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This paper considers the transmission of the initial parallel proton beam with kinetic energy
of 10 keV through the electrostatic octopole lens. The spatial rainbows and corresponding
proton distributions are calculated by using the infinite length approximation potential. Posi-
tive potentials of the lens electrodes are set to be 0.35 kV and 9 kV. It has been shown that by
application of catastrophe theory, the generating function for mapping proton positions be-
tween entrance and exit transverse plains can be determined, giving accurate rainbow pat-

terns for biasing potentials of 0.35 kV.
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INTRODUCTION

Aperfect 2-D octopole electric field may be gener-
ated by an electrode structure consisting of eight infi-
nitely long parallel rods of the hyperbolic cross-section,
with rod centers equally spaced around a circle. The elec-
trodes are set to be on alternating electrostatic potentials
1V, [1-3]. Octopole effect on charged beam particles pri-
marily introduces a third-order path deviation resulting
in a fourfold third-order deformation of a rotationally
symmetric beam [4]. This deviation, according to aberra-
tion classification nomenclature, corresponds to
four-fold astigmatism. The secondary path deviations are
of the fifth- order. Octopoles are used in reduction of
third-order spherical aberrations, mainly in electron mi-
croscopy. Combined positive spherical aberrations of
quadrupoles and four-fold astigmatism of octopoles,
forming a negative spherical aberration, can be used for
correction of a positive spherical aberration ofthe objec-
tive lens in electron microscopy [5-7].

In the previous study [8] we have shown that
spatial rainbow lines, determined numerically by cal-
culation of proton trajectories propagating through
and after the hexapole lens, can be successfully used
for fitting corresponding generating function for this
lens. Since the generating function is related to geo-
metric aberrations, it also determines optical proper-
ties of the observed hexapole lens.

In this work, we performed a similar study for an
octopole electrostatic lens, which is very often used as
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a complementary lens with the hexapole one. The
transmission of a parallel 10 kV proton beam through
the lens and the corresponding rainbow lines were
considered. Two values of the biasing potential of the
lens electrodes were chosen: V, = 0.35 and 9 kV. Ap-
plying the same technique as described in [8], a gener-
ating function that characterizes the mapping process,
for V,=0.35kV, was fitted. In addition to this, expres-
sion for the beam transmission coefficient &, as a func-
tion of the potential V|, was derived.

THEORY

For an infinitely extended octopole lens, as
shown in fig. 1, the electrostatic potential in vacuum
for hyperbolic-shape electrodes, can be written as [1,
2]

vV,
o(x, y)=—¢ (x* —6x y? + )
o

(1)

where J; denotes the applied positive electrode poten-
tial and ry the radius of a circle inscribed within eight
electrodes. It is readily verified that this function satis-
fies Laplace's equation Ag(x, y) = 0. From the symmet-
ric and anti-symmetric properties of the potential, the
following relations hold: @(—x, y) =p(x, y) or p(x,—y) =
= @(x, y) and (under 45° rotation around the lens axis)
—o((x+ y)/N2,(x=y)/N2)=—p(x,y). Moreover,
provided that the radius d of each rod is related to the
radius ry of the inscribed circle (see fig. 1) according to

Ty =(Z\2]—1)d

2)
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Figure 1. (a) The medium transverse position plain of the octopole lens, (b) longitudinal cross-section of the lens:
the blue and red colors (dark and gray) of electrodes correspond to the positive and negative applied potential

where N >4 is the number of poles of a multipole, then
the potential generated by rods of the hyperbolic
cross-section is very well approximated by rods of the
circular cross-section [2]. For an octopole (V=8 in eq.
(2)), we should therefore choose ry = 3d. The corre-
sponding electric field components are

4,

E (%, y)=— (" =307%) (3a)
"

4r,
Ey(ry)=—> (0 =32%) (3b)
To
The motion of a proton in the presence of this
electric field is fully described by

(x3—33072)ex
d*r 4 4, 4q
S EM) == (7 =3 e, | (4)
dz v my Iy V.M, Oez
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where m,, g,, and v, are the mass, charge, and longitu-
dinal velocity of the proton, respectively, and r is the
transverse proton position. The variables in eq. (4)
cannot be separated i. e., it cannot be solved analyti-
cally. Therefore the proton trajectories were calculated
by using the fourth-order Runge-Kutta [9] numerical
integration of eq. (4).

