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0 Introduction

It is a question of M. Brunella to decide if the following alternative is true:

Let F be a singular holomorphic foliation of codimension one in the pro-
jective space P3. If there is no projective algebraic surface invariant by
F, each leaf is a union of algebraic curves.

The answer to this question is known [10] to be positive in the case of a generic
pencil of foliations.

This work concerns a local version of the above alternative. Consider a germ F
of singular holomorphic foliation of codimension one in (C3,0) and assume that it
has no invariant germ of analytic surface. We prove, under some conditions on the
foliation, that there exists a neighborhood of the origin which is a union of semi-
transcendental leaves.

A key remark for understanding germs of foliations without invariant germs of
surface is that they must be dicritical. In a general we say that F is dicritical if
there exists a holomorphic germ of map

¢:(C*0) — (C%0)
(x,y) = (¢1(x,y),¢2(x,y),¢3(x,y))

such that ¢((y = 0)) is invariant by F and the pullback ¢*F of the foliation F co-
incides with the foliation dz = 0 in (C?,0). In [5] it is proved that any nondicritical
foliation in (C3,0) has an invariant germ of analytic hypersurface; this is also true
in any ambient dimension [8].

In this paper we consider only Relatively Isolated Complex Hyperbolic germs of
foliations in (C3,0), that we shall refer to as “RICH foliations”, for short. A germ F
of singular holomorphic foliation of codimension one in (C?,0) is a RICH foliation
if there exists a reduction of singularities for F

S: (C30) =My <& M & .. &5 My
such that for any 1 < k < N we have

1. The center Y,_; C M;_; of the blow-up 7 is nonsingular, has normal cross-
ings with the total exceptional divisor E¥~! C Mj_; and is invariant by the
transform Fj_; of F.



2. The intersection Y;_y N (m omo---om,_1)"1(0) is a single point.

Moreover, we ask (Complex Hyperbolic) that all the points of My are simple and
without saddle-nodes in the sense of the general reduction of singularities in dimen-
sion three [4].

The condition “Complex Hyperbolic” has been frequently considered since the
publication of the paper [2], where the authors consider germs of foliations in di-
mension two, called “generalized curves”, without saddle-nodes in the reduction of
singularities.

The condition “Relatively Isolated”is less restrictive than “Absolutely Isolated”.
It contains as examples the case of equireduction along a curve and the foliations
of the type df = 0, where f = 0 defines a germ of surface with absolutely isolated
singularity. The absolutely isolated singularities of vector fields have been studied in
[1], whereas for the case of codimension one foliations on (C?,0) the singular locus
has codimension two unless we have a holomorphic first integral as proved in [14].
Anyway, in the paper [7], the authors consider foliations desingularized essentially
by punctual blow-ups, which gives also a condition more restrictive than being Rel-
atively Isolated.

Let us recall, see for instance [16], that a germ of foliation G on (C?,0) contains a
nodal separator if in the reduction of singularities there is a singularity analytically
equivalent to dy — Adxz = 0 where X is a non rational positive real number.

Consider a germ of curve I' contained in the singular locus of F. We say that
F is generically dicritical along I if it is dicritical at a generic point of I'. This is
equivalent to saying that in the reduction of singularities S there exists a dicritical
(generically transversal) component D of the exceptional divisor EY C My such
that momgo---omy(D) =T'. Moreover, we can verify this fact at the equireduction
points of I' by doing an essentially two-dimensional reduction of singularities [4]. If
F is not generically dicritical along T', it is known [4] that the equiredution along T
is given by the (nondicritical) reduction of singularities of the restriction G of F to a
plane section transversal to I' at a generic point. In this case, we say that F s gener-
ically nodal along I if this is such a plane transversal section G has a nodal separator.

The main result in this work my be stated as follows:

Theorem Let F be a RICH foliation in (C3,0). Assume that there is no germ of
mwvariant analytic surface for F. Then one of the two properties holds:
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1. There exists a neighborhood W of the origin 0 € C? such that for each leaf
L cCW of Fin W there is an analytic curve v C L with 0 € .

2. There is an analytic curve I' contained in the singular locus Sing F such that
F is generically dicritical or generically nodal along T.

Note that in order to verify possibility 2 it is enough to perform finitely many
blow-ups with center in the irreducible components of Sing F.



1 Preliminaries

1.1 Codimension one holomorphic foliations

Let M be a complex manifold of dimension n and let §2;; be its cotangent sheaf -
that is to say, it is the sheaf of germs of differential holomorphic 1-forms over M. A
holomorphic singular foliation of codimension one JF, over M, is an integrable and
invertible Oj-submodule of €2,; such that the quotient €2,,/F is torsion-free. This
means that for each point p € M we can find local coordinates x1,xs, ..., x, such
that the stalk F, is generated by a differential 1-form

Q= bidr;, b € Oy,

i—1

where €2 A d) = 0 and the coefficients by, by, ..., b, have no common factor. The
singular locus Sing F is locally given by

It is a closed analytic subset of M of codimension > 2. An irreducible element
f € Oy (vesp. (’A)Mvp) is a separatriz (resp. formal separatriz) if, and only if, f
divides €2 A df. This means that, outside Sing F, the closed analytic hypersurface
(f = 0) is contained in a leaf of F.

Though the description of F near a singular point can be quite complicated, the
theorem below asserts that, on the other hand, in a neighborhood of a regular point
this task is much simpler:

Theorem 1 (Frobenius) Let Q be an integrable 1-form over M and p a point
such that Q(p) # 0. There exist two germs of functions u, f € Op, such that

u(p) # 0, df (p) # 0 and
Q, = udf .

It is sometimes useful to regard a foliation F as adapted to a normal crossings
divisor £ C M.

A subset E C M is a normal crossings divisor on M is a union of finitely

many nonsingular hypersurfaces such that at each point p € M we can find local
coordinates x1, xo, ..., x, such that

E= (H:@:o), ee{l1,2,...,n}.
=1
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Let Qp[—E] be the sheaf of germs of differential meromorphic 1-forms over M which
have at most simple poles along E. A holomorphic codimension one foliation adapted
to E over M is a pair (F, F) where F is an Oy;-submodule of Q,,[—FE] such that

(a) F is locally free of rank one.
(b) F AdF = 0.
(c) Qu[—E]/F is torsion-free.

Let’s take a moment to explain the consequences of this definition at each point
of M. Let Jg be the sheaf of ideals that define the divisor £ C M and fix a point
p € M; we may choose local coordinates x1, zo, ..., z, (which are simply a regular
system of parameters of the local ring Oy,,) such that

JEJ): (HZE2> 'OMW, AC {1,2,...,n} .

€A

Then the stalk ,/,[—F] is generated by

dl’i
{ } U {dxi}i¢A .
Li ) ieA

Therefore, F,, is generated by a differential meromorphic 1-form

dx;
w = Zai l"z + Zaidxi, a; € OMJ,
icA ' i¢A

such that w A dw = 0 and aq, as, ..., a, have no common factor.

Let F(M, E) be the space of holomorphic codimension one foliations adapted
to E. Given (F,E) € F(M,E) and a point p € M, the adapted order v,(F, E) is
(using the notation above)

vp(F, E) =min{v,(a;);i =1,2,...,n} .
The singular locus of (F, F) is given by
Sing (F, E) = {p € M; v,(F,E) > 1}

It is a closed analytic subset of X and since /[—FE]/F has no torsion, it has codi-
mension > 2.



If E =, we recover the usual notion of holomorphic codimension one foliation.
Furthermore, there is a bijection

hol : F(M, E) — F(M,0)
defined by the following property:

If (G, 0) = hol(F, E), then g’M = ]-"‘

M—-E

This implies that if F, is generated by the 1-form w above, then G, is generated by

Q= (H xl> w,
i€ A*

where A* = {i € A;z; does not divide a;}. Note that x; = 0 where i € A* are
precisely the components of E that are separatrices.

Now fix (G,0) € F(M,0) and a point p € M. Assume G, is generated by the
1-form Q above. We have already defined what is a separatrix (resp. formal separa-
trix) of (G,0). An invariant analytic space of (G, () is an irreducible closed analytic
space K C M such that Q‘ = 0 at nonsingular points of K. In this case, we’ll say

K
that K is tnvariant by G. If H C M is an analytic hypersurface which is invariant for
G, then it defines, at each point p € H, a separatrix of G. Conversely, an irreducible
hypersurface H C M is invariant for G if and only if it defines a separatrix at each
point p € H.

Let (F,E) C F(M, FE) and fix and irreducible component D of E. We say F is
a nondicritical component of E for (F, E) if and only if D is invariant for hol(F, E).
Otherwise we say that F is a dicritical component of E for (F, E). Therefore, using
the notation above, we have that

A* = {z € A; (z; = 0) is a nondicritical component for (F, E)} .

Let Y C M be a nonsingular analytic subspace of M. We say that Y has
normal crossings with E if the following holds: at each point p € Y there are local
coordinates z1,xs, ..., x, and sets A, B C {1,2,...,n} such that

E- (H:{;i:()) andY:ﬂ{xi:O; z‘eB}

1€A
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locally at p. Assume Y and E have normal crossings and let 7 : M’ — M be a blow-
up centered at Y. Call E' = 7= }(FUY) (with reduced structure); then £/ C M’ is a
normal crossings divisor on M’. Now, if (F, E) € F(M, E) and hol(F, E) = (G,0),
there exist unique (F', E') € F(M',E') and (G',0) € F(M',0) such that

=g

F' = }"’ and G’
) M-Y M/ —x=1(Y) M-y

M/ —m—1

under the isomorphism 7 : M’ — 77 (Y) — M — Y. Furthermore hol(F', E') =
(G',0). In this situation, we say (F', E') is the adapted strict transform of (F, E)
by m and that (G',0) is the strict transform of (G,0) by =. We denote 7*F = F’,
™G =g

We will go into more detail about the properties of blow-up morphisms in the
next section.

In this work, we will consider holomorphic codimension one foliations of (C3,0) =
M. At some points, however, we will regard the restriction of these foliations to a
non-invariant transversal two-dimensional section, which results in a codimension
one foliation of C2. Thus in this chapter we also recall some concepts, definitions
and results concerning foliations in dimension two.

1.2 Blow-up morphisms

Let M be a complex manifold, dim M = n. In this section, we recall the definition
of the blow-up of a point p € M, and the definition of the blow-up of a smooth an-
alytic subset S C M that has normal crossings with M and such that codim S > 2.
We focus our attention in the local equations. We refer to the vast literature for the
universal property of the blow-up, the properness and other intrinsic properties of
these morphisms.

Counsider the set

Y= {(x,X) e C" x Pl xeX} .

Let’s write © = (1, 29,...,2,) €C", X =[X; : Xo: - : X, ] € P Sor € X
means that [z] = [(21, 22, ..., 2,)] € P! is precisely
X = [Xl ZXQ N Xn] = [(Xl,XQ,...,Xn)] .



Since (x1,Ta,...,2,) ~ (X1, Xo,...,X,,) if and only if there exists a A\ € C* such
that (1, 22,...,2,) = AM(X1, Xa, ..., X,,), we get that, whenever z;, X; # 0,

Ty T2 _ Tn A
X, X, X, 7
So whenever z;, X, # 0, the equations
D, G
€y - Xj ! 7é J

define the set ¥ € C* x P*~!. We regard ¥ with the induced topology of C"* x P*~1,

Consider the first projection
T )y - Cn
(2, X) —» =z

Suppose = = (21, g, ...,2,) € C* x # 0: there exists a i € {1,2,...,n} such that
z; # 0. Therefore [x] € P"! is well defined, and we may put 7—'(z) = (z,[z]) € >_.
So apart from the choice of representant of the class [x], 7 is injective. Naturally, 7

is surjective. Therefore
7% —710) = C"— {0}

is a isomorphism. We have that 7='(0) = (0,[a; : ag : --- : @,)) such that 0 €
May, ag, ..., ay); thus

71(0) = {0} x Pt ~ Pt

The map 7 is called the blow-up of the origin of C", the set 771(0) is called
the exceptional divisor and the set ¥ U 771(0) is the new ambient space, also of
dimension n.

Now we would like to write the map 7 in local charts. Let
H; = {[alzagz---:an] cep aj%()} :
Note that H; ~ C"'. We put
%= SN(C" x Hy) = { (@, X); X; 40}

Finally, we define
CI)]' : Ej — C»




The map mo @;1 will give the expression of 7 in the local chart ¥;. For instance,
in the case n = 2, we have

(I)l El — (C2
((21,22), X1 X)) > (21,92)
and
Dy Y — C2?
(($1,$2)7 [X1 : X2D — (%,xg)
So (1)1_1 .2 (0,9} — 2,
(a,b) — <(a,ab), 1 b])
" ¢t C—{(z,0)} — b
(a,b) o ((ab, b),[a: 1])
Hence

7o ®((a,b)) = (a,ab) is the first local chart
7o ®,'((a,b)) = (ab,b) is the second local chart .
If n = 3, we have
D P — C?
(21,29, 23), [ X7 : Xo: X3]) +— <:1c1, %, %) ’

b, : P — C3
(21,29, 23), [ X1 : Xo: X3]) +— (%,xm %) ’
P Y3 — C3
(21,29, 23), [ X7 : Xo: X3]) +— (%, %,x;;)
S0
o C—{0,y,2)} — 2
(a,b,c) > <(a, ab,ac),[1:b: c]) ’
o, CP—{(2,0,2)} — DI
(a,b,c) — ((ab, b,be),la:1: c]) ’
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(I)i’:l . C3—{(x,y,0)} — Y3
(a,b,c) > ((ac, be,c),a:b: 1])
Therefore
mo®*((a,b,¢c)) = (a,ab,ac) is the first local chart ,

7o ®,((a,b,c)) = (ab,b,be) is the second local chart |
7o ®;'((a,b,c)) = (ac,be, c) is the third local chart .

So in dimension n, we will have
q);l: C"—{z; =0} — %
(l‘l,...,l’n) —> ((Jfll'j,l’QZEj,...7ZL'j_1ZL’j,[Ej,ZL'j+1[Ej,...7ZEnCL’j)7
[ rxjq 1::vj+1:-~~::1;n]>
and therefore
o (I)Jl((xl, ce X)) = (T1X4, BT, o T jo 1T, Ty T 1Ty - oy TnT)

is the j-th local chart of the blow-up of the origin 0 € C".

Now we wish to perform the blow-up of an analytic subset S C M that has
normal crossings with M and such that codim S > 2. For each point p € S, we can
find local coordinates at p such that

S = H%‘:O where A, C {1,2,...,n} .

i€A,
To make the notation easier, we will write
S = <$1:a:1:---:$k:0>, k<n-—2.

The only coordinates we will modify will be x1,xs, -, z; the others will be kept
as they are. Naturally, when we perform the blow-up of the origin, we modify all
coordinates given that

For 7 =1,2,... k, we will once again consider the sets
Zj:Eﬁ(C"xHj):{((ml,...,xn),[Xl:---:Xn]); Xﬁéo}.
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Now we will define the maps

\I/j : Zj — C»

(, X) +— (ig—;,%,...,Xgl,xj,X%jl,...,ff—:,xk+1,...,xn>
So
\Ifj_ll Cn—{x]:()} — Ej
(X1, ., Tn) <(x1xj,...,xj_lacj,xj,xj+1xj,...,xkxj,xk+1,...,xn),
[xl:---:xj,l:lz:zcjﬂz---:xk:x’;—jl:...:%])
and
To \I/j_l((xl, ce X)) = (T1X, e BT, X 1Ty e DL, Tty - - -y L)

is the j-th local chart of the blow-up of S € C". For each point p € S, we have that
o \Ifj_l(p) ~ Pk

For example, suppose we want to blow-up the z-axis of C*, Z = {z = y = 0}.
We will consider the maps

‘Ijli El — CS
(('/L‘17x27$3)7[X1 :X2 :X3]) — (I’l,%,l‘g)

and
U, : Yo — C3
(21,3, 3), [X1: Xo 3 Xg]) > (32,22,23)
Therefore
Uity C-{(0,y,2)} — %
(a,b,c) — <(a,ab, c),[1:b: 5])
and

Ut C—{(z,0,2)} — X,
(a,b,c) > <(ab, b,c),la:1: g]) ’
thus we have
T oW ((a,b,c)) = (a,ab,c) is the first local chart
7o ®, ' ((a,b,c)) = (ab, b, c) is the second local chart .
Note that for each point p € Z, 77! (p) = P'. So 7 1(Z) ~ Z x PL.

13
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Figure 1: Explosion of the origin of R?

For example, if 7 : M' — M = (R?,0) is the blow up of the origin in R? we have
that
mo ¢y (x,y) = (¢, 2'y')

", 1"

mo ¢y (z,y) = («"y",y") .

1
. . . / -1 ~ 1
Hence the change of coordinate is given by 3’ — o and 7—1(0) ~ P'.

1.3 Simple singularities in dimension two

Throughout this section, M will denote a complex manifold of dimension two. Let
F be a holomorphic codimension one foliation of M, and let p € M be a singular
point of F. Given local coordinates x,y at p, let w = a(z,y)dx + b(z,y)dy be a
generator of F.

Definition 1 We say that p is a simple singularity of F if the jacobian matrix

5 -5 )

Jp(w; z, y) =

%(p) g—z (p)

has two eigenvalues, (A, p) # (0,0), such that if A # 0 then N\/p ¢ Qso. We say
that the origin is a saddle-node singularity if \u = 0; in the case A\ # 0, we say
the origin is a complex hyperbolic singularity.

14



This definition depends neither on the choice of generator w nor on the choice of
local coordinates. Thus we can rewrite the local generator of F as

w = (Azdy — pydx) + wy,
where the coefficients of w; have order > 2.

Remark 1 There are exactly two formal invariant curves at the origin, I'; and I'y,
tangent to L, = To(xr = 0) and L, = Tp(y = 0) respectively. The directions L, and
L, are called the proper directions of the singular point 0 € C?. If y # 0 then L, is a
strong proper direction, and it is weak otherwise; the same for L,. Briot-Bouquet’s
Theorem asserts that if L, is strong, then I', is convergent.

This discussion is resumed in the following lemma, whose proof we omit (it may
be found in [6]):

Proposition 1 Through a simple singularity pass exactly two formal curves, at least
one of them convergent.

One very important characteristic of the simple singularities is that they are
stable under blow-up.

Proposition 2 Let m : My — My = M be the blow-up morphism centered at p.
Suppose that p is a simple singularity of F such that the quotients of the eigenvalues
are {a, 1/a}. Let Fy be the strict transform of F. Then

1. the exceptional divisor E = w=*(p) is invariant by F;

2. the foliation Fi has exactly two singular points, p1,ps in E, and the quotients
of the eigenvalues are, respectively,

1 o l—«
a—1,——», , .
a—1 1l—« o

In particular, the points py, ps are simple singularities of Fi.

In [16], J-F. Mattei and D. Marin give the following definition:

Definition 2 Let F be a codimension one foliation of M, dim M = 2. A point p €
Sing F is a nodal singularity if the 1-form that generates F locally at p is given by

wp = (My+--)dr + (Aex + -+ )dy
with )\1)\2 % 0 and )\1/)\2 € R<0 \ @<0.
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Remark 2 The topological characterization of a nodal singularity is the existence
of a saturated closed set whose complement is disconnected and such that each
connected component is a neighborhood of one of the two separatrices (without the
origin). That is to say, this saturated closed set acts like a separator of leaves of the
foliation near the separatrices at the point. Suppose I'y = (z =0), 'y, = (y = 0)
are the two separatrices at p. So if A C M is a one-dimensional section transversal
to I'y at a regular point ¢ and not invariant by the foliation (say, for instance, that
A = {1} x D), we have that Satz(A) is not a neighborhood of the nodal point p.
This phenomenon is not seen in the complex hyperbolic singularities which are not
nodal: at those points, if A is like before, then Satz(A) is in fact a neighborhood
of the singular point. We will study this situation in detail in Chapter 4.

1.4 Reduction of singularities in dimension two

This section is devoted to recalling, without much detail, the proof of a very known
and important result due to Seidenberg [24], which can be stated as follows:

Theorem 2 Let F be a codimension one singular foliation of M, dim M = 2.
There exists a morphism 7w : M — My = M, composition of finitely many blow-ups
centered at points, such that every singularity of T F is simple.

The proof of Theorem 2 is split in two parts: first we perform finitely many
blow-ups centered at points in order to obtain pre-simple singularities; second, we
make the passage from pre-simple singularities to simple ones, also by performing
finitely many blow-ups.

