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dimensional anisotropic oscillator with any pair of frequencies wy
and wy. The new curved Hamiltonian H, depends on the curvature
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Faftorizatigon v ter, and the Liouville integrability of H, relies on its separability in
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Deformation sian coordinates of the plane. Moreover, the system is shown to
Curvature be superintegrable for commensurate frequencies wy : w,, thus

mimicking the behaviour of the flat Euclidean case, which is always
recovered in the k — 0 limit. The additional constant of motion
in the commensurate case is, as expected, of higher-order in the
momenta and can be explicitly deduced by performing the classi-
cal factorization of the Hamiltonian. The known 1 : 1and 2 : 1
anisotropic curved oscillators are recovered as particular cases of
H,, meanwhile all the remaining wy : @, curved oscillators define
new superintegrable systems. Furthermore, the quantum Hamil-
tonian I:I,( is fully constructed and studied by following a quantum
factorization approach. In the case of commensurate frequencies,
the Hamiltonian fIK turns out to be quantum superintegrable and
leads to a new exactly solvable quantum model. Its corresponding
spectrum, that exhibits a maximal degeneracy, is explicitly given as
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an analytical deformation of the Euclidean eigenvalues in terms of
both the curvature « and the Planck constant fi. In fact, such spec-
trum is obtained as a composition of two one-dimensional (either
trigonometric or hyperbolic) Pésch-Teller set of eigenvalues.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The aim of this paper is to present a (classical and quantum) integrable generalization on the sphere
S? and on the hyperbolic plane H? of a unit mass two-dimensional anisotropic oscillator Hamiltonian

1 1
H= (0} +p)) + 5 @ + o)y, (1.1)

where (x,y) € R? are Cartesian coordinates, (py, py) their conjugate momenta and the frequencies
(wx, wy) are arbitrary real numbers.

It is well-known that the Euclidean system (1.1) is always integrable (in the Liouville sense) due
to its obvious separability in Cartesian coordinates. On the other hand, for commensurate frequencies
wx : w, the Hamiltonian (1.1) defines a superintegrable oscillator, since an “additional” integral of
motion of higher-order in the momenta arises (see [1-3] and references therein). We recall that in
the classical case the superintegrability property ensures that all the bounded trajectories are closed,
thus leading to Lissajous curves, while in the quantum case superintegrability gives rise to maximal
degeneracy of the spectrum.

To the best of our knowledge, the only two known generalizations on the sphere and the hyperbolic
space of the superintegrable anisotropic oscillator (1.1) are the 1: 1and 2 : 1 cases. In the classical case,
both systems arise within the classification of superintegrable systems on S? and H? that are endowed
with constants of motion that are quadratic in the momenta (see [4-8]).

In this paper, we present the generalization of this result for arbitrary commensurate frequencies
wy : wy, and the classical and quantum superintegrability of the proposed Hamiltonian H,, where «
stands for the curvature of the surface, will be proven by making use of a factorization approach. We
remark that some preliminary results on the classical Hamiltonian H, have recently been anticipated
in [9]. The key point of our approach is that, in the same way as Cartesian coordinates are the
natural ones to write the anisotropic oscillator in the Euclidean plane, so are the geodesic parallel
coordinates on constant curvature surfaces to express the curved anisotropic oscillators. Moreover,
in order to show that our systems consist in a deformation of the Euclidean anisotropic oscillator we
have adopted a notation depending explicitly on the curvature parameter «. For k > 0 we have the
system defined on the sphere, for k < 0 on the hyperboloid, while in the limit « — 0 we will recover
all the well-known Euclidean results.

In Sections 2 and 3, we start by reviewing the integrability properties of classical and quantum
anisotropic oscillators on the Euclidean plane E? through the factorization approach introduced
in [10-15] (see also [ 16-18] and references therein). In Section 4, we will revisit the well-known 1:1
and 2 : 1 curved oscillators [6,19,20], and we will show that both Hamiltonians can be written in a
simple and unified way if we express them in terms of the so called geodesic parallel coordinates on
S? and H? (see [6,21-23]). This fact turns out to be the keystone for the generalization of the system in
the case of arbitrary frequencies, which is presented in Section 5 and is shown to be superintegrable
through a factorizaton approach similar to that used in the Euclidean case.

The quantization of the previous result is presented in Section 6, where the ladder and shift
operators for I:IK are explicitly constructed. From them, higher-order symmetries leading to the
quantum superintegrability are straightforwardly obtained. Sections 7 and 8 are devoted to a detailed
analysis of the spectral problem of the quantum commensurate oscillator on the sphere and the
hyperbolic space, respectively. In particular, the maximal degeneracy of the energy levels will
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be explicitly shown. A final section including some remarks and open problems close the paper,
and some technical tools or proofs that are needed along the paper have been included in the
Appendices.

2. The classical factorization method

In this section we review the Hamiltonian (1.1) from the classical factorization viewpoint intro-
duced in [15-18]. Although the results here presented are quite elementary, they are useful in order
to present the approach that we will follow in the curved case. If we denote

wx = Yoy, wy = w, y € RT/{0}, (2.1)

the Hamiltonian (1.1) can be rewritten, in terms of the parameter y and the frequency w, as

1 w?
H= E(pf( +p) + > ((r*+y%). (2.2)
Now, we introduce the new canonical variables
§=yx, ps=py, &E€ER, (2.3)
yielding
1 w? 1 w?
H=—p24 2 2 2( 22, @ g2) 2.4
Sty ty <2p5+2y2§ (2.4)

The two one-dimensional Hamiltonians H¢ and HY given by

2 2

1 w 1 w
& 2 2 _ 2 2 _ 2pE
H —5p§+—2y2 , Hy—ipy+—2y, H=H" +y°H°, (2.5)

are indeed two integrals of the motion for H, since {H, H*} = (H, H’} = {H®, H'} = 0.

The factorization approach is based on the definition of the so-called “ladder functions” B*, which
are obtained by requiring that H¥ = BtB~, and take the expression

i 1 w
BE=F—p: + ——=—¢&. (2.6)
V2 V2y
They lead to the Poisson algebra
(HE B*y = 7i 2B, (BBt} =—iZ.
v 14

Therefore, the functions (H®, B¥, 1) generate the harmonic oscillator Poisson-Lie algebra b..
On the other hand, the “shift functions” AT also arise by imposing that H” = ATA~, thus yielding

A (2.7)

fogl Py — .
V2 V2
The four functions (H, A*, 1) span again the Poisson-Lie algebra b, since
(HY, AT} = tiwA®, (A, A7) =iw.
We stress that in this flat model the terms “ladder” and “shift” are fully equivalent and could be
interchanged. However, in the curved cases both sets of functions will no longer be equivalent.

Consequently, the Hamiltonian (2.4) can be rewritten in terms of the above ladder and shift
functions as

H=A"A"4+y?B'B~,  {H,BY} = FiywB*, {H,A*} = +iwA*.
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The remarkable point now is that if we consider a rational value for y,
y:%:T, m,n € N*, (2.8)
wy n
we obtain two complex constants of motion X* for H (2.4) such that
{H,X*} =0,
where we have defined
X*t = BH"@AH", Xt =X, (2.9)
being X+ the complex conjugate of X*. The four constants of motion so obtained (H¢, H”, X¥), are not
functionally independent since from the factorization properties of A* and B* it can be proven that
XTX™ = (H)"(H)™.

