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Abstract

Heisenberg-type higher order symmetries are studied for both classical
and quantum mechanical systems separable in Cartesian coordinates. A
few particular cases of these types of superintegrable systems were already
considered in the literature, but here they are characterized in full generality
together with their integrability properties. Some of these systems are
defined only in a region of R”, and in general they do not include bounded
solutions. The quantum symmetries and potentials are shown to reduce to
their superintegrable classical analogs in the 7 — 0 limit.
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1. Introduction

We will consider a classical two—dimensional Hamiltonian, H, separable in Cartesian
coordinates having the form
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H=H+H, H=p +w, H=p +n0. (1.1)

As this system is separated, there are two integrals of motion: one of them is the Hamiltonian
itself H, while the other one, A, can be taken, for example, as the difference of both comp-
onent Hamiltonians, A = H, — H,. Therefore, the system is integrable (there are two constants
of motion H and A in involution). In this paper, we want to search for systems having this
general structure and allowing for another independent constant of motion, B, polynomial in
the momentum variables p,, p,. So, such systems will be superintegrable, with three indepen-
dent integrals H,A and B. We will restrict ourselves to a special class of such superintegrable
systems, based on a particular property of the one—dimensional component Hamiltonians, as
it is shown below.

First, we want that the additional integral of motion B,, for this Hamiltonian be also separa-
ble in the coordinates x,y in the form

By(x,y, Py, Py) = Bu(x, p) — Buy(y, py). (1.2)

Second, we ask the functions B, and B, to be n—degree polynomials in the momentum
variables p,, p,;:

Bu(x,p) = > _f;(0)pl,  Bu(y.p) =D (0l (1.3)
j=0 j=0

the coefficients fi(x), gi(y) being some unknown functions, depending on the variables x and
y, respectively.

Third, the functions B,,, and B,,, must satisfy the following Heisenberg-type Poisson brack-
ets (PB):

{Hy, Bux(x,p,)} = {Hy, Buy(y,p,)} = constant = 1. (1.4)

The constant can be taken, without loss of generality, equal to one. Then, it is clear that the
function B,, given by (1.2) will satisfy, together with the Hamiltonian (1.1), the following PB,

{Han(x’y’px’py)} = {H,, an(xvpx)} - {Hvany(y’py)} =0. (1.5)

In this way, we have arrived to an ‘extra’ constant of motion to achieve superintegrability. Such
a constant of motion is called to be of Heisenberg type, since it is based on the Heisenberg alge-
bra (1.4) for each of the one dimensional components: (Hy, By, 1) and (H,, B,y, 1). Each one
dimensional Hamiltonian H,, H, is called Heisenberg Hamiltonian. Depending on the value
of n we will speak of n-degree superintegrable system, when n > 3 the constant of motion Bj;
is said to be of ‘higher order’ (since the ‘standard’ constants of motions are of degree two).
Recall that the PB for the functions F(x, y, p,,p,), G(x,y,p,,p,) is defined in the usual way,

OF 9G  OF G 9F 9G _ 9F 9G

oA A A, A oo (1.6)

(F,G) =< .
Ox Op,  dy Op, Op, Ox  Op, Oy

We will see that some of the superintegrable Hamiltonians are only defined in regions of
the plane R?, furthermore the corresponding potentials will not allow for a bounded motion.
Therefore, the evolution of a particle in these potentials will have only a piece of its trajectory
in the domain of superintegrability. We could ‘extend’ any such Hamiltonian to another one
defined in the whole plane, but it will not be superintegrable anymore, and in case this new
extended Hamiltonian has a bounded motion, in general this motion will not be periodic.

This program can also be carried out for the corresponding quantum systems in a quite
similar way. In the quantum context, we write the Hamiltonian operator in the form
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H=H.+H, He=Pi+ViX), Hy=P+ V), (1.7)

where P, P, and X, Y are the momentum and position operators, satisfying the well known
commutation relations

[X,P] = ih, [Y,P] =1ih. (1.8)

We will work in the coordinate representation where the action of the momentum operators is
given by P, = —ihd,, P, = —ihJ,, and the action of the position operators X,Y is just the multi-
plication by the variables x and y, respectively. This two dimensional Hamiltonian operator (1.7)
can be considered integrable in the sense that it has already two independent symmetry operators
in involution:  itself and (for example) A = H, — H,. In order to get quantum superintegrable
systems of Heisenberg type, as in the classical case, we will look for a symmetry operator, poly-
nomial of degree n in the momentum operators P,, Py, having the separated form

Bn(X’ Y, P, Py) = BuX,P) — Bny(Y» P), (1.9
where
BuX,P)=S"fi(X)Pl,  ByY.B)=> g¥)P]. (1.10)
j=0 j=0

We will ask the component operators to satisfy Heisenberg-type commutation relations,

[Hy, Bin(X, P)] = [H,y, Bu(Y, P)] = ih, (1.11)
so that the symmetry condition

[H,B,] =0 (1.12)
is automatically satisfied. This symmetry is of order n, and when n >3 it is said to be of

‘higher order’.

For a wide discussion of general third and fourth-order integrals of motion, the reader is
referred to the excellent review [1]. The one dimensional case of higher order symmetries has
been studied in [2, 3]. It is also worth to mention references [4—8], dealing with higher order
symmetries, which are more related to our approach. In the Conclusions we will comment on
the connection between the methods and results of these references and those obtained in the
present paper.