Definition 3 Let F be a codimension one foliation of M and let p € M be a singular
point of F. We will say p is a pre-simple singularity if, given local coordinates x,y
at p such that F is generated by the 1-form w = a(x,y)dx + b(z,y)dy, the matrix

b ob
—a—x(p) —8—y(p)

Jp(w;x,y) = 9 P
a—z(p) a—Z(p)

18 non-nilpotent.

Though we have fixed the local coordinates at the singular point this definition
does not depend on them, nor on the choice of the local generator w. As a conse-
quence of the definition, we have that p is a pre-simple singularity if the linear part
of the vector field

16



0 0

has one nonzero eigenvalue. Like the simple singularities, the pre-simple singularities
are also stable under blow-up. Let p € M be a pre-simple point of F which is not
a simple singularity. Then the vector field X locally at p has one of the following

types:

0
1. X =mr— +ny

o '>m7n€Z>0;

0 0
2. X =x— — 4
xax+(y+x)ay+

We will now exhibit a series of arguments which will lead to the proof of Theorem
2, but beforehand, let’s fix some notation.

Remark 3 - Notation Let F be a codimension one foliation of M. We will
repeatedly work with a sequence

M= My <=My <72 ... N M, - (1)
composition of blow-ups morphisms such that:
— the center of m; is a singular point of F, p € M = My;
— the center of 7, is a point ps_1 € M,_1,5 > 2;
— DS =7 Yps_1) = PL;
— Ds is the strict transform by 7, of D71 i < s;
— EP=DjuUD;U---UD;_;UD: is the exceptional divisor;

- F=mF, ... Fs=mFs_1,1 > 2, where 7/ F;_1 denotes the trans-
form of F;_1 by m;.

Note that each D; is isomorphic to P! and that at each stage, the exceptional
divisor £* has normal crossings with M,. We will fix E° ¢ M = M,, the first
divisor, to be the empty set. If I'y_; C M,_; is a curve, then I'y will denote its strict
transform by 7.

The first result concerning we would like to exhibit is the following:

17



Lemma 3 Let F be a codimension one foliation of M, p a singular point of F, and
let T be a formal nonsingular curve passing through p. Consider a sequence like (1)
such that p; = T'; N ﬂ[l(pi,l). If p; is a singular point of F; for every i € N, then I’
is an invariant curve of F.

Proof: Assume that I' = (y = 0) locally at p. We wish to show that I'; is invariant
by F7 and therefore I' will be invariant by F.

Take local coordinates 2,y at p; given by 2’ = x,y = y/x. Note that I'y =
" = (). The exceptional divisor E' is given at p; by 2’ = 0. Even if 2’ = 0 is
(y p g p1 by
dicritical, we write a generator of (Fy, E') as

a;,/
w1 =ai(@y)— +baa’y)dy’
where a1, b; have no common factor. The fact that p; is singular implies that

Vp, (@) > 1.

We perform the second blow-up and we obtain

"

(.UQ — GQ(SE”? y//) + bz(q;//y//)dy//

I”
where 2" = 2’ = x,y" = y//2' and, putting v, = min {v,, (a1), v, (by) + 1},

1 - /"
ag=|—| a+ybh
x

1 vo—1
b2 == |i—:| b1 .

:U//

Note that v > 1. We repeat the argument. Note that ¢y = 0 is invariant by F; if
and only if we have a; = y'a;. Suppose, by absurd, that we have the contrary; thus
we can write

a1 = 2™y (z) + y'ar, ui(0) #0 .

as = 2™ uy(x) + 4" as, uz(0) #0 .

The computations above show that my = m; — 15, < my, but this cannot occur
indefinitely and we arrive to a contradiction.

OJ
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Remark 4 The result is also valid if I' is a singular curve.

Given a point p € M and a divisor with normal crossings £ C M, we will denote
e,(E) as the number of components of E passing through p. Given a foliation F and
a normal crossings divisor F, we denote Fj,,, respectively Fy;., the normal crossings
union of the invariant components of E by F, respectively dicritical components of
E by F.

Now we recall the definition of the Milnor number of a foliation at a point p € M.
Let F be a codimension one foliation in M such that, given local coordinates x,y
at p, F is generated by the 1-form

w = a(z,y)dr + b(z,y)dy .

The Milnor number of F at p, p,(F), is the intersection multiplicity of the curves
{a =0} and {b =0} at p,
pp(F) = ip(a,b) .

Suppose 7 : M; — M is a blow-up centered at p, and put E' = 77 (p).
Noether’s formula combines the multiplicity of intersection before and after m:

ip(a,b) = vy(a) - vp(b) + Z iy (d',b)

p'€Eq

where v,(a), v,(b) are the orders of a,b at p and (we are considering the first local
chart, z = o',y = 2'v/)

1
x'vp(a)

1
Vz',y) = Wb(a:’,x'y') :

a/(x/’y/> — a(xl7$/y/)

We use Noether’s formula to achieve the next result, whose proof we will omit
but may be found in several places, such as in [6].

Lemma 4 Suppose 7 : My — M is a blow-up centered at p, Ey =y (p). If m be
the minimum of the multiplicities of a,b, then

1L pup(F)y=m*—(m+1)+ Y py(F1) if m1 is nondicritical ;

p'EE

2. pp(F)=(m~+1*=(m+2)+ > py(F1) if m is dicritical.

p'€E
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Let us start the proof of Theorem 2. In order to do that, let’s assume it is false;
thus we can find an infinite sequence of blow-ups

S: My <=M, <= ...
as in Remark 3 with the following conditions:
1. The center p;_; of 7; is not a simple point of F;_1;
2. Bach p; € 7 (pi1) -

Let us show that & cannot exist.

Let I, = puqo(F;) — eq(EL,,); we wish to see the behavior of I, under blow-ups.

muv
Due to Lemma 4, if m > 2 and ;1 is the blow-up centered at p;, dicritical or not,

we have that

Z Np’(]:iH) < ,Upi(]:i) .

i+1
pleDzl'-E

Thus for every point p' € Dy, py (Fip1) < pp;(Fi) and Iy < I,;; that is to say, if
m > 2, I, decreases with each blow-up. So let’s see what happens when m = 1.
Lemma 5 In the situation above,
— if m =1 and m;y, 1s dicritical, then p; is pre-simple;
— ifm=1, e, (E") =2, then p; is pre-simple;
— if p; is not pre-simple, then I,, > I, ¥V p' € D;ﬂ Furthermore, we
have a strict inequality if w11 is dicritical.

Proof: For the first assertion, consider the dicritical divisor D{fj: there exist two

distinct points in Dfﬂ and two smooth curves, I'y and T'y, invariant by F;,;; and

transversal to D;ﬁ at these points. Take local coordinates x,y at p; such that

mir1(F UTy) = (zy = 0). Then F; is generated by the 1-form
w = ya(x,y)dr + xb(x, y)dy .

Since m = 1, either a(p;) # 0 or b(p;) # 0; suppose a(p;) # 0. Then we can divide w
by a and obtain another generator for F;, w* = ydz + xb*(x, y)dy. Thus the matrix

" *x %k
in(wl;x,y) - ( 0 1 )
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has at least one nonzero eigenvalue, and p; is pre-simple.

Now for the second assertion: there are two invariant components of E’ passing
through p;, thus w = ya(z,y)dx + zb(z,y)dy is a local generator of F; at p;; we
repeat the argument above.

For the last assertion, we need only consider the case where m =1, e,,(E*) = 1
and ;41 is nondicritical. The points in Dfii either have e,y (E“') = 1 or 2. Consider
a point ¢ € DI such that e,(E"!) = 1. There exists another point ¢’ € D}f] such
that ey (E'*!) = 2 (for example, ¢ = D' N D}). Then

o (Fi) = =1+ > py(Fir) = =1+ pg(Firr) + i (Fisr) > prg(Fisr)

i+1
p'eD)

which implies I,,, > I, since e,, (E") = e,(E"*!) = 1. Now, for the points that, like ¢,
have eq(E™) = 2, note that p,, (F;) > —1+ uy(Fit1), therefore I, = p,, (Fi) —1 >
pe (Fiv1) —2 =1y

U

Corollary 3 Given any sequence S as in Remark 3, there exists an index k such
that py is pre-simple.

Proof: Suppose, by absurd, that there exists a sequence S as in Remark 3 such
that p; is not pre-simple for every ¢ € N. If there exists an index s € N such that ;
is dicritical for ¢ > s, then I, decreases infinitely, which is not possible. Therefore
we may assume that, apart from finitely many indices, 7; is nondicritical. Then I,
must stabilize; thus except for finitely many indices, we may assume I, = I, for
all 7. Due to Lemma 5, this implies that for all ¢, e,,(E*) = 1 and m = 1. Then the
points p; are the points of intersection of the strict transform (at each stage M;) of
a nonsingular formal curve I' C M (the construction of I' is similar to the argument
used in the proof of Proposition 1). By Lemma 3, T" is invariant by F and since the
blow-ups 7; are nondicritical, it follows that the p; are pre-simple singularities. We
arrive to an absurd and we are done.

O

This concludes the first part of the proof of Theorem 2, which is to get pre-simple
singularities. Now we move on to the passage from pre-simple to simple.

Proposition 6 Letp € M be a pre-simple singularity of F. There exits a morphism
m = My — M = M,, composition of finitely many blow-ups centered at points, such
that all the singularities of ™*F = Fn are simple.
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Proof: Put

m+n if @ = 7 is an irreducible fraction, m,n € Z-

9

}%dfm%:{

where « is the quotient of the eigenvalues of the matrix J,(w;z,y). So a singularity
q is simple if and only if Res(F,q) = 0. The argument is that, after blowing-up a
pre-simple singularity, if singularities which are not yet simple (and they must be
pre-simple, due to the stability property) appear, then the residue strictly decreases.
Since it cannot decrease infinitely, after finitely many blow-ups the residue of the
singularities in the last divisor will be zero.

If p is a pre-simple but not simple singularity, after a linear change of coordinates
the matrix J,(w; z, y) has one of the following forms:

ijam:(é$>;
2. JD(0,0):((l) i) :

3. JD(O,O):("S 2) .

The first case corresponds to m; being a dicritical blow-up; in the divisor D} =
771 (p) there are no singularities, and the result follows.

In the second case, we will find only one singular point of F;, p’ € D}, which is
the origin of the first local chart x = x’,y = 2’y/. We have that

A N 10
Jp’(w7xay>_(* O) 5

and p’ is, therefore, a simple singularity. The origin of the second local chart

x =2"y" y =" is not a singularity of F;.

Finally, in the third case, we will find two singularities on D}, the origins of the
local charts; call them pg and p.. The eigenvalues of the jacobian matrix of py are
m,n —m, whereas the eigenvalues of the jacobian matrix of p, are n,m —n. So we
have that

Res(}",p) :m+n>n:m+n—m:Res(]‘—1,Po)>
Res(]—‘7p):m+n>m:n+m—n:Res(]:1,Poo)-
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1.5 Camacho-Sad’s theorem

In [3], C. Camacho and P. Sad proved that every holomorphic foliation F of (C?,0)
admits an invariant analytic curve. If, during the reduction of singularities of F, one
component of the exceptional divisor happens to be dicritical, then each leaf of the
final transform of F which intersects this component is projected onto an analytic
curve; hence, in this case, F indeed admits infinitely many invariant analytic curves.
In this section we will exhibit a method, due to J. Cano (see [9]), for constructing
invariant analytic curves in the case of nondicritical foliations.

Let F be a foliation of (C?/0) and let I’ be an invariant curve which is not
singular. Given local coordinates z, y at the origin, we may assume that I' = {y = 0}
and that F is generated by the 1-form

w = ya(z, y)dr + bz, y)dy, a(x,y),b(z,y) € C{z,y} .
The index [(F,T;0) of F relative to I' at 0 € C? is defined by

a(x,0)
b(z,0)

I(F,T;0) = residue at 0 € C* of —

That is to say, if
a(z,0) i -1
br.0) Zcix e C{z}[z7],
then I(F,T;0) = ¢_1. The index does not depend on the choice of coordinates nor
on the choice of the generator w of F.

We are interested in the behavior of the index under blow-ups, and also on
calculating directly the index at simple singularities. The proof of the following
result is based on the classical Residue Theorem of one complex variable. For further
details see [6].

Proposition 7 Let 7 : M’ — My = (C%0) be a blow-up centered at the origin,
E =7710) C M’ be the exceptional divisor, F' = 7*F be the strict transform of F
and I be the strict transform of I'. Suppose m is not dicritical. Then

o Z I(F,E;p)=-1

p'er

o [(F,T";¢)=I(F,T;0) — 1 where ¢ =T"NE.
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Now let’s suppose 0 € C? is a simple singularity of the foliation F. We recall
(Remark 1) that there are two formal invariant curves at the origin, I', and Ty,
which are tangent to L, = Ty(z = 0) and L, = Ty(y = 0) respectively. If p # 0 then
L, is a strong proper direction, and it is weak otherwise; the same for L,. If L, is
strong, then I', is convergent.

Lemma 8 In the situation above, we have that
o if L, is a weak direction, then I(F,I';;0) = 0;
o if \u#0, then I(F,I;;0)-I(F,[;0)=1.

Proof: Firstly let’s suppose L, is a weak direction; thus y = 0 and the origin
is a saddle-node singularity. Thus L, is necessarily strong, and therefore I'y is
convergent. Choosing local coordinates z,y, we may write 'y = (y = 0) and F is
generated by the 1-form

w = ya(z,y)dr + b(z,y)dy
where @(0,0) = 0 and b(z,0) = zu(x),u(0) # 0. Thus we can write

a(r,y) = Z az’jxil/j = a10T + ao1y + agr’ + anxy + agy’ + - -

i+i>1
b(x,y) = zu(z) +y(---) .
So
—a(2,0) _ —(a107 +anr® + - +apr* +--)  a  x "
) - @ =T uwm S

and therefore I(F,I';;0) = 0. That is to say, the index of the “strong” curve of a
saddle-node singularity is zero.

Now suppose A # 0: then the origin is a complex hyperbolic singularity and
both directions L,, L, are strong, hence both curves I'; and I'; are convergent. Thus
we may assume that I'; = (z = 0), 'y = (y = 0) and we can write w as follows:

w=y(=p +ai(z,y))de + z(A +bi(z,))dy
where a;(0,0) = b,(0,0) = 0. Writing

ay(r,y) = Z az‘jxiyj = a10T + ag1y + agr® + an Ty + agy’® + -
i+j>1

24



bi(z,y) = Z bz‘ﬂ?iyj = b10Z + b1y + baox® + by + boay® + -+,
i+5>1

we have that

—<—M+CL1(LL’, 0)) n— (a10x+a20x2+--~+akoxk+'--)

l’<)\ + b1<x, 0)) N Ar + Qi(blol’ + 620372 + -+ bko&?k + - )

and therefore I(F,I'y;0) = c_y = p/X. On the other hand we have that

—(A+6:(0,9)) A (bory + boay® + - + bory™ + - - +)
y(—pu+ai1(0,y)  py—ylany + apy? + - + apy® + - -+

and therefore I(F,I';;0) = ¢c_; = A\/pu, and the second assertion follows.
0

We are especially interested in calculating the index of a foliation at a nodal
singularity. Suppose that 0 € C? is a nodal point of F. Thus choosing local
coordinates z,y, the local generator w can be written as follows (Definition 2):

wp = Mydz + Xaxdy

where A\jAs # 0 and A\;/As € Rg\ Q. Thus I(F,T';;0) = —Xy/A; € Ry and
I(F,Ty;0) = =A\i/X2 € Rep.

Remark 5 Let F be a foliation on M = (C? 0) and assume that the blow-up 7 :
M, — My = (C2,0) is not dicritical. If there is a nodal singularity p € 7;1(0) = E!
of Fy = m}F, there exists another singular point g # p, ¢ € E', such that ¢ is not a
nodal singularity of . Indeed, we have just seen that I(F;, E';p) € R.g; since

> I(FLESp)=-1,

p/eEl

there must exist a point ¢ € E' such that I(F;, E'; q) ¢ R-o. Hence ¢ is not a nodal
singularity of Fj.

Now we will exhibit the algorithm for constructing invariant curves of a foliation
F of (C?,0). As we have remarked before, we will suppose that F is not dicritical,
otherwise we would find infinitely many invariant curves.

Definition 4 (J. Cano) Let F be a foliation over an analytic manifold M of dimen-
siton two; consider a normal crossings divisor E C M without dicritical components
of F. We will say the pair (F, E) satisfies property (x) at a point p € M if one of
the following properties is satisfied:
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(%) — 1 The point p belongs to only one irreducible component of E (that is to say,
ep(E) =1) and
[(f7E7p) ¢ QEO .

(x) — 2 The point p belongs to two irreducible components Dy, Dy of E (that is to
say, e,(E) = 2) and there ezists a real number a > 0 such that

I(quhp) € nga )
I(‘F7 D27p) ¢ @Z—l/a .

Theorem 4 Suppose (F, E) satisfies property (x) at the pointp € M. Letw : M' —
M be the blow-up centered at p and suppose m is not dicritical. Let F' = 7*F,
D =7"Yp), E' = DUr Y(F). Then there exists a point p' € D such that (F', E')
satisfies property () at p'.

Proof: (see [9]). Suppose, by absurd, that the assertion is false. Firstly let’s consider
the case e,(E) = 1: let D; be the irreducible component of £ which contains p and
D} be its transform by 7. Since the pair (F, E) satisfies property (x) at p, we have
that I(F, E;p) ¢ Qso. Let ¢ = D N Dj. Then for every point p' € D, p' # ¢, we
have that e, (E') = 1 and, since (F', E) does not satisfy property () at p’, we have
that I(F', D;p’) € Q. Due to Proposition 7 it follows that

I(F',D;q) = =1—=Y I(F,D;p) € Qe .

P'#q
However, since (F', E) does not satisfy property (%) at g, it follows that
I(F',Di;q) € Qs_; (take a =1) .
But also due to Proposition 7 we have that
I(F,E;p)=I1(F',Di;q) +1€ Qo ,
which is an absurd and we are done.

Now suppose e,(E) = 2: p € DiN Dy, Dy, Dy C E. So there exists a real number
a > 0 such that

I(-F’Dl?p) < QS*CL )
](fa D27p> ¢ Qz—l/a .
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Let D}, D) be the transforms of Dy, D respectively and let g1 = DiND, ¢ = DyND.
So, like in the other case, for every p’ € D, p’ # q1, ¢ we have by hypothesis that
I(F',D;p') € Qs. Therefore

I(F', Diq) + I(F, Digs) = =1 — > I(F,D;p) € Qe s .

P'#q1,92

However, we have that
I(FlaD/UQI) = ](]:7 Dlyp) —le Q—(a+1) )
since (F', E') does not satisfy property (x) at ¢, it follows that

I(F',D;q1) € Qs_1/(at1) -

This implies that
I(f/7D;Q2) = (I(f/aD; Ch) +I(f/7DQQQ)) - I(f/aD; 611) € @g—a/(aﬂ) .

But since (F', E’) does not satisfy property (x) at ¢o, it follows that
I(F', Dy; q2) € Q_(a41)/a -
However, this implies that
I(F, Dy;p) = I(F', Dy; q2) + 1 € Qs _1/4

which is an absurd and we are done.
O

Note that if p € E is a simple singularity of F such that e,(E;,,) = 2, then (F, E)
does not satisfy property (x) at p. Indeed, suppose p = Dy N Dy where Dy, Dy are
irreducible components of E invariant by F. Then if I(F,Dy;p) - I(F, Dy;p) =
0 (that is to say, p is a saddle-node singularity), clearly (F, E) does not satisfy
property (x) — 2 at p. In the case I(F, Dy;p) - [(F, Do;p) = 1, then p is a complex
hyperbolic singularity and I(F, Dy;p) = p/A, I(F,Ds;p) = A/p (Lemma 8). So
if I(F,Dy;p) € Q<_q then I(F, Dy;p) € Q>_1/, and once again (F, E) does not
satisfy property (x) —2 at p. Hence if p is a simple singularity of F such that (F, E)
satisfies property (x) at p then e,(E;,,) = 1. In this case we have

I(F,E;p) #0.
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Assume we can choose local coordinates z,y at p such that p = (z,y) = (0,0) and
E = (y =0). By Lemma 8, I(F, E;p) # 0 implies that L, = (z = 0) is not a weak
direction; that is to say, L, is a strong direction and therefore the formal curve I,
at p (which exists because p is a simple singularity) is convergent. Thus we may
write I', = (x = 0).