In fact, these four functions generate a polynomial Poisson algebra, namely,
n?
(HE, XF) = Fiw —XT, {HY, XY} = tiomX®,
m
X, X7} = —i 2HE H)Y (mPHE — nPHY). (2.10)
m

Notice that the integrals of motion (2.9) are of (m + n)th-order in the momenta and, since X* are
complex functions we can get real constants of motion given by

1 1
X= 5(X++X_), Y:?(X+—X_)- (2.11)
i

The degree in the momenta for one of them is (m + n) and (m + n — 1) for the other one. From (2.10)
we find the following polynomial algebra of real symmetries

n? n?
H, X} = —Y, (HS, Y} = —w —X,
m m

H,X} = —omY, {H,Y}=owmX,

XY} = —HH""H)™ ! (mPHE - n*HY), (2.12)

w
2m
which is generated by the four real integrals (H%, H, X, Y).

In this way, we have recovered all the well-known results on the (super)integrability of anisotropic
oscillators [ 1-3] which can be summarized as follows.

Theorem 1. (i) The Hamiltonian H (2.4) is integrable for any value of the real parameter y, since it is
endowed with a quadratic constant of motion given by either H¢ or H” (2.5).

(ii) When y = m/n is a rational parameter (2.8), the Hamiltonian (2.4) defines a superintegrable
anisotropic oscillator with commensurate frequencies wy : wy and the additional constant of motion is
given by either X or Y in (2.11). The sets (H, H%, X) and (H, H%,Y) are formed by three functionally
independent functions.

2.1. The 1:1 oscillator

Ify =1, wecansetm = n = 1 such that wy, = w, = w and (2.3) gives § = x and pg = px. Hence,
we recover the isotropic oscillator

Hl:]_1(2+ 2)+0)72(2+ 2)
_sz py Zx .Va
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and the integrals (2.11) reduce to

X =2y +0xy), Y =—lwkp, —ypo. (2.13)

Therefore, the quadratic integral X is one of the components of the Demkov-Fradkin tensor [24,25],
meanwhile Y is proportional to the angular momentum

J = Xxpy — ypx. (2.14)

Since m + n is even, the symmetry with highest degree is X and the lowest one is given by Y.

2.2. The 2:1 oscillator

Fory = 2, wetakem = 2andn = 1. Thus, oy = 20, = 2w, = 2x and p; = px/2. The
Hamiltonian (2.4) and the integrals (2.11) read

4 1 w? 1 w?
H2‘1:5P5+7y2+4<51’§+§52> *(P +Py)+ (4x +y%),
X=-7 [ (py(Epy — 4yps) — *EY) = -3 [ (p] — @),
(pep; + y(Epy — yPe)) = . (pxp3 + 0’y (4xpy — ypy)) . (2.15)
2f Y 42

The quadratic symmetry X, which involves the angular momentum J (2.14), is the constant considered
in the literature (see e.g. [6,26]), whilst Y is a cubic integral. In this sense, the 2 : 1 oscillator can be
considered as a superintegrable system with quadratic constants of motion. In fact, the 1 : 1 and
2 : 1 oscillators are the only anisotropic Euclidean oscillators endowed with quadratic integrals (see
the classifications [6,27]), and all the remaining m : n oscillators have higher-order symmetries. In
this case, since m + n is odd, the highest (m + n)-degree symmetry is Y while X is of lowest order
(m+n-—1).

2.3. The 1: 3 oscillator

In this case, we have thaty = 1/3,m = 1,n = 3, wx = wy/3 = w/3,& = x/3 and ps = 3p,. The
Hamiltonian (2.4) is now given by

1 w? 1/1 9w? 1 w? (1
HB3 = —p2 4+ 24 [ —p? e T2 =2+ p) + — [ - +y?),
L AR A EY § 2(px+19y)+2 g X 1Y
and the integrals (2.11) are
1
X=7 (27p3py — 90 xpx(xpy — 3ypx) — w*X’y)
w
Y = 2 (27p}) — ®X* (xpy — 9ypy)) -

Since the symmetry X is quartic in the momenta but Y (that includes the angular momentum (2.14))
is cubic, H is a cubic superintegrable system.

Notice that, obviously, the 1 : 2 and 3 : 1 oscillators with y = 1/2 and y = 3 define equivalent
systems to the previous oscillators via the interchange x <> y. And, clearly, any m : n oscillator (with
y)is equivalent to the n : m one (with 1/y ). Surprisingly enough, this (trivial) fact from the Euclidean
viewpoint will no longer hold when the curvature of the space is non-vanishing, as we will explicitly
show in Section 5.
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3. The quantum factorization method

In order to study the quantum analogue of the Hamiltonian (1.1), let us introduce the standard
definitions for quantum position (&, ) and momentum (py, py) operators

. . I (x,y) S oA
X¥(x,y) = x¥(x,Y), Y (X, y) = P [, px] = ih,

and similarly for (7, p,). Hereafter, the hat will be suppressed for the %, y position operators to simplify
the presentation. Hence, as it is well-known, the quantum version of the Hamiltonian (1.1) reads

N n* (9> 92
:E(Px'f‘ )+ - (wx ‘f‘wY)_—? ﬁ_{—ay +5 (CUX + wyy).
By introducing the frequency w (2.1) and the new variable £ (2.3) we find that

R h2 32 wz hZ 32 2
A=—-—— — +— — 3.1
ot y+y(za$2 s) (3.1)

and the corresponding eigenvalue equation is given by

Hw(E,y) =EW(E,Y).

From (3.1) we get the one-dimensional Hamiltonian operators

. Y 2 . h2 92 2 N N N
=it w—s Hy=—5a—yz+%y2, A =0+ y20E, (3.2)

such that [A, A%] = [A, B¥] = [A%, ] = 0.
Now, we look for factorized solutions, ¥ (¢, y) = Z(£) Y (y), where the component functions Z (£)
and Y (y) satisfy the following one-dimensional eigenvalue equations

HEE@E) =E 5(¢), H YY) =EY(Q).

The factorizations of these systems are the standard ones

A =BtB +1%, [V =ATA~ 4+, (3.3)
and yield the following ladder
A h o w hw
Fef— — +—§, b=—,
V208 Vay 2y
and shift operators
A h o w hw
FeFe——-—y M=——.
V203 V2 2
The commutation rules of the two sets of operators (H¢, B*) and (H?, A*) read

A how ~ h
[HE,Bilzif)B# BB = —

(A, A*] = FhoA®, [A~,AY] = —ho,

and each set generates the harmonic oscillator Lie algebra b4. Hence, we find that
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The eigenvalues of A% and HY corresponding to the respective eigenfunctions Z*(£) and Y"(y)
turn out to be

h h h
Eéqﬂziw_kﬂiw’ EYY @

= —+4+vhw, wu,v=0,1,2,.... (3.5)
2y y 2

Next, according to (3.2) and (3.4) the Hamiltonian (3.1) can be written as

2
A= (A + AT + DB 4 BB,

where
[H,B%] = £yhwB*,  [H,A*] = FhoA®.

Finally, the eigenvalue of the wave function "V (£,y) = E*(£)Y"(y), corresponding to (3.5) reads
ECY = + B = o (3(y + D+yn+v), nv=012,.... (3.6)

Furthermore, if y = m/n, with m, n € N*, as in the classical case, we obtain “additional” higher-
order symmetries for H (3.1), beyond Hé and H?, since the operators

X* = (BH" (@A%™  aresuchthat  [H,X*] =0. (3.7)

From the factorization property (3.3) of A* and B* we find that

fok = (- 32 (r+ 22)
2y 2
Therefore, the four constants of motion (I:Iy N )A(“—L) are algebraically dependent, as they should be.
On the other hand, the sets (I:Iy, 1:15, )A(+) or (I:Iy, I:IE, )A(*) are algebraically independent. Notice that,
obviously, we could also consider the quantum observables X and Y defined by following (2.11) and
therefore the sets (I:Iy, I:IE, )A(i) or (I:Iy, A¢ , )A(, SA() will close a polynomial symmetry algebra similar to
(2.10) or (2.12).

