SYMPLECTIC RESOLUTIONS OF QUIVER VARIETIES AND CHARACTER
VARIETIES

GWYN BELLAMY AND TRAVIS SCHEDLER

ABSTRACT. In this article, we consider Nakajima quiver varieties from the point of view of symplec-
tic algebraic geometry. We prove that they are all symplectic singularities in the sense of Beauville
and completely classify which admit symplectic resolutions. Moreover we show that the smooth
locus coincides with the locus of §-canonically polystable points, generalizing a result of Le Bruyn,
and we describe the Namikawa Weyl group. An interesting consequence of our results is that not
all symplectic resolutions of quiver varieties appear to come from variation of GIT.

We apply this to the G-character variety of a compact Riemann surface of genus g > 0, when
G is SL(n,C) or GL(n,C). We show that these varieties are symplectic singularities and classify
when they admit symplectic resolutions: they do when g =1 or (g,n) = (2,2) (assuming n > 2).
This is analogous to the case of a quiver with one vertex, g arrows, and dimension vector (n).

We note that our results show that existence of proper and projective symplectic resolutions are

equivalent for the varieties in question. This does not seem to be known in general.
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1. INTRODUCTION

Nakajima’s quiver varieties [45], [47], have become ubiquitous throughout representation theory.

For instance, they play a key role in the categorification of representations of Kac-Moody Lie
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algebras and the corresponding theory of canonical bases. They provide étale-local models of
singularities appearing in many important moduli spaces, together with, in most cases, a canonical
symplectic resolution given by varying the stability parameter. They give explicit constructions via
symplectic or hyperkéhler reduction of some important moduli spaces, including resolutions of du
Val singularities, Hilbert schemes of points on them, and Uhlenbeck and Gieseker instanton moduli
spaces.

Surprisingly, there seems to be no explicit criterion in the literature for when a quiver variety ad-
mits a symplectic resolution; often, in applications, suitable sufficient conditions for their existence
are provided, but they do not appear always to be necessary. The main purpose of this article is
to give such an explicit criterion. Following arguments of Kaledin, Lehn and Sorger (who consider
the surprisingly similar case of moduli spaces of semistable sheaves on a K3 or abelian surface),
our classification ultimately relies upon a result of Drezet on the local factoriality of certain GIT
quotients.

Our classification begins by generalizing Crawley-Boevey’s decomposition theorem [13] of affine
quiver varieties into products of such varieties, which we will call indecomposable, to the non-affine
case; i.e., to quiver varieties with nonzero stability condition (Theorem 1.4). Along the way, we
also generalize Le Bruyn’s theorem, [37, Theorem 3.2], which computes the smooth locus of these
varieties, again from the affine to nonaffine setting (Theorem 1.13).

Then, our main result, Theorem 1.6, states that those quiver varieties admitting resolutions are
exactly those whose indecomposable factors, as above, are one of the following types of varieties.
Here, ¥-indivisibility is a condition slightly weaker than indivisibility, which we will recall below;

see Section 2 for precise definitions.

(a) Varieties whose dimension vectors are X-indivisible roots;

(b) Symmetric powers of deformations or partial resolutions of du Val singularities (C2/T for
[' < SL2(C));

(c) Varieties whose dimension vector are twice a root whose Cartan pairing with itself is —2

(i.e., the variety has dimension ten).

The last type is perhaps surprising: it is closely related to O’Grady’s examples [38]. In this case,
one cannot fully resolve or smoothly deform via a quiver variety, but after maximally smoothing in
this way, the remaining singularities are étale-equivalent to the product of V' = C* with the locus
of square-zero matrices in sp(V') (which O’Grady considers, see also [38]), and the latter locus is
resolved by the cotangent bundle of the Lagrangian Grassmannian of V. In fact, the resolution can
be constructed by blowing up the singular locus (once), as for the O’Grady examples.

In the case of type (a), one can resolve or deform by varying the quiver (GIT) parameters,
whereas in the case of type (b), one cannot resolve in this way, but the variety is well-known to
be isomorphic to another quiver variety (whose quiver is obtained by adding an additional vertex,

usually called a framing, and arrows from it to the other vertices), which does admit a resolution
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via varying the parameters. Moreover, in this case, if the stability parameter is chosen to lie in
the appropriate chamber, then the resulting resolution is a punctual Hilbert scheme of the minimal

resolution of the original (deformed) du Val singularity.

1.1. Symplectic resolutions. In order to state precisely our main results, we will require some
notation, which we will restate in more detail in Section 2. Let Q = (Qo, Q1) be a quiver with
finitely many vertices and arrows. We fix a dimension vector a € N? deformation parameter
A € C9, and stability parameter 6 € Z%°, such that A - o = 0 - o = 0. Unless otherwise stated, we

make the following assumption throughout the paper:
If 6 # 0 then X € R¥0, (1)

Nakajima associated to this data the (generally singular) variety, called a “quiver variety.” We
briefly recall the definition; see Section 2 for more details. Let Rep(Q,«) be the vector space
of representations of @ of dimension . The group G(«) := Hier GL,,(C) acts on Rep(Q, a);
write g(a) = LieG(«). Then G(«) acts on T Rep(Q, @) = Rep(Q, o) with a moment map fx :
T*Rep(Q,a) — g(a)* = g(a) (here Q is the doubled quiver). To A € C? we can associate
(Md;)ieg, € g(a). Let p=1(N)? C u=1()\) be the f-semistable locus; this is the locus corresponding
to representations of @) such that the dimension vector 3 of every subrepresentation satisfies 6-3 < 0.
Then Nakajima defined the variety 9ty («, 6) as:

My (o, 6) := u~ (V) JG().

It does not seem to be known whether 9ty (a, 6), equipped with its natural scheme structure,
is reduced (though we expect it is the case). Therefore, following Crawley-Boevey [14], we will

consider throughout the paper all quiver varieties as reduced schemes.

