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Abstract We present a model for rate-independent, unidirectional, partial damage in visco-
elastic materials with inertia and thermal effects. The damage process is modeled by means
of an internal variable, governed by a rate-independent flow rule. The heat equation and
the momentum balance for the displacements are coupled in a highly nonlinear way. Our
assumptions on the corresponding energy functional also comprise the case of the Ambrosio—
Tortorelli phase-field model (without passage to the brittle limit). We discuss a suitable weak
formulation and prove an existence theorem obtained with the aid of a (partially) decoupled
time-discrete scheme and variational convergence methods. We also carry out the asymptotic
analysis for vanishing viscosity and inertia and obtain a fully rate-independent limit model
for displacements and damage, which is independent of temperature.
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1 Introduction

Gradient damage models have been extensively studied in recent years, in particular in order
to understand the behavior of brittle or quasi-brittle materials. In this paper we present a
model for rate-independent, unidirectional, partial damage in visco-elastic materials with
inertia and thermal effects. Thus we deal with a PDE system composed of the (damped)
equation of elastodynamics, a rate-independent flow rule for the damage variable, and the
heat equation, coupled in a highly nonlinear way. We prove an existence result basing on
time-discretization and variational convergence methods, where the analytical difficulties
arise from the interaction of rate-independent and rate-dependent phenomena. We study also
the relationship of our model with a fully rate-independent system by time rescaling.

Following Frémond’s approach [24], damage is represented through an internal variable,
in the context of generalized standard materials [29]. The damage process is unidirectional,
meaning that no healing is allowed; we do not use the term “irreversibility” to avoid confusion
with thermodynamical notions. In our model the evolution of this variable is rate-independent:
this choice is due to the consideration that, to damage a certain portion of the material, one
needs a quantity of energy that is independent of the rate of damage, see e.g. [32]. Rate-
independent damage has been widely explored over the last years, cf. e.g. [6,18,19,26,34,
44,67,68]. For different studies on rate-dependent damage we refer to e.g. [8,9,22] in the
isothermal case and [3,28,62,63] for temperature-dependent systems.

Energy can be dissipated not only by damage growth, but also by viscosity and heat,
both phenomena having a rate-dependent nature. Rate-independent processes coupled with
viscosity, inertia, and also temperature have first been analyzed in the two pioneering papers
[56,57], cf. also [45, Chapter 5]. Under the assumption of small strains, the momentum equa-
tion is linearized and is formulated using Kelvin—Voigt rheology and inertia. The nonlinear
heat equation is coupled with the momentum balance through a thermal expansion term:
this reflects the fact that temperature changes produce additional stresses. Here, we extend
Roubicek’s ansatz for the temperature-dependent setting to a unidirectional process, thus
dealing with a discontinuous rate-independent dissipation potential, cf. (1.2) below. Exis-
tence results for an Ambrosio—Tortorelli-type system with unidirectional damage, inertia,
and damping were already provided in [37] in the isothermal case.

The PDE system. More precisely, we address the analysis of the following PDE system:

pii —div (D(z, 0)e(m) + C(z)e(n) —0B) = fv in (0, T) x ,
(1.1a)
OR(2) + D,G(z, V2) — div (D¢ G (z, V2) + AC (@e) 1 ew) 50 in (0, T) x 2,
(1.1b)
6 — div (K(z,0)V0) = R1(2) + D(z, 0)e() : (@) — 0B : e(@) + H in(0,7T) x ,
(1.1¢)

where the unknowns are the displacement vector field u, the damage variable z, and the
absolute temperature 6, all the three being functions of the time ¢ € (0, T') and of the position
x in the reference configuration of a material €2, a bounded subset of RY, withd € {2, 3}.
Here, e(u) := %(Vu + Vu'T) denotes the linearized strain tensor.

In (1.1a), the constant p > 0 is the mass density. Moreover, D(z, #) and C(z) are the
viscous and the elastic stress tensors and are both bounded, symmetric, and positive definite
on symmetric matrices, uniformly in z and 6. This reflects two hypotheses of the model,
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motivated by analytical reasons: first, we cannot renounce the presence of some damping in
the momentum balance; second, we restrict ourselves to the case of partial damage, assuming
that even in its most damaged state the material keeps some elastic properties. In order to
account for the phenomenological effect that an increase of damage reduces the stored elastic
energy, see e.g. [35], it is assumed that the elastic tensor C(z) depends monotonically on the
internal variable z, cf. also [22,24,52].

According to the rate-independent and unidirectional nature of the damage process, R; is
a 1-homogeneous dissipation potential of the form

Ri(v) = {|v| ifv =0, (1.2)

+o0o otherwise,

which enforces the internal variable z to be nonincreasing in time. Indeed, we assume that
z = 1 marks the sound material and z = 0 the most damaged state.

The gradient term G (z, Vz) is needed to regularize damage; in particular, this term also
allows for a nonconvex dependence on z as in many phase-field models. Moreover, for
suitable choices we retrieve the Modica-Mortola term appearing in the Ambrosio—Tortorelli
functional, see Remark 2.2. The flow rule (1.1b) is given as a subdifferential inclusion, where
d denotes the subdifferential in the sense of convex analysis of Ry while D, and D¢ stand for
the Gateaux derivatives of G(-, £) and G(z, -), respectively. This is a compact way to write
a (semi)-stability condition of Kuhn—Tucker type.

The term 6 B, where B is a fixed symmetric matrix, derives from thermodynamical consid-
erations and is a coupling term between the momentum (1.1a) and the heat equation (1.1c).
The information on the heat conductivity of the material is contained in the symmetric matrix
K(z, 8). We suppose that K(z, -) satisfies subquadratic growth conditions uniformly in z,
which are borrowed from [63] and which are in the same spirit as in [23]. These conditions
are fundamental in the proof of some a priori estimates; see the discussion below (1.4) for
appropriate examples from materials science.

All the aforementioned quantities are independent of time and space, whilst the external
force fy and the heat source H are functions of both. The system is complemented with the
natural boundary conditions

D(z, B8)e(@) + C(z)e(w) —0B)v = fs on (0, T) x INS2, (1.3a)
u=0 on (0, T) x IpL2, (1.3b)

D:G(z, V2)v =0 on (0,7) x 092, (1.3¢)

K(z,0)V0-v=nh on (0,7) x 092, (1.3d)

where dp2 and N2 := 0Q2\dp<2 are the Dirichlet and the Neumann part of the boundary,
v denotes the outer unit normal vector to d€2, and fs and h are prescribed external data
depending on time and space. As for the Dirichlet data, we restrict to homogeneous boundary
conditions, see Remark 2.7 for a discussion on this choice. Moreover, Cauchy conditions are
given on u(0), 12(0), z(0), and 6(0). We refer to Sect. 2.1 for the precise assumptions on the
domain and the given data.

The energetic formulation. Due to the rate-independent character of the flow rule (1.1b)
and to the nonconvexity of the underlying energy, proving the existence of solutions to the
PDE system (1.1) in its pointwise form seems to be out of reach. As customary in rate-
independent processes, we will resort to a weak solvability concept, based on the notion
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of energetic solution, see [40] and references therein. For fully rate-independent systems,
governed (in the classical PDE-formulation) by the static momentum balance for u and the
rate-independent flow rule for z, the energetic formulation consists of two properties:

e global stability: at each time ¢ the configuration (u(¢), z(¢)) is a global minimizer of the
sum of energy and dissipation;

e energy-dissipation balance: the sum of the energy at time ¢ and of the dissipated energy
in [0, ¢] equals the initial energy plus the work of external loadings.

Over the last decade, this approach has been extensively applied to several mechanical prob-
lems and in particular to fracture, see e.g. [13,14,20], and damage, see e.g. [44,67,68].

However, in a context where other rate-dependent phenomena are present, the global
stability condition is too restrictive. Following [56,57] we will replace it with a semistability
condition, where the sum of energy and dissipation is minimized with respect to the internal
variable z only, while the displacement u(¢) is kept fixed, see also [7,59,61]. Accordingly,
we will weakly formulate system (1.1) by means of

e semistability,

e the (dynamic) momentum equation in a weak sense,
e a suitable energy-dissipation balance,

e the heat equation in a weak sense.

Existence result. Theorem 2.6 states the existence of energetic solutions to the initial-
boundary value problem for system (1.1). For the proof we rely on a well-established method
for showing existence for rate-independent processes [40], adjusted to the coupling with vis-
cosity, inertia, and temperature in [57]. Although we follow the approach of the latter paper,
let us point out that the results therein do not account for some properties of our model,
namely,

e the unidirectionality of damage, see (1.2),
e the dependence of the viscous tensor D(z, #) on damage and temperature.

These features are important for the modeling of volume-damage, as well as for the phase-
field approximation of fracture and surface damage models, see also Remark 2.2, and cause
some analytical difficulties.

As in many works on rate-independent systems, our existence proof is based on time-
discretization and approximation by means of solutions to incremental problems. Differently
from [57], in our discrete scheme the approximate flow rule is decoupled from the other two
equations, which may produce more efficient numerical simulations. Moreover, the assump-
tion of a constant heat capacity allows us to avoid a so-called enthalpy transformation and,
together with the subquadratic growth of the heat conductivity, to deduce a priori estimates
and the positivity of the temperature by carefully adapting the methods developed in [23,63].

When taking the time discrete-to-continuous limit, we first pass to the limit in the weak
momentum balance. From this we also deduce a (time-continuous) mechanical energy
inequality by lower semicontinuity arguments. Next we pass to the limit in the semista-
bility inequality using so-called mutual recovery sequences. As a further step we verify that
the mechanical energy balance is satisfied as an equality: this follows from the momentum
balance and the semistability so far obtained. This result allows us to conclude the conver-
gence of the viscous dissipation terms, which, in turn, is crucial for the limit passage in the
heat equation. See Sects. 4.1-4.3.
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Some remarks on the thermal properties of system (1.1) and its applicability. For the ther-
modynamical derivation of the PDE system (1.1) one may follow the thermomechanical
modeling by Frémond in [24, Chapter 12] or Roubicek in [57]. In particular, the free energy
density associated with (1.1) is given by

F(e(u),z,Vz,0) = %(C(z)e(u) ce(u)+ Gz, V) +¢O) — 0B :e(u), (1.4)
which leads to the entropy density S and the internal energy density U of the form
S(e(u),z,Vz,0) = =g F =B : e(u) — ¢'(0),
Ule(u),z,Vz,0) = F+ 08 = 1C(2)e(w) : eu) + G(z, V2) + ¢(0) — 0 ¢'(0) .

where ¢ is a function such that cy(9) := 39U = —0 ¢”(0) is the specific heat capacity,
and S and U satisfy a Gibbs’ relation: 99U = 6 0y S. Starting from the entropy equation,
which balances the changes of entropy with the heat flux and the heat sources given by the
dissipation rate and the external sources H,

039S0 +divj =Ri(2) + (D(z, 0)e@) —OB) : e(ir) + H,

and then invoking Fourier’s law j = —K(z, 6) V6O as well as the above Gibbs’ relation, the
choice () = 6(1—log 0) indeed results in the heat equation (1.1c) with cy () = const. = 1.

In fact, the temperature dependence of the heat capacity can be described by the classical
Debye model, see e.g. [69, Sect. 4.2, p. 761]. In a first approximation it predicts a cubic growth
of cy with respect to temperature up to a certain, material-specific temperature, the so-called
Debye temperature 6p, whereas for & > 0p it can be approximated by cy = const. Thus,
the use of (1.1¢) with cy(0) = const. (normalized to cy(0) = 1 for shorter presentation) is
justified if the temperature range of application is assumed to be above Debye temperature,
i.e., 8 > 6Op. Indeed, our main existence Theorem 2.6, see also Proposition 3.2, contains
an enhanced positivity estimate, which ensures that the temperature 6, as a component of
an energetic solution (u, z, ), always stays above a tunable threshold (to be tuned to 6p),
provided that the initial temperature and the heat sources H are suitably large, see (2.16).

In this context, let us here also allude to our hypothesis on the heat conductivity tensor
K(z, 6), which is assumed to have subquadratic growth in 6, see (2.6b). According to experi-
mental findings, cf. [16,31], polymers such as e.g. polymethylmethacrylate (PMMA), exhibit
such a subquadratic growth of the heat conductivity. In contrast, for metals the heat conduc-
tivity is ruled by the electron thermal conductivity. For this, the Wiedemann—Franz law states
a linear dependence on the temperature, cf. [11, Chapter 17]. Moreover, let us mention that
the analytical results in [23] are obtained under the assumption of superquadratic growth,
which is justified by the examples on nonlinear heat conduction given in [70], that are related
to radiation heat conduction or electron/ion heat conduction in a plasma. Thus, in conclusion,
the thermal properties of our model rather comply with polymers than with metals.

Vanishing viscosity and inertia. Finally, in Sect. 5 ahead we will address the analysis of
system (1.1) as the rates of the external load and of the heat sources become slower and
slower. Therefore, we will rescale time by a factor ¢ and perform the asymptotic analysis
as ¢ | 0 of the rescaled system, i.e. with vanishing viscosity and inertia in the momentum
equation, and vanishing viscosity in the heat equation. Before entering into the details of our
result, let us briefly overview some related literature.

On the one hand, the asymptotic analysis for vanishing viscosity and inertia of the sole
momentum balance has been the subject of earlier work: we refer, e.g., to [50] for study of the

@ Springer




192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219

220

221
222
223
224
225

226

227
228
229
230

231

232

233

234

236

J Dyn Diff Equat

purely elastic limit of dynamic viscoelastic solutions to a frictional contact problem, in terms
of a graph solution notion. This problem was approached from a more abstract viewpoint
in [46], with applications to finite-dimensional mechanical systems featuring elastic—plastic
behavior with linear hardening in [42]. On the other hand, a well-established approach to
fully rate-independent systems consists in viscously regularizing the rate-independent flow
rule for the internal variable (typically coupled with a purely elastic equilibrium equation for
the displacements), and taking the vanishing-viscosity limit. This leads to parameterized/BV
solutions, encoding information on the energetic behavior of the system at jumps, see e.g. [12,
17,48,49], as well as e.g. [33,34,39] for applications to fracture and damage. We also mention
[1,53] for finite-dimensional singularly perturbed second order potential-type equations. The
convergence of kinetic variational inequalities to rate-independent quasistatic variational
inequalities was tackled in [43].

Let us point out that our analysis is substantially different from the “standard” vanishing-
viscosity approach to rate-independent systems, since in our context viscosity (and inertia
for the momentum equation) vanish in the heat and momentum balances, only, while we
keep the flow rule for the damage parameter rate-independent. In fact, our study is akin
to the vanishing-viscosity and inertia analysis that has been addressed, in the momentum
equation only, for isothermal, rate-independent processes with dynamics in [56,58], leading
to an energetic-type notion of solution. We also refer to [15,66] for a combined vanishing-
viscosity limit in the momentum equation and in the flow rule, in the cases of perfect plasticity
and delamination, respectively.

The coupling with the temperature equation attaches an additional difficulty to our own
vanishing-viscosity analysis. Because of this, it will be essential to assume an appropriate
scaling of the tensor of heat conduction coefficients: in fact, we shall require that the conduc-
tivity matrix (K in (1.1c)) diverges as inertia and viscosity vanish. This reflects the fact that in
the slow-loading regime heat propagates at infinite speed. Thus, in the slow-loading limit we
will obtain that the temperature is spatially constant and its evolution is fully decoupled from
the one of the mechanical variables. Indeed, in Theorem 5.3. we will prove convergence as
e | 0 of energetic solutions (u¢, z¢, 6;) of the rescaled system to a triple (u, z, ®) such that

— (u, z) is local solution (according to the notion introduced in [41,58]) to the (fully
rate-independent) system consisting of the static momentum balance and of the rate-
independent flow rule for damage;

— under a suitable scaling condition on the heat sources, the spatially constant function ®
satisfies an ODE that involves a nonnegative defect measure arising from the limit of the
viscoelastic dissipation term.

Plan of the paper. The assumptions on the material quantities and the statement of the
existence results for energetic solutions are given in Sect. 2. In Sect. 3 we present the properties
of time-discrete solutions, hence in Sect. 4 we prove the main theorem by passing to the
time-continuous limit by variational convergence techniques. Finally, Sect. 5 is devoted to
the asymptotics for vanishing viscosity and inertia.

2 Setup and Main Result

Notation: Throughout this paper, for a given Banach space X we will denote by (-, -) x the
duality pairing between X* and X, and by BV ([0, T']; X), resp. Coweak([O, T1; X), the space
of the bounded variation, resp. weakly continuous, functions with values in X . Notice that we
shall consider any v € BV ([0, T']; X) to be defined at all t € [0, T]. We also mention that
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the symbols ¢, C, C’... will be used to denote a positive constant depending on given data,
and possibly varying from line to line. Furthermore in proofs, the symbols /;,i = 1, .. ., will
be place-holders for several integral terms popping up in the various estimates. We warn the
reader that we will not be self-consistent with the numbering so that, for instance, the symbol
I will occur in several proofs with different meanings.

2.1 Assumptions

We now specify the assumptions on the domain €2, on the nonlinear functions featured in
(1.1), on the initial data, and on the loading and source terms, under which our existence
result, Theorem 2.6, holds. Let us mention in advance that, in order to simplify the exposition
in Sects. 2—4, and in view of the analysis for vanishing viscosity and inertia in Sect. 5, cf.
(5.32), we will suppose that the matrix of thermal expansion coefficients is a given symmetric
matrix B € fonf. We instead allow the elasticity and viscosity tensors to depend on the state
variables z and (z, 0), respectively, thus we need to impose suitable growth and coercivity
conditions. We will also make growth assumptions for the matrix of heat conduction coeffi-
cients, which are suited for our analysis and which are in the line of [23,63]. These growth
conditions will play a key role in the derivation of estimates for the temperature 6, in that it
will allow us to cope with the quadratic right-hand side of (1.1c). Before detailing the standing
assumptions of this paper, let us mention that, to ease the presentation, we will assume the
functions of the temperature featuring in the model to be defined also for nonpositive values
of 6. At any rate, later on we will prove the existence of solutions such that the temperature
is bounded from below by a positive constant, see (2.14)—(2.16).

Assumptions on the domain. We assume that

QcRr? , d € {2,3}, is a bounded domain with Lipschitz-boundary 9€2 such that

2.1
opS$2 C 92 is nonempty and relatively open and N2 := 0Q2\dp<2. @1
Moreover, we will use the following notation for the state spaces for u and z:
Hﬁ(Q; Rd) ={ve HI(Q; Rd) : v =0 on dpQ in the trace sense}, 22)

2:={ze W (Q):z€l0, 1]ae. inQ},
with fixed ¢ > 1, cf. (2.5d). Analogous notation will be employed for the Sobolev spaces
1y
WD ’ )’ Z 1~

Assumptions on the material tensors. We require that the tensors B € R4, C : R —
Rdxdxdxd apnd D : R x R — RIxdxdxd fy]fi]]

Be ngxn’f and set C := |B| , (2.3a)

C e CO(R; RI*¥*xdy and D € CO(R x R; RI*dxdxd) (2.3b)

C(2), D(z, 0) € RG> and are positive definite forallz e R, 6 € R, (2.3¢)

3CE. CE>0VzeRVAeRYY: CLIAP <C()A: A < CEIAP, (2.3d)
3Ch. Ch >0 VzeRVOeR VAeRYY . CplAP <D(z.0)A: A< CjlAI*.