Now suppose we have a nondicritical foliation F of (C?,0); we wish to construct
an analytic curve I'" which is invariant for F. Let m : M; — My = (C%,0) be the
blow-up of the origin, F; = 7*F, E = 7r; '(0). Since

> I(Fy,Eip)=—1,

peEE

there exists a point p; € E such that (F, E) satisfies property (x) at p;. Note that
(F, E) in fact satisfies property (x) — 1, since e,, (E) = 1. If p; is simple, we have
just seen that there exists a convergent analytic curve I'y transversal to F and in-
variant for F; thus I' = m;(I'1) and we are done. If p; is not simple, we blow-up p;.
By the theorem of reduction of singularities in dimension two (Theorem 2), after
a finite number of blow-ups we will find a point p;, which is simple and such that
(Fk, Ey) satisfies property (x) at py. Most importantly, as remarked above, we must
have e,, (Ey) = 1; thus we find an analytic curve I'y which is invariant for F, and is
projected onto an analytic curve I' invariant for F.

In [21] the authors give a proof of a stronger version of Camacho-Sad’s theorem.

1.6 Dimensional type

Let F be a germ of singular holomorphic foliation of codimension one on (C",0).

Definition 5 We say that F has dimensional type < n — k at the origin if there
are k germs of nonsingular vector fields &,&s, ..., & tangent to F such that

£1(0),£2(0), .- -, &(0)

are C-linearly independent tangent vectors. In this case there is a submersion
¢:(C"0) = (C"*,0)

and a codimension one foliation G on (C"=* 0) such that F = ¢*G.
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In other words, there are local coordinates x1,xs,...,x, at the origin 0 € C"
such that F is generated by the integrable 1-form

B

e
W= a;(x1, 9, ..., xx)dx; .

=1

We say that 7 is the dimensional type of F if 7 = n — k where k is the maximum
possible with the above property.

Due to Frobenius Theorem, we have that 7 = 1 if and only if F is nonsingular.
We remark that the dimensional type of F has been defined as the largest number
of variables needed to generate F locally at the origin; we could also say, for short,
that 7 is the dimensional type of the origin. Moreover, for every point p near it, the
dimensional type of p (or equivalently, of F at p) is smaller or equal to the dimen-
sional type of the origin 0 € C". Hence we may interchangeably say “dimensional
type of a point” to mean “dimensional type of the foliation at the point”. The di-
mensional type of the foliation is simply the largest number found when computing
the dimensional type of each point individually.

For instance, if n = 2, then every singular foliation F has dimensional type two.
If n = 3, a singular foliation F of (C3,0) has dimensional type two if there are local
coordinates x,y, z at the origin such that F is generated by a 1-form

w = a(z,y)dr + b(z,y)dy .

That is to say, F is a cylinder in (C3,0) over the foliation G of (C?,0) given by the
1-form
wg = a(x,y)dx + b(z,y)dy .

In this case, the z-axis Z = {z = y = 0} is contained in the singular locus of
F. Furthermore, for every two-dimensional section A, transversal to Z at a point
p = (0,0,p) we have that p is a singularity in dimension two of the induced two-
dimensional foliation F| A, Indeed, we have that F| A, = G for every p € Z. Note
that Z may be contained in one or two irreducible components of a normal crossings
divisor £ C (C?,0) which are invariant for the foliation F. That is to say, we also
include the possibility of existence of a normal crossings divisor E such that Z C F.
For instance, in the local coordinates z,y, z we may have F = {x = 0}, F = {y = 0}
or E = {xy = 0}. So F has dimensional type two, and every point of Z also has
dimensional type two.
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1.7 Simple singularities in dimension n > 2

Let F be a codimension one foliation in M = (C",0), n > 2 and £ C M a normal
crossings divisor. Let 7 be the dimensional type of the origin. If 7 = 1, as a

consequence of Frobenius Theorem, the origin is a regular point of F. So suppose
T > 2.

Definition 6 (CH-simple) We will say that the origin is a Complex Hyperbolic
Simple Point of F if there exist convergent local coordinates x1,xo, ..., x, such that
F is giwen by w = 0 where

T

w = Z()\Z + ai(xlnya e 7337))

i=1

with a;(0) =0 for alli =1,2,...,7 and > \im; # 0 if m # 0,m; € Z~y.

dl‘i

X

We will decompose the divisor £ C M as follows:
E = Einv U Edic

where Fj,, is the union of the irreducible components of E invariant by F and Ey;.
is the union of the components of E that are generically transversal to F (dicritical
components). The origin is CH-simple for the pair F, E (or “adapted to E”) if and

only if, in addition, the coordinates x1, xs, ..., x, may be chosen in such a way that
EC(HaJi:O>;EdiCC<H :):i:()); (2)
i=1 i=7+1

T—1 T
=1 =1

T—1

In the case that E;,, = (H T, = 0) we say that we have a trace CH-simple point.
i=1

In this case we find an invariant hypersurface H = (z, = 0) such that £ U H is a

.
normal crossings divisor. If Ej,, = (H x; = 0] we say that we have a CH-simple
i=1
corner.

Remark 6 The hypersurfaces (z; = 0), i« = 1,2,...,7 are the only invariant hy-
persurfaces at a CH-simple singularity. This can be viewed by performing a single
blow-up of the origin and considering a plane section. On the other hand, (z; = 0)
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are generically transversal to F for j = 7+1,7+2,...,n. Note also that the singular
locus is given by

Sing F = U (¢i=2;=0).

1<i<j<rt

All the singularities around a CH-simple point are also CH-simple. Note that
there are no saddle-nodes with 7 = 2 around a CH-simple singularity. There is a
more general definition of simple singularity (see [5], [4]) that allows the existence
of two-dimensional saddle-nodes. Although we are only interested in CH-simple
singularities, we include the general definition for the sake of completeness.

Definition 7 We say that the origin is a simple singularity if it has one of the
following types:

A There exist formal local coordinates &1, 2o, ...,%T, and a function
Q1 u= 2Ny - 2N with Z)‘imi #0ifm#0, m; € Zso
such that F is given by w = 0 where

. du
w=y'a, a=—.
U
That is to say,
" di
W = Ai .
2N
=1
B There exist formal local coordinates &1, %o, ..., %, and a function

— 4P14P2 k <
© : { v %}\2%33 xff\’ T with Z Am; #£ ifm#0, m; € Zg
v = 5132 3 "
i>k+1
such that F is given by w = 0 where

. _du dv B
w=y'a, a—?—i—z/)(u)j, »(0)=0.

That is to say,

di; D1 4D2 ~ Dk - di;
W= pii—‘f‘?ﬂ(%flfz ‘ wk)'z/\iA_-

i=1 ’ =2 ‘

Note also that H x; = 0 are the only invariant formal hyperplanes at a simple

singularity. As in the case CH-simple, we say that the singularity is adapted to E if
the formal coordinates may be chosen in such a way that we have (2) and we take
a similar definition for corner and trace points.
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1.8 Reduction of singularities in dimension three

The reduction of singularities in dimension two has been generalized in dimension
three by F. Cano and D. Cerveau in the nondicritical case in [5] and later in the
general case by F. Cano in [4]. The main result of [4] is the following

Theorem 5 Let X be a three-dimensional germ, around a compact analytic set,
of nonsingular complex analytic space. Let F be a holomorphic singular foliation
of codimension one and D be a normal crossings divisor on X. Then there is a
morphism 7 : X' — X composition of a finite sequence of blow-ups with nonsingular
centers such that:

(1) Each center is invariant by the strict transform of F and has normal crossings
with the total transform of D.

(2) The strict transform F' of F in X' has normal crossings with the total transform
D' of D and it has at most simple singularities adapted to D'.

Essentially, Theorem 5 asserts that given a holomorphic codimension one fo-
liation F of (C3,0) it is possible to find a morphism 7 : M’ — M = (C3,0),
composition of a finite number of blow-ups with adequate centers, such that every
point of F' = 7*F is simple as described in Section 1.7,

We will introduce the notation that will be used throughout the text. Note that
it is very similar to the notation given in Remark 3.

Remark 7 Let 71 = myomo---omy : My — My = (C3,0) be a morphism of
reduction of singularities of F,

((C3,O):MO<£M1 T2 N My (3)
For 1 < s < N, we will denote:

— 0y =T OMy0-++0Tyg
— Ps = Tg41 OTMg42 0+ 0NN

— Y,_ is the center of 7y

— Dy =m.1(Ysm1)

— Ds is the strict transform by 7, of D71 i < s

— E° = DjUD;U- - -UD? is the exceptional divisor in each step, E° C M,
- Fi=mF , ..., Fs=miFe1 , ..., Fn=ayFya=7"F.
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Figure 2: Example of arrangement of the irreducible components of the divisor.
D;, Dy, D; are invariant components, D; and D; are dicritical components and S is
a convergent separatrix.

As in the two-dimensional case, we denote by e,(E) the number of irreducible
components of the normal crossings divisor £ through p. We remark that in each
intermediate ambient space M,, the irreducible components of the divisor £E* and
Y, (the center of m1) have normal crossings. We may write £* = Ef U ES,. as
before. Theorem 5 assures that for every point p € My, we have that 1 < 7, < 3,
0 < e,(EY) < 3 and the following inequality holds:

T, —1<e,(EN)<T,.

mu

Hence if e,(E}Y

¢ w) = Tp — 1, pis a trace point; and it is a corner in the case
ep(Einy) = Tp-

muv

The set 0;1(0) C M, is a compact analytic subset that can be described as
follows. First, if s = 0, we have o '(0) = {0}. If s > 1, we have that o;'(0) C E*
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and
0, 1(0) = 7, H(0:44(0)) -

s

Moreover if Y,_; = {p} is a point, we have that p € o, ,(0) and thus D? C ¢7*(0).
If Y,_; is a curve, we have two possibilities:

a) Y, ; is a compact curve, Y, ; C 0,%,(0). In this case D} = 7;1(Y, ;) is a
compact divisor contained in o 1(0).

b) Y,_; is a germ of curve at a single point Y;_; N, % (0) = ¢. In this case 7;'(q)
is a compact curve contained in D? and D? is a germ of hypersurface around
771(q). In particular D? is a noncompact component of E*.

As we will see further, in this work we will never encounter possibility a).

1.9 The argument of Cano-Cerveau

In [5], F. Cano and D. Cerveau exhibit a method for constructing an invariant germ
of surface once you have a reduction of singularities as in Theorem 5 and Remark
7. It essentially says that, if there are no dicritical components in the exceptional
divisor EV C My, it is possible to continue each germ of invariant surface that rests
on a curve of the singular locus whose points are trace singularities of dimensional
type two and thus construct, by projection, an invariant germ of surface at the origin
0eC

The main result of [5] is the following

Theorem 6 (Existence of separatrices in dimension three) If F is a germ of holo-
morphic singular foliation of codimension one over (C3,0) given by w = 0 then one
of the following properties are satisfied:

(i) F has a germ of invariant surface.

(ii) There is an analytic mapping o : (C*,0) — (C3,0) such that o*w is not iden-
tically zero and the foliation given by o*w = 0 has infinitely many analytic
solutions through the origin.

We shall give here a brief description of Cano-Cerveau’s argument. Suppose F
does not fulfill (ii). Then after the reduction of singularities we do not encounter
dicritical irreducible components in EY C My that project onto the origin (compact
components). Consider the set
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Tr Sing Fy = U {Y; Y is an irreducible component of Sing Fy
which is generically contained in only one irre-
ducible component of EV}.

Thus Tr Sing Fy is a union of curves such that generically, every point of each
curve is a trace singularity of dimensional type two. Furthermore, it is clear that
each Y C Tr Sing Fy has normal crossings with EV and satisfies the following
properties:

—Y is not a singular curve;

— Either Y € 771(0) and in this case it is a global compact curve; or
Y N7~ 1(0) = py is one point and Y is a germ at py, in which case 7(Y")
is a germ of curve at the origin 0 € C3;

—IfY #Y’, then either Y NY’ =0 or Y NY' = pyy is a single point.

Let T be a connected component of Tr Sing Fy: ' =Y, UY, U ---UY; where
the generical point of each Y; is a trace singularity of dimensional type two, and the
intersection points ¥; MY} are trace singularities of dimensional type three. Then for
each point p € I there exists a formal separatrix S,; let us assume S, is convergent.
By analytic triviality we may continue in an analytic way S, to the points ¢ € I'
such that e, (E. ) < e,(EY ). The difficulty lies in continuing S, to the points ¢
where ey (E},) = 2, that is to say, to the points of I' which are trace singularities
with dimensional type three. Nevertheless, it can also be done. Therefore we can
“glue” the local separatrices 5, in order to obtain a closed hypersurface St which
gives, locally, a separatrix at each point of I'. Due to the fact that the reduction
of singularities (3) is a proper morphism, Sr is projected to a convergent germ of
separatrix S C (C3?,0) of the foliation F.

It remains to show that there is at least one connected component I' of Tr Sing
Fn that supports a convergent separatrix as above. Let A be a non-degenerate two-
dimensional section of F. Such a section exists due to the Transversality Theorem
of [19]. So F|a is a codimension one foliation in a two dimension ambient space
such that the origin 0 € A is an isolated singularity. Since it is the restriction of
a nondicritical foliation, F|a is also nondicritical in dimension two. By [3], there
exists at least one convergent separatrix vy of F|a. So 7 is a nonsingular invariant
curve of F that is not contained in Sing F. We have the following
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Figure 3: The argument of Cano-Cerveau

Lemma 9 [5] The strict transform of v under the reduction of singularities of F,
yN = T, is nonsingular, not contained in Sing Fn and transversal to EV at a
point p € EN such that e,(EY,) = 1.

With this lemma we conclude that the set Tr Sing Fy is not empty by showing
that the final transform of ~y intersects E”V at a point p which is a trace singularity of
dimensional type two; thus we find a curve contained in Tr Sing Fx passing through
it (see Figure 3).

The presence of a compact dicritical component can prevent the extension process
of constructing the separatrix S C (C?,0). For instance, in Jouanolou’s example
(see [12]), it is possible to construct a conic foliation F of (C? 0) such that after
a single blow-up centered at the origin we obtain only simple singularities, and
the exceptional divisor - which only has one compact component - is generically
transversal to the strict transform F’. Let G be a codimension one foliation of
(C%,0) with only simple singularities and which has no invariant curves. We may
build F so that the intersection of F' and the exceptional divisor is precisely the
foliation G. Since G has no invariant curves and F is a conic foliation of ((C3, 0), we
have that F has no invariant surfaces. The foliation F is given by the differential
1-form

w = (2My — 2" Ndx + (y"z — 2™ dy + 2"z —y™ Ndz, m > 2.
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Figure 4: Jouanolou’s example

This is the primary example of a holomorphic codimension one foliation in ambient
space with dimension higher than two that has no invariant hypersurfaces.

However, there are other situations in which Cano-Cerveau’s argument works
even if there are dicritical irreducible components in the exceptional divisor. For in-
stance, if Sing F has codimension two, in ambient space dimension three this means
that Sing F is a union of germs of curves at 0 € C3. If all dicritical irreducible
components generated during the reduction of singularities of F are projected onto
these germs of curves, Cano-Cerveau’s argument is still valid. That is to say, if the
dicritical components of the divisor are not compact, there is no risk of losing the
compactness of the prolongation of the local invariant surfaces S, when intersecting
with these components, since the intersection of S, and a dicritical component re-
sults in a germ of curve.

The argument is still valid when we have meromorphic first integrals in the
compact dicritical components (see [23]).

1.10 Generic equireduction

In this section we assume that the ambient space M has dimension three, although
most of the properties are also true in higher dimension. Thus we consider a complex
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analytic manifold M of dimension three (we will assume that M is either compact
or a germ over a compact set), a codimension one singular foliation F on M, and
we also fix a normal crossings divisor £ C M.

We start by defining the adapted singular locus Sing(F, E) of F relatively to E.
We recall that F and E have normal crossings at a point p € M if and only if F is
nonsingular at p and

EFEUH

defines a normal crossings divisor locally at p, where H is the only invariant hyper-
surface of F through p. Then we define

Sing(F, E) = {p € M; F and E do not have normal crossings at p} :

By definition, we have that Sing F C Sing (F, E). Moreover Sing(F, F) is a closed
analytic subset of M of codimension at least two (to see this it is enough to remark
that if F is tangent to a hypersurface D, then F and D have normal crossings at a
generic point of D). Let us also remark that

Sing F = Sing(F,0) .

Before giving the precise definition of point of equireduction, let us introduce the
finite equireduction bamboos. Given a point p € M, a finite equireduction bamboo
for F, E of length N > 0 over p is given by

N

B: {(Mk,Fk,Ek,Yk,pk;Uk)}

where we have the following properties:

1. U;</,<i—k>M;.C is an open subset of My, k=0,1,..., N.

2. Y, C Uy is a closed connected nonsingular curve having normal crossings with
ENU,, k=0,1,...,N.

3. My = M and 7, : M, — Ug_, is the blow-up with center Y,_; for k =
1,2,...,N.

4. E'=F and E* = 7. (Yo U (B 1N Uyy)) for k=1,2,... N,
5. po = p and mg(px) = px—1 for k=1,2,... N.
6. pr €Yy, k=0,1,...,N.
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7. 1 o m, induces an étale morphism Y, — Yi_1 at py.

Moreover, Fy = F, F is the transform by m, of ]:k—1|Uk,1 and we add the
conditions

8. Slng(}"k\Uk, f‘jlC N Uk) = Yk
9. If DF = 7T,;1(Yk,_1) is dicritical for Fy, we have one of the following properties:

a) (complete transversality) For each ¢ € Y}, the fiber 7 '(¢) is generically
transversal to Fj,.

b) (verticality) For each ¢ € Y;_; the fiber 7, '(q) is invariant by Fy.

Remark 8 The existence of a finite equireduction bamboo of length N = 0 simply
means that Sing (F, E) is a nonsingular curve at p having normal crossings with FE.
Note that this property is satisfied at the generic points of the curves contained in

Sing(F, E).

We can represent such a bamboo in a displayed way by the diagram

B: M & U, VR VAL oo My & Uy
U U U U U U
E,F Yo 3 po E'. Fy Yiap EN, Fy Yy 2 pN

Definition 8 We say that a point p € M 1is a point of equireduction for F, E if
Sing(F, E) is a nonsingular curve at p having normal crossings with E and for any
finite equireduction bamboo

B: {(Mk;fk;EkaY;mpMUk)}:O
there is an open set W C Uy, py € W such that the blow-up
oMW
with center Yy NW satisfies

1. If E = o~ (YNU(ENNW)) and F is the transform of Fy by o, then Sing(F, E)
is a (possibly empty) union of nonsingular curves having normal crossings with

E.
2. For any q € Sing(F, E) the induced morphism Sing(F, E) — Yy NW s étale.
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3. If o is a dicritical blow-up, the we have either a) or b) where

a) Each fiber o=1(r) is generically transversal forr € Yx NW.
b) Each fiber o= \(r), r € Yy N W, is invariant by F.

Remark 9 The bamboo B may be extended to several branches of length N + 1,
except in the case that Sing(F,E) = 0. This case only occurs for a dicritical
(completely transversal) morphism o.

Let p € M be a point with dimensional type 7, = 2. So there exists a neighbor-
hood U C M, p € U, and a germ of nonsingular vector field £ in U which is tangent
to F. Hence Sing(F, F) NU is a nonsingular curve; moreover, it is contained in
each invariant component of £ N U passing through p. If 7 : M’ — M is a blow-up
centered at Y = Sing(F, E) N U, we have that F; is tangent to the vector field &,
the transform of ¢ by 7. Therefore, in the case that Sing(Fy, E') # ), for any q €
Sing(Fy, E') we can find a neighborhood U, C M; such that Sing(Fy, E') N U, is
a nonsingular curve contained in each invariant component of E'. Repeating the
argument, we conclude that p is an equireduction point.

However, the properties “p € M is an equireduction point for F, E” and “the
dimensional type of p is two” are not equivalent. Take for instance M = (C3,0),
E = () and F is the foliation given by w = 0 where

w = dlzy(r —y)(y + (2 + )] .

