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DAH-YAN HWANG AND SILVESTRU SEVER DRAGOMIR

(Communicated by S. Abramovich)

Abstract. In this paper, the inequalities for the weighted mean of weakly r-preinvex functions
on an invex set are established. As applications, inequalities between the two-parameter mean of
weakly r-preinvex functions and extended mean values are given.

1. Introduction

The concepts of means are very important notions in mathematics. For example,
some definitions of norms are often special means and have explicit geometric mean-
ings [17], and have been applied in fields of heat conduction, chemistry [20], electro-
statics [14] and medicine [4].

Recall the power mean M, (x,y;A) of order r of positive numbers x,y which is
defined by

(Ax"+ (1= 2A)y")7, ifr#0,

M, (x,y;A) =
' oyl if r=0,

see [7].

In [15, 16], Qi gave the following weighted mean values of a positive function f
defined on the interval between x and y with two parameters p,q € R and nonnegative
weight w, which is not equivalent 0, by

My r (P, 3%, y)
) (Bwasr@ /e dt)(”) if (p = q)(x—y) #0,
exp ([ w(o) 2 n £ dt/fy filoydr), i p=q.x#y.

and M,,¢(p,q;x,x) = f(x). Let x,y,s € R, and w and f be positive and integrable
functions on the closed interval [x,y]. The weighted mean of order s of the function f
on [x,y] with the weight w is defined in [8] as

MU (f wix,y) = (IKW(tfstdt/fywtdt)%, if s #0,
exp(fxy )In f(t dt/fy dt) if s =0.
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In addition, MF (f,w;x,x) = f(x). By taking s = p — ¢, p,q € R, and replacing
w(t) by w(t) f4(¢) in MPL(f,w;x,y), we have that MIP=4(f,wf9;x,y) = My, (p, q;,y).
It is obvious that the weighted mean MU (f,w;x,y) is equivalent to the generalized
weighted mean values M,, ¢(p,q;x,y). Taking w(t) = 1, the mean M,, ¢(p,q;x,y) re-
duces to the two-parameter mean M, ,(f;a,b) of a positive function f on [a,b] which
is given in [18].

The classical Hermite-Hadamard inequality for convex functions states that if f :
[a,b] — R is convex, then

f(a+b / 7o) )+f( )

2 “b—ua

In [19], Sun and Yang extend the following right hand side of Hermite-Hadamard in-
equality to the weighted mean of order s of a positive r-convex function on an interval
[a,b]. They obtain more extensive results than the main results in [5, 12, 13, 18].

THEOREM 1. Let f(t) be a positive and continuous function on the interval [x,y]
with continuous derivative f'(t) on [x,y|, let w(t) be a positive and continuous func-
tion on the range J of the function f(t), and let h(t) =t. Then if f is r-convex,

MU (f wo fix.y) < MU (hwh' ™ f(6), £ (7)) (1.1
for any real number s, and if f is r-concave, the inequality is reversed.

In [9], Mohan et al. introduced the definitions of invex sets and preinvex functions.
n [1, 2], Antczak investigated some interesting concept of r-invex and r-preinvex
functions on an invex set and gave a new method to solve nonlinear mathematical pro-
gramming problems. In [10], Noor gave some Hermite-Hadamard inequality for the
preinvex and log-preinvex functions. Moreover, in [21], Wasim Ui-Haq and Javed Igbal
introduced the Hermite-Hadamard inequality for r-preinvex functions. Quite recently,
in [6], Hwang and Dragomir investigated weakly r-preinvex functions on an invex set
and established some Hermite-Hadamard’s inequalities for a relation of two extended
means.

Recall the following definitions of 7 -path on an invex set that were introduced by
Antczak in [3]. Let K C R" be a nonempty set, 1 : K x K — R" and u € K. Then the
set K is said to be invex at u with respectto 1, if

u+An(vu) e K

forevery v e K and A € [0,1]. K is said to be an invex set with respect to 71, if K is
invex at each u € K with respect to the same function 1. For x € K, a closed and an
open 1 -paths joining the points # and x = u + 1 (v,u) are defined by the notation:

Puc:i={u+An(v,u): 2 €[0,1]}

and

PP = {u+An(vu): A € (0,1)},
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respectively. We note that if 1(v,u) =v —u, then the set P,y =P, = {Av+ (1 —2A)u:
A €[0,1]} is the line segment with the end points u and v.