As a straightforward consequence, if y = m/n is a rational parameter (2.8), the energy levels of 3
will be degenerate, since (3.6) can be written in the form

1 /m m n
et (G () ) o,

and the energy will be the same for all pairs (u, v) of quantum numbers for which m y +n v takes the
same value. Moreover, the corresponding eigenstates are connected by means of the X* operators.
Summarizing, the quantum counterpart of Theorem 1 can be stated as follows.

Theorem 2. (i) The Hamiltonian A (3.1) commutes with the operators A¢ and Y (3.2) and defines an
integrable quantum system for any value of the real parameter y. The discrete spectrum of H depends on
two quantum numbers and is given by E*V (3.6).

(ii) Whenever y = m/nis a rational parameter, the Hamiltonian H commutes with the operators X+ (3.7).
The sets (I:I, 1:15, )A(+) and (I:I, I:IE, )A(*) are formed by three algebraically independent operators. Therefore,
the quantum anisotropic oscillator with commensurate frequencies wy : wy is a superintegrable quantum
model, and the spectrum E*" is degenerate.
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4. The (known) 1:1 and 2: 1 curved oscillators

The 1 : 1 and 2 : 1 cases are the only superintegrable Euclidean oscillators with integrals of
motion that are quadratic in the momenta, and they are the only ones whose corresponding curved
generalizations are well-known. In this section we will recall both of them, and we will show that by
rewriting these two Hamiltonians in terms of geodesic parallel coordinates we will find the keystone
in order to propose the curved analogue of the generic m : n oscillator.

The isotropic 1: 1 oscillator is usually expressed in geodesic polar coordinates since in this way the
isotropic oscillator potential on S? (characterized by the curvature x = 1) and H? (withx = —1) s
simply written in terms of the functions tan® r and tanh? r, respectively, where the variable r is just
the geodesic distance from the particle to the centre of force. In this way, the first-order expansion for
both potentials around r = 0 gives the Euclidean potential function r2. This system is also known as
the Higgs oscillator [28,29] and has been widely studied (see [4-6,19,30-34] and references therein).

In order to be able to consider simultaneously the two curved spaces, and to take the Euclidean
limit as the zero curvature case, throughout the paper we will make use of the x-dependent cosine
and sine functions defined by

Z w2 COS+/Kk U k>0
Cw=Y () —— = 1 k=0
@ coshv/—ku Kk <0,
1
e NG sin/k u K >
S, (u) = Z(— )(2z+1)' =1 K=0
sinh+/—k u Kk < 0.
N
Obviously, the k-tangent is defined by
S (W)
Te(u) = .
(1) .

Some relations involving these «-functions can be found in [6,21] and, more extensively, in [35]. For
instance:

Cu) +kS2w) =1, Co(u) = C2(u) — K S2(u), S, (2u) = 25, (W) C, (u),

ic()_—5() i5()_C() iT()_ !
dy < T T g = R W gy

(4.1)

In terms of the curvature « and the geodesic polar coordinates (r,¢) the complete Higgs
Hamiltonian is given by (see, for instance, [ 19])

1:1 1:1 1 2 p2 2
HB' =7 +U; =5 r+52() +7 (), (4.2)
and the specific expressions for $? (¢ = 1) and H? (x = —1) are straightforwardly obtained.

On the other hand, the superintegrable 2 : 1 curved oscillator, with Hamiltonian H*! = 7, + U1,
was firstly introduced in the classification carried out in [6] and it has been recently studied in detail
in [19,20]. In geodesic polar variables the potential U*! adopts the (rather cumbersome) expression

(4.3)

g ( 4T2(r) cos? ¢ S2(r) sin’ ¢ )
* 2 ( )

- 1—kS2(r)sin?¢) (1 — kT2(r) cos? ¢)” 1 —«S2(r)sin’ ¢

Therefore, a glimpse on (4.2) and (4.3) makes evident that the generalization of these potentials for
the arbitrary m : n case is far from being obvious.
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Iy 4 ,

Pyt

l'1

O Py l

Fig. 1. Schematic representation of the geodesic coordinates (x, y), (x', ') and (r, ¢) of a point P on a curved space.

However, things drastically change if we make use of the geodesic parallel coordinates for $? and
H?, that are described in detail in Appendix A. In order to define them, we take an origin O in the
space, two base geodesics I, I, orthogonal at O and the geodesic [ that joins a point P (the particle)
and O (see Fig. 1). The geodesic polar coordinates (r, ¢) are defined by the distance r between O and
P measured along I and the angle ¢ of [ relative to [;. Let P; be the intersection point of I; with its
orthogonal geodesic I, through P. Then, the geodesic parallel coordinates (x, y) are just defined by the
distance x between O and P; measured along [, and the distance y between P; and P measured along
I,. Notice that a similar set of coordinates (x’, y') can also be formed by considering the intersection
point P, of I, with its orthogonal geodesic I} through P and that generally (x,y) # (x',y) ifx # 0
(see [6,21]). It is straightforward to realize that on E?> with ¥ = 0, the coordinates (x,y) = (x',y)
reduce to Cartesian coordinates and (r, ¢) give the usual polar ones.

In fact, the geodesic parallel coordinates turn out to be the closest to the Cartesian ones on
these two curved spaces, and they will be indeed the appropriate ones in order to write the curved
anisotropic oscillator Hamiltonians. This statement can be made evident if we consider the known
curved 1: 1and 2 : 1 cases. Namely, if we apply to (4.2) the relations (A.3) and the first identity given
in (4.1), we obtain two equivalent forms for the potential U,}l written in geodesic parallel coordinates
(see [6]):

. wz
U= — (Ti(x) +

Tﬁ@)) o (Ti(x)
2

Cx) 2 \cy

By using the same transformation, the potential U1 (4.3) is shown to take the following expression
in terms of geodesic parallel coordinates

21 _ wfz T; (2%)
« 2 C(y)
As a consequence, from both expressions U}! (4.4) and U*! (4.5) it is natural to propose the following
expression for the generic curved anisotropic oscillator potential:

v <Tﬁ(y><)
“ 2\ )

In the next two sections, we will show that this Ansatz is correct, since (4.6) provides an integrable
system both in the classical and quantum contexts, that can be exactly solved by making use of the
factorization approach in terms of geodesic parallel coordinates. Moreover, in the commensurate case
y = m/n the system turns out to be superintegrable due to the existence of an additional symmetry.

We also remark that, generically, U} and U” will define two different systems, in contradistinction
with what happens in the Euclidean case.