Remark 1.1. The construction in [45, 47] is apparently more general, depending on an additional
dimension vector, called the framing. However, as observed by Crawley-Boevey [12], every framed
variety can be identified with an unframed one. In more detail, for the variety as in [45, 47] with
framing 8 € N9 _ it is observed in [12, Section 1] that the resulting variety can alternatively be
constructed by replacing @ by the new quiver (Qo U {oo}, 671), where 671 consists of ()1 together
with, for every ¢ € QQy, B; new arrows from oo to ¢; then Nakajima’s S-framed variety is the same
as Mx0)((a, 1), (0, —a - 0)). Thus, for the purposes of the questions addressed in this article, it is

sufficient to consider the unframed varieties.

Let Rj\rﬁ denote those positive roots of @) that pair to zero with both A and 6. If a ¢ NR/J\F,H
then My (a, 0) = 0, therefore we assume a € NR;O. Recall that a normal variety X is said to be
a symplectic singularity if there exists an (algebraic) symplectic 2-form w on the smooth locus of
X such that 7*w extends to a regular 2-form on the whole of Y, for any resolution of singularities

m:Y — X. We say that 7 is a symplectic resolution if 7*w extends to a non-degenerate 2-form on
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Y. Note that a symplectic resolution does not always exist, and when it does exist, it is not always

unique.
Theorem 1.2. The variety My («, ) is an irreducible symplectic singularity.

This theorem is important because symplectic singularities have become important in represen-
tation theory: on the one hand they include many of the most important examples (aside from
quiver varieties, they include linear quotient singularities, nilpotent cones, orbit closures, Slodowy
slices, hypertoric varieties, and so on), and on the other hand they exhibit important properties, at
least in the conical case, such as the existence of a nice universal family of deformations [34, 50, 49]
and of quantizations [4, 8, 40].

From both the representation theoretic and the geometric point of view, it is important to know
when the variety 9ty («, 0) admits a symplectic resolution. In this article, we address this question,
giving a complete answer. The first step is to reduce to the case where « is a root for which there
exists a f-stable point in p~(\). This is done via the canonical decomposition of «, as described
by Crawley-Boevey; it is analogous to Kac’s canonical decomposition. In this article, the term
canonical decomposition will only refer to the former, which we now recall. Associated to A, 60
is a combinatorially defined set X9 C R;\rﬁ; see Section 2 below. Then « admits a canonical

decomposition

with o) € & A6 Pairwise distinct, such that any other decomposition of « into a sum of roots belong-
ing to ¥y ¢ is a refinement of the decomposition (2). Generalizing [12, Theorem 1.2.], Proposition

3.18 implies

Theorem 1.3. There exists a 0-stable representation of the deformed preprojective algebra TIN(Q)

of dimension « if and only if o € Xy 9.

Crawley-Boevey’s Decomposition Theorem [13], which we will show holds in somewhat greater
generality, then implies that the canonical decomposition gives a decomposition of the quiver variety
as a product of varieties for each of the summands (the first statement of the next theorem). We
show that the question of existence of symplectic resolutions of 9y («a, 8) can be reduced to the

analogous question for each factor:

Theorem 1.4. With respect to the canonical decomposition (2):
(a) The symplectic variety My (., 0) is isomorphic to SMy (e, ) x --- x ™My (a*), ).
(b) M(cv, 0) admits a symplectic resolution if and only if each My(c®,0) admits a symplectic
resolution.

(c) The ezistence of proper and projective symplectic resolutions is equivalent for MMy (a, 0).

Here S™X denotes the nth symmetric product of X.
4



Remark 1.5. Most of the literature deals with projective rather than proper resolutions. However,
there are interesting examples of proper symplectic resolutions that are not projective. For example,
in [2] such examples are constructed admitting Hamiltonian torus actions of maximal dimension
(this condition is called hypertoric there, which generalizes the usual definition of hypertoric vari-
ety). It seems to be an interesting question if, whenever a proper symplectic resolution exists, also
a projective symplectic resolution exists. More generally, it seems reasonable to ask whether, if a
proper symplectic resolution exists, then every proper Q-factorial terminalization is symplectic; if
we restrict to projective resolutions and terminalizations, then the proof of [50, Theorem 5.5] shows

that this holds at least when the singularity is conical with homogeneous generic symplectic form.

To finish the classification, it suffices to describe the case a € X . As we will recall below, « is
called Y-indivisible if there does not exist n > 1 such that %a € Xxg-

Let p(a) :== 1 — 3(a, @) where (—, —) is the Cartan pairing associated to the undirected graph
underlying the quiver, i.e., (ej,e;) =2 —-|{a € Q1 :a:i— jora:j— i}|, for elementary vectors
ei,ej. As we will show below (in Corollary 3.23), 2p(«) = dim 9y (a, §). Finally, as we will recall
in Section 2, elements a € X y are divided into real roots (when p(«) = 0) and imaginary roots
(when p(a)) > 0). The case p(a) = 1 is particularly important and called isotropic, since it means
(or,a) = 0. When p(«) > 0 we say that « is anisotropic.

Our main theorem is then:

Theorem 1.6. Let o € Xyg. Then My(a, 8) admits a symplectic resolution if and only if o is
Y-indivisible or o is twice a root 5 € ¥y g with p(5) = 2.

If o € X 9 is X-indivisible and anisotropic, then a projective symplectic resolution of My («, 0) is
given by moving 6 to a generic stability parameter. However, this fails if o is twice a root 8 € Xy g
with p(8) = 2. It seems unlikely that 9ty («, ) can be resolved by another quiver variety in this
case. Instead, we show that the 10-dimensional symplectic singularity 9t («, ) can be resolved by
blowing up the singular locus. We will need the partial ordering > on stability conditions, where

0’ > 0 if every ¢’'-semistable representation is #-semistable; see Section 2.4 below.

Theorem 1.7. Let o € Xy, and suppose « is twice a root € Xy with p(8) = 2. Let ¢
be a generic stability parameter such that ' > 6. If ﬁA(a,H’) is the blowup of My(a, ) along
the reduced singular locus, then the canonical morphism T : ﬁA(a,H’) — My(«, 8) is a projective

symplectic resolution of singularities.

