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Abstract

We consider a model of elastodynamics with fracture evolution, based on energy-dissipation
balance and a maximal dissipation condition. We prove an existence result in the case of
planar elasticity with a free crack path, where the maximal dissipation condition is satisfied
among suitably regular competitor cracks.

Résumé

Nous considérons un modele élastodynamique de I’évolution d’une fracture, basé sur un
bilan énergie-dissipation et sur une condition de dissipation maximale. Nous obtenons un
résultat d’existence dans le cas de ’élasticité plane avec un chemin de fissure libre, lorsque
on considere seulement des fissures suffisamment régulieres.
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1. Introduction

Existence proofs for dynamic fracture models that predict crack paths remain a major
challenge. In [1] we proposed a model for dynamic fracture, based on the following ideas:

(a) the displacement solves elastodynamics out of the crack, with traction-free boundary
conditions on the crack;

(b) the dynamic energy-dissipation balance is satisfied: the sum of the kinetic energy and
of the elastic energy at time ¢, plus the energy dissipated by the crack between time
0 and time t, is equal to the initial energy plus the total work done by external forces
between time 0 and time t;

(¢) a maximal dissipation condition is satisfied, which forces the crack to run as fast as
possible, consistent with the energy-dissipation balance.

These general ideas were applied to the case of antiplane displacement with linear elasticity,
and a prescribed crack path. We refer to [2, 1] for a discussion on the mechanical motivation
of conditions (a)-(c) and for the literature on this subject.
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The purpose of this paper is to extend these ideas to both predict the crack path and
consider linear elasticity (not restricted to antiplane displacements). In particular, we give
the first existence proof for a model of dynamic fracture that predicts the crack path.

Our reference configuration is a bounded open set  C R? with Lipschitz boundary and
the problem is studied in a bounded time interval [0,7T]. Cracks, as functions of time, will
be described as follows. For a prescribed ag < 0, a sufficiently regular curve parameterized
by arc-length ~: [ag,b,] — R?, and a function s: [0,7] — [0,b,], the crack at time ¢ is

Ly = 7v([ao, s(1)])-

Here we also assume s(0) = 0, and for every t € [0,T], s(t) provides the length of the crack
produced along the curve v between time 0 and time 7. The goal is then to determine
both the curve v and the length as a function of time, ¢ — s(t). We assume that

(1) the initial part of the crack is prescribed: ~(s) = 7o(s) for every s € [ag, 0], where
Yo: [ao,0] = Q is a given curve with vy(ag) € 9Q and v(s) € Q for s > agp;

(2) the unknown function 7, which describes the geometry of the crack, satisfies some
prescribed regularity estimates (see Definition 2.1), in particular a bound on the cur-
vature and an estimate, for every s > 0, of the distance of v(s) from the complement
of Q;

(3) the unknown function ¢ — s(¢), whose derivative $(¢) is the speed of the crack tip,
satisfies some prescribed regularity estimates (see Definition 2.7), in particular 0 <
5(t) < p for a suitable constant pu > 0.

The results of [3] imply that, for any pair (v, s) satisfying the properties considered
above, there exists one and only one solution wu(t,x) of the system of elastodynamics in
the time-dependent cracking domains ¢ +— €2\ [s(s)- The aim of this paper is to prove the
following result: among all pairs (v, s) that, together with the corresponding solution w,
satisfy the dynamic energy-dissipation balance, there exists one which satisfies a maximal
dissipation condition, whose formulation will be made precise below. For the mechanical
interpretation of this result we refer to [1].

We consider the collection CP*¢ of all pairs (v, s) satisfying (1)-(3), with s continuous
and piecewise regular, such that the triple (v, s, u) satisfies the dynamic energy-dissipation
balance for every time ¢ (see Definition 4.1). It is easy to see that CP¥¢ # (). Indeed, if s
is constant then the solution of the system of elastodynamics in a time-independent cracked
domain satisfies the energy balance (see Remark 4.2). It remains to prove that the collection
CP*¢ contains an element that satisfies the maximal dissipation condition, which we now
describe.

Since in our model we neglect the effects of heat production and transfer, the only
dissipative mechanism is the process of crack formation and, assuming homogeneity and
isotropy, the only dissipated energy is proportional to the crack length s(¢). For simplicity
we suppose that the proportionality constant is 1. Therefore, a natural formulation of the
maximal dissipation condition is as follows: (v, s) € CP%® satisfies the maximal dissipation
condition on [0, 7] if there exists no (%, 8) € CP*° such that, for some 0 <79 <7 < T,

(MD1) sing(§) C sing(s) (see Definition 2.7),
(MD2) 5(t) = s(t) and 4(8(t)) = v(s(¢)) for every t € [0, 9],
(MD3) 5(t) > s(t) for every t € (19, 71].

Conditions (MD1)-(MD3) say that there is no sufficiently regular crack which satisfies the
dynamic energy-dissipation balance, coincides with the crack described by (v, s) up to time



79, and is longer at every time between 7y and 7. In other words, a crack satisfying
this maximal dissipation condition cannot be overcome by longer cracks, still satisfying the
dynamic energy-dissipation balance.

As in [1] we can prove the existence of a pair (v,s) € CPc satisfying the previous
condition only in a quantitative way, depending on a prescribed threshold 1 > 0. This leads
to the following definition: (v,s) € CP*¢ satisfies the n-maximal dissipation condition on
[0, T if there exists no (9, 8) € CP*° such that (MD1)-(MD3) hold for some 0 < 79 < 71 < T
and, in addition,

(MD4) 5(71) > s(m1) + 1.

Our main result (see Theorem 5.2) is that, if the upper bound on crack speed p that
appears in (3) is smaller than a suitable constant related to the speed of elastic waves, then
there exists a pair (7,s) € CP¥ which satisfies the n-maximal dissipation condition on
[0,T]. To be precise, the condition on u reads 0 < u < v/A/2, where A > 0 is the ellipticity
constant of the elasticity tensor (see Definition 3.1). The same quantitative condition was
considered in [4].

Following the scheme introduced in [1], the proof is based on a continuous dependence
result: the solutions u of the system of elastodynamics in cracking domains depend contin-
uously on the pair (v, s) (see [3, Theorem 4.1]). It is easy to see that this theorem can be
applied if p is sufficiently small, but to apply it when 0 < p < \&/ 2 we must localize the
problem, both in space and time, so that all diffeomorphisms used in [3, Theorem 4.1] are
very close to the identity. This property is crucial in order to apply this theorem without
requiring possibly very small values of pu.

To justify the localization argument we have to use a result on the finite speed of prop-
agation for the system of elastodynamics. We need this result in an irregular domain, due
to the presence of the crack. Usually the proof of the finite speed of propagation is given
assuming some regularity of the solution u, which is not available here. Therefore, in the
Appendix we give a complete proof of this property under minimal assumptions and in
arbitrary space dimension (see Theorem A.4).

2. Admissible cracks

In this paper we deal with two dimensional problems whose reference configuration is a
fixed bounded open set 2 C R? with Lipschitz boundary 9. In this section we describe the
admissible cracks of our model. We first introduce the geometric constraints on the curves
along which the crack may grow (see Subsection 2.1). Then we consider the admissible time
evolutions of the cracks along their paths (see Subsection 2.2).

2.1. Geometry of the admissible cracks

In the following the curves are always parametrized using the arc-length parameter s
and for a given curve v: [a.,b,] — R? we set

I':=~v([ay,b,]) and T's := v([a,, s]) for s € [a,,b,].

We fix an initial curve vg: [ag,0] — Q of class C*! such that vg(ag) € 92, Yo(s) € Q
for every s € (ap, 0] and we set

Lo = 70([ao, 0]) - (2.1)

We assume that 7o is transversal to 9 at Yo(ag), i.e., there exists an isosceles triangle
contained in  with vertex in ~y(ap) and axis parallel to ~v(ao)-
Throughout the paper r > 0 and L > 0 are fixed constants.



Definition 2.1 (Geometric constraints). Let G, 1, be the set of simple curves v: [ag, b,] — Q
of class C%1, with ap <0 < by, such that

(a) fixed initial crack: y(s) = vo(s) for every s € [ao,0];
(b) velocity one: |7/(s)| =1 for every s € [ag,by];

(¢) uniform tangent balls condition: the two open disks of radius r tangent to T' at ~(s)
do not intersect I',

(d) uniform distance: dist(~y([0,b,]),9Q) > 2r,

(e) uniform bounds: [y (s)| < L, [y (s2) —v®)(s1)] < L|sy — 51|, for every s,s1, 89 €
[(10, b’Y]:

where (9 denotes the i-th derivative of ~y.

We assume that 7o, r, and L are fixed in such a way that G, # @. In particular,
by (a) and (d) we must have
lag| > 2r. (2.2)

Remark 2.2 (Estimate on the second derivatives). Condition (c) of Definition 2.1 implies
that [y (s)| < 1/r for every s € [ag,b,].

Definition 2.3 (convergence in G, ). Let 75 be a sequence of curves in G, and let
v € Gr . We say that v converges to v uniformly if b, — by and for every b € (0,b,)
we have Vi|(ag,5] = Vl[ao,p) Uniformly in [ao, b].

Lemma 2.4 (Extension). There exist two constants * and E, with 0 < # <7 and L > L,
depending only on r and L, such that for every v: [ag,by] = Q with v € G, 1, there exists
an extension 3: lag,by + 7] — Q of v with § € Qﬁz, whose 1mage will be indicated by T.
Moreover, the extension can be chosen in such a way that the uniform convergence of i
implies the uniform convergence of the corresponding extensions Jy .

Proof. For s > b, let 7(s) be the arc-length parametrization of the curve o — ~(by) +
Y (by) (0 —by) + 37D (by) (0 — by)? + 293 (b)) (0 — by)?. It is easy to check that the uniform
tangent balls condition and the estimate dist(7([0, b, +7]), 02) > 27 are satisfied if 7 is small
enough. Using Arzela-Ascoli Theorem we see that conditions (b) and (e) of Definition 2.1
and Remark 2.2, together with the uniform convergence of vy, imply the convergence of the
derivatives up to the third order evaluated at b,, . This gives the uniform convergence of
the extensions 7y . O

Lemma 2.5 (Compactness of G, ). Let v, be a sequence of curves in G,r,. Then there
exist a subsequence, not relabelled, and a curve v € G, such that vy, converges to vy
uniformly.

Proof. Since €2 is bounded, it is easy to deduce from the uniform tangent balls condition
that the length of the curves v; is uniformly bounded. Let b, be the limit of a subsequence
of by, . The uniform estimates on the derivatives imply that there exists a subsequence,
still denoted 7, and a curve 7: [ag,by] — Q of class C*! such that v, converges to y
uniformly. The geometric constraints (c) and (d) pass to the limit as shown, e.g., in [5],
allowing us to conclude that v € G, .. O

To apply [3, Theorems 3.2 and 4.1] we have to construct some time-dependent diffeo-
morphisms ®(¢,-) and U(¢,-) satisfying conditions (H1)-(H12) of [3]. They will be of the
form ®(t,-) = ®(s(t),-) and U(t,:) = \fl(s(t),o), where, for every o, (/I\)(O',~) and (I\l(a,o)
depend only on I'; and ¢ — s(t) is the function describing the length of the crack along I'



(see Subsection 2.2). We want to apply the results of [3] under our hypotheses on s(t) (see
Definition 2.7 below) and on the elasticity tensor (see Definition 3.1 below), assuming that
the relevant constants satisfy the natural assumption (3.19).

