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Abstract: We prove the existence of Morita model structures on the categories of small simplicial cate-
gories, simplicial sets, simplicial operads and dendroidal sets, modelling the Morita homotopy theory of
(∞, 1)-categories and∞-operads. We give a characterization of the weak equivalences in terms of simplicial
presheaves, simplicial algebras and slice categories. In the case of the Morita model structure for simpli-
cial categories and simplicial operads, we also show that each of these model structures can be obtained
as an explicit left Bousfield localization of the Bergner model structure on simplicial categories and the
Cisinski–Moerdijk model structure on simplicial operads, respectively.
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Introduction
Morita theory describes an equivalence relation between objects with the same type of algebraic structure
in terms of their representations. Classically, it was defined for associative and unitary rings. Two rings are
Morita equivalent if their corresponding categories of (left) modules are equivalent. This relation can be gen-
eralized by replacing rings by small categories enriched in abelian groups [37] (rings are precisely one object
categories of such kind).

In the non-additive setting, that is, for small categories, module categories are replaced by presheaf
categories. Thus, two small categories C andD are Morita equivalent if the associated presheaf categories Ĉ
and D̂ are equivalent. It is a well-known result in category theory that, for a functor f : C→ D between small
categories, the induced adjunction between the presheaf categories

f! : Ĉ  D̂ : f∗
is an equivalence of categories if and only if f is fully faithful and essentially surjective up to retracts; see for
instance [7, 19]. In this case, the functor f is called aMorita equivalence. It is clear that every equivalence of
categories is a Morita equivalence, but the converse is not true in general. The difference is somehow mea-
sured by Cauchy completion. Every Morita equivalence between categories in which every idempotent splits
is an equivalence of categories.
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This notion of Morita equivalence can be also extended to the enriched case, where the category of sets is

replaced by amonoidal categoryV, small categories are enriched overV and presheaf categories are replaced
by categories of V-enriched functors [32].

From the homotopical point of view, it is a natural question to ask if Morita equivalences correspond
to the weak equivalences of certain model structures, in the sense of Quillen, for the category of algebraic
objects under consideration. The answer to this question has been studied in the literature in several con-
texts. Dell’Ambrogio and Tabuada proved in [14, Theorem 1.1] that if R is a commutative ring, then there
exists amodel structure on the category of small R-categorieswhoseweak equivalences are theMorita equiva-
lences. In another paper, they studiedMorita homotopy theory of C∗-categories extending the classical notion
of Morita equivalence and proved the existence of a Morita model structure on the category of small unital
C∗-categories [15, Theorem 4.9].

Another relevant example is the case of DG-categories, that is, categories enriched over chain complexes.
Motivatedby the studyof homological invariants ofDG-categories, Tabuadaproved in [39, Théorème5.3] that
the category of small DG-categories admits a model structure whose weak equivalences are the DG-functors
that induce an equivalence between the corresponding derived categories, or equivalently, the functors that
are locally quasi-isomorphisms and essentially surjective after taking the idempotent completion of the
pretriangulated closure.

The aim of this paper is to develop a Morita homotopy theory for (∞, 1)-categories and ∞-operads.
There are different approaches to the theory of higher categories and higher operads in terms of model
structures. In this paper, we will use the Bergner model structure on simplicial categories [5] and the Joyal
model structure on simplicial sets [28, 33] to model (∞, 1)-categories, and the Cisinski–Moerdijk model
structure on simplicial operads [12] and the operadic model structure on dendroidal sets [11] to model
∞-operads.

The main results of the paper are the existence of Morita model structures on the above categories,
modelling the Morita homotopy theory for (∞, 1)-categories and ∞-operads, as we now summarize with
more detail.

We call a map of simplicial categories aMorita weak equivalence if it is homotopically fully faithful and
homotopically essentially surjective up to retracts.

Theorem 1. There is a left proper cofibrantly generated model structure on small simplicial categories sCatMor
whose weak equivalences are the Morita weak equivalences. Moreover:
(i) A map of simplicial categories f : C→ D is a Morita weak equivalence if and only if the Quillen pair

f! : sSetsC  sSetsD : f∗
is a Quillen equivalence, where the categories of simplicial presheaves are equipped with the projective
model structures.

(ii) The model structure sCatMor is a left Bousfield localization of the Bergner model structure on simplicial
categories.

Our proof for the existence of the Morita model structure (Theorem 2.22) uses Kan’s recognition principle
for cofibrantly generated model categories together with the existence of a generating set of retract intervals,
following the theory of enriched intervals described in [4]. Part (i) is Lemma 2.21, where we show that our
definition of Morita weak equivalence coincides with the notion of weak r-equivalence, as introduced by
Dwyer and Kan in [18]. Part (ii) is Corollary 2.25.

We choose this approach to prove the existence of the model structure because it follows a similar strat-
egy as in the case of the canonical model structure for simplicial categories, and also because it provides,
a posteriori, more insight about the model structure itself. For instance, we get an explicit description of the
generating cofibrations and trivial cofibrations (this is not the case ifwe construct themodel structure directly
as a left Bousfield localization).

We define the Morita model structure for quasicategories sSetsMor as the left Bousfield localization of the
Joyal model structure on simplicial sets with respect to the morphism N(ι) : N(Idem)→ N(Split), where N
denotes the nerve functor and ι is the fully faithful functor characterizing the functors that lift split idempo-
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tents via right lifting property. Ourmain result in this setting is the following, which is proved in Theorem 3.3
and Corollary 3.5:

Theorem 2. The following hold for the Morita model structure on quasicategories:
(i) A map f : X → Y is a Morita weak equivalence of simplicial sets if and only if the adjunction

f! : sSets/X  sSets/Y : f∗
is a Quillen equivalence between the slice categories with the covariant model structures.

(ii) There is a Quillen equivalence
C : sSetsMor  sCatMor : hcN,

where hcN is the homotopy coherent nerve and C is its left adjoint.

For simplicial operads, we define Morita weak equivalences as a generalization of those of simplicial cat-
egories, that is, they are the homotopically fully faithful maps whose underlying functor of categories is
essentially surjective up to retracts. To the authors knowledge this notion of Morita equivalence for oper-
ads has not been considered previously in the literature. We prove the following result in Proposition 5.8,
Theorem 5.7 and Theorem 5.10:

Theorem 3. There is a cofibrantly generatedmodel structure on simplicial operads sOperMor whoseweak equiv-
alences are the Morita weak equivalences of simplicial operads. Moreover:
(i) A morphism f : O→ P between Σ-cofibrant simplicial operads is a Morita weak equivalence if and only if

the Quillen pair
f! : Alg(O)  Alg(P) : f∗

is a Quillen equivalence, where the categories of algebras are equipped with the (transferred) projective
model structure.

(ii) The model structure sOperMor is a left Bousfield localization of the Cisinski–Moerdijk model structure on
simplicial operads.

Since every cofibrant simplicial operad in the Cisinski–Moerdijk model structure is Σ-cofibrant and the cofi-
brant resolution of every operad provides a model for the corresponding notion of homotopy invariant alge-
braic structure, the Morita model structure on simplicial operads provides a model for a homotopy theory of
homotopy invariant algebraic structures.

The characterization of the Morita weak equivalences in terms of categories of algebras given in part (i)
is more involved than in the case of simplicial categories, since we have to deal with multi-linear algebraic
structures. In order to handle this problem, we make use of multi-sorted simplicial algebraic theories and
Morita equivalences in that context, and its relationship with simplicial operads, which we studied in [10].

In the case of dendroidal sets, we define theMoritamodel structure dSetsMor as the left Bousfield localiza-
tion of the operadic model structure with respect to the morphism Nd j!(ι), where Nd is the dendroidal nerve
functor and j! is the left adjoint of the functor that sends an operad to its underlying category. Ourmain result
in this setting is the following, which is proved in Theorem 6.5 and Corollary 6.8:

Theorem 4. The following hold for the Morita model structure on dendroidal sets:
(i) Amap between normal dendroidal sets f : X → Y is a Morita weak equivalence if and only if the adjunction

f! : dSets/X  dSets/Y : f∗
is a Quillen equivalence between the slice categories with the covariant model structures.

(ii) There is a Quillen equivalence
Cd : dSetsMor  sOperMor : hcNd ,

where hcNd is the homotopy coherent dendroidal nerve and Cd is its left adjoint.

Organization of the paper. In Section 1, we prove the existence of the Morita model structure on small
categories. In Section 2, we define the Morita weak equivalences of simplicial categories and prove the exis-
tence of the Morita model structure, characterizing the weak equivalences in terms of categories of simplicial
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presheaves. In Section 3 we define the Morita model structure for quasicategories as a left Bousfield local-
ization of the Joyal model structure and characterize the weak equivalences in terms of slice categories. In
Section 4, we prove the existence of theMoritamodel structure on operads. In Section 5, we define theMorita
weak equivalences of simplicial operads and prove the existence of the Morita model structure. We then use
the results of [10] to characterize the Morita weak equivalences in terms of categories of algebras. Finally,
in Section 6 we define the Morita model structure on dendroidal sets as a left Bousfield localization of the
Cisinski–Moerdijk model structure and characterize the weak equivalences in terms of slice categories.

