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Abstract

We show how to use extended word series in the reduction of continuous and
discrete dynamical systems to normal form and in the computation of formal in-
variants of motion in Hamiltonian systems. The manipulations required involve
complex numbers rather than vector fields or diffeomorphisms. More precisely
we construct a group G and a Lie algebra g in such a way that the elements of G
and g are families of complex numbers; the operations to be performed involve the
multiplication % in G and the bracket of § and result in universal coefficients that
are then applied to write the normal form or the invariants of motion of the specific
problem under consideration.
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1 Introduction

In this paper we show how to use extended word series in the reduction of continu-
ous and discrete dynamical systems to normal form and in the computation of formal
invariants of motion in Hamiltonian systems of differential equations. The manipula-
tions required in our approach involve complex numbers rather than vector fields or
diffeomorphisms. More precisely, we construct a group G (semidirect product of the
additive group of C? and the group of characters of the shuffle Hopf algebra) and a Lie
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algebra g in such a way that the elements of G and g are families of complex numbers;
the operations to be performed involve the multiplication % in G and the bracket of g
and result in universal coefficients that are then applied to write the normal form or the
invariants of motion of the specific problem under consideration.'

The present approach originated from our earlier work on the use of formal series
to analyze numerical integrators; see [15] for a survey of that use. In a seminal pa-
per, Hairer and Wanner [11] introduced the concept of B-series as a means to perform
systematically the manipulations required to investigate the accuracy of Runge-Kutta
and related numerical methods for ordinary differential equations. B-series are series
of functions; there is a term in the series associated with each rooted tree. The letter B
here refers to John Butcher, who in the early 1960’s enormously simplified, through a
book-keeping system based on rooted trees, the task of Taylor expanding Runge-Kutta
solutions. This task as performed by Kutta and others before John Butcher’s approach
was extraordinarily complicated and error prone. Key to the use of B-series is the fact
that the substitution of a B-series in another B-series yields a third B-series, whose
coefficients may be readily found by operating with the corresponding rooted trees and
are independent of the differential equation being integrated. In this way the set of
coefficients itself may be endowed with a product operation and becomes the so-called
Butcher’s group. The set of B-series resulting from a specific choice of differential
equations is then a homomorphic image of the Butcher group. It was later discovered
(see eg [4]) that the Butcher group was not a mere device to understand numerical inte-
grators but an important mathematical construction (the group of characters of a Hopf
algebra structure on the set of rooted trees) which has found applications in several
fields, notably in renormalization theories and noncommutative geometry. In [5] and
[6] B-series found yet another application outside numerical mathematics when they
were employed to average systems of differential equation with periodic or quasiperi-
odic forcing.

Our work here is based on word series [13], an alternative to B-series defined in
[7], [8] (see also [12], [6]). Word series are parameterized by the words of an alpha-
bet A and are more compact than the corresponding B-series parameterized by rooted
trees with coloured nodes. Section 2 provides a review of the use of word series. The
treatment there focuses on the presentation of the rules that apply when manipulating
the series in practice and little attention is paid to the more algebraic aspects. In par-
ticular the material in Section 2 is narrowly related to standard constructions involving
the shuffle Hopf algebra over the alphabet A (see [13] and its references); we avoid
to make this connection explicit and prefer to give a self-contained elementary expo-
sition. Section 3 presents the class of perturbed problems investigated in the paper;
several subclasses are discussed in detail, including nonlinear perturbations of linear
problems and perturbations of integrable problems written in action/angle variables
[2]. In order to account for the format (unperturbed + perturbation) being considered,
we employ what we call extended word series. In the particular case of action/angle
integrable problems, extended word series have already been introduced in [13]; here
we considerably enlarge their scope. Section 4, that is parallel to Section 2, studies the

n fact it is possible to present G and g in terms of a universal property in the language of category
theory. We shall not be concerned with that task here.



rules that apply to the manipulation of extended words series. Again many of those
rules essentially appear in [13], but the ad hoc proofs we used there do not apply in
our more general setting so that new, more geometric proofs are required. The main
results of the paper are presented in the final Section 5. We first address the task of
reducing differential systems to normal forms via changes of variables (Theorem 1);
as pointed out above, both the normal form and the change of variables are written in
terms of scalar coefficients that may be easily computed. For Hamiltonian problems the
normal form is Hamiltonian and the change of variables symplectic. We also describe
in detail (Theorem 2) the freedom that exists when finding the normal form/change
of variables. By going back to the original variables, we find a decomposition of the
given vector field as a commuting sum of two fields: the first generates a flow that is
conjugate to the unperturbed problem and the second accounts for the effects of the
perturbations that are not removable by conjugation. This decomposition is the key to
the construction of formal invariants of motion in Hamiltonian problems. We provide
very simple recursions for the computation of the coefficients that are required to write
down the decomposition of the vector field and the invariants of motion. Finally we
briefly outline a parallel theory for discrete dynamical systems.

Some of the results in Section 5 have precedents in the literature. The reduction to
normal form (but not the investigation of the associated freedom) appears in [13] but
only the particular setting of action/angle variables (ie of Example 3 in Section 3.2).
Decompositions of the field as a commuting sum features in [6], but only for a class
of problems much narrower than the one we deal with here. That paper also presents,
in a more restrictive scenario, recursions for the computation of invariants of motion.
However the methodology in [6] is different from that used here and the recursions
found there do not coincide with those presented in this work. The reference [9] is very
relevant. It works in the restricted context of Example 1 in Section 3.2 and emphasizes
the role played by different Hopf algebras, in particular the shuffle Hopf algebra and
the commutative Hopf algebra of rooted trees with colored vertices, and the connection
with Ecalles mould calculus. Studied in detail is the reduction of vector fields and dif-
feomorphisms to their linear parts with the help of series of linear differential operators
rather than of word series (the relation between both kinds of series has been discussed
in [13]).

