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Abstract20

Water-saturated porous media exhibit a low-frequency (< 1 MHz) dispersion of the elec-21

trical conductivity caused by the polarization of the electrical double layer (EDL) coat-22

ing the charged solid-liquid interface. We develop a mathematical framework describ-23

ing the polarization caused by field-induced perturbations of the ion densities in the Stern24

and the diffuse layer of the EDL for two different geometrical configurations of solid and25

liquid phase. For spherical grains immersed in an electrolyte we derive an improved an-26

alytical description by combining suitable models for diffuse- and Stern-layer polariza-27

tion. The selected models differ from those usually used in geophysical literature and im-28

prove the agreement with the corresponding finite-element (FE) solution significantly.29

We then employ the validated FE model to examine the EDL in a pore-constriction ge-30

ometry, which is often used to study membrane polarization. Here, a suitable analyti-31

cal model can only be set up for a pure diffuse-layer polarization. The results for the cou-32

pled Stern- and diffuse-layer polarization in both geometries indicate that (1) the po-33

larization of the Stern layer is much stronger than the polarization of the diffuse layer34

as long as the EDL is not connected at the system scale; (2) this dominance of the Stern-35

layer polarization can be observed in both geometries, but (3) the contribution of the36

diffuse layer increases with increasing compaction as represented by the pore-constric-37

tion geometry; and (4) the contributions of both parts of the EDL reach similar levels,38

when the EDLs on different surfaces are interconnected at the system scale.39

1 Introduction40

Complex-conductivity measurements assess the frequency-dependent electrical con-41

duction and polarization properties of soil and subsurface materials. Because macroscopic42

measurements are correlated to pore and/or grain geometry, electrochemical character-43

istics of the solid-liquid interface, and of the pore-filling electrolyte, the method has a44

huge potential for novel hydrogeophysical (e.g., Börner et al., 1996; Hördt et al., 2009)45

and biogeophysical (e.g., Atekwana & Slater, 2009; Flores Orozco et al., 2011; Wainwright46

et al., 2015) applications. Although empirical relations based on these correlations are47

increasingly used in near-surface studies, there is no widely accepted model linking macro-48

scopic polarization effects to microscopic properties (e.g., Kemna et al., 2012). In ab-49

sence of conductive minerals, four mechanisms contribute to the low-frequency (< 1 MHz)50

dispersion of complex conductivity, all of which are sensitive to the polarization of dif-51
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ferent parts of the electrical double layer (EDL) at the solid-liquid interface (e.g., Lesmes52

& Morgan, 2001): (1) Maxwell-Wagner polarization, (2) polarization of the Stern layer,53

(3) polarization of the diffuse layer, and (4) membrane polarization.54

Maxwell (1892) and Wagner (1914) studied interfacial polarization in heterogeneous55

media consisting of two or more phases of different electrical conductivity and/or dielec-56

tric constant: unequal conduction and displacement current densities in the different phases57

are balanced by an accumulation of charge along the geometrical boundaries. O’Konski58

(1960) extended the Maxwell-Wagner theory to include the polarization of charges bound59

to the surface of charged particles. Later, Garcia et al. (1985) treated the case of uncharged60

dielectric particles in electrolyte solution. In contrast to earlier theories, which assume61

homogeneous conductivities in both phases resulting in true surface charge distributions,62

their treatment accounts for local field-induced concentration variations in the electrolyte63

and thus volume charge of finite extension. The characteristic time scales of the differ-64

ent types of Maxwell-Wagner polarization are short, such that this relaxation usually oc-65

curs at the high-frequency limit (kHz) of the complex-conductivity response (e.g., Leroy66

et al., 2008; Lesmes & Morgan, 2001).67

A first theory describing the polarization of the Stern layer was presented by Schwarz68

(1962) and improved by Schurr (1964). Schwarz’ theory accounts for the diffusion-controlled69

polarization of the Stern layer of bound counter-ions. Schurr combined this model with70

the one by O’Konski to include the effect of surface conductivity due to the diffuse layer.71

Because the contribution of the diffuse layer is frequency independent in this model, the72

dispersion of the complex conductivity is attributed to Stern-layer polarization and the73

diffuse layer only results in a uniform increase of the real part of the conductivity. Later,74

Schurr’s model provided the basis for the treatment by Leroy et al. (2008), which includes75

a detailed electro-chemical model to quantify the partition of charges into Stern and dif-76

fuse layer (see e.g., Revil & Glover, 1997, 1998) and also accounts for a grain-size dis-77

tribution. This model successfully predicted the response of glass beads (Leroy et al.,78

2008) and was extended to sand-oil-water mixtures later (Schmutz et al., 2010).79

The polarization of the diffuse layer has been studied by Dukhin and Shilov (1974),80

who developed a theory for the ion fluxes through thin diffuse layers, which induce con-81

centration variations in the diffuse layer and the adjacent electrolyte. This concentration-82

polarization mechanism has also been treated analytically by Fixman (1980), Chew and83

–3–
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Sen (1982a), and Hinch et al. (1984) among others. A numerical solution removing many84

of the limitations of the analytical approaches – e.g., the assumption of a thin diffuse layer85

compared to the particle radius, a sufficiently small surface potential, and a monovalent86

symmetric electrolyte – was presented by DeLacey and White (1981). Later, Shilov et87

al. (2001) included the effect of Maxwell-Wagner polarization into the classical Dukhin-88

Shilov theory yielding a good agreement with the numerical model by DeLacey and White89

(1981).90

Different attempts have been made to determine the relative importance of Stern-91

and diffuse-layer polarization and to develop combined models. Lyklema et al. (1983)92

generalized the Schwarz-Schurr model by including the coupling of charges in the Stern93

layer to those in the diffuse layer, which mainly results in a decrease of the relaxation94

time scale. Leroy et al. (2017) applied this approach to model the polarization response95

of calcite precipitations on glass beads. de Lima and Sharma (1992) analysed the mod-96

els by Schwarz, Schurr, and Fixman separately in order to assess their relative contri-97

bution to the overall polarization response. By superposing the individual responses, Lesmes98

and Morgan (2001) developed a combined model considering all three polarization mech-99

anisms, i.e., Stern-/diffuse-layer and Maxwell-Wagner polarization. The authors also in-100

cluded a volume-averaging approach to study water-particle mixtures characterized by101

a grain-size distribution. Based on the work of Kijlstra et al. (1992), Shilov et al. (2001)102

modified the Dukhin-Shilov theory to account for the contribution of the Stern layer to103

surface conductivity.104

Most theories describing the first three polarization mechanism rest on the ana-105

lytical solution of the underlying system of partial differential equations around one iso-106

lated spherical particle. The induced dipole moment of the polarized particle obtained107

from such treatment can then be used to derive the effective conductivity (or the effec-108

tive dielectric constant) of ensembles of more than one particle. The effective medium109

theory provides mixing laws for dilute suspensions (e.g., Maxwell, 1892; Wagner, 1914)110

or mixtures with higher particle concentrations (e.g., Bruggeman, 1935; Hanai, 1960).111

Membrane polarization is generally studied on pore networks with different levels112

of complexity. Marshall and Madden (1959) developed the first model for a sequence of113

two types of one-dimensional pores or zones. The membrane effect is introduced by as-114

suming different mobilities for cations and anions in the ”active” zone. While these au-115

–4–
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thors do not further specify the origin of mobility variations, later developments related116

ion selectivity to the unequal contributions of cations and anions to the surface conduc-117

tivity at the pore wall (Fridrikhsberg & Sidorova, 1961; Buchheim & Irmer, 1979; Titov118

et al., 2002, 2004). Blaschek and Hördt (2009) carried out numerical simulations on one-119

and two-dimensional pore networks, where the ion-selective behaviour of narrow pores120

is still parameterized in terms of ion mobilities, which are constant over the pore cross121

section. Volkmann and Klitzsch (2010) improved this approach and limited the ion se-122

lectivity – expressed in terms of unequal effective ion mobilities – to a thin layer cover-123

ing the pore walls.124

Bücker and Hördt (2013a) proposed an analytical model, which allows to explic-125

itly include pore radii and surface conductivity due to Stern and diffuse layer into the126

one-dimensional impedance model by Marshall and Madden. This model has later been127

extended to model the effect of temperature, fluid salinity, pH, and immiscible hydro-128

carbon contaminants on the polarization response (Bairlein et al., 2016; Hördt et al., 2016;129

Bücker et al., 2017). Based on the same model, Stebner and Hördt (2017) used impedance130

networks to model the membrane polarization of porous media. Because the model by131

Bücker and Hördt typically requires large aspect ratios, (length of a pore divided by its132

diameter), to produce measurable polarization magnitudes, Hördt et al. (2017) further133

investigated into the geometrical constraints of this membrane-polarization model.134