1 The Morita model structure for categories
We begin this section by recalling the canonical model structure on small categories [30, 38], where the
weak equivalences are the categorical equivalences and the fibrations are the functors that lift isomorphisms.
After that, we introduce the notion of Morita equivalence of small categories. These are the functors that
are fully faithful and essentially surjective up to retracts. We prove that there is a Morita model structure
on small categories, obtained as a left Bousfield localization of the canonical model structure, whose weak
equivalences are the Morita equivalences.

1.1 The canonical model structure

An isofibration of categories is a functor that lifts isomorphisms, that is, a functor that has the right lifting
property with respect to the inclusion 0→ J, where 0 is the category with one object and only the identity
morphism, and J is the category with two objects 0 and 1 and one isomorphism between them.

The category of small categories admits a cofibrantly generated propermodel structure, called the canon-
ical model structure, in which weak equivalences are the categorical equivalences, that is, fully faithful and
essentially surjective functors; fibrations are the isofibrations; and cofibrations are the functors that are injec-
tive on objects; see [30, Theorem 4] and [38, Theorem 3.1]. A set of generating trivial cofibrations consists of
the map 0→ J and a set of generating cofibrations consists of the maps 0→ 0, 0⨿ 0→ I and P → I, where
I denotes the category with two objects and exactly one non-identity map between them, and P denotes the
category with two objects and exactly two parallel arrows (the morphism P → I is the obvious map sending
the two parallel arrows to the non-identity morphism).

The canonical model structure on Cat is a simplicial model structure [38, Theorem 6.2]. Given two cat-
egories C and D, the simplicial enrichment is defined as Map(C,D) = N(Iso(Fun(C,D))), where Fun(C,D)
denotes the category of functors from C to D and N is the nerve functor from small categories to simplicial
sets. Given a categoryCwedenote by Iso(C) themaximal subgroupoid ofC, that is, Iso(C)has the same objects
as C and the morphisms are the isomorphisms.

1.2 The Morita model structure

We say that a functor f : C→ D between small categories is essentially surjective up to retracts if every object
inD is isomorphic to a retract of an object in the image of f .

Definition 1.1. A functor between small categories is called a Morita equivalence if it is fully faithful and
essentially surjective up to retracts.

Let Idem be the category freely generated by one object 0 and one non-identity arrow e such that e ∘ e = e,
and let Split be the category freely generated by two objects 0 and 1 and two non-identity arrows r : 0→ 1
and i : 1→ 0 such that r ∘ i = id. We denote by ι : Idem→ Split the fully faithful functor that sends 0 to 0
and e to i ∘ r. A functor between small categories lifts split idempotents if it has the right lifting property with
respect to ι. The functor ι will play an important role throughout the paper.
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An idempotent in a category C is a morphism e : x → x such that e ∘ e = e. An idempotent e splits if
e = i ∘ r, with i : y → x, r : x → y and r ∘ i = id. If e splits, then the splitting is unique (up to unique isomor-
phism) since i is the equalizer and r is the coequalizer of the diagram e, id : x  x, respectively.

A category in which every idempotent splits is called Cauchy complete or Karoubi complete. Observe that
a category C is Cauchy complete if and only if the map C→ 0 has the right lifting property with respect
to ι : Idem→ Split.

There is an explicit construction of the Cauchy completion C of a category. The objects of C are pairs
(x, e), where x is an object of C and e : x → x is an idempotent. A morphism g : (x, e)→ (x, e) in C is a mor-
phism g : x → x such that g ∘ e = g = e ∘ g. The canonical functor C→ C that sends x to (x, idx) is a Morita
equivalence.

Given a categoryC, we denote by Ĉ its category of presheaves, that is, the category of functorsCop → Sets.
A classical result in category theory states that the following are equivalent for a functor f : C→ D between
small categories (see [19, Theorem 3.6’], [7, Theorem 1]):
(i) f is a Morita equivalence.
(ii) The left Kan extension f! : Ĉ  D̂ : f∗ is an equivalence of categories.
(iii) f : C→ D is an equivalence of categories.
Note also that a functor f is a Morita equivalence if and only if f op is a Morita equivalence.

Theorem 1.2. There is a cofibrantly generated model structure CatMor on the category of small categories in
which the weak equivalences are the Morita equivalences and the cofibrations are the functors that are injective
on objects. The fibrant objects are the Cauchy complete categories.

Proof. The model structure CatMor is the left Bousfield localization of the canonical model structure on Cat
with respect to the functor ι : Idem→ Split. We just need to identify the fibrant objects and the weak equiva-
lences of the local model structure.

The fibrant objects of CatMor are the ι-local categories. It follows from the general theory of homotopy
function complexes that if a category C is ι-local, then C→ 0 has the right lifting property with respect to ι;
see [25, Corollary 17.7.5 (2)].

Conversely, let C be a Cauchy complete category. Then the induced functor

ι∗ : Iso(Fun(Split,D))→ Iso(Fun(Idem, C))

is surjective on objects (in particular, essentially surjective). But ι∗ is also fully faithful, because the splitting
of idempotents is unique up to unique isomorphism (in fact, the functor Fun(Split, C)→ Fun(Idem, C) is fully
faithful if C is Cauchy complete). Thus ι∗ is an equivalence of categories. Therefore

N(ι∗) : Map(Split, C)→ Map(Idem, C)

is a weak equivalence of simplicial sets and hence C is ι-local.
The weak equivalences of CatMor are the ι-local equivalences. Let f : C→ D be a Morita equivalence. For

every categoryA the map f × idA induces an equivalence of categories

f∗ : Fun(D, SetsAop
)→ Fun(C, SetsAop

).

The category Fun(C,A) embeds in Fun(C, SetsAop ). Therefore, ifA is Cauchy complete, then

f∗ : Fun(D,A)→ Fun(C,A)

is fully faithful and essentially surjective. So, f is an ι-local weak equivalence.
Conversely, suppose that f : C→ D is an ι-local equivalence. Consider the commutative diagram

C
f
//

��

D

��

C
f
// D,
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where “overline” denotes the Cauchy completion functor. The vertical maps are Morita equivalences, and
therefore ι-local weak equivalences by the argument in the previous paragraph. So f is an ι-local weak equiv-
alence, by the two out of three property for weak equivalences. Since C andD are ι-local, f is an equivalence
of categories and hence f is a Morita equivalence.

2 The Morita model structure for simplicial categories
In the first part of this sectionwe recall some facts about simplicial categories, basically the description of the
Bergner model structure on the category of small simplicial categories and its Quillen equivalence with the
Joyal model structure on simplicial sets; see [5, 27], [33, Section 2.2.5 and Section A.3.2] and [16] for details.

In the second part, we prove the existence of the Morita model structure for simplicial categories and
characterize the weak equivalences in terms of categories of simplicial presheaves. In order to achieve this,
we need to develop a theory of retract intervals similar to the theory of intervals used in the study of the
homotopy theory of enriched categories [4]. Finally, we show that the Morita model structure can be also
obtained as an explicit left Bousfield localization of the Bergner model structure.

2.1 Simplicial categories

A small simplicial category C is a small category enriched in simplicial sets. For every two objects x and y of C
we denote by C(x, y) the simplicial set of morphisms from x to y. For every three objects x, y and z in C there
is a map of simplicial sets called the composition rule

C(y, z) × C(x, y)→ C(x, z);

and for every object x in C, there is a map of simplicial sets ∗→ C(x, x), where ∗ is the terminal simplicial
set, called the unit. The composition rule is associative and compatible with the units.

A map of simplicial categories f : C→ D is a simplicial functor from C to D, that is, a map of sets
f : Ob(C)→ Ob(D), where Ob(−) denotes the set of objects of the corresponding category, and maps of
simplicial sets

C(x, y)→ D(f(x), f(y))

compatible with the composition rule, for every two objects x and y of C.
Wewill denote by sCat the category of small simplicial categories. A simplicial category can be also viewed

as a simplicial object in the category of small categories which has the same set of objects in every dimension,
and the simplicial operators are the identity on the objects.

If C is a set, we will denote by sCatC the category of simplicial categories with C as set of objects. The
morphisms are functors that induce the identity map on the objects.

2.2 The Bergner model structure

Let Cat denote the category of small categories. Then there is a functor π0 : sCat→ Cat that sends a simplicial
category C to the category π0(C), called the path component category of C, which has the same objects as C,
and whose set of morphisms from x to y in π0(C) is π0(C(x, y)).

A map of simplicial categories f : C→ D is called homotopically fully faithful or local weak equivalence
(respectively a local fibration) if the map

C(x, y)→ D(f(x), f(y))

is a weak equivalence (respectively a fibration) of simplicial sets, for every two objects x and y of C. A map
of simplicial categories f is called essentially surjective (respectively an isofibration) if the functor π0(f) is
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essentially surjective (respectively an isofibration of categories). A map of simplicial categories that is homo-
topically fully faithful and essentially surjective is called a Dwyer–Kan equivalence.