Let us now consider the mapping of two neigh-
boring trajectories in the same transverse plain at the
longitudinal position z

(xo jH[X(XO’yO’Z)jand
Yo y(xX,¥0,2)
Yo +dyg x(xy +dxg, vy +dyg,z)

where the starting positions (xo, yo), and (xo + ,dxqyo +
+ dyy) are in the impact parameter (IP) plain, while
(x(x0, ¥0, 2), (X0, y0,2)) and (x(xo + dxo, yo + dyo,2), y(xo+
+ dxo, yo + dyo,z)) are the proton spatial components af-
ter its motion through the lens and/or after it, at the
transversal position (TP) plain. In fig. 1(b) the IP plain
it is set to be at the entrance of the octopole lens, while
the TP plain coincides with the exit plain of the lens. It
should be noted that it has no fixed position along the
axis of the lens. The mapping process between the IP
plain and the TP plain, given by eq. (5) is defined by
the Jacobian of the transverse components of the pro-
ton position vector, which reads

Jp (X0, 90,2)=0, X0, y=0,X0, y (6)

The Jacobian can be considered as a transfer
function defining the mapping of a small area dx,, dy,
in the IP plain into a correspondingly small area dxdy
of the TP plain. i. e. dxdy =J, (z)dx, dy,. Therefore, re-
ciprocal of Jacobian determinant is proportional to in-
tensity of proton beam at the position of TP plain.

The conditionJ, = 0 should give the shape of the
rainbow line (RL) in the IP plain along which this map-
ping is singular. In general, the mapping defined by eq.
(5) is not an injective (one-to-one correspondence)
function i. e. two or more neighboring rays could inter-
sect each other at the TP plain, which often leads to
so-called catastrophic phenomena. In the context of
ion beam optics, the term catastrophic symbolizes the
singularity of protons intensity along RL, which repre-
sents the border between the so-called bright and dark
sides of the rainbow [8, 10-13].

RESULTS AND DISCUSSION

In our calculations the radii of each six electrodes
are set up to be d =2.1 cm. Due to the restrictions im-
posed by eq. (2), the radius of'the circle inscribed within
the electrodes is equal to 7, = 3d = 6.3 cm. The polarity

N/
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Figure 2. Electrostatic potential distribution over the

chosen octopole geometry, for electrode biasing voltage
of Vy=1V

of the electrodes is shown in fig. 1(a). The length of the
electrodes is L = 40 cm. The origin of the used coordi-
nate system is taken to be in the middle of the octopole
lens, and the z axis coincides with the lens axis (see
fig. 1(b)). The positions of the entrance and exit
transversal plains shown in fig. 1(b) correspond to the
longitudinal co-ordinate z =-20 cm and z = 20 cm, re-
spectively. The proton energy is taken to be £ =10 keV
whereas the initial number of protons taken into the
simulation is 600 000. The initial proton beam is paral-
lel to the lens axis, homogenously distributed within the
diameter of a circle equal to 4 cm, laying onto the IP
plain. A circular aperture, 6 cm in diameter, is set up at
exitplain. The horizontal and vertical coordinates, x and
y, respectively, are chosen so that the proton beam is di-
rected towards the direction of the z axis, which coin-
cides with the lens axis.

The distribution of the electrostatic potential
over an arbitrary TP, far enough from the lens edges,
for biasing potential of V;==1 V is presented in fig. 2.
Each of the eight pole pieces has the same shape and so
the structure is unchanged under a 45° rotation. The in-
ner equipotential lines, which are close to the elec-
trodes, have almost a circular shape, becoming more
and more hyperbolic with greater distance from the
electrodes. Since electrode structure of a real lens is
not infinitely long, the electrostatic field/potential dis-
tribution depends not solely on the transverse (x and
), but also on longitudinal (z) co-ordinate. This fact is
particularly pronounced at the extremities of the elec-
trode structure (entrance and exit transverse plain)
where the well-known effect of the fringe field ap-
pears. However, the infinite length potential approxi-
mation, given by eq. (1), is acceptable for the real lens
if the length L is much longer than its diameter r,. In
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Figure 3. Rainbow lines in the impact parameter plain for (a) 1, =9 kV, (¢) ¥, =0.35KkYV, and corresponding mapped
images in the exit transverse plain, together with spatial distribution of transmitted protons for (b) V5 =9 kV and
(d) ¥p=0.35kV. The red and green (dark and gray) points designate the focused and defocused protons, respectively. The

blue (grey) circle represents the exit lens aperture

our case L is more than six times longer than », which
justifies our use of this approximation.