Besides geometrical constraints, the simplified consideration of the Stern layer is135

a major limitation of the existing theoretical treatment of membrane polarization. While136

combined treatments of Stern-, diffuse-layer, and Maxwell-Wagner polarization mech-137

anisms exist for grain-based models, the coupling between these three mechanisms is of-138

ten largely simplified in pore-constriction models. Irrespective from the model geome-139

try, the complexity of the equations for the fully coupled system describing all three mech-140

anisms, puts a challenge on analytical solutions, which therefore all suffer from strong141

simplifications or only treat limiting cases.142

The present paper addresses the repeatedly stated need for ”a mechanistic approach143

and [...] general framework in which all these mechanisms are explained and quantified144

in their relative importance” (Kemna et al., 2012). In the theory section, we compile the145

mathematical descriptions of all relevant physical processes and provide a mathemat-146

ical framework, which allows modelling the fully-coupled interplay of Stern- and diffuse-147
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layer polarization on arbitrary geometries. Subsequently, we derive an improved analyt-148

ical approximation for the polarization of a single grain, which matches the results ob-149

tained from numerically solving the equations of the generalized mathematical frame-150

work. The validated numerical model is then applied to the pore-constriction geometry.151

Based on the comparison of numerical and analytical results, we improve the membrane-152

polarization model by Bücker and Hördt (2013a) and for the first time study the fully153

coupled Stern- and diffuse-layer polarization in a pore-constriction geometry.154

2 Theory155

2.1 Electrical Double Layer Model156

Most solid surfaces in contact with aqueous solutions are charged. We will consider157

silica surfaces in contact with a monovalent electrolyte, such as NaCl, where the depro-158

tonation of silanol surface sites produces a negative surface-charge density Σ over a wide159

pH range (e.g., Somasundaran, 2006; Leroy et al., 2008). In the electrolyte next to the160

silica surface, the electric field of Σ attracts counter-ions (cations, if Σ < 0) and repels161

co-ions (here anions) giving rise to the development of two layers: The inner layer – also162

known as Stern or Helmholtz layer – consists of counter-ions adsorbed to the silica sur-163

face. The outer layer – also known as diffuse or Gouy-Chapman layer – is mainly pop-164

ulated by counter-ions and a minor fraction of co-ions both obeying Poisson-Boltzmann165

statistics.166

We adopt the simplified model displayed in Figure 1. The Stern layer is treated as167

an infinitely thin layer of counter-ions (e.g., Schwarz, 1962; Schurr, 1964; Leroy et al.,168

2008) and is characterized by the uniform surface charge density |Σ(0)
S | < |Σ| [the su-169

perscript (0) indicates quantities in the equilibrium state, i.e., without external excita-170

tion], which partly shields the electric field of Σ. Furthermore, we assume that charges171

in the Stern layer can only move along the surface, which reflects a strong binding of counter-172

ions to the surface.173

The movement of the ions in the diffuse layer is not restricted to the surface, i.e.,174

these ions can move in all directions. As a result of an equilibrium between simultane-175

ously acting electrostatic forces and thermal fluctuations, counter-ion excess and co-ion176

deficit concentrations smoothly decay with the distance d from the surface. At a far dis-177

tance from the surface, both ion concentrations approach their values in the bulk elec-178
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Figure 1. Simplified model of the equilibrium electrical double layer (EDL) at the charged

silica surface. Due to the deprotonation of silanol surface sites, the mineral surface acquires the

surface charge Σ. In the electrolyte, this usually negative charge is screened by an equal number

of the positive charges distributed over the Stern layer (Σ
(0)
S ) and the diffuse layer (Σ

(0)
D ). The

red line sketches the spatial variation of the electrical potential U (0) across the different parts of

the EDL.

–7–
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trolyte. Together with Σ
(0)
S , the total positive charge density ρ(d) in the diffuse layer screens179

the negative surface charge Σ. By integrating ρ(d) across the diffuse layer, we obtain the180

equivalent surface charge density Σ
(0)
d of the diffuse layer. In equilibrium, the EDL con-181

sisting of charged surface sites, Stern layer, and diffuse layer is electro-neutral, i.e., Σ
(0)
S +182

Σ
(0)
d = −Σ.183

The electric potential at the inner limit of the diffuse layer is usually identified with184

the ζ-potential at the plane of shear (e.g., Leroy et al., 2008; Bücker & Hördt, 2013a).185

Due to the space charge ρ, the electric potential U
(0)
a in the electrolyte decays from ζ186

at the solid-liquid interface to zero in the bulk electrolyte. Note that in the simplified187

model sketched in Figure 1, the (equilibrium) potential in the Stern layer U
(0)
S is equal188

to ζ.189

2.2 Basic Equations190

2.2.1 Bulk Electrolyte and Diffuse Layer191

The bulk electrolyte is characterized by the ion valences z±, mobilities µ±, and bulk192

concentrations C∞± , as well as the relative permittivity εa. For the sake of simplicity, we193

assume that the mobilities of cations (subindex +) and anions (subindex −) are equal,194

i.e., µ+ = µ− = µ, and limit our treatment to monovalent electrolytes, i.e., z± = ±1.195

In the case of a dilute solution, the electrical conductivity of the bulk electrolyte is then196

given by σa = 2eµC∞± .197

Spatial and temporal variations of the ion concentrations C±(r, t) and the electri-198

cal potential Ua(r, t) in the solution, i.e., in the diffuse layer and the bulk electrolyte,199

are controlled by the steady-state Nernst-Planck, mass continuity, and Poisson equations200

(e.g., Garcia et al., 1985):201

J±(r, t) = −D∇C±(r, t)− z±µC±(r, t)∇Ua(r, t) (1)202

∇J±(r, t) = −∂tC±(r, t) (2)203

∇2Ua(r, t) = − e

ε0εa
[C+(r, t)− C−(r, t)] (3)204

Here, D denotes the diffusion coefficient, e = 1.602×10−19 C is the elementary charge,205

and ε0 = 8.85×10−12 F/m is the vacuum permittivity. In absence of specific interac-206

tion between the different ion species, the Einstein relation D = µkBT/e can be used207

to connect diffusion coefficient and mobility of the ions. Here, kB = 1.381×10−23 J/K208

–8–
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is Boltzmann’s constant and T is the absolute temperature. The current densities J±209

defined by the steady-state Nernst-Planck equation 1 consider diffusion −D∇C± and electro-210

migration −z±µC±∇Ua ion fluxes.211

If the system is excited by a time-harmonic electric field E0e
iωt, where ω and t de-212

note angular frequency and time, respectively, the ion concentrations C±(r, t) can be ex-213

pressed by the sums of the static equilibrium concentrations C
(0)
± and perturbation con-214

centrations |δC±| (e.g., Garcia et al., 1985):215

C±(r, t) = C
(0)
± (r) + δC±(r, ω) · eiωt (4)216

The electrical potential Ua(r, t) can also be decomposed into the static equilibrium po-217

tential U
(0)
a and the perturbation |δUa| � U

(0)
a :218

Ua(r, t) = U (0)
a (r) + δUa(r, ω) · eiωt (5)219

By inserting equations 4 and 5 into equations 1 through 3 and Fourier-transforming the220

resulting system, the problem can be decomposed into a static part and a frequency-dependent221

part (e.g., Chew & Sen, 1982b, 1982a). While the frequency-dependent part couples to222

the static solution, the static part can be solved independently.223

To obtain the static part of the system, we set δC±, δUa, ∂t = 0. After a few ad-224

ditional manipulations, this yields the Boltzmann-distributed equilibrium ion concen-225

trations (Chew & Sen, 1982b)226

C
(0)
± (r) = C∞± exp

[
− z±e
kBT

U (0)
a (r)

]
(6)227

and the Poisson-Boltzmann equation (e.g., Chew & Sen, 1982b)228

∇2U (0)
a (r) = −κ2 kBT

e
sinh

[
e

kBT
U (0)
a (r)

]
, (7)229

where κ =
[
2e2C∞± /(ε0εfkBT )

]1/2
is the inverse Debye screening length. Together with230

the boundary conditions discussed below, equations 6 and 7 describe the equilibrium ion231

concentrations C∞± and the static electrical potential U
(0)
a in the diffuse layer and the232

bulk electrolyte.233

In order to obtain the solution of the frequency-dependent system under the in-234

fluence of a weak external field E0 exp(iωt), the steady-state Nernst-Planck equation 1235

is inserted into the continuity equation 2, Fourier-transformed and linearized, which gives236

–9–
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(e.g., Chew & Sen, 1982a)237

iωδC±(r, ω) = ∇
{
D∇δC±(r, ω)238

+µz±

[
C

(0)
± (r)∇δUa(r, ω) + δC±(r, ω)∇U (0)

a (r)
]}

+O(E2
0). (8)239

The frequency-dependent perturbation concentrations of the two ion species and the po-240

tentials are coupled to each other by the Fourier-transformed Poisson equation (e.g., Chew241

& Sen, 1982a)242

∇2δUa(r, ω) = − e

ε0εr
[δC+(r, ω)− δC−(r, ω)] . (9)243

Equations 8 and 9 constitute three coupled partial differential equations that describe244

the spatial variations of the perturbation quantities. As the boundary conditions at the245

solid surface link the solution in the electrolyte to the corresponding solutions in the Stern246

layer and the interior of the solid, we will discuss the boundary conditions further be-247

low.248

2.2.2 Stern Layer249

The Stern layer is modelled as a thin layer situated at the solid-liquid interface. In250

absence of an external excitation, the surface-charge density Σ
(0)
S in this layer is uniform.251