The category of simplicial categories with a fixed set of objects and the category of simplicial cate-
gories admit model structures with weak equivalences and fibrations described in terms of the previous
maps [17, Proposition 7.2], [5, Theorem 1.1].

Theorem 2.1 (Dwyer–Kan). There is a cofibrantly generated simplicial proper model structure on the category
of simplicial categories with a fixed set C of objects sCatC, in which weak equivalences are the maps that are
homotopically fully faithful and fibrations are the maps that are local fibrations.

Theorem 2.2 (Bergner). There is a cofibrantly generated proper model structure on the category of simplicial
categories sCat, called the Bergner model structure, in which weak equivalences are the Dwyer–Kan equiva-
lences and fibrations are the maps that are local fibrations and isofibrations.

Remark 2.3. Right properness for the Bergner model structure was proved in [5, Proposition 3.5] while left
properness was proved in [33, Proposition A.3.2.4] (see also [12, Corollary 8.10]).

A set of generating cofibrations of the Bergnermodel structure can be described explicitly (see [5, Section 2]).
Given a simplicial set X and n ≥ 0, let U(X) denote the simplicial categorywith two objects 0 and 1 andwhose
only non-trivial simplicial set of morphisms is U(X)(0, 1) = X. The set I of generating cofibrations of sCat
consists of:
(i) The map 0→ 0, where 0 is the terminal simplicial category.
(ii) The maps U(∂∆[n])→ U(∆[n]) for n ≥ 0.

In order to give a description of the set of generating trivial cofibrations, we need to recall first the notion
of interval and generating set of intervals from [4]. Let 𝕀 be the simplicial category with two objects {0, 1}
representing a single isomorphism, that is, 𝕀(0, 0) = 𝕀(1, 0) = 𝕀(0, 1) = 𝕀(1, 1) = ∗. Following the terminol-
ogy of [4, Definition 1.11], a simplicial category is called an interval if it is cofibrant in sCat{0,1} and weakly
equivalent to 𝕀. A set G of intervals is called a generating set if every interval is a retract of a trivial extension
of an object in G. More explicitly, if for every intervalℍ there exist another interval𝕂, an interval𝔾 in G and
a diagram in sCat{0,1}

𝔾 // 𝕂
r
**

ℍ,
i
ii

where 𝔾→ 𝕂 is a trivial cofibration in sCat{0,1} and r ∘ i = id. Since the model category of simplicial sets is
combinatorial and monoidal, [4, Lemma 1.12] implies that there exists a set of generating intervals in sCat.

The set J of generating trivial cofibrations of sCat consists of:
(i) The maps U(Λ[n, k])→ U(∆[n]) for n ≥ 1 and 0 ≤ k ≤ n.
(ii) The inclusions 0→ 𝔾, where𝔾 runs over all the elements of a generating set of intervals G.

The category of simplicial sets and the category of simplicial categories are related by a pair of adjoint
functors, whose right adjoint is Cordier’s homotopy coherent nerve. Given n ≥ 0, let [n] be the category freely
generated by n + 1 objects and just one non-identity arrow i → i + 1, for 0 ≤ i < n. Cordier described in [13]
how to associate to [n] a “simplicial resolution” C∗[n] (cf. [33, Definition 1.1.5.1]). This construction defines
a functor C∗ : ∆ → sCat which, by left Kan extension, gives an adjunction

C : sSets  sCat : hcN, (2.1)

where the right adjoint is called the homotopy coherent nerve. Given a simplicial category C, the homotopy
coherent nerve is defined by

hcN(C)n = sCat(C∗[n], C).
Joyal proved in [27, Theorem 2.10] that adjunction (2.1) is a Quillen equivalence; see also [33, Theo-
rem 2.2.5.1], [16, Theorem 1.5] and [12, Corollary 8.16].

Theorem 2.4 (Joyal, Lurie). The adjunction C : sSets  sCat : hcN is a Quillen equivalence, where sSets is
endowed with the Joyal model structure and sCat is endowed with the Bergner model structure.
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2.3 Homotopy idempotents and retracts

Let Ret be the simplicial set defined as the following pushout:

∆[1] d1
//

s0
��

∆[2]

��

∆[0] // Ret.

The maps of simplicial sets 1: ∆[0]→ N(Split) and [i, r, r ∘ i] : ∆[2]→ N(Split) induce a canonical map
ρ : Ret→ N(Split), where Split is the category defined in Section 1.2 and N is the nerve functor from cate-
gories to simplicial sets. Lurie proved in [33, Proposition 4.4.5.6] that ρ is an inner anodynemap of simplicial
sets. (Lurie uses the notation Idem+ for what we call N(Split).)

Let C be a fibrant simplicial category. Observe that a map of simplicial categories a : C(∆[2])→ C is
uniquely determined by three arrows f : x → y, g : y → z, and h : x → z in C together with a homotopy
α : ∆[1]→ C(x, z) from g ∘ f to h. Therefore, we will denote such a map a by [g, f, α].

Note that the canonical map

sCat(C(Ret), C)→ sCat(C(∆[2]), C)

is injective. Indeed,C preserves pushouts, since it is a left adjoint, and an element [g, f, α] is in sCat(C(Ret), C)
if and only if the domain of f and the codomain of g are the same object y of C and α(1) = idy.

Recall that, for a simplicial category C, we denote by π0(C) its path component category. A functor
b : Split→ π0(C) is completely determined by twomorphisms [r] ∈ π0(C(x, y)) and [i] ∈ π0(C(y, x)) such that
r ∘ i is homotopic to idy in C(y, y). Hence we will denote such a functor b by ([r], [i]).

Lemma 2.5. If C is a fibrant simplicial category, then the function

sCat(C(Ret), C)→ Cat(Split, π0(C))

that sends [g, f, α] to ([g], [f]) is well defined and surjective.

Proof. The fact that the function iswell defined is clear. To prove that it is surjective, let ([r], [i]) be an element
of Cat(Split, π0(C)). Let x and y be the domain and the codomain of r, respectively. Let α : ∆[1]→ C(y, y) be
a homotopy between r ∘ i and idy. The element [r, i, α] ∈ sCat(C(Ret), C) is the desired lifting of ([r], [i]).

2.4 The fibered model structure

Let f : A → B be a map of sets. The map f induces an adjunction between simplicial categories which have A
and B as sets of objects

f! : sCatA  sCatB : f∗.
Thus, giving a map of simplicial categories f : C→ D is the same as giving a map of sets f : ob(C)→ ob(D)
and amap f u : C→ f∗(D) in sCatob(C), or equivalently, amap fu : f!(C)→ D in sCatob(D). There exists amodel
structure on sCat, called the fibered model structure, such that:
(i) The weak equivalences are the local weak equivalences which are bijective on objects.
(ii) The fibration are the local fibrations.
(iii) The cofibrations are the maps of simplicial categories f : C→ D such that fu : f!(C)→ D is a cofibration

in sCatob(D).
The fibered model structure on sCat was described by Joyal in [27, Section 4.1]. It can be also obtained as
a particular instance of the integral model structure [22, Theorem 3.0.12]. We will denote the fibered model
structure by sCatfib.

Remark 2.6. Themodel structure sCatfib is right proper, since sCatfib has the samefibrations as sCat, theweak
equivalences in sCatfib are weak equivalences in sCat, and sCat is right proper.
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Lemma 2.7. Amapof simplicial categories is a cofibration in the fiberedmodel structure and injective on objects
if and only if it has the left lifting property with respect to trivial fibrations in the Bergner model structure (that
is, with respect to local trivial fibrations surjective on objects).

Proof. By [27, Proposition 4.5] the cofibrations in the Bergner model structure are cofibrations in the fibered
model structure for simplicial categories, and a cofibration in the fibered model structure is a cofibration in
the Bergner model structure if and only if it is injective on objects.

2.5 Retract intervals

Let I be the category with two objects 0 and 1 and one non-identity arrow from 0 to 1. Let sCatI denote the
category of functors from I to sCat, that is, the category of arrows of sCat. The category I is a Reedy category
and hence sCatI (and also sCatIfib) admits a Reedy model structure; see, for instance [25, Theorem 15.3.4].

Definition 2.8. A retract interval in sCat is a cofibrant object in (sCatIfib)Reedy weakly equivalent to the map
ι : Idem→ Split.

In other words, a retract interval in sCat is a map h : E → R of simplicial categories such that:
(i) The category E has one object 0 and it is cofibrant in sCat{0}.
(ii) The category R has two objects 0 and 1.
(iii) The map h sends 0 to 0 and its associated map hu : h!E → R is a cofibration in sCat{0,1}.
(iv) There is a zigzag of weak equivalences in (sCatIfib)Reedy

E ∼
//

h
��

Idem f

ι f
��

Idem∼
oo

ι
��

R ∼ // Split f Split,∼oo
where ι f is a fibrant replacement for ι.