To this aim we have to prove that C/IS(J, -) and \T/(U, -) are close to the identity and that
the norm of the partial derivative 80(1\)(0, -) is bounded by a constant close to 1. This can
be obtained only when o € [sg, s1] with s; — s¢ sufficiently small. Moreover, to apply [3,
Theorem 4.1] we also need a continuous dependence of the diffeomorphisms on the curve .
A technical difficulty is due to the fact that we need uniform estimates depending on the
smallness of s; — sg, but not on the values of sg and s;, nor on the specific curve . The
following lemma provides all properties we need.

Lemma 2.6 (Diffeomorphisms depending on the curves). Let ¢ > 0 and let 0 < p < 7/2
(see Lemma 2.4). Then there exist two constants se (0,p) and C > 0, depending only on
7, Z,a and p, such that for every v € G, 1 and 0 < 59 < s1 < by, with 51 — s < S, we can
construct two functions ‘5, U [s0,51] X Q = Q of class C*' with the following properties:

(a) for every o € [sg, s1] we have <I>(a Q) =Q, </IS(07 f) r (see Lemma 2.4), ( Ts,) =
g,and@(ay)—y on Q\ B(v(s0),2p)

(b) &J(so,y) =1y for every y € Q;
(c) for every o € [so, 1], U(a,-) is the inverse of ®(c,-) on 1;

(d) for every o € [so,s1] we have 1—¢& < det Vd(0,y) < 14 and 1—¢ < det V(o z) <
14 ¢ for every z,y € Q, where V denotes the spatial gradient;

(e) for every o € [so,s1] we have |9,®(0,y)| <1+ ¢ for every y € Q;

(f) the absolute values of all partial derivatives of ® and of T of order less than or equal
to two, as well as the Lipschitz constants of all second derivatives, are bounded by C';

(g9) if vk is a sequence in G, converging to v uniformly and such that sy < b, for
every k, then the corresponding diffeomorphisms ®i(o,-) satisfy ®y(o,z) — ®(o,z)
for every o € [sg, $1] and every x € Q).

Proof. Let us fix v and sy as in the statement of the lemma and let 7: [ag, b, + 7] — Q be
the extension provided by Lemma 2.4. The construction of ® and U requires several steps.

Step 1. Construction of diffeomorphisms from [so — §p, S0 + 5/’] into itself.
Let us fix a C’°° function y: R — [0, 1] such that x(so) = 1, suppx C (so— 2p, s0+3p),
and [x'(s)| < 45 5 for every s € R.
Let us fix 5 € (0,p) and let C: [so, So _|_§] X [so — 2p, S0+ 3p] = R be the C* function
defined by
((o,5) = s+ (0 —s0)x(s)- (2.3)

We first observe that since 0 < o — 59 < g, from the estimate on x’ we obtain

<1-38 < <1438 < (2.4)
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Moreover, ((o,s) = s for s = so + 3p. Together with (2.4) this shows that ((c,-) is a

diffeomorphism from [sg — 3p, s + 2p] into itself for every o € [so, o + ).
We observe also that

9,C(0,5) = x(s) €[0,1] for every o € [so, so + 0] and every s € [so — 3p,s0+3p]. (25)



Step 2. Construction of diffeomorphisms in a neighbourhood of F((so — 2p, so + 2p)).
We begin by observing that ag < s — 3p, since p < I|ag| by (2.2), and that sy +
3p < by + 7. Therefore 7 is well-defined in the interval [so — 2p,s0 + 3p]. For every
s € [so — 2p,s0 + 2p] let (s) be the unit normal to 5 at J(s). Let us fix 0 < £y < 1p.
Since ¢y < 7, the map
(s,£) = 7(s) + £0(s) (2.6)

is a diffeomorphism of class C?'! between [s— %p, S0+ %p] x[—£o, lo] and its image, indicated
by A. Let us note that A C B(vy(so),2p) CC Q, where the second inclusion follows from
the uniform distance condition (d) of Definition 2.1.

For every o € [sg,s0 + g] the diffeomorphism ((o,-) induces a diffeomorphism from
3([s0 — 2p, S0 + 3p]) into itself, which coincides with the identity near J(so + 2p). We now
want to extend it to a diffeomorphism ® between A and itself such that (/IS(O', y) =y for
every y in a neighbourhood of 0A.

To this aim we fix an even C*° function ¢: [—1,1] — [0, 1] equal to 1 in a neighbourhood

~

of +1 and equal to 0 in 0. For every o € [sg,s0 + 6], £ € [—{y,{p], and y € A we set

5(0,0) = (1= o(5))o + @(7)s0, (2.7)
®(0,y) = 3(((3(0,0), 5)) + L(((E (0, 0), 9)) (2.8)

where (s,0) € [so — 2p, 50 + 3 p]x[—Lo, lo] is related to y by the equality y = (s) + £i/(s).

For every o € [so, S0 + S] and y € A, we have ®(0,y) € A. Moreover, ®(o,y) = y
for every y in a neighbourhood of dA. Using the fact that both ®(c,y) and y are at the
same (signed) distance ¢ from 5([so — 2p, so + 2p]), it is easy to see that d(o,): A As
bijective. As for the regularity of (f), the regularity properties of ¢, ¢, and 7 imply that o
is of class C%! and that the estimates in (f) hold for ® on A.

Step 3. Euxtension of the diffeomorphisms and proof of (a)-(f).

To obtain a diffeomorphism from Q into € it is enough to set 6(0, y)=yifycQ\ A.
For every o € [sg, o + S] let W(o,-) be the inverse of ®(a,").

Since A C B(v(s0),2p), we have ®(o,y) = y for every y € Q\ B(v(s0),2p). It follows
from the construction that for every o € [so,so 4 6] we have ®(a,v([so — 3p,50])) =

A([s0— 2p,0]) and (0, 7([so — 2p, 50+ 2p])) = F([s0— p, 50+ 3p]). Hence &(0,Ty,) =T,

~

and ®(0,T) =T. As T, =T, for o € [0, b,], this concludes the proof of (a).

-~

Note that for every o € [sg, so + 0] and ¢ € [—{y, o] we have
15(0,€) = s0] < (1= @(£)) (o = s0) <9,

and that by (2.3), (2.7), and (2.8) we have ®(so,y) =y for every y € A, which proves (b).
Since (2.6) is a diffeomorphism, it follows from these remarks that ®(o,-) is C'-close to
the identity for & small enough, so that estimates (d) hold for z,y € A for a suitable choice
of & € (0, p).
Finally, for every o € [sg, S0 + S] we have

0,®(0,y) =7 (C(5(0,0), 5))05¢(6(0, ), 5)(1 — p(£))
+00'(C(6(0,£), 9))05¢(5(a,0),5) (1 — p(£)). (2.9)

Recalling that [ is parametrized by arc-length and satisfies the uniform tangent balls condi-
tion, we obtain that [3/(c)| =1 and the curvature is bounded by 1/7, hence |7/(0)| < 1/7.
Therefore, (2.5) and (2.9) give

lo

OoB(oy) <1+ 2



Taking 0 < £y < &7 we obtain |0,®(0,y)| < 1+ ¢ for every o € [so, so + 0] and for every
y € A. This proves (e).

Since, by construction, i;(a, -) coincides with the identity in a neighborhood of JA, it
follows from the estimates in A that ‘5(0, -) is of class C%! in Q and that the estimates
in (f) hold for ® as well as for its inverse function W. Finally, the last statement concerning
the convergence follows easily from the construction. O

2.2. The class of admissible time evolutions of the crack length

In order to use the results of [3], throughout the paper we fix a constant p > 0, which
will bound the speed of the crack tip, and a constant M > 0, which will bound some higher
order derivatives of the crack length with respect to time. The regularity assumptions and
the constraints on the time evolution of the crack length in our model are prescribed by the
following definition.

Definition 2.7 (Time-dependence of the crack length). Let Ty < T7. The class S, (To, T1)
is composed of all nonnegative functions satisfying the following conditions:

s € C3Y([Ty, Th)), (2.10)
0<s(t) < p, (2.11)
BOI< M, [$@)] < M, [5(t) = 5(t2)] < M]tr = 2], (2.12)

for every t,t1,ty € [Ty, T1], where dots denote derivatives with respect to time.
We also consider the class S),'37(To, Th) of all functions s € C°([Ty, T1]) such that there
exists a finite subdivision Ty =19 <7 < -++ < 7 = 11 for which

S|[77_1,Tj] € S;,eg/[(ijla 7j) -

The set of these intermediate times, where s may be discontinuous, is denoted by sing(s).

In our model an admissible crack at time ¢ is given by
Fs(t) = ’7([67’0’ S(t)])

where v € G, 1, and s € Sﬁf;j(O,T) for some T > 0 with s(T") < by. Since 7 is an arc-
length parametrization, s(t) represents the length of the crack produced along the curve ~
between time 0 and time ¢.

For technical reasons, we assume an upper bound on the speed of the crack tip, related
to the speed of the elastic waves. We note that the existence of such a bound might follow
from more basic hypotheses, such as energy-dissipation balance, but for now, this is open.
Briefly, the reason for the specific bound (3.19) on the constant p that appears in (2.11) is
that it will guarantee condition (3.1) in [3] is satisfied, which is crucial to our results.

On the other hand, the other constraints on s, as well as those on vy (see Definition 2.1),
have no mechanical motivation; they are needed in order to apply the existence, uniqueness,
and continuous dependence results of [3]. It is possible that at some point this (piecewise)
regularity will be established, but this is completely open, and we make no claim about it.

In order to prove our existence result, we construct some time-dependent diffeomorphisms
®(t,-) and ¥(t,-) satistfying conditions (H1)-(H12) and (3.1) of [3]. To obtain (3.1) it is
convenient to prove that ®(¢,-) and ¥(¢,-) are close to the identity and that the norm of the
partial derivative 0;®(t,-) is bounded by a constant close to p. This can be done only locally
in space and time. Moreover, to apply [3, Theorem 4.1] we also need a continuous dependence
of the diffeomorphisms on the curve v and on the function s. For this application we need
uniform estimates depending on the smallness of the time interval, but not on the specific
choice of v and s. The following lemma provides all technical properties we need.



Lemma 2.8 (Time-dependent diffeomorphisms). Let ¢ > 0 and let 0 < p < 7#/2 (see
Lemma 2.4). Then there exist two constants 6 € (0,p/u) and C > 0, depending only on
r,L,p, M, e, and p, with the following property: for every v € G, 1., for every to <ti, and
for every s € S;?f/l(to,tl), with t1 —to < 60, s(t1) < by, we can construct two functions
O, U: [to, 1] x Q — Q of class C>' with the following properties:

(a) for every t € [to, t1] we have ®(t,9) =Q, o(t,T) = r (see Lemma 2.4),
O(t,Ts10)) = Lspy, and (t,y) =y on Q\ B(y(s(to)),2p);

(b) ®(to,y) =y for every y € Q;
(c) for every t € [to,t1], W(t,) is the inverse of ®(t,-) on Q;

(d) for every t € [to,t1] we have 1 —¢ < det VO(t,y) < 1+¢ and 1 —e < det VU(t,2) <
14 ¢ for every z,y € Q, where V denotes the spatial gradient;

(e) for every t € [to,t1] we have |0;®(t,y)| < u(1+¢) for every y € Q;

(f) the absolute values of all partial derivatives of ® and of ¥ of order less than or equal
to two, as well as the Lipschitz constants of all second derivatives, are bounded by C';

(9) if Y& € Gr.1 converges to v uniformly, s, € S;Ef/[ (to,t1) converges to s uniformly, with
sg(t1) < by, for every k, then the corresponding diffeomorphisms satisfy ®y(t,x) —
D(t,z) for every t € [to,t1] and every x € ).