(2.3e)
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In the expressions above, RY*? denotes the subset of symmetric matrices in R?*¢ and

sym
R‘Siyxnfx‘l *d is the subset of symmetric tensors in R¢*4*4*d _Tn particular,

C(@)ijr=C(2) jiki=C(@)i jix=C(Dsij and D(z, 0);j1i=D(z, 0) jiri=D(z, 0); ik =D(z, O)xsij-
In addition to (2.3), we impose that C(-) is monotonically nondecreasing, i.e.,

VAeRX vo<z1<z3<1: CiDA:A<C(z)A:A. (2.4)

sym

Assumptions on the damage regularization. We require that G : R x R — R U {oo} fulfills

Indicator: For every (z,€) € R x R? . G(z,€) <00 = z€][0,1]; (2.5a)

Continuity: G is continuous on its domain dom(G), G >0, and G(0,0)=0;
(2.5b)

Convexity: For every z € R, G(z, -) is convex; (2.5¢)

Growth: There exist constants ¢ > 1 and C lG, C é > 0 such that for every (z, &) € dom(G)
CHUEI = 1) < G(z,€) < CEUEI +1). (2.:5d)

Remark 2.1 (Properties of the regularizing term) Since we are encompassing the feature that
z(+, x) is decreasing for almost all x € €2, starting from an initial datum zo € [0, 1] a.e. in €2,
the z-component of any energetic solution to (1.1) will fulfill z(¢, x) < 1 a.e. in Q2. Therefore,
we could weaken (2.5a) and just require that the domain of G is a subset of [0, 00).
Furthermore, we may require the third of (2.5b) without loss of generality, since adding
a constant to G shall not affect our analysis.
Further observe that the above assumptions (2.5) ensure that the integral functional

G:L"(Q) x L1(Q;RY) - RU (oo}, G(z,&) ::/ G(z, &) dx
Q

is lower semicontinuous with respect to strong convergence in L"(£2) for any r € [1, 00)
and weak convergence in L7(2; RY), cf. e.g. [21, Theorem 7.5, p. 492]. In addition, G is
continuous with respect to strong convergence in (L’ () x L9(2; Rd)) N dom(G).

Remark 2.2 (Example: Phase-field approximation of fracture) Starting from the work of
Ambrosio and Tortorelli [2], gradient damage models have been extensively used in recent
years to predict crack propagation in brittle or quasi-brittle materials, by means of phase-
field approximation [4]. In this approach, a sharp crack is regularized by defining an internal
variable that interpolates continuously between sound and fractured material. In the mathe-
matical literature, evolutionary problems for phase-field models were considered for instance
in the fully quasistatic case [25], in viscoelasticity as a gradient flow [5], and in dynamics
[37], always for isothermal systems. A thermodynamical model for regularized fracture with
inertia was proposed and treated numerically e.g. in [52]. The passage to the limit from phase-
field to sharp crack, though successfully treated in the quasistatic [25] and in the viscous case
[51, is by now an open problem in dynamics and is outside the scope of this contribution.

In this context, typical examples for the regularizing term are functionals of Modica-
Mortola type,

Sym(@. V) = /Q Gz Voydx  with Gy, (z, V2) = V2|7 + W(2) + Ljo,11(2) ,
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where ¢ > 1, W is a suitable potential, and I[o,1)(z) := 0 if z € [0, 1], I}jp,1)(z) := +o0
otherwise. Such regularization agrees with the above assumptions up to an additive constant.

Notice that in Sect. 3, to construct discrete solutions, we will consider unilateral minimum
problems of the type

min {/ 1C@e(u) : e(u) dx +/ G(z, Vo) dx + Ry (z — 2)}
€2 Q Q

for givenu € HI%(Q; R%) and a given 7 € Z defined in (2.2). Setting C(z) := (z% +8) I with
8 > 0,and G := G3py; with W(2) := 3(1 + %), the minimum problem is equivalent to

min {/(%(ZZ—F(S) le(u)|? dx—l—/ (1 —z)zdx+/ 8§ |Vz|? dx} ,
Q Q Q

0<z=<Z

that is the classical minimization of the Ambrosio—Tortorelli functional, see [2,25]. The
generalization to G = GKAM with ¢ > 1 was considered in [30]. In this case one may want
an effective dependence of the viscous tensor on z, choosing D(z, ) = C(z) as in [37].

Assumptions on the heat conductivity. On K : R x R — R4*? we assume that
Ke COR x R;R™) | K(z,0) e R%? forallz e R, 6 € R, (2.6a)

sym
a1 (101 + DIEP < Kz, 0)& - &,

Ik e (l,kg) Jc1, 2 >0V (z,0) eRxR VEeR?:
oo K(z. 0)] < 20 + 1),

(2.6b)

where kg = 5/3 for d=3 and k; = 2 for d=2.

The bound k4 essentially comes into play in the derivation of the Fifth a priori estimate
(cf. the proof of Proposition 3.4), and when passing from time-discrete to continuous in
the heat equation, cf. Proposition 4.9. Essentially, it arises as a consequence of the enhanced
integrability of the approximating temperature variables obtained by interpolation in (3.32k).

Assumptions on the initial data. We impose that

up € HL (U RY), e L2 RY), z0€Z, (2.7a)

6o L'(Q), andby >0, >0 ae.in, (2.7b)
where the state spaces Hﬁ(ﬂ; R?) and Z are defined in (2.2).

Assumptions on the loading and source terms. On the data fv, fs, H, and h we require that

fve H'O, T; HY (@ RDY),  fs e H'(0,T; L2 (052 RY)), (2.82)
Hel O T;LYQ)NL*0,T; H'(Q)*), H>0ae.in(0,T) x 2,

: ) . (2.8b)
heL'0,T;L2(0R), h>0ae. in(0,T)x Q.

For later convenience, we also introduce f : [0, T] — Hé(Q; ]Rd)* defined by
(1), V) g upay = (fv(z),v>H[1)(Q;Rd)+/a Qfs~vdﬂ-fd*1(x) forall v e Hp (2 RY). (2.9)
N

It follows from (2.8a) that f € H'(0, T; HJ (2 RY)*).
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2.2 Weak Formulation and Main Existence Result

As already mentioned, following [57], the energetic formulation of (the initial-boundary
value problem associated with) system (1.1) consists of the variational formulation of the
momentum and of the heat equations (1.1a) and (1.1c), with suitable test functions, and of a
semistability condition joint with a mechanical energy balance, providing the weak formula-
tion of the damage equation (1.1b). The latter relations feature the mechanical (quasistatic)
energy associated with (1.1), i.e.,

&t u, 2) = /Q (C@e) : e@) + Gz, V) dx = (£(1), ) 1 0.0

as well as the rate-independent dissipation potential, given as the integrated version of (1.2)

Ri1(2) ::/ Ri(2)dx. (2.10)
Q

In Definition 2.3 below, the choice of the test functions for the weak momentum equation
reflects the regularity (2.11a) required for u, which in turn will derive from the standard
energy estimates that can be performed on system (1.1). As we will see, such estimates only
yield & € L*°(0, T; L'()). In fact, the further regularity (2.11c) for 6 shall result from
a careful choice of test functions for the time-discrete version of (1.1c), and from refined
interpolation arguments, drawn from [23]. Finally, the BV ([0, T']; Ww2.d+s (2)*)-regularity
for 0 follows from a comparison argument. The choice of the test functions in (2.12d) is the
natural one in view of (2.11).

Definition 2.3 (Energetic solution (2.11)—(2.12)) Given a quadruple of initial data (ug, o,
20, B0) satisfying (2.7), we call a triple (u, z, ) an energetic solution of the Cauchy problem
for the PDE system (1.1) complemented with the boundary conditions (1.3) if

ue HY0, T; HL (2 RY)) n wh™(0, T; L*(2; RY)), (2.11a)
7€ L0, T; WhH(Q)) N L0, T) x ) NBV([0, T]; L' (R)),

(2.11b)
z(t,x) € [0, 1] fora.a. (t,x) € (0,T) x 2,
6 € L*(0,T; H'(2)) N L>®(0, T; L' (2)) NBV([0, T]; W24+ ()*), (2.11¢)
such that the triple (u, z, @) complies with the initial conditions
u©) =ug, u0)=ug, z(0)=1z9, 6(0)=6y ae.in$2,
and with the following properties:
e unidirectionality: for a.a. x € Q, the function z(-, x) : [0, T] — [0, 1] is nonincreasing;
e semistability: for every t € [0, T']
VzeZ: E(t,u(t),z(t) <&, u(t),2)+R1(z—z@)), (2.12a)
where Z is defined in (2.2);
e weak formulation of the momentum equation: for all t € [0, T']
'
p/ u(t) - v(t)dx —p/ / i-vdxds
Q 0 Ja
!
+/ / D(z, 0)e()+C(z)e(u)—0 B) : e(v)dx ds (2.12b)
0JQ
t
= ,0/ o - v(0) dx +/ (f, U)HI(Q;RCI) ds
Q 0 D
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for all test functions v € L?(0, T; HY(Q2; RY)) N W10, T; L2(Q; RY));
e mechanical energy equality: for all t € [0, T]

g/ li(r)|? dx+€(t,u(t),z(t))+/(zo—z(t))dx
Q Q
t
+/ / D(z,0)e()—0OB) : e(ur) dx ds (2.12¢)
0 JQ
t
= g/ lito|* dx + E(0, uo,zo>+f 9 E(s,u(s), 2(5)) ds
Q 0

where 8, E(t, u,2) = — (f (1), M>Hé(Q;Rd);
e weak formulation of the heat equation: for all t € [0, T']

' t
(0@), n(1) wrdvs (g —/ / 0 ndxds +/ / K, z)VO - Vndx ds
0 JQ 0JQ

1 t
= / 6o n(0) dx +/ / nlz| dx ds—i—/ / (D(z, 0)e(wt) : e(t)—6 B) : e(it)n dx ds
Q 0JQ 0JQ

t t
+// hnd%d_l(x)ds—i—//Hndxds
0 JoQ 0JQ
(2.12d)

for all test functions n € HY0, T; L2(€2)) N CO([0, T]; W24+5(Q)), for some fixed
8 > 0. Here and in what follows, |z| denotes the total variation measure of z (i.e., the
heat produced by the rate-independent dissipation), which is defined on every closed set
of the form [t1, ] x C C [0, T] x ﬁby

12| ([t1, ]1xC) = /CRl(Z(tz) —z(t))dx,

and, for simplicity, we shall write fé Jo 1zl dx ds instead of ff[O,z]xQ n|z] (ds dx).

Since z has at most BV-regularity as a function of time, it may have (at most countably
many) jump points, where the left and right limits z(r_), z(t1) € LY() differ. Indeed,
from z € L0, T; Wh4()) N BV([0, T]; L1()) it is immediate to deduce that, at every
t € [0, T] (with the standard conventions z(0_) := z(0) and z(7}) := z(T)), both z(¢_)
and z(z4) are elements in wha(Q), with z(r_) = limg4 z(s) and z(z4) = limgy, z(s) W.r.t.
the weak topology of W14(S). In particular, the right limit z(0,) exists, and it may be
z(04) # z(0) = zo (observe that, by (2.7) the initial condition is fulfilled as an equality
in W14()). In that case, the mechanical energy balance (2.12¢) records the jump of the
stored/dissipated energies at the initial time.

Remark 2.4 (Total energy balance) Summing up the mechanical energy inequality (2.12c)
and the weak heat equation (2.12d) tested by n = 1, yields the total energy balance

/g|a(t)|2dx+£(r,u(r),z(r))+/ 9(t)dx:f Blig)? dx + E(0, uo,zo)-l-f 6o dx
Q Q Q Q

t t t
+/ 8t€(s,u(s),z(s))ds+ffdeds—i—// hdH " (x) ds .
0 0JQ 0 JoQ

Remark 2.5 (Improved regularity on ii) From the definition of energetic solution we can gain
improved regularity for the time derivatives of the displacement. Indeed, let (u, z, ) be as
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in (2.11) and such that the weak momentum equation (2.12b) holds. Then (1.1a) holds in the
sense of distributions and

T
p il 20,7, 1) @:rey*) = SUP /0 /Q(D(Z,G)e(b’t)JrC(z)e(u)—GB):e(v)dxdt

vl <1

T
_/O' (f, v>H]£(Q;]Rd) dl,

where the supremum is taken over all functions such that ||v]| ;> (0.T: H) (:R%)) < 1. The left-
hand side of the previous equality is uniformly bounded thanks to (2.3), (2.9), and (2.11), thus
we deduce that ii € L2(0, T; Hﬁ(Q; R?)*). Since the spaces Hé(Q; RY) c L2 RY) C
Hll)(Q; ]Rd)* form a Gelfand triple, in view of e.g. [36, Chapter 1, Sec. 2.4, Proposition 2.2],
we conclude that

n
(i, 1) ;1 (. ay At
/n H (2 Rd)

$ (), (1)) ety — % (00, ) g1 (2.13)

i) 2 gy = 31 G170y
for every t1, , € [0, T]. Hence, i can be used as a test function in (2.12b).

We are now in a position to state the main result of this paper. The last part of the assertion
concerns the strict positivity of the absolute temperature 6. In particular, under (2.15) below
we are able to specify, in terms of the given data, the constant which bounds 6 from below.

Theorem 2.6 (Existence of energetic solutions (2.11)—(2.12)) Under assumptions (2.1)—
2.4), (2.5), and (2.6), and (2.8) on the data fv, fs, H, and h, for every quadruple
(ug, 1o, zo, o) fulfilling (2.7) with zo satisfying (2.12a), there exists an energetic solution
(u, z, 0) to the Cauchy problem for system (1.1).

Moreover; there exists § > 0 such that

6(t, x) > g>0 foraa. (t,x) € (0,T) x Q. (2.14)
Furthermore, if in addition

dH,>0: H(t,x) > Hy foraa. (t,x) € (0,T) x Q

and 0y(x) > \/Hy/c fora.a.x € Q, (2.15)
=._ (Cp)?
where ¢ := T then
6(1, x) > max [5, H*/E] foraa. (1,x) € (0,T) x Q. (2.16)

The proof of Theorem 2.6 will be developed in Sects. 3 and 4 by time-discretization (see
Propositions 4.1-4.2).

Remark 2.7 (Time-dependent Dirichlet loadings) The existence of energetic solutions can
be proven also when time-dependent Dirichlet loadings are considered for the displacement
u instead of the homogeneous Dirichlet condition (1.3), in the case the viscous tensor D is
independent of z and 6. This restriction is due to technical reasons, related to the derivation
of suitable estimates for the approximate solutions to (1.1).

An alternative damage model, that still features a (z, #)-dependence of D, is discussed in
[38], where a time-dependent loading for u can be encompassed in the analysis, albeit under
suitable stronger conditions.
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Remark 2.8 (Failure of “entropic” solutions) As already mentioned, the regularity for the
temperature 6 € L2%(0, T; HY(2))NBV([0, T1; W24+3(Q)*) results from careful estimates
on the heat equation (1.1c), tailored on the quadratic character of its right-hand side and
drawn from [23]. There, the analysis of the full system for phase transitions proposed by
Frémond [24], featuring a heat equation with an L right-hand side, was carried out.

The techniques from [23] have been recently extended in [63] to analyze a model for
rate-dependent damage in thermo-viscoelasticity. Namely, in place of the 1-homogeneous
dissipation potential Ry from (1.2), the flow rule for the damage parameter in [63] features
the quadratic dissipation Ry (z) = %Iil2 if z < 0, and Ry(2) = oo else. Consequently, the
heat equation in [63] is of the type

0 — div (K(z, 0)VO) = 21> + D(2)e(@) : e(@) —O0B : e@) + H in(0,T) x Q. (2.17)

In [63], under a weaker growth condition on K than the present (2.6), it was possible to prove
an existence result for a weaker formulation of (2.17), consisting of an entropy inequal-
ity and of a total energy inequality. The resulting notion of “entropic” solution, originally
proposed in [23], indeed reflects the strict positivity of the temperature, and the fact that
the entropy increases along solutions. Without going into details, let us mention that this
entropy inequality is (formally) obtained by testing (2.17) by ¢ 6!, with ¢ a smooth test
function, and integrating in time. This procedure is fully justified because 6 can be shown to
be bounded away from zero by a positive constant, hence ¢(¢) 0~1(r) € L*™(Q) for almost
allz € (0, T), and the integrals f;| [, 21?06~ dxdrand [ [, D(z)eG) : e()p 6" dx dr
resulting from the first and second terms on the right-hand side of (2.17) are well-defined.

In the present rate-independent context, proving an existence result for the entropic
formulation of (1.1c) seems to be out of reach. Indeed, in such formulation the term
/OT Jq 12179 67" dx dr would have to be replaced by Jo.r1x0 @ 6~ 1z](dx dr), with |z| the
total variation measure of z, cf. (2.12d), but the above integral is not well defined since ¢ o1
is not a continuous function.

3 Time-Discretization
3.1 The Time-Discrete Scheme

Given a partition

0=10<...<t"=T with ¢

n

we construct a family of discrete solutions (uﬁ, zfi, 6’,’,‘) k=1 __n Dy solving recursively the
time-discretization scheme (3.3) below, where the data f, H, and h are approximated by
local means as follows

ik 1k iy
k._ 1 k._ 1 k._ 1
fo = o /;k—l f(s)ds, H, = o [tl:il H(s)ds, hy, = o /t;:ilh(s)ds, 3.1)

n 7

and the above integrals need to be understood in the Bochner sense.

‘We mention in advance that we have to add the regularizing term —t,, div (|e(u’,‘l) [¥—2¢ (u/,;))
in the discrete momentum equation, with y > 4. Basically, the reason for this is that we need
to compensate the quadratic term in e(uX ) on the right-hand side of the discrete heat equation
(3.3c). In practice, the term —t,div (Ie(uln‘)ly_ze(uﬁ)) will have a key role in proving that
the pseudomonotone operator in terms of which the (approximate) discrete system can be
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reformulated is coercive, and thus such system admits solutions. Because of this additional
regularization, it will be necessary to further approximate the initial datum uq from (2.7a) by
a sequence (cf. [10, p. 56, Corollary 2])

@), € WY (@ RY) suchthat ul — up in HY(2; R asn — 00,  (3.2)

where W];’y(Q; R = {v e WhY (€2 R?) : v = 0 on dp<2 in the trace sense}.
For the weak formulation of the discrete heat equation, we also need to introduce the
function space appropriate for 8, dependent on a given 7 € L*°(Q2)

X::={0 e H'(Q): / K(z, 9)V9 - Vv dx is well defined for all v € H'(Q)} .
Q

In fact, the above space encodes the sharpest property that we will be able to obtain for
our discrete solutions (1, z%, 9,’; )i—1- This will be proven by approximating system (3.3) by
truncations, so that in the truncated system the heat equation is standardly weakly formulated
in H1(Q)*. Passing to the limit as the truncation parameter tends to infinity, with a careful
comparison argument in the discrete heat equation (cf. the proof of [63, Lemma 4.4] for all
details), it is possible to prove that 6% € X k-

We consider the following weakly- coupled discretization scheme (in fact, only the momen-
tum and the heat equation are coupled, while the discrete equation for z is decoupled from

them):
Problem 3.1 Starting from

0 0._ 0._
u,, z,:=20, 0,:=0,

and setting u; = uo — Ty, find (un, zn, G,If)k 1 C WD V(2 R4y x wl () x X & such
that the following hold.
— Minimality ofzﬁ:
zﬁ € argmin [Rl(z - z’,,‘fl) + S(t,’f, u’,‘fl, z7):z € Z} ; (3.3a)

— Time-discrete weak formulation of the coupled momentum balance and the heat equation:
Find uﬁ € Wé’y(Q; R?) and 0,11‘ S XZ;;; such that

k k—1 k=2
uy—2uy " Hu
0 B vdx
Q tﬂ

+ / (DG, 01 e () + Cehewh) — 05 B + wale(uh) el - e(v) dx
Q
k Ly d
= Q; R
<f"’v>H,‘3(Q;Rd) forallv e Wy (Q2; RY),
(3.3b)
k k—
/9 a lndx+/ K(zk, 05 vk . vipdx
Q
R k=1 pk—1y , (ub—ub="\ k. (uk—uk!
_/g;*‘f” r;dx—i—/Q(D(z 0,7 e (7% ) 9’1B).€( o )ndx
+/ R dH41 () + <H,’,‘,77>H|(Q) foralln € H'(Q).
IQ
(3.3c)
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The above time-discrete problem has been carefully designed in such a way as to be
weakly-coupled in that, for each k € {1, ..., n}, it can be solved successively starting from
(3.3a) and then solving the system (3.3b)—(3.3c). See [63, Remark 4.3] for similar ideas.

Our existence result for Problem 3.1 reads:

Proposition 3.2 Let the assumptions of Theorem 2.6 hold true. Then there exists a solution
Wk, 2k, 650 c WY (@ RY) x W) x H'(Q)
to Problem 3.1, satisfying the following properties: There exists 6 > 0 such that
9,’,‘Z§>O forallk =1,...,n, foralln e N. 3.4
Furthermore, if in addition (2.15) holds, then

szmax{g,w/H*/E}>0 forallk=1,...,n, forallneN,  (3.5)

with H, and ¢ from (2.15).