So Sing(F, E) = Sing F = (x = y = 0). By performing just one nondicritical blow-
up 7 @ My — My = M centered at Yy = (x = y = 0), we obtain that every point
of Sing(Fi, E') is simple. Note that Sing(F;, E') is the union of four nonsingular
curves which are locally isomorphic to Yy. If we continue performing blow-ups we
will only obtain simple singularities. Hence every point p € Sing(F, E) is an equire-
duction point for F, E. However, note that the dimensional type of every point p €
Sing(F, E) is not two. Indeed, suppose we have 7,, = 2. Then locally at p the vector
field ¢ = 0/0z is tangent to F. Hence F; is (locally) tangent to the vector field
¢ = 0/0z, the transform of ¢ bi 7. We have that 7, *(p)N Sing(F;, E') gives four
points; call them pf, pj, p4, p}. Since Fi is (locally) tangent to &, for ¢ € Sing(F, F)
near p we have that ;' (¢)N Sing(F, E) gives the same four points p}, p, ps, p;. This
is an absurd due to the fact that one of these points corresponds to the intersection
of 7 (¢) with the transform S’ of the invariant hypersurface S = (y+ (z+1)z = 0),
which depends on the point p (see Figure 5).
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Figure 5: Equireduction is not equivalent to dimensional type two.

Let us state the main results on equireduction that we need in this work. The
precise proofs may be found in [4], [8].

Proposition 10 Let p € M be an equireduction point for F, E. Then there is an
open set U C M, p € U, and a finite sequence of blow-ups

U & My & My — - &5 My

that gives a reduction of singularities of F, E and has the following properties (with
the notation as usual):

1. The center of my is Sing(Fr_1, E¥1), which is a nonsingular curve having
normal crossings with E¥=', fork=1,2,...,N.

2. The induced morphism Sing(Fy, E¥) — Sing(Fp_1, E¥~1) is étale.

3. Each dicritical component of the exceptional divisor of m is either vertical
(condition b) of Definition 8) or has no invariant fibers.

4. All the points in Sing(Fy, EN) are simple points of dimensional type 7 = 2.
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As a consequence of Proposition 10 we obtain the genericity of the equireduction
property.

Proposition 11 The set of points p € M that are not points of equireduction for
F, E is a finite set of points.

The properties above allow us to define the generic character of an irreducible
curve I' C Sing(F, E). We can consider an open set U C M such that U N T is
connected,

Sing(F,EYnU=UnNT

and U N T is precisely the set of equireduction points in I'. Now, we can take U as
in Proposition 10 and perform a canonical reduction of singularities

Rp: U &~ My «— - &5 My .
The behavior of this reduction of singularities gives the generic character of I'.

Definition 9 We say that F is generically dicritical along I' if and only if one of the
blow-ups 7, of Rr is dicritical; otherwise we say that F is generically nondicritical
along I'. In the second case, we say that F 1is generically nodal along I' if and
only if there is an irreducible component of Sing(Fn, E™) that corresponds to a
two-dimensional nodal simple singularity (recall that the dimensional type of the
singularities in My is two).

It is interesting to indicate the relationship between a two-dimensional transver-
sal section and the generic behavior of F, E along a curve.

Proposition 12 Assume that F, E is generically nondicritical along I' or that it is
generically dicritical but without vertical components along I'. Take an equireduction
point p € I' and a two-dimensional plane A, p € A, transversal to F. Then the
sequence Rr induces by section a reduction of singularities of F| where the dicritical
and nondicritical components coincide with the ones for F.

We finish this section with the following result:

Proposition 13 Let M = (C3,0), E = 0 and F be a codimension one foliation on
M. Suppose the origin 0 € M is an equireduction point for F, E. Then there exists
a germ of analytic surface S C M invariant by F.

Proof: Let m=momo---omy: My — My = M be the reduction of singularities
given by Proposition 10. Hence each component of the final exceptional divisor
EN C My is noncompact and we are done.

O
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2 Brunella’s local alternative for RICH foliations

2.1 Complex Hyperbolic foliations

In this section we will only consider Complex Hyperbolic simple singularities (Defini-
tion 6). These singularities are the high-dimension version of the simple singularities
in the sense of Seidenberg [24] given by vector fields with two nonzero eigenvalues.

Let us define Complex Hyperbolic Foliations. In dimension two, these foliations
are exactly the “generalized curves” introduced by C. Camacho, A. Lins-Neto and
P. Sad in [2]. We recall that a foliation F of (C?,0) is called a generalized curve if,
and only if, there is a reduction of singularities of F

My = (C%,0) Z-M; &2 ... &8 My

such that all the singular points of the final transform Fy of F are of complex hy-
perbolic type; that is, we do not accept saddle-nodes in the reduction of singularities
of F. Let us remark that “dicritical generalized curves” are allowed. The definition
of a generalized curve in dimension two does not depend on the particular reduction
of singularities. Moreover, even in the dicritical case, it is known that the reduction
of singularities of a generalized curve coincides with the reduction of singularities
of its set of invariant curves. Also, all the formal invariant curves of a generalized
curve are convergent, since the existence of non-convergent invariant curves implies
the rising of saddle-nodes in the reduction of singularities.

In dimension three, D. Cerveau uses the terminology “quasi-regular” foliation to
denote nondicritical germs of foliation having a reduction of singularities such that
the generic points of the lines of singularities are not saddle-nodes for a transversal
section (see [11]). Also in the nondicritical case J. Mozo and P. Fernndez use the
terminology “generalized surface” [20]. Anyway, as we shall see, we are mainly in-
terested in the study of dicritical situations.

For dimension n > 2, we give the following definition:

Definition 10 (CH foliation) Let F be a germ of singular holomorphic foliation of
codimension one on (C",0). We say that F is a Complex Hyperbolic Foliation (for
short, CH foliation) at the origin if for any map

¢ :(C*0) — (C",0)

generically transversal to F we have that ©*F is a generalized curve in the sense of
Camacho, Lins-Neto and Sad [2], that is, there are no saddle-nodes singularities in
the reduction of G.
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Proposition 14 Let F be a germ of CH foliation on M = (C?,0) and assume that
m: M — M defines a reduction of singularities in the sense of Theorem 5. Then
all the points in M are CH-simple for ©*F.

Proof: Fix a reduction 7 and suppose, by absurd, that there are points of Sing F’
which are not CH simple for F’, where 7' = 7#*F. Let A C M’ be a plane section

transversal to 7' and A <% M’ be the canonical immersion. Hence
p=moi: A — M

is a map generically transversal to F such that the foliation ¢*F = F’|, is not a
generalized curve, which is an absurd.

OJ

Lemma 15 Let F be a germ of singular holomorphic foliation of codimension one
on (C™,0) having a CH-simple point at the origin. Then F is a CH foliation.

Proof: Let ¢ : (C%,0) — (C",0) be a map which is generically transversal to F.
Suppose, by absurd, that G = ¢*F is not a generalized curve. So, up to doing the
reduction of singularities of G, we can find another map ¢ : (C%,0) = (C*,0) such
that the origin is a saddle-node singularity of G = ¢*F. By performing finitely many
local blow-ups of (C2,0), there is a map 7 : (C2,0) — (C2,0) such that if ) = o
we have that

1. The foliation ¢*F has a saddle node at the origin.

2. If we write ¢(z1, 22) = (¥1(21, 22), ¥2(21, 22), . . ., ¥n(21, 22)), then

Vi(z1,29) = ui(zl,ZQ)zfizgi; 1=1,2,...,n

where a;,b; € Z>o and u;(0,0) = 0.
Since F is given by a 1-form of the type

’
dl’i

w =3+ Bilar,aa, .. ,))

i=1 i

, Bz € C{I’l,...,JTn}, BZ(O) =0 ,

we have that

v = Y0 BewTl = Bewfa 02+ 5)

i=1 i i=1 1 2 du

T T T du
— a;i(N + Bio) -2 N b\ + By o) =2+ (\; 4+ B; o :

; ( Db Z ( ¥ ;< b



Hence the foliation 1*F is given by a vector field whose eigenvalues are

T

o = i:bz/\z, ﬁ = _Zaz)\z .
i=1

i=1

We are assuming that a8 = 0; suppose a = 0. In view of the non-resonance of the
residual vector, we have that b; = 0 for all ¢ = 1,2,...,7. This implies that

Vi(z1,29) = u,;(zl,ZQ)zgi fori=1,2,...,7.

However, since 1(0) = 0, we have that b; # 0 for some i € {1,2,...,7}. Hence ¢*F
is nonsingular at the origin, which is an absurd and we are done.

OJ

Proposition 16 Let F be a germ of singular holomorphic foliation of codimension
one on (C",0). Assume that there exists a sequence of blow-ups

(C",0) = My <= My <& .. &% My
such that for any 1 < s < n we have

1. The center Ys_1 C Ms_1 os the blow-up m, is nonsingular, has normal cross-
ings with the total exceptional divisor E5=' C M,_, and is invariant by the
transform Fs_1 of F.

2. FEach p € My is a complex Hyperbolic Simple Point for the pair (Fn, EV).
Then F is a CH foliation.

Proof: Let w : My — M, be the composition 7 = 7 o my 0 --- oy of all the
blow-ups. Consider a map ¢ : (C? 0) — M, generically transversal to F. By the
universal property of the blow-up, there exists a map

o:A— (C%0)

that is the composition of a sequence of blow-ups and lifts ¢. That is to say, there
is a map o

¢ A — My
such that 7o gz~5~: ¢ o o. Applying Lemma 15 to the foliation G = ¢*n*F = o*¢* F,

we have that G only has points of type generalized curve. Hence G = ¢*F is a
generalized curve and the result follows.

OJ
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We do not exclude the possibility of a CH foliation being dicritical. For instance,
the foliation in (C3,0) given by the 1-form

w = (ym-‘rl . Zl’m)dl‘ + (zm-l—l o IL‘ym)dy + (xm-&-l o yzm)dz

is Complex Hyperbolic and dicritical. Moreover it is known that this foliation has
no invariant surface [12]. Another example of CH foliations are the logarithmic
foliations given by a 1-form w of the type

k
WZZA»@ NEC, i=1,2 k
Z:1 Zfz‘, ‘3 ) M AR | M

which correspond to the levels of the multivaluated function fi* 3 - - - ,;\ k.
Remark 10 In ambient space dimension three, any germ of codimension one foli-
ation admits a reduction of singularities [4]. A reduction of singularities is called
Complex Hyperbolic if all the points of 7*F are CH-simple. Due to Proposition 16,
we have that if F admits a complex hyperbolic reduction of singularities then F
itself is a CH foliation and thus all the reduction of singularities of F are also com-
plex hyperbolic. This condition has been considered as a definition in [20], where
the authors regard the so called generalized surfaces, which are the nondicritical CH
foliations in ambient space dimension three. In the nondicritical case, it is proved in
[20] that the reduction of singularities of the invariant surfaces automatically gives
the reduction of singularities of the considered CH foliation. Next we state a re-
sult of this nature in any ambient dimension which can be proved as in the three
dimensional case.

Proposition 17 Let F be a germ of nondicritical CH foliation on (C",0) of di-
mensional type n. Assume that the invariant hypersurfaces of F are exactly the

coordinate hyperplanes [[ z; = 0. Then the origin is a CH-simple point.
i=1

Proof: See [20].

2.2 Relatively Isolated CH foliations

The RICH foliations that we introduce here define the main class of foliations of
(C3,0) we are going to consider. Its name comes from

Relatively Isolated Complex Hyperbolic.
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In the previous section we have given the definition of CH foliations; now we will
ask, in addition, that the foliation presents a few non-restrictive conditions during
its reduction of singularities.

The expression “absolutely isolated singularities” usually refers to singularities
that can be desingularized by using only punctual blow-ups. In the case of vector
fields this kind of singularities were studied in any dimension in [1]. There is a
work describing codimension one singularities of foliations desingularized by punc-
tual blow-ups [7], where the authors ask for nondicritical conditions and specific
additional properties for the line of singularities (Poincaré type).

Anyway, for the case of codimension one foliations it is very special to encounter
isolated singularities in ambient space dimension n > 3. In fact, the Singular Frobe-
nius Theorem of Malgrange [14] assures that is this is the case, the foliation has a
first integral and then it coincides with the “levels” of a given function. Moreover,
the definition of simple singularity for a triple (F, E, M) gives always a non-isolated
singularity for n > 3, n = dim M.

Thus, there is only a small interest in considering the case of isolated singular-
ities and, anyway, they will never produce isolated singularities at the end of the
reduction of singularities.

On the other hand, we have seen that in ambient space dimension three we
have generic equireduction properties for the curves of singularities. So it is rea-
sonable to ask isolated isolated properties only for the singular locus created over
the origin by the reduction of singularities. These reasons justify the next definition.

Definition 11 (RICH) Let F be a foliation of (C?,0). We will say F is a Relatively
Isolated Complex Hyperbolic Foliation «f F is a CH foliation and there exists a
reduction of singularities of F

S: (Cn,O):Mo(ﬂ—lMl(ﬂ—Q(ﬂ-—NMN
such that for any 1 < s < N

1— The center Y,_1 C My 1 of the blow-up ms is nonsingular, has normal cross-
ings with the total exceptional divisor E5~' C M,_, and is invariant by the
transform Fr_1 of F.

2— The intersection Y,y N (momgo---om_1)"1(0) is a single point.
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Figure 6: The type of blow-ups allowed for RICH foliations
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Remark 11 As a consequence of item 2— of the above definition, the center of
each 7y of the reduction § is never a compact curve; it is either a point or a germ
of curve, for all s =1,2,..., N — 1.

Remark 12 Each time a compact curve appears in the singular locus Sing Fj, for
s=1,2,..., N — 1, this curve is generically simple.

Remark 13 As a consequence of Proposition 14 all the points in My are CH simple.

The condition “relatively isolated” is less restrictive than “absolutely isolated”.
One example of relatively isolated is the case of equireduction along a curve; another
example are foliations of the type df = 0 where f = is a germ at the origin of surface
with isolated singularity.

2.3 Main result

The main result of this work may be stated as follows:

Theorem 7 Let F be a RICH foliation in (C?,0). Assume that there is no germ
of invariant analytic surface for F. Then one of the two properties holds:

(1) There is a neighborhood W of the origin 0 € C3 such that for each leaf L C W
of F in W there is an analytic curve v C L with 0 € 7.

(2) There is an analytic curve T' C (C3,0) contained in the singular locus Sing F
such that F 1is generically dicritical or generically nodal along I'.
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3 The case without nodal components

In this chapter we are going to prove Theorem 7 in the particular case that there
are no nodal components, to be introduced in the text. In this case, Theorem 7 may
be stated as follows:

Theorem 8 Let F be a RICH foliation in (C3,0) and assume that there is no germ
of invariant analytic surface for F. If there are no nodal components in Sing Fy,
then there is a neighborhood W of the origin 0 € C? such that for each leaf L C W
of F in W there is an analytic curve v C L with 0 € 7.

3.1 Nodal components

In this section we will define the concept of nodal components of a RICH foliation
in dimension three and exhibit some of its properties. But first, let us generalize
the definition of nodal point in dimension n. Let F be a codimension one foliation
on (C",0). Recall (Definition 6) that the origin is a CH-simple point if we can find
local coordinates x1, xo, ..., x, such that F is given by w = 0 where

T d ;
w = Z(/\z +ai(w1, w9, -+, 7)) .

i=1

with a;(0) =0 for alli =1,2,...,7 and > \ym; # 0 if m # 0, my € Z~y.

X

We remark that the residual vector is well defined as an element of the projective
space [A] € ]Pé_l up to permutation of the coordinates.

Definition 12 Assume F has a CH-simple point at the origin with T > 2. We say
that the origin is a nodal singularity if and only if the residual vector can be chosen
as

A: ()\17)\27"'7)\7'—17_1)
where \; € Ry fori=1,2,...,7— 1.

Remark 14 Nodal singularities may be normalized in a convergent way.

Remark 15 In dimension three a nodal singularity of dimensional type three is
contained in exactly two generically nodal curves of the singular locus of the foliation.
Indeed, the foliation is given by
dx d dz
w = (A+ala,y,2) = + (1 +bla,y,2)) 2 + (~1+cle,y,2)) =
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X NC.L

Figure 7: Nodal singularity of dimensional type three. We will always denote gener-
ically nodal curves as we do in this picture (curves C; and Cy). Curves which are
not generically nodal will always be denote by “clean” lines (like the curve 7).

where a(0) = b(0) = ¢(0) =0 and \,u € Rog. Call )} = (y =2 =0), Cy = (x =
z2=0), Z=(x=y=0). The curves C} and Cj are generically nodal; on the other
hand, the curve Z is not.

Proposition 18 Let F be a foliation on M = (C3,0) and assume the origin is a
nodal singularity of F with dimensional type three. Call I'y,T'y C Sing F the two
curves passing through the origin which are generically nodal. Let q be a point in
'y, g #0, and let ¢ be a point in I's, ¢ # 0. There exists an open set U C M,
q € U such that

q' S Sat;(U) .

Proof: Due to Remark 14, the proof is done by direct integration.
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Figure 8: The neighborhood of the union of two generically nodal curves given by
Proposition 18.

Now let F be a RICH foliation in M = (C3,0) and let us fix a reduction of
singularities
S:My=M < My <= - &5 My

such that for any 1 < s < N we have

1. The center Y, 1 C M,_; of the blow-up 7, is nonsingular, has codimension at
least two, has normal crossings with the exceptional divisor £5~! C M,_; and
is invariant by the transform F,_; of F.

2. The intersection Y, 1N, (0) is a single point, where 0,_; = 7 om0+ - -0m,_;.
3. All the points of My are CH-simple for the pair Fy, EV.

Let us give some notations associated to this particular sequence of blow-ups.
Given 0 < s < s’ < N we denote 7, = idy,, and

Tss! = Mgyl O Mgy 0 -+ 0Ty : Mg — My
is s < s'. We take special notations for some particular cases:

ps = Tns : My — My, 0, = mg : My, — My = (C*,0) .
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Finally, we denote m = myg = pg = on : My — My the morphism of reduction of
singularities. We decompose the exceptional divisor £* into irreducible components

E*=DSUDSU---UD?

where D is the strict transform by 7, of D" for i < s and D% = 7;1(Y, ;). We
write
E; ., C E, respectively Ej,. C E®

mu

the union of the irreducible components of E* invariant by Fs, respectively the
generically transversal (dicritical) components of E*. This notation will be used
again in Chapter 4.

Remark 16 The morphisms 7,y are morphisms of germs
oyt (My,0,'(0)) = (M, 071(0))

around the compact sets o;1(0) C M, and o,'(0) C My. In particular 7 is a
morphism of germs

7 (My, 7 (0)) — (C?,0) .

In view of the properties of the sequence of reduction of singularities, an irreducible
component D; of the exceptional divisor E* is compact if and only if the center Y;_,
of m;_; is a single point; moreover, this is equivalent to saying that D C o;1(0).
Conversely, the irreducible component D7 is not compact if and only if the center
Y;_; is a germ of curve (that is necessarily not contained in ;" (0)).

Take a connected component C of the singular locus Sing Fy. Note that C is a
connected union of non-singular irreducible curves

C=CiUCU---UCy,
and that C has normal crossings with the exceptional divisor E*.

Definition 13 We say that C is a nodal component for F,S if and only if all the
points of C are nodal singularities of F. We say that F has no nodal components
if there exists a reduction of singularities S as before such that there are no nodal
components for F,S.

Let C' C Sing Fy be an irreducible curve which is generically nodal. It is possible

that C'is not contained in a nodal component. In this case there exists a point ¢ € C'
such that ¢ has dimensional type three but is not a nodal singularity of Fx. Such
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Figure 9: Example of a generically nodal curve C which is not contained in a nodal
component.

a point ¢ is called a point of interruption for the nodality. Thus a nodal component
is a connected component of Sing Fy union of generically nodal curves and without
interruption points. An example of this situation is given as follows.Choose local
coordinates z,y, z at ¢ such that Fy is given by

dx d dz
W=+ ale,, 2) T+ (o by, )7+ (L elay2) T

where a(0) = b(0) = ¢(0) = 0 and A ¢ R.g, 1 € Ry, /A ¢ Roy. Hence C is the
curve (y = z = 0). Note that the other curves of the singular locus containing g,
which are locally given by (z =y = 0), (x = z = 0), are not generically nodal.

Remark 17 A nodal component C is irreducible if and only if all of its points have
dimensional type two.