It should be pointed out that, just as the notion of word series may be modified
to define extended word series adapted to perturbed problems, it is both possible and
interesting (cf [9]) to consider extended B-series, a task that we plan to address in future
contributions.

All the developments here operate with formal series of smooth maps. In order not
to clutter the exposition we shall omit throughout the qualifiers ‘formal’ and ‘smooth’.
It is of course possible, after truncating the expansions, to derive bounds as in [7], [8],
but such a task is out of our scope. The groups used here may be turned into Lie groups
modeled in Fréchet spaces, see [3].



2  Word series

In this section we briefly review the use of word series, a tool that is essential for the
work in this paper. Proofs and additional details may be seen in [13].

2.1 Definition of word series

Let A be a finite or infinitely countable set of indices (the alphabet) and assume that,
for each £ € A, f; : CP — CP is a map. With each nonempty word ; - - - £,, made
with letters from A we associate a word basis function. These functions are recursively
defined by

fere, () = fl,0(®) fe(), n>1

(f¢,...0,(z) denotes the value at = of the Jacobian matrix of f,...,, ). For the empty
word, the associated basis function is the identity map =z — x. We denote by W the
set of all words (including the empty word (}) and by C"V the vector space of all the
mappings 6 : W — C; the notation &,, will be used to refer to the value that § takes at
the word w € W.

Given the maps f;, { € A, with each § € C" we associate the formal series

Ws(z) = Z 0w fu (),
weWw

and say that Ws(x) is the word series with coefficients d. It is also possible to consider
the real case with f, : RP — R and § € R"W.
As an example, consider the nonautonomous initial-value problem

L= M), 2(0) =0, 1)

where the )y are given scalar-valued functions of ¢. Its solution may be represented as
x(t) = Wyt (20), with the coefficients a(t) given by the iterated integrals

t tn to
ity () = / dt M. (bn) / At Moy (tner) -+ / dt (). @)
0 0 0

The series W, 1) (20) is essentially the Chen-Fliess series used in control theory.

2.2 Operations with word series
Given 6,6’ € C", their convolution product § x &’ € C" is defined by

n—1

(5*5/)Z1-“5n = (5@521,_{” + Z 5@1...2_],527,_*_1“,571 + 5[1.4["56

=1

((0 % 0")g = dpdy). This product is not commutative, but it is associative and has a unit
(the element 1 € C"Y with 11y = 1and 1 ,, = 0 for w # ().



If w and w’ are words, their shuffle product will be denoted by w Liw’. The set
G consists of those v € C" that satisfy the shuffle relations: 3 = 1 and, for each

w,w €W,
N N
YwYw' = Z’ij if ’U)LIJU]/ = Z’U}j.
j=1 j=1

This set is a group for the operation x. For v € G, W, (z) may be substituted in an
arbitrary word series Ws(z), 6 € C", to get a new word series whose coefficients are
given by the convolution product v x §:

Ws (W (2)) = Wyas(2). )

We denote by g the set of elements 3 € C"V such that 3; = 0 and for each pair of
nonempty words w, w’,

N N
Zﬂwj:() if wu_vw’:ij.
j=1 j=1
With the skew-symmetric convolution bracket defined by

[ﬁvﬁ/] :B*ﬂ/_ﬁ/*ﬁv

g is a Lie algebra and, in fact, it may be seen as the Lie algebra of G if this is seen
as a Lie group [3]. The elements in G and g are related by the usual exponential and
logarithmic power series (where, of course, powers are taken with respect to the product
x). For 3 € g and arbitrary § € C", the product 3 * & has the following word series
interpretation:

Wais(z) = Wi(z)Ws().

This implies in particular that the convolution bracket just defined corresponds to the
Lie-Jacobi bracket of the associated word series:

Wi (2)Wp(z) = Wi(x)We (2) = Wig gn(x), 6,6 €g.

For 8 € g the Dynkin-Specht-Wever formula may be used to rewrite the word series in
terms of iterated commutators:

oo

Wa) =3~ S Beallolfo Sl ful L@ @
l1,....0p €A

n=1 " f1,...,

(For n = 1 the terms in the inner sum are of the form S, fy, (x).)
If 5(t) € g for each real ¢, the initial value problems

Lat) = Wap(alt)),  2(0) =, 0
may be solved formally by using the ansatz z(t) = Wy (2o). In fact, in view of (3),

we may write

d

$Wa(t)(ﬂfo) = Waw)y(Waw (20)) = Wamxse (Zo), Wao)(z0) = o,



which leads to a linear, nonautonomous initial value problem in G

d
Zot) =a)*xf),  al0)=1. (©)
that may be solved by successively determining v, (t), w € W,,n = 0,1, ... Foreach

t the element a(t) € C" found in this way belongs to the group G. (The solvability
of (6) is referred to as the regularity of G in Lie group terminology.) Conversely, any
curve a(t) of group elements with «(0) = 1 solves a problem of the form (6) with

o, d
Bt) = aft) ™! % %a(t).

A change of variables © = W, (X), k € G, transforms the problem (5) into

d
%X(t) = Wpe (X(t)), X (0) = Xo,
with B(t) = Kk B(t) x k=1, W, (Xo) = zo.

Consider finally the particular case where the dimension D is even and each fy(x)
is a Hamiltonian vector field, i.e. fi(z) = J 'V H,(z), where J~! is the standard
symplectic matrix. In view of the correspondence that exists between Hamiltonian
fields/Lie-Jacobi brackets and Hamiltonian functions/Poisson brackets, for each 3 € g,
the vector field Wg(x) is Hamiltonian,

Ws(x) = J ' VHs(z)

and its Hamiltonian function is (see (4))

Hﬁ(x) = Z ﬁwHw(x)a

wEW, w#d

where, for each nonempty word w = ¢ - - - £,,,

Ho(e) = (- {(He,, ey}, Hey) -}, H, ) ). ™

(We assume that the Poisson bracket has been defined in such a way that the vector
field generated by the Poisson bracket of two Hamiltonians is the Lie-Jacobi bracket of
the fields corresponding to Hamiltonians; in the literature it is more frequent to use as
Poisson bracket the opposite of the one employed here [2].)