2. Heisenberg-type higher order integrals of motion: the classical problem

In this section we will investigate the existence of classical potentials and integrals of motion
satisfying equation (1.4) and we will try to determine their explicit expressions. Here, we
need to consider only one pair of the variables (for instance x,p,), because the results are the
same for the other variable pair. Also, in order to simplify the notation, we will take p, = p,
B,..(x,p) = B, H. = H,, and therefore v,(x) = v,(x).

Notice that the PB relation (1.4) can be interpreted as follows. We can think of the
Heisenberg function —B,, and the Hamiltonian H,, as new canonical variables %, p:

H,=p = H(x,p), ¥ = —B,x,p). 2.1

The new momentum j is also identified with the new Hamiltonian H,. This means that the new
pair of canonical variables X, p corresponds to the characteristic function of Hamilton-Jacobi
theory [9]. We can solve the motion for the new variables:
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. OH

f=—=1, i=t+a,

X 8]3 X (6%

. OH N

p=——7=0, p=0 (2.2)
ox

where «, 0 are constants fixed by the initial conditions. From the motion of %,, we can
find the evolution of the initial variables x,p algebraically by reverting the relations (2.1). In
summary, the problem of finding a Heisenberg system characterized by the function B, and
Hamiltonian H,, is equivalent to the search of systems such that the canonical variables of the
characteristic function include the coordinate ¥ given by a polynomial function of degree n in
the momentum p.

We start this section with a list of particular cases for some values of n in order to see
some features of the potentials v,(x) and the functions B,. Later on, closed formulas for the
general n—order case are supplied. Finally, it is explained how the superintegrable systems are
obtained together with their properties from the previous results.

2.1. Particular cases

e Casen=1

The x-Hamiltonian and the x-part of the integral of motion have the form

H = p* +vi(x), By = fo(x) + fi(0) p, 2.3)

and they must satisfy

{H,B} =1. (2.4)
Substituting (2.3) in (2.4) we get a set of differential equations from the coefficients of the
powers p/, j=0,1,2:

21=0, 2, =0, 1=/ 2.5)

where the prime denotes the derivative with respect to the argument. For the sake of
simplicity, from now on we omit the explicit dependence of the functions f; and v{(x) on
the variable x. Thus, for three unknown functions f;, f; and v;(x), there are three equa-
tions given by (2.5). The first two equations give f; = kjand f; = ko, where k; and k are
integration constants. Thus, from the last equation the potential is

i(x) = kil +a (2.6)

where c) is an irrelevant integration constant. Hence, B takes the form:
Bi = ko + ki p. 2.7

e Casen =2
For this case the function B; is quadratic

By =fy +fip+hHp* (2.8)
and together with H, satisfy
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{H2, By} = 1. (2.9)
Using the Hamiltonian function and (2.8) in (2.9), we obtain a set of equations
2f, =0, 2f; =0, 2fy =2fvh 1=fh (2.10)

This case lead us to the same potential:
X
va(x) = vi(x) = o +cu. (2.11)
1

The Heisenberg function B, takes the form

By=ko+kip+hkv,+ kzpz =ko+ kip+ koH>, = By + koHo. (2.12)
Thus, B, is the same as Bj, except for a ‘trivial term’ proportional to the Hamiltonian
corresponding to the constant k.
e Casen=23
For this case the function Bj is cubic
Bs=fy +fir+hH P>+ . (2.13)

After imposing the condition { Hs, B3} = 1, the coefficients f; in (2.13) are the solutions of
the set of differential equations

2, =0,
2, =0,
2f = 3f V5
2fo =25 5,

1 = fivh (2.14)
If we solve this system for the functions f;, we get the following differential equation for
potential
3 /
k1+5k3\/3 V3:1 (2.15)

which gives
3 2
ks + 2 k3 vs® = x4+ cs. (2.16)

The solution of this quadratic equation can be given explicitly,

1
yar) = E(—zkliw kax+ K21 3k c3), 2.17)
3

where cj3 is an integration constant. The new information for this case is obtained taking
ki = 0 in (2.17). For instance, if we choose k; = 0, k3 = + 4/3, ¢3 = 0 we will have the
particular solutions:

vi(x) = £ JEx. (2.18)

Remark that depending on the sign, this potential makes sense either for x > 0 or for x < 0.
The expression of Bj is
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3
By = k0+k2v3+(k1+ Ek3v3)l7+k2p2 + ks p?

3 1
= Bl + k2H3 + k3(p3 + §V3p) = k() + k1p + k2H3 + k3§(p3 — 3H3p) (219)

Therefore, we notice that the potential v3(x) depends on three constants: kj, k3 and c3, but
the last constant is irrelevant since it can be eliminated by a translation in x. The integral
of motion B3 depends on the corresponding constants, k; and ks; it also includes one
additional term proportional to the Hamiltonian, k,Hs, but this can be eliminated without
any consequence.
e Casen =4

This leads us to the same potential as in the previous case n = 3; v3(x) = w(x). But, the
function By is slightly different:

3
By = ko+kyvy + kg vy + (k1+ 5k3 V4)P + (ko + 2 ks ) p* + ks p* + ka p*

3
= Bi+k Hi+ ky(p® + EV4P) + ky (Ha)?. (2.20)

e Casen=>5
Now B:s is a fifth-order polynomial in p

Bs=fo+fir+hp*+AP +LP 5P (221

Imposing the condition { Hs, Bs} = 1, the functions f; in (2.21) turn out to be the solutions
of the set of differential equations