3.2 Local study of complex hyperbolic simple singularities

In this section we continue the study of the behavior of leaves of a foliation near
complex hyperbolic simple points in dimensions two and three. Our first result is
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given by Proposition 18. In this section we prove the following result for n = 2, 3:

Proposition 19 Assume that F has a CH-simple point at the origin of C™ which
s mot a nodal singularity and suppose that F is defined in a neighborhood U of the
origin by the integrable 1-form

T da;
W= Z(/\z + bi(w1, 29, - - - 7$n))i

i=1 g

Take an index j € {1,2,...,7}, a point R € (x; = 0)\ Sing F close enough to the
origin and consider the transversal curve to x; = 0 given by
A =Unpr;'(pri(R)) ,

where prj : C" — C"~1 is the linear projection that avoids the j-th coordinate. Then

the saturation by the foliation of A jointly with the coordinate hyperplanes [| x; =0
i=1

define a neighborhood of the origin.

Initially let us regard the two-dimensional case. Let F be a codimension one
foliation on M = (C? 0) such that the origin is a CH-simple point of F and let
E C M be a normal crossings divisor. Firstly, we will consider the cases where the
1-form w above is linearizable. We will fix U = D? = D, x I, where

D, ={xeC; |z|<r}, 0<r<1.
The following result has been presented by J.F. Mattei and D. Marin in [15].
Lemma 20 Let F be a foliation on (C% 0) given by w = 0 where
w=ydr+ Axdy , € C\R_g .

Let A = {(r,0)} x D, D. = {y € C; |y] < e}, 0 <e <r. Then there exists
0 < d <r such that
D(Qs =Ds x Ds C Sat]:hm2 (A) .

Proof: Let qo = (xo,y0) ¢ F = (xy = 0) be a point in D?. The leaf of F|, passing
through qq is given by L,, = (z = coy™") where cq = zoyj € C*. Hence

g (1) = (xoe’\t, yoe '), t € C
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Figure 10: Scheme of Lemma 20.

is a parametrization of L,. We are only interested in the values of ¢ such that
@4 (t) € D2, Consider the set

Ay ={t € C; o, (t) € ]D)f} ={t e C; \xoe)‘t] <7, |ye | <r}.

So A, is a connected subset of C such that 0 € Ay ; thus Ly, = ¢4, (A4,,) is connected.
By writing
A=A +1id, M, €eR

t =1t + ity , tl,tQER

we have that
lzoe™| < 7 is equivalent to Ait; — Aoty < In(r/|zo|) ,

]yoe_t] < r is equivalent to t; > —In(r/|yo|) .

The argument of the proof is the following: we wish to find a polydisc D% such
that for each point ¢y € D%, ¢ ¢ E, the leaf L,, of F|,, passing through ¢y cuts the
transversal section A. Hence D? C Sat 7| 2(A). That is to say, if

D

T

Pao (t) = (xoe)\t:yoeit) = (qu071<t>7 quo,2<t)) )
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we want to see that it is possible to find a suitable ¢ such that ¢, (f) € A, or, in
other words,

<Pq0,1<t~) =T, |SOQO72(£)| <.
The points t), = t1;, + itox such that ¢, 1(tx) = r are the solutions of the system

{ Atig — Aot = In (w) (4)

)\1t2k + /\Qtlk =0- + 271']{?, k € Z .
zQ

r
In the system above, 6 » denotes the argument of the complex number —. We have
zQ Ty

the following cases to consider:
Case 1: A1 >0, Ay > 0.

Rewriting system (4), we obtain

A In (r/l]zo])
top = — b1 — ————
2 = 3 ik ” (a)
-y 1
t2k:)\_1t1k+)\ (Gﬁ—i—%rl{;),kEZ. (b)

A1
Equation (a) represents a real line R with slope " > 0 and passing through the
2

point <0, _W) € R?. For each k € Z, (b) represents a real line S; which is
orthogonal to R; we are looking for the intersection points {R N Sk, k € Z}.

Isolating t1;, we obtain:

A2+ A2 - (r/|xg])

See ot (07+27rk;>, kel .

Since A1, Ao > 0, we have that t;; — oo when k — oo and therefore

|y0| — |yo|

eRe(t ) B k—o00 etlk

=0.

hm |0g02(tk)| = hm lyoe | = 11
k—oo
Note that, with the sequence of values t;, = t1; + ito, found above, we have that

lim |ype | =0
k—o0
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for any starting point gy = (¢, y0) € D? \ £ = {xy = 0}; in other words,
]D),% C Sat]__l (A) .

D

In the case A; < 0, Ay < 0, we have that |pg, 2(tx)| = |yoe | tends to zero when
k — —oo; hence we also conclude that D? is contained in Sat 7., (A). By symmetry,
D

in both cases we have that D? is contained in Satf| (A") where A = D. x{y=r}.

D7

Case 2: A1 >0, < 0.

Rewriting system (4) we obtain

A1 In(r/|zo|)
top, = — t
2% I 1k + o] (a)
B | Azl 1
torp = Tltlk + )\—1 (9‘;(” + 27’(’]{3) , keZ. (b)

A
Equation (a) represents a real line R with slope —ﬁ < 0 and for each k € Z (b)
2
represents a real line S, which is orthogonal to R.

Isolating ¢y, we obtain:

—(AT+A}) In(r/lzel) = 1
WAy WOV L 2 (g, fonk) keZ.
M| o +)\1< Eni ) <

Hence when k — oo, we have that ¢, — —00, to, — 00. So it follows that

. L b |y0| T |y0| _
kh—>Igo |90q0,2(tk?)| - k1—1>gloo |y0€ | o kgr_noo eRe(tr) k1—>—oo etie

Once again, we remark that in this case, as in Case 1, we have that
2
D7 C Sat]__ng (A) .

In the case A\ < 0, Ay > 0, we have that ¢, — 00,t9, — —00 when £ — oo and

hence o] 0]
‘ e S s Yo T Yo .
Jim ma(te)l = Jim fooe®| = Jin 25 = Jim oo =0

And once again, we conclude that D? C Sat A (A). By symmetry, in both cases we
D!

have that D? is contained in Satf| (A") where A’ = D, x {y=r}.

b
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Case 3: \{ = 0.

So system (4) can be rewritten as

1

o, = )\21n(r/|x0|) (2)

1
tlk:A—z(GzrojLka:),keZ. (b)

Therefore (a) is a horizontal line in R? and for each k € Z, (b) is a real vertical line.

Given that
if Ay > 0 then ¢;;, — oo when £ — oo (i)

if Ay <0 then ¢, — oo when k — —o0 , (ii)
it follows that
|0a0.2(tk)] = |yoe ™| — 0 when k — oo in case (i),
|0ao.2(tk)] = |yoe ™| — 0 when k — —oc in case (ii).
Again we conclude that D? is contained in Sat Fl,» (A). By symmetry, we also have

D? C Satf| QA’, where A’ is as before.

]D)T
Case 4: Ao =0, € Ryy.
We remark this is the last case to consider. Since A = A\ € Ry, the set A,

relative to a point gy = (zo,yo) € D? \ E = {zy = 0} is

ln(r/|x0|>
Ay =t=t1+it, € C; —ln(r/]yo|) <t < —

We are interested in the points t; € Ay, such that ¢, 1(tx) = r. Then, rewriting
system (4), they will be the points ¢, = t1x + ita, € A, which satisfy

tik = %ln<r/|:1:0|>

1
tgk = X (9\IT0| + 2’/Tk‘> .
So in this case we have that
!y0| |yo| |yo|

- |Z‘0| 1/A
a2t = lwe ™ = SG5 = en = 7 1w = o (7 ,
(r/120)
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which does not depend on k € Z. So in order to have |@g, 2(tx)| < €, we must have

[yol(jaol /r)V* <& .

Consider the mapping
p: M — R?
(@,y) = (. ly])
The image of the set

{(z,y) € M; Jy|(Ja|/r)/* <} c M

by p is the set
{gz/r)'* <} CRY,

where § = |y|, & = |z|. Since A > 0, {§@'/* = ¢} is a hyperbole and the polydisc
N . T <reM?
DQZ{(%?/)GR?ZO; j < el }

is contained in {|y|(|zo|/7)** < €}. In M we put
D; = {(z,y) € D? ; |z|,|y| < § where § = min{aA/Q,elﬂ}} .
Hence if gy € D? and ¢, are the solutions of system (4), |pg,2(tx)| < . Therefore
D% is contained in Sat]__| 2(A), and, by symmetry, D} C Satf| 2A’, where A’ is as
D2 )

4

before.
O

Now we will regard the cases when the 1-form w is not linearizable. Due to the
following result, we may assume that

w=yA+ f(z,y))dr + xdy where A\ € R .
Theorem 9 (Poincaré)[22] Let
w=uxady+aydr+ -+ witha ¢ R.oUQg .

Then the foliation F given by (w = 0) is linearizable, i. e. there exist holomorphic
coordinates X,Y such that F is given by

Xdy + aYdx .
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Lemma 21 Let F be a foliation on (C%0) given by
w=yA+ f(z,y))dz + zdy

where A € Rug, A+ f(z,y)| > A, [+ Ref(z,y)| > \ and A+ Imf(z,y)| > \ for
some A > 0. Let A = {(r,0)} x D.. Then there exists 0 = d(\, ) depending only on
A g, with 0 < § < r such that

Ds x Ds C Sat A)

]:‘D%(

Proof: We want to find a § > 0 which depends only on ), e, such that for each
point pg = (9, o) € D3 there exists a path

v:[0,1] — D?
t = () =(n(),0)

whose lifting 4 of v from py (that is to say, the pre-image of v in the leaf of F|p.
which contains the point pg) is contained in D? and satisfies

7(1) = (r,32(1)) with |[32(1)] < e .
Consider D, x {0} and the point (x¢,0) € D, x {0}. Let
a(t) = (zee*™,0), t €[0,1] .
There exists a to such that zge!™® € [0,7]; put sy = zoe?™° and let
B(t) = (so+ t(r — so),0), t1]0,1] .

We will fix
y=poa.
Let &, § be the liftings of «, 8. Hence ¥ = § o &. We can write

a(t) = (zoe®™, aa(t))

B(t) = (s0 +t(r — s0), a(1)).
If 5(0) = (so,%0), we have that |32(1)| < |o|. So we need to find a § with the
following property: if a(0) = (zo,yo) with |xo| < 9, |yo| < 0, then for all ¢t € [0, 1]
we have that
laa(1)] < e .
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Figure 11: Scheme of Lemma 21.

(r'.;]_ X
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We have a'(t) = (2mizoe®™, a4 (t)). Since ws(a'(t)) =0, it follows that
wlam(@'(t)) = aolt) - 2mizee”™ - (A + f) 4+ moe*™ a5 (t) = 0.

Hence
as(t) = —2mica ()N + f) .
Let p(t) = |as(t)|> = an(t) - ax(t). So

p'(t) = dn(t) - az(t) + as(t) - do(t) -

We have that

&3(t) = 2mi G+ J) ;
hence

p'(t) = 2mids(t)as(t)(A+ f) — 2miGo(t)az(t)(A + f)
= 2mip(t) [N+ )~ A+ )]

= 27ip(t) - (=2 Im(f))
= drp(t)Im(f) e R .

However, since |\ + Imf] >~5\ > 0, we have that [47Im(f)| < K, where K € R
is a constant who depends on A. Hence for ¢ € [0, 1] we have that

G2 = plt) < 357,50 € Reg .

We take 6 = e and the result follows.

Now let us go to the proof of Proposition 19 for n = 3.

Assume that F is defined in D3 where D, = {x € C; |z| < r}, r > 0. If the origin
is a CH-simple point of F with dimensional type two, we can write the generator of
F in D? as follows:

X

d d
w="C 4 bz, y) Y where a(0) = b(0) = 0 and A ¢ R .
Y
Let R = (r,0,0) € (y = 0), A = {(r,y,0); y € D.}. Consider the plane section
I' = (z = 0) N D?. We have that the origin is a CH-simple point of F|.. Due to
the previous lemmas we have that Satf| (A)U ((xzy = 0)NT) is a neighborhood of
r
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the origin in the section I". However, since the origin is a point with dimensional
type two, there is a nonsingular vector field £ tangent to F and so it follows that
Satz(A) U (xzy = 0) is a neighborhood of the origin.

Now suppose the origin has dimensional type three. Thus we can write the
generator of F as

d d d
= O by ) ek el 2)

with (0) = ¢(0) = 0 and A ¢ R_g, p ¢ Rg. Let R = (r,7,0) € (z =0), A =
{(r,r,2); z € D.}. If w can be normalized, the result follows by applying Lemma
20 to F restricted to, for instance, the plane sections I' = {x = r}, IV = {y = r}.
So suppose w cannot be normalized; thus we have \,u € R.g. There exists a
neighborhood U C D? of the origin where b and ¢ are sufficiently small. Take a
point (0, yo,0) € U and consider the section I' = {y = yo}. So F| is given by

dx dz
wlF = ? + (ILL_’_ C(xay()az))? .

Due to Lemma 21, we find 6 > 0 such that the polydisc Ds x {yo} x Dy is contained
in Satf| (Ar) where Ar C I' is a one-dimensional section transversal to {z = 0}

r
such that Ar C Sat Al Since there is uniformity in the existence of d, we have that
D}

Ds x Ds x Ds C Sat (A)

f’D?I

and the result follows.
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Figure 12: Proof of Proposition 19 for dimensional type two.
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Figure 13: Proof of Proposition 19 for dimensional type three.
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3.3 Brunella’s alternative without nodal components

In this section we consider a RICH foliation F in M = (C?,0) which does not admit
a germ of invariant surface. Let

S: m=momo--omy:My— My=M

be a reduction of singularities of F as in Section 3.1. We will assume that F has no
nodal components.

We want to find a neighborhood W C M of the origin such that each leaf of F
in W has a germ of analytic invariant curve. We are supposing F does not admit
a germ of invariant surface; as remarked in Sections 1.9 and 1.10, this implies that
there exists a compact component Djv of the exceptional divisor EV C My which
is dicritical. Write

E(J:Ydic - Eé\zfc

the union of the compact components of EY_ and consider the set

H = union of leaves of F which intersect Egdic .

Note that H is a saturated set. For each leaf L € H we fix a regular point

qELﬂDj-V where DJNCEN

c,dic *

Hence we can find a germ of analytic curve v C L. Indeed, if x,y,z are local
coordinates at ¢ we have that F is given by dz = 0 (see Figure 14),

DN =(y=0), L={:=0}, y=(x=2=0).

J

Since (BN

edic) = 0 we have that m(v) = 7 is a germ of analytic curve such that

7 Cm(L)u{0}.
We are going to show that H U EV is a neighborhood of 7=1(0).

Remark 18 Assume H U E¥ is a neighborhood of 77(0). Then W = n(H U EY)
is a neighborhood of the origin 0 € C? such that for each leaf L C W of F in W
there is an analytic curve v C L with 0 € v and therefore we have Theorem 8.

Proposition 22 H U EY is a neighborhood of m7=1(0) .

66



Figure 14: A leaf L intersecting a dicritical component D;V .

In order to simplify the exhibition of the next arguments, we give the following
definition:

Definition 14 Let DY C EV be an invariant irreducible component. We will say
DY s partially covered if H U EY is a neighborhood of DN\ (Sing Fx N DN). A
subset A C My is said to be well covered if HU EY is a neighborhood of A.

Lemma 23 Let DY be an invariant irreducible component of 7=1(0). If there erists
a one-dimensional section A C My transversal to DY at a regular point q such that
A\ {q} C H, then DY is partially covered.

Proof: Let A, C My be a one-dimensional section transversal to DY at a regular
point ¢ € DY and such that A, \ {¢} C H. Since H is a saturated set we have that

Satz,(A,) C HUEYN .
Let ¢ € DY, ¢’ # q be a regular point. There exists a compact path
a:1=1[0,1— DY
such that a(0) = ¢, a(1) = ¢’ and «(I) N (Sing Fy N DY) = 0.

Since ¢ is a regular point, there exists a neighborhood of ¢, V;, C My, such that
Fn is given by dz = 0 in V,. That is to say, V, is an open foliated set. Taking a
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smaller A, if necessary, we may assume that A, C V,. We cover the path o with
a finite number of open foliated sets such that the last one of these, V,/, contains
the point ¢. Let Ay C My be a one-dimensional section transversal to DY at the
point ¢’ such that Ay C V. So

Ay CSat | (A), which implies that A, \ {¢'} C H .

NVq

Thus H U EY is a neighborhood of every regular point of DY and the result follows.
O

Lemma 23 asserts that the behavior of the section A can be “pushed” from one
regular point to another along a compact path which avoids the singularities of the
foliation and in that way it is possible to cover all the regular points of the compo-
nent.

Now let us go to the proof of Proposition 22.

First reduction: it is enough to show that all the invariant components of £V
are partially covered. If we have this result, we can cover any curve of the singular
set which is not generically nodal. Moreover, if we have a curve I' C Sing Fx which
is generically nodal, we can find a finite chain (see Figure 15)

F7p17F17p27F27 s kayrlmq

where p; € I'NI'y, po € I'1Ny, ..., pr € I'y_1 NIy are nodal points with dimensional
type three, I';, Ty, ..., T’y are generically nodal and finally ¢ € I is not nodal (in
particular 7, = 3). Taking an invariant component DJZ.V > q we see by Proposition 19
that ¢ is well covered. Now we follow the sequence 'y, ['y_1,...,'1, " through the
points pi, Pr—1, . .., p1 to deduce that I' is also well covered in view of Proposition 18.

Now, let us show that all the invariant components of EV are partially covered.
In view of the connectedness of the dual graph of EV (note that any component
intersecting a dicritical component is partially covered), it is enough to show that if
D) and D}’ are two invariant components of EY such that DY N DY # (), then we
have:
DY partially covered = Dév partially covered.

Let us show this.

_ In order to be complete in our proof, we extend the divisor EV to a bigger one
EY locally around the invariant components by adding an additional irreducible
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Figure 15: Scheme of the sequence I', p1, 'y, p2, T2, ..., 01, [k, q.

invariant component associated to each connected component of the union of trace
curves (see the description of Cano-Cerveau’s argument, Section 1.9). This technical
trick allows us to do our argument assuming that all the points of our interest are
in fact simple corners, we do not insist more on this.

So we have D} N DY # () and D} is partially covered. We have to prove that
Dy is also partially covered. If DY N D} is not generically nodal, we are done by
Proposition 19. So assume that DY N D;V is generically nodal; call T' = DN n Dév .
Since I is not contained in a nodal component, we find a point of interruption ¢ in
the connected component of the union of generically nodal curves that contains T'.
This implies the existence of a sequence

F7p17F17p27F27 cee apkvrlmq

as in the argument of the first reduction. Now, let us show that for each s =
0,1,2,...,k there is a partially covered component D;, of EN such that T’y C D;,.
Once we prove this, we see that ¢ € I'y, C D;, is well covered in view of Proposition
19. Now we finish by applying Proposition 18 along Iy, pr, ['x_1,..., 1, p1, T to see
that I' is well covered and hence D;V D I' is necessarily partially covered.

It remains to prove the existence of Ziz We take 157;0 = DY and we proceed
by induction assuming that 151-571 exists. Consider the point p, € I'y_1 C 51-571.
Now, if 'y C ﬁisfl, we take l~)i3 = l~)i571; otherwise, the point py is a corner and we
take 15, such that ﬁis_l N 151 is not generically nodal and I'y C 151 Of course, by
Proposition 19, 131 is partially covered.
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Figure 16: Existence of Eis.
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4 Infinitesimal singular locus of RICH foliations

In this chapter we will study the behavior of a nodal component for a RICH foliation
in intermediate steps of the reduction of singularities and prove Brunella’s local
alternative as given by Theorem 7.

4.1 CH pre-simple corners

Let F be a germ of codimension one foliation on M = (C",0) of dimensional type 7
and E C M be a normal crossings divisor. In this section, we will give the definition
of Complex Hyperbolic pre-simple corner for the pair F, E and describe the behavior
of these points under blow-up in the case n = 3.

Definition 15 Let F be a germ of codimension one foliation on M = (C",0) of
dimensional type T and let E C M be a normal crossings divisor. We say that the
pair F, E has a Complex Hyperbolic pre-simple corner at the origin if and only if
there are local coordinates x1,xso, ..., x, such that F is given by w = 0 where

T

diIZ'Z'
W= Z()\l +bi($17$27"'7$7)) T ) bZ € C{fg,l’g,...,.IT},bi(O) =0

i=1 v

with [[ A\i # 0 and
i=1

By = (ﬁfﬁz :0> . FEge C ( ﬁ Z; :0>
i=1

1=7+1

Note that if we add the non-resonance condition, we recover a simple CH corner
(Definition 6).