While the existence of solutions for (3.3a) follows from the direct method of the calculus
of variations in a straightforward manner, the existence proof for system (3.3b)—(3.3c) is
more involved, due to the quasilinear character of the discrete heat equation. This is due to

ko k-1 k_ok—1
the fact that the viscous dissipation ]D)(zﬁ_l, 9,1;_1)6(14" ru" ) : e(”” Tu” ) as well as the
n n

k_ k—1
thermal stresses 6’2"1 B: e(%) only happen to be of L'-summability as a consequence

of (3.3b). Observe in particular that C(zk), D(zk =1, 65~1) € (L2 (@) N W4 ()=,

n *vn

and we do not impose the assumption ¢ > d, which would guarantee the continuity of the
coefficients. As it is demonstrated by the counterexample in [54], in absence of continuous
coefficients, it is not ensured that the solution of (3.3b) enjoys elliptic regularity. Because of
this expected lack of additional regularity, the existence of solutions for the coupled system
(3.3b)—(3.3c) will be verified by means of an approximation procedure, in which the L right-
hand side in (3.3c) is replaced by a sequence of truncations. For this we proceed along the lines
of [63] where the analysis of a time-discrete system analogous to (3.3a)—(3.3c) was carried
out. The existence of solutions to the approximate discrete system in turn follows from an
existence result for a wide class of elliptic equations, in the framework of the Leray-Schauder
theory of pseudo-monotone operators. We will then conclude the existence of solutions to
(3.3b)—(3.3c) by passing to the limit with the truncation parameter. In such a step, we shall
exploit the strict positivity of the approximate discrete temperatures, cf. (3.15) below. This
property and the convergence of the approximate discrete temperatures clearly imply the
strict positivity (3.4). Arguing directly on the non-truncated discrete heat equation, we will
also obtain the enhanced positivity property (3.5) which, unlike (3.13), in fact provides a
tunable threshold from below to the discrete temperatures.

In the forthcoming proof, we will use that for any convex (differentiable) function v :
R — (=00, +00]

Y(x) — ¥ (y) < ¥’ (x)(x—y) forallx,y € dom(y). (3.6)

Proof Existence of a minimizer to (3.3a): We first verify the coercivity of the functional
2 EE U D)+ Ry — 2K - Wh(Q) — R U {oo}, where R, is the dissipation

potential (2.10). Indeed, by the positivity of R (-) and assumption (2.5d) on the density G
we have

et b D)+ Rz -2 > /QG(Z, Vo) dx = C = Chlzl, o — C6L1 (@) — C,
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where we also used that G(z(x), Vz(x)) < oo implies z(x) € [0, 1], cf. (2.5a). By the
convexity and the continuity assumptions (2.5b)—(2.5¢) on G and by the properties of R we
conclude that the functional

Ety )+ Ri(() =25t WH(Q) — RU {o0)
is weakly sequentially lower semicontinuous. Since Z = {z € WL9(Q) : z €
[0, 1] a.e. in 2}, see (2.2), is a closed subset of a reflexive Banach space, the direct method
of the calculus of variations ensures the existence of a minimizer zX € 2.

Existence of an approximate solution to system (3.3b)—(3.3¢): As in [63, proof of Lemma
4.4], we approximate (3.3b)—(3.3c) by a suitable truncation of the heat conductivity matrix
K, in such a way as to reduce to an elliptic operator with bounded coefficients in the discrete
heat equation. In a similar manner we treat the L' right-hand sides in order to improve
their integrability. Accordingly, we truncate all occurrences of 6% in the respective terms of
system (3.3b)—(3.3c). We show that the approximate system thus obtained admits solutions by
resorting to an existence result from the theory of elliptic systems featuring pseudo-monotone
operators drawn from [60]. Hence, we pass to the limit with the truncation parameter and
conclude the existence of solutions to (3.3b)—(3.3¢).

Let zﬁ be a solution of (3.3a). In what follows, we shall denote by K = K(x, 0) the
function K(zﬁ (x),0). Let M > 0. We introduce the truncation operator

0 ifd <0,
Tu@®) =160 if0<6 <M,
M if6 > M,

and we set - N -
Ky : QxR—> R Kyx,0):=Kx, Ty(0)).

Since K € CO(R x R; R™) and 0 < zk(x) < 1 for almost all x € €, it is immediate to
check that there exists a positive constant Cys such that |Kjs(x, )] < Cp for almost all
x € Q and O € R. The truncated version of system (3.3b)—(3.3c) thus reads: find (u, 0) €

WL (Q: RY) x H' () such that

o k=1 k=2
p/ ““n%.udwr/ (]D)(zk L gk- 1)e< )+(C(z Ye(u)
Q n
~Tu (O) B + tyle)|” e(u)) : e(v) dx
k LY (0. od
= (fn ; U>H5(9;Rd) forallv € Wy (2 RY),

(3.7a)

k—1
f 0= ndx—i—/ Ky (x,6)V6 - Vi dx
Q

:/Qzﬁﬂ Z”ndx+/ (DG o e () — Tu ) B) e ()

k d—1 k 1
H for all H (Q).
+/mhnnd9{ (x)+< "’n>1-11(9) orall n € (Q)
(3.7b)
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Observe that system (3.7) rewrites as

p/u~vdx
Q

+ T,,/ (D(z’,;“, 05 Ne(w) + 1 C5)ew) — 1, Ty (0) B + r,,2|e(u)|7—2e(u)) - e(v) dx
Q

= ,0‘/5‘2(21,{];!71 — Mﬁiz) -vdx + Tn/;z D(Zﬁil# 9;];71)6(”];171) . E(U) dx + Tr% (f}’{\’ v>H6(Q;Rd)

forall v € W7 (2 RY),

(3.8a)
/ 0 ndx +r,,/ Ky (x,0)V0 - Vndx — %/ DA, 05 Dew) : e(u)ndx
Q Q "JQ
+f TM(Q)B:e(u)ndx+%/ DAY 65 De(u) e~y dx
Q "JQ
—/ T @O B : et Hndx
Q
= / O,fflndx + %”/ D(Zﬁfl’el’;*l)e(uﬁfl) : e(uﬁfl)n dx
Q Q
+ f (z’,i_1 - z’,ﬁ)n dx + ‘L’nf hﬁndﬂ-(d_l(x) + T, (H,’,‘ 77) forall n € HI(Q),
Q aQ H\(Q)
(3.8b)

which in turn can be recast in the form
Aty (u,0) = Bi—1 .

Here, Ak u : W];’V(Q; RY x HY(Q) — W];’V(Q; RY)* x H'(2)* is the elliptic operator,
acting on the unknown (u, 6), defined by the left-hand sides of (3.8a) and (3.8b), while Bj_
is the vector defined by the right-hand side terms in system (3.8). It can be verified that
Ay, m 1s a pseudo-monotone operator in the sense of [60, Chapter II, Definition 2.1]: without
entering into details, we may in fact observe that Ay is given by the sum of either bounded,
radially continuous, monotone operators, or totally continuous operators, cf. [60, Chapter II,
Definition 2.3, Lemma 2.9, Cor. 2.12]. Furthermore, crucially exploiting the presence of the
regularizing term —t, div (|e(u)|V_ze(u)), with y > 4, in the discrete momentum balance,
we may show that Ay y is coercive on W}l),y (2; R?) x H'(Q). This can be checked directly
on system (3.8), testing (3.8a) by « and (3.8b) by 0 and adding the resulting equations: it is
then sufficient to deduce from these calculations an estimate for ||u|| WY (@uRd) and |10 g1 (q)-
We refer to [63, proof of Lemma 4.4] for all the detailed calculations, which show that, since
y > 4, the term —t,div (|e(u)|V_ze(u)) can absorb the quadratic terms in e(«) on the right-
hand side of (3.7b). In this way, it is possible to carry out the test of (3.8b) by 6 and obtain
the bound for ||0]| ;1(q): for this, one also exploits that the operator with coefficients Ky
is uniformly elliptic thanks to (2.6b). Since Ay is pseudo-monotone and coercive, we are
in a position to apply [60, Chapter II, Theorem 2.6] to system (3.8), for every M € N thus
deducing the existence of a solution (i, #) which shall be hereafter denoted as (uﬁ. M 0,'; M-

Positivity of (9,’1" »- First of all, we show that Or/l‘y y = 0ae. in Q. To this end, we test the
(approximate) discrete heat equation (3.7b) by —(05 w = min{QIIf a0}, We thus obtain
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/Q;K ] dx+/ Lk 106k )™ dx+/KM<x79,,MW< ) V) dx

k1 k-1 k-1
:—/Q "Tnz"Qkde—/]D(zk Los1e ( T"n" ):e(” fn )Grlf,de
/er(e,’;M)B e<7> 9,’;de+[ H6F oy dH 0 + (B, 08 )

Now, the second term on the left-hand side is non-negative, since we may suppose, by
1nduct10n that 6"‘ I'> 0ae. in Q (in fact, for k = 0 the strict positivity (3.4) holds with
6 = 6,, thanks to (2.7b)). The third term is also non- negative, by ellipticity of K. As for
the right-hand side, the first, second, fourth, and fifth terms are negative, since zfl > z’,‘L
a.e. in €2, and by the positivity properties of the data D, H, and /. The very definition of the
truncation operator Ty, does ensure that the third term is null. All in all, we conclude that

fQ |(9k ~|2dx < 0, whence (Gk M) = (0 a.e. in €, i.e. the desired positivity. Let us now

HY(Q)

prove that 9,11" o fulfills (3.4), namely
0y =0>0 aein Q. (3.9)

Following the lines of [63, proof of Lemma 4.4] we develop a comparison argument drawn
from [23]. In this context, we will use the following estimate

_ _ _ 1 2
Dz, 0)e:e—Tu@) B:e>Cllel — |e|Cplf)] > %D|é|2 - fgﬁ 16]%. (3.10)

Exploiting (3.10) and also using that zx_| > zx a.e. in L, the positivity (2.8b) of the data H
and & and of 6" ! we deduce from (3.3c) that Ok M fulfills

k e k nk k k—1 = k 2
0 wnd+, | Rk, 06,0 V0L - Vndr = | 9 Indv—r,e | (6 ,) ndx
Q Q ' Q Q
G.11)
2.
(zcéBH')D independent

forall n € H'(Q) N L®(Q) with n > 0 a.e. in 2, with the constant ¢ =

of k. Hence, we compare Hff . With the solution v € R of the finite difference equation
vk:vk,l—tnEv,%, k=1,...,n, with vg := 60, > 0. (3.12)

Now, it is possible to show that
~ 1\!
v >0 = <ET + —) . (3.13)
O

We test the difference of (3.11) and (3.12) by the function Lg(vk—G,]l" s With

ifx <0,
if0 <x < ¢,

ifx > ¢,

Le(x):=

— o= O

and we conclude that

2
[ =6 =t =0k dx = i [ ((95,M) —v,%) He (=65 ) dx < 0.
Q
(3.14)
Observe that, in order to conclude that the above integral is negative, it was essential to
preliminarily show that 9,1,‘ u = 0a.e.in Q. Assume now that 49,/f — vk—1 (which is true for
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k =0, cf. (2.7b)). Letting ¢ | 0 in (3.14) yields that 9;’;,1\4 > vy a.e. in 2. Hence, in view of
(3.13) we conclude the desired (3.9).
Passage to the limit as M — 0o: We now consider a family (uﬁ’ M 95’ ) o of solutions to

the truncated system (3.7): we shall derive some a priori estimates on (ufl e 0,11‘ m) " which
will allow us to extract a (not relabeled) subsequence converging as M — oo to a solution of
system (3.3b)—(3.3c). For the ensuing calculations, it is crucial to observe that

36 such that 6 M>9>O forall M > 0. (3.15)

This follows from the very same arguments as for (3.4): indeed, notice that 6 does not depend
onM.

Hence, let us first test (3.7a) by (uﬁ.M—uﬁ’l)/rn, (3.7b) by 1, and add the resulting
relations. Taking into account the cancelation of the coupling terms between (3.7a) and
(3.7b), by convexity, cf. (3.6), we obtain

2r3/ |”nM k 1| dx+2T /C(zﬁ)e(u” DK e(un ) dx

/ |e(un ol dx + —/ v dx

2’; / k=t — k=22 dx 4 i/ﬂ@(xﬁ)e(uln{*l) et dx

/le(u hyy dx+$/ 0k1dx
"Ja
k—1 k—1
<fn’ leT Uy > +/ (Zn Zn _;’_Hk) d
" HA(@RY) /@

+/ RE AHI N (x) < Crn s
02

=<

where the constant Cy , is uniform with respect to the truncation parameter M (but depends
on k and n). Therefore, also on account of (3.15) we infer that

b prllwir ey + 105 v 11 (@) < Crn s (3.16)

for a (possibly different) constant Cy , uniform w.r.t. M but depending on k and n. From now
till the end of the discussion of the limit passage M — oo, we will omit the dependence of
such constants on k and n. As a straightforward consequence of (3.16), if we define

Su={xeQ: 0, <M},
using Markov’s inequality, it is not difficult to infer from (3.16) that
|Q\S8y| > 0 as M — 0. (3.17)
Secondly, we test (3.7b) by TJ’M( M) Using that
6 Tu(®) = |Tu@ and Ku(x,0)V60 - VI ©) = Kix, Ty (0)VIu () - VIu (6),

we obtain

/I‘TM( prel dX+/ K, Tv @y VTr O ) - VT w6 5y) dx
(3.18)
—21,,/ OF A + L+ b+ L+ Iy,
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es2 where, taking into account (2.3e) and the previously obtained (3.16), we have

k1 ko k-1
I =V D(k~!, 65~ 1)e( S ) (M ) T (6 ) d
Q

663 ul\ uk—l 4
< € fe(thu) o [ @ s ax.
L4(Q;Rd><d)
‘/ T (0% B : e( )TM(Gn 4 dx

664 <C

k—1
;”"
Tn

<CUTw O gy = % [ I9Tu )P 0 + 1T O 4l

RGP
LZ(Q;Rdxd) LA

665 I3 .= <C+g‘/\ [T (6, M)| dx,

/Z" o TM(en w) dx
Q

. k k k d—1
Iy ‘( T (6 M))HI(Q)JF/BQh Tor (6 4p) 43 ()

666

< Tor. /ITM( wlPdx+ 9 /|V7M(9,LM)| dx+C.

667

ess  where in the estimate for I, we have used the previously obtained bound (3.16), the
s Gagliardo-Nirenberg inequality [|v]| 4(q) < C||v|| (Q)||v||L1(Q) for o = 9/10, and the

&0 Young inequality. As by (2.6b) it is Ky/& - & > ci|€ |2, combining the above estimates with
671 (3.18) and taking into account (3.16), we conclude that

6

2

2 1TwOF i) 22 () + /Q K, T O yDVTM O 3) - VTu (0 1) dx < C.

673 Now, the coercivity (2.6b) implies

/ ROx, Tw 0 y)VTw6F 1) - VT4 (0 ) dx

674

>c1f 1T OF 4,11V T 0 (08 1) dx—c/ IV(TaOF ) * 2722 dx

e7s  From this, recalling the continuous embedding H L L% we infer
676 1Ta OF sy + 10 OF ) 36y < € (3.19)

677 Thirdly, we test (3.7b) by 9" . Relying on estimate (3.19) to bound the second term on
e7s  the right-hand side of (3.7b) and mimicking the above calculations, we obtain

79 16% arll ezt ) + 165 4l Lo,y < C- (3.20)

es0  Withestimates (3.16), (3.19), and (3.20), combined with well-known compactness arguments,
es1 we find a pair (u, 0) such that, along a not relabeled subsequence, (”]:z, M 9,’1‘, ) — W, 0)

6s2 1IN W];’V(Q; R?) x H'(Q). The argument for passing to the limit as M— oo in (3.7), also
ess based on (3.17), is completely analogous to the one developed in the proof of [63, Lemma
ess  4.4], therefore we refer to the latter paper for all details.
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Positivity of the discrete temperature, ad (3.4): The strict positivity (3.4) is now inherited
by 6% in the limit passage, as M — o0, in (3.4).

Refined positivity estimate for the discrete temperature, ad (3.5): Under the additional
strict positivity (2.15) of H, arguing as in the above lines we infer that O,If fulfills

2
/Hkndx-i-tn/ K (£, 65)vok . Vr]dx>/er’f*1,7dx+/ o (He = (05) )ndx
Q Q

for all n € L*®(2) with n > 0 a.e. in , with ¢ > 0 the same constant as in (3.11). Hence,
we compare % with the solution 7; € R

Ve = Vet AT (Ho =), k=1,....n, with T := max{O*,w/H*/E} >0, (321)

The very same arguments from [63, proof of Lemma 4.4], cf. also the previous discussion,
allow us to show for all k = 0,...,n that 6%(x) > v} for almost all x € Q. Since T} >
Vk—1 — TuC vk, and vy > vg = 9*, a comparison with the solution vg of the finite-difference
equation (3.12) and induction over k yield that vy > v;. Hence 0y > § > 0. We now aim to
prove that

U >/ Hy/c forallk=1,...,n. (3.22)
We proceed by contradiction and suppose that H, > ¢ E’f for a certain k € {1,...,n}. Then,

we read from (3.21) that vz > v;_,. Since V;_; > 0, we then conclude that H, > EEZ >
0L . Proceeding by induction, we thus conclude that H,, > ¢ vo, which is a contradiction to
3. 21) Therefore, (3.22) ensues. This concludes the existence proof for system (3.3b)—(3.3c).

m}

3.2 Time-Discrete Version of the Energetic Formulation

We now define the approximate solutions to the energetic formulation of the initial- boundary

value problem for system (1.1) by suitably interpolating the discrete solutions (uX, 2%, Q,If Vi1
from Proposition 3.2. Namely, for ¢ € (t,’l‘_l, t,],‘], k=1,...,n, weset
= .k ra) . pk = .k
un(t) ==u,, On(t) =06, , n(t) =1z, (3.23a)
w, () = uy~" 0,() :=06,", 2,0 =21, (3.23b)

and we also consider the piecewise linear interpolants, defined by

Un (1) = Tu’; + 2 BT () = T gk oyt —z 7 0u(0) = hlgh g n’e,’;—l.
(3.23¢)
In what follows, we shall understand the time derivative of the piecewise linear interpolant

uy to be defined also at the nodes of the partition by

k_ k-1

iy (ty) 1= 2— . fork=1,....n. (3.23d)
This will allow us, for instance, to state (3.27) for all r € [0, T] We also introduce the
piecewise constant and linear interpolants of the discrete data ( fn , Hy k hk) k=1 in (3.1) by
setting for t € (k=1 ¢k]

Fa):i=fk. H,0):=H,  h0) =nk,
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. k_ pk—1
2o and fu(r) == Th gk 4 it ph=1 with time derivative f,(r) = 2=L— It follows
1 from (2.8) that, asn—>oo

~
N

722 T f in LP(0, T; HY (2 RY)*) forall 1 < p < o0,

725 T f in L=(0, T; H) (2 R)*), (3.24a)
724 Fa) = f@© in HY (Q; R)* forall t € [0, T], (3.24b)
725 fo—f in H'(0, T; HD) (2 RY)*), (3.24¢)
726 H,— H in L0, 7; L"(2)) N L*(0, T; H' (Q)"),

;55 Ty — h in L'(0, T; L>(09)) . (3.24d)

70 Finally, we consider the piecewise constant interpolants associated with the partition, i.e.,

730 T,(t) = t,]f and T,(t) := t,’fl fort e (tk ! ,’f]
731 In Proposition 3.3 we show that the approximate solutions introduced above indeed fulfill

732 the discrete version of the energetic formulation from Definition 2.3. In order to check the
733 discrete momentum equation (3.27b) and (3.27¢), we shall make use of the following discrete
74 by-part integration formula, for every (r);_, C X and (sx);_; C X*, with X a given Banach
735  Space:

n n

736 D sk = rro1)x = (Suara)x — (S0 Fodx — D Sk — Sk—1. Fe—1)x - (3.25)
k=1 k=1

737 In the discrete mechanical energy inequality (3.27¢) below, the mechanical energy € will be
s replaced by

7

@

Enlt u,2) = /Q (3C@etw) : e + Zle@]”) dx+5(, VO = (Fu0), u)ys ey With Ty =L
739 (3.26)