Remark 2.9. Any cofibrant replacement of ι is a retract interval. In particular, CN(ι) is a retract interval

CN(Idem) ∼ //
CN(ι)

��

Idem

ι
��

CN(Split) ∼ // Split.
As proved in [27, Lemma 1.20] or [33, Theorem 2.2.0.1], the horizontal maps in the diagram above are weak
equivalences in sCat.

Definition 2.10. A set G of retract intervals in sCat is called a generating set if every retract interval is a retract
of a trivial extension of an element ofG in (sCatIfib)Reedy. That is, for every retract interval h : E → R there exists
a commutative diagram

G0 //
∼
//

g

��

G0 r
))

g

��

E
i
jj

h
��

G1 // ∼ // G1 r
)) R,

i
jj

where r ∘ i = id, Gi → Gi are trivial cofibrations in (sCatIfib)Reedy for i = 0, 1, and g ∈ G.
Lemma 2.11. There exists a generating set of retract intervals in sCat.

Proof. The existence of such a set can be proved along the same lines as in [4, Lemma 1.12]. Let I denote the
category with two objects and exactly one non-identity map between them. The slice category sCatI/ι f and
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the category (sCatI)I are locally presentable and the inclusion functor

Φ : sCatI/ι f → (sCatI)I

is accessible, since sCatI/ι f is closed under filtered colimits in (sCatI)I; see [1, Example 2.17 (3)]. Let W be
the full subcategory of ((sCatIfib)Reedy)

I spanned by the weak equivalences in (sCatIfib)Reedy. By [33, Corol-
lary A.2.6.6],W is an accessible and accessibly embedded subcategory. Thus, the preimage along the inclu-
sion functor Φ−1(W) is also an accessible and accessibly embedded subcategory and thus it has a set G of
objects that generate it under filtered colimits. But Φ−1(W) is precisely the subcategory of sCatI/ι f whose
objects are of the form

E ∼
//

��

Idem f

ι f
��

R ∼ // Split f .
Note that the map E → R is not a retract interval, since it is not cofibrant in general. Let G be the set that
consists of taking a cofibrant replacement for every element in G. Then the elements of G are now retract
intervals. It then follows that for every retract interval h there is a retract interval g inG andaweak equivalence
g → h. By using Ken Brown’s lemma [25, Lemma 7.7.1], we can factor g → h as a trivial cofibration g → g
followed by a retraction g → h of a trivial cofibration h → g. This means precisely that G is a generating set
of retract intervals.

Remark 2.12. Note that if a fibration in sCatfib has the right lifting property with respect to a generating set
of retract intervals G, then it has the right lifting property with respect to every retract interval.

Definition 2.13. Let x and y be two objects in a simplicial category C. We say that
(i) y is a strong homotopy retract of x if there exists a retract interval h : E → R and a functor r : R → C such

that r(0) = x and r(1) = y,
(ii) y is a virtual strong homotopy retract of x if it is a strong homotopy retract of x in a fibrant replacement

C f of C in sCatfib,
(iii) y is a homotopy retract of x if it is a retract of x in π0(C).

Our goal is to prove that the three notions defined above are, in fact, all equivalent. The arguments we give
are similar to the ones used when dealing with intervals in the study of the homotopy theory of enriched
categories (cf. [4, Lemma 2.10 and Lemma 2.4]).

Proposition 2.14. LetC be a simplicial category and let x and y be two objects ofC. Then y is a strong homotopy
retract of x if and only if y is a virtual strong homotopy retract of x.

Proof. The fact that if y is a strong homotopy retract of x, then y is a virtual strong homotopy retract of x is
straightforward.

Conversely, let C f be a fibrant replacement of C in sCatfib and suppose that y is a virtual homotopy retract
of x. Then there exist a retract interval h : E → R and a map of simplicial categories r : R → C f such that
r(0) = x and r(1) = y. The functor r determines a uniquemorphism r : h → idC f in sCatI . Nowwe factor r into
a trivial cofibration followed by a fibration:

h // ∼ // h k
// // idC f .

Note that h is also a retract interval. Consider the following pullback square in (sCatIfib)Reedy:
h∼
��

k
// // idX∼
��

h
k
// // idX f .

Since the model structure sCatfib is right proper (see Remark 2.6), the model structure (sCatIfib)Reedy is also
right proper. Therefore, the verticalmapon the left is aweak equivalence. In particular, h is a retract interval.
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Let p : h̃ → h be a cofibrant replacement for h. Then themap h̃ is a retract interval and the composition
k ∘ p : h̃ → idC exhibits y as a strong homotopy retract of x.

Proposition 2.15. Let C be a simplicial category and let x and y be two objects of C. Then y is a virtual strong
homotopy retract of x if and only if y is a homotopy retract of x.

Proof. One direction is clear.We are going to prove that if y is a homotopy retract of x, then y is a virtual strong
homotopy retract of x. LetC f be a fibrant replacement ofC in sCatfib. Note that since π0(C f ) ≅ π0(C), the object
y is a homotopy retract of x in C f as well. Hence, there exists a map of simplicial categories r : C(Ret)→ C f

such that r(0) = x and r(1) = y.
By [33, Proposition 4.4.5.6] the map Ret→ N(Split) is an inner anodyne map of simplicial sets and thus

a trivial cofibration in the Joyalmodel structure. Hence themapC(ρ) : C(Ret)→ C(N(Split)) is a trivial cofibra-
tion in both sCat and sCatfib, sinceC is a left Quillen functor. Therefore, r lifts to amap of simplicial categories
̃r : C(N(Split))→ C f . Since C(N(Split)) is the target of a retract interval, namely C(N(ι)), this implies that y is
a virtual homotopy retract of x.

2.6 The Morita model structure

In this subsection we prove the existence of the Morita model structure for simplicial categories. We begin by
describing the weak equivalences and fibrations of this model structure.

Definition 2.16. A map of simplicial categories f : C→ D is called
(i) retract-lifting if it has the right lifting property with respect to retract intervals,
(ii) homotopically essentially surjective up to retracts if for every a in D there exist x in C, a retract interval

h : E → R, and a map of simplicial categories q : R → D such that q(0) = f(x) and q(1) = a.

Definition 2.17. A map of simplicial categories is called a Morita weak equivalence if it is homotopically
fully faithful and homotopically essentially surjective up to retracts. A map of simplicial categories is called
aMorita fibration if it is a local fibration and retract-lifting.

Lemma 2.18. Amap is a Morita trivial fibration (that is, a Morita fibration which is also a Morita weak equiva-
lence) if and only if it is a local trivial fibration which is surjective on objects.

Proof. By definition, every Morita trivial fibration is a local trivial fibration. So it suffices to prove that a local
trivial fibration f : C→ D is retract-lifting and homotopically essentially surjective up to retracts if and only
if it is surjective on objects.

Suppose that f is retract-lifting and homotopically essentially surjective up to retracts and let a be an
object ofD. By hypothesis, there exist x in C, a retract interval h : E → R and a map of simplicial categories
q : R → D such that q(0) = f(x) and q(1) = a. Consider the following commutative diagram:

0 x
//

��

0
��

C

f

����

E

x̃
??

h
��

R q
//

p

GG

D.

We can decompose the map x as a composition of a functor which is bijective on objects followed by a fully
faithful one, and the same for the map q ∘ h. Thus, we get a commutative diagram

0 //

��

x∗C
��

// C

��

E //

x̃
<<

h∗q∗D // D.
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The vertical map in themiddle is a trivial fibration in the category of simplicial categories with one object and
the map 0→ E is a cofibration which is bijective on objects. Therefore, x lifts to a map x̃. Furthermore, since
f is retract-lifting, there exists a map p that makes the first diagram commute. Clearly f(p(1)) = q(1) = a. This
proves that f is surjective on objects.

Conversely, suppose that f is surjective on objects. Then f is clearly homotopically essentially surjective
up to retracts, and it is also retract-lifting by Lemma 2.7.

Remark 2.19. The previous lemma shows that the class of trivial fibrations for the Morita model structure on
simplicial categories is the same as the class of trivial fibrations for the Bergner model structure. In fact, as
we will see in Section 2.7, the Morita model structure can be obtained as a left Bousfield localization of the
Bergner model structure.

Following Dwyer and Kan [18] a map f of simplicial categories is called aweak r-equivalence if f is homotopi-
cally fully faithful and π0(f) is essentially surjective up to retracts.

Let f : C→ D be a map of simplicial categories. Then there is a Quillen pair

f! : sSetsC  sSetsD : f∗
between the corresponding categories of simplicial functors with the projective model structure. Dwyer and
Kan characterized themaps forwhich the previous adjunction is a Quillen equivalence; see [18, Theorem2.1]
and [20, IX. Theorem 2.13].

Theorem 2.20 (Dwyer–Kan). Let f : C→ D be a map of simplicial categories. Then

f! : sSetsC  sSetsD : f∗
is a Quillen equivalence if and only if f is a weak r-equivalence.

Lemma 2.21. A map f of simplicial categories is homotopically essentially surjective up to retracts if and only
of π0(f) is essentially surjective up to retracts. In particular, a map of simplicial categories is a Morita weak
equivalence if and only if it is a weak r-equivalence.