The biasing voltage on the electrodes at which
RL form closed lines in both IP and TP plains, is called
characteristic voltage. Figure 3 presents two such
cases, for two characteristic voltages of 0.35 kV and
9 kV. In case of lower potential, the corresponding RL
in TP and IP plains are shown in fig. 3(c) and 3(d), re-
spectively. The blue circular lines represent the en-
trance/exit lens aperture (alternative, the gray designa-
tion color is used in the printed version). It should be
emphasized that RL in the IP plain is not an observable

phenomenon. It only determines the initial protons po-
sitions that are mapped into the corresponding RL in
the defined TP plain, the latter being observable exper-
imentally. In this case the virtual rainbow line in the [P
plain (the black round line) is being mapped into the
black cusp square in the TP plain.

The red and green color points (alternative dark
and gray designation colors are used in the printed ver-
sion of the journal) designate the focused and
defocused transmitted protons, respectively. The pro-
tons are focusing if during their movement they are ap-
proaching the axis of the lens. Otherwise they are
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defocusing [8, 10-13]. If during the propagation a pro-
ton hits some of the electrodes or apertures, it is con-
sidered lost for further transmission. The initial circu-
lar beam at the IP plain is deformed by a square cusp at
the exit of the lens, so that the proton yield changes
rapidly across the RL. The common term of the dark
and bright side of the rainbow, here actually corre-
sponds to areas of low proton yield that are outside,
and the high proton yield that are inside the RL. Hav-
ing this in mind, one can conclude that the rainbow
lines play the role of skeletons or structure of the beam
shape. This is an obvious manifestation of the cata-
strophic character of the proton beam dynamics in the
lens [8, 10-13]. While the focused protons are con-
fined within RL, the defocused ones migrate from the
bright side of the rainbow to its dark side, mainly
through the cusps of the RL.

For the characteristic potential of ;=9 kV, the
process of mapping is more complex. In addition to the
square cusp shape, a secondary complex 12 cusped RL
in the TP plain appears, as shown in fig. 3 (a). These
two RL are images of the corresponding lines in the IP
plain depicted in fig. 3(b): the inner circular-like line is
mapped into the square cusped RL, while the mapping
of the outer cross-like line gives the secondary com-
plex 12 cusped RL. In this case the RL in the TP plain
also present skeletons of the transmitted ion beam dis-
tribution. One can conclude, as being evident from fig.
3(a), that both RL serve as a confinement borders for
the proton beam. Judging by the density of the proton
distribution, the confining ability of the inner (or pri-
mary) RL is much stronger in comparison to the outer
(or secondary) one. In addition to this, the inner RL
confines mostly the focused protons, while the outer
RL defines the part of the beam consisting mostly of
defocused protons.

The particle beams with an underlying RL (in-
stead of RL, most often in literature the term caustic is
used) structure are stable under perturbation, if the RL
belongs to the catastrophe-theory classification (fold,
cusp, swallowtail, hyperbolic and elliptic umbilic,
etc.) [14]. Each RL singularity, and its corresponding
catastrophe, is described by a canonical form gener-
ated from an elementary polynomial [15].

Generating function of an octopole is

1
F (o033 12) = (55 + 73 )= (xox + yx) +
1
+Za(z)(xo 6’Co J’O + yo )+
+— b(z)()cO +3x0 yO +3x0 yo + yo ) (7

The ﬁrst and second term correspond to the par-
ticle co-ordinates without path deviation, i. e., move-
ment in field-free space [16], the third and fourth terms
correspond to fourfold umbilic and rotational cusp ca-
tastrophes [4, 15-17]. It should be noted that the third
term of the generating function is related to the astig-

matism of the third-order whereas the fourth term is re-
lated to the spherical aberration of the fifth-order [18].
The last two terms introduce a third- and fifth-order
path deviation on charged particle trajectories.

The generating function defines the following
polynomial nonlinear mapping, x,v, — x.), via the re-
lations

O, L' (x0, 5%, y,2)=0—>x=
=xo +a(z)(x) —3xvg )+ (8)
+b(2)(xg +2x) Y5 +% ¥y )

ayOF(x09y0;x:yaz)=O_>y=
= yo +a(z)(¥5 —3y0%) )+ ©)
+b(Z)(J’o +2y0x0 + J/()xo )

According to catastrophe theory, the conditions
(7) and (8) define the equilibrium set of the family of
functions, F [18]. It can be shown that the Jacobian
of the 2-D mappmg deﬁned asJ (X0, Y03%, ¥, 2)=
—62F6 , F -, F) 1sg1venby

J;”(xo,yo;x,y,z>=1 (9a° (2)—6b(z))xy —
~(9a” (2)-6b(2))yy —(18a> (2)=12b(2)x5 y5 —
—lEa(z)b(z)x0 —lZa(z)b(z)y0 +60a(z)b(z)x0 yo
+60a(z)b(z)x3 yg +5b* (2)x§ +5b% (2)y§ +
+30b° (z)x0y0+20b (Z)xoyo +20b° (Z)on’O