+ T2 (y)) . (4.4)

+ T2 (y)) ) (4.5)

+ Tﬁ(y)) , ¥ € RT/{0}). (4.6)
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5. The generic classical curved anisotropic oscillator

Let us consider the following Hamiltonian function of a particle with unit mass written in terms of
geodesic parallel coordinates (x, y)

1( p ), @ Ty |
=7 Y — _ - K
*ﬂ—h+%—2(qm+m>+2(q@)+RM>’ (5.1)

where w and y are positive real constants, and the potential term is just (4.6). Obviously, this Hamil-
tonian for k = 0 reproduces the Euclidean anisotropic oscillator (2.2), while for ¥k > 0 gives a system
defined on S? and for k < 0 on H2. For ¥ < 0, the Hamiltonian is well defined for any real values of x
andy (A.7). However, if « > 0in order to avoid a multivalued Hamiltonian, restrictions on the domain
of the coordinates (A.6) arise from the term T, (yx), namely:

% (k > 0): T o< Ty >1 (5.2)
N/ 4 2V 2k Y 2k’ =3 '
H:(k <0): x,yeR, y eR"/{0}. (5.3)
By assuming that x # 0 and by using the relation
14+ kT2 (w) = 1/C(u), (5.4)
which can be derived from (4.1), the Hamiltonian H, can be rewritten as
2 2 2 2
1
HK=&+ &+ © —w—, Kk # 0. (5.5)
2 Cy) \ 2 2k C2(yx) 2Kk

After introducing the new variable £ = yx(2.3) with domain given by (5.2) and (5.3), the Hamiltonian
(5.5) takes the form

Pty (p} w? w?
He = 2 S+t g 5 +— — =, k#0
&16)) 2ky?Ce(8) 2k

In this way the total Hamiltonian can be rewritten as

Py ysz w?

K - 5.6
C2(y) 2% (56)
where the constant of the motion Hf is given by
2 2
10}
pe = P {H,.H} = 0. (5.7)

="+ —=
« 2 2ky?C(§)
Therefore, H, defines an integrable system for any value of w and y. We remark that the integral
H,f is, in fact, a one-dimensional Higgs-type oscillator (4.2) with “frequency” w/y on the variable &,
since it can be rewritten through (5.4) as
pg w?
%—;+;ﬂ@+

Note that its Euclidean limit H¢ (2.5) is recovered in the form

tim (1= )2 1y @

o\ T2 ) TP T g5
In what follows, we will factorize the classical Hamiltonians H: and H, for a generic value
of y, by taking into account that expressions (5.6) and (5.7) correspond to classical Péschl-Teller
Hamiltonians, whose factorization properties have been previously considered in [15]. Moreover,

when y is a rational number the factorization approach will lead us to the superintegrability of the
complete system (5.6).
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5.1. Ladder functions

Firstly, we search for some functions B,f (&) that generate a Poisson algebra of the type

{HE, B} = Fif (HY)BY,

for some function f. They will be the so-called ladder functions for H, f ,and can be found to be [15]
i

V2

S s, (58)
2

Bt =7
%

Kk

Ce(®)p: +

where

€ (pe, &) =/ 2cHy. (5.9)

In fact, it is straightforward to check that

0)2

H: =B/B_ + 27 (5.10)
and the following Poisson algebra is obtained

{H:,BY) = Fie. BX, (B ,Bl} = —i&,. (5.11)
As a consequence,

2
V& 4
{H,, B} = Fi BE, (5.12)
Gw

where from (5.7) we know that the function &, (5.9) is a constant of the motion for H,.

5.2. Shift functions
Next, we look for shift functions Af (y) that factorize H,. This implies the search for a Poisson
algebra of the type
{He, AT} = £ig (6, DAL,

for a certain function g including the potential in (5.6). By taking into account that &, (5.9)is a constant
of the motion for H, (5.6) and by imposing that the Hamiltonian can be factorized in the form

He = AFA; + 22, (5.13)

we obtain the shift functions

AE = :F% Py~ %Tkty), A= % (v*&l — o), (5.14)
and the Poisson algebra

1473
Gy’

& .
Vo p AT AT) =i

£ s
{He, Ac} = =i g

(5.15)

5.3. Additional symmetries

The superintegrability of the Hamiltonian H, for rational values ¥ = m/n is now easily deduced
from the factorization approach. In fact, from (5.12) and (5.15), a straightforward computation shows
that the ladder and shift functions provide two additional integrals of the motion for H, :

{He, X} =0,  where X* = (B5)"(A5)". (5.16)
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From the factorization properties of B* and A* given in (5.10) and (5.13), we conclude that

+ s ' 2 _ @ "
XX  =|H — H, — H> — .
(=5 (7 (- 552))

Therefore, the four constants of motion (H,, H,f , XKi) are functionally dependent. However, any of the
sets (H,, H,f, X or (Hy, H,f, X, ) is formed by functionally independent integrals.

In principle, the constants of motion XKi are complex and they include powers of the square root
&, (5.9). We have two situations giving rise to real constants of motion X, and Y, :

(i) If m + n is even we have

XE=4ig Y, +X,. (5.17)
(ii) If m + n is odd we find
XE=¢gX LiY,. (5.18)

The symmetries X, and Y, are polynomial in the momenta, whose degrees arem +nandm +n — 1
for case (i), and m + n — 1 and m + n in case (ii), respectively [36]. It can also be proven that the
algebraic structure generated by the Poisson brackets of the sets of integrals of motion (H,, Hf , XKi)
or (H, Hf, X, Y,) also gives rise to a polynomial algebra, as in the Euclidean case. Therefore, the
generalization of Theorem 1 to the sphere and the hyperbolic space can be stated as follows:

Theorem 3. (i) For any value of the real anisotropy parameter y, the Hamiltonian H, (5.1) defines an
integrable anisotropic curved oscillator on S* and H?, whose (quadratic) constant of motion is given by Hf
(5.7).

(ii) When y = m/nis a rational parameter, H, defines a superintegrable anisotropic curved oscillator and
the additional constant of motion is given by either X,. or Y, in (5.17) and (5.18). The sets (H,, H,f, Xe)
and (H,, H,f, Y. ) are formed by three functionally independent functions.

As far as the (flat) Euclidean limit x — 0 is concerned we remark that, despite the expressions
(5.6) and (5.7) are only defined if ¥ # 0, all the remaining ones have a well defined Euclidean limit.
The latter can be achieved by taking into a account the following limits of the integrals H,f (5.7) and
& (5.9)

() w
lim kHS = — lim & = —. 5.19
KIB}JK K 2)/2’ KIL% « y ( )

Hence, when k¥ = 0, we find that the curved Hamiltonian H, (5.1) reduces to H (2.4), the curved ladder
functions BE (5.8) to B* (2.6), the curved shift functions AX (5.14) to A% (2.7), A% to y2H? (2.5), and
the curved integrals X (5.16) to X* (2.9).

5.4. Examples

We now illustrate the results described by Theorem 3 through the particular cases with y =
{1, 2, 1/2}. The first two ones generalize the Euclidean oscillators presented in Sections 2.1 and 2.2,
while the third one allows us to show explicitly the non-equivalence among the curved potentials U
and U,E/ Y. despite of the fact that when « = 0 both of them lead to equivalent Euclidean potentials.

5.4.1. The y = 1 curved (Higgs) oscillator
Wesety = m = n = 1sothaté = xand pg = px. The Hamiltonian H, (5.1) (with potential
=1 — Ul (4.4)) and also in the form (5.6) reads

2 2 2 2 2
e = (P ) (LW ) B B o
2\ay ™) "2 ey 2 Ty w
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where the quadratic integral H} = Hf is given by
_P @
H =24 — .
2 2kC(x)

The polynomial integrals (5.17) turn out to be

1 2
Xe = _5 (CK (x)pxpy + 8,( Sie (X)TK (V)) s

1
Yo = _5 (SK (X)py = C ()T, (}’)Px) . (5.20)

Notice that the integral Y, is proportional to the (curved) angular momentum J, which in geodesic
parallel and polar variables can be shown to be given by [6,21]

Je = Sc®)py — CeX) T, (¥V)px = Dg- (5.21)

Under the flat limit « — 0, we recover the results of the Euclidean isotropic oscillator given in
Section 2.1. In particular, the integrals X, and &, Y, from (5.20) and the curved angular momentum
(5.21) reduce to (2.13) and (2.14), since §, — w.