Proof. Suppose that f : C→ D is homotopically essentially surjective up to retracts. Let y be an object ofD. By
assumption there exists an object x in C such that y is a strong homotopy retract of f(x). By Proposition 2.14
and Proposition 2.15 this implies that y is a homotopy retract of f(x). It follows that π0(f) is essentially
surjective up to retracts. The converse is obvious.

Recall that given a class I of morphisms in a category with all small colimits we denote by
(i) I-inj the class of morphisms with the right lifting property with respect to every element in I,
(ii) I-cell the class of morphisms obtained as a transfinite composition of pushouts of elements in I.

Theorem 2.22. There is a cofibrantly generatedmodel structure on sCat, called theMoritamodel structure, and
denoted by sCatMor such that:
(i) The weak equivalences are the Morita weak equivalences.
(ii) The fibrations are the Morita fibrations.
(iii) The cofibrations are the cofibrations of sCat with the Bergner model structure.
A set JMor of generating trivial cofibrations consists of a generating set of retract intervals G together with the
maps U(Λ[n, k])→ U(∆[n]) for n ≥ 1 and 0 ≤ k ≤ n. As a set of generating cofibrations we can take the set of
generating cofibrations of the Bergner model structure.

Proof. To prove the existence of the model structure, we are going to use Kan’s recognition principle for cofi-
brantly generated model categories; see [26, Theorem 2.1.19] and [25, Theorem 11.3.1]. It then suffices to
check the following conditions:
(i) The class ofMoritaweak equivalencesWMor has the two out of three property and is closedunder retracts.
(ii) I and JMor admit the small object argument, where I denotes a generating set of cofibrations of sCat.
(iii) JMor-inj ∩WMor = I-inj.
(iv) JMor-cell ⊂WMor.
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Condition (i) is clearly satisfied, by Lemma 2.21. Condition (ii) follows from the fact that the category of sim-
plicial categories is locally presentable, and condition (iii) is Lemma 2.18, since the class JMor-inj coincides
with the class of Morita fibrations, by Remark 2.12.

The class of Morita weak equivalences is closed under transfinite composition. Therefore, to check con-
dition (iv) we only need to show that pushouts of maps in JMor are Morita weak equivalences. All maps of
the form U(Λ[n, k])→ U(∆[n]) for n ≥ 1 and 0 ≤ k ≤ n are trivial cofibrations in the fibered model structure,
hence their pushouts are fibered weak equivalences and, in particular, Morita weak equivalences.

Suppose now that h : E → R is a retract interval in G and consider a pushout square in sCat

E a
//

h
��

C

k
��

R
b
// D.

(2.2)

The only object of D which is not in the image of k is b(1), which is a strong homotopy retract of b(0) by
construction. Hence k is homotopically essentially surjective up to retracts.

It remains to check that k is a local weak equivalence. The square (2.2) can be decomposed into two
pushout squares

E a
//

hu
��

C

k
��

h∗(R) //

c
��

C
k
��

R
b
// D.

The map of simplicial categories c is fully faithful and injective on objects. It follows that k is fully faithful
and injective on objects too, and hence, in particular, a local weak equivalence. In the top square the map
hu is a trivial cofibration in the fibered model structure, since E(0, 0)→ h∗(R)(0, 0) is the same as the map
h!E(0, 0) = E(0, 0)→ R(0, 0) which is a cofibration by [36, Theorem 7.13]. Therefore k is a fibered weak
equivalence and, in particular, a local weak equivalence. It follows by the two out of three property for weak
equivalences that k is a local weak equivalence too.

Remark 2.23. TheMoritamodel structure for categories described in Theorem1.2 can be also constructed by
using retract intervals inCat. The proof is essentially the same as for simplicial categories. The only difference
is that, since every object of Cat is fibrant, we can take a set of generating retract intervals consisting of
just one object (cf. [4, Lemma 2.1]). Thus, for CatMor we can take ι : Idem→ Split as a sole generating trivial
cofibration. The set of generating cofibrations is the same as the one for the canonical model structure. The
fact that the model structure obtained this way coincides with the one of Theorem 1.2 is now easy to check
using [28, Proposition E.1.10], since they both have the same cofibrations and fibrant objects.

2.7 The Morita model structure as a localized model structure

In this subsection we are going to show that the model structure sCatMor can be obtained as a suitable local-
ization of the Bergner model structure on simplicial categories. More precisely, we will show that sCatMor
is the left Bousfield localization of sCat with respect to the map ι : Idem→ Split. Since the cofibrations in
sCatMor and in sCat coincide, it is enough to prove that the ι-local objects coincide with the fibrant objects of
the Morita model structure.

Proposition 2.24. Let C be a simplicial category. The following are equivalent:
(i) C is ι-local.
(ii) C is fibrant in the Morita model structure.
(iii) C is locally fibrant and has the right lifting property with respect to ChcN(ι).
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Proof. We first prove that (i) and (ii) are equivalent. Note that a fibrant object in the Morita model structure
is ι-local because ι is a Morita weak equivalence (the Morita model structure is the left Bousfield localization
of the Bergner model structure with respect to the class of Morita weak equivalences).

Conversely, let C be an ι-local object and let h be a retract interval. We have to prove that C has the right
lifting property with respect to h. Note that C is h-local, since h is weakly equivalent to ι, for every retract
interval h. Since h is a cofibration between cofibrant objects in sCat, it follows that C has the right lifting
property with respect to h, by [25, Proposition 17.7.5 (2)].

To prove the equivalence between (ii) and (iii) observe first that ChcN(ι) is a retract interval, therefore (ii)
implies (iii).

Conversely, we have to show that if C has the right lifting property with respect to ChcN(ι), then it has the
right lifting property with respect to any retract interval h. This follows by [33, Proposition A.2.3.1], since h
is weakly equivalent to ChcN(ι) and both are cofibrations between cofibrant objects.

Corollary 2.25. The model structure sCatMor is equal to the left Bousfield localization LιsCat of the Bergner
model structure on sCatwith respect to the map ι : Idem→ Split. In particular, since sCat is left proper, sCatMor
is also left proper.

3 The Morita model structure for quasicategories
In this section, we introduce the Morita model structure for quasicategories. The existence of this model
structure was first stated by Joyal in [29, Chapter 16].

Recall that ι : Idem→ Split is the functor defined in Section 1.2 and that N : Cat→ sSets denotes the
nerve functor.

Definition 3.1. TheMorita model structure for quasicategories sSetsMor is the left Bousfield localization of the
Joyal model structure on simplicial sets with respect to the map N(ι) : N(Idem)→ N(Split).

We give a characterization of the N(ι)-local equivalences in Corollary 3.5. The fibrant objects of sSetsMor,
that is, the N(ι)-local objects, can be characterized as follows:

Proposition 3.2. A simplicial set X is N(ι)-local if and only if it is a quasicategory with the right lifting property
with respect to N(ι).

Proof. Suppose that X is N(ι)-local. Then X is fibrant in the Joyalmodel structure, that is, X is a quasicategory.
Themap N(ι) is a cofibration between cofibrant objects and hence X has the right lifting property with respect
to N(ι), by [25, Corollary 17.7.5 (2)].

The converse follows from [33, Corollary 4.4.5.14]. (Lurie uses the notation Idem and Idem+ for what we
call N(Idem) and N(Split), respectively, and he calls a quasicategory idempotent complete if it has the right
lifting property with respect to N(ι).)

TheQuillen equivalence between simplicial sets with the Joyalmodel structure and simplicial categorieswith
the Bergner model structure induces a Quillen equivalence between the Morita model structures.

Theorem 3.3. The adjunction
C : sSetsMor  sCatMor : hcN

is a Quillen equivalence.

Proof. Recall that the homotopy coherent nerve and its left adjoint give a Quillen equivalence

C : sSets  sCat : hcN

between simplicial setswith the Joyalmodel structure and simplicial categorieswith the Bergnermodel struc-
ture. If we take the left Bousfield localization of the Joyal model structure with respect to N(ι), then using
[25, Theorem 3.3.20 (1) (b)], we obtain that there is a Quillen equivalence C : sSetsMor  LCN(ι)sCat : hcN.
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But the localized model structure LCN(ι)sCat is the same as sCatMor, since CN(ι) is weakly equivalent to ι; see
Remark 2.9.

The functor C preserves and reflects all weak equivalences between the Morita model structures, since all
objects in sSetsMor are cofibrant. This allows us to give a characterization of the weak equivalences in the
Morita model structure for simplicial sets, which is the analogue of the characterization of the weak equiva-
lences for the Morita model structure on simplicial categories (Theorem 2.20 and Lemma 2.21). Given a sim-
plicial set X it does not make sense to consider diagrams of simplicial sets indexed by X. Instead, we can
consider simplicial functors from C(X) to simplicial sets. The category of such functors is Quillen equivalent,
via straightening and unstraightening, to the slice category sSets/X, as we now explain.