If 8, € g, the Poisson bracket of 73 and 73 may be expressed in terms of the
convolution bracket of the coefficients as H g g/].

For Hamiltonian systems, changes of variables z = W, (X), k € G, are canon-
ically symplectic; after the change of variables the system is again Hamiltonian and
the new Hamiltonian function is obtained by changing variables in the old Hamiltonian
function:

Hg(W,.(X)) = Hp(X), B=rxfBxxx""



3 Perturbed problems

3.1 Preliminaries

In the remainder of the paper we shall be concerned with initial value problems

Sa=g(m) + @), 2(0) =0, ®

where f, g : CP — CP and f can be decomposed as

f@)=>" fulx) ©)

leA

for a set of indices A, referred to as the alphabet as in Section 2. We work under the
assumption that, for each ¢ € A, there is vy, € C such that

lg, fe] = ve fo; (10)

in other words, each vector field f, is an eigenvector of the operator [g, -] (adjoint of
9), where [, -] represents the usual Lie-Jacobi bracket ([g, f] = f'g — ¢'f). Due to
well-known properties of the Lie-Jacobi bracket, (10) is independent of the choice of
coordinates: if an arbitrary change of variables 2z = 2(X) is performed in (8), then
(10) holds in the x variables if and only if it holds in the X variables.

The next proposition gives an alternative formulation of the assumption; ¢; denotes
the solution flow of g.

Proposition 1 Equation (10) is equivalent to the requirement that for each x € CP,
and each real t,

ei(@) " felpe(@)) = e fo(2). (11)
Proof: Assume that (10) holds. If C(t) is the left hand-side of (11), then

GO0 = @)™ (@) il il

( NS o)

(@) (pe(@) (@) ()" fe(pe(x))
()7 FHpe(agpu(x))

= VgC(t)

B
N~—
i
g
S
o~
B

and integration leads to C(t) = exp(tv;)C(0), ie to (11). Conversely, differentiation
with respect to ¢ of (11) at t = 0 results in (10). [J

Geometrically (11) says that, for each fixed ¢, the diffeomorphism ¢, pulls back
the vector field f, to the vector field e« f,. In other words, f, is an eigenvector with
eigenvalue exp(tvy) of the linear operator that associates with each vector field h its

pull back (0} ()) ! (R o 1) (:).



In the applications we have in mind, the differential system in (8) is seen as a
perturbation of the system (d/dt)z = g(x) and the flow (; is considered to be known.
If the solution z(t) of (8) is sought in the form x(t) = ¢:(y(t)), then y(0) = ¢ and,
after invoking (11), it is trivially found that y(¢) satisfies

d v
u=> " foly).
teA
Since this system is of the form (1) with
Ae(t) = e, Le A, (12)

we find that y(t) = W) (20), where, as we know, the coefficients «(t) are given by
(2). We conclude that the solution of (8) has the representation x(t) = ¢; (W4 (20)).

3.2 A class of perturbed problems

In what follows we assume that the field ¢ in (8) lies in a finite-dimensional vector
space of commuting vector fields (that is, an Abelian Lie algebra of vector fields), with
abasis {g1,...,94} ([95,9x) = 0 for j # k), and that each f, is an eigenvector of each
operator [g;, -]. The elements of the Abelian Lie algebra will be denoted by

d
9" = _vig (13)
j=1
where v = (vy, ..., v4) is a constant vector.
More precisely we work hereafter under the following assumption.
Assumption 1 The system (8) is such that:
o f may be decomposed as in (9).

o There are linearly independent, commuting vector fields g; and constants v;,
j=1,...,d, such that g = g* with g* as in (13).

e Foreachj =1,...,dandeachl € A, there is v;, € C such that
955 fel = Vi fe (14)

Clearly, (14) implies that (10) holds with v, given by the (v-dependent) quantity

Vi =Y vvie (15)

If we denote by ¢, the flow at time ¢ = 1 of g”, the ¢t-flow of g” coincides with
1, and, according to Section 3.1, the solution of (8) has the representation x(t) =
i (W) (z0)), where the coefficients a(t) are given by (2), (12), (15). Note that
these coefficients depend on v and the v; ¢ but are otherwise independent of g and f.
Let us now examine some classes of differential systems that satisfy Assumption 1.



Example 1 Consider the case

d

o =La+ f(a), (16)
where L is a diagonalizable D x D matrix, and f(z) is polynomial, ie each of its
components is a polynomial in the components of x. Let p1, ..., pg denote the distinct

nonzero eigenvalues of L, so that I may be uniquely decomposed as
L=yp1Ly+ -+ pala,

where the D x D matrices Ly, ..., Ly are projectors (L? = Lj;) with L;L;, = 0 if
J # k. Thus (13) holds for g;(z) = Ljz, v; = p;. Furthermore consider, for each
v = (v1,...,vq), the diffeomorphism = — exp(viL; + -+ + vqLg)x. This pulls f
back into

e*(’ulLlJr---Jr’Ude)f(eﬂlLlJr"'JF'UrI,de)’

an expression that can be uniquely rewritten as a sum

R

(kl,...,kd)EA

where A is a finite subset of Z¢ and, foreachk = (ki, ..., k) in A, fy is a polynomial
map. It follows that f = >, fi and that the pull back of fy is exp(viLi + --- +
vqLq) fx. According to Proposition 1, (14) holds with

vik=Fkj, keA, j=1,...,d.

The case where the components of f are power series in the components of x may be
treated similarly, cf [9]. Analytic systems of differential equations having an equilib-
rium at the origin are of the form (16), provided that the linearization at the origin is
diagonalizable; the perturbation f then contains terms of degree < 2 in the components
of .