Let K C R" be a nonempty invex set with respect to 1. The class of r-preinvex
functions with respect to 7 is introduced via power means given by Antczak in [1]. A
function f: K — R is said to be r-preinvex with respect to 7, if there is a vector-
valued function 1 : K x K — R" such that

1
¥

AfO) + (A =A)f(w))r, ifr#0,

flu+An(v,u)) < {
FO* f(u) =2, if r=0.

for every v,u € K and A € [0,1]. We note that 0-preinvex functions are logarithmic
preinvex and 1-preinvex functions are preinvex functions. It is obvious that if f is
r-preinvex, then f” is a preinvex function for positive r.

A more natural idea of weakly r-preinvex with respect to 1 is investigated via
power means given by Hwang and Dragomir, see [6]. Let K C R" be a nonempty invex
set with respect to 1. A function f: K — R™ is said to be weakly r-preinvex with
respect to 1, if there is a vector-valued function 1 : K x K — R" such that

St An(vu) <M (f(u+n(v,u)), f(u); 1)

for every v,u € K and A € [0,1]. It is clear that if f is weakly r-preinvex, then f”
is weakly preinvex for positive r, if f is weakly O-preinvex, then logo f is weakly
preinvex, and if f is weakly 1-preinvex, then f is weakly preinvex.

Let K C R" be a nonempty invex set with respect to 1 : K x K — R"". A function
f K — R is invex with respect to the same 7. If the inequality

flutn(vu) < f(v)

holds for any u,v € K, we say that the function f satisfies the Condition D, see [22].
We note that, if f satisfies the Condition D, f is also an r-preinvex function. In [6],
applying the definition of weakly r-preinvex function, Hwang and Dragomire extend
the Hermite-Hadamard inequality that involves a mean of two-parameters for weakly
r-preinvex functions on an invex set.

In this paper, we shall establish the Hermite-Hadamard inequality for the weighted
mean of weakly r-preinvex functions on an invex set. As applications, some inequal-
ities between the two-parameter mean of weakly r-preinvex functions and extended
mean values are given. The results are not only to generalize the Hermite-Hadamard
inequality given in [10, 21], but also to establish the weighted type inequality, given in
[15, 19], for weakly r-preinvex functions on an invex set.
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2. Preliminary definition and lemma

In order to obtain our results, we shall introduce the following new definition re-
lated to a weighted mean for two-parameters on an invex set.

DEFINITION 1. Let K C R" be a nonempty invex set with respect to a vector-
valued function 1 : K x K — R" and let f,w: K — R™ be integrable on the 1 -path P,
for x = u+n(v,u) where vu € K, A €10,1]. Set y(A) = u+ An(v,u). We define the
weighted mean of the function f(u+ An(v,u)) on [0, 1] with respect to A by

1
JowG))P(y(A)dA \ =) £
oA ) itp#4
Mg (it 1)) = (3 P )
TGO Inf AR e
exP( T W) f9((A))d ) ifp=q.

In the special case, g = 0, M, o(f, w;u,u-+1(v,u)) = MPI(fwiu,u+n(v,u)) is
the weighted mean of order p of the function f on [u,u+ 1 (v,u)] with the weight w.

Let K C R" be a nonempty invex set with respectto 1: K x K — R" and vyu € K,
A €]0,1]. We say that the function n satisfies the Condition C, see [9, 11], if the
following two identities

@) 77(“:”+7L77(Va“)) = —7”7(":14)
and

() n(vu+An(vu)) =1 -2A)n(v,u)
hold.

In [6], Hwang and Dragomir have given the following lemma for weakly r-preinvex
functions.

LEMMA 1. Let K C R" be a nonempty invex set with respect to 1 : K x K — R"
and suppose that 1 satisfies Condition C. Let u € K and let f : P,x — R for every
veK, A€0,1] and x=u+n(v,u) € K. Suppose that f is continuous on P, and
is twice-differentiable on P,?x and r > 0. Then f is a weakly r-preinvex function with
respect to M if and only if

rf 2@ {(r =DM VP + f)n (vu) V2 f)n (vu)} >0
for r>0,
{n ()" V2 ()0 (vyu) f () = [0 (v,0)"Vf (@)]*}/ 2 (1) >0

for r=0.
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3. Main results

In this section, we assume that K C R" be a nonempty invex set with respect to a
vector-valued function 1 : K x K — R". Applying the definition and lemma in section
2, we have the following theorem which is our main result.