1.2. Factoriality of quiver varieties. The real difficulty in the proof of Theorem 1.6 is in showing

that if o € X g is X-divisible and anisotropic,

(ged(a), p (ged(a) 1)) # (2,2), (3)

then 9y («, 0) does not admit a proper symplectic resolution. Based upon a result of Drezet [19],

who considered instead the moduli space of semistable sheaves on a rational surface, we show in
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Corollary 6.9 the following result. Recall that a variety is (locally) factorial if all of its local rings

are unique factorization domains.

Theorem 1.8. Assume that oo € ¥ g is an anisotropic root satisfying condition (3), and that 0 is

generic. Then the quiver variety My (o, 0) is factorial.

Observe that we did not require a to be X-divisible, although if it is X-indivisible we already
noted that 9%y (a, ) is smooth for generic . On the other hand, in the ¥-divisible case, we will
see that, for 6 generic, the variety 9 (c, #) has terminal singularities, using that, by [48], this is
equivalent to having singularities in codimension at least four. Therefore, by a well-known fact, the
above theorem implies that it cannot admit a proper symplectic resolution.

In fact, we prove in Corollary 6.9 a more precise statement than Theorem 1.8 which does not
require that 6 be generic. By the argument given in the proof of Theorem 6.14, we see that the
corollary implies that this statement holds for open subsets of 9y («, 8). Therefore we conclude

the following strengthening of the nonexistence direction of Theorem 1.6:

Corollary 1.9. Assume that o € Xy g is X-divisible, it satisfies condition (3), and 6 is generic.
Under the assumptions of Theorem 1.8, if U C My («, 0) is any singular Zariski open subset, then

U does not admit a symplectic resolution.

In fact, by Corollary 6.9 below, we can drop in Corollary 1.9 the assumption that 6 is generic, at
the price of replacing My («, §) by a certain canonical open set: the locus of direct sums of stable
representations of dimension vector proportional to a.

In particular, in many cases, there are open subsets U C 9y («, 8) which formally locally admit
symplectic resolutions everywhere, but do not admit one globally. For example, if o = 28 for some
B € Xz with p(5) > 3 (cf. the definition of p above Theorem 1.6), then we can let U be the locus
of representations which are either stable or decompose as X =Y @ Y’ for Y,Y’ nonisomorphic
f-stable representations of dimension vectors equal to 3.

There is one quiver variety in particular that captures the “unresolvable” singularities of 0y (v, 0).
This variety, which we denote X(g,n) with g,n € N, has been studied in the works of Lehn, Kaledin

and Sorger. Concretely,

X(g,n) = {(Xl,Yl, ..., X4, Yy) € Endc(C")

d
Z[Xi,m = 0} /GL(n,C),

Viewed as a special case of Corollary 6.9, we see that X(g,n) does not admit a proper symplectic
resolution if g,n > 2 and (g,n) # (2, 2).
When g = 1, the Hilbert scheme of n points in the plane provides a symplectic resolution of

X(g,n) ~ S"C?; see [23, Theorem 1.2.1, Lemma 2.8.3]. When n = 1, one has X(g,n) ~ C?9.
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Remark 1.10. It is interesting to note that [12, Theorem 1.1] implies that the moment map
g
(Xla Yia o 7Xga ng) = Z[X’La }/Z]
i=1

is flat when g > 1, in contrast to the case g = 1, which is easily seen not to be flat.

Remark 1.11. Generalizing the Geiseker moduli spaces that arise from framings of the Jordan
quiver, it seems likely that the framed versions of X(g,n), which are smooth for generic stability

parameters, should have interesting combinatorial and representation theoretic properties.

Remark 1.12. One does not need the full strength of Theorem 1.8 to prove that My (c, #) does
not admit a symplectic resolution: it suffices to show that a formal neighborhood of some point
does not admit a symplectic resolution. This reduces the problem to the one-vertex case, i.e., to
X(g,m). However, the techniques (following [33]) do not actually simplify in this case. Moreover,

this would not be enough to imply Corollary 1.9.

1.3. Smooth versus canonically polystable points. In order to decide when the variety 9y («, 6)
is smooth, we describe the smooth locus in terms of f-stable representations. Write the canonical
decomposition nio® + -+ + ngo®) of a € NR:{Q as 1) 4+ ... + 8O where a given 8 € X0
may appear multiple times. Recall that a representation is said to be #-polystable if it is a di-
rect sum of f-stable representations. We say that a representation « is 0-canonically polystable if
T =z ® - ® axy where each ; is O-stable, dimz; = ) and z; % xj for ¢ # j, unless s = pu)
is a real root, i.e., p(3%)) = 0. Observe that the notion of f-canonical polystability reduces to
§-stability precisely in the case that a € ¥ p. In general, the set of points of 9\ (e, #) which are
the image of #-canonically polystable representations is a dense open subset. When 6 = 0, the

result below is due to Le Bruyn [37, Theorem 3.2] (whose arguments we generalize).

Theorem 1.13. A point x € My (a, 0) belongs to the smooth locus if and only if it is 6-canonically
polystable.

Remark 1.14. Theorem 1.13 confirms the expectation stated after Lemma 4.4 of [27].

An element o € X g is said to be minimal if there are no B ... B0 e X\ 0, with r > 2, such
that o = 5(1) + o4 80,

Corollary 1.15. The variety My (e, 0) is smooth if, and only if, in the canonical decomposition

a=noW 4. 4no® of a, each ¢ is minimal, and the multiplicity n; is one if oV is isotropic.

1.4. Namikawa’s Weyl group. When both A and 6 are zero, My («, 0) is an affine conic symplectic
singularity. Associated to My(a, 0) is Namikawa’s Weyl group W [49], a finite reflection group.
In order to compute W, one needs to describe the codimension two symplectic leaves of My (c, 0).

More generally, we consider the codimension two leaves in a general quiver variety 9y (v, 0). It is
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enough by Crawley-Boevey’s canonical decomposition to consider the case o € X 9. We show that

the codimension two symplectic leaves are parameterized by isotropic decompositions of c.

Definition 1.16. The decomposition o = 1) + .- + 86 4 miyM 4+ ... myv® is said to be an
isotropic decomposition if

(a) B, 4U) € 2y 4.

(b) The 8% are imaginary roots.

(¢) The 4% are pairwise distinct real roots.