2fL =0,
2, =0,
215 = 5f5 V%,
2f) = 4f, vs,

211 = 3f;v5
2fo =255
1 = fivh (2.22)
After solving this system for the functions f;, the equation for the potential has the form
3 15
(kl + 5 k3 vs + ry ks Vsz)Vls =1 (2.23)
or
3 2, 3 3
ks + 7 k3 vs™ + 3 ks vs® = x + cs (2.24)

from which the solution can be explicitly obtained. For instance, if we concentrate on the
particular values k; = k3 = ¢; = 0, ks = 8/5, we get

vs(x) = ¥x. (2.25)
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For this case, the Heisenberg function Bs is
3 15 5 2 5 3
Bs = ko+ kqvs + k1+5k3V5+?k5v5 p+(ko+2ksvs)p” + k3+§k5V5p

+ k4p4 + k5 pS
3 3 2 5 5 3 15 2
= ko+kip + ko Hs + ks(p” + EVsp) + ky4 (Hs)™ + ks(p> + SV + ?vsp)- (2.26)

We see that the potential vs(x) given in equation (2.24) depends on the constants k|, k3 and
ks (the constant c5 can be eliminated as before by means of a translation). With respect to
the function Bs it depends on these three constants (the terms including k4, k; and ko can
be omitted). The coefficients of these constants have the same expressions in terms of v(x)
as the corresponding ones in the previous cases, except for the new one corresponding
to ks:

5 15 3 10
ksBY = ks(p® + S gvﬁm = ksg (p° = P Hs + SpH3). (2.27)

e Casen==6
The case n = 6, gives us the same equation for potential and therefore the same potential
as in the previous case n = 5: v5(x) = vg(x). The function By differs from Bs in a trivial

term proportional to H 2.
o Casen=7
The integral of motion will be

Bi=fythp+hp +hP AP HP (2.28)
the coefficients satisfying the system

2f7 =0,

2fy =0,

215 =THVo,

2fy = 6f

21y =5fv1

2fy = 4fy i,

21 =3fv5,
2fo =25V
1= fvh. (2.29)
The solution of these equations lead to
311 510 v T W3,

(k1+7k3v7+?k55+?k7§ vy =1 (2.30)

or
nooy2 " 3 nooy
PR LE S B L i ALy . 231)

2 T2 22 73! 23 T4
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which is an implicit expression of the potential. The new relevant information in this
3,
equation is obtained for k7 = 0. In particular if kf = k3 = ks =c; =0and ks =+ %,

have the potential:

v(x) = £V +x. (2.32)
Remark that depending on the sign of k7 this potential makes sense either for x > 0 or for

x<0.

2.2. General case

The functions B, found above can be expressed in two ways: (a) collecting the terms by the
integration constants k;, or (b) grouping terms in powers of p.

(a) Solutions in terms of k;

We have seen that the problems for consecutive odd and even degrees n = 2¢ 4 1 and
n = 2¢ + 2 have essentially the same solutions. Therefore, let us restrict to an odd function
B,n=2(+1¢=0,1,..., and the corresponding potential vy, ;(x), then their expressions
take the general form
¢ j=¢ '

Byi1= ) kojsiboji(p), S kojrico vyt = x4 caris (2.33)
Jj=0 Jj=0

where by 1(p) are polynomials of degree 2j + 1 of p and apji are constants which are
obtained in the integration process, while k;y| and ¢y are arbitrary integration constants.
Thus, only the odd integration constants are important, the even ones do not play any role in
the solutions.

There are two particular cases worth to mention.

(i) If ko1 = 0, but k; = 0,V j < £, then the formulas (2.33) valid for n = 2¢ + 1 come into the
ones for the previous case n = 2({ — 1) + 1. In other words, the formulas forn = 2¢ + 1,
include as particular cases all the formulas for the previous cases.

(ii) If ko417 0, but k; = 0, Vj < £, then we get that the potential is a root,

Var1(x) = (ax+ bV, (2.34)

where a,b depend on the integration constants, while Byt = ket 1boe+1(p) i a poly-
nomial of degree 2¢ + 1, according to (2.33). In conclusion, we can say that this type of
superintegrable potentials include all the roots vy 1(x) o< x/“+1D, starting with the trivial
linear potential vy(x) o< x.

(b) Solutions in powers of p
Now, we will deal with the general case of the polynomial function expressed in powers
of p as

By(x,p) = > f;(x)p’ (2.35)
j=0
and substitute it in the PB equation (1.4). Then we get a list of equations for the coefficients

Jf; and the potential v(x),
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2f1, =0,
2f,_, =0,
2f! = nf,V,
2y =(n—Df, V),
2f;74 =(n—2),_,v,

2f o = 2V,
1= fivh (2.36)
Remark that for every value of n this system can be completely separated into two: one only

for the odd-index (f;,f;, ...) functions and another only for the even-index functions (f;.f;, -..).
We introduce the following notation