Example 2 In some applications, including Hamiltonian mechanics, the system (16)
possesses some symmetry that implies that the nonzero eigenvalues of L occur in pairs
+u, with +p and —p having the same multiplicity. Let us then assume that, in the
preceding example, d is even and the nonzero eigenvalues satisfy pig—;11 = —p;
for j = 1,...,d. The matrix v1L; + - + vyL4 considered above does not have
for arbitrary choices of the parameters v; a symmetric spectrum and, in order to not
loose the symmetry, one may consider an alternative way of satisfying Assumption 1.
Specifically, we may take

gj(x) =Ljx —Lgy1—z, j=1,... ,d/2,
the alphabet A obtained from A through the formula
A:{(kl_kd;kQ_kd—la-~-akd/2—]€d/2+1) : (kl,...,k‘d) EACZd/Q}’

and f(,;l’w,;dﬁ) given, for each (k1,...,kq/2) € A, as the sum of all f(, ) such
that

(1%17' . 'aEd/Q) = (k]. - kd7k2 - kd*lw . '7kd/2 - kd/2+1)'



Example 3 We now consider real systems of the form

a2 = o] + 7o

where y € RP~4,0 < d < D,w € R%is a vector of frequenciesw; # 0,5 = 1,...,d,
and 0 comprises d angles, so that f(y, 8) is 2m-periodic in each component of 6 with
Fourier expansion

f(y,0) = > explik - 6) fi(y).
kezd
After introducing the functions

fily,0) = explik - 0) fuly), yeRP™ 6eRY,
the system takes the form (8)—(9) with z = (y,6), A = Z%, and

0
9(y,0) = M :
If some fi () are identically zero, then A may of course be taken to be a subset of Z<.
Assumption 1 holds with v; = w; (j = 1,...,d), each g;(z) a constant unit vector,
and
Vik = ik’j

foreachj =1,...,dandeach k = (k1,...,kq) € A.

Example 4 Assume that in (8), the dimension D is even with D/2 —d = m > 0 and
that the vector of unknowns takes the form

m, 1

(p17...,p ja ,...,ad;ql,...,qm;Hl,...,Hd),

where p’ is the momentum conjugate to the co-ordinate ¢/ and @’ is the momentum
(action) conjugate to coordinate (angle) 7. Consider the Hamiltonian function

d
ijHj(a) + H(p;a;q;0), Hj(a)=wjad, j=1,...,d, 17
j=1

where H is 2m-periodic in each of the components of # and has Fourier expansion
H(pia;q;0) = Y Hi(piaiq;0); Hi = exp(ik - 0) Hie(p;a; q), k € Z°.
kezd

We set v; i = ikj; it is then an exercise to check that
VR =V, j 5 iy =Vy, .
{Hj,Hi} =0, j #k {Hj, Hx} = vjacHx

If g; and fi denote the Hamiltonian vector fields corresponding to H; and Hy respec-
tively, we have

l9j,9k] = 0, j # k, 95, fil = Vjxfi,
so that Assumption 1 holds for the Hamiltonian system associated with (17). Of course
this example is a particular instance of the one we just considered above.

10



If v is a d-vector and w = ¢; - --£,, a word, we extend the notation introduced in
(15) and set

d
v = Vg A =Y v (Vi o v,
=1

(zxé’ = 0). In the construction of normal forms, we shall consider, for each d-vector v,
the vector space V(v) of all d-vectors u for which % = 0 whenever v, = 0, w € W.
This vector space is useful to describe resonances, as we now illustrate in a particular
case. In the situation described in Example 3, assume that d = 2. The components v,
and vy are the frequencies wj, wa, of the unperturbed motion, the letters are of the form
k € Z? and v¥, = i(s(w)1v1 + s(w)avz), where s(w); € Z and s(w)2 € Z denote the
first and second components of the sum s(w) € Z? of the letters of the word w. If vy
and vy are rationally independent then v, = 0 if and only if s(w); = s(w)2 = 0 and
V(v) comprises all 2-vectors. However if vy # 0 and the quotient vy /v5 is a rational
number p/q, then v%, = 0 if and only if (s(w)1, s(w)2) is proportional to (g, —p)
and V(v) is the one-dimensional subspace spanned by (p, ¢). Generally speaking, the
presence of resonances results in a decrease of the dimension of V(v); this in turn
implies that in Section 5 fewer invariant quantities will exist.

Remark 1 The relations [g;, f¢] = v;¢f¢ and [gk, f¢] = vi.ef¢ imply that for each
pair of complex numbers c;, ¢,

[cjgj + crgr, fo] = (cjvje + crvie) fo-

It is then clear that if Assumption 1 holds for the Abelian Lie algebra spanned by the
95> 7 = 1,...,d, then it also holds for all its linear subspaces (equivalently for all its
Abelian Lie subalgebras). Moving to a subspace/subalgebra in Section 5 will in general
simplify the computations required to find normal forms at the expense of reducing the
number of linearly independent invariant quantities. An instance of the possibility of
moving to a subspace appeared above In Example 2.

4 Extended word series

4.1 The definition of extended word series

The material in the preceding section suggests the following definition.

Definition 1 Given the commuting vector fields g;, 7 = 1,...,d, and the family of
vector fields fi, { € A, with each (v,8) € C? x C we associate its extended word
series:

Wio.5)(2) = po(Ws(2)).

In the particular case envisaged in Example 3 of Section 3.2 extended word series
were introduced in [13]; the definition given in this paper applies in the more general
context of Assumption 1. Most of the properties of extended word series discussed in
[13] remain valid in the present general setting, but they require different proofs.