Recall that a map of simplicial sets is called a right fibration (respectively a left fibration) if it has the right
lifting property with respect to the horn inclusions Λ[n, k]→ ∆[n] for 0 < k ≤ n (respectively for 0 ≤ k < n).
For every simplicial set X there is a model structure on the slice category sSets/X called the contravariant
model structurewhose cofibrations are themonomorphisms andwhose fibrant objects are the right fibrations.
Similarly, there is also a model structure on sSets/X called the covariant model structure whose cofibrations
are the monomorphisms and whose fibrant objects are the left fibrations.

Given a simplicial set X there is an adjunction

r! : sSets/X  sSetsC(X) : r∗
given by the straightening and unstraightening functors; see [33, Section 2.2.1]. The following result can be
deduced from [33, Theorem 2.2.1.2] (cf. [24, Proposition B]).

Theorem 3.4 (Lurie, Heuts–Moerdijk). For any simplicial set X, the adjunction (r!, r∗) is a Quillen equivalence
between the slice category sSets/X with the covariant model structure, and the category sSetsC(X) with the
projective model structure.

Corollary 3.5. A map f : X → Y of simplicial sets is a weak equivalence in the Morita model structure sSetsMor
if and only if it induces a Quillen equivalence f! : sSets/X  sSets/Y : f∗ between the slice categories with the
covariant model structures.

Proof. A map f is a weak equivalence in the Morita model structure for simplicial sets if and only if C(f) is
a weak equivalence in the Morita model structure for simplicial categories. For every map of simplicial sets
f : X → Y the following diagram commutes up to natural isomorphism:

sSets/X

f!
��

r!
// sSetsC(X)

C(f)!
��

sSets/Y r!
// sSetsC(Y).

The result follows from Theorem 2.20, Lemma 2.21 and Theorem 3.4.

Remark 3.6. Given a simplicial set X, we denote by Xop the opposite simplicial set, that is, the simplicial set
obtained by composing the functor X : ∆op → Sets with the automorphism of ∆which reverses the order rela-
tion on each ordinal. The result in [33, Theorem2.2.1.2] establishes aQuillen equivalence between sSets/Xop
with the contravariant model structure and sSetsC(X) with the projective model structure. Since the functor
(−)op induces a Quillen equivalence between sSets/Xop with the contravariant model structure and sSets/X
with the covariant model structure, Theorem 3.4 immediately follows.

Note that ι = ιop, so f : X → Y is aMorita weak equivalence of simplicial sets if and only if f op : Xop → Yop

is so. Therefore, we also have that f : X → Y is a weak equivalence in the Morita model structure sSetsMor if
and only if it induces a Quillen equivalence

f! : sSets/X  sSets/Y : f∗
between the slice categories with the contravariantmodel structures.
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4 The Morita model structure for operads
In this section, we endow the category of operads in sets with the Morita model structure and, using the
results of [10], we characterize the weak equivalences in terms of equivalences of categories of algebras. We
start by recalling the canonical model structure on operads, which extends the canonical model structure on
small categories described in Section 1.1.

4.1 The canonical model structure

Let Fin be a skeleton for the category of finite sets, Σ the wide subcategory of Fin spanned by all the isomor-
phisms, and C be a fixed set. We will denote by ΣC the comma category Σ ↓ C. Its objects can be represented
as finite sequences c = (c1, . . . , cn) in C. Let Sign(C) denote the category ΣC × C. The objects of this category
will be written as (c; c), where c is an object of ΣC and c ∈ C.

Let O be a C-colored operad and let P be a D-colored operad. A morphism f : O→ P is called
(i) fully faithful if the map f : O(c; c)→ P(f(c); f(c)) is an isomorphism for every (c; c) in Sign(C),
(ii) essentially surjective if for every d ∈ D there exists a c ∈ C such that d is isomorphic to f(c).

Recall that there is an adjunction between the category of small categories and the category of colored
operads

j! : Cat  Oper : j∗. (4.1)
The right adjoint j∗ associates to every C-colored operad its underlying category with set of objects C. More
explicitly, j∗(O)(c, d) ≅ O(c; d) for every c, d ∈ C and composition and identities are inherited directly from
the ones in O. Note that a morphism of operads f is essentially surjective if and only if j∗(f) is essentially
surjective (in the sense of categories).

The category Oper of colored operads admits a cofibrantly generated model structure, called the canoni-
cal model structure, in which the weak equivalences are the operadic equivalences, that is, fully faithful and
essentially surjective morphisms of operads; fibrations are the morphisms f such that j∗(f) is an isofibra-
tion; and cofibrations are the morphisms injective on colors. The existence of this model structure was
shown in [40, Theorem 1.6.2]. It can also be deduced from the more general case for enriched operads
[8, Theorem 4.22] or from the theory of model 2-categories [31, Theorem 4.3].

Given two operads O and P, we can define a simplicial enrichment

Map(O,P) = N(Iso(j∗Fun(O,P))),
where Fun(O,P) is the operad of morphisms from O to P. With this simplicial enrichment, the canonical
model structure on Oper is a simplicial model structure (like the canonical model structure on Cat; see Sec-
tion 1.1). This can be seen by using that the canonical model structure on Oper is a Cat-model structure,
by [31, Theorem 4.3], and the fact that N(Iso(−)) preserves fibrations and trivial fibrations.

4.2 The Morita model structure

Let O be a symmetric colored operad in Sets with set of colors C. Given c, c ∈ C the color c is a retract of c if
there exist two operations r ∈ O(c; c) and i ∈ O(c; c) such that ri = idc.
Definition 4.1. Let O and P be two colored operads in Sets, with set of colors C and D, respectively. A mor-
phism of colored operads f : O→ P is called
(i) essentially surjective up to retracts if for every d ∈ D there exists a c ∈ C such that d is isomorphic to

a retract of f(c),
(ii) aMorita equivalence if it is fully faithful and essentially surjective up to retracts.

As above, a morphism of operads f is essentially surjective up to retracts if and only if j∗(f) is essentially
surjective up to retracts (in the sense of categories).
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Morita equivalences of operads can be characterized similarly as for categories. The Cauchy completion
O of an operad O can be defined as follows: the colors are pairs (c, e), where c ∈ C and e ∈ O(c; c) is an
idempotent operation. An operation in O((c1, e1), . . . , (cn , en); (c, e)) is an operation p ∈ O(c1, . . . , cn; c)
such that p ∘ (e1, . . . , en) = p = e ∘ p. The canonical morphism O→ O that sends c to (c, idc) is a Morita
equivalence.

The following statements are equivalent for a morphism f : O→ P of operads:
(i) f is a Morita equivalence.
(ii) f : O→ P is an equivalence of operads.

Theorem 4.2. There is a cofibrantly generated model structure OperMor on the category of colored operads in
Sets in which the weak equivalences are the Morita equivalences and the cofibrations are the morphisms that
are injective on objects. The fibrant objects are the Cauchy complete operads.

Proof. The model structure OperMor is the left Bousfield localization of the canonical model structure with
respect to the morphism j!(ι) : j!(Idem)→ j!(Split). To identify the weak equivalences and the fibrant objects
one proceeds as in the proof of Theorem 1.2.

Remark 4.3. Let η denote the terminal category seen as an operad. Under the identification Cat = Oper/η,
we can recover the Morita model structure CatMor of Theorem 1.2 from the standard model structure on the
slice category Oper/η induced by that of Theorem 4.2.

TheMorita equivalences betweenoperads inSets canbe characterized as thosemorphismsof colored operads
which induce an equivalence of categories between the respective categories of algebras. The following result
is proved in [10, Theorem 4.5], by means of algebraic theories.

Theorem 4.4. Let f : O→ P be amorphism of symmetric colored operads in Sets. The following are equivalent:
(i) The morphism f is a Morita equivalence of operads.
(ii) The induced adjunction

f! : Alg(O)  Alg(P) : f∗
is an equivalence of categories.

5 The Morita model structure for simplicial operads
LetM = sSets anddenote the category of symmetric coloredM-operads by sOper. Recall that there is a functor
π0 : sOper→ Oper that sends a simplicial C-colored operad O to the C-colored operad in sets π0(O), whose
set of morphisms is defined by π0(O)(c; c) = π0(O(c; c)), for every (c; c) in Sign(C).

5.1 The Cisinski–Moerdijk model structure

Cisinski and Moerdijk proved that there exists a cofibrantly generated model structure on sOper that extends
the Bergner model structure on sCat andmodels the homotopy theory of∞-operads; see [12, Theorem 1.14].
We call this model structure the Cisinski–Moerdijk model structure on simplicial operads and we denote it
by sOperCM.

The weak equivalences in the Cisinski–Moerdijk model structure, that we call operadic weak equiva-
lences, are the operadic analogues of theDwyer–Kan equivalences of simplicial categories. They are explicitly
defined as follows:

Definition 5.1. Let O be a C-colored operad. A morphism f : O→ P in sOper is called
(i) homotopically fully faithful (respectively a local fibration) if the map f : O(c; c)→ P(f(c); f(c)) is a weak

equivalence (respectively a fibration) of simplicial sets, for every (c, c) in Sign(C),
(ii) an operadic weak equivalence if it is homotopically fully faithful and π0(f) is an equivalence of operads.
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Theorem 5.2 (Cisinski–Moerdijk). There is a right proper cofibrantly generatedmodel structure on the category
of simplicial operads sOper, called the Cisinski–Moerdijk model structure, in which weak equivalences are the
operadic weak equivalences and fibrations are the maps that are local fibrations and isofibrations.