740 Proposition 3.3 (Time-discrete version of the energetic formulation (2.12) & total energy
1 inequality) Let the assumptions of Theorem 2.6 hold true. Then the interpolants of the time-

2 discrete solutions (U, Uy, Un, Zn, 2,5 Zns On, 0,5 On) obtained via Problem 3.1 and (3.23)
73 satisfy the following properties:

7

N

744 o unidirectionality: for a.a. x € Q, the functions 7, (-, x) : [0, T] — [0, 1] are nonincreas-
745 ing;

s e discrete semistability: for allt € [0, T']

VieZ: &ty (1), 5(0) < &t u, (0, D +RIG—Z,(0):  (327a)

748 e discrete formulation of the momentum equation: for all t € [0, T] and for every (n +

kS
w o Detuple W)_o, © W (RY), setting T,(s) = vf and v,(s) = vk +
750 trﬂ k= lforSG(tk ! t]
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T (1)
/0/ (Tt (1) - 0, (1) — 1o - v, (0)) dx — IO/ / Uy (S—1y) - Vp(s)dx ds
Q 0 Q

Tu(1)
+ / / (D(én’ 0,)e(n) + C(zn)e(n) — 6, B+ Tnle(ﬁn)ly_ze(ﬁn)) te(vy)dxds
0 Q

Tu()
= /0 (fnr “n)H[l,(Q;Rd) ds,

where we have extended u,, to (—t,, 0] by setting u, (t) := ug + tug;
e discrete mechanical energy inequality: for all t € [0, T

3 / i (D)% dox + &, (1,8 (1), Zn (1)) + / (z0—Zn (1)) dx
@ Q
Tult)
+ / / (D(gﬂ, Q}z)e(’;‘n)_gn B) ce(u,)dx ds
0 Q

O
= g/s‘z |I'.¢0|2 dx + 8;1(0’ MS, ZO) _/(\) <f'17 Eﬂ)Hé(Q;Rd) dS,

e discrete total energy inequality: for all t € [0, T]
§ [ 1in®F s+ &0.70.2,0) + [ Tu0x
Q Q

= %/ lio|* dx + €,(0, u2,z0)+/ 0o dx
2 Q

(3.27b)

(3.27¢)

(3.27d)

T, (1) . Tu(t) _ d—1 —
_/0 i ) e ds+/0 [/thnd% (x)—i—/QHndx] ds;

o discrete formulation of the heat equation: for all t € [0, T] and for every (n 4+ 1)-

K\ 1 Lo ok N
tuple () —o C H (), setting 1,,(s) := n, and n,(s) = — 1y +
s etk 1k,

T (1)
/5,1(t)ﬁn(t)dx—/ 9077n(0)dx—/ /Q,,(S)f?n(S)dxds
Q Q 0 Q

10 _
- / / (K(@n.02)V0,) - V7, dx ds
0 Q

k
=S k-1
=, for

Ta(t) Tn(t) —
:/ /ﬁn |2n|dxds/ /(D(gn,Qn)e(L'tn)—inE%):e(ﬂn)ﬁn dx ds
0 Q 0 Q

Ta(0) _ —
+/ |:f hn M dj{d_l(x)‘i‘ (annil>Hl(Q)] ds.
0

Q2

(3.27¢)

Proof The discrete momentum and heat equations (3.27b) and (3.27e) follow from testing
(3.3b) and (3.3¢) by the discrete test functions (v);_y C W7 (Q; RY) and (nf);_, C
H'(Q), respectively, and applying the discrete by-part integration formula (3.25). From the

discrete minimum problem (3.3a) we infer
et ) < et o+ [ oD
Q

—/(zl,fl —%ydx < S(I,If,uﬁ’l,i)—l-/(zﬁ—i)dx
Q Q
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forall z € Z withz < zfg’l. By (3.3a) and the definition of the dissipation R; we have
zﬁ < zﬁ_l, whence the unidirectionality and the discrete semistability (3.27a) hold.
To deduce the mechanical energy inequality (3.27c) we choose z’,‘l_l as a competitor in

(3.3a) and get

/ (& — e + f (3CEhews™) : es™) + Gk, Vb)) dr

Q Q (3.28)

< [ (e et ewt ™ + Gk V) ar
Q

Moreover, we test (3.3b) by v = uﬁ — uﬁ’l. To this aim, we observe that by convexity (3.6)
uk —oyk=1 4 k=2 ko k—1 1 ‘”kiuk—l|2 1 |uk—17uk—2‘2
p/ . ”-[2 “ ° (un_un )dx Z p/<§ - -[Zn - § - rzn ) dx’ (3293)
9 ; 9 ; G
/ CEyewty: (e®)—e@t 1)) dx > / %(C(zﬁ)e(ul,‘l):e(uf,) —C(zﬁ)e(uﬁ*‘):e(u’;;‘)) dx,
Q Q
(3.29b)

[ ey ety sty ek ar = [ (Blewhir - Blewd ) ax. (329
Q Q

Further, let # € (0, T] be fixed, and let 1 < j < n fulfill € (1", #]]. We sum (3.29a)—
(3.29c) over the index k = 1, ..., j. Applying the by-part integration formula (3.25) we
conclude that

/ kok k=1 wo

2. (f” »Hn T >H5(Q;Rd) - /o o ””)ng(g;w) ds

k=1

L T
= <fn(t)a un(t)>H]|)(Q;Rd) - <f(0)a uO)]—[]‘)(Q;Rd) _/0 <fn5 ﬂn)H]‘)(Q;Rd) ds.

(3.30)

All in all we infer
Tn(t)
g/ |un(t)|2dx+/ / (D(z,,. 0,) € (tin) =6, B) : e(ity) dx ds
Q 0 Q
+ fg TC@Ea(0))en (1)) : e(in(1)) dx + fg PleG@n ) dx = (£,(). () 41 6.0
()
<2 /Q o2 dx + /Q % Je(up) 7 dx — (£(0), 0) ) — /0 (e ) ey 0
j
-+ Z/ LeEhe@t™ el dx .
k=1<

We add the above inequality to (3.28), summed overk = 1, ..., j. Observing the cancelation
of the term Z/Jc=1 fQ %(C(z,ﬁ)e(ufl_l) : e(uf;_l) dx, we conclude (3.27c).

Finally, the discrete total energy inequality ensues from adding the discrete mechanical
energy inequality (3.27¢) with the discrete heat equation (3.3c), tested for n = 7, and added

up over k = 1,..., j. We observe the cancelation of some terms, and readily conclude
(3.27d). O
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3.3 A Priori Estimates

The following result collects a series of a priori estimates on the approximate solutions,
uniform with respect to n € N. Let us mention in advance that, in its proof we will start from
the discrete total energy inequality (3.27d) and derive estimates (3.32a), (3.32b), (3.32d),
(3.32h), for u,, it,, z,, as well as estimate (3.32i) below for ||§,,||LOO(O’T;L1(Q)). The next
crucial step will be to obtain a bound for the L2(0, T; H'(Q))-norm of @,,. For this, we will
make use of a technique developed in [23], cf. also [63]. Namely, we will test the discrete
heat equation (3.3c) by (9,’:)“_1, with o € (0, 1). Exploiting the concavity of the function
F(0) = 0%/a, we will deduce that

T " . T,
// K(zn,én)v(éj‘/z)-v(é,j'/z)dxdur/ %deg/ derc//e,f‘“(t)dxdz,
0JQ Q Q 0JQ

where the positive and quadratic terms on the right-hand side of (3.3c) have been confined to
the left-hand side and thus can be neglected. Hence, relying on the growth (2.6b) of K, we will
end up with an estimate for 6, % in L2(0, T; H'()), from which we will ultimately infer
the desired bound (3.32j), whence (3.32k) by interpolation. We will be then in a position to
exploit the mechanical energy inequality in order to recover the dissipative estimate (3.32c).
Estimate (3.321) will finally ensue from a comparison in (3.3c).

In the following proof we will also use the concave counterpart to inequality (3.6), namely
that for any concave (differentiable) function ¢ : R — (—o00, +00]

Y () =y () =¥ (»&—y) forallx,y € dom(y). (3.31)

Proposition 3.4 (A priori estimates) Let the assumptions of Theorem 2.6 hold true and
consider a sequence (U, U, , Un, Zn, 2y 0n, 0, 9,,)n complying with Proposition 3.3. Then
there exists a constant C > 0 such that the following estimates hold uniformly with respect

ton € N:

lsnll oo 0.7 1 Ry < € (3.32a)
1 —

7l e 0 7w (et < C (3.32b)
lenll 10,7 1) @iray) = € (3.32¢)
ltinll oo 0,7: 12 (:rey) = C (3.32d)

litn gy 0,71 w1 (:mayey = € - (3.32¢)
R1@Zn(T) —z0) = C, (3.32f)
IZnllzoo0,yx0) <1, (3.329)
1Znll Looo, 72 wra )y < C, (3.32h)
[ ||L°°(0,T;L1(S2)) =C, (3.320)
[ ||L2(0,T;H'(S2)) =C, (3.32))

B [1,8/3]ifd=3,
19l Loo.7yxy = € forany p e { 03] ifd—2. (3.32k)
Hgn H BV([O’T];WI.OO(Q)*) S C ’ (3321)

where R is from (2.10).
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Observe that estimate (3.32c) implies (3.32a), and that (3.32k) is a consequence of (3.32i) and
(3.32)). Nonetheless, we have chosen to highlight (3.32a) and (3.32k) for ease of exposition,
both in the proof of Proposition 3.4 and for the compactness arguments of Proposition 4.1.

Proof Estimate (3.32f) follows from (2.5a), (2.7a), the definition of R, and the monotonicity
of z, and z,. We divide the proof of the other estimates in subsequent steps.

First a priori estimates, ad (3.32a), (3.32b), (3.32d), (3.32g), (3.32h), (3.32i): We start
from the discrete total energy inequality (3.27d). For its left-hand side, we observe that the
first and the third term are nonnegative. For the second one, we use that, in view of (2.3d),
(2.5d), and (2.8a), we have

En(t, un (1), 20 (1)) = CC/ le(un (1)1 dX+CG/ IVZp ()] dx + 2 / leGin (1))]” dx

- H In HLoo(o,T;ng(sz;Rd)*)””"(t)”H[',(Q:Rd) -C

ly(Q RY) + ”Zn(t)”%/lq(g)) -C 5

(3.33)
for almost all + € (0,7), where we have also used Poincaré’s and Korn’s inequal-
ities. Concerning the right-hand side of (3.27d), we use that |9,E, (t u,(0),z,®) <
||f,, ||H (Q:Rdy* Ilze,, (t)”ng(Q;Rd) for almost all # € (0, 7). The remaining terms on the right-

hand 51de are bounded, uniformly with respect to n € N, in view of the properties of the
initial and given data (2.7) and (3.2), and of (3.24d). All in all, from (3.27d) we deduce

>C (nun(r)nH P G

Tu(1)

Tn(1)
1 2 1 212
CliEn Ol gy < €+ 3 /0 ity )0 oty 95 + 3 fo | £ g oy s -

Also in view of the bounds on fn by (3.24c¢), estimate (3.32a) then follows from the Gronwall
Lemma. As a by-product, we conclude that

Tn(t) (1) .
fo 10:En (s, 1, (5), 2, ()| ds < C[ ”f,,(s)HHEI)(Q;Rd)* ds<cC. (3.34)

Inserting this into (3.27d) we also infer estimates (3.32d), (3.32i), and that
[En(t, uy(t), 7,(t))| < C for a constant independent of n € N and ¢ € (0, 7). This implies
(3.32b) and the first estimate in (3.32h) via (3.33). Then the second estimate in (3.32h)
immediately follows from the very definition of the interpolants (3.23). Moreover, (3.32g) is
a direct consequence of the boundedness of the energy, which implies z,, z, € [0, 1] a.e. in
Q,forae.r € (0, 7).

Second a priori estimate: We fix a € (0, 1). Exploiting that 0,’; >0 > 0, we may test
(3.3¢) by (6¥)%~1, thus obtaining

k—1

‘“%")/QK@’:,,@ VO (6} )“/de/D(Zﬁ)e("ﬁ_f” ) () dx

T
k—1__k b _ _
+/97zn gk 1dx+< NG 1>H1(Q)+fmh§(9,f)“ Lqged-1

k
:/ b 9 00" (gkyo= ldx+/9,]fIB%: (“ @Ay = 1+ 1
Q
(3.35)
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where we used that
KX, 05y vor . vy ! = (@ — 1)(05* 2K (K, o5y vek . vek
= MK (e, 0 VO - V()

and moved the term fQ K(z, 6% )V@,’; V(@,’f)“‘l dx to the opposite side. It follows from (3.31)

with ¥ (x) := - * that

n’

I 5/ w(e,f)dx—/ YO dx,
Q Q

whereas we estimate I, by

12<7/‘ “‘” (ek)“ ]dx—l—C/ 1051205 dx = I+ 1y,

T

k_ k-1 ko k-1
where C]IID from (2.3e) is such that/ ]D)(zfl)e(u" 7:” ) : e("" s )(9,],‘)0‘_1 dx on the left-
Q

. . 1 Wkt 12 s
hand side of (3.35) is bounded from below by Cp, [ |e(*—=2—)| (6,)* " dx, which in
Q

turn dominates /3. Taking into account that the second, the third and the fourth integrals on
the left-hand side of (3.35) are nonnegative also thanks to (2.8b) and summing up over the
index k, we end up with

40— a)/ /K (Z0.0,)V(2*?) -V(?‘;/z)dxds-i-/%dx
Q
_ o Tu(t) -
; /e,,g> &+ C / / B (%! dx ds . (3.36)
Q 0 Q

Since a € (0, 1) and 0,11‘ > 0 > 0, we have

/éngTrwdmé/@n(t)dHcsc,
Q Q

where the latter estimate follows by (3.32i). From (2.6b) we deduce that

Tal) o 2 2 10N /2y
K(Zn,en)v@: )V(g;( )dXdSZCl (9”) |V(9n )l dx ds
Tn(t) T,(1)

=c[" [ 1E) R enfaras=c [ [ 9@ dvas.
0 Q 0 Q

In order to clarify the estimate for the second term on the right-hand side of (3.36), we now
use the placeholder

(3.37)

n = (gn)(l(+ot)/2 s

so that (8,)*t! = (w,)>@*+D/(@+5) Hence, neglecting the (positive) second term on the
left-hand side of (3.36), we infer

Tp (1) Tn(t)
Vw2 dxds < C+C lwa|®dxds  withew =295 (3.38)
0 Q 0 Q oK

We now proceed exactly in the same way as in [23], cf. also [63]. Namely, the Gagliardo-
Nirenberg inequality for d=3 (for d=2 even better estimates hold true) yields

lwallLo@) < ClIVwall]2 g, Rd)”wn”Lr(Q) + C'llwallLr @
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for suitable constants C and C’, and for | < r < wand o satisfying 1/w = o/6+ (1 —0)/r.
Hence 0 = 6(w — r)/w(6 — r). Observe that o € (0, 1) since w = 2(o¢ + 1)/(¢ + k) < 6,
which is satisfied because ¥ > 1. Hence we transfer the Gagliardo-Nirenberg estimate into
(3.38) and use Young’s inequality in the estimate of the term

Tu(t)
17
c fo 19000127 g, I 1 ds

A0 )
<3 [ IV g 4
/ T ®) 20(1—0)/(2—wo)
+C [ ol ds
0

In the previous inequality we have used the fact that wo < 2, which holds since w < 2 and
o < 1 by (3.38). The term %for”([) IIanlliz(Q_Rd) ds may be absorbed into the left-hand
side of (3.38). All in all, we conclude ’

) ) LI IR a0
/ / [Vw,|"dxds < C—l—C/ lwall7 o ds+C / lwall7r g ds -
0 Q 0 0

(3.39)
Now, let us choose
1 <r <2/(a+x).

Then, we have for almost all ¢ € (0, T') that

1/r 1/r
lwa () L) = < / (@,()) T dx) = ( / 0,(0) dx) <cC (3.40)
Q Q

for a constant independent of 7, where again we have used estimate (3.32i). Observe that,
since we have previously imposed k¥ + « — 2 > 0, we ultimately find that (3.40) must hold
for r = 1 and that, moreover,« =2 —k € (2 — k4, 1), withky =5/3 if d=3 and kg = 2 if
d=2, so that w,, = 6,,. From (3.39)—(3.40) we then infer

Tu() -
/ fyveny dxds < C. (3.41)
0 Q

Third a priori estimate, ad (3.32j) and (3.32k): From (3.41) we deduce (3.32j) in view
of the previously obtained (3.32i) via Poincaré’s inequality. Estimate (3.32k) ensues by
interpolation between L2(0, T; H (L)) and L>(0, T; L ()), relying on (3.32j) and (3.32i)
and exploiting the Gagliardo-Nirenberg inequality. For later convenience, let us also point
out that, we indeed recover the following bound

[@n) 72| C (3.42)

L2o.rH @) =
for arbitrary o € (0, 1). For tyis, it is sufficient to observe that second term on the right-hand
side of (3.36) now fulfills [ [, 8,(n*+' dxds < C thanks to estimate (3.32k). Then,

by (3.37) we find that [7"® [ V(@Y "*?)2dxds < C, whence (3.42) via Poincaré’s
inequality.

Fourth a priori estimate, ad (3.32c) and (3.32¢): From the discrete mechanical energy
inequality (3.27c) we infer

Ta(t) Tn(t) _
cﬂg/ le(i,)>dxds < C +/ f 0, B : e(ii,) dx ds (343)
0 Q 0 Q

@ Springer

:é: Journal: 10884-JODY Article No.: 9666 [ ] TYPESET [__]DISK [_JLE [_]CP Disp.:2018/5/5 Pages: 54 Layout: Small



915
916

9

7

918

919

920

921

922

923

924

9.

N
a

926

927

928

929

930

931

932

933

934

9

@

5

936

937

938

939

940
41

J Dyn Diff Equat

where we have used (3.33), (3.34), and the fact that the terms fQ litg|? dx and &(0, u Uy, 20)
are bounded, uniformly with respect to n € N, in view of (2.7a) and (3.2). Exploiting the

previously obtained estimate (3.32j) we find

T p G T p
/ /onB:e(an)dxdt < 7@/ / |e(u,,)|2dxdt+c/ 0,7 dx ds
0 Q 0 Q 0 Q

1 Tu(t)
i le(ity)[? dx dt + C .
0 Q

Inserting this into (3.43) we conclude (3.32c) via Korn’s inequality, again exploiting the
definition of the interpolants (3.23). Finally, estimate (3.32e) ensues from a comparison
argument in (3.3b), taking into account the previously proven (3.32b), (3.32c), (3.32)), as

well as (3.24a).