(10)

which represents, on the other hand, the Hessian of the
generating function, H (F) [17]. According to catastro-
phe theory, equation, H (F) = 0, which is equivalent to
the condition defining the spatial rainbow lines in the
IP plain, corresponds to the catastrophic set of the fam-
ily of functions F. The bifurcation set of the family F is
defined as the mapping of the catastrophic set via the
eqs. (8)and (9) [17], and, therefore, corresponds to the
rainbow lines in the TP plain. Thus, we have shown a
direct connection between the rainbow lines in the IP
and TP plains and the catastrophic and bifurcation sets
of the generating function (7), respectively.

As mentioned earlier, the equation J, =0 defines
the rainbow lines. Depending on the way of determin-
ing the Jacobian of the mapping, in this study we con-
sider two cases. The first one is when the mapping is
determined by the numerically calculated electrostatic
potential of the octopole lens. The solving of the map-
ping equation is done by numerical methods i. e. by
numerical integration of the proton's equations of mo-
tion. The resulting RL in this case are called numerical
RL. In the second case, we use the analytical potential
given by eq. (1), and consequently, the mapping equa-
tion J' =0 is the polynomial given in on the
right-hand side of equation (10). The RL obtained in
this way are called model RL. Since the numerical so-
lution of this problem is complicated and time con-
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Figure 4. The analytical (black color) and numerical (red/gray) color rainbow lines in IP plain shown in (a) and (c), and
the corresponding rainbow lines in the exit plain, for z=20 cm (b), and in drift space for z=90 cm (d). The electrode bias-

ing potential is V;, = 0.35 kV

suming, it will be shown that the model RL are a good
approximation of the numerical ones.

The unknown parameters « (z) and b (z) appear-
ingin egs. (7)-(10), are determined in the fitting proce-
dure, at points laying on the z axis of the lens. This ap-
proach provides the best match between the
corresponding numerical and model rainbow lines, in
both IP and TP plains [8]. Figure 4 shows the numeri-
cally calculated RL (red line) and the corresponding
best fitting model RL (black line), both in the I[P and TP
plains, respectively, for biasing the potential of V, =
0.35kV. Two cases, forz equal to 20 cm and 90 cm are
shown. In the first case, the TP plain is within the lens,

while in the second one, it is in the drift space, 50 cm
behind the exit edge of the lens. The fitting procedure
for determining a (z) and b (z) is achieved by minimiz-
ing the sum of squared distances between the corre-
sponding points 1(x;, yo;) and 1, (Xo;ms Yoim)> 2(X02s
Vo2 ) and 2, (Xoam» Yoam ) 10 the IP plain, and 17 (x;, y))
and 1 ’m (x1m7y1m)7 and, 2 ’(x27y2) and 2 'm(x2m7y2m)ﬂ and
the TP plain, that are presented in fig. 4. The men-
tioned fitting criterion is given by

2
. 2 2
min > (Xo; X4 )~ + 0 0i —Yoim )+
i=1

0t =X )2 O Y im)’ (1)
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where, the additional index m denotes the points on the
model RL to distinguish them from numerically calcu-
lated RL points. The intersection points for both RL
with the x axis we denote with 1, while 2 denotes the
points on top of the cusp. The chosen points give ex-
cellent matches. For example, the minimal squares of
deviations obtained for z=20 cm and z =90 cm (cases
shown in in fig. (4) give the averaged difference be-
tween RL in both plains of 1 % and 10 '%, respec-
tively. The same procedure is applied for the values of
variable z= 50, 60, 70, 80, 90, 100, 120, 140, 160, 180,
and 200 cm i. e., within the drift space behind the lens.
The corresponding obtained values of parameters a
and b are presented in figs. 5(a) and 5(b), respectively.
The analysis shows that dependences of parameters a
and b on variable z can be excellently fitted with the
following analytical functions, a (z) = a; — a, exp
(—z/a,) and b(z) = b, — b, exp(—=z/b,), respectively. Cal-
culated parameters of the fitting functions are: a; =
=0.26cm ,a,=0.54cm !, and @,=29.10 cm, and b, =
=0.09 cm 2, b, =0.25 cm %, and b, = 37.18 cm.
Figure 6 gives the transmission coefficient of the
lens, k,, as a function of the biasing potential V), vary-
ing between 0.35 and 9 kV i. e. between the character-
istic potentials at which the first and the second RL are
represent by closed lines. This parameter of the lens is
defined as the ratio of the number of transmitted pro-
tons in the exit plain of the lens and the initial number
of protons in the IP plain. One should note that k, de-
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Figure 5. Dependencies of the fitting parameters (a)
a, and (b) b, on variable z
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Figure 6. Dependency of the transmission coefficient
on potential V;