Sfon, for n even
— n n—1 n—2 n—3 2°2
Balep) = fao P" a1 o P A g P o PR T e odd
272
(2.37)
where the ‘old’ f; and ‘new’ f, , coefficients are related as follows:
Ja :fg,o’ Jaca :fanI,O» Ja2 :f%,l’ Jas :fanl’l, (2.38)
Then, equation (2.36) can be integrated and the coefficients f, , are given by
L T(u+1—v) v
fowr =220 oy (239)

o Tp+1—-v) w—1")

As only the odd index cases seem to be relevant, let us assume that n = 2¢ 4 1is odd. Then if
we substitute the formula for f; given by the last equation of (2.36), we will get

l {—v'
T+32-v) v
>

’— =
Rl =" ren @

' kzk+12u’]v' =1. (240

Thus, we get the algebraic equation for the potential:

CTW432-0) oyt

2

— TGP +1-1v)

' kyy1-20 = X+ cp (2.41)

2.3. Superintegrable Hamiltonians and integrals of motion

In this section we will discuss different ways to construct superintegrable Hamiltonians from
the previous results.

(a) Superintegrable Hamiltonians by adding two Heisenberg Hamiltonians
Once we have the Heisenberg algebras (H,, By, 1), (Hyy, Byy, 1) we can write the superin-
tegrable Hamiltonian

H, = Hyx + Hyy, Van(, )/) = V(X)) + Vny( }’), (2.42)

whose ‘extra’ constant of motion of odd degree n = 2¢ + 1is given by
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By, = By — By, (2.43)

Remark that, in general these systems are only defined in a region of the plane R?. Some
examples are:

(i) vi(x,y) = ax+ By
(i) vas(x,y) = avx + 5y, x20,y20.
(iii) vss(x, y) = ax'3 + 5 y'3.
(iv) vyr(x,y) = ax* + By, x>0,y20.
Example (ii) was considered in [8] as case 5.
In fact, we can build superintegrable systems by combining Heisenberg algebras of differ-
ent orders,

Hyn = Hyx + Hyy, Vin(X ¥) = Vix(X) + Viy(¥)s (2.44)
whose ‘extra’ constant of motion of odd degree max(m = 2k 4+ 1,n = 2¢ 4 1) will be given by
Boky1,2041 = Bakr1x — Bay 1y (2.45)

The corresponding potentials include linear combinations of different roots,

Vakg1,2001(6,y) = a xEFD 4 gylieED, (2.46)

Some special cases are:

W) vz, y) =ax+ 8y, y20.

(vi) vas(x,y) = a vx + By3, x>0.

(vivis(x,y) = ax+ B!~

Example (v) was included in [8] as case 7. Notice that since each one dimensional potential

Vmx(X) Or v,,(y) is a monotonous function, these potentials v,,, will not allow for any bounded
motion.

(b) Global and local Hamiltonians in R

As it is clear from example (ii) given above, some of the superintegrable Hamiltonians
have potentials v,,,(x,y) defined only in a region D of the plane. We may try to extend this
Hamiltonian to the whole plane by pasting it with other superintegrable systems with poten-
tials vi,m(x, y) defined in disjoint (except for their boundaries) regions D', such that they cover
the whole plane, J; D' = R2. For instance, considering the particular case o = 3 = 1, we can
‘complete’ the potential of case (ii) as follows:

Vi = VX + 7, D' = {(x,y),x>0,y>0}
2 2
— = =% + 7, D2 = {(x,y),x<0,y>0
‘733(x’y):\/m+ |y| _ v§3 X \/— . {Cx y)x y } (2.47)
viz=~—x+ =y, D ={xy),x<0,y<0}
Vi = VX + Y, D* = {(x,),x>0,y <0}

Another example extended from case (i) is given by

Vi =[x[ + | yl. (2.48)

We can apply this ‘pasting process’ in order to produce a global potential such that it will
allow for bounded trajectories, as it is the case of the extensions (2.47) or (2.48), given above.
However, in these cases, the resulting system with global potential ¥33(x, y) will not be super-
integrable since there is not a ‘global’ constant of motion for ¥. In a motion under vs3(x, y),
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when the particle is in D! the constant of motion is B', but when the particle crosses from the
domain D! to D2, the constant of motion will change and it will take a different value B2, and
so on. In this way after the particle has been 1, times in the region D', the constant of motion
B! will have taken, in general, n; different values. Therefore, in general the motion will not be
periodic. In figure 1 it is shown the plot of the ‘pasted potential’ given by (2.47). The motion
of a particle in this potential is a superposition of two one-dimensional motions corresponding

to the potentials 7, = /|x| and %, = /| y|. In this case, the ratio of the frequencies 1 and v is
obtained by action-angle variables method and it is given by

3/2
e _ (E)
Uy E, (2.49)

Only when this ratio is a rational number, the bounded motion in the plane will be periodic.
Examples of periodic and non-periodic orbits for this pasted potential are given in figure 2. For
‘global’ superintegrable systems all the bounded motions are periodic and the trajectories look
like deformed Lissajous curves [10, 11]. We should remark that such trajectories are smooth
and they do not present ‘angles’ when crossing the boundary of a domain. This point was not
clearly explained in previous references [7, 8].