THEOREM 2. Let f be aweakly r-preinvex function on an invex set K with r > 0.
Assume that f be a positive and continuous function on P, and twice-differentiable on
PO, for every a,b € K, A €[0,1] and a < x = a+1(b,a), and let N satisfy Condition
C. Let m and M be the minimum and maximum of f on Py, respectively. Further, let
w, i be positive and continuous on [m, M) with h(x) = x, and let g,g> : (0,00) — R and
suppose that g is positive and integrable on [m, M| and the ratio g|/g> is integrable
on [m,M|. If g1/g2 is increasing on [m,M], then

Jo w(f(a+2An(b,a)))gi(f(a+An(b,a)))dr
Jo w(f(a+an(b,a)))g2(f(a+An(b,a)))dA

JH D ()1 (1)l
f}{(%"‘”wﬂn w(x)h"1(x)g2(h(x))dx

for f(a) # f(a+n(b,a)); the right-hand side of (3.1) is defined by g1(f(a))/g2(f(a))
Sor f(a) = fla+n(b,a)). If g1/g> is decreasing, then the inequality (3.1) is reversed.

3.1)

Proof. Let (1) = f"(a+An(b,a)) for r#0 and ¢(A) =Inf(a+An(b,a)) for
r=0. We give only the proof in the case of r >0 and g;/g, increasing. The proof in
the other case is analogous. For convenience, let w(1) = f(a+An(b,a)). Since f is
weakly r-preinvex with respect to 1, Lemma 1 gives that

90" (A) = rf" @) {(r= )b, a) V(@) + fla)n(b,a) V2 f(a)n (b.a)}

is positive.
When f(a) # f(a+n(b,a)), it is easy to see that inequality (3.1) is equivalent to

(A (W(A)d2 _ [y Da )W (Rdr
R 0)2 (W)~ w(y )y (L)ga Ay ()
Consider
1
1= [ W ))e (wir))ar / W)Y W)Y (e (33)

- / w(y (1) ) / (g () y ()du

= [ [ e e rm) v v )

[ 1(y(A))  gi(w(w)
82(w(1))  ga(w(
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Replacing A and u by each other in (3.3) and adding the resulting equations we get

1 1l
I:—//WW(M)W(W(u))gz(W(l))gz(w(u))[(W’(u))’—(llf’(/l))’] (3.4)

2r Jo Jo (
a(y(h)  &(vw)
|ty ) gty Ak

If the derivative ¢'(1) = (y" (1))’ > 0 forall A € (0,1), from ¢” (1) = (y"(1))” >0,
we always have

l[(wr(‘u))/ _ (V/r(z/))/)] [gl(l//(z’)) _ gl(l//(,ll))

r g(y(A))  g(wu)! =

From (3.4), we get I < 0. This implies that the inequality (3.2) holds and then (3.1)
holds. If the derivative ¢’(A) = (w" (1))’ <0 forall A € (0,1), a similar argument
gives I > 0 and again the inequality (3.1) holds.

Now suppose that ¢'(A) = (y" (1))’ changes sign and ¢(0) < ¢(1). Then y"(0) <
Y’ (1) and there exists a point ¢ € (0, 1) such that ¢’ (o) = (y" (o))’ =0 and (y" (1))’
<0 forall A € [0,c] and (y" (1)) >0 for all A € [a,1]. Therefore, there exists a
point € (¢, 1) such that y(0) = w(f3). Thus

p
/OW(l!f(/l))w”l(/l)gl(ll/(%))ll/(/l)d/l

= [ e [* W aids =0,
w(0) y(a)
and, similarly, ;
[ @ Wy wir =0

Consequently, the inequality (3.1) is equivalent to

Jow(w(A))gr (w(d))dA _ Jpw(y)) w1 (A)g1(w(A) ' (1)dA
Jo ww(A)g2(w(A)dA — [w(w(A) w1 (A)ga(w(A))y/(A)dA”

Consider

12=/01W (A)g1 (w(A))dA /lw W (g (v ()Y (1) du
[ty 1 ))dA / &1 (W)W (W)
- [ / w(p () ()g2(W ()W ()y' ™ () v/ (1)
a(v(d)  aiwiw)
“[eatwon gz<w<u>>]d““'
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Split the double integral I, into two parts

B
b %/0 /ﬁlw(w(l))w(w(u))gz(W(A))gz(w(u))w"l(u)w’(u)

" [gl(llf(l)) g1(y(w))
)

w2y () ga0pn) A

and

1 7t ol
Izz:;/ﬁ /ﬁ w(y () w(w(u))g2(w(A))g2 () y'™" (1) (1)

" {gl(w(l)) _ai(w(w)
£2(y(1))  ga(w(u))

When (A, 1) €0, B] < [B,
0 forall € (B,1). Thus y'(u

dAdu.

1], we have A < and (y' () = ry"~ ()y/' (1) =
)>0 forall ue ([3 1) and
)

g1(w(R)) _ g1(w(B)) _ gi(y(p))
2(v1) S &) © )

Therefore we have that I; < 0. By the result proved in case of ¢’(1) = (y" (1))’ >0,
we can get Iy < 0. Therefore, I, = I + I» < 0. It follows that (3.5) and also (3.1)
holds. Finally, if the sign of the derivative ¢’(1) = (y" (1))’ changes and y(0) > y(1)
a similar proof again shows that (3.1) holds.