Proof. Let 6 := g/u, where 0 is given by Lemma 2.6. Let us fix 7, s, tg, and ¢; as in
the statement, let sy = s(tp) and let s1 = s(t1). If so = s1 we take ®(t,y) =y for every
t € [to,t1] and every y € Q. If s9 < s1 let ® and T be the diffeomorphisms provided by
Lemma 2.6. For every t € [to, 1], by (2.11) we have s(t) € [so, s1], and so we can define
®(t,y) == D(s(t),y) and W(t,x) := U(s(t),z), for every z,y € Q. Properties (a)—(g) of the
functions ® and ¥ follow now from Lemma 2.6. O

3. The wave equation

In our model the displacement satisfies the system of linear elastodynamics out of the
crack. In this section we specify the notion of solution to the wave equation in domains with
a prescribed time-dependent crack and prove an existence and uniqueness result as well as
the continuous dependence of the solutions on the cracks.

Throughout the rest of the paper T > 0 is a fixed constant, which determines the time
interval [0,T] for the evolution problem, and dp{? is a fixed (possibly empty) Borel subset
of 002, where we will prescribe a time-dependent Dirichlet boundary condition. On the
complement In§2 := 9N\ IpQ we will prescribe the traction-free boundary condition. Ty
is the initial crack introduced in (2.1) and Qg is defined by Qg := Q\ Tg.

Let M?*? be the space of 2x2 real matrices and let M2X” be the space of 2x2 real
symmetric matrices. For every F € M2*2 the symmetric part F¥™ of F is defined by
Fsvm .= %(F + FT), where FT is the transpose of F'. The space of linear maps from a
vector space X into a vector space Y is denoted by Lin(X,Y).

Throughout the paper A and A are two constants with 0 < A < A. The following
definition introduces the class of elasticity tensors we are going to consider.

Definition 3.1 (Elasticity tensors). £(A,A) is the collection of all functions C: Q —
Lin(M2*2, M?2*2) of class C? such that for every x € Q we have

C(z)F = C(z)F*™ e M2x2  for every F € M?*?, (3.1)

C(z)F-G=C(x)G-F  for every F,G € M?*?
AFsvm |2 < C(x)F - F < A|Fsy™|? for every F' € M?*2.



Let us fix C € £(A\,A) and T > 0. We assume that the body forces f satisfy
feL*((0,T); L*(%R?)) . (3.4)

Given v € G, 1, and s € Sﬁfif[ (0,T), with s(T') < b, we now consider the wave equation on
the time-dependent cracking domains ¢ — Q\ T’y

i(t, ) — div(C(x)Vu(t, z)) = f(t,x) for t € (0,7) and z € Q\ Ty, (3.5)

where i denotes the second partial derivative of u with respect to time, V denotes the
spatial gradient, and div denotes the divergence with respect to the space variable, acting
here on the rows of the matrix CVu. The equation is complemented with Dirichlet boundary
condition on 9p<)

u(t,x) = w(t,x) fort € (0,T) and z € 9pQ?, (3.6)
and homogeneous Neumann boundary condition on dn€Q Uy
(C(x)Vu(t,z))v(z) =0 fort € (0,T) and x € ONQU Ty . (3.7

It is convenient to express the function w used in the Dirichlet boundary condition as
the trace on dp? of a function, denoted by the same symbol, satisfying

w € L*((0,T); H*(Q0;R?)) N H'((0,7); H' (Q0:R?)) N H?((0,T); L*(Q0; R?)) . (3.8)
We also assume that for every ¢ € [0, T
w(t) =0 a.e. on {z e Q:dist(z,00) >r)} (3.9)
and that the following integration by parts formula holds
—(CVuw(t), V) = (div(CVw(t)), ¢) for every ¢ € Hj(.R?), (3.10)

with H}(Qo; R?) = {p € H (Q0;R?) : ¢ = 0 H'-a.e. on 9pQ}, where the values of ¢ on
Op§) are defined using the trace operator from H'(Qq;R?) to L2(0€;R?) and H! is the
one-dimensional Hausdorff measure (see, e.g., [6, Definition 2.46]). Under suitable regularity
assumptions, condition (3.10) holds if w(t) satisfies the homogeneous Neumann boundary
condition

(CVuw(t))r=0 on ONQUTy.

To give a precise meaning to the notion of weak solution of the wave equation (3.5)
with boundary conditions (3.6) and (3.7) we introduce some additional notation. Given
v € Gy and s € [0,b,], we set Q) := Q\ Ty and HL(Q;R?) = {p € H'(QL;R?) : ¢ =
0 H!-a.e. on OpQ}, where the values of ¢ on dp) are defined using the trace operator from
H'(Q7;R?) to L*(092;R?). Note that by property (a) of Definition 2.1 we have Qg =
and that (3.9) and (3.10) imply, for every ¢ € [0,T], the integration by parts formula

—(CVuw(t), Vi) = (div(CVw(t)), ¢) for every ¢ € H}D(QZ@);R2)- (3.11)

Given a function u € H'(2);R?) for some s € [0,b,], it is convenient to regard its
gradient Vu as an element of L?(Q;M?*2), by extending it to 0 on I'y. To underline the
fact that this extension does not _coincide with the distributional gradient of any extension
of u, we shall use the notation Vu.

We now recall the notion of weak solution to this problem.



Definition 3.2 (Wave equation in cracking domains). Given C € E(A\,A), vy € G, 0 <
To<Th <T,and s € Sﬁff\/‘;(Tg,Tl) with s(71) < by, assume that f and w satisfy (3.4),
(3.8), (3.9), and (3.10). We say that u is a weak solution of the wave equation (3.5) with
boundary conditions (3.6) and (3.7) on the time-dependent cracking domains ¢t — QZ(t)’
Ty <t<T,if

u € CY([Ty, Th]; L*(; R?)),

u(t) —w(t) € H%(Qz(t);RQ) for every t € [Ty, T1],

Vu € CO([Ty, T1); L2(9; M%),

we AC([t, T1]; HBl(QZ(t); R?)) for every t € [Ty, T}),

F (At + k) —a(t) "= i(t) weakly in Hp' (27 ,);R?) for ace. ¢ € (T, Th),

t— Hij(t)||H51(m( R?) is integrable on (Tp,T1),
s(t)?
and for a.e. t € (Tp, T1) satisfies
((t), ) + (CVu(t), Vo) = (f(t),p) for every p € Hp(Q],;R?), (3.18)

where i(t) is the element of HBl(Qz(t);RQ) defined for a.e. t € (Tp,T1) by (3.16). Here
and in the rest of the paper (-,-) denotes the duality product between spaces that are clear
from the context. For instance, its first occurrence in (3.18) refers to the duality between
HBI(QZ(t); R?) and H}, (Qz(t); R?), the second one to the duality between L2(£2;M?*?) and
L2(2; M?%2) | while the third one regards the duality between L?(Q;R?) and L?(Q;R?).

In this paper we consider only the traction-free boundary condition (3.7); the case of
a nonhomogeneous Neumann boundary condition on dy§2 can be obtained under suitable
regularity assumptions on the data as in [3].

To obtain an existence and uniqueness result we assume that the constant p which
appears in the Definition 2.7 satisfies

0<p< V2. (3.19)

We shall see that the constant /X is related to an estimate on the speed of propagation for
the solutions to the wave equation corresponding to C (see Theorem A.4).

Theorem 3.3 (Existence and uniqueness). Under the assumptions of Definition 3.2, let
ul € Hl(QZ(TO);RQ) and u' € L?(Q;R?). Suppose that (3.19) holds and that the compati-
bility condition

u’ —w(Ty) € H},(QZ(TO);RQ)

is satisfied. Then there exists a unique weak solution of problem (3.5)-(3.7) on the time-
dependent cracking domains t — Q;’(t) , Ty <t <Ty, satisfying the initial conditions

uw(Ty) = u® and u(Tp) = u* in L*(Q;R?).

The proof is based on an existence and uniqueness result proved in [3, Theorems 3.2 and
3.6]. Unfortunately, these theorems can be applied directly only if u is very small. In the
general case 0 < i < v/A/2 we apply them to a localized version of our problem, and show
that this is sufficient.

Among the hypotheses of these theorems there is an estimate of the tensor B(¢,y) defined
by

B(t,y)F = [C(z)(FVY(t,z))|VU(t,z) — FU(t,2)W(t,z) (3.20)

10



with z = ®(t,y), where ®(¢,-): Qo — QZ(t) and U(t,-): QZ(t) — Qg are suitable diffeomor-
phisms (see (3.1) in [3]). To obtain this estimate under the assumption 0 < u < v/A/2 we
consider a small time interval [to,¢;] and use the diffeomorphisms ®(¢,-): QZ( to) QZ( p and
U(t,-): QZ(t) — QZ(tO) introduced in Lemma 2.8. The following lemma shows that B(%, y)
satisfies estimate (3.1) in [3] on a suitable ball By for every t € [to,t1]; namely there exist
two constants a > 0 and (8 > 0, independent of the diffeomorphisms, such that
(B()Vv, V) L2(B,\1, m2x2) > aHVU”%z(BQ\FSO;szz) - 5||U||2L2(32;R2) (3.21)
for every v € HY(By \ T's,;R?), where so = s(tg). The proof is based on the results of
Lemma 2.8 and on a careful estimate of the constants in the second Korn inequality. In

view of the application to the proof of the continuous dependence of the solutions on the
cracks, we need an estimate independent of the pair (v, s) which describes the crack.

Lemma 3.4 (Estimate for B). Assume that
0<pu<VA/2. (3.22)

Let 7 be the constant introduced in Lemma 2.4, let By and By be two open balls of radii

R, Ry € (0,7/4), with By CC By CC Q, and let
0<p<Ry/2 (3.23)

Then there exist o >0, >0, and § > 0 with the following property: for every v € G, 1,
for every to < ti, with ty —to < 0, and for every s € S,V (to, t1), with s(t1) < b, and
B(v(s(to)),2p) CC By, we can construct two functions ®,V: [tg,t;] x Q@ — Q of class
C?1 which satisfy properties (a)-(g) of Lemma 2.8 and such that for every C € E(\,A) the
corresponding B(t), defined by (3.20), satisfies (3.21) in Bg \ T's,, where sog = s(tg). In
addition, we may assume

O(t,y) =y for everyy ¢ By and every t € [tg,t1]. (3.24)

Proof. Since pu? < A/4, we can fix £ > 0 such that

pr(l+e) < A(l—s)(i —€). (3.25)
Let § > 0 be the constant, depending on r, L, u, M, e, and p, provided by Lemma 2.8. Let
us fix 7, s, tg,t1 as required in the statement of the lemma.