Adjunction (4.1) extends to an adjunction between the categories of simplicial categories and simplicial
colored operads

j! : sCat  sOper : j∗. (5.1)

Moreover, (j!, j∗) is a Quillen pair between the Bergner model structure on sCat and the Cisinski–Moerdijk
model structure on sOper.

5.2 The Morita model structure

In this subsection, we prove the existence of the Morita model structure for simplicial operads. We begin by
describing the weak equivalences and fibrations of this model structure.

Definition 5.3. A morphism f in sOper is called
(i) homotopically essentially surjective up to retracts if π0(f) is essentially surjective up to retracts,
(ii) aMorita weak equivalence if it is homotopically fully faithful and homotopically essentially surjective up

to retracts.

The aim of this subsection is to prove that there exists a model structure on the category of simplicial colored
operads in which the class of weak equivalences is the class of Morita weak equivalences. Its fibrations are
the natural generalization of the Morita fibrations of simplicial categories.

Definition 5.4. Let O be a C-colored operad. A morphism f : O→ P of colored operads in sOper is called
(i) retract-lifting if j∗(f) is retract-lifting (see Definition 2.16 (i)),
(ii) aMorita fibration if it is a local fibration and retract-lifting.

Observe that, given a colored operadO and two colors x, y in C, we have that y is a (homotopical) retract of x
if and only if y is a (homotopical) retract of x in j∗(O).
Lemma 5.5. A map of simplicial colored operads is a Morita fibration and a Morita weak equivalence if and
only if it is a local trivial fibration surjective on objects.

Proof. It is enough to prove that if f is a local fibration; then j∗(f) is retract-lifting and essentially surjective
up to retracts if and only if j∗(f) is surjective on objects. This follows from Lemma 2.18.

For every simplicial set X and every n ∈ ℕ, let Cn[X] be the unique simplicial colored operadwith set of colors
{0, 1, . . . , n} such that

Cn[X](c; c) =
{{{
{{{
{

X if (c; c) = (1, . . . , n; 0),
∗ if c = c,
0 otherwise.

The assignment Cn[−] is clearly functorial in X for every n ∈ ℕ. Consider the set of morphisms of simplicial
operads

Jloc = {Cn[Λ[m, k]]→ Cn[∆[m]] | n ≥ 0, m ≥ 1, 0 ≤ k ≤ m}.

The following characterization of the morphisms that are local fibrations can be found in [12, Lemma 1.16]:

Proposition 5.6. A map of simplicial operads is a local fibration if and only if it has the right lifting property
with respect to Jloc.

The proof of the following theorem is very close to the one of Theorem 2.22; see also the proof of [12, Theo-
rem 1.14].
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Theorem 5.7. There exists a cofibrantly generatedmodel structure on sOper, called theMoritamodel structure,
and denoted by sOperMor, such that:
(i) The weak equivalences are the Morita weak equivalences.
(ii) The fibrations are the Morita fibrations.
(iii) The cofibrations are the cofibrations of sOper with the Cisinski–Moerdijk model structure.
A set of generating cofibrations consists of the set of generating cofibrations for the Cisinski–Moerdijk model
structure. As set of generating trivial cofibrationswe can take the setJMor = Jloc ∪ j!(G), whereG is any generating
set of retract intervals.

Proof. As in the proof of Theorem 2.22, we have to check the four conditions of Kan’s recognition principle
for cofibrantly generated model categories:
(1) The class ofMoritaweak equivalencesWMor has the two out of three property and is closedunder retracts.
(2) I and JMor admit the small object argument, where I denotes a generating set of cofibrations of sOperCM.
(3) JMor-inj ∩WMor = I-inj.
(4) JMor-cell ⊂WMor.

Condition (1) is easily checked, and condition (2) readily follows from the fact that sOper is locally pre-
sentable (see [9, Corollary 2.9.2.6]). Lemma 5.5 guarantees that condition (3) holds. The only requirement
left to check for Kan’s recognition principle is condition (4), this is, that the class JMor-cell is contained in the
class of Morita weak equivalences.

Since Morita weak equivalences are closed under transfinite composition and all the maps in Jloc are
operadic weak equivalences, it is enough to check that for every retract interval of simplicial categories
h : E → R and every pushout diagram

j!(E)

j!(h)
��

f
// O

k
��

j!(R)
f 
// P,

the map of operads k is a Morita weak equivalence. The only color of Pwhich is not in the image of k is f (1),
which is clearly a homotopy retract of f (0) = k(f(0)). This proves that k is homotopically essentially surjective
up to retracts, hence we only have to prove that it is homotopically fully faithful.

Factoring h into a bijective on objects functor hu followed by a fully faithful and injective on objects
functor c, the above diagram decomposes into two pushouts

j!(E)

j!(hu)
��

f
// O

k

��

j!(h∗(R))
j!(c)
��

f
// O

k

��

j!(R)
f 
// P.

The morphism j!(hu) is a trivial cofibration in sOperCM, since j! is a left Quillen functor. Therefore k is homo-
topically fully faithful. By [12, Lemma 1.29] the morphism k is homotopically fully faithful. It follows that
k ∘ k = k is homotopically fully faithful.

Proposition 5.8. Themodel structure sOperMor is equal to the left Bousfield localization of sOperCMwith respect
to j!(ι). A simplicial operad is Morita fibrant if and only if it is locally fibrant and it has the right lifting property
with respect to j!ChcN(ι).

Proof. Since a model structure is completely determined by its cofibrations and its fibrant objects (see
[28, Proposition E.1.10]), it is enough to show that the j!(ι)-local objects coincide with the fibrant objects
of sOperMor. Every fibrant object in sOperMor is j!(ι)-local, since j!(ι) is a Morita equivalence of operads. Con-
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versely, suppose that O is j!(ι)-local. Then O is fibrant in sOperMor if and only if j∗(O) has the right lifting
property with respect to every retract interval h. This follows from Proposition 2.24, since if O is j!(ι)-local,
then j∗(O) is ι-local.

To characterize the Morita fibrant simplicial operads, note that, by Proposition 2.24, j∗(O) has the right
lifting property with respect to every retract interval if and only if it has the right lifting property with respect
to ChcN(ι). By adjunction (5.1), this is the same as requiring thatO has the right lifting property with respect
to j!ChcN(ι).

Remark 5.9. Observe that the left Bousfield localization of sOperCM with respect to j!(ι) cannot be inferred
from the usual existence theorems ([25, Theorem 4.1.1] and [2, Theorem 4.7]), since they require the
model structure to be left proper, which does not hold for the Cisinski–Moerdijk model structure on sOper;
see [21, Section 4].

LetO be a C-coloured operad in simplicial sets and letAlg(O) denote the corresponding category of algebras.
An O-algebra X = (X(c))c∈C is an object of sSetsC together with a morphism of operads O→ End(X), where
End(X) denote the C-coloured operad of endomorphisms of X.

The category Alg(O) admits a transferred model structure via the free-forgetful adjunction, which is
called the projective model structure; see [3, Theorem 2.1]. The weak equivalences and the fibrations are
defined colourwise, that is, they are the morphisms X → Y such that X(c) → Y(c) is a weak equivalence or
a fibration of simplicial sets for every c ∈ C, respectively. Moreover, for a morphism of operads f : O→ P the
induced adjunction

f! : Alg(O)  Alg(P) : f∗
is a Quillen pair with respect to the corresponding projective model structures.

We recall that a symmetric C-coloured operad O is called Σ-cofibrant if it has an underlying cofibrant
C-coloured collection, that is, if for every (c, c) in Sign(C) the simplicial set O(c; c) is cofibrant in sSetsΣC(c,c)
endowed with the projective model structure.

The following characterization of Morita weak equivalences of simplicial operads in terms of their cate-
gories of algebras is proved in [10, Theorem 4.8], by means of simplicial algebraic theories.

Theorem 5.10. Let f : O→ Pbeamapbetween Σ-cofibrant simplicial colored operads. The following are equiv-
alent:
(i) The map f is a Morita weak equivalence of simplicial operads.
(ii) The Quillen pair

f! : Alg(O)  Alg(P) : f∗
is a Quillen equivalence.

Remark 5.11. The hypothesis of Σ-cofibrancy in the previous theorem might seem restrictive and technical.
However, it is helpful to keep inmind the following two facts: every cofibrant operad in the Cisinski–Moerdijk
model structure is Σ-cofibrant and the cofibrant resolution of every operad provides a model for the corre-
sponding notion of homotopy invariant algebraic structure; see [3].