creases with the increase of the potential on electrodes.
For V, = 0.35 kV the value of &, is 0.75 and for V)=
=9kV kitfallsto 0.17 . e. itis 4.5 times lower. Analy-
sis shows that dependency of k, on ¥, can be fitted by
an exponential function k, (Vo) =k, + k, exp(-Vy/ky, ),
where the values of the fitting parameters are k; =0.18,
k,=0.65, and k) =2 kV.

CONCLUSIONS

We have studied the spatial rainbows patterns
occurring in the transmission of a parallel proton beam
of initial kinetic energy of 10 keV through an electro-
static octopole lens. The analysis was performed for
biasing potentials of ,=0.35kV and 9.0 kV, at which
the formation of the first and the second rainbow line is
completed in both, the entrance and exit plain of the
lens. The first RL represents a cusped square while the
second is a complex one possessing 12 cusps. The fo-
cused protons of the beam are confined within the first
RL which determines the shape of the beam core. The
second RL defines the outer shape of the beam, con-
sisting mostly of defocused protons. Since the proton
yield abruptly changes across the RL in the exit plain,
we conclude that the rainbow effect possesses typical
catastrophic characteristics and can be described by
the catastrophe theory.

Applying the catastrophe theory for the elec-
trode biasing potential of ¥, = 0.35kV, parameters
a (z) and b (z) of the octopole generating function at
different distances in the drift space, were determined.
These parameters define the optical properties of the
electrostatic octopole, because they are related to the
path deviations of the third- and fifth-order in proton
transmission through the lens. The dependence of the
mapping parameters, @ and b, on the variable z, can be
excellently fitted with the exponential functions a(z) =
a,—a, exp(—z/a,) and b(z) = b, — b, exp(—z/b,), where
a;=026cm™!,a,=0.54 cm™!, and a,=29.10 cm, and
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b, =0.09 cm™2, by = 0.25 cm 2, and b, = 37.18 cm.
Analysis also showed that the dependency of the trans-
mission coefficient &, on the potential ;) can be fitted
by the exponential function &, (V) =k, + k, exp (—V/
ky,), withk; =0.18,k,=0.65,and k;; =2kV.For V=
0.35 kV the value of k,is 0.75 while for V, = 9 kV £,
falls to 0.17 i. e. 4.5 times less protons are transmitted
for Vi, =9 kV compared to V,, = 0.35 kV.
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Hrop H. TEJIEYKH, Cawa M. I'PYJOBUh 3T0JIIEK, Cphan M. IIETPOBUh

IMPOCTOPHE OYITE U KATACTPO®E Y TPAHCMUCHUIU ITPOTOHA
KPO3 EJEKTPOCTATUYKO OKTOIIOJIHO COYMBO

Y oBoM pajry mocMaTpaHa je TpaHCMICH]ja IIOYETHOT MapajieTHOT TPOTOHCKOT CHOIIA KHHETHYKE
enepruje 10 keV Kpo3 eneKTpocTaTHUKO OKTONOJHO couynBo. [loBpuimHCKe Ayre u oarosapajyhe pac-
nofese NpOTOHA padyHaTe cy KOpucTehn anmpokcuMaTHBaH MOJiEJ TOTEHIIjajla 6€CKOHAYHOT OKTOIONA.
ITo3uTuBHU NOTEHLUjal Ha eJeKTpofaMa counusa 61o je nocrasibeH Ha 0.35 kV u 9 kV. ITokaszaHo je fa ce
MIPUMEHOM Teopuje KaTacTpode MOKe Of[pefiuT! reHeprcana (PyHKIMja Koja MPeciInKaBameM MTO3UII]je
OPOTOHA Ca ylIa3He PaBHU Ha TMO3MIHUje Y TPAaHCBEP3aIUM paBHAMA BaH COYNBA Jlaje UHICHTUYHE JINHU]E
fyre y o6e paBHHU ca JUHUjaMa yre HyMEpUUIKN U3padyHaTe y CIy4ajy Kaj je MOTEHIUjajl Ha eJIeKTPoaMa
6mo 0.35 kV.

Kmwyune peuu: okitioilos, joHcka ouiliuka, ieopuja Kawaciupoge, aunuja 0yze, abepayuja




