }o,, Ho,) and (R3,{-,-}1,, Hi,) coincide. In other words, the
dynamical system on the Lie group G,

—el*

Con

¥ = e (xd —a2?),
. 1 5 o €M7 — TN
Ty = neizemw3 — 577677””1 (x5 — za23) + 27(2:33 — Ta), (5.6)
1 e _ o=z
ZC'3 = —nenﬂflngg) + §nen$1 (3}%1‘3 + J)g) + 277 (.’II3 — 21}2)

is bi-Hamiltonian with respect to the compatible multiplicative Poisson structures {-,-}o, and
{'7 '}17]'

From the previous considerations, we also deduce that the bi-Hamiltonian system is com-
pletely integrable.

Finally, as we expected, the limit when 7 approaches to zero of (5.6) is just the bi-Hamiltonian

system ([5.1]).

5.3. Deformed coupled Euler top systems. Denote by Ily, and II;, the multiplicative
Poisson structures on the Lie group G,, associated with the Poisson brackets {-,-}o, and {-, - }1,

given by (5.4) and (5.5, respectively, and by (y,z) = ((y1,y2,¥s3), (21, 22, 23)) the standard
coordinates on G, x G, ~ R3 x R3.

Then, we can consider the multiplicative Poisson structures on G, x G,;:



18 A. BALLESTEROS, J. C. MARRERO, AND Z. RAVANPAK

e The product of Ily, with itself, that is, the Poisson bracket on G, x G, which we also denote
by {-,-}on, characterized by

{yl’?ﬂ}on = Y3 ) ) ) {yhys}on = Y2
Y2 | Y3 e " —1
{y2,¥3}0n = *77(5 + 3) + T’
{Z17 Z?}O’I] = —Z3, 5 5 2 1 {Zl7 23}017 = 22,
_ %2,y el
{z2,23}0n = —0( 5 + 9 )+ 2

e The product of 11, with itself, that is, the Poisson bracket on G, x G, which we also denote
by {-,-}1n, characterized by

{ylaUQ}ln = Y2 {y17y3}1n = Y3,
67277y1 _ 1

{y2,y3t1n = —ny2ys + ?7

{21,22}177 = —2Z2, {21723}177 = Z3,
L |

{22,23}117 = —MNz2z3+

If pri ©+ G, x G, = Gy, with i € {1,2}, are the canonical projections then the Casimir
functions for the Poisson brackets {-,-}o, and {-, -}1, are

_om y% + y% B eMl 4 e~ M1 — 9

Copopr1 = ,
0on P 2772
2 2 z —nz
25+ z e 477 — 2
Copopry = —etm2 3 ,
0n P2 B 2772
and
e e MY1 — 2
6177 opry = eyt (y2y3) + 77—2’
et L e~ M%1 _ 9
(31,7 opry = €* (2223) + 77—27
respectively.

Now, we consider on G, x G, the coproduct of the Hamiltonian functions Hy, and Hi, on
G, which we also denote by Hy, and Hi,),

enlitz) o g=nlyi+z1) _ 9

172

Hyyy := C1py 0y = €7 (ya23 + y322) + €W ) yoya 4 eME1701) 5000 4

and

2 2 L2 52
Hyy:=Copom = —e"(ya2p +y3z3) — 10151 (22 + 2?’> — entz1vn) (22 + 3)

enyitz1) 4 e—n(yit+z1) _ 9
2n?
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Then, the Hamiltonian systems (G, x Gy, {:, }on, Hoy) and (G, x Gy, {-,-}1n, Hi,) are given

by

%

Y2

U3

Z1

Z9

3

and

%

Y2

U3

Z1

Z9

Z3

—Y3 (Z/:sen(yﬁzl) + z3€"“> +y2 (yge"(yﬁzl) + zze”“) ’

+ —n(y1+
Y3 <17y2y36’7(y1+21) — Nagzge1Y1) 4 entnt=) — emnln Zl))

e—217y1 -1 2 2
en(yitz1) _ g—n(y1+z1)

—Ys ny2y3€"7(y1+z1) _ 772223677(Z1_y1) i

n
2 2 —2ny1 __ 1
n(y1+21) ?7Z1> Y2 , Ysy €
+ (y36 + z3€ 7( 5 + 5 ) o ,

—23 <y367721 + 23677(@*?41)) + 25 <y26nz1 + ZQen(zlfyl)) 7

eﬁ(y1+21) _ e—n(yr‘rzl))
n

23 (nyzyse"(““l) + (Y223 + ysz2)et + 172223677(21—111) +

—2nz1 _q 2 2
nz1 Tl(zl—y1)) N 2. 23
+ (y26 + z9€ ( 277 n( 5 + 5 ) ,
o <77y2y3e77(y1+21) + (Y223 + Yy322)e"™ + nzozze V)