Now the solution of (8) may be compactly expressed as z(t) = W (1, a(2))(%0)-

11



4.2 The operators =, and &,

For each d-vector v, we shall use the linear operator =, in C"Y that maps each § € C"
into the element of C*V defined by

(Ev0)w = exp(vy,) dup-
Similarly the linear operator &, on C"Y is defined by
(gvé)w = VE; 6w~

Thus E, and &, are diagonal operators with eigenvalues exp(v2) and v}, respectively.
Observe that

%Etv = Etév = §uZto-
The operator =, maps G into G and g into g. Furthermore =, is a homomorphism
for the convolution product: =, (y * &) = (Z,7) * (,0) if v,d € CY. This implies
that exp, (2,8) = =, exp,(B) for 8 € g and that £, is a derivation: &,(6 x §') =
(£,0) % 8" + 6 (£,0") for §,8" € CV.
The formulae in the next proposition will be used later.

Proposition 2 For each 3 € g, v € C¢,

[9°, Wg](z) = We,p(2), (18)
()" Ws(pu () = We,5(2). (19)
Furthermore, for eachy € G, v € Ce,
W (pu(7)) = o (Wa,4 (7)), (20)
and
(W ()" g"(Wy(2)) = g°(2) — (Wi (2)) ™ We, - (2). 2D

Proof: From the Jacobi identity and (14)
[gv’ [ffufbﬂ = (szl + Vé}g)[fflvfb] = VZZZ [f517f52]7

and, by induction, for the iterated commutator

Loyoo, = ([ [[fers foo; fos) -] fe,]

we find
(9% Loy, ] = Vo0, Lyt -
Therefore (18) is a consequence of (4). Proposition 1 then establishes (19).

From (19), the change of variables = = ¢, (X) pulls back the vector field W3 into
the vector field Wz, g; for the corresponding flows at ¢ = 1 we then have Wy, (g) ©
Vv = PuoWeyp, (2,8), Where, as pointed out above, Wy, (2, 8) = Wz, exp, (8)- Since
all elements y € G are of the form exp, (5), § € g, we have proved (20).

To obtain (21), write (20) with tv replacing v, differentiate with respect to ¢ and
evaluate att = 0.

12



4.3 The group G

The symbol G denotes the set C* x G. For each ¢, the solution coefficients (tv, «v(t))
found above provide an example of element of G. For (u, ) € G and (v, ) € CExCW
we set

(u, )%k (v,0) = (v + Sgu, v * Z,0) € C x CV.

For this operation G is a noncommutative group; (C¢, 1) and (0, G) are subgroups of

G. The unitof G is T = (0, 1 ). Note that, for each (u,~) € G,

(u,7) = (0,7)%(u, 1), (u, 1)%(0,7) = (u, Zu7).

In particular (0,) and (u, 1) commute if =,, leaves -y invariant.
By using (3) and (20), it is a simple exercise to check that

W) (W (@) = Wepkws) (@),  7.0€G.

In fact the operation % has been defined so as to ensure this composition rule.

4.4 The Lie algebra g

As a set, the Lie algebra g of the group G consists of the elements (v, 3) € C% x g; by
differentiating curves in G, it is found that the Lie bracket of two elements in g has the
expression

[(v, B), (w,m))] = (0, &n — &ulB + [B, 7))
With each element (v, 3) of g we associate the vector field ¥ (z) + Ws(x). From (18)
in Proposition 2 we find for arbitrary (v, 8), (u,n) € g,
9" + W, 9" + Wil = Wiew,p), ()

and therefore the correspondence between g and vector fields preserves the Lie algebra
structure.

4.5 Differential equations in G
Consider the initial value problem

Calt) = ¢ (@) + Wi (e(0)),  2(0) =m0, @)

where 3(t) € g for each ¢, and v € C¢. By using Proposition 2, it is found that a time-
dependent change of variables x = ¢4, (2) = W, 1)(2), transforms the problem

into p
22 = W, (:(0),  2(0) = o,

and thus, (22) may be solved as z(t) = @un,(Wa) (), ie 2(t) = W (tn,at) (20),
where «/(t) is the solution of the initial value problem in G

d -
$Oé<t) = Oé(t) *:tvﬂ(t% 04(0) = 1.
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This may be integrated as we integrated (6). It is of interest to point out that, after using
the definition of ¥, it is easily checked that the function of ¢ (v, a(t)) found in this
way is the solution of the following nonautonomous initial value problem in G

d _

7 (o) = (w, )k (v, 5(2)),  (u(0),(0)) = T

this, in turn, is clearly analogous to the problem (6) in G. o
By means of (21) it may easily be shown that a change of variables x = W, ,.)(X),
k € G, transforms the differential equation in (22) into

d

%X(t) =g (X (1)) + Wpp (X (1)),,

where B(t) is determined from
B(t) = k% (B B)) * k71 — (&ur) x 71

The following result, to be used later, is easily checked and corresponds to the
well-known fact that changes variables commute with the computation of Lie brackets
of vector fields.

Proposition 3 Assume that (u,r) is an element in the group G. Let the elements
(v, A, (v2, A?%), (v3, A3) € § be related to the elements (v*, 51), (v2,82), (v3,83) €
g through

A = kx (E,07) %kt — (Ear)x v, j=1,2,3.

Then [(vt, Al), (v?, A?)] = (v3, A3) if and only if [(v!, §1), (v2, 6%)] = (v3,83).

4.6 The exponential of an element in g

The exponential of an element (v,/3) € g is, according to the preceding material,
(v, (1)), where «(t) is found by solving

d -
aa = a*x E4 3, a(0)= 1. (23)

At variance with the case of the group G and its Lie algebra g, where the exponential
is a bijection from the Lie algebra to the group, there are elements in G that are not
the exponential of an element in g. However, inverting the exponential for a given
(v,7) € G is always possible provided that v is such that exp(v2) # 1 for each word
w € W for which v, # 0.