(d) If Q" is the quiver with s + ¢ vertices without loops and —(a, al9)) arrows from vertex i
to vertex j # i, where o), o)) € {1, .. BE) 4D 4B} then Q" is an affine Dynkin
quiver.

(e) The dimension vector (1,...,1,mq,...,my) of Q" (where there are s ones) equals §, the

minimal imaginary root.

Remark 1.17. In fact, as we will show in Lemma 7.2 below, in an isotropic decomposition of o €
¥\, all of the anisotropic 8 (1) are pairwise distinct. This may help in finding these decompositions.

However, the isotropic ") need not be distinct. As an example, when Q is the quiver with two
vertices 1,2 and two arrows, one loop at 1 and one arrow from 1 to 2, then we can take o = (4,2),
B = (1,0) = @ = 6 = g™ and v = (0,1). Then p(a) =5 and o € Y00, and the quiver @”
is of affine D, type with central vertex corresponding to v(!) and external vertices corresponding
to the B(i). This example is also interesting since o € g is divisible, but %a ¢ 3,0, so it is not
>-divisible.

Given an isotropic decomposition with affine Dynkin quiver Q”, let Q be the finite part, which

is a Dynkin diagram.

Theorem 1.18. Let a € Xy g be imaginary. Then the codimension two strata of My(a, ) are
in bijection with the isotropic decompositions of a. The singularity along each such stratum is

€tale-equivalent to the du Val singularity of the type Ay, D,, E, corresponding to Q}.

As a consequence, for A = 0 = 6, by [49, Theorem 1.1] the Namikawa Weyl group is a product
over all isotropic decompositions B of a group Wg. This group Wpg is either the Weyl group of
the corresponding Dynkin diagram Q;ﬁ, or else the centralizer therein of an automorphism of this
diagram, corresponding to the monodromy around the fiber over a point of the stratum under a

crepant resolution of the complement of the codimension > 2 strata.

1.5. Character varieties. The methods we use seem to be applicable to many other situations.
Indeed, as we have noted previously, they were first developed by Kaledin-Lehn-Soerger in the
context of semistable sheaves on a K3 or abelian surface. Any situation where the symplectic

singularity is constructed as a Hamiltonian reduction with respect to a reductive group of type A
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is amenable to this sort of analysis. One such situation, which is of crucial importance throughout
geometry, topology, and group theory, is that of character varieties of a Riemannian surface.
Let ¥ be a compact Riemannian surface of genus ¢ > 0 and 7 its fundamental group. The

SL-character variety of X is the affine quotient

Y(g,n) := Hom(m, SL(n, C))/SL(n, C).
Similarly, the GL-character variety is

X(g,n) = Hom(w, GL(n,C))/GL(n,C).

If g > 1 then dimY(g,n) = 2(g — 1)(n? — 1), and when g = 1, it has dimension 2(n — 1). On the
other hand dim X(g,n) = dimY(g,n) +2g. We do not consider the case where ¥ has punctures (in
this case it is natural to impose conditions on the monodromy about the punctures, and we will

address this in future work).
Theorem 1.19. The varieties X(g,n) and Y(g,n) are irreducible symplectic singularities.

The same arguments, using Drezet’s Theorem, that we have used to proof Theorem 1.8 are also

applicable to the symplectic singularities of these varieties. We show that:

Theorem 1.20. Assume that g > 1 and (g,n) # (2,2). The varieties X(g,n) and Y(g,n) are

factorial with terminal singularities.
Arguing as in the proof of Theorem 6.14, Theorem 1.20 implies:

Corollary 1.21. Assume g > 1 and (g,n) # (2,2). Then the symplectic singularities X(g,n) and

Y(g,n) do not admit proper symplectic resolutions. The same holds for any singular open subset.

Remark 1.22. Parallel to Remark 1.12, we can give an alternative proof of the first statement of
Corollary 1.21 using formal localization, reducing to the quiver variety case. The formal neighbor-
hood of the identity of X(g,n) is well-known to identify with the formal neighborhood of (0, ...,0)
in the quotient

d

[

{(Xl,Yl,...,X )eg[n(C

}//SL(n, 0).

This is nothing but the formal neighborhood of zero of the quiver variety 97,,)(0,0) for the quiver
@ with one vertex and g arrows. However, we cannot directly conclude Theorem 1.20 using formal

localization, and neither the stronger last statement of Corollary 1.21.

Remark 1.23. Similarly to the discussion after Corollary 1.9, one can obtain singular open subsets
U C Y(g,n) in the case g > 1 and (g,n) # (2,2) for which the formal neighborhood of every point
does admit a resolution, even though the entire U does not admit one by the corollary. Indeed, by

Remark 8.8, one example is analogous to the one given after Corollary 1.9: for n = 2 and g > 3,
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and U the complement of the locus of representations of the form Y®2 for Y one-dimensional (and

hence irreducible).

Once again, the case of a genus two Riemann surface and 2-dimensional representations of 7 i.e.
(g,m) = (2,2), is special. In this case Y(2,2) does not have terminal singularities. Moreover, by
work of Lehn and Sorger [38], Y(2,2) does admit a symplectic resolution. It is constructed exactly

as in the quiver (2,2) case:

Theorem 1.24. The blowups 3~C(2,2) — X(2,2) and 9(2,2) — Y(2,2) along the singular loci are

projective symplectic resolutions of singularities.

Remark 1.25. When g = 1, the Hilbert scheme Hilb"(C* x C*) provides a projective symplectic

resolution of X(g,n), and the barycentric Hilbert scheme provides a projective symplectic resolution

of Y(g,n).