Hence, the above theorem can be read as follows: a morphism of simplicial colored operads is a Morita
weak equivalence if and only if it induces a Quillen equivalence between the corresponding categories of
homotopy invariant algebraic structures. Therefore, the Morita model structure on sOper provides a model
for a homotopy theory of homotopy invariant algebraic structures.

6 The Morita model structure for dendroidal sets
We begin this section by recalling some generalities about dendroidal sets. For complete details, we refer the
reader to [35] and [34].

Let Ω denote the category of trees introduced byMoerdijk andWeiss in [35] as an extension of the simpli-
cial category ∆. The objects of Ω are (non-planar) rooted trees. Every tree T in Ω has an associated symmetric
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colored operad Ω(T), whose set of colors is the set of edges of T and whose operations are generated by the
vertices of T. More explicitly, Ω(T) is the free symmetric colored operad on the colored collection determined
by T. The set of morphisms between two trees S and T is defined as

Ω(S, T) = Oper(Ω(S), Ω(T)).

The category dSets of dendroidal sets is the category of presheaves on Ω. Given a tree T, we denote by Ω[T]
the representable presheaf Ω(−, T).

Similarly as in ∆ everymorphism inΩ can be factored in a uniqueway as a composition of faces, followed
by an isomorphism and followed by a composition of degeneracies. Given a facemap α of T, the α-horn Λα[T]
is the dendroidal subset ofΩ[T] consisting of the union of the images of all faces ofΩ[T] except α (if α is a face
map that contracts an inner edge, Λα[T] is called an inner horn). The inclusion Λα[T]→ Ω[T] is called a horn
inclusion.

A dendroidal set X is called an∞-operad if it has the right lifting property with respect to all inner horn
inclusions.

Amonomorphism f : X → Y of dendroidal sets is called a normalmonomorphism if the action of the auto-
morphism group Aut(T) on YT \ f(XT) is free. A dendroidal set X is called normal if the unique map 0→ X is
a normal monomorphism.

There is a fully faithful inclusion i : ∆ → Ω, where [n] is sent to the linear tree with n vertices and n + 1
edges, which induces an adjunction

i! : sSets  dSets : i∗. (6.1)

There is a dendroidal nerve functor Nd from operads to dendroidal sets, defined as Nd(O)T = Oper(Ω(T),O).
The functor Nd is fully faithful, has a left adjoint and it extends the simplicial nerve of categories N, that is,
the following diagrams commute up to natural isomorphism:

Oper
j∗
//

Nd

��

Cat

N
��

dSets
i∗
// sSets,

Oper

Nd
��

Cat
j!

oo

N
��

dSets sSets.
i!

oo

The category of dendroidal sets admits a model structure that generalizes the Joyal model structure on
simplicial sets [11, Theorem 2.4, Proposition 2.6].

Theorem 6.1 (Cisinski–Moerdijk). The category of dendroidal sets admits a left proper combinatorial model
structure, called the operadic model structure, whose cofibrations are the normal monomorphisms, the fibrant
objects are the∞-operads, and whose weak equivalences are the operadic weak equivalences.

The adjoint pair (6.1) is a Quillen pair between the Joyal model structure on simplicial sets and the operadic
model structure on dendroidal sets.

The category of dendroidal sets is closely related to the category of simplicial operads, extending the rela-
tion of simplicial sets with simplicial categories via the homotopy coherent nerve. IfO is a simplicial operad,
we denote by W(O) its Boardman–Vogt construction with respect to the interval ∆[1]. The operad W(O) is
a cofibrant replacement of O and the W(O)-algebras are the O-algebras up to homotopy; see [12, Section 4]
and [3, Section 3] for details. If we apply theW-construction to the operadsΩ(T) viewed as discrete simplicial
operads, we get a functor Ω → sOper sending a tree T toW(Ω(T)which, by left Kan extension, gives a pair of
adjoint functors

Cd : dSets  sOper : hcNd , (6.2)

extending adjunction (2.1). The right adjoint is called the homotopy coherent dendroidal nerve and, given
a simplicial operad O, it is defined by

hcNd(O)T = sOper(W(Ω(T)),O).

Cisinski and Moerdijk proved in [12, Theorem 8.15] that adjunction (6.2) is a Quillen equivalence.
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Theorem 6.2 (Cisinski–Moerdijk). The adjunction Cd : dSets  sOper : hcNd is a Quillen equivalence, where
dSets is endowed with the operadic model structure and sOper is endowed with the Cisinski–Moerdijk model
structure.

We now describe the Morita model structure for dendroidal sets, which can be defined directly as a left
Bousfield localization of the operadic model structure on dendroidal sets, since the latter is left proper and
combinatorial.

Definition 6.3. TheMoritamodel structure for dendroidal sets dSetsMor is the left Bousfield localization of the
operadic model structure with respect to i!N(ι) (or, equivalently, with respect to Nd j!(ι)).

The Morita weak equivalences of dendroidal sets are characterized in Corollary 6.8. The fibrant objects of
dSetsMor, that is, the i!N(ι)-local objects, can be characterized as follows:

Proposition 6.4. A dendroidal set is fibrant in dSetsMor if and only if it is an∞-operad and has the right lifting
property with respect to i!N(ι).

Proof. By [25, Proposition 17.4.16] if X is fibrant in the Cisinski–Moerdijk model structure, then X is
i!N(ι)-local if and only if i∗X is N(ι)-local. The proof now reduces to the case of quasicategories, which
was treated in Proposition 3.2.

The Quillen equivalence between dendroidal sets with the operadic model structure and simplicial oper-
ads with the Cisinski–Moerdijk model structure induces a Quillen equivalence between the Morita model
structures.

Theorem 6.5. The adjunction Cd : dSetsMor  sOperMor : hcNd is a Quillen equivalence.

Proof. Themodel structure sOperMor is the same as the localizedmodel structure Lj!(ι)sOper. Since i!N ≃ Nd j!,
Cd i! ≃ j!C and CN(ι) ≃ ι, where ≃ means weakly equivalent, we have that CdNd j!(ι) ≃ j!(ι); see Remark 2.9.
Therefore, the localized model structure LCdNd j!(ι)sOper exists and is the same as sOperMor. If we consider the
left Bousfield localization of the operadic model structure on dendroidal sets with respect to Nd j!(ι), then
by [25, Theorem 3.3.20 (1) (b)], there is a Quillen equivalence Cd : dSetsMor  LCdNd j!(ι)sOper : hcNd and the
result follows.

Remark 6.6. Let η denote the representable dendroidal set corresponding to the tree with one edge and no
vertices, and also the terminal simplicial category seen as an operad. The functors Cd and hcNd preserve η.
Thus, under the identifications sSets = dSets/η and sCat = sOper/η, we can recover the Morita model struc-
tures on quasicategories (Definition 3.1) and simplicial categories (Theorem 2.22) as the standard model
structure on the corresponding slice categories induced by the Morita model structures for dendroidal sets
(Definition 6.3) and simplicial operads (Theorem 5.7), respectively.

By the same argument, the Quillen equivalence of Theorem 3.3 between the Morita model structure for
quasicategories and the Morita model structure for simplicial categories can be recovered, by slicing over η,
from the Quillen equivalence of Theorem 6.5.

The functor Cd preserves and reflects all weak equivalences between normal dendroidal sets. This allows
us to give a characterization of the weak equivalences between normal dendroidal sets in the Morita model
structure, similarly as we did in Section 3 for quasicategories, as we now explain.

Given a simplicial operad O, we denote byAlg(O) the category of O-algebras in simplicial sets equipped
with the projective model structure. Generalizing the covariant model structure on simplicial sets described
by Lurie, Heuts proved in [23, Theorem 2.3] that given a dendroidal set X the slice category dSets/X admits
the covariant model structure, whose cofibrations are the normal monomorphisms and whose fibrant objects
are the left fibrations A → X. Moreover, given a dendroidal set X there is an adjunction

r! : dSets/X  Alg(Cd(X)) : r∗
given by the straightening and unstraightening functors; see [23, Section 2.2]. The following result can be
found in [23, Theorem 2.7] (cf. [6, Corollary 6.5]).
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Theorem 6.7 (Heuts, Boavida de Brito–Moerdijk). For any normal dendroidal set X the adjunction (r!, r∗) is
a Quillen equivalence between the slice category dSets/X with the covariant model structure, and the category
Alg(Cd(X)) with the projective model structure.

Corollary 6.8. A map f : X → Y between normal dendroidal sets is a weak equivalence in the Morita model
structure dSetsMor if and only if it induces a Quillen equivalence f! : dSets/X  dSets/Y : f∗ between the slice
categories with the covariant model structures.

Proof. Amap f between normal dendroidal sets is a weak equivalence in the Morita model structure for sim-
plicial sets if and only if Cd(f) is a weak equivalence in the Morita model structure for simplicial operads. For
every map of normal dendroidal sets f : X → Y the diagram

dSets/X

f!
��

r!
// Alg(C(X))

Cd(f)!
��

dSets/Y r!
// Alg(Cd(Y))

commutes up to natural isomorphism. The result follows from Theorem 5.10 and Theorem 6.7.
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