Proposition 4 Given v € C? such that
vy, #2kmi forall ke Z\{0} and weW, (24)

the restriction of the exponential to the set {(v,3) : B € g} C g is injective, and gives
a bijection from this set to {(v,y) : v € G} CG.
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Proof: Given v € G, in order to find the logarithm of (v,~) we have to determine
B € g such that a(1) = ~, where « satisfies (23). Assume that the values of /3 at all
words with < n letters have already been determined and choose w € W,,. Then

d
%aw = (Etvﬁ) o= eXp(tVZj;)ﬁw +
where the dots stand for terms involving values of 3 at words with < n letters. Inte-

gration leads to an equation

1
'yw:/ exp(tv,) dt B, + - -
0

that may be solved uniquely for S3,, because, under the hypothesis of the proposition,
the integral does not vanish. [

4.7 Perturbed Hamiltonian problems

If for each j, g;(x) is a Hamiltonian vector field with Hamiltonian function H;(x),
and each f;(z) is a Hamiltonian vector field with Hamiltonian function H,(x), then
for each (v, 8) € g, the vector field g¥(x) + W (z) is Hamiltonian, with Hamiltonian

function
d

Hwp) (@) =D v Hi(@) + Y Bu Hu(w), 25)

j=1 weW

where the H.,(x) are as in (7). For any (u,x) € G, the map = — W, (z) is canoni-
cally symplectic. When this canonical map is used to change variables in the Hamilto-
nian system with Hamiltonian function H, ) the new system is Hamiltonian and its
Hamiltonian function is found by composing the old Hamiltonian with the change of
variables.

As we have illustrated in Example 4 above, in some cases the following additional
assumption holds:

Assumption 2 The Hamiltonian functions H;(z), j = 1,...,d, Hy(x), £ € A are
such that
{H;, Hy} =0, j#k  {H;j, He} =vjeH,.

Clearly this assumption implies that the Hamiltonian system satisfies Assumption 1.
We point out that, in addition, each H is a conserved quantity for the Hamiltonian
flow generated by Hy, k # j.

Under Assumption 2, the Poisson bracket of two Hamiltonian functions ’H(% 8)s
H (. 5y may be expressed by means of the bracket in g as Hj(, gy, (v’,57))- Furthermore
for the change of variables we have the formula

H(’U,B) (W(u,ﬁ) (X)) = H(U,B) (X)7

with
B=rkx(E.0)xr = (k) x w1
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5 Normal forms

Let us present our main results.

5.1 Normal forms for elements in the Lie algebra g

We now study autonomous systems of the form

d
Zt= g’ (z) + Wa(x), B Eg. (26)
This format yields the original problem (8)—(9) in the particular case where 3 is chosen
as

Bw=1 if weW, Bw =0 if w¢Wi; 27)

other choices of 3 [13] are of interest eg in the analysis of numerical integrators for
(8)—(9) in relation to the so-called modified equations [14], [10]. Our aim is to change
variables x = W, (X) = W .)(X), & € G, in order to simplify (26). According to
Section 4.5, in the new variables we have

d . 2
X = () + W), (28)
with R
B=r*Bxrt— (fun)*/@*l. (29)

We choose (v-dependent) elements B € g and k € G subject to (29) and such
that 3 is as simple as possible; then the system is said to have been brought to normal
form. The maximum simplification given by 3 = 0 can only be reached if the relations
k€ G, &k =0imply k = 1,ieif v, # 0 for all nonempty words w. If v}, = 0 for
some nonempty words, there are parts of the perturbation that commute with ¢g* and of
course those cannot be eliminated by means of a change of variables, see eg [1]. The
aim is then to get B € g such that [¢g¥, Wﬁ] = 0 (rather than WE = 0). In terms of the

-~ -~

coefficients of the series we demand [(v,0), (0, 3)] = (0,&,8) = 0, ie
Vo Buw =0, (30)

for each nonempty word w. Equivalently, Bw = 0 for all words w such that v, # 0.
We have the following result:

Theorem 1 Given (v, ) € §, there exists k € G such that the element B\ € g defined
in (29) satisfies that [(v,0), (0, B)] = (0, g,ﬁ) = 0. In addition (0, B) commutes with
all elements (u,0), u € V(v).

Therefore, the change of variables x = W (X)), reduces the system (26) to the
normal form (28) in such a way that the vector fields g°(X') and Wz(X) commute and

the solutions of (28) satisfy

X(t) = %Otv(@t(X(O))) = @t(@tu(X(O)))a

16



where ¢y is the solution flow of the system (d/dt)X = W5(X). Moreover, the vector
field W5(X) commutes with g*(X) for all vectors u € V(v).
Solutions of (28) possess the extended word series representation

X(t) = W to,a0)(X(0)),
where
(tv,8()) = (tv,exp, (tB)) = (0, exp, (¢B)) K (tv, 1) = (tv, 1)K (0, exp, (t5)).

Proof: The commutativity of (0, B) with all (u,0), v € V(v) is clearly implied by
(30). The (constructive) proof of the remaining assertions is parallel to that presented
in Section 6.2 of [13] and will not be reproduced here. [J

Remark 2 If the vector fields g; and f, are Hamiltonian, then the change of variables
is canonical symplectic and the transformed system (28) is Hamiltonian; this follows
from the fact that, if g; and f,; belong to a Lie subalgebra of the Lie algebra of vector
fields, then, in the proof of the theorem, all fields (respectively all changes of variables)
also belong to that subalgebra (respectively to the corresponding subgroup). From (25)
the Hamiltonian function of (28) is

d
M p(X) = Z”j Hj(X) + Z B Hy(X). 31
j=1

weW

Remark 3 For Hamiltonian problems under Assumption 2, for each u € V(v), the

Poisson bracket of
d

H*(X) = 3" u; H;(X)

-~

and (31) vanishes, because [(u,0), (0,5)] = 0. Then each H" is is a first integral of
the normal form system (28). If V(v) is of dimension d’ < d, then (28) has d’ linearly
independent first integrals, in addition to its own Hamiltonian function (31).