Remark 19 Suppose n = 3 and consider a point p € M. As before, let e,(E;,,)
denote the number of invariant components of £ passing through p. If e,(Ei,) =1
then p is a CH pre-simple corner if and only if p is a regular point of F. Or,
equivalently, we have that p € Sing(F, E) and p is a CH pre-simple corner then
ep(Emv) Z 2.

For the rest of this section, we will assume that F is a CH foliation of M = (C3,0)
and £ C M is a normal crossings divisor. Let Y C M be a nonsingular variety with
codimension at least two having normal crossings with £ and invariant by F. Let

T M — M
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be the blow-up centered at Y and consider the normal crossings divisor E' =
7T EUY) Cc M. Denote F/' = 7*F the transformed foliation of F by ,
D = 771(Y). We will denote ey(E;y,) the number of invariant components of F
through the origin.

We will prove the following results:

Proposition 24 In the conditions above, if the origin is a CH pre-simple corner
for F, E than any point p € 7 (0) is a CH pre-simple corner for F', E'.

Proposition 25 In the conditions above, if the origin is not a CH pre-simple corner
for F, E, then there exists a point ¢ € 7~ 1(0) which is not a CH pre-simple corner
for the pair F', E'.

Let us begin with the proof of Proposition 24.

Proof of Proposition 24: Suppose 0 € C? is a CH pre-simple corner for F, E. The
case that the origin has dimensional type one is immediate. So first let’s suppose
that the origin has dimensional type two. Then F is given by w = 0 where

o = (et ale ) F o+ (ot b))

with a(0) = b(0) = 0 and Ay # 0. So E = (xy = 0). There are several cases to
consider.

First case: Y = {0} and 7 is not dicritical. Hence A + u # 0. The first local
chart is 2’ = z,y' = y/x, 2’ = z/x and we have
dy

/

ww= (el N (o)

So all the points in the first local chart are CH pre-simple corners for 7', E'. The
second local chart is ' = x/y,y' =y, 2’ = z/y and we have

W = ()\+y(--~))d?x,/+()\+M+y(...))%

and once again we see that all the points of the second local chart are CH pre-simple
corners for ', F’. Finally, the third local chart is ' = x/z,¢' = y/z, 2’ = z and we
have o Y p

. x Y z
Tw = ()\+Z(~~))7-l—(u—i-Z('H))?+()\+M+Z("-))7 .

Hence all the points in the third local are also CH pre-simple corners for F', E'.
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Figure 17: First case for dimensional type two: Y = {0} and 7 is not dicritical.

Second case: Y =0 and 7 is dicritical. Hence A + p = 0. In the first local chart
we have
dy’

/

Tw= (- )d + (u+ a(--))

So there are no singular points in the first local chart; by symmetry, there are no
singular points in the second local chart as well. In the third local chart we have

/ /

7w = b 2 ) o (2 N+

The only singular point in 77!(0) is the origin of the third local chart. However we
see that the vector field

is nonsingular and tangent to F’ (¢ is the coefficient of dz in 7*w). Hence the origin
of the third chart is a CH pre-simple corner for F’, E’ with dimensional type two.
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Figure 18: Second case for dimensional type two: ¥ = {0} and = is dicritical.

Third case: Y = (x =y = 0) and 7 is not dicritical. Hence A + p # 0. The first
local chart is ' = z,y' = y/z, 2’ = 2z and we have

. dx dy

T'w = (>\+;H—x(---))?+(,u+:v(---))— :

/

The second local chart is 2’ = z/y,y = ¢/, 2’ = 2z and

/

w0 = (NG + Oty )
In both cases, we only find CH pre-simple corners in 7—1(0).

Fourth case: Y = (x =y = 0) and 7 is dicritical. Hence A + p = 0. In the first
local chart we have
x dy’
Tw=()dr + (p+ () — .
Hence there are no singular points in 77(0) in the first local chart; by symmetry,
there are no singular points in the second local chart as well. So all the points in

771(0) are CH pre-simple corners with dimensional type one.
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Figure 19: The image on the top shows the third case for dimensional type two:
Y = (x =y =0) and 7 is not dicritical. The image at the bottom shows the fourth
case for dimensional type two: Y = (z = y = 0) and 7 is dicritical.
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Now suppose the origin has dimensional type three. Then F is given by w = 0
where

d d d
w= (At ale,y,2) = + (u+bla,y,2)) = + (6 + ez, y.2) =

with a(0) = b(0) = ¢(0) = 0 and Aud # 0. Once again, there are several cases to
consider.

First case: Y = {0} and 7 is not dicritical. Hence A + p+ 0 # 0. In the first
local chart we have

dx dy’ dz
mw= (ke S () () E o ()

So we see that all the points of 771(0) are CH pre-simple corners for F', E’ in the
first local chart. By symmetry, all the points of 77(0) are CH pre-simple corners
for 7', E' in the second and third local charts as well.

Second case: Y = {0} and 7 is dicritical. Hence A+ p+ ¢ = 0. In the first local
chart we have

. dy dz'
T*w = (---)da:—k(u—i—:l?(-“))?+(5+$(---))7 .
The origin of the first local chart is the only singular point. However, we see that
the vector field
/) a

a R
oy’
is nonsingular and tangent to F’ (a’ is the coefficient of dz in 7*w). Hence the origin

of the first chart is a CH pre-simple corner for 7', E’. By symmetry, we have the
same situation in the second and third local charts.

€= (utal s~y
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Figure 20: The image on the top shows the first case for dimensional type three:
Y = {0} and 7 is not dicritical. The image at the bottom shows the second case for
dimensional type three: Y = {0} and = is dicritical.
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Third case: Y = (x =y =0) and p+ X # 0. Hence 7 is not dicritical. In the
first local chart we have
dx dy’ dz'
o= (\ B ) (S )
mw=(A+p+ )x+(ﬂ+ )y’+<+)z’
So we see that all the points of 771(0) are CH pre-simple corners for F', E’ in the
first local chart. By symmetry, all the points of 77(0) are CH pre-simple corners
for 7', E' in the second local chart as well.
Fourth case: Y = (x =y =0), u+ A =0 and 7 is dicritical. In the first local
chart we have y 5
W*w:(~~)d:c+(u—l—-~)y—y,+(5—|—~~)z—z; .
So the origin of the first local chart is the only singular point. However, the vector
field 5 P

éz(u+-~)%—yaa—y,

is nonsingular and tangent to F’ (a’ is the coefficient of dz in 7*w). Hence the origin
is a CH pre-simple corner for F', £’ with dimensional type two. By symmetry, we
have the same situation in the second local chart.
Fifth case: Y = (x =y =0), p+ A =0 and 7 is not dicritical. In the first local
chart we have
dx dy dz'
ww = fla,y 2 (ot gl )+ G hGey #)

with f(0) = ¢g(0) = h(0) =0 and = ff. We can write

fla,y, 7)) = azd'(z,y,2) + 2'o()

g(z, ' 2) = abl (2,9, 2") + Z¢(2')

ha,y',2") = o (x, 9, 2) + () .
All points of dimensional type two are CH pre-simple corners. Suppose, by absurd,
that the origin of the first chart ¢ is not a CH pre-simple corner for 7', E’. Consider
a point R = (0,y0,0) and the plane section A = {y = yo}. We have that F'|, is
given by the 1-form

/ / / !/ dx / / dZ/
(w30, 2) + 26N T+ (5 Ay ) S

So the point (0,7, 0) is a saddle-node singularity of F'|,. However, since F is a
CH foliation, there cannot exist saddle-node singularities in the restriction to plane
sections after blow-ups. Hence ¢ is a CH pre-simple corner for ', E’. By symmetry

we have the same situation in the second local chart.
O
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Figure 21: The image on the top shows the third case for dimensional type three:
Y =(x=y=0)and g+ A # 0. The image in the middle shows the fourth case:
Y=(x=y=0), u+ =0 and 7 is dicritical. The image at the bottom shows the
fifth case: Y = (x =y =0), p+ A =0 and 7 is not dicritical.
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Now let us prove Proposition 25. We consider several situations that will be
treated next. The first one is when Y = {0} and = is dicritical. Since D = 7~1(0) is
generically transversal, 7|, defines a foliation in P? ~ D. Note that if eg(Ejp,) = 0
Proposition 25 is immediate: there exists a point ¢ € D which is singular for F'|;
this point is not a CH pre-simple corner for F', E'.

Lemma 26 Suppose Y = {0} and that 7 is dicritical. If the origin is not a CH
pre-simple corner for F, E then for each invariant component E; C FE;,, there exists
a point q € B! = 77 (E;) N D which is not a simple corner for the pair F', E'.

Proof: Let us recall the relationship between the degree of a foliation G in P? and
the singular points along invariant lines (see [6]). Suppose L is a projective line
invariant by G. Given local coordinates x,y, we may put L = (y = 0). Let

0 0

- <1y <

$=alzy)g, o)y,

be a vector field which is tangent to G. Hence £|;, = a(z,0)0/0x. For every point
p € L, let a, = vp(a(x,0)). Thus p is a singular point of G if and only if o, > 1.

We have that
Y a,=0"G+1.

peEL

There are several cases to consider.

First case: eg(Ein,) = 1. Let Ej be the invariant component of E through the
origin. Due to Remark 19, we want to see that the set Sing F' N (E} N D) is not
empty. Suppose, by absurd, that every point of E] N D is a CH pre-simple corner
for 7', E’. Hence all the points of the projective line E] N D are regular points of
F'| ; this implies that 0°F'|;, = —1 and we arrive to an absurd.

Second case: eg(Ey,,) = 2. Let Ej, Ey be the invariant components of E through
the origin. Suppose, by absurd, that every point of (E] N D) U (E5 N D) are CH
pre-simple corners for ', E’. So the point p = (E] N E5) N D is the only singular
CH pre-simple corner; in particular, we have that 9°F'|,, = 0. By a result of [18],
we obtain that the dimensional type of the origin 0 € C3 is two, which is an absurd.
Hence 9°F' |p > 1 and we have the following options:

1. oy > 2, in which case ¢ is not a CH pre-simple corner for F', E' and we are
done.
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2. o, = 1; in this case we find a pair of points p; € E{ND, py € ESND, p1,p2 # q,
such that «,,, o, > 1. Hence p;, ps are not CH pre-simple corners for ', E’
are we are done.

Third case: ey(Einy) = 3. Let Ey, Ey, E3 be the components of E through the origin.
Suppose, by absurd, that every point of

(E{ND)U(ESND)U (E3N D)

is a CH pre-simple corner for ', E’. This implies that 0°F'|, = 1. Let us show
that this cannot be. Note, due to Remark 19, that there is transversality between
F' and D along each invariant projective line E. N D.

We have that F is locally given by w = 0 where
d d d
w = ala,y, 2) = + b,y 2) L +cle,y, 1)~

where a, b, ¢ have no common factor and = fa,y fb, z [ c. Put r = ordery(a, b, c).
So we may write
a(x,y,z) = Ap(x,y,2) + -

b(x,y,2) = Be(x,y,z)+ -
c(x,y,2) = Cr(z,y,2) + - -+
where A,, B,., C, are homogeneous polynomials of degree r. Let
QD=XYZw(X,)Y,Z)= Qo+ Qg+ .
Since 7 is a dicritical blow-up, we have that
QT+2(R> =0
where R is the radial vector field. Hence it follows that
A +B.+C.=0.

Now we will see that F'|,, as a foliation in P? is the same foliation given by
Q..o = 0. It is only necessary to check if both foliations coincide in the first chart
of the blow-up 7. Let Vj be the open set related to the first local chart. We have
the change of coordinate maps
y=Y/X z=2Z/X

Voo— C, Vg — C.
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So
Qo =YZA (XY, 2)dX + XZB,(X,Y, Z)+ XYC.(X,Y, Z)dZ .
In the first chart, the foliation €2, = 0 is given by the restriction of €2,,5 to the

projective space X = 1; hence

Q4o =zB,(1,y, z)dy + yC.(1,y, z)dz .

X=1

On the other hand, in the first local chart the change of coordinates is 2’ = =,
y' =y/z, 2 = z/x and hence

where

1
Call ' = —m'w. Since A, +b, + C, =0, it follows that

x
1 d dy’ dz'
= )T (Bl o) Bk (G ) a0 D)
We have that F'|, is given by «'[,_, where
dy’ dz'
W = Br(l,y’,z’)? + Cr(l,y’,z’)j .

So we conclude that F'|, and the foliation given by €2, = 0 are the same. Note
that since A, + B, + C,. = 0 we have that B,(1,v/,2’) and C,.(1,v/, 2’) have no com-
mon factor.

As a consequence of this it follows that the degree of the F'|, is r + 1. Hence,
in the case °F|,, = 1, we have that r = 0. So we can write the coefficients of w as
follows:

a(m,y,z):/\—i—
C($,y,Z):5+
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with A + o+ 0 = 0. Suppose we have p = 0. So F' is given by w’ = 0 where
O =y )de + 22 ()dy +y (0 + x(--2))d2

Let us see that there is tangency between F’' and D in this case. In the first chart,
the tangency points of 7/ and D = (z = 0) are given by the set (wAdz = 0)N(z = 0),
which gives us the set (x = ¢’ = 0). This is an absurd, as we have remark earlier.
Therefore we have that A\ud # 0, which implies that the origin is a CH pre-simple
point. This is an absurd.

So we conclude that 3°F'|;, > 2. By a direct computation of the degree along
each invariant line £] N D we see that there exist three points, at least two of them
distinct, py € (E1 N EY) N D, pe € (ESNEL) N D, ps € (E] N ELY) N D which are not
CH pre-simple corners for F'|,.

O

Lemma 27 Suppose Y = {0} and that 7 is not dicritical. If the origin is not a
CH pre-simple corner for F,E then there exists a point ¢ € D which is not a CH
pre-simple corner for the pair F', E'.

Proof: There are several cases to consider.

First case: eq(Ein,) = 0. Let A C M be a plane section generically transver-
sal ([19]) to F and A’ its transform by 7. There exists a point ¢ € D N A’ which
is singular for F|’y; hence ¢ is not a CH pre-simple corner for 7', E’ and we are done.

Second case: ey(Finy) = 1. Let E; be the component of E;,, through the origin,
A C M a plane section transversal to F; at the origin and A’ its transform by 7.
Suppose, by absurd, that every point of D is a CH pre-simple corner for F', E'.
Hence F'|,, has only one singularity, which moreover is a CH pre-simple corner for
F'| o, E' VA’ This implies that 0 € A is a CH pre-simple corner for F|,, £ N A.
However, since eg(Ein,) = 1, it follows that 0 € A is a regular point of F|,; this
implies that 0 € C? is a regular point of F, which is an absurd.

Third case: ey(Fin,) = 2. Let Ey, E5 be the components of Ej,, through the origin,
A C M a plane section transversal to F; N Ey at the origin and A’ its transform by
7. We may assume that the point F{ N Ej N EY does not belong to A’. Suppose, by
absurd, that all the points in D are CH pre-simple corners for ', E’. Hence F'|,,
has two singular points which are both CH pre-simple corners for F'|,, E' N A'.
Then 0 € A is a CH pre-simple corner for F|,, E N A. By a result in [18], this
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Figure 22: Lemma 27. The image at the top shows the first case, and the image of
the bottom shows the second case.
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implies that the dimensional type of the origin is two and thus a CH pre-simple
corner given by the saturation of F|, by a nonsingular vector field transversal to
A. This is an absurd since 0 € C? is not a CH pre-simple point for F, E.

Fourth case: ey(FEin,) = 3. Suppose, by absurd, that every point of D is a CH
pre-simple corner for F’, E'. We have that F is locally given by w = 0 where

w=alry, )2 409,29 + ol ) C

where a, b, ¢ have no common factor and « fa, y [ b, z [ c. Let r = ordery(a, b, ¢).
Then
CL(CC, Y, Z) = Ar<m7 Y, Z) +

b(xaya Z) = Br($ayaz) + o
c(a:,y,z) = Cr(xvyaz) T

Let P. = A, + B, + C,.. Since 7 is not dicritical, we have that P. # 0. In the firs
local chart 2’ = z,y' = y/x, 2’ = z/x we have that

o = 2[R0 bat DD+ (B LY. 2) 4 el )Y
d_Z’],

+<CT(1’ y/a 2/) + l’( ’ )) o

Since 0 € M is not a CH pre-simple corner for F, F we have that either P, is not
a constant polynomial or r = 0 and AyByCy = 0. Suppose we have the first case.
We may assume that, in the first chart, P.(1,v/,2’) is a polynomial with degree d,
1 <d <r. The set
[Py, ) =0} 1 (2 = 0)

gives a curve of the singular locus Sing F’ such that each of its points is not a CH
pre-simple corner for F',E'. If r = 0 and AqgByCy = 0 we find two-dimensional
saddle-nodes for 7' and F cannot be a CH foliation, which is an absurd.

0

For the following two lemmas we will assume Y C Sing F is a germ of curve. Let
ey (Finy) denote the number of invariant components of E which generically contain
Y’; hence we have that 0 < ey (Fyp,) < 2.
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Lemma 28 Suppose that Y C Sing F is a germ of curve such that ey (E;p,) = 0
and that w is centered at Y. If the origin is not a CH pre-simple corner for F,E
and eo(Einy) = 1, then there exists a point ¢ € 7 1(0) which is not a CH pre-simple
corner for F', E'. In particular, if 7 is not dicritical, there exists an invariant germ
of curve v C Sing F' such that v C D = 7~ (Y) and ~ has normal crossings with
£

Proof: We take local coordinates x,y, z at the origin such that
E1 = (Z = 0) s
Y=(@=y=0).
Hence F is given by w = 0 where
dz
W(ZE, Y, Z) = a(x, Y, Z)dl‘ + b(l‘7 Y, Z)dy + C(I’, Y, Z)_ .
z

Put v = order(, ) (a, b) and p = order(, ) (c). Note that > 1 since Y is invariant
by F. We can write

a(x,y, Z) = AV(JT,y, Z) + Ay+1(xay; Z) +o

b(l’,y, Z) = Bu(fL}y; Z) + By+1($,y;2> +ee,
C(I’,y,Z) = C,u([lf,y; Z) + C;H—l(xvy; Z) +oe

In the first local chart we have @’ =z, ¢ = y/x, 2/ = 2. Let
P, y;2) = vA, (2, y:2) + yBu(z,y;2) -

Then P, (z,zy';2) = 2" P, 1(1,9'; z). Hence

d
Tw = xV—H (PV-I—l(la y/a Z) + IL‘( ’ )>% + I'V—H (BV(Lylv Z) + l’( ’ ))dy,

+ x“(C’M(l,y’, z) + (- ))% )

Firstly, suppose that > v + 1. In this case, we can divide 7*w by z¥*!:

= = (P2 +al)) S 4 (B, y2) 2l )y

, d:
+ 1<CM(1,y;z)+x(---)>? :
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Figure 23: Lemma 28.

If P,y1(1,9y';2) # 0 then (z = 0) = D is invariant by F” and 7 is nondicritical.

If, on the other hand, P, 1(1,y;z) = 0, then
d

W=(-)dx+ (B,,(l,y’;z) + (- ~))dy’ +ahr 1(0“ (1,y;2) + (- )>—Z .
2
Note that if P,,1(1,%;2) = 0 then B,(1,y;2) # 0 (otherwise we would have
A,(1,y52) = 0 = B,(1,y;2), which is an absurd). Therefore, in this case, D is
not invariant by F' and the blow-up 7 is dicritical.

Now suppose that 1 < p < v. In this case, we can divide w(z, zy/, z) by a*:

1
! * o v—p /. v—p+1 /. /
W= mw = <Py+1(1,y,z)—|—x( ))d:l:—i—a: (By(l,y,z)—i—x( ))dy
, dz
+ <C’u(1,y;z)+x(~~~))?.

Therefore we also have that D is a dicritical component of E’ and the blow-up  is
also dicritical.

Nondicritical case: The set
{PVJrl(l?yI? Z) = O} N (CC = 0)
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gives a curve of the singular locus distinct from (z = z = 0) = 71(0). Moreover,
there exists a point of intersection of {P,1(1,¢',2) = 0} and (z = z = 0) = 7 (0);
this point is not a CH pre-simple corner for 7', £’ and we are done.