We first prove these results for X(g,n), and then in section 8.6, we deduce the results for Y(g,n)
from these. Similar techniques are applicable to Hitchin’s moduli spaces of semistable Higgs bundles

over smooth projective curves: see [55].
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1.7. Proof of the main results. The proof of the theorems and corollaries stated in the intro-

duction can be found in the following sections.
10



Theorem 1.2 Section 6.3
Theorem 1.4 Section 6.4
Theorem 1.6 Section 6.4
Theorem 1.7 Section 5.2
Theorem 1.8 Section 6.2
Corollary 1.9 Section 6.4
Theorem 1.13 Section 4.2
Corollary 1.15 Section 4.3
Theorem 1.18 Section 7.1
Theorem 1.19 Section 8.6
Theorem 1.20 Section 8.6
Corollary 1.21 Section 8.6
Theorem 1.24 Section 8.6

Throughout, a variety will mean a reduced, quasi-projective scheme of finite type over C. If X is
a (quasi-projective) variety equipped with the action of a reductive algebraic group G, then X /G
will denote the good quotient (when it exists). In this case, let £ : X — X//G denote the quotient
map. Then each fibre £ 71(x) contains a unique closed G-orbit. Following Luna, this closed orbit is
denoted T'(x).

2. QUIVER VARIETIES

In this section we fix notation.

2.1. Notation. Let N := Z>o. We work over C throughout. All quivers considered will have a
finite number of vertices and arrows. We allow @ to have loops at vertices. Let Q = (Qo, Q1) be
a quiver, where ()¢ denotes the set of vertices and Q1 denotes the set of arrows. Given a € Q1,
let as,a; € Qo be the source and target, so a : as — a;. For a dimension vector a € N«o,
Rep(Q, a) =] a0 Hom(C®es, C%¢) denotes the vector space of representations of @) of dimension
a. The group G(a) = [[;cqg, GLa,(C) acts on Rep(Q, a); write g(a) = LieG(a). The torus
C* in G(«a) of diagonal matrices acts trivially on Rep(Q, «).
PG(a) := G(a)/C*.

Let Q be the doubled quiver so that there is a natural identification T* Rep(Q, o) = Rep(Q, «).
The group G(a) acts symplectically on Rep(Q,a) and the corresponding moment map is p :

Thus, the action factors through

Rep(Q, @) — g(a), where we have identified g(a) with its dual using the trace form. An ele-
The affine
quotient p~1(\)//G () parameterizes semi-simple representations of the deformed preprojective al-
gebra TM(Q) 1= CQ/(Scq, (aa" — a*a)

vertex i. See [12] for details.

ment A € C? is identified with the tuple of scalar matrices (\Idy;)icq, € 8(a).

— Zier Aipi), where p; is the length-zero path at the
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If M is a finite dimensional TI*(Q)-module, then dim M will always denote the dimension vector

of M, and not just its total dimension.

2.2. Root systems. The coordinate vector at vertex i is denoted e;. The set N9 of dimension
vectors is partially ordered by o > S if o; > 3; for all 7 and we say that o > 5 if a > 8 with « # 3.
Following [14, Section 8], the vector a is called sincere if a; > 0 for all i. The Ringel form on Z®°
is defined by

(0, 8) =" aifi = > tya)Ba)-

1€Qo ac€Q1
Let (o, 8) = (o, B) + (B, ) denote the corresponding Euler form and set p(a) = 1 — (o, ). The

fundamental region F(Q) is the set of 0 # a € N?° with connected support and with (a,e;) < 0
for all 4.

If i is a loopfree vertex, so p(e;) = 0, there is a reflection s; : Z& — Z%0 defined by s;a =
a — (a,e;)e;. There is also the dual reflection, 7; : Z9 — Z@ (r;\); = \;j — (e;,e;)\;. The
real roots (respectively imaginary roots) are the elements of Z?0 which can be obtained from the
coordinate vector at a loopfree vertex (respectively + an element of the fundamental region) by
applying some sequence of reflections at loopfree vertices. Let R denote the set of positive roots.
Recall that a root f is isotropic imaginary if p(8) =1 (i.e., (8,5) = 0) and anisotropic imaginary
if p(8) > 1. Abusing terminology slightly, we will simply say that a root « is (a) real if p(a) = 0,
(b) isotropic if p(a) = 1, and (c) anisotropic if p(a) > 1.

2.3. The canonical decomposition. In this section we recall the canonical decomposition defined
by Crawley-Boevey (not to be confused with Kac’s canonical decomposition). Fix A € C% and
0 € Z%. Then R ,:={a € R | A\-a =0 a=0}. Following [12], we define

E)\ﬁ = {04 € Rj\_e

p(a) > Z P (B(i)> for any decomposition
i=1

a=pW+ .+ 8" with r > 2, g0 eRie}'

Example 1. Suppose that A =0 =6 and a € X, is real, i.e., p(a) = 0. Then « is a coordinate
vector. Indeed, if not, by definition there is a vertex ¢ € Q¢ such that o = s;a + ke; with k£ > 1.
Then 0 = p(a) = p(sija) + kp(e;) contradicts the fact that o € Xg .

Example 2. Again suppose that A = 0 = ¢, and now assume that a € X,y is isotropic i.e.,
p(a) = 1. Then as observed in the proof of [13, Proposition 1.2.(2)], « is supported on an affine
Dynkin subquiver and there is the minimal imaginary root. We repeat the argument for the reader’s
convenience. First, o is Y-indivisible, since o = kf would imply p(«) < kp(f), and as S is also
a root, this contradicts the assumption o € ¥g9p. Next, o is in the fundamental region, since
otherwise o = s;a + ke; for some i € @y and k > 1, which implies 1 = p(a) = p(s;a) + kp(e;),

again contradicting the assumption that o € ¥go. Now the support of « is connected. Letting
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@' be its supporting quiver (i.e., the result of discarding all vertices not in the support and all
incident arrows), we obtain a connected quiver for which « is in the kernel of the Cartan pairing.
By [30, Lemma 1.9.(d)], @’ is affine (ADE) Dynkin and « is an imaginary root. Since it is also

Y-indivisible, it is the minimal imaginary root § of Q'.

Choosing a parameter N € C?0 such that Ry, = Rj,, [13, Theorem 1.1] implies that!

Proposition 2.1. Let a € NR;G. Then o admits a unique decomposition o = nio +- - 4+ no®)

as a sum of element o € Y0 such that any other decomposition of o as a sum of elements from

Y0 is a refinement of this decomposition.

As is apparent from the results stated in the introduction, indivisible roots in 3y play an
important role in this paper. However, being an indivisible root and belonging to X ¢ is stronger

than being indivisible in X ; recall that a root 3 that is indivisible in Xy g is said to be X-indivisible.