For given v, the change of variables x € G and the resulting B\ € g in Theorem 1
are, in general, not unique:

Theorem 2 Let k € G, B\ € g be the elements related by (29) whose existence is

-~

guaranteed by Theorem 1 ( &8 = 0). Then another change of variables k € G leads to
an element B € g with fv[é = 0 if and only if, after defining § = & x k™1, the relations

o~

£,6=0, B=6xBxd" (32)

are satisfied.
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Proof: For the ‘if” part, recall that ¢, is a derivation and that then
07 = 671w (6,0) %67t
and
E(6xBH67) = (£,8) % B + 8% (E,B) %6 L+ 5% B (£,071).

The last expression vanishes if £,6 = 0 and &, B\ = 0. It remains to show that § x B %571
is the element associated to < as in (29). To achieve that goal it is enough to multiply
(29) by § on the right and 5! on the left and use again that &, is a derivation.

For the (more difficult) ‘only if” part, we begin by noting that the map

ki kxBxr = (Eur)x kT

is an action of the group G on g. From there we obtain the homological equation

€5 =0%f—Bwo.

It is then clear that the proof will be ready if we show that £,0 = 0. Since by assump-

tion &,8 = 0, £, 8 = 0, the homological equation implies

€,(606) = (€06) % B — % (€,6),

ie
n—1 ~
Wy, 200100, = ((gva)gl...gjﬂzm...g” ~Beya, (g,,a)ml,__zn,)
j=1
for each nonempty word ¢; - - - £,,. If we assume inductively that (£,0),, = 0 for words
with less than n letters, then (§,0), ...e, = V.4 O¢,...0,, = 0, because whenvy , #
0 the last displayed formula shows tha d,...,, = 0. O

Remark 4 The relations (32) may be rewritten as k=1 x B * K =Rk * B * K and
Kt x &k = R % €,k Note also that, for each u € V(v), £,6 = 0 implies that
£.0 =0and hence k™' * &k = B % £,R.

Remark 5 If for all nonempty words v, # 0, then &, B =0and 3@ = (lead to B =0.
In Theorem 2, jy = 1 and £,6 = 0 imply d = 1 or k = &; therefore the normal form
coincides with the unperturbed problem and the change of variables « is unique.

5.2 Back into the original variables

Let us now push forward the pairwise commuting vector fields g*(X), g*(X), u €
V(v), and WE(X ) to the original variables . After applying the recipe for changing
variables given in Section 4.5 and Proposition 3, we obtain commuting fields ¢g*(x) +
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Wetse,n(@), g(2) + Wi-14g,n(2), w € V(v),and W, 5 (z). In particular we

may rewrite the right hand-side of (26) as a commuting sum of two terms:

d )

aﬂ;‘ =¢"(X)+Ws(X) =g¢"(z) + anl*gv,ﬁ(fﬂ) + Wm,l*g*n(m) . (33)
Obviously both terms in braces commute with their sum g*(x) + Wg(x). The first
vector field in braces in (33) generates a flow

Z(t) = W01k (tw, 1)k (0,6) (£(0)) = W (100 o= 142,00) (2(0))

conjugate to the flow ¢y, (20) = W4, 1)(2(0)) of the unperturbed original system in
(26). The second term in braces generates a flow

.I‘(t) = Wfi_l*exp* (tg)*n(x(o))7

this second term is necessary whenever the solution flows of (26) and the unperturbed
system cannot be conjugated to one another (for instance if the unperturbed problem
has periodic solutions whose period changes after the perturbation).

According to Remark 4, the v-dependent elements 3 = m_l*B*F; and p(u) = k1%
&,k do not depend on the choice of K € G in Theorem 1. To summarize, the original
field g”(x) + W;s(x) has been decomposed as a commuting sum of g% (x) + W, ()
and W5(z) in such a way that Wz(z) and g”(z) + W, (,)(2) also commute with all
fields g*(z) + Wy (2), w € V(v), which in turn commute among themselves. We
shall present below an algorithm for computing the coefficients 3 and p(u) needed to
write these fields.

Remark 6 In the Hamiltonian case, under Assumption 2, for each u € V(v),

d

Huwp(uy (@) = Y uj Hi(@)+ > plw)y Hy(x)

J=1 weWw

is a first integral of the system (26). Such formal integral depends linearly on » and
therefore (26) possesses d’ < d linearly independent invariants (d’ is the dimension of
V(v)) in addition to its own Hamiltonian function #, g)(z). These invariants may be

written down easily using the algorithm presented below to compute 3 and p(u).

The next results provides, under an additional hypothesis, a characterization of 3
and p(u). In the context of Example 3 in Section 3.2, the word 0 € Z% has vy = 0 and
the hypothesis holds whenever the Fourier coefficient fo(y) is not identically zero.

Theorem 3 Given (v, ) € g assume that there is a letter 0 € A such that vy = 0 and
Bo # 0. Then for each u € V(v), the element p(u) € g is uniquely determined by the
relations

[(Ua 5)7 (u,p(u))} = 51)/0('“) —&uB+ [5,[’(16)] =0, 34)
p(w)ey e, =0 if vj = =1, =0, (35)
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and B € g is uniquely determined by the relations

[(v,8), (0,8)] = &8 + 8, 5] =0, (36)
Beyooty =Byt i Vi, =+ =1vp =0. 37)

n

Proof: We already know that (34) and (36) are fulfilled. Induction on n can be used to
prove (35). The relation (37) is implied by 8 = 8 — p(v).

We next show that (36)—(37) uniquely determine 3 € g. (That (34)—(35) uniquely
determine p(v) is proved in a very similar way.) We work by induction on the number
of letters. The condition (36) for words with one letter £ € A yields V}’@ = 0.
Therefore, if v¢ # 0, then 3, = 0; otherwise, 3, = (3, by virtue of (37). For a word
w=~» Ly, n>1,(36)reads

n—1

V’g)Bw - Z(Bflhgf;ﬂlﬁn - BE1"~ékﬁzk+l"'evL) = 0

k=1

a relation that obviously determines 3,, when /2, # 0. If 2, = 0, we distinguish two

cases. If vy, =--- = v} = 0then 3, .., isdetermined by condition (37). Otherwise,
we consider (36) for the word w = 0/; - - - £,,, to obtain

_ By —
Beret, = 5 Botrt, o =
0

where the right-hand side is, by the induction hypothesis, uniquely determined, but
Boe,...¢, _, may in principle pose difficulties because it refers to a word with n letters.