2 2 —2nz1 _
z z e 1
2+3)2n>’

enitz1) _ c—n(y1+21) >

Ui

UES n(217y1)>
+(y‘”’e T #3€ (77(2 2

= 0 (o0 e ) g (a0 et )

2 2 2 2 —
— <77(y2 " yj)en(y1+21) _ 77(@ + 273)67](21*91) + enlyitz) _ o n(yl+z1)>
2

2 2 2 2n
—2ny1 _ 1
_ <y36n(y1+z1) + 2367721) (6 ; _ 77y2y3> ,
2 2 2 2 n(y1+z1) _ o—n(yi+z1)
_ Y2 | Y3\ n(yi+z1) 72 Ry n(zai-w) 4 € ¢
= ya (G + D)) — (4 Dyensi) 4
2 2 2 2 2n
e 21 _ 1]
- (y2en(y1+21) + 2267721) (7792y3 - 77> )

= 2 (ygenzl + 226’7(21’?/1)) — 23 (ygenzl + 236’7(21’?/1)) ,

2 2 2 n(y1+z1) _ o—n(y1+z1)
- _ Y2 | Y3\ n(yi+=) 22 | Ay n(zi-y1) o € €
22<77(2+2)e +17(2+2)e + o

—2nz1 _ 1
—ne"* (yaza + Y323)22 — (yaenz1 + zge"(zl_y‘)) (e , - 77z223> ;
en(yitz1) _ e—n(yﬁ-zl))

2
23

%
2

+ 232)) n(z1—y1) +
— )€
2 2n

—2nz 1
+ne* (y222 + y323)23 — (yzenzl + Zzen(ZI_yl)) <772223 S ; ) ;

Y3 | U3
= 23 <n(2 + §3)en(91+21) + 77(

respectively.
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As we know, these systems are completely integrable and they admit reduction, via the
multiplication -, : Gy, X Gy = Gy, to the bi-Hamiltonian system on G, in Section

This last result can be straightforwardly shown by considering the new coordinates (x, z) =
((x1, 22, 23), (21,22, 23)) on Gy X Gy, with & = y -, z. In these new coordinates, the Poisson
structures 1ly, and 1I;, on G, x G, are given by

R IO R PN N (o NE: B NS R 3
O a 3 0m, 6502 2%1‘1 Ox3 2n 5 " 2(9 27 ) Oxs  Oxs 5
e A —— iy —n(ei—z1) 2 oA 2 —n(x1i—z1) Y A 2
=3 8$1 822 + 22 8:61 623 + z3¢ (91'2 821 #2€ 8%3 821
I _ ne—n(m—zl)(é + ig) i A i
2n 2 27) O0xg Oz
e~ Mz1—z1) _ g=n(z1tz1) 22 22 0 0
—n(wi—z) (22 4 23y 2 A 2
2n +e (2 + 2 )) Oxs 0z
I I NI TSRS SUE S N )
3821 029 28z1 0z3 2n " 2 2 Ozg Oz
and
M) — @00 0 (o1 N0
o a 283@‘1 661‘2 3833‘1 %Ig 5 " 283 61‘2 833‘3 5 9
gy A —— A= —n(ei—z1) 2 oA 2 —n(ei—z1) 2 A 2
=2 8$1 822 + 28 8:61 623 + 2ge (91'2 821 3¢ 8%3 821
e~ n(@itz1) _ p—n(@1—21) 9 o
_ pe—n(x1—21) A=
( N e ZQZ?’) Ory  Ozs
e—M(@1i—21) _ o—n(@1+21) b 9
—n(z1—21) A=
( n * e Z2Z3> 3x3 822
L0090 (el NG
202, " 0z 392, Oz n 17243 Ozy  Ozz’
The Casimir functions of the Poisson brackets {-,-}o, and {-, -}, are:
1 (x1—21) (.2 2 1 _ (x1—21)(,2 2
Copopri = —5677 1R (g5 4 x3) — ¢ MEL=2) (25 + 25) + (T222 + x323)
en@i—z1) L p=n(z1—21) _ 9
2n? ’
ne 25423 e e -2
Copopra = —e 5 o ;
and
Cipopry = e =21) g (x225 + x322) + e N@1=21) 5 o0
en@i—21) 4 g=n(z1—21) _ 9
n? ’
e*1 + e~ Mn*1 — 9
6177 oprg = €% (2’223) + Y E—)

Ui

respectively.
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On the other hand, the Hamiltonian functions Hy, and Hy,, read

el e=M"1 — 2 Hy, = —emm r3 + a3 _ eNnrL 4 e — 2.