Under the influence of the electrical field E0 exp(iωt), the counter-ions move along the252

surface, but no charge exchange with the electrolyte nor the solid is considered. We de-253

scribe the surface-charge density in the Stern layer in terms of the constant equilibrium254

value Σ
(0)
S and the perturbation |δΣS | � Σ

(0)
S , such that255

ΣS(rS , t) = Σ
(0)
S + δΣS(rS , ω) exp(iωt), (10)256

where rS denotes the position vector in local coordinates along the solid-liquid interface.257

Adopting the treatment of the bound surface-charge densities on spherical particles pro-258

posed by Schwarz (1962) and Schurr (1964), the perturbation of the surface-charge den-259

sity in the Stern layer is controlled by260

iωδΣS(rS , ω) = ∇S
[
DS∇SδΣS(rS , ω) + µSΣ

(0)
S ∇SδUS(rS , ω)

]
+O(E2

0), (11)261

where ∇S is the surface Laplacian operating on functions defined on the geometrical bound-262

ary (also known as Laplace-Beltrami operator), µS is the mobility, DS is the diffusion263

coefficient, and δUS is the perturbation potential in the Stern layer. Note that equation264

–10–
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11 is the surface equivalent of equation 8 describing diffusion and electro-migration surface-265

flux densities within the Stern layer. Only the third term on the right hand side of equa-266

tion 8 has no equivalent because the constant potential results in a vanishing tangen-267

tial electrical field −∇SU (0)
S .268

For spherical particles of radius a centered at the origin of the spherical coordinate269

system (r,θ,φ) and an excitation parallel to the polar axis θ = 0, equation 11 takes the270

form (e.g., Schurr, 1964; Schwarz, 1962)271

iωδΣS(θ, ω) =
1

a2 sin θ

∂

∂θ

[
DS sin θ

∂

∂θ
δΣS(θ, ω) + µSΣ

(0)
S sin θ

∂

∂θ
δUS(θ, ω)

]
. (12)272

There is no particular surface equivalent of Poisson’s equation 9. Instead, the con-273

tinuity of the electrical potential at the solid surface (in conjunction with the vanishing274

thickness of the Stern layer) directly couples δUS and the surface-charge density δΣS to275

the adjacent perturbation potentials in electrolyte and solid.276

2.2.3 Solid Dielectric277

The solid dielectric has a relative permittivity εi and zero electrical conductivity.278

The spatial variation of the potential within the solid is governed by the Laplace equa-279

tion ∇2Ui(r, t) = 0. In equilibrium, the static electrical potential U
(0)
i must be equal280

to the (constant) ζ-potential on the surface and U
(0)
i must be constant throughout the281

solid. The Fourier-transformed frequency-dependent Laplace equation writes282

∇2δUi(r, ω) = 0, (13)283

which in conjunction with the spatially varying surface potential δUS(rS , ω) determines284

the perturbation potential δUi(r, ω) within the solid.285

2.3 Boundary Conditions286

At far distances d from the surface, the static background potential in the electrolyte287

should approach zero, i.e.,288

U (0)
a −−−→

d→∞
0. (14)289

At the surface, we take advantage of our knowledge of the constant potential U
(0)
i in-290

side of the solid (see above) and use the continuity of the displacement current to de-291

–11–
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fine the Neumann boundary condition292

−ε0εa∇U (0)
a

∣∣∣∣
surface

· n = Σ + Σ
(0)
S , (15)293

where n denotes the unit normal vector to the solid surface (pointing out of the solid into294

the electrolyte) and Σ + Σ
(0)
S = −Σ

(0)
d is the net surface-charge density. The bound-295

ary conditions on the equilibrium ion concentrations C
(0)
± are implicit to equation 6.296

The perturbation potential at far distances d from the surface must be equal to val-297

ues corresponding to the external electrical field, i.e.,298

δUa(r, ω) −−−→
d→∞

−Eext(r) · r, (16)299

while the ion concentrations should approach their bulk values, i.e.,300

δC±(r, ω) −−−→
d→∞

0. (17)301

At the surface of the solid, the solutions for the three model domains – electrolyte, Stern302

layer, and solid – are pieced together. The continuity of the electrical potential demands303

the three perturbation potentials to be equal at any point rS on the surface, i.e.,304

δUi(rS , ω) = δUS(rS , ω) = δUa(rS , ω). (18)305

We assume that on the time scales of interest, ions of the solution do not engage in sur-306

face reactions, thus they are neither produced nor consumed and the normal fluxes through307

the surface are zero, i.e.,308 {
−D∇δC±(r, ω)−µz±

[
C

(0)
± (r, ω)∇δUa(r, ω) + δC±(r, ω)∇U (0)

a (r, ω)
]}∣∣∣∣

r=rS

·n = 0. (19)309

The continuity of the displacement current implies that (e.g., Schwarz, 1962)310

[−ε0εa∇δUa(r, ω) + ε0εi∇δUi(r, ω)]

∣∣∣∣
r=rS

· n = δΣS(rS), (20)311

which completes the set of boundary conditions.312

3 Polarization of Spherical Grains313

The model set up in the previous section describes the charge polarization of the314

Stern layer and the concentration polarization produced by unequal contributions of an-315

ions and cations to electrical conduction through the diffuse layer. In this section, we316

will study the relative importance of both polarization mechanisms for the case of di-317

lute suspensions of dielectric spheres. Because even for spherical particles no analytical318
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solution of the fully coupled problem is known, we first obtain a suitable analytical ap-319

proximation of the coupled polarization process, which combines (i) the Stern-layer po-320

larization model by Schwarz (1962), including the correction of the corresponding relax-321

ation time proposed by Lyklema et al. (1983), and (ii) the diffuse-layer polarization model322

developed by Dukhin and Shilov (1974). In order to assess the quality of our analyti-323

cal model and open the possibility to model the polarization response of more complex324

geometrical configurations, we also present a numerical finite-element solution.325

3.1 Analytical Model326

At distances far from a spherical particle of radius a centred at the origin of the327

spherical coordinate system r = (r, θ, φ), all approximate analytical solutions take the328

form (e.g., Maxwell, 1892; Wagner, 1914; Schurr, 1964; Dukhin & Shilov, 1974)329

δUa(r, ω) = E0

[
−r +

f(ω)a3

r2

]
cos θ, (21)330

if the external excitation is parallel to the polar axis, i.e., θ = 0. The first term of this331

expression accounts for the potential due to the external field and the second term de-332

scribes the effective long-range dipole moment of the polarized particle. The reflection333

coefficient f(ω) contains the complete information on the macroscopic polarization re-334

sponse of the particle. For a pure Maxwell-Wagner polarization, it writes335

f(ω) =
σ∗i (ω)− σ∗a(ω)

2σ∗a(ω) + σ∗a(ω)
, (22)336

where σ∗a(ω) = σa + iωε0εa and σ∗i (ω) = iωε0εi are the complex conductivitiy of the337

bulk electrolyte and the non-conducting particle, respectively.338

With f(ω) for one spherical particle at hand, the effective complex conductivity339

σ∗(ω) of a dilute suspension of a number of equal particles can be obtained using a gen-340

eralized form of the theory by Wagner (1914)341

σ∗(ω)

σ∗a
=

1 + 2νf(ω)

1− νf(ω)
, (23)342

where ν denotes the volume fraction of suspended particles. Together with the complex343

conductivities σ∗a and σ∗i , equations 22 and 23 describe the Maxwell-Wagner polariza-344

tion of suspensions of dielectric particles in a medium with homogeneous complex con-345

ductivity σ∗a(ω).346

O’Konski (1960) included the effect of an uniform surface charge density Σx into347

this model. He found that the effect of charge carriers that move freely along the par-348
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ticle surface can be taken into account by adding the effective conductivity increment349

σx = 2µxΣx/a to the complex conductivity σ∗i of the particle. According to this idea,350

the effective conductivity of the diffuse layer can be expressed as351

σd = |σd+ + σd−| =
2µ|Σ(0)

d+ − Σ
(0)
d−|

a
, (24)352

where the contributions of the two types of ions to the effective conductivity of the dif-353

fuse layer are defined as354

σd± =
±2µΣ

(0)
d±

a
. (25)355

For sufficiently thin diffuse layers, i.e., κa� 1, the equivalent surface charge densities356

in the diffuse layer can be related to the surface charge using a variation of Bikerman’s357

equation for the surface conductivity near a (highly) charged plane surface (e.g., Shilov358

et al., 2001)359

Σ
(0)
d± = ±

2eC∞±
κ

[
exp

(
∓ eζ

2kBT

)
− 1

]
. (26)360

Note that while the total charge stored in the diffuse layer is represented by the sum of361

both contributions, i.e., Σ
(0)
d = Σ

(0)
d+ + Σ

(0)
d−, the total surface conductivity of the dif-362

fuse layer σd is proportional to their difference. For a given surface charge density Σ
(0)
d ,363

the ζ-potential can be obtained from364

ζ(Σ
(0)
d ) = −2kBT

e
sinh−1

(
Σ

(0)
d

κ

4eC∞±

)
. (27)365

This relation can readily be obtained from equation 26. Resolved for Σ
(0)
d (ζ), it is also366

known as Grahame equation (Grahame, 1947).367

The surface-charge density of the Stern layer can be expressed in terms of the ef-368

fective conductivity369

σS =
2µS |Σ(0)