If vy =0,thenvg, ., = 0so that Boc,...c,, cannot be found by means of (36).
But we may then repeat the process until we eventually obtain

/Bfn co /Bfwrl

Bevotn =~ nmigr Poeotyt, =0
Bo
with ug,,_ozlmek = 0, and hence Bo..,oélu_gk determined via (36) . [J

Remark 7 The proof of Theorem 3 provides very simple recursions for the coefficients
of 5 and p(v) corresponding to the original problem (8)—(9) where § € g is given by
27:

B, =1, if v} =0,

B, =0, if vy #0,

Buyctuy = Boyet

ﬂelén = 5 lf n > 1’ Vé)l"'ln # O,

v
Veyoot,

and if n > 1 and Vé)l---fn =0,

B 0, it v == =0,
bt = Bog,.p, ,»  Otherwise.
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The recursions for p(u), v € V(v) are obtained by replacing the first two lines above
by

p(u)y =0, if v/ =0,

plu)e = =%, if v #0;
Yy

and the last three lines remain the same, with p(u) in lieu of 3.

5.3 Normal forms for elements in the group G

Given an element (v,n) € G, it is sometimes desirable (in particular, when (v, 7)
represents an integrator for the system (26)) to reduce it to normal form. The following
developments are parallel to those presented above for elements in the algebra; full
details will not be given. Assume that we study the iteration

Ty = W(vm) (Tp-1), n=1,23,...
A change of variables z,, = W,.(X,,), k € G, gives
Xn :W(v,ﬁ)(anl) = @U(Wﬁ(anl))a n=1,23,...,

with

(v,m) = (0, k)% (v, )%k (0, m)_l = (v, k%N * (Evm_l)) €g. (38)
If we find k € G such that (0,7) € g commutes with (v,0) € g, then z,, = Wi (pny(2n))),
where z,, satisfies the simpler (normal form) recursion

Zn = Wi(zn—1), n=1,2,3,...,

with zg = Xy = Wﬁ—l(xo).
Since (v, 0) * (0,7) = (v, Z,7) and (0,7) * (v,0) = (v, ), we have that (0,7) and
(v,0) commute if and only if

[1]

Moreover, if u € C? satisfies

exp (vy) =1 forall weW suchthat exp(v,,) =1, (40)
then =, 77 = 7, and thus
(u, 1)%(0,77) = (0,7) % (u, 1).
The following analogue of Theorem 1 holds.

Theorem 4 Given (v,n) € G, there exists k € G such that (v,7)) € G given by (38)
satisfies (39). Hence, the map W (,, y is conjugate to

Wiwm = pvoWs=Wszogp,

through the transformation x = W, (X). Also, ., and Wi commute for all v € cd
satisfying (40).
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As we now discuss, this normal form result for elements in the group G is actually
related to the analogous result for elements in the Lie algebra g. Under the assumption
(24), the element (v,71) € G is the exponential of an element (v, 3) € g. The appli-
cation of Theorem 1 to the logarithm (v, 3) yields an element x € G (which is used
to change variables) and an element B € g (which appears in the normal form). Then
(v,7) € G in the statement of Theorem 4 can be taken to coincide with the exponential
of (v ﬂ) (ie 7 can be chosen as exp,, ﬁ) And, in addition, the same & that changes 3
into B changes 7 into 7).

Remark 8 In the Hamiltonian case, for each € G the series W(v,n) is canonical

symplectic. The transformation W, and the conjugate map W, 7) provided by the
theorem are also canonical symplectic.

Remark 9 Consider the Hamiltonian case and suppose that Assumption 2 is satisfied.
If in addition condition (24) holds true, then &, = 0, and thus, for all u € V(v),
&un = 0. Then, for all u € V(v), H*(X) is an invariant for the map W5 (and hence,
also for the map W, 5y = ¢, o W5) because

H"(W (0.7)(X)) = Hu,0) (W (0,7 (X))
= H(u,~ (gumwi—1) (X)
= H(u,0)(X)
= H*(X).

The pair (x,7) in the statement of Theorem 4 is not unique. The freedom in the
choice of this pair is described in our next result.

Theorem 5 Let np € G, and assume that (k,7) € G x G satisfies (38)- (39). Given
(R,n) € G x G such that

(v,7) = (0,R) % (v,7) K (0, %)L = (v, R xn* (E,R 1)) €,

then EU% = % if and only if 2,0 = 6, where § = & x k™', and in that case, % =
dxnx6 L.

Back into the original variables, one obtains a decomposition of (v, ) as the prod-
uct of two commuting elements in G, namely,

(0,5) (v, 1)%(0,k) = (v, 6t % (Eyr)) €G
and
(0, 5)_1*(0”/7\)*(07 k) = (v, R *1* k) €G,

which provides a representation of the original map W(UW) as the composition of two
commuting maps W(v’,ﬁfl*(gm))) and W,.-1,5,,. Theorem 5 implies that both K%
(Eyk) and J = k~! % 7 x k) are independent of the choice of .

We finally have:
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Remark 10 For Hamiltonian problems satisfying Assumption 2 and under the addi-
tional non-resonance condition (24), the quantity H,, ,.—1.(¢,x)) () is, for each u €

V(v), a formal invariant of the map W(u,n)- In fact, from the last remark we know that
H"(X) is an invariant for the map X ~ W, 7 (X) and thus

H"(W,-1(2)) = Hu0)(W(0,x-1)(2))
= H(u,— (urn—1)xr)) (T)
= H(un=1xeu(m))) (L)

is an invariant for the map « — W, ,y(z), where & = W, (X).
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