Since 0 < §(t) < p and § < p/p, we have s(tg) < s(t) < s(tg) + p for every t €
[to, t1], which implies that |y(s(t)) — v(s(t0))| < p by property (b) of Definition 2.1. Since
B(v(s(to)),2p) CC By, we conclude that y(s(t)) € By for every t € [to, t1].

Let us consider the extension 5 € G, 7 of v given in Lemma 2.4. Since [7'(so)| = 1, from
the estimate on the second derivatives (see Remark 2.2), which holds for ¥ with constant
1/#, we obtain [J(sg + 7) — J(so)| = 4# > 2Ry. Since J(so) = 7(so) € Bz, we have
(so + ) ¢ Bz. On the other hand, we also have 7(ag) = v(ag) ¢ Bz. Therefore T meets
0By in at least two points. Using the uniform tangent balls condition and the bound on
Ry, it follows that I' cannot meet dBy in more than two points, so that By \ T has two
connected components, By and B .

It is then possible to find two connected C?-domains A1t and A~ such that 32i NB; C
Ar C BQi. Therefore, setting A = AT U A~ for every t € [to,t1] we have AT, A~ C
By \f‘ C Bo\ Ty and By \ Ty C AUT. Moreover, the C?-norms of AT and A~ can
be bounded uniformly with respect to v, s, and tq.
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For every v € H(A;R?) let Ev := (Vu+ VoT)/2 be the symmetric part of Vuv. By the
second Korn inequality in C?-domains with optimal constants (see, e.g., [7, Theorem 5.1]),
applied separately to AT and A=, we can find a constant 8; > 0, independent of 7, s, g,
such that

1
/ |Ev|?dz > (= — 5)/ |Vo|2dx — ﬁl/ [v|?da (3.26)
A 4 A A

for every v € H*(A4;R?).

We fix t € [to, t1] and define z(z) = v(¥(¢,2)). By (a) of Lemma 2.8 we have ®(t, A) =
U(t,A)=A. Since 1 —e < det VU(t,z) < 1+e, and ;¥ (t,z) = —VU(t,2)0.P(¢, U (¢, x)),
by a change of variables, for every C € £(\, A), we obtain from (3.20) that

/A]B%(t, y)Vo(y)-Vo(y)dy > (1 — E)AC(x)Vz(m)-Vz(x)dx
_a —|—6)/A|Vz(x)8t<1>(t,‘Il(t,x)))|2d1:.

Using the ellipticity of C in (3.3) and the estimate on 0;® given in (e) of Lemma 2.8, from
(3.26) we get

2 — zZ\x 2 i
/A B(t,4)Vo(y) Vo(y)dy > m /A V(o) 2dz — B /A l2(@)|2dz

where a; = (3 —e)AM(1—¢) — (1+¢)?4? > 0. By another change of variables we obtain that

/ B(t, ) Vo(y) Vo(y)dy > oz / Voly)Pdy - pa / EORE (3.27)
A A A

with ag = (1 —¢)a;/C? > 0 and Sy = B1A(1 +¢€) > 0, where C is the constant in (f) of
Lemma 2.8.

On the other hand, we have ®(t,y) =y on By \ By by (a) of Lemma 2.8, hence (3.3)
and (3.20) give

/ B(t, y)Voly)-Vo(y)dy = / Cy)Voly) Vo(y)dy > A / Bo(y)2dy.
(B2\B1)\I's, (B2\B1)\T's, (B2\B1)\T's

Therefore, by the second Korn inequality in domains with piecewise smooth boundary (see,
e.g., [8]), there exist constants a3 > 0 and S5 > 0, independent of v, s, to, and t;, such
that

/ B(t,y)Vo(y)-Vu(y)dy > ag/ (Vo (y)[Pdy — /33/ lo(y)Pdy . (3.28)
(B2\B1)\T's (B2\B1)\T's (B2\B1)\T's

Let a = 2 min{as, a3} and B = max{fs, B3}. Then

20 / Voly)Pdy < o / Voly)Pdy + a3 / Vo(y)|2dy
B>\Ts, A (Ba\B1)\Ts,

< / B(t, y) Vo(y) Vo(y)dy + / B(t, y)Vo(y)-Vo(y)dy
A (B2\B1)\T's

y /A o) Pdy + Bs /(B [v(y)[2dy

2\B1)\T'sq

<2 / B(t, y)Vo(y) Voly)dy + 26 | o(y)Pdy.
B\T'y, Ba\T's,

This proves (3.21). O
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We now present the main ideas of the proof of Theorem 3.3. We consider a small
constant p > 0, two small concentric open balls By CC By CC 2, and a small time
interval [to,t1] C [To,T1] such that B(v(s(t)),2p) C By for every t € [to,t1]. Supposing
that the solution exists and is unique in [Ty, tg], to extend the solution to [to,t1] we localize
the problem to Bs, i.e., we consider the solution of the wave equation in the cracking
domains t — By \ I'y;) and in the time interval [to,¢;]. Thanks to Lemma 3.4, if t; — o
is sufficiently small we can apply the results of [3] and we find a unique weak solution
u'™ which satisfies the homogeneous Neumann condition on 8(By \ Ty)) and the initial
conditions u"™ (ty) = u(ty) and @™ (to) = u(te) in Bz \ Ty, -

Similarly, noticing that Q \ (B U Copy) = 2\ (B1 U Lyty)) for every t € [to,t1], we
consider the wave equation in the time-independent cracked domain Q\ (B UTy,)) and in
the time interval [tg,?1]. We find a unique weak solution u®** which satisfies the Dirichlet
boundary condition (3.6) on 9pf?, the homogeneous Neumann condition on the rest of the
boundary of Q\ (B1 UT(,)), and the initial conditions u®*(tg) = u” and 4**(tg) = u' in
Q\(Bl ur (to))

Thanks to the finite speed of propagation (see Theorem A.4) we find two balls B; and
Bg, with By CC B1 ccC BQ CC By, such that u™(t) = u®**(t) in Bz \ 31 for every
t € [to, t1]. This shows that the function

u(t) = {“m(t) in 1\ B,

u™(t) in Ba,

is well defined and provides a weak solution of the wave equation in the cracking domain
t — Q\ Dy for t € [to,t1]. Moreover, the uniqueness of u™ and u®®t leads to the
uniqueness of the solution u for ¢ € [to, t1].

Since Lemma 3.4 ensures that the same argument can be repeated when t; — ¢ is less
than a constant depending only on p, By, and Bs, existence and uniqueness hold for all
times ¢ such that B(vy(s(t)),2p) C B;. To complete the proof in the global time interval
[To, T3] it is enough to consider a finite number of carefully chosen triples (p, B, Ba).

Proof of Theorem 8.3. Since s € Sﬁifé(To,Tl) there exists a finite subdivision Ty = 79 <
T <o <7, =Ty for which s|,_, 1 €S, F(7j-1,7;). It is enough to prove the result in
each subinterval [7;_1,7;], therefore it is not restrictive to assume that s € S;’e& (To, Ty).

Let us fix 0 < p < #/64 and n € (4p/p,5p/1). Without loss of generality we assume
that 77 < Ty + 1. Indeed, the result in the general case can be obtained by repeating the
same arguments on [Tp + 1, To + 21|, [To + 21, To + 3], and so on.

We set By := B(v(s(Tp)),8p) and By := B(v(s(Tp)), 16p). We note that By CC Q by
property (d) in Definition 2.1. Moreover, since |v'(s(t))] =1, 0 < $(t) < p, Th < To + 7,
and un < 5p, we have also

B(vy(s(t)),3p) € By for every t € [Ty, T1]. (3.29)

Let 7 be the extension of v given by Lemma 2.4. Arguing as in the proof of Lemma 3.4
we obtain that ¥(s(Tp)+7) ¢ Bs. Since Y(ag) = v(ag) ¢ B2, the manifold I' = §([ag, by +7])
meets By and 9Bs. Since the radii of By and Bs are sufficiently small, the tangent balls
condition implies that I' is transversal to 0B; and 0Bs. Hence conditions (H3) and (H4)
of [3] are satisfied with € and T replaced by B, and T.

Let a, 5,0 > 0 be the constants given by Lemma 3.4 corresponding to our choice of By,

By, and p, and let
6* = min {§,4p/VA} . (3.30)

We apply Lemma 3.4 with to = Ty and ¢; = min{to+¢6*, 71} and we obtain that there exist
functions @, W: [tg, 1] x © — Q of class C*! which satisfy properties (a)-(f) of Lemma 2.8
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and such that the corresponding B(t) satisfies (3.21) in By \ I'y,). In addition, we can
suppose that
O(t,y) =y forevery y ¢ By and t € [tg,t1]. (3.31)

It is easy to check that the diffeomorphisms ®(¢,-) and ¥(¢,-) satisfy all hypotheses
of the existence and uniqueness results [3, Theorems 3.2 and 3.6] in the cracking domains
t + By \ Iy and in the time interval [to,?;]. Therefore, the boundary value problem
for the wave equation (3.5)-(3.7), with Q replaced by Bs, dp2 replaced by @, and dn{2
replaced by 0By, has a unique weak solution u'™* which satisfies the initial conditions
ui™(tg) = u® and u™"™ (ty) = u' in L?(By;R?).

Applying the same results of [3] to the set 2\ B; we find that the same problem, with
Q replaced by Q\ B; and Oy replaced by dnQ U By, has a unique weak solution u¢**
which satisfies the initial conditions u®**(ty) = u" and "' (ty) = u' in L?(2\ B1;R?) and
the Dirichlet boundary condition u®**(t) = w(t) on dp<}.

Note that by (3.29) we have (Bz\B1)\Ts¢) = (B2\B1)\ s, for every ¢ € [to, t1]. We
now apply the result on the finite speed of propagation (see Theorem A.4) to the function
utet — Uint, with U = (Bs \El) \Fs(t0)7 So = @, and S = (0B U9By) \ Fs(to)~ We
obtain that for every ¢ € [to, ;] we have u®®(t) — uit(t) = 0 a.c. in (By \ By) \ Doy =
(§2 \ Bl) \ Ts(ty)» where El and §2 are the balls concentric to B; and By with radius
8p + 6*V/A and 16p — 6*\/A respectively. Since B, cC B, by (3.30), the function

~fuemtt) in Q\ By,
u(t) = {ut © in B (3.32)

is well defined and provides a weak solution of the boundary value problem (3.5)-(3.7) for the
wave equation on the cracking domains ¢ +— QZ( £ for t € [to, t1], according to Definition 3.2,
with initial conditions u(to) = u® and 7(tg) = u! in L?(Q;R?).

To prove the uniqueness of this solution on this time interval, by difference we can
consider the case when wug, u;, and w(t) are identically zero, and we call v(t) a solution
of the corresponding problem. We apply the result on the finite speed of propagation
(Theorem A.4) with U = Q\ By, Sy = 9pQ, and S; = 9B; U dpf) and we obtain that
v(t) =0 a.e. in Q\ By, for every t € [to,t1]. In particular v(¢) vanishes in a neighbourhood
of 632 .