Theorem 2.2. If a € X ¢ is imaginary, with oo = mf3 for some indivisible root 3, then one of the
following hold:

(a) « is isotropic and m =1,

(b) B is anisotropic and 5 € ¥y g; or

(¢) B is anisotropic, ¢ ¥z and m > 1 can be chosen arbitrarily.

Proof. For simplicity, choose once again X' € C?0 such that Rj\ie = Rj\r, and let Fys be the “relative
fundamental domain”, as defined in [12, §7]. Then Theorem 2.2 follows from [12, Theorem 8.1]
provided that a € Fy 4.

If v is not in Fy then, by definition, there is a sequence of admissible reflections (whose product
is w say) mapping a to w(a) € Fy(ny (Where w(X') uses the action of dual reflections rather than
reflections). Moreover, by [12, Lemma 5.2], w(a) also belongs to X,,(yy. Thus, it suffices to note
that if trichotomy of the theorem holds for w(a), then it also holds for the root «. O

Notice that Theorem 2.2 says that if 5 is an indivisible anisotropic root such that some multiple
of B belongs to X, g, then every proper multiple of 3 belongs to X, 9. However, in some cases 3

itself need not belong to Xy 4.

2.4. Stability. Let § € Z?0 be a stability condition. Given a representation M of Q (e.g., a module
over ITIN(Q)), let (M) := 0 -dim M. Note that a representation M of IT*(Q) is the same as a point
in the zero fiber ~!()\). Recall that a II*(Q)-representation M (hence also a point in p~(\))
such that 6(M) = 0, is said to be f-stable, respectively f-semistable, if 6(M') < 0, respectively
6(M') < 0, for all proper nonzero subrepresentations M’ of M. A representation M is said to
be #-polystable if M = M; @ --- & My with 0(M;) = 0, such that each M; is #-stable. The set

1We don’t have to choose such a X', since the arguments of [13] can be simply generalized to the context of the
pair (6, ).
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of f-semistable points in p~'(\) is denoted p~'(\)?. We define a partial order on Z?° by setting
0’ > 0 if M #'-semistable implies that M is f-semistable, i.e.,

>0 — "W cut.

The space Rep(Q, o) has a natural Poisson structure. Since the action of G(«) on Rep(Q, a) is
Hamiltonian,
— . — ko
My (a,0) = p~ (V) JG(a) := Proj @ C [~ (N)]
k>0

is a Poisson variety.
Lemma 2.3. If 0’ > 6, then there is a projective Poisson morphism My (c,0") — My (e, 0).

Proof. By definition, we have a G(a)-equivariant embedding = *(\)?" < p~1(A\)?. This induces a

morphism
M, 0) = = (N JG () — 1 (N JG (@) = My(a,6),

between geometric quotients. We need to show that this morphism is projective. This is local on
My (v, B). Therefore we may choose n > 0 and a nf-semi-invariant f and consider the open subsets
Unp~ N and U N p~t(N)?, where U = (f # 0) C Rep(Q,a). Then (Unp N JG(a) =
SpecC [U N ,u_l()\)]G(a) is an open subset of My («, d) and

(U N ,fl(A)H’) JG(e) = Proj @C[U N (W)

k>0

such that (U N ,ufl()\)e/) JG(a) = (Unp 1 (X)) JG(e) is the projective morphism

Proj @C [UnN /fl(/\)]ko, — SpecC [U N ,u_l()\)]G(a) .
k>0

It is clear that this morphism is Poisson. O

It follows from the proof of Lemma 2.3 that if 7 > 6 > 6 then the projective morphism
My (a, 0”) — My («, 0) factors through Ny («, §).

We will frequently use the fact that for each point z € M (e, #), there is a unique closed G(«)-
orbit in the fibre over z of the quotient map & : u=1(\)? — My (a, ). Recall that this closed orbit
is denoted T'(z).

3. CANONICAL DECOMPOSITIONS OF THE QUIVER VARIETY

In this section we recall the canonical decomposition of quiver varieties described in [13], and

show that it holds in slightly greater generality than stated there.
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3.1. A stratification. Let x € 9My(«,0) be a closed point and y € T(x). Recall the following

basic fact:

Proposition 3.1. [35, Proposition 3.2 (i)] A point of a closed G(a)-orbit in u=*(\)? is a O-polystable

representation.

In more detail, [35, Proposition 3.2 (ii)] states that two points of #~!(\)? determine the same
point of My (e, 0) if and only if the corresponding representations admit filtrations whose associated
graded subquotients are isomorphic -polystable representations.

Therefore y decomposes into a direct sum y;* & - - - & yzk of f-stable representations, with multi-
plicity. Let () = dim y;. The point  is said to have representation type T = (e1, B ey, ﬁ(k)).
Associated to this is the stabilizer group G, = G(a)y, which is independent of the choice of y
up to conjugation in G(a). Even though p~'(\)? is not generally affine, the fact that a nonzero

morphism between #-stable representations is an isomorphism implies:
Lemma 3.2. The group G, is reductive.

In fact, it is isomorphic to Hle GL,,(C). We denote the conjugacy class of a closed subgroup H
of G(a) by (H). Given a reductive subgroup H of G(a), let My (c, )y denote the set of points x
such that the stabilizer of any y € T'(x) belongs to (H). We order the conjugacy classes of reductive
subgroups of G(«) by (H) < (L) if and only if L is conjugate to a subgroup of H.

3.2. Etale local structure. In this section, we recall the étale local structure of 9y (v, @), as
described in [14, Section 4]. Since it is assumed in op. cit. that § = 0, we provide some details to
ensure the results are still applicable in this more general setting. Let z,y, y1,. ..,y 32, ..., %),
and 7 be as in Section 3.1. Let @’ be the quiver with k vertices whose double has 2p(5*) loops at
vertex i and — (8, 8)) arrows from vertex i to j. The k-tuple e = (eq,. .., e;) defines a dimension
vector for the quiver Q.

If X and Y are Poisson varieties, then we say that there is a étale Poisson isomorphism between
a neighborhood of x € X and y € Y if there exists a Poisson variety Z and Poisson morphisms
Y ¥ Z % X and 2 € Z such that ¢(z) =z, ¥(z) = y and both ¢ and v are étale at z.