5.4.2. The y = 2 curved oscillator
In this case, we choose y = m = 2and n = 1sothaté = 2xand pg = px/2. Thus, the Hamiltonian

H, (5.1) with potential U} > = UZ1 (4.5) is given by

1 p? ®? (T2(2%) P 4H: @2
H'=2 = — x 2+ — (£ T2 =2 o —, 5.22
¢ 2(C£(y>+pY>+ 2 (cm) TLO)=5 ey " (5:22)
where
HE — Ié n W’ p>2< w?

“T 2 TaCE) 8 820

From the additional symmetries XKi (5.16) we find that the polynomial integrals (5.18) read

X, = —% ([Sc 0Py — 2Cc 20T V)px] Py — 4625 2O TZ(Y)) » (5.23)
1
Y, = ™G (CeX)pup} 4 46T (¥) 25 20)py — Ce (20T (V)py]) - (5.24)

If « — 0, the limit (5.19) yields §, — ®/2 and the integrals X, and Y, reduce to (2.15), thus
reproducing the results of Section 2.2.

5.4.3. The y = 1/2 curved oscillator
Now we fix y = 1/2,m = 1andn = 2.Then & = x/2, p: = 2p, and the corresponding
Hamiltonian H, (5.1) with potential U,Zzl/z (4.6) is given by

- 1/( p o® (T2(3) p2 HE w?
=1/2 _ ° x 2 K12 2 L -
H! =3 (cz +py>+ >l +T.0 | = 5 +4c2K 5 (5.25)
0% <) () K
where
2 2 2
2 2
e = B8 b2 22+

“T 2T eae T ealy
Notice that, due to the term Tﬁ(%) in the potential, the Hamiltonian (5.25) defines a different/non-

equivalent curved oscillator to the previous y = 2 case (5.22) which involved the term Tﬁ (2x) in the
potential.
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b

Fig. 2. Examples of trajectories for the Hamiltonian H, (5.1): (a) on the sphere for y = 1/2, (b) on the sphere for y = 2, (c)
on the hyperboloid for y = 1, and (d) on the hyperboloid for y = 2.

The additional integrals (5.18) for HY =12 read

1
%=1 (4[Sc Py — CCITe @] Px + E2S2(Te)) . (5.26)
1
Y= 2o5 (4G Gpipy — €2 [SE 5Py — Sc I Te)Px]) - (5.27)

We finally remark that the above three anisotropic curved oscillators are the only ones within the
family (5.1) which are quadratic (in the momenta) superintegrable systems. All the remaining ones
with arational y, are also superintegrable Hamiltonians but the additional integral is always of higher-
order in the momenta. Some trajectories on the sphere and on the hyperboloid for these three systems
are plotted in Fig. 2.

6. Quantum anisotropic curved oscillators

In order to construct the quantum analogue of the Hamiltonian H, (5.1), let us consider the
Laplace-Beltrami (LB) operator on a two-dimensional (curved) space

2
1 -
A = Z ﬁai\/gg‘fa-,

ij=1

where g is the inverse of the metric tensor gij and g is the determinant. In terms of the geodesic
parallel and geodesic polar coordinates (see Eq. (A.4) in Appendix A) we obtain the following Laplacian
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operator on S? and H? with curvature parameter « [21]:
1 32+32 T(y)a 32+1 a+1 92
= - —0 — — K1 _— = — —_— —_ .
C2(y) ax2  9y? dy  or2  Te(r) or  Si(r) 0¢?
Next, if we assume the so-called LB quantization prescription on curved spaces (see [37-40] and
references therein) the free quantum Hamiltonian of a unit mass particle will read

Arg

Now, we can define the quantum curved anisotropic oscillator Hamiltonian as I:IK = 7. + LA],E’ with
the potential (4.6), which in terms of geodesic parallel coordinates is given by

i h2 < 1 92 N 92 T (y)a)+w2 (Ti(yx)JrTz(y)) 6.1)
=——|=———4+-——« — — , .
“ 2 \C(y) a2 3y? oy 2\ Gy «
where y and w are real positive parameters and the domains of x and y are shown in (5.3).
By applying the relation (5.4) to the terms Tﬁ (yx) and T2 (y) and after the change of variable £ = yx
with domain (5.2) and (5.3), the quantum Hamiltonian reads
i h? 32+h2T0,)a+ y? h282+ ? w?
= — —K — _——— —_— _—
“ 20 Ty Gy 2 982 2ky?C(§) 2K

- — , k#0. 6.2

2 3y a (6.2)
Thus, we can write I:IK in terms of a one-dimensional symmetry operator I:IE such that [I:I,C, I:IE] =0,
namely

. 2 52 2 )/21:15 >

H, = —— — 4+ —«T, — - —, 0, 6.3
=R T e T K7 (6.3)
R hZ 32 2

A = I (6.4)

€T 2082 wp2C2(E)

Remark that I:If which is the quantization of (5.7), is just the quantum Pdschl-Teller Hamiltonian
written simultaneously in its trigonometric (x > 0) and hyperbolic (x < 0) versions (see [41] and
references therein). Note that the Euclidean oscillator in & is obtained under the limit

R 2 h2 82 2
i (i -2 ) =2

k=0 2ky? 2 082 2y2
Now, the eigenvalue equation for I:IK that we want to solve is
HW (5, y) = E W (€, 9), (6.5)

where we are looking for factorizable solutions in the form ¥, (§,y) = Z¢(§) Y/€(y). If the function
E¢ (&) fulfils the eigenvalue equation

HE 266) =EE 25(8),  with e =/ 2«EL, (6.6)
then, the second component Y/ (y) of the solutions for (6.5) can be obtained as a one-dimensional
eigenvalue problem

HeY! () = EY/ () (6.7)
for the Hamiltonian
N [ I & 3 (ye)? w?

In particular, we shall deal separately with each of the two one-dimensional problems (6.6) and
(6.7) by means of the factorization approach [11,15]. In this way we will find ladder operators E}f for
I:I,f (6.4) and shift operators Aki for I:IK (6.3) or (6.8). As in the classical case, we will be able to deduce
“additional” quantum symmetries for I:I,( (6.2) when y be a rational number.
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6.1. Ladder operators for the Hamiltonian I:IE

In order to find the ladder operators EIQ—L for I:If (6.4), we express the corresponding eigenvalue
equation (6. 6) as

2 &) me wZ —e
( (aay cA9a>aA®=<—ﬂyJaA9.

Now, we define the diagonal operator &, that acts on the space of eigenfunctions Z¢ (§) in the form

Ec EE(E) = € BL(E) (6.9)
where € was defined in (6 6). Next we define the operator
- h? (8 )2
h, = ——c2 — - C
®%2 )

that can be factorized in terms of two first-order éK—dependent differential operators plus another
diagonal operator in the form

A

h, =B B +iF, (6.10)
where

- ool Lawé

K \/E K 8&_ \/i K K

Br=-leols Lswé

P \/i K 35 ﬁ K K

& .
A= 5 (6, + hx).
. 2K( + k)

These operators can be called pure-ladder ones in order to stress that they correspond to different
eigenvalues for I:If (see [42]) and their action on the eigenfunctions of I:If is straightforwardly shown
to be

BrEf oc Z5, BT E o ZF.