Fifth a priori estimate, ad (3.321): Let k be as in (2.6). In (3.3c) we use a test function

n € W2°(Q), thus we find

k_pk—1
/0 ok 0 dx
Q

<

f K(zk, 65yvek . vindx

+ ‘ (Rusk, n)

W]<°°(Q)

, (3.44)

where the terms on the right-hand side of (3.3c) are summarized in RHS’n‘. It follows from

assumptions (2.3) and (2.8b) that

RHSF, >
‘< oo ()

=c(le(45)

+ IS N2y + I1HE 1@ ) Il

2 k—1

k
in—%n

k2
L2(Q:Rdxd) + ”9" ”LZ(Q) +

= Aplnllzeg) -
Furthermore, with (2.6) we find for every o € (1/2, 1)

V K(zX, 0F)vok . v dx
Q

< 1Vl oo @:rty 210G + DVOFI 11 (e

Tn H LU(Q) (3.45)

< IV 0l qamncz (165 272 2 gy 1@< D/2V6k | 2 gm0,

+ L1 VOS2 )

Inserting (3.45) and (3.46) into (3.44) and summing over the index k =1, .. .,

every time-dependent function n € oo, T7; WI*OO(Q)) that

?}’l (t) .
0, ndx ds

< ClIIVAll Lo 0.7y x2: R (”5"
+ | Ve, ||L2((0,T)xQ;Rd))

Tn(t)i
+ ||'7||L°°((0,T)xs2)/ Apds,
0
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n, we find for

(k—a+2)/2 (k+ar)/2
LF=F2((0,T) x ) 1(6:) 20711 (@)

(3.47)
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where A, denotes the piecewise constant interpolant of the values (AX) ¢ Note that the
estimate on ||(9,’§)("+""2)/2V9,’f | .2(@:re) €nsues from (3.37) and (3.42). Now, observe that
= | (k—a+2)/2
”9"| Le—a+2((0,T)x Q) =C
thanks to (3.32k) if p = k —« +2 satisfies the constraints in (3.32k). Recall that the parameter
« for which (3.42) holds can be chosen arbitrarily close to 1. Therefore, such constraints for
p = k —«a + 2 are valid since, by (2.6b), k € (1,«4) withxg = 5/3 ifd=3 and kg = 2
if d=2. Finally, it follows from (3.24d), (3.32c), (3.32f), and (3.32)) that fOT Apdt < C.
Ultimately, from (3.47) we conclude (3.321). ]

4 Passage from Time-Discrete to Continuous

Based on the a priori bounds deduced in Proposition 3.4, exploiting compactness results a la
Aubin-Lions as well as a version of Helly’s selection principle, we are now in a position to
extract a subsequence of solutions of the time-discrete problems converging to a limit triple
(u, z, 9) in suitable topologies. In (4.1) below we have collected all of these convergences with
some redundancies: for example, (4.1g) and (4.1i) imply (4.1h) and (4.1j), but the latter are
stated for later reference. Subsequently, we will verify that the triple (u, z, 6) is an energetic
solution of the time-continuous problem as stated in Definition 2.3.

Proposition 4.1 (Convergence of the time-discrete solutions) Let the assumptions of Theo-
rem 2.6 be satisfied. Then, there exists a triple (u, z,0) : [0, T] x Q — RY x R x [0, 00) of
regularity (2.11) such that for a.a. x € Q the function t — z(t, x) € [0, 1] is nonincreasing,
(2.14) holds, as well as (2.16) under the assumption (2.15), and there exists a subsequence
of the time-discrete solutions (U, U, un, Zn, 2 0., Qn)n from (3.23) such that

Ty — u in L0, T; Hp (9 RY)), (4.12)
Up = U in H'(0, T; H} (S RY)), (4.1b)
ly — it in L0, T; L2(; RY)) (4.1¢c)
Wy (1), upn(t) — u(t) in HL (S RY) for all t € [0, T1, (4.1d)
ity (1) — (1) in L*>(; RY) forallt €10, T, (4.1e)
Ty 2y 2 in L0, T: W"(Q) NL®((0,T) x Q). (4.1f)
Zo(1) — z(0) in Wh4(Q) forallt €0, T], (4.1g)
Zn(t) = z(1) inL"(Q) forallr € [1,00) and forallt € [0, T], (4.1h)
2,(1) — z(t) in Wh4(Q) forall t € [0, TI\J , (4.1i)
z,(t) — z(t) in L () for all r € [1, 00) and for allt € [0, TI\J , 4.1j)
On, 6,0 in L*(0, T: H'(Q)), (4.1k)
On, 0, , 60— 0 in L*(0,T;Y) forall Y suchthat H'(Q) € Y ¢ W>¥(Q)*
(4.11)

- . [1,8/3) ifd=3,

14
On,0,, 00, —0 in LP((0,T) x Q) forall p € {[173) ifd=2 . (4.1m)
0, (1) — 0(1) in W2 (Q)* forall t € [0, T, (4.1n)
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The set J C [0, T]appearing in (4.11)—(4.1j) denotes the jump set of z € BV ([0, T1; LY()).
Finally, _
|Znl = |z| in the sense of measures on [0, T] X Q2. (4.10)

Proof Convergence of the displacements: The convergences (4.1a), (4.1b), and (4.1c¢) follow
by compactness from (3.32a), (3.32¢), and (3.32d). As u, (t) — u,(t) = (t — t,’f)b‘t,,(t) and
up(t)—u, (t) = (t—t,’f_l)zk,, (1), weimmediately deduce from (4.1b) that the sequences u,, iy,
and u,, have the same limit in L*°(0, T'; H];(Q; R4 )), and the pointwise weak convergences
(4.1d) ensue. Furthermore, due to estimate (3.32e), by compactness, there exists a further
subsequence such that iz, — 1 in BV([0, T]; W];’V(Q; R7)*) as well as 1, (t) — (f) in
W]])’y (Q; RY)* for all # € [0, T']. Thanks to (3.32d), arguing by contradiction and using that
L2(2; R?) is dense in W];’y (S RH*, we may also conclude that iz, (1) — u(¢) in L2(Q; RY)
forallt € [0, T], i.e. (4.1e).

Convergence of the damage variables: From estimates (3.32f) on the R;-total varia-
tion of (z,), (by monotonicity of z,), combined with (3.32h), a generalized version of
Helly’s selection principle, cf. e.g. [51, Theorem 6.1], allows us to extract a subsequence
such that 7, () — z(t) and z,(r) — z(¢) weakly in wha(Q) for all t € [0, T], and
z,z € L*=(0,T; wha (£2)). Moreover, the limit functions z and z inherit the monotonic-
ity in time from z, and z,, hence z,z € BV([0,T]; LY()), and their jump sets J
and J are at most countable. Let t € [0, T]\(J U J) fixed. Then, by (3.23), for every
n € N we have z,(r — t,) = z,(¢) and therefore as n—o00 we get z(t) = z(7). Let now
t € JUJ and let (tj_)j , (t;r)j C [0, TI\(J U J) be such that zj_ /'t and t;r A
Since z and z coincide on [0, T]\(J U J), we deduce that the left and the right limit satisfy
Z (1) = lim; z(r;) = lim; z(r;) = z~ (1) and z* (1) = lim; z(tj*) = lim; ;(rj*) =z (1).
Therefore J = J and the convergences (4.1f), (4.1g), (4.1i) hold. From this, using (3.32g)
we conclude that (4.1h) and (4.1j) hold true as well. In this line, we conclude by observing
that (4.10) follows from the fact that fQ (22 (0) — z,(T)) dx, i.e. the total variation of z,, on
[0, T] x €, converges to the total variation fQ (z(0) — z(T)) dx of z, also relying on the
argument from [57, Proposition 4.3, proof of (4.80)].

Convergence of the temperature variables: Due to estimate (3.32j) we have 6,, — 6
in L>(0, T; H'(R2)). Exploiting the definition of the interpolants (3.23), similarly to the
arguments for the damage variables, we conclude that also §,, — 6 in L2(0, T, H I(Q)),
thus (4.1k) is proven. From this, convergences (4.11) and (4.1m) for (6,,, 0,)n follow by a
generalized Aubin-Lions Lemma, cf. [60, Corollary 7.9, p. 196], making use of the estimates
(3.32j), (3.32k), and (3.321). Taking into account that |6, (¢, x)| < max{|0,(t, x)|, 10, x)|}
for almost all (¢, x) € (0, T) x €2, (a generalized version of) the Lebesgue Theorem yields
convergence (4.1m) for (6,), as well. All in all, we conclude the weak convergence (4.1k),
as well as (4.11), for (6,),. Convergence (4.1n) is a consequence of [51, Theorem 6.1]. The
positivity properties (2.14) and (2.16) (under the additional (2.15)) then follow from their
discrete analogues (3.4) and (3.5), respectively, combined with (3.32k). O

The fact that the limit triple (u, z, ) is an energetic solution of the limit problem will be
verified in Sects. 4.1-4.3 right below. For this, in Sect. 4.1, we first pass from time-discrete to
continuous in the weak momentum balance (3.27b) using suitably chosen time-discrete test
functions and deduce a time-continuous limit inequality for the mechanical energy balance
(3.26) by lower semicontinuity arguments. Secondly, in Sect. 4.2 we pass to the limit in the
semistability inequality (3.27a) using mutual recovery sequences. As a further step in Sect.
4.3 it has to be verified that the limit triple (u, z, 6) indeed satisfies the mechanical energy
balance as an equality by deducing the reverse inequality from the momentum balance and
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the semistability so far obtained. This result allows us to conclude the convergence of the
viscous dissipation terms, which, in turn, is crucial for the limit passage in the heat equation
(3.27e).

Altogether, these steps amount to the following

Proposition 4.2 (Energetic solution of the limit problem) Let the assumptions of Theo-
rem 2.6 be satisfied and let (u, z, 0) be a triple of regularity (2.11) obtained as a limit, in
the sense of convergences (4.1), of a sequence of solutions to Problem 3.1. Then, (u, z, 0) is
an energetic solution of the time-continuous problem (1.1), supplemented with the boundary
conditions (1.3), in the sense of Definition 2.3.

Proof The statement of the proposition follows directly by combining Propositions 4.3, 4.6,
and 4.9 and Theorem 4.5. O

4.1 Limit Passage in the Momentum Balance and the Energy Inequalities

Based on the convergence properties (4.1) we now pass from time-discrete to time-continuous
in the weak momentum balance. By lower semicontinuity we will then carry out the limit
passage in the mechanical as well as in the total energy inequality and obtain their analogues
for the limit problem.

Let us mention in advance that, while the passage to the limit in most of the terms of the
momentum balance can be treated in a straightforward way by exploiting the convergence
properties (4.1), the quadratic terms arising from the stored elastic energy and the viscous
dissipation, which involve the state-dependent coefficients D(z . 0,) and C(zn), need special
attention. For these terms the limit will be deduced by exploiting the L°°-bounds (2.3) on C
and D and the dominated convergence theorem.

Proposition 4.3 (Limit passage in the weak momentum balance) Let the assumptions of
Theorem 2.6 be satisfied. Then, a limit triple (u, z, ) extracted as in Proposition 4.1 solves
the time-continuous momentum balance (2.12b) at every t € [0, T]. In particular, it holds
iwe H'(0, T; HY (@ RDH*) N CY ([0, TT; L2(Q; RY).

Proof Letv € L*(0, T; HL(Q2; RY)) N H' (0, T; L?(2; RY)) be a test function for (2.12b).
It follows from, e.g., [10, p. 56, Corollary 2] and [60, p. 189, Lemma 7.2], that for every
& > ( there exists

vt e L0, T; CH( RY) N L2 (0, T; HY(Q: RY)) N H' 0, T; L?(2; RY))
lv — v*IILQ(O’T;Hé(Q:Rd))ﬁHl(O,T;Lz(Q;R(;)) < ¢ and v* = v on dp< in the trace sense.
(4.2)

In particular, v* € L2(0, T; Wh7(Q; RY)), with y > 4 the same exponent as in the regular-
izing term —t,div (le()|? ~2e(u)) in time-discrete momentum balance (3.27b). Therefore,

k
the discrete test functions (v*)’; = T]—n ftt,f_l v*(s)ds forall k = O, ..., n fulfill (v*)’,‘l IS

W7 (Q; RY), so that they are admissible test functions for (3.27b). We now consider the
piecewise constant and linear interpolants v}, and v}, of the elements ((v*)’,‘l)zzo. In view of
(4.2), it can be checked that

7% — v*in L2(0, T; H(2: RY)) and v* — v*in H'(0, T; L?(Q2; RY)),

Uy (4.3a)
T le@) Ly 0,717 (:Rdxdy) = 0.
Observe that (4.3a) implies
vi(r) = v*() in L2(2; RY) forall € [0, T]. (4.3b)
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Using such sequences (vy;, vy;), of interpolants of smooth, dense test functions, we can now
carry out the limit passage in (3.27b). By the convergence properties of the given data (3.24a)
and for the smooth test functions (4.3), together with the convergence results (4.1e), (4.1b)
and (4.1k) we immediately find

p/Q(un(r)-u;(t) — 119-v;(0)) dx
Ta (1) ) ) _ —
_/0 (/Q (pitn(s—Tp)- 0 — 0, B : e(})) dx — (f,,,v;)%m;RdJ ds
— ,0/ (it(1)v* (1) — 1ig-v*(0)) dx
Q

t
_/O</Q (pit-i* — OB : e(w")) dx — (. vi)Hﬁ@Rd)) ds.

Moreover, the convergence of the term involving the y-Laplacian follows from the estimate

t
‘/ / Tule(n) Y 2e(y) : e(vr) dx ds
0Je

y—1

1
Y TR Y
5 Tn ”e(un)||LV((0,T)XQ;R’1X‘I)T” ||e(v;)||LV((OyT)xQ;]Rd><d) - 07

due to the uniform bound (3.32b) and the convergence of (v}), by (4.3).
Finally, in order to handle the remaining quadratic terms with state-dependent coefficients
in (3.27b), we will prove that

(D(z,.0,) + CE@y)e@)) — (D(z, 0) + C(z))e(v*) strongly in L*((0, T) x Q3 R¥*9).

4.4)
Then, the convergence of the quadratic terms with state-dependent coefficients follows
from weak-strong convergence, using that both e(it,,) — e(it) and e(u,) — e(u) weakly
in L2(0, T; L*(Q; R¥*?)) by (4.1b). Now, to verify (4.4) we are going to apply the
dominated convergence theorem. For this, we observe that for a.e. t € (0,7) we have
I(D(z,, (1), 0,(1) + C@n (1)) : e@ ()] = |(D(z(1), 0(1)) + C(z(1))) : e(v(1))] pointwise
a.e.in €2, by assumption (2.3b) and since by convergence results (4.1j) and (4.11) we can resort
to a subsequence (z,,(1), Zu(t), 0., that converges pointwise a.e. in 2 for a.e. t € (0, T).
Moreover, by assumption (2.3) we find an integrable, convergent majorant, i.e.,

|(D(z,.0,) + CE))e@)| < (CH + CP)le@})| — (CF+ CEle™)]

pointwise a.e. in (0, 7) x €2 and with respect to the strong L%((0, T) x 2))-topology by (4.3).
Hence, a generalized version of the Dominated Convergence Theorem, cf. e.g., [55, Sect.
4.4, Theorem 19], yields (4.4). This concludes the limit passage in the momentum balance
for smooth test function as in (4.2). By density this result carries over to all test functions
ve L0, T; HY(SQ; RY))NH(0, T; L*(Q; RY)). As by (4.1e) we have i (1) € L*(Q; RY)
for every t € [0, T], we immediately deduce that (2.12b) holds true at all ¢ € [0, T'].

The last assertion follows from Remark 2.5. O

Lemma 4.4 (Energy inequalities by lower semicontinuity) Let the assumptions of Theo-

rem 2.6 be satisfied and let (u, z, 0) be a limit triple given by Proposition 4.1. Then for every
t € [0, T] we have
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t
%/ Iﬂ(t)lzdx—FE(t,u(t),z(t))+/(z(t)—zO)dx+f /(D(z,@)e(ﬁ)—@B):e(l/'t)dxds
Q Q 0 Jo

1
< %A |l/'tO|2 dx + 8(07 uop, ZO) - A (fv v>H]|)(Q;]Rd) ds.

4.5)
Proof 1t is enough to pass to the limit in (3.27c¢) taking into account (3.24b), (4.1d), (4.1e),
(4.1j), and (4.11). u]

4.2 Limit Passage in the Semistability Inequality

In order to carry out the passage from time-discrete to continuous in the semistability inequal-
ity we follow the well-established method of circumventing a direct passage to the limit on the
left- and on the right-hand side of the semistability inequality (3.27a). Instead, it is enough
to prove a limsup inequality for the difference, cf. also [44,47], using a so-called mutual
recovery sequence. This procedure, which allows one to take advantage of some cancela-
tions in the regularizing terms for the internal variable §(z, Vz), has been already employed
in [44,67,68] in problems concerned with (fully) rate-independent, partial, isotropic and
unidirectional damage, featuring a wlha (2)-gradient regularization, with ¢>d in [44], any
g>1 in [68] as in the present context, and g=1 in [67]. In what follows, we verify that the
recovery sequence constructed in [68], where §(z, Vz) = |Vz|?, is also suited in our setting
of semistability with a general gradient term.

More precisely, let us fix € [0, T] in the energy functionals &, from (3.26), and a

sequence (vy, &), C HI%(Q; R?) x Z such that
v, — v weakly in Hﬁ(Q; RY), ¢, — ¢ weaklyin W'(Q), “6)
Enlt, Vn, &) < En(t,vn, D)+ R1E — ) forall{ €2, '

i.e., &, is semistable for &, (¢, v,, -). Given E € Z let the recovery sequence (;:n),, C Z be
defined by

(=8 onA,={0=<(—38) <},

& := min {g,, max{(¢ — 8, 0}} = 1 ¢y on B, ={Z =8, > &},
0 onC, = {Z‘ -8, < 0} , @.7)
where 8, := ||, — §||1L/qq(9) .
The sequence (;:n)n was introduced in [68] where it was shown that
L — ¢ in Whi(Q) for ¢ € (1, 00) from (2.5d) fixed. (4.8)

Note however that strong convergence in W14 (€2) cannot be expected, since £, — ¢ weakly
in Wh(Q), only. This makes it impossible to show directly that 9(4:,,, VE,,) — S(g:, Vg:),
since this would require the strong convergence of the gradients. Nevertheless the following
result holds.

Theorem 4.5 Let the assumptions of Theorem 2.6 be satisfied. Let t € [0, T'] be fixed and
consider a sequence (vy, &n), C H];(Q; R x Z such that (4.6) holds. Given . €Z let
(Zn)n C Z as in (4.7). Then

0 < lim sup (Sn(r, Uns &) —En (L, Uy, cn>+fR1(En—;n>) <&@t v, O)—Et, v, O+RI(E—0).
4.9)
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Therefore the limit ¢ is semistable for E(t, v, -).

Proof First of all note that, if € Z does not satisfy 0 < ¢ < ¢, then (4.9) trivially holds,
since in this case R ({ — ¢) = +o00.
Assume now 0 < ¢ < ¢ for a.e. x € Q. Let us estimate the left-hand side of (4.9) as
follows:
lim sup <8n(t, Un, En) — Ep(t, vy, n) + Rl(&n - ;ﬁ))

n—o00

< lim sup /Q (C(&n) — CGn)e(vn) = e(vy) dx

+1im sup (GG, VEn) — G(Cn, VEu)) + limsup Ry (G — &n) (4.10)

and then treat each of the terms on the right-hand side of (4.10) separately. Since ¢, — ¢ in
W14($), we may choose a (not relabeled) subsequence that converges pointwise a.e. in 2.

Estimation of limsup,_, . (S(Zn, V&) — G(&n, V&)): Note that G(Zn, V&) = G (&,
V&) on B, If |18, — ¢llLae) > 0, by Markov’s inequality

L4 (By) < £%([80 < 16n —¢ID < 5 /Q 60— ¢1dx < 116 — Ellzae) = 0,

with §,, from (4.7), while for ||, — ¢||La(@) = 0 itis indeed L4(B,) = 0, thus
LYA, UC,) — LYR). (4.11)

In what follows, X p will denote the characteristic function of a set D. By (2.5b), (2.5d) and
(4.7), we deduce

lim sup (9(;:", V) — S, Vi)

n—oo

zlimsup/ G((¢ —Sn),V;:)dx—f—/ G(0, O)dx—/ G(¢p, Vi) dx

n—oo n Cy ApUC,

< lirnsup</ G(Xa,( —8,), Xa,VT)dx +/ G(0,X¢, V) dx
Q Q

n— o0

~ [ 60nue, 6 X, V)

= lim Sup(/ G(Xa,uc, (&) Xa,uc, VE) dx —/ G(xA,,uchn,xA,,uc,,VCn)dx)
Q Q

< §(¢. Vo) —liminf G(Xa,uc, &n. Xa,uc, Vin) (4.12a)
< 5. VD) = §. Vo), (4.12b)

where in the second integral term in the third line we have used the obvious identity X¢,0 = 0.
To obtain (4.12a) we have used the dominated convergence theorem, while in order to prove
(4.12b) we employed the lower semicontinuity of § : LY(2) x L9(%; R?) — R U {o0},
since, by (4.8) and (4.11), we have X 4 ,uc, {n — ¢ strongly in L7(2) and X4, uc, Vi — V¢
weakly in L9 (€2; RY).

Estimation of the remaining terms in (4.10): Since construction (4.7) ensures {n < &
for every n € N, as well as ¢, — g“ in LY(2), due to ¢, — ¢ in L9(2), we immediately
conclude that R (£, — &) — Ri(C — ©).