Now we apply the uniqueness results [3, Theorems 3.2 and 3.6] to the cracking domains
t = By \ T'yy with the Dirichlet boundary condition v(t) =0 on 0B;, and we obtain that
v(t) = 0 a.e. in By \ Iy for every t € [to,t1]. Since (2 §1) U By =  we obtain that
v(t) =0 a.e. in Q for every ¢ € [to,t1], which proves uniqueness in this time interval.

If t; =T}, the proof of existence and uniqueness in [Tp,T7] is concluded. Otherwise we
can repeat the same arguments with the same By, B2, and p, with ¢y replaced by ¢;, with
t1 replaced by to := min{t; +9*,71}, and with initial data u(t1) and 4(t1). Lemma 3.4 can
be applied again because of (3.29). To prove existence and uniqueness in the time interval
[t1,t2] we have to check that w(t;) and u(¢;) are well defined, which is given by (3.12) in
[to,t1], and that u(t;) satisfies the compatibility condition u(t;) —w(t1) € H}, (QZ(tl); R2)
which is a consequence of (3.13) in [tg,t1]. Therefore we obtain existence and uniqueness
in [t1,%2]. Since in this argument we always apply Lemma 3.4 with the same By, By, and
p, the constant ¢* does not change. Hence, iterating this process, after a finite number of
steps we obtain existence and uniqueness in [Ty, T1]. O

We are now ready to prove the continuous dependence of the solutions on the cracks.

Theorem 3.5 (Continuous dependence). Suppose that 0 < p < V/A/2. Let C € E(\,A),

Yk Y S gnL, O S TO < T1 S T, Sk, S S S;?]‘QV](TOaTl); u% S HI(QZ:(TO);Rz), UO S
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HI(QZ(TO);R2), and uj,u' € L*(Q;R?). Assume that

sk — s uniformly,
Y — v uniformly,
sk(T1) < by, for every k,
ud — u® strongly in L?*(;R?),
@ug — VO strongly in L2(€; M2*2) |
uy — ul strongly in L*(Q;R?).
For Ty <t < Ty let t — ug(t) and t — u(t) be the weak solutions of problems (3.5)-(3.7

on the time-dependent cracking domains t — Qz:(t) and t — QZ(t) respectively, satisfying
the initial conditions

up(To) = ul, uk(To) = uj, and uw(Ty) = u®, W(Ty) = u' respectively.

Then
uk(t, ") — u(t,-) strongly in L?(;R?), (3.39)
Vug(t,) = Vu(t,-) strongly in L*(Q; M2x2) | (3.40)
ug(t,-) — u(t,-) strongly in L?(Q;R?), (3.41)

for every t € [Ty, T1].

As in the proof of Theorem 3.3, on a small time interval [tg, t;] we consider local problems
in the time-dependent cracking domains ¢ — Bs \ ng(t)’ where Bs is a suitable small
ball. The continuous dependence results of [3] cannot be applied directly, since one of
the hypotheses of [3, Theorem 4.1] is that all cracks have a common initial part. This
condition is satisfied for the global problem in €2, but not for the problems localized to Bs.
To overcome this difficulty we have to consider a sequence of diffeomorphisms wy which
map Q onto , By onto Bs, and the image of (an extension of) 7 onto the image of (an
extension of) 7. Then we consider the problem satisfied by vi" (¢, z) := u{™ (¢, wi(z)) and
Ve (t, x) 1= ufT (t, wi (7)), where ui™ and u§*® are defined as in the proof of Theorem 3.3.
The crucial point in the proof of Theorem 3.5 is the convergence of vi"* to u'™* and of v{™*
to u®®*, which are obtained by using a slight modification of [3, Theorem 4.1].

Proof of Theorem 3.5. Let us fix p and n as at the beginning of the proof of Theorem 3.3.
Without loss of generality we assume that T} < Ty +n. Let By and By be as in the proof
of Theorem 3.3, let 7 and 7 be the extensions of 7 and v provided by Lemma 2.4, and
let Ty and T" be the corresponding images.

Since Yi(sk(t)) — ~(s(t)) uniformly in [Ty, T3], it is not restrictive to assume that
|7k (sk(t)) —v(s(¢))| < p, hence (3.29) implies that

B(yk(sk(t)),2p) CC By  for every k and for every t € [Ty, T1] . (3.42)

As in the proof of Lemma 3.4 we obtain that 7y (s(Tp) + #) ¢ Ba. Since we have also
Fk(ao) = vx(ao) ¢ Bz, there exist s, sp, with ag < s) < s(Tp) < s}, < s,(Tp) + 7 such
that Jx(st) € OBy for i = 0,1. By the uniform tangent balls condition it is easy to see that
s and s}, are uniquely determined, hence 7y (s) € By for every s € (s, s1) and Tk B, =
i ([s2, st]). Similarly, there exist s° and s', with ag < s° < s(Tp) < s* < s(Tp) + 7, such
that J(s') € OB, for i = 0,1, F(s) € By for every s € (s°,s'), and ' N By = ([s°, s']).

Since the radii of the balls By and Bs are sufficiently small with respect to 7, the
uniform tangent balls condition implies that I'* meets OB; and 0B, transversally. Hence
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for every to € [Ty, T1] and for every k we can construct a diffeomorphism wy, : Q@ — Q of
class C31 such that

wi(xz) =2 for x in a neighborhood of 99, (3.43)
wk(f) = fk, wi(B1) = B1, wi(B2) = By, (3.44)
wi(Tsry)) = 111;,6(T0) and  wi(v(5(To)) = vk (sk(T0)) - (3.45)

By (3.42) for every t € [Ty, T1] we have v4(sk(t)) € T'x N Bs, hence wy (v (sk(t))) €
['N B,. This implies that there exists a unique 3,(t) € [s°,s!] such that ~(3x(t)) =
wi (v (s (t))). The regularity assumptions on v, 7%, sk, and wy imply that 3 is of
class C®1. Note that (3.44) implies that 54 (T) = s(Tp).

Moreover, since 7y, — v and s — s uniformly, taking into account the bounds on the
derivatives contained in Definitions 2.1 and 2.10, we may assume that

wr —id and w' —id in C3(Q;R?), (3.46)
51 — s in C3([s?, s1]), (3.47)

and that there exists a constant Z, independent of Ty and &, such that the third derivatives
of the components of wy are Lipschitz continuous with Lipschitz constant less than L.
We now choose € € (0,A) and po > 0 such that

5p mk

< po <mim{—7
n 2

(3.48)

Using (3.46), (3.47), and the bounds on the derivatives of 7, si, and wy, (see Definitions 2.1
and 2.10, and the remark after (3.47)) we can prove that there exists a constant My > M
such that 5; € S°%, (To,T1) for k large enough.

Let «, 8,0 > 0 be the constants given by Lemma 3.4 applied with our choice of p, By,
and By, and with pu, M, A, and A replaced by pg, My, A — e, and A + €, respectively.
Furthermore, let

. : 4p
0" = min {5, \/m} . (3.49)
We now choose tg =Ty and ¢, = min{tg + 6*,T1}.

Let u™ and u®®* be defined as in the proof of Theorem 3.3. We also consider the
boundary value problem for the wave equation (3.5)-(3.7), with Q replaced by Ba, Opf}
replaced by @, dn(2 replaced by 9Bs, and v replaced by i . Let ui™® be the unique solution
of this problem (see Theorem 3.3) with initial conditions u{"*(to) = u? and ui"(ty) =
uj in L?(B2;R?). Moreover, we consider the same problem with Q replaced by Q\ By and
ONQY replaced by OnQ U OBy, and with + replaced by 7;. Let uf* be its unique weak
solution satisfying the initial conditions u§®(ty) = ul and u§**(ty) = uj in L*(Q\ B1;R?)
and the Dirichlet boundary condition u{*(t) = w(t) on dpQ.

Note that, since §* < § < p/p and 0 < $x(t) < p, we have v (si(t)) € B(vk(sk(to)),2p) C
By for every t € [to,t1], hence (B2 \ B1) \ F’;k(t) = (B2 \ By) \F’gk(to).

We now apply the result on the finite speed of propagation (see Theorem A.4) to the
function u§** — ui"™ with U, = (B2 \ B1) \ ka(to)’ So =@, and S; = 0B, UOB;. We

obtain that for every t € [to, t1] we have u™ () —ui"*(t) = 0 a.e. in (By\ By) \T%, ;) where

El and Eg are the palls concentric to B and Bs with radii 8p + §*v/A and 16p — 5* VA
respectively. Since By CC By by (3.49), the function

(1) = {u;“(t) in 0\ By,

ui™(t) in Bo,
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is well defined and provides a weak solution of the boundary value problem (3.5)-(3.7) for
the wave equation on the cracking domains ¢ — QZZ ) for t € [to,t1], with initial conditions

u}(to) = ud and 4} (to) = uj, in L*(Q;R?). By uniqueness (see Theorem 3.3) we have

uk(t) =

{u;wf(t) in Q\ By, (3.50)

ui™(t) in Bs.

We now want to prove that ui™(t) — w™(t) and u{**(t) — u(t) for every t €
[to,t1]. To this aim we introduce the function vint(t, x) = ui™(t,wi(z)). To write the
equation satisfied by vi", for every = € Q we define Cg(x) € Lin(M?*2 M?*?), ax(x) €

)
Lin(M?*2 R?), and fi(z) € R? and imposing, for y = wg(x), the equalities

Cr(2)F - G = C(y)[FVw;, ' (y)] - [GVw;, ()], (3.51)
ap(z)F - ¢ = C(y)[FVw;, ' (y)] - [¢ ® V(log(detVw, ")) (y)] , (3.52)
fu(z) = f(y), (3.53)

for every F,G € M?*? and every ¢ € R%2. By a change of variables we see that

(@ (8), ) + (Cu Vo™ (1), Vo) + (ax Vo™ (8), ) = (fi, #) (3.54)

for every p € H' (B \ T's, (1); R?). By (3.46) we have

Cr — C in C?*(Q; Lin(M**2 M?*?)), (3.55)
ar — 0 in C*(Q; Lin(M**% R?)), (3.56)
fe = f in L*((R?). (3.57)

This implies that for every € > 0 there exists k. such that for k > k. and every = € Q
(A —e)|F*¥™|2 < Cy(z)F - F < (A +)|F¥™*  for every F € M?*?, (3.58)

We now apply Lemma 3.4 with our choice of p, By, and Bs, and with p, M, A, and
A replaced by po, My, A —e, A+ ¢, respectively. Therefore, we can associate to v and
5k, two functions @y, Uy : [to, 1] X B2 — By of class C%! which satisfy properties (a)-(g)
of Lemma 2.8 and such that the tensors B (t) corresponding to these functions and to Cyg
satisfy (3.21) in By \ I'y(4,), with constants o and 8 independent of k. Moreover,

Or(t,y) =y for every y ¢ By and t € [tg, t1]. (3.59)
A slight modification of [3, Theorem 4.1], due to the presence of the term ay, yields

vitt(t,-) — u'™(t, ) strongly in L?(By;R?),
Vuint(t,-) — Vuimt(t,-) strongly in L2(By; M2%2)
it (¢, -) — u'™(t,-) strongly in L?(Bay;R?),

for every t € [to, t1]. Since ui™(t,z) := vi"(t,w; ' (2)), by (3.46) we have

ui™(t, ) — u™(t, ) strongly in L?(Bg; R?), (3.60)
Vuirt(t,-) — Vu(t,-) strongly in L2(Bg; M2%2) (3.61)
it (t, ) — 4" (t,-) strongly in L?(Bg;R?), (3.62)

for every t € [to, t1].
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We now set v (t,x) := uf™ (t,wx(x)) for every t € [to,t1]. By (3.44) and (3.45) we
have vg™(t) € H*((2\ B1) \Ts(1,): R?). By the same change of variables considered for v}
we see that

(B (1), ) + (CuVVE™ (1), Vo) + (anVUR™ (), @) = (fr: ) (3.63)
for every ¢ € H'((2\ B1) \ Ts(15); R?) with ¢ = 0 on 9pQ, where Cy, ay, and fi are
given by (3.51)—(3.53).