(c) Superintegrable Hamiltonians in higher dimensions

We can define superintegrable Hamiltonians in three or more dimensions. For instance,
we simply add three one dimensional Heisenberg Hamiltonians to get a three dimensional
Hamiltonian

Hnmp = nx(x) + I-Imy( Y) + sz(z)- (250)

This new Hamiltonian is superintegrable. First of all, as it is separable, we have three constants
of motion in involution, for instance: H,,.(x), H,,,(y) and H,.(z). Second, as each Hamiltonian
is of Heisenberg type, we can construct two additional independent constants of motion:

By = By — Bmy, B, = Bmy - sz- (2.51)

The symmetry algebra of all the independent constants of motion is very easy to compute, it is
essentially a subalgebra of the direct sum of one-dimensional Heisenberg algebras.

3. Heisenberg-type higher order symmetries: the quantum problem
In the framework of quantum mechanics, let us consider now a Hamiltonian operator 7 in one
Cartesian coordinate (2m = 1):

H =P+ V(X), G.D

where P and X are the momentum and position operators, satisfying the well known commuta-
tion relation

[X,P] =ih. (3.2)
In the sequel, we will work in the coordinate representation of wave functions where the
momentum operator is P = —ikd/dx and the position operator X is just the multiplication by

the variable x.

Now, we introduce the notion of Heisenberg operator /3, for this Hamiltonian H as a n-order
polynomial in the momentum operator P with x-dependent coefficients, where the powers of
the operator P are placed ‘on the right’, that is:
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Figure 1. Plot of the potential 733 = /|x| + /|y

Figure 2. Plot of a non periodic trajectory corresponding to parameters
E,=3,E,=1,B=5 (left) and a closed periodic trajectory with parameters
E.=1,E,= /4, B = 1(right). The pieces of trajectory corresponding to each quadrant
of the plane are in a different color.

B, =" F(x) Pk, (3.3)
k=0

being Fi(x) functions of the real variable x, to be determined. The Heisenberg function (3.3)
must satisfy the following commutation relation with the Hamiltonian (3.1)

[H, B,] = ih. (34)
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This condition eventually will gives us a condition on the potential, that will depend on x,
but also on n; due to this fact, instead of (3.1) we will use the following notation for the
Hamiltonian

H, = P2+ V,(x). (3.5)
Remark that if we take the formal adjoint of relation (3.4) we get
[H, 5] = in, (3.6)
where BL is the adjoint differential operator of B,. Therefore,
) . \) l T
(H.B)=in, B, =—(B,+B,). (3.7

Hence, we can always assume the operator 5, in (3.4) to be a Hermitian differential operator.
In the following, for the sake of simplicity we will omit the explicit dependence of the
functions Fy(x) and V;(x) on the variable x.

3.1. The potentials and the Heisenberg operators

Now, we will find the form of the potentials and the operators B, satisfying equation (3.4), for
different values of n.

e Casen=1
The Heisenberg operator has the form
Bi=Fk+HP, (3.8)

similar to its classical equivalent (2.3). Substituting (3.8) in (3.4), with P = —ihd/dx, we
get the following system of ordinary differential equations

F| =0, 1=0, RV =1 (3.9)

where the primes denotes the derivative with respect to the variable x. Observe that this
system is exactly the same obtained in the classical situation (2.5), without any ‘quantum
corrections’. Therefore, it is trivially solved and we get the same solutions as in the clas-
sical case:

Fi=k, Fo=ko % =-—, H=P+- Bi=k+kP, 310
1 1

where k| and kg are integration constants; we have omitted a third irrelevant additive
integration constant in the potential.

e Casen =2
The Heisenberg operator takes the form

B,=FK+FRP+FP. (3.11)
Substituting (3.11) in (3.4) we get the following set of equations:
Fy=0, Fj=0, Fy=FRV, 1=RVi+ihk(FEl—BVY. (3.12)

Here we have a quantum version of the classical result (2.10), with a quantum correction
of first order in 4. Nevertheless, this # dependence is only apparent because the coefficient
of 7 turns out to be zero. In fact, the solution of this system is:
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F=h, =k, Fy = ko + KV, (3.13)

where ko, k; and k; are integration constants (k is irrelevant and will be neglected), and
the potential is exactly the same obtained in the case n = 1 given in equation (3.10):

X X
Va(x) = = = Vi(x),  Hy=P*+—.
2(x) a 1(x) 2 I (3.14)
Hence, the operator B, has the expression:
By =k P+ k(P?+ Vs) = B + kH,. (3.15)

The term k,H, is redundant, and therefore the nontrivial solution reduces to k; P. Hence,
the case n = 2 does not provide new interesting results, as its solution coincides exactly
with the one obtained in case n = 1.
e Casen=3

Now, the Heisenberg operator is

Bys=Fy+FP+FP+FP. (3.16)
Substituting (3.16) in (3.4) we get the following set of equations:

2F, =0,

2F, =0,

2F| = 3RV},

2F, = 2RV + ik(F] — 35VY),

1= RV} +ih(Fg — BVE) — BRVY. G.17)

Observe the presence on the right hand side of this system of some nontrivial quantum
corrections which obviously were not present in the classical case (2.14): nonvanishing
terms containing powers of #, that eventually will make more difficult to find the solution.
Indeed, the ‘quantum system’ does not have the separation property between the func-
tions with even indices (Fp, 2, ...) and odd indices (F}, F3, ...), something that is true in the

classical case, as can be clearly seen in (2.36).
The solution of the system (3.17) exhibits the explicit presence of quantum terms:

3 3.