We now estimate the difference of the quadratic terms in the mechanical energy. As £, <
¢n, by the monotonicity assumption (2.4) we have that ((C(Z’n) — C(gn))e(vy) = e(vy) < 0.
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Since bgth ¢pn — ¢ and fn - E in L9(2), the Lipschitz-continuity of C, cf. (2.3b), implies
that C(g,) — C(¢,) — (C(¢) — C(¢)) in LY(; ngﬁx‘]x‘l). Let us consider the auxiliary
functional € : LI(2) x L4(2) x L*(2; R¥*?) — R defined by

C(L, ¢ e) = /Q (C(¢(x)) — C(min{¢ (x), £ (X)}))e(x) : e(x)dx.

By e.g. [21, Theorem 7.5, p. 492] the functional C is lower semicontinuous with respect to
the strong convergence in LY (£2) x L9 (£2) and the weak convergence in L%(Q; R9>d) Thus,
the first term on the right-hand side of (4.10) can be rewritten and estimated as follows, using
(3.32¢) and the lower semicontinuity of C,

lim sup /Q (C(&n) — Cn)e(vn) = e(vy) dx < /Q (C(Z) = C(¢)e(v) : e(v)dx.

n—o00o

Combining the above established estimates for the three terms on the right-hand side of
(4.10) shows that condition (4.9) is satisfied. ]

4.3 Energy Equalities and Limit Passage in the Heat Equation

We now show that the limit triple (u, z, 0) satisfies the mechanical energy equality (2.12c).
The inequality (<) has been proven in Lemma 4.4. The opposite inequality is found by
approximation with Riemann sums, as common in existence proofs of rate-independent and
rate-dependent evolutions, see e.g. [13].

Proposition 4.6 (Mechanical energy equality) Let the assumptions of Theorem 2.6 be satis-
fied, let (u, z, 0) be a triple given by Proposition 4.1, and let t € [0, T]. Then (2.12c¢) holds.

Proof We fix a sequence of subdivisions (s’,i)0 <k, of the interval [0, 7], with 0 = S,O, <
—Nh_=Rn
s& <. < sf,(”_l < s,lj” =t, lim, maxk(sﬁ — sﬁ_l) =0, and

kn ok
Z/H/Q [(C(z(s,’;))—C(z(s))] e(u(s)) : e(i(s)) dx ds| — 0. 4.13)
k=1""5n

The existence of such a sequence is guaranteed by [27], see also [57, Proposition 4.3, Step
7]. Taking z(sﬁ) as test function in the time-continuous semistability inequality (2.12a) at
time s¥~! we get

8(3‘,’;_1, u(s,’;_l), Z(sfl_l))

< &k Gk, 260 + / (2 =2(s5)) dx
Q

sk

= S(S,'i,u(S,'i),z(Sff))+/(Z(S,'§’l)—z(S,'§))dx —/ 3E(5, u(s), 2(5)) ds
Q Sn

n

sk sk
+/k (), () g o re ds—/k 1/ Clz(sk)eu(s)) : e(@(s)) dx ds.
Sp sp IR
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Next we sum up the previous inequality over k = 1, ..., k,, and we pass to the limit in 7 in
the last term thanks to (4.13), obtaining

t
&0, ug, zo) < E(t,u(t), z(t)) + / (zo—z(t))dx —/ 0:E(s, u(s), z(s)) ds
Q 0

t t
+ /0 (f(9), 0 (5)) ) o,y dS — fo /Q C(z(s))e(u(s)) : e(i(s)) dx ds .
(4.14)
Further, thanks to Remark 2.5 we can test (2.12b) by # and get

t
§||ﬂ(t)||2Lz(Q;Rd)+//(D(z,@)e(z&)—i—@(z)e(u)—@l@):e(zk)dxds
0Ja (4.15)

t
= §li0l s ey + [ e ds.

where we applied the by-part integration formula (2.13), as allowed by [60, Lemma 7.3].
Summing up (4.15) with (4.14) we obtain

&0, ug, z0) < &, u(t), z(t)) + %/ i (t)|* dx + / (zo — z(1)) dx
Q Q
t
—/ 0:E(s, u(s), z(s)) ds
0

t
— %/ |L20|2 dx —l—/ / (D(z(s), 8(s))e(t(s)) —O(s)B) : e(ui(s))dx ds .
Q 0Jo
Combining this estimate with the reverse inequality (4.5) concludes the proof of (2.12¢). O

In order to prove a stronger convergence of the displacements we shall repeatedly make
use of the following result. Given two constants Cy, C, with0 < C; < C2, let T¢, ¢, denote
the class of tensors A € RI9xdxdxd that are symmetric, i.e.,

A = Ajire = Aijik = Awij
positive definite and bounded:

CiIAP <AA:A<Cy AP forevery A e REX?. (4.16)

sym

Lemma 4.7 Let K, be the functional defined by
T
XK, (e) = / / A, (t, x)e(t, x) s e(t,x)dx dr foreverye € Lz((O, T) x Q; RdXd),
0o Ja

where A, € L*°((0,T) x Q; T¢,.c,) are such that

Ay (t,x) > Axo(t,x) forae t € (0,T)andae x € Q, (4.17a)
en — eso weakly in L2((0, T) x Q; R4*4) (4.17b)
lim sup,,_, o, Kn(en) < Kooleco) s 4.17¢)

and K is defined by

T
Koo () ::/ /Aoo(t,x)e(t,x):e(t,x)dxdt for every e € L*((0, T) x Q; R¥*?).
0 Q
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1227 Then, lim,_ o0 K, (e,) = Koo (exo) and

1228 en — eso  strongly in L*((0, T) x €; R4*?) . (4.18)

1226 Proof Itis enough to observe that under the above hypotheses A, € L*°((0, T) x2; T¢,.c,)
1230 and

T
Kn(en — eoo) =/ / Ay, x)(en(t, x) — exo) : (en(t, x) — exo(t, x)) dx dt
0 Q

1231

T
= Ky (en) —2/ / Ay, x)exo(t, x) : ey(t, x)dx df + Ky (exo) -
0 Q

1222 By (4.16) and (4.17a) we obtain lim sup, X, (e, — exo) < 0. Since A, (t,x) € T¢,.c, we

1233 have K, (e, — exo) > Cillen — exo ||i2((0’T)XQ;R(,X(,), so that (4.18) holds. ]

1234 Thanks to the mechanical energy inequality proven above, we may deduce strong conver-
1235 gence of the displacements, as provided in the following lemma.

1236 Lemma 4.8 (Stronger convergences) Let the assumptions of Theorem 2.6 be satisfied and
1237 let (u, z, 0) be a triple given by Proposition 4.1. Then

T T
1238 lim / / D(z,, 8,)e(y,) : e(i,) dx dt = / / D(z,0)e(1t) : e(u)dx dt (4.19)
0 JQ 0 JQ

n—oo

1230 and then
1240 e(ity) — e(i) stronglyin L*((0, T) x §; R?*?) . (4.20)

1241 Proof By lower semicontinuity, taking into account the convergences already proven in
1242 Proposition 4.1, together with both the discrete mechanical energy inequality (3.27¢) and the
1243 mechanical energy equality (2.12c), the following chain of inequalities holds:

T
1244 / / D(z, 0)e(wr) : e(u) dx dr +/(zg —z(T)) dx
0 Ja Q
T
1245 < lim inf </ / D(z,,,0,)e(i,) : e(i,) dx dt + / (22(0)—2z,(T)) dx)
n 0 Q Q
T
1246 < lim sup (/ / D(z,, 0,)e(in) : e(ity,) dx dt + / (zn(0)—z,(T)) dx)
n 0 Q Q
wr < limsup ( = (T (), (D) £0(.t0,20) = § [ i (P x4 § [ 1ol e
n Q Q
T o0 T
1248 —i—/ / HHIBS:e(b'tn)dxdt—l—/ 8t€n(s,gn,gn)ds)
0 JQ 0
o < —&(T,u(T), z2(T))) + (0, uo, z0) — g/ li(T)|? dx + g/ litg|* dx
Q Q
T T
1250 +/ / 0B : e(d)dxdt—i—/ 0:E(s, u,z)ds
0 JQ 0

T
1251 :/ /D(z,@)e(b't):e(d)dxdt—l—/(zg—z(T))dx.
0 JQ Q

1252

1253 Hence all inequalities above are actually equalities and we deduce that (4.19) holds.
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Next, we apply Lemma 4.7 with A, = D(z,,0,), Awc = D(z,0), e, = e(it,), and
€co = e(ut). Indeed, (4.17a) is obtained from the strong convergences (4.1j) and (4.11) up to
the passage to a further subsequence converging pointwise; the weak convergence (4.17b) is
given in (4.1b), while (4.17c) is provided by (4.19). Therefore we deduce that (4.20) holds

(for the initial subsequence, since the limit is the same for all subsubsequences). ]
Finally, we pass to the limit in the heat equation.

Proposition 4.9 (Limit passage in the weak form of the heat equation) Let the assumptions of
Theorem 2.6 be satisfied, Let (u, z, 0) be a triple given by Proposition 4.1, and lett € [0, T].
Then the weak formulation of the heat equation (2.12d) holds.

Proof Letus fix n € H'(0, T; L*(R2)) N C([0, T1; W>9+%(Q)), define nk := () for all
k=0,...,n,and letn,, 7, be the piecewise linear and constant interpolations of the values
(n’,j). It can be checked that

T, — 1 in LP0, T; WH4T(Q)) forall 1 < p < o0,
My — 1 in L0, T; W24+ (Q)) | 4.21)
mn— n in H'(0, T; L*(£2)) N C°0, T; W4T ()).

We now pass to the limit in the discrete heat equation (3.27e) tested by n,. The first three
integral terms on the left-hand side of (3.27e) can be dealt with combining convergences
(4.11)—(4.1n) with (4.21). In order to pass to the limit in the fourth one, we argue along the
lines of [63, proof of Theorem 2.8] and derive a finer estimate for (K(zZ,,, 6,,)V8,),,. Indeed,
thanks to (2.6b) we have

IKZn, 00)VOu| < c2(10,1“T2/21g,, |« T*=2/21y8,| +|VF,|)  ae.in (0, T) x 2,

with « as in (3.37). From this particular estimate we also gather that |6, |kte=2)/2|vg, | is
bounded in L%((0, T) x ). Since (,,), is bounded in L3/3((0, T) x ) if d=3 (and in
L3((0, T) x Q) if d=2), choosing o € (1/2, 1) such that k — o < 2/3 (which can be done,
since k < 5/3), we conclude that |6, |« =2¢F2/2 is bounded in L2((0, T) x ) for some
8 > 0. All in all, we have that K(Z,,, 6,) V8, is bounded in L'13((0, T) x Q; R?) for some
8 > 0. With the very same arguments as in [63, proof of Theorem 2.8], we show that

K(Zn, 0,)V0, — K(z,0)VO in L'°((0, T) x Q; RY),

which, combined with convergences (4.21) for 7,,, is enough to pass to the limit in the last
term on the left-hand side of (3.27¢).

Combining (4.1b), (4.1m), and (4.21) yields for”(t)fg 0,B:e(iin) 7, dxds — [j [o0B:
e(u) ndx ds as n— o0, while the passage to the limit in the term

?ﬂ(t)
/ / D(z,,, 0,)e(y,) : e(ity,) 1, dx ds
0 Q

results from (4.20) combined with (4.21). Convergence (4.10) allows us to deal with the
second term on the right-hand side of (3.27¢), and we handle the last two terms via (3.24d)
and (4.21), again. This concludes the proof of the weak heat equation and of the main existence
result Theorem 2.6. ]
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S Asymptotic Behavior in the Slow Loading Regime: The Vanishing
Viscosity and Inertia Limit

In this section we address the limiting behavior of system (1.1) as the rate of the external
load and of the heat sources becomes slower and slower. Accordingly, we will rescale time
by a factor ¢ > 0. For analytical reasons we restrict to the case of a Dirichlet problem in the
displacement, namely within this section we shall suppose that

pR =09. (5.1)

Like in the previous sections, we assume that the Dirichlet datum is homogeneous, cf. (1.3b).
As ¢ | 0 we will simultaneously pass to

1. arate-independent system for the limit displacement and damage variables (u, z), which
does not display any temperature dependence and which formally reads

—divC@ew) = fv in (0.T) x Q,
dR1(2) +D;G(z, Vz) — div (D¢ G(z, V2)) + %(C'(z)e(u) ce(w)>0 in(0,T) xQ

and will be weakly formulated through the concept of local solution to a rate-independent
system;

2. alimit temperature & = ©, which is constant in space, but still time-dependent. The limit
passage in the heat equation amounts to the trivial limit O = 0, once more emphasizing
that the limit system does not depend on temperature any more. A rescaling of the heat
equation at level &, however, reveals that ® evolves in time according to an ODE in the
sense of measures and the evolution is driven by the rate-independent dissipation and a
measure originating from the viscous dissipation.

Indeed, for the limit system we expect that, if a change of heat is caused at some spot in the
material, then the heat must be conducted all over the material with infinite speed, so that the
temperature is kept constant in space. This justifies a scaling of the tensor of heat conduction
coefficients for the systems at level €. More precisely, we will suppose that

Ke(z,0) = S%K(z, 0) with K satisfying (2.6) and g > 0. (5.2)
While Proposition 5.2 holds with § > 0, in Theorem 5.3 we shall require § > 2.

5.1 Time Rescaling

Let us now set up the vanishing viscosity analysis following [56], where this analysis was
carried out for isothermal rate-independent processes in viscous solids, see also [15] in the
context of perfect plasticity and [58,66] for delamination, still in the isothermal case. We
consider a family (fv ., He, h¢), of data for system (1.1) and we rescale fv ., He, he by
the factor ¢ > 0, hence we introduce

fe@) == fveet)  H(t) := He(et), hé(t) == he(st) fort € [0, %].

Theorem 2.6 guarantees that for every ¢ > 0 there exists an energetic solution (1, z°, 6%),
defined on [O, %], to (the Cauchy problem for) system (1.1) supplemented with the data
f&, H, h®, and with the matrix of heat conduction coefficients K, from (5.2). For later
convenience, let us recall that such solutions arise as limits of the time-discrete solutions to
Problem 3.1. We now perform a rescaling of the solutions in such a way as to have them
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defined on the interval [0, T']. Namely, we set
ue() == ut(t), () i=2°(H). 00 :=0°(t) forr e [0.T].

It is not difficult to check that, after transforming the time scale, the triple (ug, z¢, ;) (for-
mally) solves the following system in (0, T') x £2:

& piis — div (e D(z¢, Op)e(its) + C(zp)e(us) — 0 B) = f (5.3a)
0R1(Z¢) + D;G(z¢, Vzg) — div (D G (z¢, Vze)) + %(C’(zg)e(ug) ce(ug) 30, (5.3b)
£6; — Jpdiv (K(ze, 0:)VO;) = Ry (Ze) + €7Dz, Oc e iie) - e(iie)

— 0. B :e(uy) + He, (5.3¢)

with the original data f; := fv ¢, H,, and h,, and complemented with the boundary con-
ditions (1.3). Since in the following we will be interested in the limit of (5.3) as ¢ | 0, for
notational simplicity we shall henceforth set p = 1 in (5.3a).

Energetic solutions for the rescaled system (5.4)—(5.9). For later reference in the limit passage

procedure as ¢ |, 0, we recall the defining properties of energetic solutions. Given a quadruple

of initial data (ug, L'tg, zg, 950) satisfying (2.7), a triple (u¢, z¢, 0¢) is an energetic solution of

the Cauchy problem for the PDE system (5.3) if it has the regularity (2.11), it complies with
the initial conditions

ue(0) =ul, 6.0 =14%, z:(0) =22, 6:(000=6" ae. inQ, (5.4)

Ao
and fulfills

e semistability and unidirectionality: for a.a. x € Q, z.(-,x) : [0, T] — [0, 1] is nonin-
creasing and for all 7 € [0, T']

VZeZ, 2=z() 0 Eeltue(t), 26(1)) < Ec(t,us(1),2) + Ri(ze(®) —2),  (5.5)

with the mechanical energy
Eelt u,2) = fQ (3C@ew) : ew) + G, V) dx = (fe), 1) qupay;  (5:6)

e weak formulation of the momentum equation: for all test functions v € L2(0, T Hé
(RY) N WL, T; L2(2; RY)) and for all 7 € [0, T]

t
32/ dg(t)-v(t)dx—szf/dg-i)dxdt
Q 0 JQ
1
+/ /(SD(ZE,Gg)e(ugH C(ze)e(ue) — 0 B) : e(v) dx ds (5.7
0JQ

t
=32/ .;g.v(O)der/ (fes V) g ey 48 5
Q 0

e mechanical energy equality: for all t € [0, T]

2 / s ()P dx + Ex(t, e (1), 2 0) + / (2o (1)) dx
Q Q
t
—i—/ / (e D(zg, Be)e(tig)—0: B) : e(it,) dx ds (5.8)
0JQ

t
= 7/9 [i]” dx + €:(0, u?, 20) +/0 9 Ee(s, u(s), 2(s)) ds ;
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e weak formulation of the heat equation: for all t € [0, T']

t t
£ (0:(1), n(1)) wrd+s —8/ / 0. ndx ds + 8%/ / K0, z:) VO, - Vndx ds
0o Ja 0 Ja

t
:g/ egn(O)dx+/ / (6?D(ze, O Ve ite) : e(tie) — €6, B : e(ite)) ndx ds
Q 0 JQ

12 t t
+8//n|2g|dxds+// hgnd%d_l(x)ds+//Hgndxds
0JQ 0 JoQ 0 JQ
(5.9)

for all test functions n € H'(0, T; L2(2)) N C%(0, T; W24t5(Q)) (recall that |z,|
denotes the total variation measure of z;).

Remark 5.1 Let us also observe that testing (5.9) by % and summing up with (5.8) leads to
the rescaled total energy equality

7/ lite ([ dx + Ec(1, ue (1), 26 (1)) + / 0, (1) dx
Q Q

.02
:ﬁ/ |u8| dx+8€(0,ug,zg)+/ 60 dx
Q Q

t t t
+/ 8;88(s,u5(s),zg(s))ds+%/ / hgdf}fd_l(x)ds—f-é/ / H.dxds.
0 0 JoaQ 0JQ (5 10)

5.2 A Priori Estimates Uniform with Respect to ¢

As done in the proof of Theorem 2.6, we shall derive the basic a priori estimates on the
rescaled solutions (ug, z¢, 0¢), from the total energy equality (5.10). Therefore, it is clear
that we shall have to assume that the families of data (H;), and (h.), converge to zero in the
sense that there exists C > 0 such that for all ¢ > 0

t t
//Hgdxds§C8, // he dHY () ds < Ce. (5.11)
0JQ 0 JoQ

Furthermore, we shall suppose that there exists f such that
fe— f inHY 0, T; HY(Q; RH*). (5.12)

We are now in a position to derive a priori bounds on the rescaled solutions (ug, z¢, 6¢),,
uniform with respect to ¢ > 0. These estimates are the time-continuous counterpart of
the First—Third a priori estimates in the proof of Proposition 3.4. Actually, the calcula-
tions underlying the Second and Third estimates can be performed only formally, when
arguing on the energetic formulation of system (5.3). Indeed, these computations are
based on testing the weak heat equation (5.9) by 95‘_1, which is not admissible since
¢~ ¢ CO([0, T; W43 ().

That is why Proposition 5.2 below will be stated not for all energetic solutions to the
rescaled system (5.3), but just for those arising from the discrete solutions to (5.3) constructed
in Sect. 3.1. More precisely, we shall call “approximable solution” to the rescaled system
(5.3) any triple obtained in the time-discrete to continuous limit, for which convergences
(4.1) of Proposition 4.1 hold; in Sect. 4 we have shown that any approximable solution is
an energetic solution. Now, it can be checked that some of the a priori estimates on the
discrete solutions in Proposition 3.4 (i.e. those corresponding to (5.14) below) are uniform
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with respect to 7 and ¢ as well. Therefore, Proposition 4.1 ensures that they are inherited by
the “approximable” solutions in the limit t |, 0, still uniformly with respect to €.

Nonetheless, to simplify the exposition, in the proof of Proposition 5.2 we will no longer
work on the time-discrete scheme but rather develop the calculations directly (and sometimes
only formally) on the time-continuous level.