S |
a

. (28)370

In the present study, the partition of counter-ions into diffuse layer and Stern layer will371

be expressed in terms of the ratio p = −Σ
(0)
S /Σ. Note that this definition is slightly dif-372

ferent from the partition coefficient fQ = Σ
(0)
S /(Σ

(0)
d+ + Σ

(0)
S ) introduced by Leroy and373

Revil (2004).374

3.1.1 Stern-Layer Polarization375

If the entire counter charge is located in the Stern layer (i.e., p = 1), and no dif-376

fuse layer is present (i.e., Σ
(0)
d , ζ = 0), the low-frequency response of the particle is caused377
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Figure 2. Sketch of the polarization of the Stern layer: (a) negatively charged particle and

Stern layer in equilibrium; (b) under the influence of the external field E, cations in the Stern

layer move along the surface, deplete on the left side and accumulate on the right side of the par-

ticle. The resulting net surface charge δΣS causes field-induced diffuse layers of opposite charge

to build up in the electrolyte next to the charged surfaces (e.g., Lyklema et al., 1983).

by the polarization of the Stern layer only (see Figure 2). In the thin double layer limit,378

i.e., κa� 1, the solution of the polarization problem can be approximated as done by379

Schwarz (1962). In terms of the reflection coefficient f defined in equation 21, the final380

result obtained by Schwarz (1962) can be expressed as (from his equation 13)381

fS(ω) =
σ∗S(ω)− σ∗a(ω)

2σ∗a(ω) + σ∗S(ω)
, (29)382

where σ∗S is the effective complex conductivity of the spherical particle, which writes (from383

Schwarz, 1962, eq. 14 and 16)384

σ∗S(ω) = σS
iωτS

1 + iωτS
+ iωε0εi. (30)385

Note that the particle is assumed to be non-conducting, i.e., σi = 0. The relaxation time386

of the Stern-layer polarization τS can be expressed as (Lyklema et al., 1983, eq. 36)387

τS =
a2

2DSM
, (31)388

where the coefficient M defined as (Lyklema et al., 1983, eq. 34)389

M = 1 +
κΣ

(0)
S

2eC∞± cosh[ζ/(2kBT )]
(32)390

accounts for the coupling of the charges in the Stern layer to the electrolyte, which had391

not been considered in the original model by Schwarz (1962).392

Because ζ = 0 if p = 1, there is no equilibrium diffuse layer and the polariza-393

tion response is only due to the polarization of the Stern layer, first term in equation 30,394
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Figure 3. Sketch of the polarization of the diffuse layer: (a) negatively charged particle, dif-

fuse layer, and bulk electrolyte in equilibrium; (b) under the influence of the external field E, the

high effective conductivity of the diffuse layer leads to an accumulation of positive charge on the

right side and negative charge on the left side of the particle. In addition, unequal migration flux

densities of cations and anions through the diffuse layer are counter-balanced by an electroneutral

salinity gradient that builds up next to the particle.

and the Maxwell-Wagner polarization caused by the conductivity and permittivity con-395

trasts between particle and electrolyte.396

3.1.2 Diffuse-Layer Polarization397

In the opposite case, in which no Stern layer exists (i.e., p = 0) and the entire counter398

charge is located in the diffuse layer, only the diffuse layer polarizes (see Figure 3). This399

scenario has been treated by Dukhin and Shilov (1974) for the limit of thin diffuse lay-400

ers. If electro-osmotic effects are neglected, i.e., in the limit of an infinitely large fluid401

viscosity, the result of the classical Dukhin-Shilov theory can be expressed in terms of402

the reflection coefficient (e.g., Grosse & Shilov, 1996; Shilov et al., 2001)403

fd(ω) =
2Du(ζ)− 1

2Du(ζ) + 2
− 3S

2

(σd+ − σd−)2

σ2
a[2Du(ζ) + 2]2

[
1− iωτα

1 +
√
iω2τα/S + iωτα

]
, (33)404
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Figure 4. Sketch of the coupled polarization of Stern and diffuse layer: due to the presence of

a diffuse layer, the net surface density in the polarized Stern layer δΣS is larger than in the case

without diffuse layer (Lyklema et al., 1983). In the inner part of the diffuse layer, δΣS attracts

opposite charges (here positive on the right and negative on the left side of the particle). In the

outer part, the charge in the diffuse layer changes its sign, which compensates for the high effec-

tive conductivity of this layer (as in Figure 3). The salinity gradient in the electrolyte next to

the particle is a result of the unequal migration flux densities of cations and anions through the

diffuse layer.

where Du(ζ) = σd/(2σa) is the Dukhin number. The coefficient S, which appears in405

the expression for fd, writes406

S =
[Du(ζ) + 1]σ2

a

(σd+ + σa)(σd− + σa)
(34)407

and the time constant is defined as τα = a2S/(2D). The effective conductivity of the408

suspension can be obtained by substituting f by fd in equation 23. Note that this for-409

mulation only accounts for the polarization of the diffuse layer; an extension including410

Maxwell-Wagner polarization can be found in Shilov et al. (2001).411

3.1.3 Coupled Polarization412

For any value 0 < p < 1, the counter charges are distributed over Stern and dif-413

fuse layer, which leads to a simultaneous polarization of both parts of the EDL (see Fig-414

ure 4). As argued by Lesmes and Morgan (2001), the coupled polarization can be ap-415

proximated by a superposition of the individual responses, i.e., by adding the effective416

complex dielectric constants of the particle (or the corresponding effective complex-conductivity417
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increments). In order to obtain an effective conductivity increment describing the dif-418

fuse-layer polarization, we rearrange equation 22 as follows:419

σ∗d(ω) = σ∗a(ω)
1 + 2fd(ω)

1− fd(ω)
. (35)420

The effective conductivity σ∗S , which accounts for Stern-layer and Maxwell-Wagner po-421

larization, is given by equations 30 through 32 and, thus, the total effective conductiv-422

ity of the particle including all three mechanisms writes423

σ∗c (ω) = σ∗d(ω) + σ∗S(ω) = σ∗d(ω) + σS
iωτS

1 + iωτS
+ iωε0εi. (36)424

Note that this expression is almost the same as the one obtained by Schurr (1964)425

except for the decrease of τS by the factor M and the substitution of σd by σ∗d(ω), i.e.,426

including the frequency-dependent contribution of the diffuse layer defined by equations427

33 through 35.428

The new coupled model described here is also similar to the one proposed by Lesmes429

and Morgan (2001), from which it differs with regard to (i) the relaxation time of the430

Stern layer τS , where we use the correction by Lyklema et al. (1983), (ii) the low-frequen-431

cy contribution σS of the Stern layer (their equations 5 and 6), which we do not consider432

because it contradicts the assumption of a strongly bound Stern-layer; and (iii) the se-433

lection of the model describing the diffuse-layer polarization, where we use the Dukhin-434

Shilov theory instead of the model by Fixman (1980). Fixman’s assumption that the co-435

ion contribution to the surface conductivity can be ignored for sufficiently high ζ-potentials436

does not hold for the range of ζ-potentials studied here. We found that this simplifica-437

tion significantly affects the real part of the complex conductivity (not shown here for438

brevity).439

3.2 Numerical Model440

Figure 5 shows the geometrical set-up used for the numerical modelling. The di-441

electric particle of radius a is centred at the origin of coordinates and the external elec-442

tric field is imposed in x-direction, i.e., Eext = E0ex, where ex denotes the unit vec-443

tor in x-direction. Due to the cylindrical symmetry of the problem, the numerical sim-444

ulation can be carried out on the two-dimensional model domain in Carthesian coordi-445

nates r = (x, y) marked in red in Figure 5.446
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Figure 5. Three-dimensional sketch of the geometrical set-up used for the numerical simu-

lation of the polarization around spherical particles. The particle of radius a is enclosed by a

cylinder of radius L and height 2L, which represents the electrolyte. The red rectangle marks the

actual two-dimensional model domain.