Theorem 3.3. There is an étale Poisson isomorphism between a neighborhood of 0 in ,uc_g,l(O)//G(e)
and a neighborhood of x € My (e, 0).

The proof of Theorem 3.3 is given in section 3.3 below. By taking the completion ﬁ,\(a, 0), of
M (a,0) at  and the completion /ﬁ)}o(e, 0)o of My(e,0) at 0, the formal analogue of Theorem 3.3

is:
Corollary 3.4. There is an isomorphism of formal Poisson schemes ﬁ,\(a, 0), ~ ﬁo(e, 0)o.

Remark 3.5. An easy calculation shows that p(a) = p(e). It can also be deduced from the fact

that dim 532\)\(0[, 0), = dim §J\To(e, 0)o. This fact will be useful later.
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The following result is an important consequence of the proof of Theorem 3.3.

Proposition 3.6. The strata My(«, 0); := My (a,0)q,) define a finite stratification of M (a, )

into locally closed subsets such that
Mr(a,0) iy CMA(a,0) 1y & (H) < (D).

Moreover, the connected components of the strata are precisely the symplectic leaves of My («, 0),

with respect to its natural Poisson bracket.

Proof. Tt is well-known that the stratification of Rep(Q, «)? JG(c) by stabilizer type is finite, with
smooth locally closed strata. Therefore the stratification {9y(«,0)} of My (e, ) is finite with
locally closed strata. Thus it suffices to show that (a) each stratum is smooth, and (b) the Poisson
structure is non-degenerate on each stratum. In fact, (b) implies (a), and both statements are
implied by Theorem 3.15. U

We will show in Corollary 3.24 that each stratum 9t (v, 0), is connected.

3.3. The proof of Theorem 3.3. Fix M = Rep(Q,a) and G = G(a). Recall that M has a
canonical G-invariant symplectic form w. Since y € M?, there exists some n > 0 and nf-semi-
invariant function  such that v(y) # 0. We fix such a v, and let M, C M? be the affine open
subset of M defined by the non-vanishing of v. Let H := G(«a), be the stabilizer of y in G(a) and
h the Lie algebra of H. Since h is reductive we can fix a h-stable complement L to h in g. By
[14, Lemma 4.1], the H-submodule g -y C M is isotropic, and by [14, Corollary 2.3], there exists
a coisotropic H-module complement C to g -y in M. Let W = (g-y)* N C. The composition of
w: M — g* with the restriction map g* — h* is denoted pp. Notice that g is simply the moment
map for the action of H on M. The restriction of ug to W is denoted fi. There is a natural
identification of W with Rep(@l, e) such that i = ug.

Lemma 3.7. The group H is isomorphic to G(e) and 0|y is the trivial character.

Proof. The isomorphism H ~ G(e) follows from the fact that Hompp gy (M1, M2) = 0 if My and M
are non-isomorphic -stable representations and EHdHA(Q)(Mi, M;) = C. Under this identification,

Ol = (0-8,...,0- %)) =(0,...,0) € Z%
is the trivial stability condition. ([l
As in [14], define v : C' — L* by
vie)(l) =w(e,l-y)+w(cl-c)+w(y,l-c).
Theorem 3.3 follows from the following more precise result.

Theorem 3.8. There exists a G-saturated affine open set V.C MY, and H-saturated affine open

sets Z C C and U C Rep(@,,e) such that
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(a) there are étale Poisson morphisms
b:GxgZ—=V, Y:ZNv H0)—=V;
(b) the morphisms ¢ and i induce étale Poisson maps
(Z v H(0) Mg (0) JH — (U N = H(0)) /H,
(@)~ N JG = (VN ™t (M) JG
(c) There is an isomorphism of Poisson varieties,
(2 NvH0) Ny (0)JH == (6" (V)G
If we assume that y € = *(\) then for k € hand [ € L,

w(y +o)(k+1) = Ak

(k

MEk+1) +v(e)l) + pa(e)(k) +w(y, k-c) —w(k-y,c)
Ak +1) +v(e)(l) + pm(c) (k)

because k -y = 0. We define 0 : C — C by d(c¢) = v(¢c +y). Then 6 is H-invariant. We let Cs

denote the non-vanishing locus of §. Then
{ceC|ctye M,nu (N} =Csnpg (0)Nnv0). (4)

Let X = G xy Cs. Since M =C@®g-y, themap ¢ : X — M, ¢(g9,¢) = g- (c+y) is étale at (1,0).
We recall that a G-morphism ¢ : X — Y is said to be excellent if

(a) ¢ is étale.

(b) The induced map ¢/G : X )G — Y /G is étale.

(c) The morphism X — Y xy g X//G is an isomorphism.

Lemma 3.9. There exists an affine, H-saturated open neighbourhood Z of O in Cs, such that ¢

restricts to an excellent Poisson morphism
¢o:GxyZ—=V:=Im¢CM,,
inducing a étale Poisson morphism

("W~ NG = (W M) N V)G

Proof. This is a direct consequence of Luna’s Fundamental Lemma [41], together with the fact that
every G-saturated affine open subset of X is of the form G x g Z for some H-saturated open subset
of Cs. Since ¢ : G X Z — V is excellent, the form ¢*w on X is symplectic, with moment map
¢*p. In particular, [29, Lemma 3.7] says that the corresponding étale morphism of Hamiltonian

reductions (¢*u)"t(\)JG — (u=1(\) N V)G is Poisson. O
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Proposition 3.10. There exist H-saturated open subsets Z of v=1(0) and U of W such that the

morphism
(ug (0)NZ)JH — (4~ (0) N U) JH

is Poisson and étale.

Proof. Let @ = w|w. As in [14, Lemma 4.3|, @ is a H-invariant symplectic form on W, with
corresponding moment map . Write p : C — W for the projection map along C+ and p :
v=1(0) = W for the restriction of p to »~(0). We claim that p*@ = w|,~1(g) and p*i = ppr|,—1(g)-
This follows, by definition, from p*® = w|c and p*ft = p|c. The latter two equalities can be check
by a direct computation.