We can now apply [3, Theorem 4.1] with a sequence of elasticity tensors and with a
time-independent crack, so that all diffeomorphisms considered there are the identity map.
A slight modification of this theorem, due to the presence of the term ay, implies that

VETH(E, ) — weTt(t, -) strongly in H((Q\ By) \ Ty); R?),
VTt ) — uet(t, -) strongly in L?(Q\ B1;R?),

for every t € [to, t1]. Since uf® (t,x) := vi® (t,w; ' (2)), by (3.46) we have

uf®t(t, ) — ut(t,-) strongly in L?(Bs;R?), (3.64)
Vuset(t,-) — Vuert(t, ) strongly in L2(By; M2*2) (3.65)
agrt(t, ) — u*t(t,-) strongly in L?(Ba2;R?), (3.66)

for every t € [to,t1]. By (3.32), (3.50), (3.60)-(3.62), and (3.64)-(3.66) we conclude that
(3.39)-(3.41) hold for every t € [tg,t1]. To obtain the result for every t € [Ty, T1] we argue
as in the final part of the proof of Theorem 3.3. O

4. Energy balance

In this section we consider the issue of the dynamic energy-dissipation balance on [Ty, T4,
which plays an important role in our model: the sum of the kinetic energy and of the elastic
energy at time 77, plus the energy dissipated by the crack between time Tj and time 77,
is equal to the initial energy at time Ty plus the total work done between time T and
time T7. We are here in a situation similar to that considered in [1, Section 3].

The sum of the elastic and kinetic energies of a solution u at time ¢ is given by

~

E(Vu(t),u(t)) == %«c%(t), Vu(t)) + %Hu(t)ﬂg : (4.1)

The work of the external forces on the solution u over a time interval [¢1,t2] C [To,T1]

is given by
ta
Wiana(ustr,ta) i= [ (0, ale))dr, (42)
t1

which is well defined by (3.4) and (3.12).

As explained in [1, Proposition 3.1] it is convenient to express the work Wiap, (u; t1,t2)
due to the time-dependent boundary conditions w in the form

Wedry (us t1, t2) = (u(te), w(t2)) — (@(t1),w(t1))
to t ts (4.3)
—/ <m(t),u(t)>dt—/ <f(t),u';(t)>dt+/ (CSu(t), V(b)) dt

t1 t1 t1

which has good continuity properties with respect to w.
The total work on the solution u over a time interval [t1,t2] C [To,71] is defined by

W(u;t, ta) = Wicaa(u; t1, t2) + Whary (u; t1, t2) .
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According to Griffith’s theory (see [9]), the energy dissipated by the crack in the interval
[t1,t2] is proportional to the length of the crack produced in the same interval, since we are
assuming that the toughness of the material is homogeneous and isotropic. For simplicity it
is assumed that the proportionality constant is one, hence the energy dissipated is given by
S(tg) — S(tl) .

Definition 4.1 (Cracks satisfying the energy-dissipation balance). Assume that 0 < p <
\[\/2. Let C € EMNA), 0< Ty <Ty <T, 50 >0, and ¥ € G, with by = s0.
Assume that f and w satisfy (3.4), (3.8), (3.9), and (3.11). Let v’ € H'(Q] ;R?), with
u® —w(Ty) € HyH(Qo;R?), and let ut € L?(Q;R?).

The class C™9(Ty, T1) = C"*9(Ty, T1, 50,7, C, f,w,u’, ul) is composed of all pairs (v, s),
with v € Gr.L, Viao,50] = Vao,s0]s 5 € S;f&([To,Tl]), s(Tp) = s°, and s(T31) < by, such
that the unique weak solution u of (3.5)-(3.7) on the time-dependent cracking domains
t— Q7 . for Ty <t < Ty, with the initial conditions u(Ty) = u®, u(Ty) = u', satisfies the

s(t)
dynamic energy-dissipation balance

E(Vulty), i(ts)) — E(Vulty)), i(tr)) + s(ta) — s(t1) = Wu; t, t2) (4.4)

for every interval [t1,ts] C [Ty, Th1].
Similarly, the class CP*¢(Ty, Ty) = CP*(Ty,T1, 50,7, C, f,w,u’,u') is defined in the
same way replacing s € S;,ef/[([To, Ti]) by s € Sﬁfﬁ([To, T1]).

As remarked in [1], equality (4.4) expresses conservation of energy: The work W done on
the system is balanced by the change in mechanical energy £(Vu(tz), u(t2))—E(Vu(t1)), w(t1))
and by the energy dissipated in the process of crack growth in the same time interval [t1,ts].

Remark 4.2 (Nonempty class). The class C"9(Tp,T1) is nonempty. Indeed, it is well
known that the wave equation in a time-independent domain satisfies the energy balance.
In the case w = 0, we refer to [10, Chapter 3, Lemma 8.3]. The general case can be obtained
by considering the equation satisfied by u — w, taking into account the integration by parts
formula (3.11) and using the identity

/0 (CVu(r), Vi (r))dr = (CVu(t), V(b)) — (CVu(0), Vo (0)) — %((CVw(t), Vu(t)

+ —(CVw(0), EVw(0)) +/0 (div(CVw(r)),a(r) — w(r))dT,

N

which can be easily proved by regularizing u with respect to time and using (3.11) again.
The energy balance for the wave equation in a time-independent domain implies that the
pair (¥,s), with s(t) = so for every ¢ € [To, 1], belongs to C™9(Ty, T1).

Remark 4.3 (Concatenation). Under the assumptions of Definition 4.1, let
(71,51) € CP*(Ty, T4, 50,7, C, f,w,u’, u').
Let T7 <15 < T and let
(Y2, 52) € CP'(Ty, Tz, s1(Th), 1, C, f,w, u(Th), a(Ty)),

where u is as in Definition 4.1. Let s: [Ty, T2] — R be defined by

S(S) L Sl(t) ifte [To,Tl],
T solt) ift e [Ty, Ty

Then (72, s) € CP*(Ty, T, 0,75, C, f,w,u’ ul).
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Theorem 4.4 (Compactness). Under the assumptions of Definition 4.1, let (vyg,si) €
C™9(Ty,T1). Then there exist (v,s) € C™9(Tp,T1) and a subsequence (not relabelled) such
that i, — v uniformly (in the sense of Definition 2.8) and sy — s in C3([Tp, T1])-

Proof. By the compactness of G, 1 (see Lemma 2.5) there exist v € G, 1, and a subsequence
Y& such that 4z — ~ uniformly. By the Arzela-Ascoli Theorem there exist s € C3([Tp, T}])
and a further subsequence such s, — s in C3([Ty, T1]). It is easy to see that the estimates
on the third derivatives also hold for s, so that s € S}, ([To, T1]). It remains to prove (4.4)
for the solution corresponding to (v, s). For every k let uj be the unique weak solution of
(3.5)-(3.7) on the time-dependent cracking domains ¢ sz(t) for Ty <t < Ty, with the

initial conditions wuy(Ty) = u®, ux(To) = ul. Since (yx, sx) € C™9(Tp, T1) we have

E(Vu(ta), i (t2)) — E(Vur(tr)), e (tr)) + sk(ts) — sp(ty) = W(ug; t1,t2) (4.5)

for every interval [t1,t2] C [Tp,T1]. By (3.40) and (3.41) proved in Theorem 3.5 we can pass
to the limit in (4.5) and obtain (4.4). O

5. Existence of an n-maximal dissipation evolution

In our model the crack satisfies a maximality condition, which forces the crack tip to
move, when possible, and to choose a path which allows for a maximal speed. In this section
we introduce this maximality condition (see Definition 5.1), which depends on a threshold
parameter 1 > 0, as explained in the Introduction. Then we prove the main result of the
paper: the existence of a crack satisfying this n-maximality condition (see Theorem 5.2).

Given s € §"37(0,T), we consider its singular set sing(s) introduced in Definition 2.7.

Definition 5.1 (7-maximal dissipation). Assume that 0 < p < v/A/2 and that f and w
satisfy (3.4), (3.8), (3.9), and (3.10). Let C € £(A\,A), u® € HY(Qp;R?), with u® —w(0) €
HE(Q0;R?), and u! € L2(;R?).

Given 7 > 0 we say that (v, s) € CP*¢(0,T) satisfies the n-maximal dissipation condition
on [0, 7] if there exists no (%, 3) € CP*“(0,71), for some 0 < 7 < T, such that

(a) sing(8) C sing(s),
(b) 3(t) = s(t) and 4(3(t)) = y(s(t)) for every t € [0, 7], for some 0 < 719 < 71,
(¢) 8(t) > s(t) for every t € (10,71] and §(m1) > s(m1) + 1.

Theorem 5.2 (Existence of an n-maximally dissipative crack). Under the assumptions
of Definition 5.1, for every n > 0 there exists a pair (v,s) € CP°(0,T) satisfying the
n-mazimal dissipation condition on [0,T].

Proof. We proceed as in [1]. Let us fix n > 0 and a finite subdivision 0 =T < T} < --- <
T, =T of the time interval [0,T] such that T —T;_1 < for every j.

The solution will be constructed recursively in the intervals [T;_1,7}]. Fix j € {1,... ,k}
and assume the pair (y;_1,8j-1) € CP*¢(0,Tj_1) = CP**(0,Tj_1,0,7%,C, f,w,u’,u') has
already been defined, where 7y is the function that appears in condition (a) of Definition 2.1.

To define the next pair (v;, s;) we consider the class A; of pairs (v,s) € CP**¢(0,T;) =
CPec(0,Ty,0,%,C, f,w,u’ u') such that s\, _, ) € S,V (Tj-1,Tj), s(t) = s;_1(t), and
Y(s(t)) = vj—1(sj—1(t)) for every t € [0,T;_1]. For j = 1 we define A; as the set of all
pairs (v, s) € CP¢(0,Ty) = CP*¢(0,T1,0,70,C, f,w,u’, u') such that s € S;fﬂ(O,Tl) and
s(0) =0.

Note that .Aj 7é @ Indeed, ('Yj—lagj—l) S Aj if gj—l is defined by gj_l(t) = Sj_l(t)
for 0 <t <Tj_q and 5;_1(t) = s;_1(Tj—1) for Tj_1 <t < T (see Remarks 4.2 and 4.3).
In the case of A; we consider the pair (vo,0).
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We choose (v;,s;) € A; such that

/Tj s;j(t)dt = max /Tj s(t) dt. (5.1)

T 1 (vis)ed; Jr;_y

The existence of (7;,s;) is guaranteed by Lemma 5.3 below.