We use the finite-element software COMSOL Multiphysics to successively obtain447

the static and the frequency-dependent solution. We first solve the Poisson-Boltzmann448

equation 7, which contains U (0)(r) as only unknown variable. For the numerical imple-449

mentation, boundary conditions 14 and 15 are translated as follows: U (0) = 0 on the450

left, right, and top boundary; [ε0εi∇U (0)
i − ε0εa∇U (0)

a ]n = −Σ
(0)
d on the particle sur-451

face; and ∂U(0)/∂y = 0 on the axis of symmetry. The static background ion concen-452

trations are computed by inserting U
(0)
a into equation 6.453

Subsequently, we solve the frequency-dependent part described by equations 8, 9,454

11, and 13 and the boundary conditions 16 through 20. For the numerical solution, the455

latter are adjusted as follows: δn± = 0 and δUa = ±E0L on the left and right bound-456

ary, respectively; J± = 0 and ∂δU/∂y = 0 on top boundary and on the axis of sym-457

metry; unchanged on the particle surface. While the static solution only needs to be com-458

puted once for each set of model parameters (i.e., a, Σ, p, etc.), the frequency-dependent459

problem has to be solved for each value of the angular frequency ω separately.460

Because bulk values are implicitly assumed on the left, right, and top boundary,461

these boundaries must be placed sufficiently far away from the particle surface, where462

the polarization is expected to cause non-zero perturbations. As a trade-off between pre-463

cision and computational cost, we define a standard domain size of L = 10a. For more464

technical details on the implementation, see the appendix.465
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The effective conductivity of the model can be obtained from the numerical inte-466

gration of the total ion flux densities through the left (or likewise the right) boundary,467

i.e.,468

σ∗mod =
2

E0L2

∫ L

0

[J+(y) + J−(y)] exydy, (37)469

where the term ydy accounts for the area element of the boundary and the factor 2/L2
470

stems from the normalization with the total area.471

The standard domain size is L = 10a and corresponds to a rather small volume472

fraction of dielectric particles. Therefore, we scale the modelled effective conductivities473

σ∗mod(ω) to a more realistic volumetric content of ν = 0.4 using the mixing rule defined474

in equation 23 with475

f(ω) =
1

νmod

σ∗mod(ω)− σ∗a(ω)

σ∗mod(ω) + 2σ∗a(ω)
. (38)476

3.3 Comparison of Analytical and Numerical Solution477

Unless otherwise stated, the following parameter values are used to obtain both nu-478

merical and analytical results: the relative permittivities are εa = 80 for the aqueous479

electrolyte and εi = 4.5 for the solid, which is a typical value for quartz sand (e.g., Robin-480

son & Friedman, 2003). The uniform ion mobility is µ = 5 · 10−8 m2/(Vs), which is481

approximately equal to the mobility of the sodium cation (e.g., Atkins & De Paula, 2013)482

and will be used for both ion species in the electrolyte. The mobility of the counter-ions483

in the Stern layer is only 10% of the ion mobility in the bulk electrolyte, i.e., µS = µ/10.484

This value corresponds to the reduction of the cation mobility in the Stern layer inferred485

for K+ on latex surfaces by Zukoski and Saville (1986) and for Na+ on clay surfaces by486

Revil and Glover (1998) and Revil et al. (1998). For near-neutral pH of the solution and487

ion concentrations in the bulk electrolyte of C∞± = 1 mol/m2, it is adequate to assume488

a surface charge density of Σ = −0.01 C/m3 (e.g., Kosmulski, 2006). The absolute tem-489

perature of T = 293 K (room temperature) and the above-mentioned volumetric con-490

tent of ν = 0.4 complete the set of standard model parameters.491

Figure 6 displays the conductivity spectra of a suspension of spherical particles of492

radius a = 5 µm for six values of p between 0 and 1. The effective conductivity of the493

mixture σ∗ is expressed in terms of the corresponding real (σ′) and imaginary (σ′′) parts.494

In Figure 6a, we observe a continuous decrease of σ′ with increasing p. This means that495

the surface conductivity due to counter-ions in the diffuse layer is much larger than the496
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Figure 6. Complex-conductivity spectra of a suspension of dielectric particles of radius a = 5

µm at different ratios p = −Σ
(0)
S /Σ, i.e., the surface charge in the Stern layer increases with p.

Complex-valued conductivties in terms of real (a) and imaginary (b) parts normalized to the

bulk conductivity σa. Numerical results (grey circles) are displayed along with the corresponding

analytical models according to equation 36 using the simple relaxation time after Schwarz (1962)

(M = 1 in equation 31, dotted line) and using the corrected relaxation time after Lyklema et al.

(1983) (M 6= 1, solid line). The values of ζ shown in (b) are computed from equation 27.
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Figure 7. Numerical (filled circles) and analytical (lines) imaginary conductivity spectra

for small surface charge densities Σ
(0)
S in the Stern layer. Analytical curves are calculated from

equation 36, using the values of Σ
(0)
S and Σ

(0)
d given in this Figure. Curve 1: numerical solution

for the coupled Stern and diffuse-layer polarization; curves 2 and 3: analytical solution for the

coupled Stern and diffuse-layer polarization using M = 1 and M 6= 1 in equation 31, respectively;

curve 4: analytical solution for a pure Stern-layer polarization using M = 1; curves 5 and 6:

numerical and analytical solutions for a pure diffuse-layer polarization and two different surface

charge densities Σ
(0)
d in the diffuse layer.

one of the Stern layer. This is due, on the one hand, to the significantly reduced mobil-497

ity of the counter-ions in the Stern layer, which affects all frequencies equally. On the498

other hand, at low frequencies, the Stern layer is completely polarized and does not con-499

tribute to the DC conductivity because we assume that it cannot exchange ions with the500

bulk electrolyte. However, the Stern layer does contribute to the high-frequency limit501

of σ′, i.e., at frequencies larger than the characteristic frequency of the Stern-layer po-502

larization. The higher p and thus the surface conductivity σS , the larger becomes the503

difference between high- and low-frequency limits of σ′, which is largest in the case of504

a pure Stern-layer polarization (p = 1). In contrast, in the case of a sole diffuse-layer505

polarization (p = 0), we hardly recognize any variation of σ′ with the angular frequency.506

The peak imaginary conductivity σ′′ (Figure 6b) increases almost linearly with p,507

i.e., the charge density in the Stern layer. For the same surface-charge densities, the Stern-508
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layer polarization (p = 1) results in a maximum of σ′′, which is approximately an or-509

der of magnitude larger than the peak produced by the corresponding diffuse-layer po-510

larization (p = 0). From Figure 7, which shows a close-up of the small imaginary con-511

ductivities generated in the case of a depopulated Stern layer, it is evident that even a512

small fraction of 20% of positive charge located in the Stern layer produces a stronger513

response than the other 80% located in the diffuse layer. It is worth mentioning that the514

polarization magnitude (here in terms of the maximum of σ′′) largely varies with the mo-515

bility of the counter-ions in the Stern layer. In a separate analysis, we observed a dif-516

ference between the magnitudes of the two polarization processes of two orders of mag-517

nitude when a larger mobility of µS = µ/2 was assumed (not shown). This observa-518

tion is in agreement with the results obtained earlier by Lesmes and Morgan (2001) and519

confirms their conclusion that the Stern-layer polarization produces a much stronger fre-520

quency dispersion than the diffuse-layer polarization.521

For sufficiently small values of p, Figure 7 also shows that the contribution of the522

diffuse-layer polarization results in a slight increase of the polarization magnitude and523

the characteristic angular frequency (curves 1 and 3) as compared to the pure Stern-layer524

polarization (curve 4). The latter is related to the higher characteristic frequency of the525

diffuse-layer relaxation as a consequence of the shorter relaxation time, here τα ≈ τS/2526

because S ≈ 1.527

The comparison of the corresponding curves in Figures 6 and 7 also serves as a mu-528

tual validation of our finite-difference implementation and the new analytical approx-529

imation for the coupled polarization response. For angular frequencies between 0.1 and530

104 mrad/s, the relative deviation between analytical and numerical results is < 0.3%531

in the real part and < 20% in the imaginary part of the effective conductivity. Here,532

the analytical approximation clearly underestimates the polarization magnitude. A good533

agreement, however, is observed between the characteristic frequency, i.e., the angular534

frequency at which the σ′′ peaks are observed. Apart from the underestimated polar-535

ization magnitude, the good agreement between numerical and analytical curves confirms536

the approach to model the coupled polarization process by a simple superposition of the537

individual responses of Stern and diffuse layer.538
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Figure 8. Three-dimensional sketch of the geometrical set-up used for the numerical simu-

lation of membrane polarization in a pore constriction. The two wide cylinders of length L1/2

and radius R1 and the narrow cylinder of length L2 and radius R2 are saturated with electrolyte

solution. The volume around the narrow cylinder belongs to the non-conducting matrix with

dielectric constant εi. The red rectangle marks the actual two-dimensional model domain.

4 Membrane Polarization539

Besides the polarization of Stern and diffuse layer around grains, the polarization540

of ion-selective pore constrictions can also cause a low-frequency dispersion of the com-541

plex conductivity. In the present section, we study this membrane-polarization mech-542

anism based on an alternating series of wide and narrow cylinders. The cylinder walls543

are negatively charged and covered by an EDL consisting of a Stern and a diffuse layer,544

both contributing to the macroscopic polarization of the system. In order to assess their545

relative contributions, effective conductivity spectra are computed for varying charge den-546

sities in the two layers. Because no analytical model is available for the coupled response547

in this geometry, we resort to the numerical finite-element implementation validated in548

the previous section. We also show that after a slight modification presented here, the549

analytical membrane-polarization model proposed by Bücker and Hördt (2013a) repro-550

duces the numerical results for the sole diffuse-layer polarization fairly well.551

4.1 Analytical Model for Diffuse-Layer Polarization552

Bücker and Hördt (2013a) considered the sequence of wide and narrow pores sketched553

in Figure 8. The pores are characterized by their radii Ri and lengths Li; the indices 1554
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and 2 denote properties of the wide and the narrow pore, respectively. A non-zero ζ-po-555

tential at the cylinder walls causes diffuse layers to build up. According to Bücker and556