FB=k h=k, Hh=k+ 5k3V3, Fy=ko+ kVs— Zlhk3V/3, (3.18)
where the k; are integration constants (ko will be omitted in the sequel), and the potential
V3(x) must satisfy the following third order nonlinear differential equation

kg(thg” — 6V3V§) — 4k V544 =0, (3.19)

which is the ‘quantum version’ of (2.15): indeed, if we make # = 0 in (3.19) we recover
(2.15).
The nonlinear differential equation (3.19) can be integrated once:

ka(R2VY — 3V3) — 4kqVs + 4x + ¢3 = 0. (3.20)

Remark that the information really new in the case n = 3 comes from the term with coef-
ficient k3: indeed, if for example we put k3 = 0 in (3.20) we go back to the result (3.14).
If we take k; = O we have

ka(F2VY =3V +4x +c3=0 (3.21)
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that can be finally reduced to the first Painlevé equation

=6W3+z (3.22)

by means of the following transformations:

. i ) 2/5
x = —sign(kz) 3 | 32‘ z— % Vs = 2(%) Ws. (3.23)
3

Notice that if we take # = 0 in (3.20), the equation reduces to the classical solution
obtained previously in (2.18), without necessity of any further integration. Obviously in
the quantum case the presence of the terms with powers of 7 make the whole story more
interesting and also more difficult to deal with.

The operator B can be written as

Bs = By + k'Hs + k155, (3.24)
and, obviously, only the Bg term gives us new interesting information:

Bg:p3+%v3p_%ihvg:p3+éwz_l(p3_3w

> 5 3 ) (3.25)

We see that Bg is the symmetrized version of the classical expression (2.19).

o Casen=4
The integral of motion is now of fourth order. The problem is solved as in the previous
cases and we obtain that the potential V4(x) must satisfy a third order nonlinear differ-
ential equation which is exactly the same as (3.19) for Vi(x), therefore V4(x) = Vs(x). The
integral of motion By has the form:

By = Bi+ kyHy + kB3 + ka(Ha). (3.26)
There is no new interesting information, because the terms containing powers of H,4 are
irrelevant, and the other two components, B; and Bg have been already obtained. A similar
situation appeared in case n = 2, and is typical of all the even cases.

e Casen=>5

The integral of motion is

Bs=F+FP+FBP+FEP+EP*+FEP. 3.27)
Substituting (3.27) in (3.4), we get the following set of equations:

2F =0,

2F4‘1l = 0»

2F = 5EV5,

2F, = 4EV5+ ih(Fy" — 10F5VY),

2F/ = 3BVs+ k(R — 6FVY) — 10h*FVY,

2F) = 2RV5+ ih(F" — 3BVY) — 4RPEVY + SiRPEVEY,

1= RV5+inF — BVY) — REVY + iRV + BV, (3.28)

Observe that this quantum version of the classical result (2.22) has quantum corrections
up to order #* Looking at (3.28) it is quite obvious that the quantum corrections are
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growing in importance. In spite of the imposing aspect of this system, it is possible to find
the explicit solution of the functions F; appearing there:

5
F = ks, Fy = ky, F =3+ EksVs,

F =l + 2k4Vs — %ihkﬂ/g—,

Fi=hk+ %I@Vs — 2ihksV5 + ks(%vg - %hzvg’),

Fo = ko+ kyVs — gihkng + ky(VE— R2VY) — %ihks(ZVsV’s + (iR VY,

where the ky are integration constants. The potential Vs5(x) must satisfy the following fifth
order nonlinear differential equation

ks(H*VE) + 30V2VE — 202VEVY — 10R2 VAV 4 ky(24VsV5 — 4RV + 16KV = 16.

(3.29)
Some remarks are in order here: (i) if we take # = O in this nonlinear fifth-order differ-
ential equation, we recover the simple first order differential equation (2.23) of the
classical n = 5 case; (ii) if we take ks = O we go back to the case n = 3 studied before
(3.19); (iii) only constants k, with odd indices are present in (3.29): the constants ko, k»
and k4 does not play any role in the solution of the problem we are studying (in particular,
ko will be neglected in the sequel); (iv) the equation can be integrated once to give

ks(B*VE) + 10V3 — SBQVSVY + (VH?) + ks(12(Vs)? — 412VY) + 16k Vs = 16x + cs.

(3.30)
As in the case n = 3, the new relevant information of the present case is obtained by
taking k; = k3 = 0 in (3.30)

16x + 5

v — 10h2(V5V5” + %(Véf) +10V5 = (3.31)

5
Remark that if # = 0, we recover basically the classical n =5 result (2.25). With the
simple transformations

8
V=21 Ws, x=z-—  p=—
5 5 16 ks (3.32)
equation (3.31) turns out to be
dWs W (dWs )2 ;
= 20W; + 10 —=| — 40W=: + Kz, 3.33
dz* a2 dz > (333)

which appears in the list of fourth order Painléve equations of polynomial class, classified
by Cosgrove [12]: it is precisely the so-called equation F-V (see equation (2.67) of [12]
with @ = § = 0). Equation F-V has the Painléve property and arises as group-invariant
reduction of the KdV5 equation (a member of the KdV hierarchy). It is also a member of
the so-called Painléve-I hierarchy and is denoted by the notation 1/ [13]. It is conjectured
that F—V (in the nonautonomous case) defines a new transcendent in the sense that the
general solution of F—V cannot be expressed in terms of known transcendents including
the six Painléve transcendents, elliptic, hyperelliptic, abelian and automorphic functions.
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The second order Painléve transcendents P;, Py, Py as quantum potentials have appeared
previously [4, 7, 8, 14, 15]. A fourth order form of the potential equation which can be
integrated in terms of solutions of the fourth Painléve equation P;y first appeared in [4]. To
the best of our knowledge, the occurrence of a genuine fourth order Painléve transcendent
as potential is new. The surprising connection of superintegrability in the quantum case
with soliton theory of infinite-dimensional integrable nonlinear systems manifests itself
here once again.