We now define (v,s) := (v, Sk), where (7, sx) is the pair obtained in the final step
j = k of our construction. Let us prove that (v,s) satisfies the n-maximal dissipation
condition on [0,7]. Assume, by contradiction, that there exist 0 < 79 < 74 < T, and
(4, 8) € CP¢(0,71) such that:

(a) sing(8) C sing(s) C {T1,...,Tk-1},
(b) s(t) = §(t) and ~(s(t)) = 4(5(¢)) for every t € [0, 0],
(c) s(t) < 5(t) for every t € (19, m1] and §(m1) — s(m1) > 7.

Let j € {1,...,k} be the index such that T;_y < 79 < T}. Let us prove that 7y > T}. The
monotonicity of s, together with (b) and (c), gives §(11) > s(m1)+n > s(m)+n = §(10) +17,
which implies that 3(71) — 5(79) > 7. On the other hand, by the definition of the class
S501(0,m1) we have 3(m1) — 3(9) < p(ri — 7o), hence 71 — 79 > n/p > Tj — Tj—1. This
implies 7 > T}.

By (a) we have $|ir,_, 1) € S, 3(Tj-1,T;). Taking (b) into account it follows that
(4,8) € Aj. By construction s = s; on [T;_1,Tj] and, by (c), 5(t) > s(t) = s;(t) for every
t € (79, T;]. This contradicts (5.1) and concludes the proof. O

Lemma 5.3 (Solution of a maximum problem). For every j =1,...,k there exists (v, s;) €
A; such that
T T
5;(t)dt = max / s(t)dt. 5.2
/ Csde= mex [ ) (52)
T
Proof. Fix j = 1,...,k and set I, := sup / s(t)dt and, for every n € N, let
(v,8)€A; STy
(v, s") € A; be such that
T; 1
/ )t > Trnge — ~ . (5.3)
Tj_1 n

Let u;_1 be the unique weak solution of (3.5)-(3.7) on the time-dependent cracking domains
t— QZ;:ll(t) for 0 <t < Tj_;, with initial conditions u;_1(0) = u" and 1;_1(0) = u'.
We now define the new initial conditions at time T;_;, by setting 35')_1 = sj-1(Tj-1),
uf ;= uj1(Tj—1), and uj_; = @;_1(Tj—1). By the compactness of C™9(T;_1,T;) =
Creg(Tj,l,Tj7sg_l,vj,l,(c,f,w,ug_l,u}_l) (see Theorem 4.4) there exists a subsequence
of (7", 8"|(r,_,,1;)), not relabelled, and a pair (v;,38) € C"*9(T;_1,Tj) such that 4" — v;
and s" — § uniformly. Let us define s;(t) = s;_1(¢) for ¢ € [0,T;_1] and s;(t) = §(t) for
te[T;-1,T;]. Since (y",s™) € A; we have y"(s;-1(t)) = ¥"(s"(t)) = v;—-1(sj-1(t)) for all
t € [0,Tj_1]. Passing to the limit as n — oo and using the definition of s; on [0,7}_;] we
obtain that v;(s;(t)) = v;—1(s;—1(t)) for all t € [0,7;_;]. From Lemma 4.3 we obtain that
(vj,8;) € CP(0,T;). Hence (v;,s;) € A;. Passing to the limit in n, from (5.3) we get
T

J
/ 5;(t)dt = Inqs, which immediately gives (5.2). O
T

j—1
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Appendix

In this section we prove the finite speed of propagation for the system of elastodynamics
under very weak assumptions. Since the proof does not depend on the dimension, we will
state the result in any dimension n > 1.

Let U be a bounded open subset of R™ and let d,U be the Lipschitz part of the
boundary OU , defined as the set of points x € QU with the following property: there exist
an orthogonal coordinate system 1, ..., ¥y, , a neighborhood V of x of the form AxI, with
A open in R*! and I open interval in R, and a Lipschitz function g: A — I, such that
VU ={(,- - yn) €V iyn <gy1,...,yn-1)}-

Let M™™™ be the space of nxn real matrices and let M{ ! be the space of nxn
real symmetric matrices. The elasticity tensor A: U — Lin(M™*™ M"*™) is a measurable
function with the following properties: for a.e. x € U we have

A(z)F = A(z)F*v™ € My for every F' € M"*"™ (A.4)
Alx)F-G=A(z)G- F, for every F,G € M"*™, (A.5)
AFsvm2 < A(z)F - F < A|Fsvm|? | for every F' € M™*™ . (A.6)

Let us fix T > 0, f € L*(0,T; L?>(U;R")), v° € HY(U;R"), u! € L?(U;R"), and two
Borel sets Sy and Sy, with Sy C S; C 9,U. We consider a weak solution u of the system
of elastodynamics

i —div(AVu) = f in (0,T)x U (A7)
with boundary conditions
u=0 on (0,7) x Sy, (A.8)
(AVu)r =0 on (0,7) x (OU \ S1), (A.9)
and initial conditions
u(0) =u" and u(0)=u' inU. (A.10)

To give a precise meaning to (A.7)-(A.9) for every Borel set S C 9 U we introduce the
space
HY(U;R™) :={uec HY(U;R") : u =0 H" '-a.e. on S},
where H"~! is the (n — 1)-dimensional Hausdorff measure (see, e.g., [6, Definition 2.46])
and the equality on S refers to the trace of u. It is clear that HL(U;R™), endowed with

the norm of H'(U;R™), is a Hilbert space. Its dual is denoted by Hg'(U,R").
By a weak solution of (A.7)-(A.9) we mean a function w such that

uwe L*(0,T; Hg, (U;R™)), (A.11)
e L2(0,T; L2(U; R™)) (A.12)
i € L*(0,T; Hg (U;R™)) (A.13)
and for a.e. t € (0,T) satisfies
(ii(t), @) + (AVu(t), Vo) = 0 for every ¢ € Hg (U;R™). (A.14)

By (A.11)-(A.13), a weak solution u satisfies
u e C°([0,T); L*(U;R™)), (A.15)
i€ CO([0,T); Hg (U;R™)), (A.16)

therefore the initial conditions (A.10) have to be interpreted as equalities in L?(U;R™) and
H S_ll (U;R™), respectively.
We are now in a position to state the main result of this section.
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Theorem A.4 (Finite speed of propagation). Let T > 0, let U C R™ be a bounded open
set, let A : U — Lin(M"™*"™, M"*™) be a measurable function satisfying (A.4)-(A.6), let Sy
and Sy be Borel sets with So C S1 C I U, and for every t € [0,T)] let

Uy := {x € U : dist(z, 5 \ So) > tVA}. (A.17)

If u is a weak solution of (A.7)-(A.10) in the sense of (A.11)-(A.14), with f =0, u® =0,
and u' =0, then
u(t)=0 a.e. in U, (A.18)

for every t € [0,T7].
To prove the theorem we need the following lemma.

Lemma A.5 (Auxiliary estimates). Let E be a bounded set in R™ and let a >0, b >0,
and T > 0. For every t € [—a/b,T] let

E;:={zeR":dist(z,F) <a+bt} and ¢(t):=1g, *p,

where 1g, is the characteristic function of Ey, p € C(B1(0)) is a nonnegative function
with f]Rn pdx =1, and % denotes the convolution with respect to the spatial variable. Let B
be an open ball in R™ containing ET + B1(0). Then ¢: [—a/b,T] — L*(B) is absolutely
continuous and for a.e. t € [—a/b, T there exists ¥ (t) € L>°(B) such that

(Wt +h) = (1) /h = () (A.19)

weakly* in L>®°(B) and strongly in LP(B) for every 1 < p < 4+o0o. Moreover, for a.e.
t € [—a/b,T] we have .
V()] < J(t)|/b  a.e. in B. (A.20)

Proof. We begin by proving that ¢t — L£L"(E;) is absolutely continuous on [—a/b,T|. For
every ¢ € B let g(z) := dist(z, E) and let P denote the perimeter of a set in R™ (see [6,
Definition 3.35]). Since |Vg(z)| =1 for a.e. z € B\E, by the co-area formula [6, Theorem
3.40], the function s — P({g < s}) is integrable and for every ¢ € [—a/b, T

a+bt
£M(E,) — £(E) = /B V(g A (a+ bt)|dz = / P({g < s})ds.

where o A 8 := min{e,8}. This shows that ¢ — L£"(E};) is absolutely continuous on
[—a/b,T].
Since for s <t we have

Nz, =g s < L"(E) - L7(E),

the function ¢ — 1, is absolutely continuous from [—a/b,T] into L'(B).
Let us prove that

%(1&% —1g,) = bH" 'LO*E, weakly* in My(B), (A.21)
where the space My (B) of bounded Radon measures on B is regarded as the dual of the
Banach space C§(B) of continuous functions on B vanishing on dB. Here and in the rest
of the paper, 0* denotes the reduced boundary (see [6, Definition 3.54]) and, for every Borel
set F', H" 1L F denotes the measure defined by (H"" 1L F)(A) = H""1(F N A) for every
Borel set A.
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Let ¢ € C(B). Using again the co-area formula, together with De Giorgi’s characteri-
zation of the derivative of a characteristic function (see [6, Theorem 3.59]), we obtain that
the function s+ [, (9<s} @dH" ! is integrable and that for every t € [—a/b,T] we have

a+bt
/ @dxz/ V(g A (a+ bt))|pdx :/ / pdH" ds,
Ey B 0 *{g<s}

. 1 n—1
*lblgbh(/EHh @dm—/Et (pdx) =b G*E,,Lde

for a.e. t € [—a/b,T]. This proves (A.21).

Since the convolution by p is a continuous linear operator mapping L!(B) into L>°(B),
the absolute continuity of ¢ — 1g, implies that v is absolutely continuous from [—a/b, T
into L°°(B). Moreover, since the convolution by p maps weakly* convergent sequences in
My(B), supported by Er, into weakly* convergent sequences in L°(B), from (A.21) we
obtain (A.19) weakly* in L*°(B), with

therefore

(t) = b(H" L O Ey) * p. (A.22)

As for the strong convergence in LP(B) for 1 < p < 400, we observe that the absolute
continuity of ¢: [—a/b,T] — L°°(B) implies the absolute continuity of ¢: [—a/b,T] —
L?(B). Since LP(B) is reflexive we can apply [11, Corollaire A.2] and we obtain (A.19)

strongly in LP(B) for 1 < p < +oc0. The result for p = 1 is now obvious.
To prove (A.20) we observe that for every ¢ € [—a/b,T] we have

Vi(t) = D1g, *p,

where D denotes the distributional gradient. By the co-area formula for a.e. t € [—a/b, T
the set E; has finite perimeter and therefore

Dlg, =vH" ' LO*E;,
where v; is the inner unit normal of E;. It follows that
V(1) < (H" 1L O"Ey) % p

which, together with (A.22), gives (A.20). O

Proof of Theorem A.4. Let u be as in the statement of the theorem. We extend u by setting
u(t) =0 for every t € (—T,0]. (A.23)
Since u(0+) =0 in L?*(U;R") and 4(0+) =0 in Hgll(U;R"), we have that
u € L*(=T,T; H§, (U;R™))
i€ L(-T,T; L*(U;R™)),
i e L*(~T,T; Hg' (U;R"™)),
(ii(t), p) + (AVu(t), Vo) = 0 for a.e. t € (=T, T) and for every ¢ € H§ (U;R").
For a.e. t € (0,T) we define

e(t) == % . la(t)|?dx + ;/Ut AVu(t) - Vu(t) dz . (A.28)
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We want to prove that
e(t)=0 forae te(0,7). (A.29)

Before doing this, let us show that (A.29) implies that for every ¢ € [0,T] we have u(t) =0
a.e. in U;. Let us fix ¢ € (0,7]. Since Uy C U, for 0 < s < t, (A.28) and (A.29) give
u(s) = 0 a.e. in Uy for a.e. s € (0,¢). Since u € H'(0,t; L*>(U;,R™)) and u(0) = 0, we
conclude that u(t) = 0 a.e. in U;. Therefore, to prove the theorem it is enough to show
that (A.29) holds.