Hördt (2013a), upon excitation by an external electrical field, the electrical current par-557

allel to the symmetry axis will be controlled by the mean ion concentrations558

b±,i =
2π

C∞± A1

∫ Ri

0

rC
(0)
±,i(r)dr. (39)559

These mean ion concentrations are averaged over the pore cross section and normalized560

with the bulk ion concentration C∞± . An additional normalization with the area of the561

wide pore A1 = πR2
1 accounts for the reduction of the total current through the nar-562

row pore due to the reduced cross section (see Bücker & Hördt, 2013a).563

For sufficiently small ζ-potentials, i.e., ζ � kBT/e, the radial variation of the elec-564

trical potential in the pore can be approximated by solving the linearized Poisson-Boltz-565

mann equation in cylindrical coordinates, which gives (Hunter, 1981; Bücker & Hördt,566

2013a)567

U (0)
a (r) = ζ

J0(iκr)

J0(iκR)
, (40)568

where J0 is the Bessel function of the first kind and order zero. The radial variation of569

the ion concentrations C
(0)
±,i(r) are obtained by inserting U

(0)
a (r) into equation 6.570

For the typically much higher ζ-potential values of up to −100 mV on silica sur-571

faces (here, Σ = −0.01 C/m2), the solution of the linearized Poisson-Boltzmann equa-572

tion becomes imprecise. If we instead limit our treatment to sufficiently wide pore radii,573

i.e., κRi � 1, we can make use of Bikerman’s equation 26, which is more adequate for574

highly charged surfaces. The dimensionless mean ion concentrations can then be approx-575

imated by576

b±,i ≈
Ai
A1

(
±2Σ

(0)
d±

eC∞± Ri
+ 1

)
. (41)577

Either of these definitions of b±,i, i.e., equation 39 proposed by Bücker and Hördt (2013a)578

or equation 41 proposed here, can be used to express the effective transference numbers579

t±,1 =
b±,i

b+,i + b−,i
. (42)580

By means of this approximation, the three-dimensional cylindrical pore system is581

collapsed to a sequence of one-dimensional pores, the frequency-dependent impedance582

of which was derived by Marshall and Madden (1959). Following Bücker and Hördt (2013b)583
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and Bücker et al. (2017), the Marshall-Madden impedance can be written as584

Z(ω) =
2

σa

[
L1

b+,1 + b−,1
+

L2

b+,2 + b−,2
585

+
8D (t+,1 − t+,2)

2

L1

τ1

√
iωτ1 coth

√
iωτ1 + L2

τ2

√
iωτ2 coth

√
iωτ2

]
, (43)586

where the frequency dependence is controlled by the two time constants587

τi =
L2
i

2D
Si with Si =

1

4b+,it−,i
. (44)588

In order to stress the structural similarities between these two relaxation times and the589

relaxation time of the diffuse layer around spherical grains, we can rewrite the dimen-590

sionless mean ion concentrations b±,i defined in equation 41 in terms of a Dukhin num-591

ber for cylindrical geometries, which we define as592

Du(ζ,Ri) =
σd(Ri)

2σa
=
|σd+(Ri) + σd−(Ri)|

2σa
. (45)593

In analogy to equation 25, the surface conductivities write σd±(Ri) = ±2µΣ
(0)
d±/Ri. The594

coefficients Si take the form595

Si =
A1

2Ai

[2Du(ζ,Ri) + 1]σ2
a

[2σd+(Ri) + 1][2σd−(Ri) + 1]
. (46)596

Besides the factor A1/(2Ai) and the factors 2, with which the Dukhin numbers and the597

individual conductivities σd± are multiplied, this definition of Si is equivalent to the def-598

inition of S in equation 34, which controls the relaxation time of the diffuse layer around599

spherical particles.600

4.2 Numerical Model for the Coupled Polarization601

The numerical modelling is carried out using COMSOL Multiphysics. Again, the602

cylindrical symmetry of the problem permits limiting the computation to a two-dimensional603

model domain (red rectangle in Figure 8). The systems of partial differential equations604

describing the static and the frequency-dependent parts of the polarization problem re-605

main unchanged and only boundary conditions and finite-element mesh need to be adapted606

to the different geometry.607

The boundary conditions for the static solution, i.e., equations 14 and 15, merge608

into U (0) = 0 on the left and right boundary; [ε0εi∇U (0)
i − ε0εa∇U (0)

a ]n = −Σ
(0)
d on609

the solid-liquid interface; and ∂U(0)/∂y = 0 on the axis of symmetry and the entire top610

boundary. This set-up represents a discontinuous EDL, which only covers the surfaces611
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of the volume shown in brown in Figure 8. Additionally, we compute the response of a612

set-up, where the EDL is continuous in the wide pore and the boundary condition on613

the corresponding parts of the top boundary writes [−ε0εa∇U (0)
a ]n = −Σ

(0)
d .614

For the frequency-dependent part of the problem, the boundary conditions described615

in equations 16 through 20 are adjusted as follows: δn± = 0 and δUa = ±E0L on the616

left and right boundary, respectively; J± = 0 and ∂δU/∂y = 0 on the axis of symme-617

try and the top boundary; equations 18 through 20 remain unchanged on the solid-liquid618

interface. In the set-up with the continuous EDL, the boundary conditions on those parts619

of the top boundary, which delimit the wide pore, are given by the unchanged zero-flux620

condition 19 and the continuity of the displacement current, which here writes −ε0εa∇δUa(rS)·621

n = δΣS(rS).622

In order to avoid artifacts related to sharp corners covered by an EDL, the vertex623

1 in Figure 8 is rounded off for the model with a discontinuous EDL, whereas the ver-624

tices 1 and 2 are rounded off for the model with a continuous EDL. In both cases, the625

radius of curvature is (R1−R2)/2. For further technical details on the implementation,626

see the appendix.627

The effective conductivity of the model can be obtained from numerically integrat-628

ing the total ion flux densities through the left (or right) boundary. The resulting ex-629

pression is equal to equation 37, if L substituted by R1. In the model with the contin-630

uous EDL, the surface current through the Stern layer has to be considered, too. The631

corresponding conductivity increment −2/(E0R1)[DS∂δΣS/∂y + µSΣS∂δUS/∂y] has632

to be added to σ∗mod. The analytical expression for the effective conductivity writes σeff(ω) =633

(L1 + L2)/Z(ω), where Z(ω) is defined in equation 43.634

4.3 Comparison of Analytical and Numerical Solution635

The effective-conductivity spectra obtained from the model with the discontinu-636

ous EDL are shown in Figure 9. In the analytical models (for the case p = 0), the ab-637

sence of the EDL in the wide pore has to be taken into account by setting b±,1 = 1 in-638

stead of using equation 39 or 41. The length of the narrow pore L2 = 10 µm was se-639

lected to match the diameter of the spherical particle treated above; the length of the640

wide pore L1 = 90 µm as well as the two pore radii R1 = 2 µm and R2 = 0.2 µm641

were adjusted to achieve a significant polarization response. As discussed in more de-642
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Figure 9. Complex-conductivity spectra of the membrane-polarization model for different

ratios p = −Σ
(0)
S /Σ. Complex-valued conductivity in terms of real (a) and imaginary parts (b)

normalized to the bulk conductivity σa. Numerical results (grey circles, lines are to guide the eye

only) for all values of p are displayed along with the analytical models for p = 0 after Bücker

and Hördt (2013a) using the average ion concentrations from equation 39 (dotted line) and from

equation 41 (solid line). The sketch in (b) shows that the EDL is discontinuous in the wide pore.

Pore lengths and radii are L1 = 90 µm, L2 = 10 µn, R1 = 2 µm, and R2 = 0.2 µm; all other

parameter values are the same as in Figure 6.
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tail in Hördt et al. (2017), the polarization magnitude of the model by Bücker and Hördt643

(2013a) largely depends on the relation between the two ratios R1/R2 and L1/L2.644

In Figure 9a, we observe a similar variation of the magnitude of σ′ with the ratio645

p as for the polarization around a spherical particle. In both cases, the surface conduc-646

tivity increases σ′ if the counter-charges are mainly located in the diffuse layer. At low647

frequencies, the Stern layer polarizes and does not contribute to σ′; at high frequencies,648

its contribution is limited by the low ion mobility in the Stern layer (remember that µS =649

µ/10). Moreover, the variation of the imaginary part σ′′ with p (Figure 9b) is similar650

to the one observed for the spherical particle. Again, the σ′′ peak increases with the amount651

of counter-charges located in the Stern layer, i.e., with increasing p, and shifts towards652

higher angular frequencies.653

Figure 9 also shows that computing the mean ion concentrations from equation 41654

instead of equation 39 improves the agreement with the numerical solution: for p = 0,655

the relative deviations between the analytical and the numerical σ′′ curves are < 20%656

for the modified and < 50% for the original model at angular frequencies < 100 rad/s.657