)

In this way, by acting on the subspace of eigenfunctions Z¢ we find that

[6.B] = +the BY <= B €, = (& Fho)BL. (6.11)
Therefore,

[(60)2. BY] = hie (£26, — hie) B,
that is,

£ pt o 1 B+ £ p- (e 1

[A5,Bf]=n(é& - S ) BE, [A5,B ] =B h|é& — She ) (6.12)
Likewise, we find that

[B.,B!] = né.. (6.13)

Note that the Lie brackets (6.12) and (6.13) are just the quantum analogues of the Poisson algebra
(5.11) and that a pure quantum-curvature term fik /2 arises, which is obviously negligible at both the
classical curved and quantum flat (Euclidean) frameworks.

Finally, the commutation rules between the operators é,f and the complete Hamiltonian I:I,( (6.3)
are shown to be

2
[, B = C’?’(y) <:|:éK - %ﬁ/c) B,
K

which can be compared with the Poisson algebra (5.12).
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6.2. Shift operators for the Hamiltonian I:I,C

By making use of the operator &, (6.9), the Hamiltonian I:IK (6.3), acting on the eigenfunctions (6.7)
can be rewritten as

hZ 82 h2 ()/8 )2 (1)2

I:IK é)( = - T )
V&) =—75 3,2 (y) Tuwey

(6.14)

where we have stressed its dependence on yék. Now, it can be proven that I:IK can be factorized in
terms of two first-order differential operators plus a diagonal one, namely

H, = AYAT +54, (6.15)
where
« hoo 1 .
A= —— o — = (V& — hOT(),
V2iy 2 ‘

~ h o y8
AK = —= K(y)

V2 by V2

2

=Yg —hx)—“)—

2K 2K

These expressions are worth to be compared with (5.13) and (5.14). Then, the action of the shift
operators on the eigenfunctions Y, can be shown to be of the type

A+vyye—Tk ye A— Ve ye—hk
Abyrehe ocyre  ACyre oo yrehe,

Consequently, these operators change the parameter ye — ye =+ fik of the eigenfunctions, but
keep the energy E, constant. In this sense, they are called pure-shift operators, and the following
commutation relations can be derived

2y8, — hk A A 298 — hi \ »
Ao Al = —naf (5 LA =n )AL
2C2(y) 2C2(y)
where a quantum-curvature contribution hx appears again. These commutation relations are
straightforwardly proven to be equivalent to the following so-called “intertwining relations”

H (y&) =H (y& —h)AZ,  ArH (y€ — hi) = H (yE)AT. (6.16)

6.3. Quantum symmetries

So far we have all the ingredients to construct the “additional” symmetry operators )A(Ki for the
quantum Hamiltonian I:I,( (6.2) in the rational y = m/n case, that can be defined as

XE = @H™BH", m,ne N (6.17)

The proof that [I:IK, )A(Ki] = 0 when y = m/n can be obtained by direct computation through the
action on the subspace of eigenfunctions for I:IK (see Appendix B for details). The set of symmetries
(I:I,C, I:If, )A(,f) is not algebraically independent; due to the factorization properties (6.10) and (6.15),
the products )A(,;“)A(K‘ and )A(K‘)A(: are functions ofI:IK, I:I,f. Similarly to the classical cases (5.17) and (5.18),

we can define real polynomial quantum symmetries )A(K and f/K of orders (m+n) or (m+n— 1) in the
momentum operators. These sets of symmetries close a polynomial algebra (see [36] for more details).
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All the above results are summarized as follows.

Theorem 4. (i) The quantum Hamiltonian I:I,( (6.1) defines an integrable quantum system for any value
of the parameter y, since it commutes with the operator Hf (6.4).

(ii) When y is a rational parameter, I:IK defines a superintegrable anisotropic quantum curved oscillator
with additional symmetry operators given by (6.17). The sets (H,, Hf , X1 and (H,, Hf, X ) are formed
by three algebraically independent operators.

Let us illustrate this result through some particular systems.

6.4. Symmetries of the 1:1 case

The simplest case of the quantum anisotropic curved oscillator corresponds to set y = 1 which, in
fact, gives rise to the isotropic case. In this case we have the symmetry operators

* = (A5 (BE) = £V, &, + X,

where XK is a polynomial symmetry of degree two, while f/,( has degree one in the momentum
operators. These symmetries take the explicit form

2

h 1 -
Xe = ?Ck(s)aéay - ESK(S)TK(,V)(SK) s
A h
Y, = —E(SK(S)ay — G T (1)),

where £ = x. Recall that, according to (6.6) and (6.9), we can replace (é,()2 by 2/(1:15.
If we take the classical limit i — 0 (so —ifid; — pg and 8 — & ), we recover the classical

symmetries on the curved spaces given in (5.20): )A(,C — X, and f/,( — iY,.. Furthermore, in the limit
k — 0, they become the classical Euclidean expressions shown in (2.13).

6.5. Symmetries of the 2: 1 case
When y = 2 the symmetries come from the operators
5= ABY) =X Y,

where )A(K is a polynomial symmetry of degree two, while f@ has degree three in the momentum
operators. Explicitly, we have

A~ ﬁ h2
Xe = =ScOTME) + — =S« O Ty + —=Sc(§)d}
[ ET2W)(E) Wk éT.) Wk é)
- LZC (%’)( +KT20’)> 0 2h —Cc ()T (¥)0: 0
\/i K CZ(y) £ — ﬁ K K £ 0y,
o _ ﬁ 1 . 2 2 \2
YK - \/» ( K(E) <C2(y) 2) + SK(E)TK(,V)ay CK‘(E)TK—(_V)8€:> (gK)
3, 3
X T dy — —=Cc(§)0:0;.
YA &) T (¥)0 23" (§)0¢

In the limit h — 0, these symmetries turn into the classical counterparts of (5.23) and (5.24):
X, — X, and Y, — iY,; recall that now & = 2x. If on this latter result we take the flat limit «k — 0
we recover the Euclidean constants of motion of (2.15).
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6.6. Symmetries of the 1: 2 case
If we set y = 1/2, the symmetries read
XE= DB =XE £,

where, as in the previous case, )A(K is a second-order symmetry while Y, is a third-order one. These
operators take the following form

R 1 R h?
e = ———=SLEOTW(E) — —=CET ()07
Vel (BT () (&) WG L E) T (1)
hZ
+ m(ZCK(Zé)ay + S (E) (kT (¥)0: + Zagay)),
. i .
Y, = — (T () (C, (2 S (26)3:) — 25%(£)9,) (6,)?
4ﬁ( W)(Ce(28) + Sc(28)0:) — 2S2(£)0y) (&)
s 5
+ ECK(S)(ZKSK(S)SE% — G (§)0 dy).

Under the limit i — 0, these symmetries give rise to the curved classical functions (5.26) and
(5.27) provided that £ = x/2.

In the same manner, other m : n quantum oscillators can straightforwardly be worked out, and,
obviously, the expressions for their symmetries become rather cumbersome.