Proposition 5.2 (A priori estimates) Assume (2.1)—(2.5), (5.2) with B > 0, (Hy), C
L', T; LY (Q)NL*0, T; H'(Q)"), (he), C L'0, T; L2(0R)) fulfill (5.11), and (f:), C
HY0, T; HL(Q; RY*) comply with (5.12). In addition to (2.7), let the family of initial data
@?, 49, 29,09), fulfill

€600, ul, zD) + el 2 uray + 1091111y < C (5.13)

for a constant C independent of ¢. Let (U, z¢, 0:), be a family of approximable solutions to
system (5.3). Then, there exists a constant C > 0 such that the following estimates hold for
alle > 0:

el oo o, 7; 1) @:rey) = C s (5.14a)
ellitell L0, 7,02 = C, (5.14b)
Ri(z:(T) -2 < C, (5.14c)
lzellLoo(0,myx2) < 1, (5.14d)

lzell oo, 7:wha )y < C s (5.14e)
10: Ml Looo,7: 11 (2)) < C s (5.14f)
IVOell 120,712 rey) < CeP/2, (5.149)
160l 20,7 H1 () = C . (5.14h)
10:llLr 0. 1)) < C forany p € {H 2}/3] ;jig (5.14i)

with Ry from (1.2).

Sketch of the proof First a priori estimate: ad (5.14a), (5.14b), (5.14c), (5.14d), (5.14e),
(5.14f): Estimate (5.14d) is obvious. Estimate (5.14c) follows from the definition of R,
(2.5a), and (2.7a), and the fact that the functions z.(-, x) are nonincreasing. We start from
the total energy equality (5.10). Also thanks to (5.12), the energies £, enjoy the coercivity
property (3.33) with constants independent of €. Therefore, relying on the uniform bound
(5.12) for f;, and using that 6, > O a.e.in (0, T') x Q forevery ¢ > 0, one can repeat the very
same calculations as in the first step of the proof of Proposition 3.4, and conclude that the
left-hand side of (5.10) is uniformly bounded from above and from below, whence (5.14a),
(5.14b), (5.14e), (5.14f).

Second and third a priori estimates: ad (5.14g), (5.14h), and (5.14i): We (formally) test
(5.9) by 6¢ ~!, integrate in time, and arrive at the (formally written) analogue of (3.35), viz.
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t t
E%/O/QK(ZE,HS)V(QS‘/Z).V(Qg/z)dxds—i—ez/(;/;2]]))(15,98)6(118):e(zkE)Hf_ldxds

t t t
—I—s//@f‘_llisldxds—i—// he6 ™! dﬂ-(d_l(x)ds—i—//Hg@g_ldxds
0JQ 0 Jo 0JQ

t t
=8//989§_1dxds+8//OSB:e(ﬁS)Gg_ldxdsill—i—Iz.
0JQ 0JQ

(5.15)
As in the proof of Proposition 3.4, we estimate
o 0ya
Ilzs/%dx—ef%dx, (5.16)
Q Q
whereas we estimate I, = [ €0, B : e(i1:)0%~! by
ot t
L <P / / le(iie)|202 " dx ds + C/ / 101269~ dx ds , (5.17)
0Jo 0Jo

where the constant C subsumes the norm |B| as well. Combining (5.15)—(5.17) and then
arguing exactly in the same way as in the proof of Proposition 3.4, we end up with the
analogue of (3.36), i.e.,

1
giﬁ/o/QK(za,es)V(eg/z)-V(eg/z) dx ds+/g§(9§)“ dx < /Qg(ea(r))“ dx

t
-I—C/[ 02 (s)dx ds ,
0/

whence giﬂ fOT Jo K(ze, 0:)V(62'%).V(6%?) dx dt < C.From this, with the same arguments

as in the third step of the proof of Proposition 3.4, cf. (3.41), we infer that

T
//|V95|2dxdt§C£ﬁ,
0 Q

i.e. (5.14g). Then, (5.14h) follows from (5.14g) and (5.14f), via the Poincaré inequality.
Finally, (5.141) ensues by interpolation, as in the proof of Proposition 3.4. O

Observe that in the proof of Proposition 5.2 we have not been able to repeat the calculations
in the Fourth and Fifth estimates, cf. the proof of Proposition 3.4. In particular, from the
mechanical energy equality (5.8) we have not been able to deduce an estimate for e2e(i,)
in L2(0, T; L*(S2; R?*4)), since we cannot bound the term [; [, 0, : e(ie) dx ds on the
right-hand side of (5.8). Therefore, in the proof of our convergence result for vanishing
viscosity and inertia, Theorem 5.3 below, we shall have to resort to careful arguments in
order to handle the terms containing e(ii¢), in the passage to the limit in the momentum
equation and mechanical energy equality, cf. (5.30)—(5.33). In particular, differently from
Proposition 3.4, for a vanishing sequence (¢,), the convergences

t
ene(ite,) — 0 stronglyin L*(0, T; L*(2; R??)) and //98n se(iig,)dxds — 0,
0JQ

0 — © stronglyin L0, T) x Q)

(5.18)
will now be extracted from the weak heat equation (5.9), using integration by parts and the
information that ® is constant in space. It is in this connection that we need to further assume
homogeneous Dirichlet boundary conditions for the displacement on the whole boundary
%2, cf. (5.1).
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5.3 Convergence to Local Solutions of the Rate-Independent Limit System

Let us mention in advance that in Theorem 5.3 we will prove that, up to a subsequence, the
functions (ug, z¢, 6;) converge to a limit triple (u, z, ®) such that ® is spatially constant.
As we will see, the pair (u, z) fulfills the (pointwise-in-time) static momentum balance (i.e.
without viscosity and inertia), a semistability condition with respect to the energy & arising
from &, (5.6) in the limit ¢ | 0, and an energy inequality, where the viscous, the inertial,
and the thermal expansion contributions are no longer present. This inequality holds on [0, 7]
for every t € [0, T] in the general case, and on [s, ¢] for all ¢+ € [0, T'] and almost every
s € (0, ), under a further condition on the gradient term in the energy &, i.e. that ¢ > d.
Indeed, the three properties (momentum balance, semistability, energy inequality) constitute
the notion of local solution [41,58,65] to the rate-independent system driven by R; and €.
Observe that, in fact, the spatially constant ® does not appear in these relations, because it
contributes with a zero term to the momentum balance.

Moreover, testing the weak heat equation (5.9) with functions 7 that are constant in space
(which is the property of the limit temperature ® by (5.14g)) and taking into account the
bounds (5.11), (5.13), (5.14f), and convergence (5.18), we find in the limit relation 0 = 0.
This shows that the temporal evolution of ® is irrelevant in the rate-independent limit model.
In fact, in order to gain insight into the time evolution of ®, we will perform the limit
passage in the heat equation (5.9) rescaled by the factor 1/¢ and tested by n € H'(0, T),
constant in space. In this way, the heat-transfer term involving K, = S%K will disappear.
This will lead to an ODE for the limit function ®, cf. (5.26). Such an ODE involves a defect
measure [, i.e. a Radon measure on [0, 7'] arising in the limit of the viscous dissipation term
leD(ze, Oc)e(iie) = e(ite)ll L1 (g, see (5.27) below.

In the following proof, notice that Steps 0-3 can be proven for 8 > 0, while in Step 4
we need 8 > 2. Furthermore, the condition that the tensor B is constant in space will have a
crucial role in handling the thermal expansion term 6, B : e (i) in the rescaled heat equation,
cf. (5.32) ahead.

Theorem 5.3 Assume (2.1)~(2.4), (2.5), (2.8), and, in addition, let (5.1), (5.2) with f > 2,
(5.11), and (5.12) be satisfied. Let the initial data (u?, 12, 20, 09), fulfill (2.7), (5.13),

el — 0 in L*(Q;RY), (5.19)
and suppose that there exist uqy € Hé(Q; RY) and zo € Z such that

ug — ug in H];(Q; RY), zg —~z0inZ, & (0, u(g), zg) — &0, up,z0) ase 0,
(5.20)
with € as in (5.6).
Then, the functions (ug, Z¢, 0g), converge (up to subsequences) to a triple (u, z, ®) such
that

ue L0, T; HY (2 RY), 7€ L®0,T; Wh(Q)) N L0, T) x 2) NBV([0, T]; L'(R)),

[1,8/3] ifd=3,

. . p .
® is constant in space and © € LP(0,T) forany p € { [1.3] ifd=2.

(5.21)
The pair (u, z) fulfills the unidirectionality as well as

1. the semistability condition (2.12a) forallt € [0, T1, with the mechanical energy € defined
as in (5.6) with f; replaced by the weak limit f of the sequence (f;),, see (5.12);
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2. the weak momentum balance for all t € [0, T
/ Cm)e®) :e)dx = (f(). V) g1 ey forallv e Hp(Q:RY): (5.22)
Q

3. the mechanical energy inequality for all t € [0, T

t
G u. 20 + [ GO-20)dx £ E0.u0).20) + [ 90, 20 dr
Q 0
(5.23)
If in addition the function G fulfills the growth condition (2.5d) with q > d, then (u, z) also
Sulfill

t
E(I,u(t),z(t))-i-/(Z(S)—Z(t))dx < E(S,M(S),Z(S))-i-/ 0 E(ryu(r), z(r)) dr
Q s

(5.24)
forallt € [0, T] and for almost all s € (0, t). ~
Moreover; assume in addition that there exists H € L'(0, T) such that
LU Hel gy + Whell o) = H in L'(0, 7). (5.25)

Then, © fulfills

n(t)/ ()(t)dx—/ /deds—r;(O)/ O(0)dx
=/ ndu(s)—i—/ / 1Z] dxds—i—/ Hnds (5.26)
0

fora.a.t € (0, T) and for every n € H' (0, T) constant in space, with the defect measure
given by

leD(ze, Oc)e(tie) = e(ite)ll L1y —> 1 in the sense of Radon measures in [0, T]. (5.27)

Proof Step 0, compactness: It follows from Proposition 5.2 that for every vanishing sequence
(e¢n), there exist a (not relabeled) subsequence and a triple (u, z, ®) as in (5.21) such that
the following convergences hold

Ug, — in L0, T; HA(Q: RY)) (5.282)
Enlts, — 0 in Wh0, T; L*(2; RY)) , (5.28b)
Zey = 2 in L2, T; Wh9(Q)) N L¥((0,T) x ), (5.28¢)
Ze, (1) = 2(1) in wh(Q) forallz € [0, T], (5.28d)
Zg, (1) = z(1) inL"(2) foralll <r <ocandforallt €[0,7T], (5.28¢)
6:, — O in L2(0, T; HY(Q)) N LP((0, T) x Q) forall p as in (5.14i). (5.28f)

Indeed, (5.28a) ensues from (5.14a), and it gives, in particular, that e,u,, — O in
L*®0,T; Hé(Q; R?)). Then, convergence (5.28b) directly follows from estimate (5.14b).
Convergences (5.28¢)—(5.28¢) ensue from the very same compactness arguments as in the
proof of Proposition 4.1, also using the Helly Theorem. Furthermore, (5.28f) follows from
estimates (5.14h)—(5.14i) by weak compactness. Observe that in view of (5.14g) we have
that

V6, — 0 in L*(0, T; L*(2; RY)). (5.29)
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Therefore, we conclude that VO = 0 a.e. in (0, T) x . Since © is spatially constant,
hereafter we will write it as a function of the sole variable 7.
We now prove the enhanced convergence

0, — ©in L*(0, T; L*()). (5.30)
In fact, we use the Poincaré inequality

10, — ®Ollr200,7:12(02))
< IV(Os, — Ol 200,712 (2: YY)

— 0,

T
+C(Q,T)’/ /(egn — ©)dxds
0 Q

where the gradient term tends to 0 by (5.29), and the convergence of the second term follows
from (5.28f).
Finally, let us show that

ene(iig,) — 0 strongly in L*(0, T; L*(Q2; R¥*9)) . (5.31)

Preliminarily, observe that, since B and the limit function ® are constant in space, we have
by integration by parts

t t t
//@B:e(ugn)dxds=// @Bu-ugnd%"*‘(x)ds—//div(@JBa)-ugndxdszo,
0JQ 0 JoQ 0JQ
(5.32)

where we used dpQ2 = 9%, hence i1, € L*(0, T; HJ (2 R?)) implies that i, = 0 a.e. in
(0, T) x 92. Using (5.32) in the weak heat equation (5.9) tested by 1 and applying Young’s
inequality, we find

En ( / (0, (1) — Ofn)dx)
Q

1
> f / [e2D(ze,, Oc, elils,) : e(its,) = €4(0,—OB) : e(ite,)] dx ds (5.33)
0JQ

13
C .
= / / SZTDW(%,INZdX ds — C”0€n - ®|Ii2(0 T'LZ(Q))
0JQ e

with C = |B|/2. From this, taking into account that (921 )n is bounded in L'() by (5.13),
estimate (5.14f) for (;,),, and convergence (5.30), we conclude that limg, o &, |le(it¢,)
||L2(0,T;L2(Q;]Rd><d)) = 0, whence (53 1)

In fact, by Korn’s inequality we conclude that

ente, — 0 in H'(0, T; HY(; RY)). (5.34)

Step 1, passage to the limit in the momentum balance (5.7): Convergence (5.34), joint
with the boundedness (2.3¢) of the tensor ID, ensures that the first and the second summands
on the left-hand side of (5.7) tend to zero. Arguing as in the proof of Proposition 4.3, we show
that for every test function v in (5.7), C(z¢,)e(v) = C(z)e(v) in L2((0, T) x Q; R4>dy We
combine this with (5.28a) and, also using (5.28f), we pass to the limit in the third term on
the left-hand side of (5.7), recalling that the fourth summand converges to zero similarly to
(5.32). As for the right-hand side, by (5.13) we have

21" >0  inL*(:RY, (5.35)

n=ey
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hence the first term converges to zero. The second one tends to zero for almost all # € (0, T')
by (5.28b), which in particular gives

i, — 0 in L0, T; L*(2; RY)). (5.36)

For the third one, we use (5.12). We thus conclude that (5.22) holds at almost all # € (0, 7).

In order to check it at every t € [0, T], we observe that for every ¢+ € [0, T] from
the bounded sequence (ue,(¢)), (along which convergences (5.28) hold) we can extract
a subsequence, possibly depending on ¢, weakly converging to some u(t) in H]]D(SZ; RY).
Relying on convergence (5.28¢) for (zg,(?)), and on (5.12) for (f,(?)), with the same
arguments as above we conclude that fQ C(z(t))e(u(t)) : e(v)ydx = (f(2), ”>H,§(Q;Rd) for

allv e Hl%(Q; R%). Since this equation has a unique solution, we conclude that u () = u(¢)
for almost all # € (0, T'), and that the whole sequence u,, (t) weakly converges to u(t) for
every ¢t € [0, T]. In this way u extends to a function defined on [0, T'], such that

ue, (1) = u(t) in HE(Q; R?Y) forallz € [0, T, (5.37)

solving (5.22) atall ¢ € [0, T].

Step 2, enhanced convergences for (ue,),: As a by-product of this limit passage, we also
extract convergences (5.39) and (5.38) below for (u;, ),,, which we will then use in the passage
to the limit in the semistability and in the mechanical energy inequality. Indeed, we test (5.7)
by u,,, thus obtaining

t
lim sup/ / ((C(zsn)e(ugn)—égn IB) e(ug,)dx ds
0 JQ

n—oo

' t
< lim sup 85/ / |itg, |2 dx dr — lim inf/ / enD(zg,, b, )e(tts,) : e(ug,) dx ds
0Jo 0 Ja

n—00 n—00

+ lim sup 55/ il u(g)” dx — lim
Q

En
n—00 n—

inf &2 / iie, (1) - ug, (1) dx
R Q

t
+ lim sup/0 (fan’ “8,1>Hg(Q;Rd) >

n—oo

t t
=0+0+0 +0—|—/ (f, ”)Hé(sz;]Rd) ds :/ / C(z)e(u) : e(u)dxds
0 0JQ

where the first term in the right-hand side converges to zero thanks to (5.34), the second
one by the boundedness of D, (5.28a), and (5.34), the third one by (5.35) combined with the
boundedness of (”(s)n )n, the fourth one by (5.28a) and (5.36). The fifth term passes to the limit
by (5.12) and (5.28a). The last identity follows from (5.22). Remark that the second term in
the left-hand side converges to zero by (5.28a) and (5.28f), as done for (5.32).

From the above chain of inequalities we thus obtain that

t t
lim sup/ f Clzg,)e(ug,) = e(ug,)dx ds < / / C(2)e(u) : e(u) dx ds.
0 Ja 0 Ja

n—oo

Next, we may apply Lemma 4.7 to deduce that e(u,,) strongly converges to e(u) in
L2((0,T) x ; R¥*?), see also Lemma 4.8. Hence, by Korn’s inequality, we ultimately
infer

—u in L}(0, T; HL(2; RY)). (5.38)

Ug

n
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For later convenience, we observe that, in particular, this yields

/ Clze, (1))e(ug, (1)) : e(ug, (1)) dx — / C(z(t))e(u(t)) : e(u(r))dx  fora.a.r€ (0,7T).
Q Q
(5.39)

Step 3, passage to the limit in the semistability condition: In view of the pointwise con-
vergences (5.28d)—(5.28e) for z,, and u,, () — u(z) in Hﬁ(ﬂ; R%) (by (5.38)) for all
t € [0, T], we may apply the mutual recovery sequence construction from Theorem 4.5 in
order to pass to the limit as &, | 0 in the semistability (5.5). Also taking into account con-
vergence (5.12) for (fe,),. we conclude that (u, z) comply with the semistability condition
(2.12a) for every t € [0, T].

Step 4, passage to the limit in the mechanical energy inequality on (0,t): By lower semi-
continuity it follows from convergences (5.12), (5.37), (5.28d), and (5.28c) that

liminf &, (7, ue, (1), 2, () = E(t, u(t),z(t)) forallz €[0,T]. (5.40)
n—o0
Furthermore, combining (5.12) with (5.28a) we infer that

0rEe, (1 e, 26,) = = (fo, (0 tte, )1 . zay = = (F O )y o oy = 4w 2) in L20.T).
5.41)
We are now in a position to pass to the limit in the mechanical energy inequality (5.8). We
notice that the first term on the left-hand side of (5.8) is positive. For the second one we use
(5.40) and the third one converges to fQ (z(0) — z(#)) dx by (5.28e). The fourth one, given
by

1
// (e D(zg, Og)e(its)—0 B) : e(ity) dx ds,
0JQ

t
—//anIB:e(itsn)dxds.
0JQ

We can again argue as in (5.32)

'
//GEnIB’a:e(L'tgn)dxds
0 JQ

t t
= / / 0, Bv - itg, dH! (x)ds — / / div (0, B) - i1, dx ds (5.42)
0 JoQ 0JQ

t
=0—//div(98nIB%)«u£ndxds,
0 JQ

where we have used that i1, complies with homogeneous Dirichlet conditions on dp$2 = 9€2,
and then observe that

is bounded from below by

iV (Be, B) - tie, | 210, 1yxe) = ll€, ' div (B, B) - entie, | 1 (0.7yx0) < Cllentte, ll22¢0.1yx2) = O
(5.43)
due to estimate (5.14g) and (5.34). Notice that here we have used the fact that 8 > 2; this is
the only point where we use such requirement. As for the right-hand side, we observe that the
first term converges to zero by (5.19). The second term passes to the limit by the convergence
(5.20) for the initial energies, and the third one by (5.41).
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Therefore we conclude that
t
e(z,u<r>,zm>+/<z(0)—z(r))dx < 6(0,u<0),z(0))+/ 0,€ (s, u, )ds
Q 0

Step 5, case q > d, enhanced convergence for (z;,) and energy convergence: We now
prove that

lim / G(zg,(t), Vzg, (1)) dx = / G(z(t),Vz(t))dx foraa.r € (0,7), (5.44)

which, combined with (5.12), (5.39) and (5.38) will yield the pointwise convergence of the
energies

nli)ngo Ee, (t, ug, (1), 26, (1)) = E(t,u(), z(t)) foraa.re(0,7). (5.45)

We obtain (5.44) testing semistability (5.5) by a suitable recovery sequence (Zg, ), for
Z = z(t); in the following lines, to avoid overburdening notation we will drop # when writing
Zg, (1), 2(t), ug, (1), and u(t). Following [44, Lemma 3.9], where the recovery sequence right
below has been introduced to deduce energy convergence, we set

Ze, = max{0, z — ||z, — zllLo(@)} -

Now, for ¢ > d the convergence z,, — z in wla (), see (5.284d), implies z,, — z in
L®°(£2). Thus, it can be checked that

Ze, — 2 strongly in W4 (Q). (5.46)

Since Z¢, < zg,, we can choose it as a test function in (5.5). The term — (fgn (1), ug, >H1 (Q:Rd)
(S

on both sides of the inequality cancels out and we deduce

lim sup ( f (5C(z¢,e(ug,) : e(ug,) + G(ze,, Vae,)) dx)
n—o00 Q

(5.47)
= lim sup </ %(C(Z,,)e(ugn) te(ug,) dx +/ G(Zg,, Vis,) dx) <h+1DL,
Q Q

n—oo
where
I := lim / $CGne(us,) : e(us,) dx 5/ 3C@e(u) : e(u)dx
n—oo Q Q

combining (5.46) with (5.38) via the Lebesgue Theorem. It follows from (5.46), condition
(2.5d) on the growth of G from above, and again the Lebesgue Theorem that

L= lim | G, VZe,)dx = / Gz, Vz)dx. (5.48)
Q Q

n—oo

Taking into account the previously proven (5.39), from (5.47)—(5.48) we ultimately infer

lim sup/ G(zg,, Vzg,)dx < / G(z,Vz)dx,
n—oo JQ Q
whence (5.44).