Because the analytical model does not consider Maxwell-Wagner polarization, which be-658

comes dominant at high frequencies, the misfit increases at angular frequencies > 100659

rad/s. The original membrane polarization model, however, matches the real part (σ′)660

better. Here, the relative deviation between the analytical models and the numerical so-661

lution are ≈ 7% for the modified and < 1% for the original model.662

The fair overall agreement of analytical and numerical curves for p = 0 confirms663

the validity of the model developed by Bücker and Hördt (2013a) for a sole diffuse-layer664

polarization. The same authors also proposed a simple modification of the mean counter-665

ion concentration to take into account the contribution of the Stern layer. However, their666

model rather predicts a continuous decrease of the polarization magnitude with increas-667

ing p and practically a constant characteristic frequency (not shown here for brevity),668

indicating that the Stern-layer polarization is more complex than assumed by Bücker669

and Hördt (2013a).670

The polarization response changes significantly if the EDL is assumed to be con-671

tinuous in the wide pore (Figure 10). Here, magnitude and characteristic frequency of672

the main σ′′ peak located around 2 rad/s decrease only slightly from p = 0 through p =673

0.4 and increase not much steeper for larger values of p. In comparison to the significant674
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Figure 10. Complex-conductivity spectra of the membrane-polarization model with a contin-

uous EDL in terms of the normalized real (a) and imaginary conductivity (b). Numerical results

(grey circles, lines are to guide the eye only) for different values of p are displayed along with the

analytical models for p = 0 after Bücker and Hördt (2013a) using the average ion concentrations

from equation 39 (dotted line) and from equation 41 (solid line). The sketch in (b) shows the

continuous EDL in the wide pore; all other parameter values are the same as in Figure 9.
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variation of the main peak observed in Figure 9 for the discontinuous EDL, here, the σ′′675

peak remains almost unchanged. Furthermore, at frequencies between 100 and 1000 rad/s,676

a smaller secondary polarization peak appears for p > 0 and increases monotonically677

with p. The real part σ′ shows the usual decrease of surface conductivity with increas-678

ing p. The relative deviations between the numerical results for p = 0 and the two an-679

alytical models are similar to those reported above for a discontinuous EDL.680

5 Discussion681

The new analytical model presented here describes Maxwell-Wagner, Stern-layer,682

and diffuse-layer polarization around spherical grains and permits analyzing the frequency683

response due to a superposition of all three mechanisms. Numerical and analytical re-684

sults for typical model parameters consistently confirm the results of earlier studies: the685

contribution of the diffuse-layer polarization to the macroscopic response is significantly686

smaller than the one of the Stern-layer polarization (e.g., de Lima & Sharma, 1992; Lesmes687

& Morgan, 2001). In most practical cases, the polarization of the diffuse layer can there-688

fore safely be neglected.689

The comparison of numerical and analytical results also confirmed the strong cou-690

pling of the surface charge in the Stern layer with charges in the electrolyte as predicted691

by Lyklema et al. (1983). The model proposed by Lyklema and co-workers can easily692

be obtained from the model by Schwarz (1962) by adjusting the relaxation time of the693

Stern layer: for a charge density in the Stern layer of Σ
(0)
S ≈ 0.01 C/m2 and a bulk ion694

concentration of 1 mol/m3, equation 32 predicts a reduction of the relaxation time by695

a factor 1/ ≈ 6.4. This effect can also be interpreted in terms of an effective diffusion696

coefficient Deff
S = DSM , which in our case (i.e., DS = D/10) is only a factor ≈ 2 smaller697

than the diffusion coefficient of the ions in the bulk electrolyte.698

This observation is of particular interest as it offers an explanation for the large699

diffusion coefficients DS needed to adjust the model by Leroy et al. (2008) to measured700

complex-conductivity spectra. The model by Leroy and co-workers does not include the701

correction of the relaxation time proposed by Lyklema et al. (1983). Thus, it often re-702

quires the assumption of similar diffusion coefficients in Stern layer and bulk electrolyte703

(e.g., Leroy et al., 2008; Leroy & Revil, 2009; Revil & Florsch, 2010; Schmutz et al., 2010).704

Independent determinations of the diffusion coefficient in the Stern layer from experi-705
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mental surface-conductivity and particle-mobility data, however, normally result in a re-706

duction of the counter-ion mobility by a factor 10 or larger (e.g., Zukoski & Saville, 1986;707

Revil & Glover, 1998). A recent extension of the model by Leroy et al. (2008) already708

considers the corrected relaxation time and successfully adjusts the polarization response709

of calcite precipitations on glass beads (Leroy et al., 2017). Together with our findings710

that support the theory by Lyklema et al. (1983), this indicates that the difference be-711

tween the predictions of the two experiments could be reduced significantly, if the Stern-712

layer relaxation time used in the model by Leroy et al. (2008) (and subsequent studies)713

was replaced by the one defined in equations 31 and 32.714

Although the correction of the relaxation time might be able to justify the (to date)715

unexplained assumption inherent to the model by Leroy et al. (2008), it also questions716

the often-used simple relation between relaxation time and grain size by introducing an717

additional dependence on chemical properties of pore fluid and solid surface: the coef-718

ficient M strongly depends on the electrolyte concentration and the surface-charge den-719

sity in the Stern layer. Consequently, besides the grain diameter and the diffusion co-720

efficient in the Stern layer, variations of experimentally determined relaxation times might721

partly be due to variations of these chemical parameters.722

We have also applied our finite-element model to study membrane polarization, which723

had not been investigated in the same detail as the polarization around spherical grains724

before. In the limiting case of a sole diffuse-layer polarization, we found that an improved725

analytical formulation based on the work by Marshall and Madden (1959) and Bücker726

and Hördt (2013a) yields a good agreement with the numerical results. However, the an-727

alytical model does not reproduce the numerical results for the coupled polarization of728

diffuse and Stern layer. Consequently, the incorporation of the Stern-layer polarization729

in the model by Bücker and Hördt (2013a) is insufficient in its current form and our nu-730

merical results can contribute substantially to our understanding of the role of the Stern731

layer in the context of membrane polarization.732

Even in the pore-constriction geometry, the polarization of the Stern layer can con-733

trol the frequency response, especially if the EDL is discontinuous. Certain similarities734

of the coupled responses of both geometries stand out – namely the generally larger re-735

sponse of the Stern-layer polarization and the simultaneous increase of characteristic fre-736

quency and polarization magnitude with the surface charge in the Stern layer. However,737
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we also observed that the particular geometrical configuration of the EDL in the pore-738

constriction model can largely reduce the difference between the respective magnitudes739

of diffuse-layer and Stern-layer polarization: if the EDL becomes continuous, the con-740

tributions of both mechanisms can become practically the same.741

Although we have taken an important step towards this long-term goal, it is be-742

yond the scope of the present study to provide an analytical model that integrates mem-743

brane polarization and the polarization around spherical grains. Nevertheless, we can744

put our results into a broader context and draw some preliminary conclusions regard-745

ing the relative contributions of the various polarization mechanisms.746

Grain-based polarization models are best suited for the modelling of dilute suspen-747

sions of dielectric particles because they only account for grain-electrolyte interactions748

and largely ignore grain-grain interactions. For practical purposes, these models can even749

be applied to high particle concentrations and the responses of unconsolidated granu-750

lar media (e.g., Leroy et al., 2008) have been matched successfully with this type of mod-751

els. For typical parameter combinations, the polarization of isolated grains is only con-752

trolled by the Stern layer and contributions of a simultaneously occurring diffuse-layer753

polarization can be neglected.754

With increasing degree of compaction and cementation, grain-grain interactions are755

expected to become more important (e.g., Lesmes & Morgan, 2001). These interactions756

include (i) the interaction of polarization dipoles of adjacent grains as well as (ii) per-757

colating diffuse and Stern layers. Based on the good agreement between experimental758

data and the responses of grain-based polarization models, the interaction of polariza-759

tion dipoles can safely be neglected. To date, the effect of percolating diffuse and Stern760

layers on the polarization response has only been touched in passing: for instance, Leroy761

et al. (2008) argue that a diffuse layer above the percolation threshold cannot polarize762

and only consider an increase of the low-frequency conductivity. In the same sense, they763

postulate that the Stern layers of adjacent particles are discontinuous because the model764

based on the Stern-layer polarization accurately describes experimental observations. While765

the result of this argumentation – the small contribution of the diffuse-layer polariza-766

tion and the dominating role of the Stern layer – agree with our findings, the physical767

picture should be reconsidered: around isolated particles, the polarization of the diffuse768

layer is negligible, too, such that it is not necessary to assume that the diffuse layers are769
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percolating. In addition, we have shown that even in the case of continuous (or perco-770

lating) diffuse and Stern layers in the pore-constriction model, both layers can polarize.771

Consequently, the discontinuity of neither of the two layers is needed to generate a po-772

larization response.773

The similarity of the polarization response of grain-based and pore-constriction ge-774

ometry indicates a gradual transition between the two models with increasing degree of775

compaction and cementation. As long as the EDLs are assumed to be discontinuous, the776

Stern layer dominates the polarization response of both models, which makes the dis-777

tinction between effects related to individual grains and effects related to pore constric-778

tions a mere question of the point of view. Our results suggest that responses caused by779

pore constrictions, i.e., typical membrane-polarization responses, can – at least to a cer-780

tain degree – be adjusted using grain-based models and vice versa. This is particularly781

plausible, if we consider that in granular media made of near-spherical particles, pore782

diameters and pore lengths are of the same order of magnitude as the typical grain sizes783

and thus all relaxation times are controlled by similar characteristic lengths.784