7. Spectrum of the anisotropic oscillator on the sphere

Due to the different properties of the spectra in the x > 0 and the x < 0 cases, both quantum
systems are worth to be analysed separately. Let us firstly consider the anisotropic oscillator on the
sphere S? with arbitrary positive curvature x > 0. Take the eigenfunctions ll/,f = & Y€, given
in terms of the eigenfunctions of the one-dimensional Hamiltonians (6.6) and (6.7). The eigenvalue
equation (6.6) I:If Ei) = E,f E(&), for Z¢, corresponds to the well-known trigonometric Péschl-
Teller Hamiltonian [42,43] whose eigenvalues are given by

1 2
EE=E' = Z(X + (1 + Dh)

h 402 Kk w?
—(142p) R k2 + — 4+ — (14 2u +2u> , =0,1,2,... 7.1
(12w, R R U o R e S (7.1)

where the positive parameter y is given by

2 1
X()(-l—hic):w—z, X:5<,/hzxz+4w2/y2—h/<). (7.2)

14
Having in mind (6.6), we will also use the parameter €, corresponding to such eigenvalues:

€0 =\ 20EE = x + (u+ Dhx. (7.3)

On the other hand, the eigenvalue equation for the Hamiltonian (6.8), FIKYZ ‘i40) = E.YI°W),
satisfied by the second function Y/, also corresponds to a modified trigonometric Péschl-Teller
Hamiltonian with eigenvalues

1 w?
E:’ye = o (ye + vhk) (ye + W+ 1)h/() ~ 50 v=0,1,2,...
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Therefore, by replacing e in this expression by the values €, above obtained in (7.3), we get the
energy eigenvalues of the whole two-dimensional Hamiltonian (6.2), namely
2

1 w
E. =E* = g(yx +ly(w+D+vl)(yx +ly(w+1D+v+1]hk) — 7

2 2

9 10} hy h «
=y (E/j,x - 2/<)/2> + 7()( + (n + ])ﬁK)(Zv + 1)+ Tv(v +1). (7.4)

It is worth stressing that in this expression the role of the curvature is essential, since it gives rise to a

quadratic dependence in terms of the quantum numbers w, v instead of the linear Euclidean one. The
corresponding eigenfunctions (6.5) take the form

WU EY) = ESEY W)
According to (7.4), two of these eigenfunctions ¥/" (¢, y) and llllj‘/'v/ (&, y) will have the same energy
E/ = EXVif

y(u' —p)+v' —v=0, (7.5)

which is only satisfied when y = m/n with m,n € N*, and these states are connected by the
symmetry operators (6.17). Therefore, we can conclude that:

Theorem 5. (i) The spectrum of the quantum Hamiltonian I:IK (6.2) on the sphere with k > 0 is given, for
any value of the parameter y, by (7.4) where the parameter y is written in (7.2).

(ii) When y = m/n with m, n € N*, the spectrum (7.4) is degenerate, and the degeneracy is the same as
in the Euclidean case.

Some comments on the Euclidean limit of the above results seem to be pertinent. Although most of
the computations have been carried out for « 7 0, the flat limit « — 0 can adequately be performed
on the final results. Explicitly, the limit « — 0 of the parameters x (7.2) and €, (7.3) as well as of the
spectrum Ef = E/C{X (7.1) is achieved as

lim x = lim T ho 0 (7.6)
= €, = —, K —_ = —_— —, .
e X T e Y k=0 \ X 2pcy? 2y H y

such that the latter is just the spectrum E$* (3.5) of the one-dimensional quantum Euclidean
Hamiltonian H¢ (3.2). And the complete spectrum E, = E/~V (7.4) directly reduces to E*V (3.6)

corresponding to the two-dimensional quantum Euclidean Hamiltonian H (3.1):

’}i_l)nOE}j"’ =ho(3(y+1D+yu+v)=E"". (7.7)

8. Spectrum of the anisotropic oscillator on the hyperboloid

Now, we consider the hyperbolic space H? with arbitrary negative curvature x = —|«| and we
follow the same approach as in the sphere §? with ¥ > 0. We anticipate that, although the same
algebraic method holds in both spaces, the solution to the eigenvalue problem is quite different.

Let us consider the Hamiltonian H, = I:I_|K| (6.14), where the factorized solutions take the form
Wf|,<| = Eilxl Yl’ﬁ(l in the same way as in the previous section. Now, the eigenvalue equation (6.6)
A B (6) = E 8BS (&), for &
nian [42,43] whose eigenvalues are

corresponds to the hyperbolic Pdschl-Teller Hamilto-

€
—‘K"

1
& _ _ 2
EL=E, = T2k (x — (u+ Dhj«))

h 402 R k| ?
=—-(142n), [ k]?+ — — 142p +2u?) — , =0,1,2,..., ,
2 (142, /1% [k ? + v 2 (142 +2p%) e M Mmax
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where the parameter x > fi|«| is given by

2 1
x(x — hlx]) = % x=3 <\/Fl2 K |? + 4w?/y? + ﬁlKI) . (8.1)

Therefore, there is only a finite number of bounded states. The value i, is the maximum integer
such that

X
Hmax < —— — 1. (82)
hlx|

Again, instead of E:m we will use the parameter (6.6),

GM:mZx—(u+l)h|K|. (8.3)

The eigenvalue equation (6.7), I:I—\K\erm ) = E_Y"}, (v), satisfied by the function Y”;

—x| —lel
one of a modified hyperbolic Péschl-Teller Hamiltonian wiKth eigenvalues ‘

is the

, 1 w?
EY lye = ~ 2 (ve —vhlc]) (ye — (v + Dhx]) + R v=0,1,2,..., Vmax. (8.4)
Such a maximum value vy, of the quantum number v is the maximum integer such that
ye
% < — — 8.5
max h|[(| ( )

Next, replacing € in (8.4) by the values ¢, obtained in (8.3), we obtain the energy eigenvalues of the
quantum Hamiltonian 131K = I:I_|K| (6.2):

1 w?
Eow = BN = =5 (v = [y Gt D+ vIhlel) (v = Iy (u D v+ 110Ie) + 500
o on w? hy h? |k|
=y (EX, + Sy + 7(x — (4 Dhlk]) v+ 1) — — v+, (8.6)

Clearly, the number of eigenvalues is finite because of the constraints on  and v, that is, we have a
fixed value of x (8.1), which determines wmay (8.2) and, then, for any allowed value of u there is a
maximum value for v, vy (i) determined by (8.5). Consequently, on H? there is a finite number of
bound states in contradistinction with the S? case. The corresponding eigenfunctions are written in
the form

q’f‘t\ (Ev y) = Ei,TH(E) er,ﬁu(y)
The degeneracy of the energy levels can be discussed in a similar way as on S lllfl’Kvl (¢,y) and

lI/“l’Kvlv' (§,y) will have the same energy E";,| whenever the constraint (7.5) s fulfilled. This means that
the degeneration can take place only when y = m/n for m, n € N*.

Summing up, we have shown that:

Theorem 6. (i) The spectrum of the quantum Hamiltonian IfI_M (6.2) on the hyperbolic space with
k = —|k| < 0is given, for any value of the parameter y, by a finite number of eigenvalues (8.6) where
the parameter y is written in (8.1).

(i) When y = m/n with m, n € N*, the spectrum (8.6) is degenerate, and the degeneracy is the same as
in the Euclidean case.

The Euclidean limit of the above results can be easily obtained in the same way asin (7.6) and (7.7).
Finally, we should mention that for negative curvature x = —|«|, there exist unbounded states which
may come from any of the one-dimensional hyperbolic Péschl-Teller potentials which take part in
the total Hamiltonian. This feature, of course, is not present for the anisotropic oscillator on S?.
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9. Concluding remarks

In this work we have identified the form of the generic classical and quantum anisotropic oscillator
system on the sphere and the hyperboloid, in such a way that this new Hamiltonian keeps the
integrability properties of the known Euclidean anisotropic oscillator for any value of the frequencies.
Moreover, when the frequencies are commensurate, superintegrability arises and, in particular, the
previously known curved anisotropic oscillators which correspond to the ratio 1 : 1 or 2 : 1 are
recovered.

There are two key points in the approach here presented. The first one consists in a formulation
depending on the curvature parameter «, in such a way that the algebraic treatment is simultaneous
for both the sphere and the hyperboloid. At the same time, this viewpoint allows us to get the
Euclidean expressions in the limit x — 0, thus showing explicitly that our systems are indeed
curved integrable deformations of the Euclidean anisotropic oscillator. Of course, there are also many
properties that depend on the sign of «, and they have to be treated separately. For instance, the
spectrum of the quantum anisotropic oscillator on §? is purely discrete (and has infinite values), whilst
a (finite) discrete spectrum plus a continuous one arises for the system on H?, as it has been explicitly
discussed.