When f(a) = f(a+n(b,a)), y(0) = w(1), and so ¢(0) = ¢(1). Since ¢” =
(y"(1))" =0, we see that ¢’ = (y"(1))’ is continuous and increasing for A € (0,1).
There exists a point @ € (0,1) such that (y"(a)) =0 and (y"(1)) <0 forall A €
(0,0), and (y"(A))" >0 forall A € (e, 1). Hence

siy(1)) _ gi(w(1))
g2(y(2)) ~ g(y(1)’

forall A € (0,1). It follows that

1 av(D) !
| wwe wianar < LB [y ) (vi)az.

Therefore, the inequality (3.1) is valid. This completes the proof of Theorem 2. [J]

If we take g)(x) =x”, ga(x) = x4 for real numbers p,q in Theorem 2, we get the
following weighted type of the Hermite-Hadamard inequality for weakly r-preinvex
functions on an invex set.

COROLLARY 1. Let f be aweakly r-preinvex function on an invex set K with r >
0. Assume that f be a positive and continuous function on P,y and twice-differentiable
on PO forevery a,b € K, A €[0,1] and a < x = a+n(b,a), and let | satisfy Condi-
tion C. Let m and M be the minimum and maximum of [ on P, respectively. Further,
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let w,h be positive and continuous on [m,M] with h(x) = x, and let p and q be real
number. If p—q > 0, then

M[Lq(fawof;aaa_'_ n(baa)) < Mp7q(h7Whr_l;f(a>7f(a+ n(b’a))) (36)

Jor f(a) # f(a+n(b,a)); the right-hand side of (3.6) is defined by f(a)P~9for f(a)=
fla+n(b,a)). If p—q <0, then the inequality (3.6) is reversed.

Obviously, the following corollary holds if we take ¢ = 0 in corollary 1.

COROLLARY 2. Suppose that the assumptions in corollary 1 hold. If the real
number p > 0, then

M7 (fwo fra,a+n(b,a)) < MP(h,wh'™; f(a), fla+n(b,a))  (3.7)

Jor f(a) # fla+n(b,a)); the right-hand side of (3.7) is defined by f(a)? for f(a) =
fla+n(b,a)). If p <0, then the inequality (3.7) is reversed.

REMARK 1. Taking p =1 in (3.7), gives

a b,a r
0w e T " w9
f”*"(b’“)w(f(x))dx \f}f(%Jrn(b’a))w(x)x’*ldx.

a

(3.8)

Taking w = 1, the inequality (3.8) reduces to the inequality given by Ui-Haq and Igbal
in [21]. Further, taking r = 1 or r = 0, the inequality (3.8) reduces to the inequality
given by Noor in [10]. So the inequality (3.1) is a greater generalization of the Hermite-
Hadamard inequality for weakly r-preinvex functions on an invex set.

REMARK 2. When 1 (b,a) = b —a in Corollary 1, it is clear that the set K is
convex, Condition C is satisfied and the function f is r-convex. If p —g > 0, we have

M[Lq(fawof;aab)) < Mp7q(h7Whr71;f(a>7f(b)) (39)

for f(a) # f(D); the right-hand side of (3.9) is defined by f(a)? for f(a) = f(b),
while if p — g < 0 the inequality (3.9) is reversed. We note that the (3.9) is equivalent
to the following inequality

Mwof,f(l?,q;a,b)) < Mwh’*17h(p7q;f(a)7f(b))'

Taking ¢ = 0 in (3.9), the inequality (3.9) reduces to (1.1) in Theorem 1. So inequality
(3.1) is also more extensive than the results in [5, 12, 13, 18]

The following corollary holds if we take w = 1 in Theorem 2.

COROLLARY 3. Suppose that the assumptions in theorem 2 hold and w = 1. If
81/ is increasing on [m,M], then

fla+n(ba)) r—
Jo 81 (fla+An(b,)dr _ I g (x)dx

< (3.10)
Jo &2(f(a+An(b,a)))dA f]fc(%+n(b’a))x’—lg2(x)dx
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for f(a) # f(a+n(b,a)), the right-hand side of (3.10) is defined by g1(f(a))/g2(f(a))
Jor f(a) = fla+n(b,a)), while if g1/g> is decreasing, the inequality (3.10) is re-
versed.

REMARK 3. The inequality (3.10) has been given in [6]. It is clear that inequality

(3.1) is a weighted type of inequality (3.10).
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