Dicritical cases: In both cases, we are looking for the singular points of 7 in 7~ *(0).
In the first chart, 771(0) is the y'-axis (z = z = 0). Firstly suppose p > v + 1,
P,i1(1,9/;2) = 0. Then Sing (2w') N (x = z = 0) is the set

(2 =0) N {z" " 'Cu(L,y’;2) = 0} .

If > v+ 1 then F’ is tangent to D along the curve (z = z = 0)and hence every
point p € (z = z = 0) is not a CH pre-simple corner for F', E’. If p = v+ 1 we have

Sing(zw') N (x = 2z =0) = {C,(1,y";2) =0} .

We have that C,(1,y,z) = P(g,Z) has a zero of the form (go,0); hence the point
(0,70,0) € 7 1(0) N D is a point which is not a CH pre-simple corner for 7', E’. In
the case 1 < v < p we have that Sing (zw’) N (x = 2z = 0) is the set

(z=0)N{Cu(1,¢;2) = 0}

and we repeat the previous argument.

O

Lemma 29 SupposeY is a germ of curve in the singular locus Sing F with ey (Fip,) =
1,2. Assume that there exists E; C E;y,, such that 0 € E;, Y ¢ FE;. If the origin
is not a CH pre-simple corner for F, E, then there exists a point ¢ € 7—(0) which
is not a CH pre-simple corner for F', E'. In particular, if = is not dicritical, there
exists an invariant germ of curve y C Sing F' such that v C D = 7= 1(Y) and v has
normal crossings with E'.

Proof: There are two cases to consider: eg(Fy,,) = 2 and eo(Fip,) = 3.

First case: eq(Ein,) = 2. We take local coordinates x,y, z at the origin such that
Ei=(2=0)C Ei, ,
Ey=(y=0)C Eipy ,
Y=(@x=y=0)C Es.

Hence F is given by w = 0 where

d d
w(z,y,2) = a(z,y, 2)dz + bz, y, 2) > + c(x,y, 2) — .
y ya
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If v = order(, y(a) = order(,,(b) — 1, = order ;) (c), we can write
a(z,y,z) = A2,y 2) + Ay (@, y32) + -+
b(z,y,2) = Byy1(2,y;2) + Buya(,y;2) + -+
(2, y,2) = Cu(e, 4, 2) + Cupa(w,952) + - -

where A;, B;, C;, as in Lemma 28, are homogeneous polynomials in the variables
x,y of degree i. Thus we have (A,, B,+1) # (0,0), C,, # 0.

In the first local chart we have z = z,y = x¢/, 2 = 2. Let
Pzﬂrl(xa Y Z) = Z'A,,(l', Y Z) + BU+1(x7 Y; Z) :
Then P,y (z,zy'’;2) = 2™ P,,1(1,y; 2). Hence

d
T = o't (Pl/+1(17 v, z) + (- )) ar
T
e

> .

dv
* $V+1 <BV+1(17 y/7 Z) + l’( ’ )> y_?{

+ a* (Cﬂ(l, v, 2)+ (- )>

Firstly suppose that u > v + 1. Then we may divide w(x, zy’, 2) by x* T

1 * d$ d /
UJ’: xlj+1 T W = <Pu+1(17y/,2>+.1'()>?+ (BV+1(17y/,Z)+x())y_z{
d
+ x“—V—1<C’u(1,y’;z) +a(- ))5 .

If P,y1(1,9;2) # 0 then (z = 0) = D is invariant by F’ and 7 is nondicritical. If,
on the other hand, we have P,,1(1,y’;2) = 0, then
dz

o = (et (Bl ys2) 4 o60) W (€00, 752) ba0) E

Y

Note that P,y1(1,v';2) = 0 implies that B,,1(1,9';2) # 0; otherwise, we would
have B,11(1,vy;2) = A,(1,v; 2) = 0, which is an absurd. Thus (z = 0) = D is not
invariant by F’ and 7 is dicritical.

Now suppose 1 < p < v. Then we may divide w(x,zy’, z) by at most z*:

1 du'
UJ’ = —W*w = Y H (Py+1(1’ y/, Z) + ﬁC( . ))dx + l.l/*llrl*l <By+1(1, y/’ Z) + x( . )) —y/
Y

TH
dz

> .

+ (G2 )
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Since C,(1,y;2) # 0, we have that (x = 0) = D is not invariant for 7’ and 7 is
dicritical.

Nondicritical case: The set

{Pu-i-l(lay/?'z) = 0} N ($ = 0)

gives a curve of the singular locus distinct from (x = z = 0) = 77(0). Hence there
exists a point of intersection of {P,;1(1,7’,2) = 0} and (z = z = 0) = 7 1(0); this
point is not a CH pre-simple corner for 7', E’ and we are done.

Dicritical cases: In both cases, we are looking for the singular points of F’
in 771(0). In the first chart, 7='(0) is the y/-axis (x = 2z = 0). Firstly suppose
uw>v+1, Pyi(l,y;2) = 0. Then Sing (2w') N (z = z = 0) is the set

(= = 0) N {a" ' Cull,y's2) = 0} .

If 4 > v+ 1 then F' is tangent to D along the curve (z = z = 0) and all the points
in this curve are not CH pre-simple corners for 7', E'. If y = v 4 1 then

Sing(zw') N (z = 2 =0) = {C,(1,y;2) = 0} .

We have that C,(1,y,z) = P(7,Z) has a zero of the form (go,0); hence the point
(0,70,0) € #~1(0) N D is a point which is not a CH pre-simple corner for 7', E’. In
the case 1 < v < p we have that Sing (2w') N (z = 2z = 0) is the set

(z=0)N{Cu(1,y"2) =0}
and we repeat the previous argument.

Second case: ey(Finy) = 3. We take local coordinates z, y, z at the origin such that

EQZ(yZO)CEinv7
E3—($:0)CEim,,

Hence F is given by w = 0 where
dz d
CU(I,y,Z) = a(x,y,z)? + b(.ﬁlf,y, Z)?y + C(I,y,Z)? :
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Figure 24: Lemma 29. The image at the top shows the case ey (Fin,) = 1, and the
image at the bottom show the case ey (FEj,,) = 2.

91



If v = order(, ) (a,b), p = order (,,(c), we write
a(z,y,z) = Ay(z,y;2) + Ava(z,y32) + -+

b(a:,y, Z) = Bu(xay; Z) + BV—H('T?y; Z) + -
c(z,y,2) = Culz,y; 2) + Cupr (2,95 2) + - --

where A;, B;, C;, once again, are homogeneous polynomials in the variables z,y of
degree i. Thus (A,, B,) # (0,0), C, # 0.

In the first local chart we have x = 2/, y = 2'y/, 2 = 2. Let

P, (z,y;2) = Au(x,y,;2) + Bu(z,y; 2) .
Then P,(x,zy’;2z) = 2V P,(1,y'; z). Hence

d dy’
rw = 2 (P )+ () S+ (Buly, ) + () L
T Y
dz
v / “ e —
+ <C’u(1,y,z)—|—x( )) -
Suppose 1 > v. Then we may divide w(z, zy/, z) by z":
1 d dy’
w/ — Eﬂ*w — (P,,(l,y’; Z) + LL'( . ))?x + (By(l,y’; Z) + SC( . ))y_y/

+ x”_”(Cu(l,y’;z) + (- ))d—zz :

If P,(1,y';2) # 0 then (x = 0) = D is invariant by F’ and 7 is nondicritical. If, on
the other hand, we have P,(1,y;2) = 0, then

dy’ d
W= (-)dx + <Bl,(17y’; z) + x(-- )) 7?{ + at (C’#(l,y'; z) + x(-- )) ?Z .
Note that P,(1,y';z) = 0 implies that B,(1,vy; z) # 0; otherwise, we would have
B,(1,y;2) = A,(1,v; 2) = 0, which is an absurd. Thus (x = 0) = D is not invariant
for 7', and 7 is dicritical.

Now suppose 1 < p < v. Then we may divide w(z, xy', z) by z#:

1 du'
Ww=—1'w = " ! (P,,(Ly'; z) + x(-- ))dx + v <Bl,(1,y’; z) + (- )) _y,
)

TH
dz

+ (UL ys) +al) T
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Since C,(1,y';2) # 0, we have that (z = 0) = D is not invariant by F' and 7 is
dicritical.

Nondicritical case: The set
{P,(1,y',2) =0} N (z=0)
gives a curve of the singular locus distinct from (x = z = 0) = 77(0). Hence there

exists a point of intersection of {P,(1,y/,2z) = 0} and (z = z = 0) = 7 '(0); this
point is not a CH pre-simple corner for ', £’ and we are done.

Dicritical cases: In both cases, we are looking for the singular points of F’
in 771(0). In the first chart, 7='(0) is the y/-axis (x = 2z = 0). Firstly suppose
w>v+1, P,(1,y;2z) =0. Then Sing (2w') N (z = z = 0) is the set

(z=0)N{z""'Cu(L,y’;2) = 0} .

If # > v+ 1 then F is tangent to D along the curve (x = z = 0) and all the points
in this curve are not CH pre-simple corners for 7', E'. If y = v + 1 then

Sing(zw') N (x = 2z =0) = {C,(1,y';2) =0} .
We have that C,(1,y,2) = P(7,Z) has a zero of the form (g, 0); hence the point
(0,70,0) € #~1(0) N D is a point which is not a CH pre-simple corner for 7', E’. In
the case 1 < v < p we have that Sing (2w') N (x = z = 0) is the set
(2 =0)N{Cu(1,4;2) = 0}

and we repeat the previous argument.

O

Remark 20 Lemmas 28 and 29 are still valid in the case that there does not exist
an invariant component of £ which is transversal to Y.

4.2 Singular locus of a RICH foliation
Let F be a RICH foliation in M = (C3,0) and let’s fix a reduction of singularities

S:My=M & M & 5N My
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as in Section 3.1. Recall that for 0 < s < ¢ < N we denote 7y = idy;, and
Tgs! = Tg11 O Mgy O+ 0my : My — M,
is s < §'. In particular,
ps =TNs: My — My 05y =m0 : My — My = (Cg,Q)

and m = g = po = on : My — My is the morphism of reduction of singularities.
We decompose the exceptional divisor E? into irreducible components

E*=D;UDU---UD?

where D; is the strict transform by 7, of D{™" for i < s and D? = 7;1(Y,_;) and
we write &), C B, L, C E°.

mu

We will frequently do arguments by induction on the height ¢ € o;'(0). This
number is defined by

ht(q) = #{s' > s; ¢ € mee (Ys)} .

Note that ht(g) = 0 if and only if ¢ is a CH-simple point of Fs. Moreover, if ¢ € Y
then ht(q') < ht(q) for all ¢ € 7} (q).

This section is devoted to proving the following result:

Proposition 30 Let ¢ € o;'(0) be a point which is not a CH pre-simple corner for
Fs, E*. Take a nondicritical irreducible component Di of E® (that is, D C Ef,, )
with ¢ € Df. Assume that there is no germ of curve Yy, with s < s', such that

q € msy(Yy) C Dj .
Then there exists a curve I contained in the singular locus Sing Fs such that
gel'c D;
and I' ¢ D2 for any j # 1.

Proof: We do induction on the height ht(g). If ht(q) = 0, ¢ is a CH trace point
and we are done. Assume that ht(q) > 1. Let b > s be the first index such that
q € Tsp-1)(Ys—1). There are several cases to consider.
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First case: the center Y,_1 is a point QQ and 7, is a nondicritical blow-up. We per-
form the blow-up 7,; by Proposition 25 there exists a point ¢’ € 7, 1(Q) = D! that
is not a CH pre-simple corner for Fy, E},. We apply the induction hypothesis to
q'; since DY is compact (it is isomorphic to P?) and invariant we find a compact
curve I' € D} in the singular locus of JF, which is not contained in another invariant
component of the exceptional divisor E*. The curve I' must intersect the projective
line D? N DY at a point ¢”. It follows that the point ¢” is not a CH pre-simple cor-

ner; we apply the induction hypothesis to D? at ¢” to find IV and we take I' = 7y, (I").

Second case: Y, 1 = {Q} and m, is a dicritical blow-up. By Proposition 25, there
exists a point ¢’ € D?N D? which is not a CH pre-simple corner for F, E°. We apply
the induction hypothesis to the point ¢’ as before.

Third case: Y,_1 is a curve. In this case Df’l is transversal to Y,_; in view of
the hypothesis on D?. By Proposition 25 there exists a non CH pre-simple corner
¢ € m, Q) = D’ N D} where @ is the (only) point over ¢ such that 7s;-1)(Q) = ¢.
We apply induction hypothesis to D? at ¢’ to obtain a curve IV C D% and we put
I'= 7ka<F,).

O

Remark 21 Note that it is possible to have I' = 7y (Y, ) with the properties that
p €' C Sing F, I' C E} and there is no j # i with I' C E7.

4.3 Structural results: continuation of nodal curves

In this section we consider a RICH foliation F in M = (C3,0) without invariant
analytic surface and we fix a reduction of singularities

S:My=ME My &0 85 My

as in Section 3.1. We recall that © : My — M, denotes the composition of all the
blow-ups in the sequence S.

Definition 16 Let C C Sing Fn be an nodal component of F,S. We say that C is
of good type if and only if we have one of the following possibilities:

1. CNEY, #0.

2. w(C) # {0}, that is to say, there exists a germ of curve in w(C).
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The following statement is the technical result that we need to complete the
proof of Theorem 7.

Proposition 31 All the nodal components of F,S are of good type.

Let us start the proof of Proposition 31. We do an argument by contradiction, by
considering a fixed nodal component C that is not of good type. That is, we assume
that C N EY, = 0 and 7(C) = {0}. For any 0 < s < N, we denote C* = p,(C).
We have that C* C o;'(0) and hence C* is a connected union of compact analytic
subsets of . We have two possibilities: either C* is a single point or it is a finite
union of compact irreducible analytic curves

C*=T;UT3U---UT}, .

Let us remark that the curves I'f C o;1(0) will never be used a center of blow-up
in the sequence §. In particular, the generic points of I'; are CH simple for F;, £
and only finitely many points in I'} will be modified by subsequent blow-ups. Also
C**! has the form

Cerl — Fi+1 U F§+1 U..-U Fs+1

kst1
where kg1 > ks and for each 1 < i < k, the curve Ff“ is the strict transform of I'}
by ms11.

Lemma 32 Take a point q¢ € o, '(0). Then the following properties are satisfied:

2 0) = 3 and let D D D} be the three
irreducible components of E° containing q. Suppose D; N Dy C C°. Then
D; nDj C C° or D; N D] C C°, and moreover, in the first case we have
D; N Dy ¢ C%, and in the second case we have Di N D} ¢ C*.

A [Continuation at corners| Suppose e,(E?

C’ [Nondicriticalness of corners| Suppose e,(E$.,) = 2 and let Di, D} be the two

irreducible components of E* containing q. If D N Dj C C* then q ¢ E5,..

Proof: As in Proposition 30, the proof will be done by induction on the height of
q. Suppose initially that ht(q) = 0. Then ¢ is already a simple point and will not
be a center of explosion. Furthermore, if ¢ belongs to a germ of curve v, then v will
also not be a center of explosion. So there exists only one point ¢’ € My such that

ps(d) =q.

C’ Since ¢ € C C My and C is not of good type, it follows directly that ¢’ ¢ EX. .
Hence g does not belong to Ej;..
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Figure 25: Case C’. We denote the hypothesis data with an arrow pointing towards
inside the curve.

A We have that ey (EY,) =3, DN N D} C C and C is a nodal component; therefore
exactly one of the curves DN N D} or Di¥ N D} is an irreducible component of C

whereas the other is not, and the result follows.

Now suppose that A and C’ are true for every point with height < h — 1 and
assume ht(¢) =h. Let b > s be the first index such that ¢ € my_1)(Y—1). Let
q' € Y,—1 be the point such that m,;,_1y(¢) = ¢. Note that since C’ is valid for every
point with height < h — 1 it follows that 7, is nondicritical. We recall we denote
' (Yo-1) = Dy,

C’ (see Figure 25) Suppose ¢ belongs to a dicritical component D; C Ej.: so
q € D?_l C th_cl. Since m, is nondicritical, by the induction hypothesis we may
apply A to the point Q = D) N D? N D?. Thus we find a point Q' € D! N D¢ (or
Q' € D} N Dp) such that Q" € D% C E},., which is an absurd.

A (see Figure 26) The result follows by applying the induction hypothesis to the
points Q1 = DyN DY N DY, Qy = DYN DY N DY and Q3 = DN DY N DY in the
case Y1 = {¢'}; and by applying the induction hypothesis to the points Q; =
Db DN DY and Qo = DS N DY N DY in the case that Y,_; is a germ of curve of the
singular locus Sing Fp_1.

O
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Figure 26: Case A. We denote the hypothesis data with an arrow pointing towards
inside the curve, and the conclusion data with an arrow point towards outside the
curve.
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With Lemma 32 we can see that the properties that C fulfills at the end of the
reduction of singularities can already be seen at intermediate stages in the case of
curves which are generically corner. The next result assures the same is true for
irreducible components of C* which are trace curves (by trace curve we mean to say
a curve of the singular locus which is generically contained in only one invariant
component of the exceptional divisor).

Lemma 33 Take a point ¢ € o;'(0) with e,(ES,,) > 2. If e, (ES,,) = 2, Df, D;
will denote the two invariant components of E° containing q. If e,(E3,,) = 3, D,
D3, Dy will denote the three invariant components of E* containing q. Assume that

there is mo germ of curve Yy, with s < s, such that

q S 7Tss’<Y;’>-
Then the following properties are satisfied:

B [Transition of trace curves]

B.1 Suppose e,(Ez,,) = 2 and that D; N\ Dj, C C®. If there exists a trace curve
I'; € Dj such that ¢ € T'; and I'; ¢ C?®, then there exists a trace curve

I'v C D} such that 'y, C C° and q € T'y.
B.1’ Suppose e,(ES,,) = 2 and that D; N Dj, C C*. If there exists a trace curve

muv

I' € D] such that ¢ € I'; and I'; C C®, then there exists a trace curve
I'y C Dy such that T'y, ¢ C° and q € T'y.

B.2 Suppose e,(E;,,) = 2 and that D; N D;, ¢ C°. If there exists a trace curve

I' € D] such that ¢ € I'; and I'; C C®, then there exists a trace curve
I'y C Dj such that I'y, C C° and q € T'y.

B.2> Suppose e,(EL,,) = 2 and that D; N D ¢ C*. If there exists a trace curve

I € D} such that ¢ € T'; and I'; ¢ C®, then there exists a trace curve
I'y C Dj such that T'y, ¢ C° and q € T'y.

B.3 Suppose e,(E3,,) = 3 and that Df N\ D;, D; N Df, D; N D ¢ C*. If there

exists a trace curve I'; C D such that ¢ € I'; and I'; C C®, then there
exist trace curves I'y, C Dy, I't C D} such that I'y, Iy C C° and q € T'y, I';.

B.3’ Suppose e, (ES,,) = 3 and that D N Dy, DN\ D;, D N D;j ¢ C*. If there

exists a trace curve I'; C D such that ¢ € I'; and I'; ¢ C*, then there
exist trace curves I'y, C Dy, I't C D such that I'y,I'y ¢ C* and q € Ty, I'y.

B.4 Suppose e, (E;,,) =3 and that D; N D, D N D; C C* but D; N D} ¢ C°.
If there exists a trace curve I'; C Dj such that ¢ € I'; and I'; C C*, then
there exist trace curves I'y C Dj, I'y C D} such that I'y ¢ C*, I') C C?

and q € Ty, I'.
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B.4> Suppose e,(E;,,) = 3 and that D; N D}, D; N D; C C* but D{ N D; ¢ C°.
If there exists a trace curve I'; C Dj such that ¢ € I'; and I'; ¢ C*, then
there exist trace curves I'y C D, I'y C D} such that I'y C C*, I' ¢ C®

and q € I'y, T'y.

B.5 Suppose e, (E3,,) =3 and that D; N D;, D; N Dy C C* but D; N D} ¢ C*.
If there exists a trace curve I'; C D7 such that g € I'; and I'; C C*, then
there exist trace curves I'y C D, I't C D;j such that I'y,I' ¢ C° and

qc Fk,Fl.
B.5> Suppose e,(E;,,) = 3 and that D; N D}, DN D; C C*° but D; N D; ¢ C°.