The second key point is the choice of geodesic parallel coordinates on the curved surfaces in order
to get the simplest possible expression of the corresponding anisotropic oscillators. These coordinates
turn out to be the appropriate curved analogue of the Euclidean Cartesian coordinates, which are used
to write the planar anisotropic oscillator in a separable manner.

In order to get a unified approach to find the symmetries for both, the classical and quantum
systems, we have applied a factorization approach [15,18,36,44]. This method turns out to be helpful
in order to highlight the correspondence between the classical and quantum algebraic symmetries. In
this respect, it is worth to stress that in the quantum context we have kept the quantum constant i
in all the expressions. This is quite relevant when we compare quantum and classical results through
the limit i — 0 (together with other considerations).

We also recall that other methods have also been designed to deal with the symmetries of
this kind of systems; for instance we can mention an action-angle (or Hamilton-Jacobi) based
procedure considered for the classical systems in [45] and the type of recurrence relation arguments
used in the quantum counterparts [46]. Similar approaches for a family of superintegrable models
were applied in [47], a coalgebra procedure has been developed in [48], while other different
viewpoints/approaches can be found in [49-53].

There are several open problems related to anisotropic curved oscillators, which are worth to be
investigated in the near future. For instance: (i) The construction of the anisotropic curved oscillators
in three (and N) dimensions. (ii) The formulation of anisotropic oscillators on (1 + 1) relativistic
spacetimes: AdS, dS and Minkowski [54] (see also [55,56] for the oscillator problem on the SO(2, 2)
hyperboloid). (iii) The generalization of the so-called caged anisotropic oscillator studied in [57] to
curved spaces by adding centrifugal terms [19,22,23].

Finally, we remark that in order to keep the length of this paper under reasonable limits, we have
not included the full study of the algebra generated by the symmetries in the generic case. However,
this structure can straightforwardly be derived by following the procedure shown in [36].
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Appendix A

The three Riemannian spaces S?, E?> and H? can be simultaneously studied by considering that
their constant Gaussian curvature ¥ = #1/R? plays the role of a deformation/contraction parameter
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Fig. 3. Ambient (xo, X1, X2), geodesic parallel (x, y) and geodesic polar (r, ¢) coordinates. The origin is O = (1, 0, 0). (a) On
the sphere §? with x = +1; 0; = (0, 1, 0) and 0, = (0, 0, 1). (b) On the hyperboloid with x = —1and xo > 1.

(see [6,20-23] and references therein). These three spaces can be embedded in the linear space R?
with ambient or Weierstrass coordinates (xg, X1, X2) subjected to the constraint

Te=x3+r(x+x5)=1, (A1)

such that the origin corresponds to the point 0 = (1,0, 0) € R3.Ifk = 1/R?> > 0, we recover the
sphere §? and when ¥ = —1/R?> < 0, we find the two-sheeted hyperboloid. The null curvature case
can be understood as a flat contraction k = 0 (i.e. the limit R — 00), giving rise to two Euclidean
planes x, = +1 with Cartesian coordinates (x1, x;). We shall identify the hyperbolic space H? with
the upper sheet of the hyperboloid with xo > 1 and the Euclidean space E? with the plane xo = +1.
Although k # 0canalways be scaled to 1, the explicit presence of the curvature parameter will make
evident all the deformation processes from the Euclidean systems to the curved ones and, conversely,
the contraction from the latter to the former ones.

In this approach, the metric on the curved spaces comes from the usual metric in R? divided by the
curvature « and restricted to X, (A.1):

1 d dxy)?
ds* = — (4G +x (46 + &3))| = €Oad +000) | e 1. (A2)

5 11—k (x+x3)
The ambient coordinates (Xg, X1, X) can be parametrized in terms of two intrinsic variables in
different ways (see, e.g., [20]). In particular, we can consider geodesic polar (r, ¢) and geodesic parallel
coordinates (x, y) (see Fig. 1). The parametrization of the ambient coordinates in the variables (x, y)
and (r, ¢), so fulfilling the constraint (A.1), reads [6,21-23]
X0 = CK(X)CK 0’) = CK (I’),
X1 = Sc(®)Ce(y) = Se(r) cos @, (A3)
X = 5¢(y) = S¢(r)sing,
which on E? with ¥ = 0 reduce to
X =1, X1 =X =TC0SQ, X, =y =rsing.

In the three spaces, the coordinates x, y and r have dimensions of length, while ¢ € [0, 27) is
always an ordinary angle. However, on S? with « = 1/R?, the dimensionless variable r /R is usually
considered instead of r. All these coordinates are represented in Fig. 3.

By introducing (A.3) in the metric (A.2) we find the metrics

ds? = C2(y)dx* + dy* = dr? + S2(r)d¢?. (A4)
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The kinetic energy Lagrangian for a free particle moving on these spaces can be straightforwardly
derived from (A.4). Explicitly, let (px, py) and (p;, py) be, in this order, the conjugate momenta for
(x,y) and (r, ¢). Then, the free kinetic energy Hamiltonian 7, that generates the geodesic dynamics
in the curved space is given by

1 pi 2 (5 Pﬁ,
Te = = == . A5
‘ z(cﬁ(y)ﬂjy 2\ (A3)
Indeed, when ¥ = 0 we recover the Euclidean kinetic energy.
1 1 p;
%:2(p§+p§)=2<3+¢>,

In order to guarantee that (A.5) is well defined, we find that the coordinates (x, y) and r have to be
defined in the following intervals:

$?(k >0): —l<x<l —L< <L O<r<l (A.6)

VT T 2k y 2k’ Vi '

H (k <0): —00<Xx<00, —00<y<o00, 0<r<o0. (A7)
Appendix B

In order to check that )A(Ki are a pair of symmetries of the Hamiltonian I:I,( (6.2) when the coefficient
y takes the rational value, let us use the following notation for the Hamiltonian (6.3)
IECEE 3 (Y€ o .

oo Rl W8 @ ey
=Ty T Y ey T e(r&)

where we recall the definition (6.9) of the operator &.. Let us consider, for instance, the product
XTHe(y 8}) and let us move the operators X to the r.h.s. of the Hamiltonian. First, by making use
of (6.11) we move the ﬁj operators:

X He(yE) = AH™BIHe (v &) = AN He (v (6 — nhi)) (B)".
Next, we translate the ;\j operators to the r.h.s. by means of the intertwining (6.16) and require that
we should obtain H, (y &, ))A(j, that is,

XA (vE) = (v (Ec — nhi) + mhc) AN (B = A (v )X
Therefore, we get the condition

yéK = y(ék —nhx) +mhe << y =m/n

and in that case Xj (and )A(K‘ as well) will be a symmetry operator of the Hamiltonian. Notice that the

operator products in (6.17) are written in terms of the operator &.. In order to write the computation
explicitly, we will use the following notation:

Bf - Bf(6,), A — At(yé,).
Then, the symmetry operators read

XS = Af (y(Ec —nhic) + mhc) ... At (y(E — nhic) + he) B (&) ... BF (€0,

X; = A (y (€ +nhi) — (m— Dhc) ... AZ (y(E +nhic)) B (€,) ... B. (&),
where these operators are always assumed to act on the space of eigenfunctions ¥, (§,y) = ES(§)
Y. (y) of H with eigenvalues given by (6.6) and (6.7).
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