6 Conclusions785

We have investigated the low-frequency electrical conductivity of porous media by786

means of analytical and numerical models for single-grain and pore-constriction geome-787

tries. Our results allowed us to assess the relative contributions of polarization mech-788

anisms originating from the diffuse part and the Stern layer of the EDL covering charged789

mineral surfaces. Because our models also include Maxwell-Wagner polarization, they790

are useful for a broad frequency range.791

To match our numerical results, we assembled a new analytical model for the grain-792

based geometry by combining the Dukhin-Shilov model (Dukhin & Shilov, 1974), which793

accounts for the diffuse-layer polarization, with Schurr’s Stern-layer polarization model794

(Schurr, 1964) including a correction of the Stern-layer relaxation time proposed by Lyklema795

et al. (1983). The corrected relaxation time, which accounts for the interaction of the796

charges in the Stern layer with the electrolyte solution, significantly improves the agree-797

ment of analytical and numerical results. Without the correction, untypically high dif-798

fusion coefficients of the counter-ions in the Stern layer have to be assumed to fit the spec-799

tral response. For typical model parameters, the relative contribution of the diffuse-layer800
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polarization was seen to be insignificant in comparison to the large response of the Stern801

layer.802

Our numerical results for the pore-constriction geometry agree with the analyti-803

cal membrane-polarization model by Bücker and Hördt (2013a) if we relate the mean804

ion concentrations of the cylindrical pores to Bikerman’s expression for the surface con-805

ductivity of highly charged surfaces (Bikerman, 1933) and as long as no Stern layer is806

considered. We also propose detailed model to describe Stern-layer polarization in a typ-807

ical membrane-polarization geometry. As in the grain-based model, the diffuse layer makes808

a much smaller contribution to the total response than the Stern layer – at least as long809

as the charged surfaces are below the percolation threshold, i.e., the individual EDLs are810

not interconnected at the system scale.811

In conclusion, the responses of grain-based and pore-constriction geometries are more812

similar than usually assumed, particularly if the polarization of both parts of the EDL813

are taken into account. Below the percolation threshold, the Stern-layer dominates the814

macroscopic response, but as soon as the EDL becomes percolating, this dominance breaks815

down and both mechanisms contribute to a similar extend. More detailed studies on spe-816

cific pore geometries are required to conclusively assess the relative importance of the817

different polarization mechanisms, but our study is a significant step towards this long-818

term goal and sets the basis for extensive numerical studies.819

Appendix A Numerical Implementation820

The COMSOL partial differential equation (PDE) interface in coefficient form al-821

lows the definition of PDEs and systems of PDEs of the general type822

ea
∂2u

∂t2
+ da

∂u

∂t
+∇ · (−c∇u− αu+ γ) + β · ∇u+ au = f (A1)823

with the general boundary conditions824

−n · (−c∇u− αu+ γ) = g − qu and (A2)825

u = s, (A3)826

where u denotes the dependent variable and n the inward-pointing unit normal vector.827

Due to their cylindrical symmetry, the problems can be solved on two-dimensional828

domains (see Figures 5 and 8) with coordinates r = (x, y)T and gradient operator ∇ =829
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(∂/∂x, ∂/∂y)T . As explained in more detail in Bücker et al. (2018), multiplying all co-830

efficients in equations A1 and A2 by y yields a transformation to cylindrical coordinates.831

A1 Static Solution832

The static problem set up by equations 6 and 7 is implemented by setting u1 =833

U (0)(r), c1 = yε0εa, f1 = −y2C∞± e sinh(u1e/(kT )) in the electrolyte as well as c1 =834

yε0εa and f1 = 0 in the solid phase. Note that in this appendix, coefficients are assumed835

to be zero if not specified differently.836

The fixed surface-charge boundary condition 15 is realized by setting g = −yΣ
(0)
d837

on all charged boundaries. The definition of the zero reference potential, equation 14,838

depends on the specific model: In the grain geometry, we set s = 0 on the left, right,839

and top boundary; in the membrane geometry, we define the point-wise constraint u1 =840

0 at two positions (x = ±(L1 + L2)/2, y = 0) located on the left and right boundary,841

respectively. In this case, standard no-flow boundary conditions are set on the remain-842

ing parts of left and right boundary, as well as on the uncharged parts of the top bound-843

ary. Because y = 0 is the symmetry axis (selecting rotational symmetry in the model844

set-up), no specific boundary conditions are defined on this boundary.845

A2 Frequency-Dependent Solution846

For the frequency-dependent problem set up by the coupled PDEs 8 and 9, which847

describe the physics in the electrolyte, the Laplace equation 13, which controls the elec-848

trical field in the solid phase, and equation 11, which controls the surface charge in the849

Stern layer, need to be solved simultaneously. We use the same dependent variable u2850

in the electrolyte and in the solid phase and define suitable PDE coefficients on each of851

the two subdomains. The variable u2 writes852

u2 =


u21

u22

u23

 =


δC−(r, ω)

δC+(r, ω)

δU(r, ω)

 . (A4)853
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Assuming isotropic properties, the coefficient c2 is a 3-by-3 coefficient matrix. In the elec-854

trolyte it writes855

c2 =


yD 0 −yµC∞− exp( e

kT u1)

0 yD yµC∞+ exp(− e
kT u1)

0 0 yε0εa

 (A5)856

and in the solid phase857

c2 =


0 0 0

0 0 0

0 0 yε0εi

 . (A6)858

The variable u1 is the static part of the electrical potential. The coefficient matrix α writes859

α2 =


−yµ∇u1 0 0

0 yµ∇u1 0

0 0 0

 , (A7)860

in the electrolyte and is equal to the null matrix in the solid phase. Note that on our two-861

dimensional modelling domain, each element of the matrix α2 is a two-element vector.862

The matrix a2 is863

a2 =


yiω 0 0

0 yiω 0

yF −yF 0

 (A8)864

in the electrolyte. In the solid phase, a2 is the same except for the last line, which has865

to be filled with zeros instead.866

Equation 11 describing the perturbation surface-charge density δΣS is solved on867

the solid-liquid interface only. By means of a so-called lower-dimensional physics inter-868

face, the curvature of this interface is taken into account. Because the electrical poten-869

tial in the Stern layer has to be equal to the potentials δUi and δUa on the correspond-870

ing boundaries, the only dependent variable on the interface is u3 = δΣS(rS , ω). The871

coefficients are c3 = yDS , a3 = yiω, and γ3 = −yµSΣ
(0)
S ∇u23, where u23 denotes the872

perturbation potentials on the adjacent two-dimensional subdomains.873

The boundary condition 16 describing the external excitation and the condition874

on the perturbation concentrations 17 are realized by setting s2 = (0, 0,±E0L)T . In875

the membrane-polarization model with the continuous EDL, this boundary is not located876

at a far distance from the charged surface. However, because of the symmetry of the prob-877

lem with respect to x = 0, we expect the perturbation ion concentrations to vanish in878
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this geometry, too (see e.g., concentration profiles in Blaschek & Hördt, 2009). For the879

same reason, the perturbation surface-charge density δΣS is also expected to vanish on880

the left and right boundary and we set s3 = 0 (only for a continuous EDL).881

On the solid-liquid interface, we implement the zero-flux boundary conditions 19882

and the condition on the displacement current 20 by defining g = (0, 0, yu3)T .883

On the top boundary, we implement zero-flux boundary condition on all three com-884

ponents of u2 resulting in vanishing normal ion fluxes and a vanishing normal electri-885

cal field. In the membrane-polarization model with the continuous EDL, parts of the top886

boundary represent charged surfaces and are furnished with the corresponding bound-887

ary conditions described above. In the membrane-polarization model with the discon-888

tinuous EDL, the one-dimensional domain representing the Stern layer ends at the top889

boundary. In this case, we also define no-flux boundary conditions for u3.890

A3 Model Discretization891

Special care has to be taken with the model discretization: while particle and sizes892

are in the micro- to millimeter range, the thickness of the diffuse layer is orders of mag-893

nitude smaller. We use a special quadrangle boundary-layer mesh at the solid-liquid in-894

terface, which in radial direction consists of 8 elements with sizes increasing from λD/2895

at the surface to ≈ 1.8λD at the outer edge. In tangential direction (i.e., along the bound-896

aries), the elements have a size of πa/400 in the grain-based model and R2/5 in the pore-897

constriction geometry. The remaining volume is filled with triangular elements, the max-898

imum size of which increases from πa/400 (or R2/5) at the edge of the boundary-layer899

meshes to L/20 (or R1/5) at the remote boundaries. For a spherical particle of radius900

a = 5 µm, this results in a total of ≈ 20900 elements, of which 6400 elements corre-901

spond to the boundary-layer mesh. For pore lengths L1 = 90 µm and L2 = 10 µn and902

pore radii R1 = 2 µm and R2 = 0.2 µm, the meshes consist of ≈ 14700 elements (≈903

11000 for the continuous EDL), of which ≈ 5200 (≈ 7600) elements make the boundary-904

layer mesh.905
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der Mischkörper aus isotropen Substanzen. Annalen der Physik , 416 (7),931

636–664.932

Buchheim, W., & Irmer, G. (1979). Zur Theorie der induzierten galvanischen Polar-933

isation in Festkörpern mit elektrolytischer Porenfüllung. Gerlands Beitr. Geo-934
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