If there exists a trace curve I'; C D] such that ¢ € I'; and I'; ¢ C*, then
there exist trace curves I'y C D, I't C Dj such that I'y, I C C° and

/S Fkarl-

C [Nondicriticalness| If g € C*, then q ¢ EJ,..

Proof: As before, the proof is done by induction on the height of ¢. Suppose
ht(q) = 0. Then q is already a simple point and will not be a center of explosion.
Furthermore, if ¢ belongs to a germ of curve ~, then v will also not be a center of
explosion. So there exists only one point ¢’ € My such that ps(¢’) = q.

C Since ¢’ € C C My and C is not of good type, it follows directly that ¢’ ¢ EX .
Hence ¢ ¢ E,...

B We have that ¢’ is a simple point with dimensional type three. Thus B.3 - B.5’
cannot occur in the case ht(q) = 0. Cases B.1 - B.2’ follow directly from the facts
that since ¢’ is a simple point with dimensional type three there are three curves of
the singular locus containing ¢’ and that C is a nodal component. Note that in the
case B.2” we obtain that ¢’ ¢ C. Since ps(¢’) = g, we obtain the same results for
the point ¢ in the stage M.

Assume ht(q) > 1. Let b > s be the first index such that ¢ € m3—1)(Ys—1). Let
q" € Y31 be the point such that 74;_1y(¢') = ¢. Hence we may “push” all the hy-
pothesis on ¢ to the point ¢’. Note that since C is valid for every point with height
< h — 1 it follows that 7, is nondicritical. Moreover, in view of the hypothesis,
Yy_1 = {¢'}. We recall we denote m, '(Y;_1) = D).
C (see Figure 27) Suppose ¢ belongs to a dicritical component Dj C Ej,; hence
q € Dé?_l - Esi_cl. Call ' C C*! the irreducible component of C*~! which contains
¢’ (that is to say, I' is the transform by 7,;-1) of the irreducible component of C*
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Figure 27: Case C.

which contains ¢). We perform the blow-up m,. Let IV denote the transform by 7,
of ['and let @ = I"N (D) N DY). If Q € D?, by applying the induction hypoth-
esis to () we come to an absurd. If Q) ¢ D;?, we apply B or A of Proposition 32
to ¢’ (depending on whether I" is a trace curve or corner curve). Either way, we
will find a point Q" € C® such that Q) € D;?, which is an absurd and the result follows.

B We will still denote by I'; C Sing F,_; the transform by 741y of I'; C Sing F.
We perform the nondicritical blow-up m, centered at ¢’. First let’s consider cases
B.1 - B.2’ (see Figures 28 - 31). We will use the following notation:

Qi=D'NnD.ND}

Q:=T;N(D;ND}),
where I, C Sing Fp is the transform by m, of I'; C Sing F,_;. We apply Lemma
32 to the point Q; in order to see which of the curves (if any) D? N Db, D N D!
are irreducible components of C*. Then, we apply the induction hypothesis to the
point (Q9: if QYo = @1, we apply one of the cases B.3 - B.5” and the result will
follow immediately; if Q2 # @1, we apply one of the cases B.1 - B.2’ to the point
Q2. In this case, we will find a trace curve I, C D? (which may be an irreducible
component of C* or not, depending on the case) such that @y € T',. Finally, we
apply the induction hypothesis to the point Q3 = ', (DY N DY) and we find a trace
curve Ty C D Qs € Tw (again, we will apply cases B.3 - B.5” if Q3 = @, and
cases B.1 - B.2’ otherwise). We take 'y = st(fk) and the result follows .
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Figure 28: Case B.1. We recall we denote the hypothesis data with an arrow
pointing towards inside the curve, and the conclusion data with an arrow point
towards outside the curve.
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For example, let’s see in detail case B.1 (see Figure 28). We apply A of Lemma
32 to the point Q;: since D?!N DY C C°, we have that either D?ND? C C (and in this
case DYDY ¢ C°) or DYN DY ¢ C° (in which case DY N DY ¢ C). Suppose we have
the ﬁrst option. Now con81der the point Qq. If Q2 = @1, we apply B.4’ to Q2 and
the result follows directly: we find a curve Fk C Dk, Fk C C% now put I, = st(rk)
If Qy # Q1, we apply B.2’ to @ and obtain a curve T, C D?, T, ¢ C’. Now we look
at the point Q3. If Q3 = @1, we apply B.4’ to ()3 and as before, the result follows.
If Q3 # Q1, we apply B.1 to Q3 and find the curve I', C D; and the result follows.
Now suppose we have D° N D! C Cb (hence D) N D: ¢ C°). If Qy = @y, we apply
B.5’ to @, and find the curve I'y, € DU, T, C C? directly. If Qy # Q1, we apply B.1
to Q2 and obtain a curve I, C D? such that T, C C°. Finally, we look to the point

Q3: if Q3 = @1 we apply B.4 to (J3; and if Q3 # @1, we apply B.2 to ()3. Either
way, we find the curve I'y, C DY, T, C C® and we are done.
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Figure 29: Case B.1’
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Figure 30: Case B.2
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Figure 31: Case B.2’
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Now we move on to cases B.3 - B.5’ (see Figures 32 - 37). We will use the
following notation:
Qi=D'nD:N Dy,

Qy=D'ND'N DY,
Qs=D'ND'N D,
Q:=T;,n(D'NDY),

where I", C Sing F;, once again denotes the transform by m, of I'; C Sing F,—;. We
apply Lemma 32 to the points @y, Q2, Q3 in order to see which of the curves D’ND?,
DéNDY, DPND} are irreducible components of C’. We apply the induction hypothesis
to the point @ in order to find a trace curve I'y, C DY, Q4 € T',. Depending on the
case, ', belongs to C* or not. Note that we may have Q)4 = ()1 or Q4 = (J3; in these
cases we will be applying cases B.3 - B.5’ to the point ()4. Otherwise, we will be
applying cases B.1 - B.2’ to Q4. Now let

Qr=TyN (DN DY) ,

Q=T,n(D'ND}) .

These points exist because D! ~ P? and Ty, D? N DY, D? N D? are projective lines in
D% We apply the induction hypothesis to the points @y, Q; and find trace curves
fk C DZa fl C D?, Qi € fk, Q € fl. We take I'y, = Ws,b(fk), I, = st(fl) and
the result follows. Notice that we may have Qp = ()1 or ()2, and Q); = Q)5 or Qs;
in these cases, we will apply cases B.3 - B.5’ to the points @)y, @;. Otherwise, we
apply cases B.1 - B.2’.

OJ
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Figure 32: Case B.3. We recall we denote the hypothesis data with an arrow
pointing towards inside the curve, and the conclusion data with an arrow point
towards outside the curve.
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Figure 33: Case B.3’.
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Figure 34: Case B.4.

110



Figure 35: Case B.4’
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Figure 36: Case B.5.
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Figure 37: Case B.5’.
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Figure 38: Remark 22.

Remark 22 Case B.2 is true in the case that D’™' and D' are noncompact
invariant components of E*~! and Y;_; = D!"'N D', We have that I'; = o, *,(0) N
DI™' and we obtain that T'y, = ¢, ',(0) N DY™* (see Figure 38). Let us prove this.
Firstly suppose ht(q) = 0. Then ¢ is a simple point and there exists only one point
¢ € My such that ps(¢’) = q. Hence ¢’ is a simple point with dimensional type
three and since C C Sing Fy is not of good type, it follows directly that

fk = 7T_1(Q) N D;]CV

is an irreducible component of C. Hence I'y, = p,(T'x) = o 1(0) N D; is an irreducible
component of C* and the result follows. Now suppose that ht(q) > 1. Let b > s
be the first index such that ¢ € my_1)(Ys—1). Let ¢ € Y,_1 be the point such that
Ts-1)(¢') = q. Note that due to C we have that 7, is a nondicritical blow-up. We
will use the same notation as before.

We apply the induction hypothesis to the point Q; = I, N D?. Since C is not of
good type, we have that D’ N D? ¢ C°. Hence

Iy=0,'(0)ND)cC .
Applying the induction hypothesis to the point Qy = I', N DY we obtain that
T, =0, (0)NDLcC.

Hence I', = st(f‘k) C C*® and we are done.
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4.4 Structural results: incompatibility of trace curves

In this section we continue with the proof of Proposition 31. The following result is
another property that the nodal component C C Sing Fy we have fixed satisfies at
intermediate steps of the reduction of singularities S.

Lemma 34 [Incompatibility] Let g € o;1(0) be a point of C* such that there is one
wrreducible component I'* of C* containing q which is generically contained in only

one component D C E? . Then there does not exist a curve Y° C Sing Fs such
that

1. Dj s the only invariant component of EZ,, which contains Y°.

2. T ¢ Co.
3. qe Y.

Proof: Suppose, by absurd, that there exists a curve T° C SingF,s which satisfies
1-3. As before, we will use induction on the height of ¢. If ht(¢) = 0, we have that ¢
is a simple point. Hence there cannot exist two trace curves contained in the same
invariant component intersecting at ¢, and the result follows.

Assume that ht(q) > 1. Let b > s be the first index such that ¢ € my3-1)(Ys—1)-
Let ¢ € Y31 be the point such that m44-1y(¢') = ¢. From Lemma 33 it follows that
7 is nondicritical. We recall we denote 7, '(Y;_1) = D?. We will call [*~1 T°~! the
transforms by 7, ;1) of I'*, T*. The transforms of I'*~*, Y*~!, by 7, will be denoted
Tt T Call

Qi =T"n(D;NDy),

Qo =""N(DIN DY) .

There are several cases to consider.

First case: Yy_1 = {¢'} (see Figure 39). We perform the blow-up m,. If Q1 = Qa,
by the induction hypothesis we are done. If Q; # @2, by Lemma 33 there exist two
trace curves I', T C D? such that one of them is an irreducible component of C’ and
the other is not. Smce D! ~ P2 the projective lines [, T must intersect. We apply
the induction hypothesis to the point Q3 = IT' N Y.
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Figure 39: These are the cases Y, 1 = {¢'}. The image at the top shows the case
eq(ES-1) = 1, the image in the middle shows the case ey (EY.!) = 2 and the image
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Figure 40: This figure exhibits the cases when Y, ; is a germ of curve. The image
at the top shows the second case and the image at the bottom shows the third case.

Second case: Y,_1 is a germ of curve transversal to Di-’_l (see Figure 40). Let Q1, Q2
be as above. If ;1 = @2, by the induction hypothesis the result follows. If Q7 # @,
by Lemma 33 we find an irreducible component of C® which is contained in the
noncompact component D?. This is an absurd since C is not of good type.

Third case: Yy is the curve Y71 (see Figure 40). In this case we have that D
is not compact and therefore T*~! = ¢, (0) N D?™'. Let Q; be as before. Since
C is not of good type, we have that Df N D? is not an irreducible component of
C’. By Lemma 33, the curve T' = ¢, '(0) N Db is an irreducible component of C*;
moreover, DY is the only invariant component of E’ which generically contains I.
By Lemma 77 there exists a trace curve T C Sing F, T C D! We apply the
induction hypothesis to the point Q; = T NT and the result follows

O

4.5 The goodness of nodal components

In this section we finish the proof of Proposition 31. The nodal component C C Sing
Fn we have fixed satisfies Lemmas 30, 32, 33 and 34. We want to show that such a
C cannot exist.
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We will descend to the stage M, of the reduction of singularities S where it
appears, for the first time, an irreducible component of C. In other words: let
ws : My — M,_1 be the blow-up centered at Y,_1 C M,_;. So in M,_; there are no
irreducible components of C, that is to say, C*~! = (; and in M, we see, for the first
time, an irreducible component of C: C* # ). Note that, due to Lemmas 32 and 33,
T, 18 not dicritical.

First case: s = 1 (see Figure 41). The nondicritical blow-up 71 : M; — My = (C3,0)
is centered at Yy C My and E' = D} = n;%(Yy) € M;. Suppose Yy = {0}: so
D} ~P? is compact and invariant (since m; is not dicritical). So C! C Dj is a trace
curve. Let A C M, be a plane section which is generically transversal to F and let
A’ be its transform by 7;. We may assume that the section A satisfies the following
properties:

1. 0 € A is a singularity in dimension two of the induced foliation F|,.

2. Every point in A’ is a singularity in dimension two.

In A’ we have the following situation: D} N A’ ~ P! is an invariant divisor and
the point p = C! N A’ is a nodal singularity in dimension two; due to Remark 5
there exists a point ¢ € D N A’ such that q is a trace singularity which is not nodal.
Since ¢ is a simple singularity of dimensional type two of Fj, there exists a trace
curve I' C Sing F;, I' C Dj{, such that ¢ € T and T' ¢ C'. However, ' and the
irreducible component of C' through p are two projective lines in D1; therefore they
must intersect. This is an absurd due to Lemma 34.

Now suppose Yj is a germ of curve contained in Sing F. Thus E' = D! = 7;'(Y))
is not compact and since C is not of good type it follows that C' = 7;'(0). Due
to Remark 20 there exists a trace curve v C Sing F; such that m(y) = Y;. Thus
v N CY # (, which is an absurd due to Lemma 34.
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Second case: s > 2. The nondicritical blow-up n, : My — M,_; is centered at
Y, 1 C M,_;. So n;}(Y,_1) = D? and F, is the transform of F. First suppose Y;_;
is a point {q}. Since C is not of good type, ¢ ¢ E5." and e,(ES.") > 1. Assume first
that e,(E5.") = 1. So g € Di™' C ES.'. The component D? = 7, '(q) is compact,
invariant and C* C D7. Let I'y be an irreducible component of C®. Since I'*, D7 N D?
are projective lines in D?, they must intersect. At the point of intersection of I'®
and D; N D? we apply Lemma 33: so either D N D3 C C* or there exists a trace
curve I'; C Sing F,, I'; C D? such that I'; C C°. However, the second case would
imply that 7,(T;) is a curve of the singular locus Sing F,_; such that 7, (I';) C D!,
ms(I;) € C5~! and hence C*~! # (), which is an absurd.

Therefore we have D N D C C° (see Figure 42). We take a plane section
A C M,_; generically transversal to F,_; and which satisfies conditions 1. and 2.
above. In A’ there are two invariant divisors, DN A’ ~ P* and D; N A’. The corner
point p = A’ N (D N D?) is a nodal singularity in dimension two. Due to Remark 5,
there exists a point ¢ € D:NA', ¢’ # p, that is a trace singularity which is not nodal.
Since ¢’ is a singularity of dimensional type two of Fy, there exists a curve I' C Sing
Fs, I' C D#, such that I' Z C* and ¢’ € I'. At the point Q = I'N(DfN D?) we apply
Lemma 33 and we find a trace curve I'; C Sing Fg, I'; C D7 such that I'; C C°.
However as we have seen this implies that 7,(T';) C C*~! and hence C*~! # ), which
is an absurd and the result follows.

For the case e,(E: ') = 2, we have that ¢ € Di ' N D;~'. We conclude that
both D; N D and Dj, N D must be irreducible components of C* and repeat the
argument above. And for e,(E; 1) = 3, we have that ¢ € D" N D;' N D!, and

all curves D N DZ, D; N D and D;j N Dy are irreducible components of C*. Once
again, we repeat the argument above (see Figures 43 and 44).
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Figure 42: Case s > 2, 7, is a nondicritical blow-up centered at q and e, (ES,') = 1.
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Figure 43: Case s > 2, 7, is a nondicritical blow-up centered at q and e, (E:. ') = 2.
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Figure 45: Case s > 2, 74 is a nondicritical blow-up centered at Y and ey(E,';;]l) =0.

Finally, suppose Y;_; is a germ of curve contained in Sing F,_;. Firstly assume
that ey (E:.!) = 0 (that is to say, Y is not contained in any invariant divisor).
There exists a point ¢ € Y such that ¢ € D! where D! is a compact compo-
nent of E5! (see Figure 45). The component D? = 77 (Y,_;) is not compact and
C* =7, (q) C D:. Due to Lemma 28 there exists an invariant curve v C Sing F,
v C D2 such that m4(y) = Y (in particular, v is a trace curve). Since C is of not
of good type, v ¢ C°. We apply Lemma 33 to the point ¢ = v N C*® and obtain a
trace curve I'; C Sing F;, ['; C D¢ such that ¢’ € I'; C C*. Hence, as in the previous

cases, we obtain that C*~! # (), which is an absurd.

Now assume that ey (ES. ') > 1: Y is contained in an invariant component
D7t ¢ Ef 1 (we remark that the following argument is the same in the case v =

Di'n Dt with DY) D™t € ES1). So C° is the compact curve o7 1(0) N D? (see
Figures 46 and 47). Since D N D? is a noncompact curve, it is not an irreducible
component of C*. Due to Remark 22 we obtain that the curve o;1(0) N Df is an

irreducible component of C#; however, this implies that C*~! # (), which is an absurd.
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Figure 46: Case s > 2, 7, is a nondicritical blow-up centered at Y and ey (£, 1) = 1.

125



Figure 47: Case s > 2, m, is a nondicritical blow-up centered at Y and ey (ES 1) = 2.
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4.6 Brunella’s local alternative with nodal components

Now we prove Theorem 7 in the general case. If there are no nodal components in
Sing Fy, we are done (Theorem 8). If there exists a nodal component C C Sing Fy,
by Proposition 31 we have that C is of good type. We have two possibilities:

a) All the nodal components intersect at least one compact dicritical irreducible
component of the exceptional divisor. In this case, we extend the arguments
of the case without nodal components and we find a neighborhood W of the
origin such that for each leaf L C W of F there is an analytic curve v C L
with 0 € .

b) There is a nodal component C C Sing Fx which does not intersect any compact
dicritical irreducible component of the divisor. Since C is of good type, either
it intersects a noncompact dicritical component of the divisor or it contains a
noncompact irreducible curve. Thus we find an analytic curve T' C (C?,0) in
the singular locus Sing F such that F is generically dicritical or generically
nodal along I'.
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5 Epilogue: Semitranscendental leaves

In some sense the global alternative of Brunella may be interpreted as a property
concerning the “concentration-diffusion”of the non-transcendency of the leaves of
a foliation: either we concentrate the non-transcendency in an algebraic leaf or all
the leaves are not completely transcendental in the sense that they are foliated by
algebraic curves. In our local situation we have an analogous of this phenomenon
based on the concept of an end of leaf. We state this result as follows:

Theorem 10 Let F be a RICH foliation in (C3,0) that has no germ of invariant
analytic surface. Then there is a neighborhood U of the origin 0 € C? such that each
leaf L C U of F is U has at least one end by, which is semi-transcendental.

The definition of the set By(F) of ends of leaves is given by an inductive limit
by means of any fundamental system of neighborhoods {U; }c; of the origin 0 € C?,
where we assume that F is defined in an open set U with U; C U for all i € I.
Denote by Q;(F) the space of leaves of the restriction of F to U;. An end of leaf
b € By(F) is an element
b= (Li)ier € HQi(f)
iel
such that L; C L; if U; C U;. Given a leaf L C U, we say that b is an end of L if
L; C L for all i € I. We say that b contains a germ of analytic curve ~y if v\ {0} is
contained in the germ at the origin of L; for all i € I.

An end of leaf b € By(F) is called semitranscendental if it contains a germ of
analytic curve or there exists a reduction of singularities

(C3,0) = My < My <= .- &5 My
for F such that the lifted end b accumulates only at the singular locus of Fy.

Let us give an idea of the proof of Theorem 10. Take a nodal component C
corresponding to the fixed reduction of singularities of the RICH foliation F. We
have that

C C Sing F

is a union of generically nodal curves such that all the points are in fact nodal points.
We have two possibilities:

a) There are “secondary holonomies” inside C that modify the transversal set of
leaves in a component of C that approach the leaves to the divisors.
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b) Such secondary holonomies do not exist and the leaves C are at a “fixed” distance
of the divisor.

In the first case, the nodal component is not a “barrier” from the propagation of
the leaves and we can proceed as in the case without nodal components. In the
second case, the leaves around C correspond to semitranscendental ends of leaves
accumulating at C. Since the only “barrier” we found are of this type, Theorem 10
follows.

Note of course that the fact that the nodal components are always of good type,
the semitranscendental ends of leaves that we found either contain a germ of analytic
curve or they accumulate (in a very precise way) at a curve I' in the initial singu-
lar locus Sing F, where F is either generically dicritical or generically nodal along I'.

In the future we will undertake a more accurate study of semitranscendental ends

in order to precise the ideas above. We acknowledge J. F. Mattei for the helpful and
stimulating discussions about the behavior of semitranscendental ends.
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