To obtain an estimate for (A.28) we consider the set

Vi = {z € R" : dist(x, 1 \ So) > tVA }, (A.30)

so that U, = V;NU . To regularize the characteristic function 1y, of V; we fix a nonnegative
p € CX(R") with p(z) = 0 for |z| > 1 and [p,pdz = 1. For every € € (0,TVA)

let p-(z) = 1/e"p(x/e) and, for every t € (—¢/VA,T) let 1.(t) = 1y, .. * p, where
o =2/v/A. We remark that by (A.30) we have

Ye(t) =0 in a neighbourhood of S; \ So (A.31)

for every ¢ € (0,7v/A) and for every t € (—e/v/A,T).
Let e.(t) be the approximation of e(t) defined by

/ |u(t) |2 (t)dx + = /AVu(t)~Vu(t)¢5(t)d:c
= 5 a(t), u(t)ye(t)) + <AVU( ), Vu(t)ye(t)) (A.32)

for every ¢ € (0,TvA) and for a.e. t € (—¢/vA,T). By (A.24) and (A.25) we have
that e. € L'(—e/v/A,T). Moreover, by standard properties of convolutions and by the
integrability properties of |i(¢)|> and AVu(t) - Vu(t), we obtain

ec(t) > e(t) forae. te(0,T). (A.33)

To obtain an estimate for e.(t) we first consider the differences e.(t + h) — e.(t) for a
given h € (0,6/v/A). We have
2(ec(t +h) —ec(t)) = (u(t + h) +a(t), (Wt + h) —a(t))Ye(t + h))
+ (a(t), w(t) (Ve (t + h) = P:(1)))
+ (AVu(t + h) + AVu(t), (Vu(t + h) — Vu(t))(t + h))
+ (AVu(t), Vu(t) (et + h) —¥:(t))) =L + Lo+ Is + I4. (A.34)

It is convenient to write I; and I3 as

Iy = (a(t + h) +a(t), 5 (w(t +h) —u(t)pe(t + h)))

— (@t + h) + a(t), (u(t + h) — u(t))ve(t + b)), (A.35)
I3 = (AVu(t + h) + AVu(t), V((u(t + h) — u(t))y(t + h)))

— (AVu(t+ h) + AVu(t), (u(t + h) — u(t)) @ Vip(t + h)) . (A.36)

We now integrate by parts we respect to t.
Since u satisfies (A.25) and (A.26), if

(e L(~/VATHY (UiRY)  and ¢ € L(—e/VAT; L (UsR™)),
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it is easy to prove by approximation that the function ¢ — (u(t),((¢)) is absolutely contin-
uous in [—¢/v/A,T] and

2 (a(0), ¢(1) = (u(t), ¢(2)) + (u(t), qO (A.37)

By Lemma A.5 and by (A.24), (A.25), and (A.31), we can apply this formula with

C(t) :== (u(t+ h) —u(t))v.(t + h) (A.38)
and we obtain that
1= S G+ h) + ), (ult 4+ B) — ()t 4 1))
— (Ut +h)+u(t), (u(t+h) — u(t))il.zs(t + h))
— (Ut + h) +a(t), (u(t+ h) — u(t)(t + h)) (A.39)

for a.e. t € (—e/VA,T).

Let us now fix ¢t € [0,7]. By integrating (A.34) between —h and t—h, and using (A.23),
(A.36), and (A.39) we obtain

2 /_:h(eg(s +h) — ec(s))ds = (a(t) + a(t — R)), (u(t) — u(t — h))w-(t)))
- /th_h@i(s +h) +(s), (u(s + h) = u(s))ye(s + h))ds
tih@(s +h) +ls), (uls + h) = u(s))de(s + h))ds
(0(s),u(s) (Ve(s + h) — Ye(s)))ds
t—h

(AVu(s+ h) + AVu(s), (u(s + h) — u(s)) @ Vb (s + h))ds

+ / (AVu(s+ h) + AVu(s), V((u(s + h) — u(s))e(s + h)))ds
/ (AVu(s), Vu(s)(w(s + B) — 1.(s)))ds (A.40)

Note that by (A.27) for a.e. s € (—h,t — h) we have
(ii(s) +ii(s+ h), @) + (A(Vu(s) + Vu(s+ 1)), Vy) =0 for every p € HS (U;R™). (A.41)

By (A.31), for a.e. s € (—h,t—h) we may take ¢.(s) = (u(s+h) —u(s)):(s+h) as a test
function in (A.41) obtaining

(ii(s + h) +i(s), u(s + h) —u(s))e(s + h))
+ (A(Vu(s+ h) + Vu(s)), V((u(s + h) —u(s))(s + h))) =0. (A.42)
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Substituting in (A.40) we get

t—h
2 [ el ) = ec(s))ds = (i(t) (e = h). (u(®) = u(t = )< (6)
t—h
—2/_h (ii(s + h) + ii(s), (u(s + h) — u(s))w. (s + h)))ds
t—h
—/h (s + h) + 1u(s), (uls + ) — u(s))be(s + h))ds

+ 8)(Ye(s +h) — Pe(s)))ds

h

AVU (s4+ h) + AVu(s), (u(s+ h) —u(s)) @ Vipo(s + h))ds
—h
t—h
. (AVu(s $)(We(s+h) —1(s)))ds. (A.43)

+

\\\

Integrating by parts, thanks to (A.23) and (A.37) we obtain

t—h
-2 [h (i(s 4+ h) +i(s), (u(s + h) — u(s))ve(s + h)))ds
= —2(u(t) + a(t — ), (u(t) — u(t — h))Ye(t)))
t—h
+2 /_h (s + ) + (s), (s + ) — i(s))be(s + h)))ds

t—h
+2 /_h (i(s + ) +a(s), (u(s + h) — u(s))(s + h)))ds . (A.44)

Hence, substituting in (A.43) and using again (A.23) we obtain

0

2/t—i6(8) ds = 2/t_eh€(s) ds — 2/65(8) ds = —(0(t) +u(t — h), (u(t) — u(t — h))Y(t))

—h

t—h

+2[h (u(s+ h) +u(s), (u(s + h) — u(s))e(s + h))ds
t—h

+/ Gils + B) + i(s), (u(s + B) — u(s))te(s + h))ds

+ ) (Ye(s + h) —1pe(s)))ds

. h (AVu(s+ h) + AVu(s), (u(s + h) — u(s)) ® Vo (s + h))ds
h

\\\

. AVU 8)(Ve(s+ h) —e(s)))ds. (A.45)
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Note that
t—h
2/ (s -+ h) + (), (a(s + B) — i(s))e(s + h))ds
h
h

[ s, ) (e (s 4 B) — the(s)))ds

t—h t—h

—2 [ (als+ h), (s + R)we(s + h))ds — 2 / (ils), (s (5))ds

—h

t—h

t,Z
- / (u(s),u(s)e(s+ h))ds + / (u(s),u(s)e(s))ds
“h

—h

t t—h
=2 /t_h<u(8),u(s)wg(s)>ds - / ((s),u(s) (Ve (s + h) —1(s)))ds, (A.46)

—h

where in the last equality we used again (A.23). Therefore substituting in (A.45) we obtain

2 / ec(s) ds = —(i(t) + a(t — h), (u(t) — u(t — ) (1))
t—h

t—h '
+/ (u(s+h) +u(s), (u(s+ h) —u(s))e(s + h))ds
—h
¢ t—h
+2 /t_h@(S), u(s)e(s))ds — / (0(s),u(s) (e (s + h) — (s)))ds

—h

t—h
- /_h (AVu(s+ h) + AVu(s), (u(s + h) —u(s)) @ Vb (s + h))ds
t—h
+ /41 (AVu(s), Vu(s) (Y (s + h) — (s)))ds. (A.47)

We divide by h the terms in the right-hand side of (A.47). Thanks to (A.24) and (A.25)
we can pass to the limit in L'(0,7) as h — 0+ and we obtain

—_

*<U( )+u(t— h), (u(t) = u(t = h)e(t)) = —=2(a(t), a(t)p=(t)) , (A.48)

D“

" (AVu(s). Va(s)(be(s + ) — t(s)) ds—>/ (AVu(s), Vuu(s)tho(s))ds , (A.49)

S =

—h

/ (AVu(s + ) + AVu(s), (u(s + h) — u(s)) ® Vi (s + h))ds
h

S

o /0 (AVu(s), i(s) @ V. (s))ds (A.50)

1 [t=h .
7 / (u(s+ h) +u(s), (u(s + h) —u(s))ve(s + h)))ds

—h

_%/_h_ (i(s), i(s)(1he(s + h) — 1be(s)) ds—>/ a(s)e(s))ds.  (A.51)

Since

t
g/ ee(s)ds — 2e.(t)
hJi-n
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in L1(0,T) as h — 0+, from (A.47)-(A.51) we get

2e. (1) = / (s), is)pe (s))ds + / (AVu(s), Vu(s)e (s))ds
+2/0 (AVu(s), u(s) ® Vipe(s))ds (A.52)

for a.e. t € (0,7).

Let &.(s) be the function on U defined by &.(s) = Vbe(5)/| Ve (s)| on {Vipe(s) # 01NU
and &.(s) =0 on {Vi.(s) =0} NU. By the Cauchy inequality for the quadratic form on
L?(U;R™ ") determined by A, for every a > 0 we have

2(AVu(s),u(s)@Vi(s))
< 2(AVu(s), Vu(s)| Ve (s)]) /2 (At(8)RE(s), i(s) @ (5) | Vape (5)]) /2

< a(AVu(s), Vu(s)[Vi:(s)]) + é(Aﬂ(S)®§e(8), () @8 (s)[ Ve (s))
for a.e. s € (0,T). Therefore, by (A.6) and (A.20) we obtain

2(AVu(s),u(s)@Vie(s))

aY - VA
< ﬁ%vu(s), Vu(s)[e(s)]) + == (i(s), ()9 (s)]) -

Taking o = v/A and recalling that v.(s) <0 we obtain

2(AVu(s), i(5)@Vie(s)) + (AVu(s), Vu(s)dx(s)) + (a(s), a(s)te(s)) < 0
for a.e. s € (0,7). This inequality together with (A.52) gives e.(t) < 0 for a.e. t € (0,T),
hence e(t) <0 for a.e. t € (0,T), by (A.33). Since e(t) > 0, this concludes the proof. O
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