The Heisenberg operator Bs has the form:

Bs = By + kyHs + kB3 + kyHZ + ksB2, (3.34)
where, the essentially new term is given by

BY=pP5+ %Vs Pi— %ihV’SPz + %(3V§ — 5H2VEP — %ih(ZVsV’S — RVY

= %(PS - %(PHPZ + P’HP) + %(HZP + PH?)). (3.35)

Notice that the last expression is a symmetrized version of the corresponding classical
function (2.27).

o Casen==6
As we have already seen in the previous analysis, the even cases do not provide new
information, and therefore we will skip the case n = 6.

oen=7
This is the last case that we will consider in this paper. The Heisenberg operator is of
seventh order,

Bi=F+FRP+FKP+EBEPP+EP +FEP +FP+FP. (3.36)
Substituting (3.36) in (3.4) we get the following set of equations:
2F, =0,
2F; =0,

2FL = TRV,
2F) = 6FV4 + ih(FY — 21FVY),
2F% = SEVS 4+ ih(FY — 15KV — 35R2F VY,
2Fy = ARV + ih(FY — 10BVY) — 2002 RVY + 351V,
2F) = 3BV, 4 ih(Fy — 6FVY) — 10K2FBVY + 15i8FVSY + 215 RV,
2F = 2BVh +ik(F] — 3BVY) — 4R2FRVY + 5iPBVEY + 6r* RV — iR VY,
1 = RV, +ih(Fy — BVY) — BREVY +iREVEY + iRV — iRV — iR VD,

(3.37)
The solution of this system is:
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Fr=lo, Fo—ke Fi=kst Vs, Fi=ke+ 3oV — inloVs

5 . 35
Fy =k + 5k5V7 — 6ilkeV’ + ?lw(V% - 312VY),
15. / 2 271 35. , NN
Fa = lo + 2kyVy — —=ifksV5 + ko(3V3 = THVY) — ~<ifky(6VV5 + SGR)PVY),
R =k+ %1@\/7 — 2ik4h VY + §k5(3v3 — 5RV7) + ihke(4R*VY — 6V4VY)
+ %k7(161h4v<7"” — 350n2V3VY] — 245K (V)2 + 10V,
Fy = ko+kV; — %ik3hV’7 +ky(V7 — B2V + Eihks(hzvg” S ATATEN

16
+ ke(H* VY — 32VAVY — 20X (VH)? + V3

21,
+ 6—41hk7(—3h4V(7V) + 1023V — 10V3V, + 2012V4VY),

where the k, are integration constants, and the potential V; must satisfy the following
seventh order nonlinear differential equation:

IOV — 1414 (V) 4 3VEIVE 4 SVEVE) + T0RX(VAVY + (V5 + 4vaViVY
—140V3VE) + dks [—1*VY + 10R2(VAVY + 2V5VE) — 30V3V))
+16ks [R2VY — 6V5V5] — 64k V5 + 64 = 0. (3.38)

Remark that only k, with odd indices are present: the constants ko, k», k4 and kg do not
play any role in the solution of the problem we are studying (indeed, as in the previous
cases, we will omit ky from now on). If we consider the limit case % = 0, the nonlinear
differential equation (3.38) reduces to the much simpler equation (2.30). In spite of its
formidable aspect, equation (3.38) can be integrated once:

Ky [—ROVYD + TRAQVEVEY) + 4AVIVE 4 3(VINE) — TORX(VAVY + (VA2 Vy) + 35V
+aks [V — SH2QVEVE + (VD) + 10V3] — 16ks [R2VY — 3(V5)2] + 64k V; = 64x + c7.
(3.39)
If we consider here # = 0, all the terms with derivatives of V;(x) completely disappear,
and the corresponding fourth order polynomial equation (2.31) is obtained for the clas-
sical potential.
The special case of (3.39) where k; = k3 = ks = 0 and k7 = 0 gives rise to a novel potential

64x + ¢
—K7 :
(3.40)
We have checked if equation (3.40) passes the Painlevé test, what is only a necessary
condition for the equation to possess the Painlevé property. The resonances occur at
r=2,4,5,7, 10 at which all compatibility conditions are satisfied which implies that the

test is passed. This feature is typical of all quantum potentials obtained so far. The simple
transformations

HOVYY — TR QVRVEY + AVIVE + 3(VEY) + TORAVIVY + (V52 Vy) — 35V =

64
Vo(x) = H2Wa(x), —- 9 -
7(x) 7(x) ¥=z-o K s (3.41)
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allows to transfer the dependence on # of the whole equation to the independent variable,
transforming equation (3.40) into

WD = 14w, W) L 28WIWY, + 21(W)? — TOW3VY — TO(WS)2Ws + 35W3 + kz.