7> o 2 212
In the new coordinates (z, z), the two completely integrable Hamiltonian systems (G, x Gy, {-, - }on, Hoy)
and (G, x Gy, {+, - }1y, H1py) become

Hy, =€ x93 +

C_ 2 2
2 = e (x5 —x3),
o 1 a3 gy €1 —e™
To = nelizoxs — Ene" Y(xy — xoxs) + T(2$3 — Ia),
) 1 ) 5 %1 _ o1
: T
T3 = —ne™lzxsxrs+ 517677 Y(asxs +x3) + T(Ig — 2x3),
Z1 = e (3?22’2 - 3?32’3), (57)
eNr1 _ =Tl e~ MF1 _ oAl 22 22
. 2 3
2o = <77€W1$23€3 +— 23+ 9527277 + nroe™! (? + 5%
eNnr1 _ o= nr1 el*1 _ g N3t 22 22
. 2 3
B = (776%1552:”3 + " (—22) + 23 o + naze’™ (3 + ?)7
and
gy = e (ad - a3),
, 1 5 ) %1 _ g%
: T
Ty = neizoxi — 5776" Yxy — xows) + T(Qajg — T),
1 eN%1 _ =71
s 2 2 3
r3 = —77@"7517le$3 + 577@’7901 (x2x3 —+ x3) -+ T(:ﬂg - 2:52),
7z = e ($22’2 - $3Z3), (58)
2 2 NT1 _ o—NT1 NZ1 _ ,—NZ21
. r5+x3 € e e e
22 = = (ne””l 5 T 5 zg +a3—————— +ne" a3z
n
2 2 NnT1 _ o,—NT1 n21 _ ,—N21
. x5 + X e e e e
Z3 = ne’’1 2 3 4 23 — Lg—————— —ne*lagzo23,
2 2n
respectively.

Finally, as in the Lorenz system, the multiplication -, : G), x G), = G, in the new variables
is just the first projection, that is,

+ ((z1, 22, 3), (21, 22, 23)) = (21, 22, ¥3). (5.9)

So, using (5.6), (5.7), (5.8) and (5.9), we directly deduce that the two completely integrable
Hamiltonian systems (G, x Gy, {-, }on, Hoy) and (G, x Gy, {-, - }14, H1y) admit reduction, via
the multiplication -, : Gy, x Gy, = G, to the bi-Hamiltonian system on G, considered in Section
0.2)

6. CONCLUDING REMARKS

In this paper we have presented the generalization of the Poisson coalgebra construction
of integrable deformations of Hamiltonian systems to the case when the initial system is bi-
Hamiltonian under a pair of Lie-Poisson structures. Moreover, the method here presented allows
the systematic construction, under certain conditions, of pairs of coupled completely integrable
Hamiltonian systems on Poisson-Lie groups. In this way, integrable deformations of the Lorenz
and Euler top systems have been explicitly constructed.
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It is worth recalling that a complete classification of the Lie-Poisson completely integrable bi-
Hamiltonian systems on R3, which have non-transcendental integrals of motion, may be found
in [14] (see also [13]). In fact, the Euler top system is labeled with the number (6) in Table
1 of [I4]. On the other hand, a complete classification of non-equivalent adjoint 1-cocycles
on Lie algebras of dimension 3, whose dual maps satisfy the Jacobi identity (i.e. a complete
classification of non-equivalent Lie bialgebras of dimension 3) may be found in [I1].

By using the results in [I4] and [II], it can be easily proven by direct inspection that the
method here presented could be also straightforwardly applied to the Lie-Poisson completely
integrable bi-Hamiltonian systems on R?® which are labelled as (2), (4) and (5) in Table 1
of [I4], since these are the only cases for which a common 1-cocycle does exist. Therefore,
for all these cases we could obtain pairs of completely integrable systems on the product of a
certain Lie-Poisson group G, with itself, whose projection, via the group multiplication, leads
to a completely integrable bi-Hamiltonian system on G,,. The search for other Lie-Poisson bi-
Hamiltonian systems on RY (with N > 4) and their compatible 1-cocycles is currently under
investigation.

Finally, we stress that it would be interesting to get a deeper insight into the underlying
geometric structure of the (quasi) bi-Hamiltonian systems on Poisson-Lie groups that have
arised in the present paper. Work on this line is also in progress and will be presented elsewhere.
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