Step 6, case q > d, passage to the limit in the mechanical energy inequality on (s, t): We
now pass to the limit in (5.8) written on an interval [s, t] C [0, T], for every ¢ € [0, T'] and
almost all s € (0, t). Clearly, it is sufficient to discuss the limit passage on the right-hand side
of (5.8), evaluated at s. The first summand tends to zero for almost all s, thanks to (5.34),
which in particular ensures g, (s) — 0in L2(Q; RY) for almost all s € (0, 7). The second
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term passes to the limit by (5.45), while the third and the fourth ones can be dealt with by
(5.42)—(5.43) and (5.41), respectively.

Step 7, limit passage in the rescaled heat equation and temporal evolution of ®: We con-
sider the heat equation (5.9) rescaled by the factor 1/¢ and tested by n € H'(0, T), constant
in space, which results in

t
n(t)/ eg(r)dx—/ 7'7/ 0, dx ds
Q 0 Q

t
= n(O)/ 92dx+/ r;/ (6 D(ze, Op)e(tis)—0: B) : e(ie) dx ds (5.49)
Q 0 Q

t t t
+/ n/ |z£|dxds+§/ n/ hgdﬂ{d—l(x)dwrg/ n/ H,dxds.
0 Q 0 Q2 0 Q

From the mechanical energy balance (5.8) we deduce by a comparison argument that
T
8/ f D(z¢, Bg)e(ue) : e(ie) dx ds < C, hence also
0 JQ

T
e/n/D(zs,eae(ug):e(uadxdsscunuoo
0 Q

forevery n € H'Y0,T), taking into account (5.12), (5.13) as well as (5.18). This allows us to
conclude that there exists a Radon measure u such that (5.27) holds. A comparison argument
in (5.49) leads to

t
8/ 7)/ s B : e(ite) dx ds| < Clinlloo ,
0 Je

also in view of the bounds (5.11), (5.141) and (5.14c). Since 7 is constant in space, inte-
gration by parts and an argument along the lines of Step 4 yield that indeed fot fQ no:.B :
e(ttg) dx ds — 0. Moreover, the third convergence in (5.18) implies that 6. (1) — ©(?) in
L%(Q) forae. r € (0, T). Using (5.25), we finally pass to the limit in (5.49) and find that ®
satisfies (5.26). m]

Acknowledgements This work has been supported by the Italian Ministry of Education, University, and
Research through the PRIN 2010-11 grant for the project Calculus of Variations, by the European Research
Council through the two Advanced Grants Quasistatic and Dynamic Evolution Problems in Plasticity and Frac-
ture (290888) and Analysis of Multiscale Systems Driven by Functionals (267802), and by GNAMPA (Gruppo
Nazionale per 1’ Analisi Matematica, la Probabilita e le loro Applicazioni) of INdJAM (Istituto Nazionale di
Alta Matematica) through the project Modelli variazionali per la propagazione di fratture, la delaminazione
e il danneggiamento. G.L. acknowledges also the support of the University of Wiirzburg, of the DFG grant
SCHL 1706/2-1, of SISSA, of the University of Vienna, and of the FWF project P27052. This paper was
submitted on October 24, 2014; the first referee report was received by the authors on December 6, 2017.

References

1. Agostiniani, V.: Second order approximations of quasistatic evolution problems in finite dimension.
Discrete Contin. Dyn. Syst. 32(4), 1125-1167 (2012)

2. Ambrosio, L., Tortorelli, V.M.: Approximation of functionals depending on jumps by elliptic functionals
via I'-convergence. Commun. Pure Appl. Math. 43(8), 999-1036 (1990)

3. Bonetti, E., Bonfanti, G.: Well-posedness results for a model of damage in thermoviscoelastic materials.
Ann. Inst. H. Poincaré Anal. Non Linéaire 25(6), 1187-1208 (2008)

4. Bourdin, B., Francfort, G.A., Marigo, J.-J.: The variational approach to fracture. J. Elast. 91(1-3), 5-148
(2008)

@ Springer




1683
1684
1685
1686
1687
1688
1689
1690
1691

1692
1693
1694
1695
1696
1697
1698
1699
1700
1701

1702
1703
1704
1705
1706
1707
1708
1709
1710
1711

1712
1713
1714
1715
1716
1717
1718
1719
1720
1721

1722
1723
1724
1725
1726
1727
1728
1729
1730
1731

1732
1733
1734
1735
1736
1737
1738
1739
1740
1741

J Dyn Diff Equat

5. Babadjian, J.-F., Millot, V.: Unilateral gradient flow of the Ambrosio—Tortorelli functional by minimizing
movements. Ann. Inst. H. Poincaré Anal. Non Linéaire 31(4), 779-822 (2014)

6. Bouchitté, G., Mielke, A., Roubicek, T.: A complete-damage problem at small strain. Zeit. Angew. Math.
Phys. 60, 205-236 (2009)

7. Bartels, S., Roubicek, T.: Thermo-visco-elasticity with rate-independent plasticity in isotropic materials
undergoing thermal expansion. ESAIM Math. Model. Numer. Anal. 45(3), 477-504 (2011)

8. Bonetti, E., Schimperna, G.: Local existence for Frémond’s model of damage in elastic materials. Contin.
Mech. Thermodyn. 16(4), 319-335 (2004)

9. Bonetti, E., Schimperna, G., Segatti, A.: On a doubly nonlinear model for the evolution of damaging in
viscoelastic materials. J. Differ. Equ. 218(1), 91-116 (2005)

10. Burenkov, V.I.: Sobolev Spaces on Domains, vol. 137. B. G. Teubner, Leipzig (1998)

11. Callister, W.D., Rethwisch, D.G.: Fundamentals of Materials Science and Engineering: An Integrated
Approach, 4th edn. Wiley, Hoboken (2012)

12. Dal Maso, G., DeSimone, A., Solombrino, F.: Quasistatic evolution for Cam-Clay plasticity: a weak
formulation via viscoplastic regularization and time rescaling. Calc. Var. Partial Differ. Equ. 40(1-2),
125-181 (2011)

13. Dal Maso, G., Francfort, G.A., Toader, R.: Quasistatic crack growth in nonlinear elasticity. Arch. Ration.
Mech. Anal. 176(2), 165-225 (2005)

14. Dal Maso, G., Lazzaroni, G.: Quasistatic crack growth in finite elasticity with non-interpenetration. Ann.
Inst. H. Poincaré Anal. Non Linéaire 27(1), 257-290 (2010)

15. Dal Maso, G., Scala, R.: Quasistatic evolution in perfect plasticity as limit of dynamic processes. J. Dyn.
Differ. Equ. 26(4), 915-954 (2014)

16. Eiermann, K.: ModellmiBige deutung der wirmeleitfahigkeit von hochpolymeren, teil2: Verstreckte amor-
phe hochpolymere. Kolloid-Zeitschrift und Zeitschrift fiir Polymere 199(2), 125-128 (1964)

17. Efendiev, M.A., Mielke, A.: On the rate-independent limit of systems with dry friction and small viscosity.
J. Convex Anal. 13(1), 151-167 (2006)

18. Francfort, G.A., Garroni, A.: A variational view of partial brittle damage evolution. Arch. Ration. Mech.
Anal. 182(1), 125-152 (2006)

19. Fiaschi, A., Knees, D., Stefanelli, U.: Young-measure quasi-static damage evolution. Arch. Ration. Mech.
Anal. 203(2), 415453 (2012)

20. Francfort, G.A., Larsen, C.J.: Existence and convergence for quasi-static evolution in brittle fracture.
Commun. Pure Appl. Math. 56(10), 1465-1500 (2003)

21. Fonseca, L., Leoni, G.: Modern Methods in the Calculus of Variations: L? Spaces. Springer, New York
(2007)

22. Frémond, M., Nedjar, B.: Damage, gradient of damage and principle of virtual power. Int. J. Solids Struct.
33, 1083-1103 (1996)

23. Feireisl, E., Petzeltovd, H., Rocca, E.: Existence of solutions to a phase transition model with microscopic
movements. Math. Methods Appl. Sci. 32(11), 1345-1369 (2009)

24. Frémond, M.: Non-Smooth Thermomechanics. Springer-Verlag, Berlin, Heidelberg (2002)

25. Giacomini, A.: Ambrosio—Tortorelli approximation of quasi-static evolution of brittle fracture. Calc. Var.
Part. Differ. Equ. 22, 129-172 (2005)

26. Garroni, A., Larsen, C.J.: Threshold-based quasi-static brittle damage evolution. Arch. Ration. Mech.
Anal. 194(2), 585-609 (2009)

27. Hahn, H.: Uber Anniherung an Lebesgue’sche Integrale durch Riemann’sche Summen. Sitzungsber.
Math. Phys. KI. K. Akad. Wiss. Wien 123, 713-743 (1914)

28. Heinemann, C., Kraus, C.: Complete damage in linear elastic materials: modeling, weak formulation and
existence results. Calc. Var. Part. Differ. Equ. 54(1), 217-250 (2015)

29. Halphen, B., Nguyen, Q.S.: Sur les matériaux standards généralisés. J. Mécanique 14, 39-63 (1975)

30. Iurlano, F.: Fracture and plastic models as I'-limits of damage models under different regimes. Adv. Calc.
Var. 6(2), 165-189 (2013)

31. Klein, R.: Laser Welding of Plastics. Wiley-VCH, Hoboken (2012)

32. Kocvara, M., Mielke, A., Roubicek, T.: A rate-independent approach to the delamination problem. Math.
Mech. Solids 11, 423-447 (2006)

33. Knees, D., Mielke, A., Zanini, C.: On the inviscid limit of a model for crack propagation. Math. Models
Methods Appl. Sci. 18(9), 1529-1569 (2008)

34. Knees, D., Rossi, R., Zanini, C.: A vanishing viscosity approach to a rate-independent damage model.
Math. Models Methods Appl. Sci. 23(4), 565-616 (2013)

35. Lemaitre, J., Desmorat, R.: Engineering Damage Mechanics: Ductile, Creep, Fatigue and Brittle Failures.
Springer, New York (2005)

@ Springer

:‘é: Journal: 10884-JODY Article No.: 9666 [ ] TYPESET [__]DISK [_JLE [_]CP Disp.:2018/5/5 Pages: 54 Layout: Small



1742
1743
1744
1745
1746
1747
1748
1749
1750
1751

1752
1753
1754
1755
1756
1757
1758
1759
1760
1761

1762
1763
1764
1765
1766
1767
1768
1769
1770
1771

1772
1773
1774
1775
1776
1777
1778
1779
1780
1781

1782
1783
1784
1785
1786
1787
1788
1789
1790
1791

1792
1793
1794
1795
1796
1797
1798
1799
1800
1801

J Dyn Diff Equat

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

S1.

52.

53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.

64.

Lions, J.-L., Magenes, E.: Non-homogeneous Boundary Value Problems and Applications, vol. I.
Springer-Verlag, Berlin, Heidelberg (1972)

Larsen, C.J., Ortner, C., Siili, E.: Existence of solutions to a regularized model of dynamic fracture. Math.
Models Methods Appl. Sci. 20(7), 1021-1048 (2010)

Lazzaroni, G., Rossi, R., Thomas, M., Toader, R.: Some remarks on a model for rate-independent damage
in thermo-visco-elastodynamics. J. Phys. Conf. Ser 727, 012009, 20 (2016)

Lazzaroni, G., Toader, R.: A model for crack propagation based on viscous approximation. Math. Models
Methods Appl. Sci. 21(10), 2019-2047 (2011)

Mielke, A.: Evolution in rate-independent systems (Ch.6). In: Dafermos, C.M., Feireisl, E. (eds.) Hand-
book of Differential Equations, Evolutionary Equations, vol. 2, pp. 461-559. Elsevier B.V, Amsterdam
(2005)

Mielke, A.: Differential, energetic and metric formulations for rate-independent processes (Ch. 3). In:
Ambrosio, L., Savaré, G. (eds.) Nonlinear PDEs and Applications.C.I.M.E. Summer School, Cetraro,
Italy 2008, pp. 87—170. Springer, Heidelberg (2011)

Martins, J.A.C., Monteiro Marques, M.D.P., Petrov, A.: On the stability of quasi-static paths for finite
dimensional elastic—plastic systems with hardening. ZAMM Z. Angew. Math. Mech. 87(4), 303-313
(2007)

Mielke, A., Petrov, A., Martins, J.A.C.: Convergence of solutions of kinetic variational inequalities in the
rate-independent quasi-static limit. J. Math. Anal. Appl. 348(2), 1012—-1020 (2008)

Mielke, A., Roubicek, T.: Rate-independent damage processes in nonlinear elasticity. Math. Models
Methods Appl. Sci. 16(2), 177-209 (2006)

Mielke, A., Roubicek, T.: Rate-Independent Systems. Theory and Application, volume 193 of Applied
Mathematical Sciences. Springer, New York (2015)

Martins, J.A.C., Rebrova, N.V., Sobolev, V.A.: On the (in)stability of quasi-static paths of smooth systems:
definitions and sufficient conditions. Math. Methods Appl. Sci. 29(6), 741-750 (2006)

Mielke, A., Roubicek, T., Stefanelli, U.: I'-limits and relaxations for rate-independent evolutionary prob-
lems. Calc. Var. Part. Differ. Equ. 31, 387416 (2008)

Mielke, A., Rossi, R., Savaré, G.: Modeling solutions with jumps for rate-independent systems on metric
spaces. Discrete Contin. Dyn. Syst. 25(2), 585-615 (2009)

Mielke, A., Rossi, R., Savaré, G.: BV solutions and viscosity approximations of rate-independent systems.
ESAIM Control Optim. Calc. Var. 18(1), 36-80 (2012)

Martins, J.A.C., Simdes, EM.F., Gastaldi, F., Monteiro Marques, M.D.P.: Dissipative graph solutions for
a 2 degree-of-freedom quasistatic frictional contact problem. Int. J. Eng. Sci. 33(13), 1959-1986 (1995)
Mielke, A., Theil, F.: On rate-independent hysteresis models. NoDEA Nonlinear Differ. Equ. Appl. 11(2),
151-189 (2004)

Miehe, C., Welschinger, F., Hofacker, M.: Thermodynamically consistent phase-field models of fracture:
variational principles and multi-field FE implementations. Int. J. Numer. Methods Eng. 83(10), 1273-1311
(2010)

Nardini, L.: A note on the convergence of singularly perturbed second order potential-type equations. J.
Dyn. Differ. Equ. 29(2), 783-797 (2017)

Necas, J., étl’pl, M.: A paradox in the theory of linear elasticity. Appl. Mat. 21, 431-433 (1976)
Royden, H.L., Fitzpatrick, P.M.: Real Analysis, 4th edn. Prentice Hall, Boston (2010)

Roubicek, T.: Rate-independent processes in viscous solids at small strains. Math. Methods Appl. Sci.
32(7), 825-862 (2009)

Roubicek, T.: Thermodynamics of rate independent processes in viscous solids at small strains. SIAM J.
Math. Anal. 40, 256-297 (2010)

Roubicek, T.: Adhesive contact of visco-elastic bodies and defect measures arising by vanishing viscosity.
SIAM J. Math. Anal. 45(1), 101-126 (2013)

Roubicek, T.: Nonlinearly coupled thermo-visco-elasticity. NoDEA Nonlinear Differ. Equ. Appl. 20(3),
1243-1275 (2013)

Roubicek, T.: Nonlinear Partial Differential Equations with Applications, volume 153 of International
Series of Numerical Mathematics, 2nd edn. Birkhduser/Springer Basel AG, Basel (2013)

Rossi, R., RoubiCek, T.: Thermodynamics and analysis of rate-independent adhesive contact at small
strains. Nonlinear Anal. 74(10), 3159-3190 (2011)

Rocca, E.,Rossi, R.: A degenerating PDE system for phase transitions and damage. Math. Models Methods
Appl. Sci. 24(7), 1265-1341 (2014)

Rocca, E., Rossi, R.: “Entropic” solutions to a thermodynamically consistent PDE system for phase
transitions and damage. SIAM J. Math. Anal. 47(4), 2519-2586 (2015)

Roubicek, T., Tomassetti, G.: Thermomechanics of damageable materials under diffusion: modelling and
analysis. Z. Angew. Math. Phys. 66(6), 3535-3572 (2015)

@ Springer

= | Journal: 10884-JODY Article No.: 9666 [ TYPESET [_]DISK [__]LE [_]CP Disp.:2018/5/5 Pages: 54 Layout: Small




1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812

J Dyn Diff Equat

65.

66.

67.

68.

69.

Roubicek, T., Thomas, M., Panagiotopoulos, C.: Stress-driven local-solution approach to quasistatic brittle
delamination. Nonlinear Anal. Real World Appl. 22, 645-663 (2015)

Scala, R.: Limit of viscous dynamic processes in delamination as the viscosity and inertia vanish. ESAIM
Control Optim. Calc. Var. 23(2), 593-625 (2017)

Thomas, M.: Quasistatic damage evolution with spatial BV-regularization. Discrete Contin. Dyn. Syst.
Ser. S 6, 235-255 (2013)

Thomas, M., Mielke, A.: Damage of nonlinearly elastic materials at small strain: existence and regularity
results. Zeit. angew. Math. Mech. 90(2), 88-112 (2010)

Wedler, G.: Lehrbuch der physikalischen Chemie, 4th edn. Wiley-VCH, Hoboken (1997)

Zel’dovic, J.B., Rajzer, J.P.: Physics of Shock Waves and High-Temperature Hydrodynamic Phenomena.
Dover, Illinois (2002)

@ Springer

:‘é: Journal: 10884-JODY Article No.: 9666 [ ] TYPESET [__]DISK [_JLE [_]CP Disp.:2018/5/5 Pages: 54 Layout: Small



	Rate-Independent Damage in Thermo-Viscoelastic Materials with Inertia
	Abstract
	1 Introduction
	2 Setup and Main Result
	2.1 Assumptions
	2.2 Weak Formulation and Main Existence Result

	3 Time-Discretization
	3.1 The Time-Discrete Scheme
	3.2 Time-Discrete Version of the Energetic Formulation
	3.3 A Priori Estimates

	4 Passage from Time-Discrete to Continuous
	4.1 Limit Passage in the Momentum Balance and the Energy Inequalities
	4.2 Limit Passage in the Semistability Inequality
	4.3 Energy Equalities and Limit Passage in the Heat Equation

	5 Asymptotic Behavior in the Slow Loading Regime: The Vanishing Viscosity and Inertia Limit
	5.1 Time Rescaling
	5.2 A Priori Estimates Uniform with Respect to ε
	5.3 Convergence to Local Solutions of the Rate-Independent Limit System

	Acknowledgements
	References