(3.42)
As we have already mentioned, this sixth-order nonlinear differential equation correspond
to some sixth-order Painlevé equation to be determined.
The integral of motion By has the form:

By = kP + kHy + ksBBS + kyH3 + ksBE + ke H3 + koI35, (3.43)

where, again, new information comes only from the last term:

B =P+ %%PS - ?ihng“ + %(V% — 3r2V)P3 — %ih(ﬁwvg — 5R2VYy P?

+ 3i2(161h4v<7”> — 35012V;VY) — 245K3(VA)? + 0V P

_ %ih(Sh“V%V) — 10R2V3VY + 10V3V) — 20R2V4V4y,

3.2. Superintegrable Hamiltonians and their symmetries

Once we have the Heisenberg Hamiltonians (H.x, By, 1), and (H,y, By, 1) we can write a
superintegrable Hamiltonian by adding them just as in the classical context:

Hon = Hopx + Hn)u V(% ¥) = Vie(X) + Vny(y)’ (3.44)

where the degrees m and n of each Hamiltonian can be different. The third symmetry of odd
degree given by max(m, n) is

Bun = By — Byy. (3.45)

In this way we can trivially extend this method to get superintegrable Hamiltonians in three
or higher dimensions.

However, the one dimensional potentials involved are given by solutions of nonlinear
differential equations that are not well known in much detail. For instance, some of the
potentials may have singularities or may not be well defined in the whole real line. This
can depend on the initial conditions imposed to the solutions. In this sense the study of all
the possible potentials is as complex as the classification of the solutions of such nonlinear
equations.

In the quantum case the pasting of ‘local’ superintegrable potentials in order to get a poten-
tial defined in the whole plane is out of place. For instance, in the same way as (2.48), we
could define the potential

Vit =|x[+|yl. (3.46)

But we can not apply any property related to superintegrability to this two—dimensional
system. Here, we can not act as in the classical case, pasting the trajectories of different
domains.
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4. Conclusions

In this work we have carried out a systematic study of superintegrable Hamiltonian systems
separable in Cartesian coordinates such that each component is of Heisenberg type. A one-
dimensional Hamiltonian H,, is said to be of Heisenberg type in the classical context if there is
a function B,, of degree n in the momentum variable such that the Heisenberg Poisson commu-
tator { H,, B,} = lis satisfied. In the quantum frame a similar definition applies for a Hamilton
operator H,, and a polynomial operator 3, that satisfy the commutator [H,,, B,] = if.

In the classical case we have found a general solution to this problem for any value of n.
The relevant solutions are realized for the odd values n = 2¢ + 1. The potentials of this type of
Hamiltonians satisfy an algebraic equation of degree ¢ + 1. A representative potential for such
a value is given by a root of index £ + 1: vo¢ 1 1(x) ox x!*1D, ¢ € N. Some of the resulting super-
integrable Hamiltonians are defined in a region of the plane (in the case of two Cartesian coor-
dinates) so that we are lead to a restricted concept of superintegrability. This type of potentials
do not allow for classical bounded motions, so that a particle that initially is in one of these
regions, in general after a time will leave it and cross to another region where the superintegra-
bility is not satisfied. In conclusion, for some cases we can describe only a part of the motion
by means of the superintegrability properties for such a kind of Heisenberg systems.

In the quantum case it is possible to work out the solutions for any value of n, but we
have not found closed expressions. It is shown that, as in the classical case, the odd values
n = 2{ + 1 are relevant. For some values of ¢, the expression for the operator By, in terms
of the potential function V,/(x) has been explicitly computed, as well as the differential
equation that V5, 1(x) must satisfy. Contrary to the corresponding classical analog, here the
equations (except for the case £ = 0 that can be integrated) are not algebraic, but nonlinear
differential equations that can not be integrated in terms of known special functions. In fact,
they belong to a type of higher order Painlevé equations, starting with Painlevé I for ¢ = 1.
Given the equations for the potential and the expressions for the Heisenberg operators of the
quantum problem in terms of the potential, then if we perform the classical limit i — 0, the
corresponding classical equations for vy, 1(x), as well as the classical expressions Byyy are
recovered, in a certain sense.

Some particular solutions of the general approach contained in this paper can be found
in previous references [4, 7, 8]. For example, in [4] the symmetries of the two-dimensional
Euclidean systems separable in Cartesian coordinates, up to third order, are exhaustively stud-
ied; the results include as particular cases all our solutions up to order three: In the quantum
systems these potentials are labeled as (Q.17) and (Q.20), while in the classical framework are
the cases (C.5) and (C.7). Reference [7] analyses the same problem as [4] paying attention to
the algebraic structure of the symmetries. Some of the potentials they obtained (cases 5, 7 and
8, where the symmetry algebra is Heisenberg) are the same as in our work. We have carefully
explained that the local superintegrability affect the trajectories corresponding to these three
cases. Another reference dealing with a similar strategy is [5], where the author is also search-
ing for higher order symmetries, for the same type of systems, by means of ladder operators.
However, the difference is that we use as the basic ingredient the Heisenberg algebra instead
of the ladder algebra.

In conclusion, we have shown here that a fruitful way to find higher order symmetries of
classical and quantum systems can be based on the algebraic properties of the corresponding
Hamiltonian. In the present work this key idea is successfully implemented by looking for
superintegrable Hamiltonians of Heisenberg type.
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