By [14, Lemma 4.5], the map v is smooth at 0 and wl,-1(g) is non-degenerate at 0 with moment
map fipl,-1(9).- Moreover, loc. cit. shows that the kernel of dov is W, thus dop : Tov=1(0) — ToW
is the identity map. This implies that p: v=1(0) — W is étale at 0. Applying Luna’s Fundamental
Lemma once again, we deduce that there are H-saturated affine open subset Z C v~!(0) and
U = p(Z) such that p : Z — U and p/H : ZJH — UJ/H are étale. Since p*fi = pul,—1(0)
pulling back p/H along the closed embedding i~1(0)/H — W/H gives an étale morphism (Z N
u (0)JH — (U 1 i~ (0)) JH.

Shrinking Z if necessary, we may assume that p*w = w|l,_1(0) is non-degenerate on Z. Since
P = prly-1(0), it follows from [29, Lemma 3.7] that the map (Z N pg (0)JH — (U N a=Y0)) JH

is Poisson. O

The H-equivariant closed embedding j : v~1(0) N Cs < G x g Cs given by j(c) = (1,¢) induces
an isomorphism
s (g (0)Nw™H0) N Z) JH = (6"1) ™ (V) JG (5)
We will show later that this isomorphism is Poisson. Let Mgy be the set of points m in M 9 such
that
(a) G -m is closed in M?; and
(b) G, is conjugate to H.

If V is a G-module, then Vg denotes the complement to V&.
Lemma 3.11. The set Mg is a smooth locally closed subset of MY with
H
ToM gy = TrM™ @ (g/0)er, ¥V me (My)" . (6)

Proof. To show that M) is locally closed, it suffices to prove that, for each m € Mgy, there exists
some G-stable affine open neighbourhood U of m in M? such that U N Mgy is closed in U. By a
result of Richardson, [53, Proposition 3.3|, the fact that all stabilizers are connected implies that
there is a G-stable open set U such that the stabilizer G, of each u € U is conjugate to a subgroup

of H. In particular, we see that if n = dim H then dim G, < n for all w € U \ M(g). Therefore,
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UN My ={ueU]| dimG, > n}. This is closed by [7, Lemma 2.2]. Tt will follow that Mgy is
smooth if we can prove identity (6), since M* is smooth by [57, Corollary 6.5].

In order to prove identity (6), we apply Luna’s slice theorem [41]. There exists an excellent map
¢ : GxgS — U, where S is a slice to the G-orbit at m. Then, gb_l(M(H)) =GxgS) = G/HxSH,
Thus,

d(l,m)d) : T(l,m) (G/H X SH) L) TpM(H)

has image T}, @ g-m in T},,M, hence TnMgy = TS @ g-m. Since SH ¢ MH Mgy, we
have T,,S% C T, M* C T, My and hence

T M = (T, M) = (T,M))" = T,,8" & (g-m)".
Thus,
T,Mry = TnS" @ (g-m)" @ (g-m)g = TnM" @ (g/0)

as required. 0
Lemma 3.12. The variety p~'(\)? N Mgy is smooth, with

T, (57 0 M ) = (0 (gD @ (8- )
for all y € p=1(N)? N (M(H))H.

Proof. Note that every point of p~*(\)? N Mgy is conjugate by G' to some point in ptN N
(M(H))H. By Lemma 3.11, we have
Ty (17N 0 M) ) = Ty Mgy N Ker dyps
=M"og-y)n(g-y)*
=M@y e v
)t

since g-y C (g-y)™* is isotropic. Therefore, we just need to show that the dimension of = (A\)?NM (H)»

as a reduced variety, is also equal to dim((MY N (g-y)*) @ (g-y)g). We have
(¢* 1) A N (G g C)ry = G xp (v1(0) N pg (0)) oy

Set-theoretically, this equals G/H x v~1(0) (which is smooth) and there is an étale map from this
space to G/H x WH . Thus, we just need to show that

dim((M" 1 (g-9)") ® (8- y)w) = dim G/H x v (0)".
If M =C®(g-y), then M7 = CH @ (g-y). The fact that W = C N (g-y)* implies that

cn(g -yt = (Cﬂ(g-y)ﬂH:WH-
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Thus,
dim((M" 1 (g-9)") ® (8- y)w) = dim C" N (g-y)* + dim(g - y)" + dim(g - y)m
= dim W# + dim(g - y)
=dimG/H x v=1(0)H
as required. O

Theorem 3.13. There exists a unique symplectic form wy on My (a, 0) ) such that

* —
T WH = w\u_1()\)9mM<H>,

where m: (N N Mgy — Mr(c, 0) gy is the quotient map.

Proof. For brevity, let Y = p=*(\)? N Mgy NV, where V is the affine open set of Lemma 3.9,
and set M = My (a, ). Abusing notation, we will also write M NV for the affine open subset
(VN p=t(N) /G of M. We claim that we have a commutative diagram of linear maps

WHag/h —=— T,V

.

WH — Tym(H),

where the vertical map on the left is just projection.

Since ¢ is excellent, we have an identification
¢~ (Y)=G/H x (v 1(0)" nU),

which means that the diagram

G/Hxv (0 —2 v

| I

(G/H x v=1(0)") JG -2 oy

commutes, with ¢ and ¢/G being étale. Under the identification Tor~1(0) = W | the differential
map dn : Tor=1(0)7 @ g/b — Tor~1(0)" is the projection map W @ g/h — WH, as required.

We deduce that 7 is a smooth morphism on Y. Hence 7* : Q%immV)(H) — Q% is an embedding,
with image (Q%)G Thus, there is a unique (closed) 2-form wy on (9 N V) gy, whose pull-back
along 7 equals wly.

Finally, to prove that wpy is symplectic it suffices to prove that the radical of w|y at m equals
g/b. Clearly the latter is contained in the former. Since T;,,Y = WH @ (g/h), it suffices to show
that w|yy m is non-degenerate. Recall that & = w|y is non-degenerate. Then W# is a symplectic
subspace since @ is H-invariant. O

Next, we show that the symplectic forms wy come from the Poisson structure on p~1(A\)?//G.
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Lemma 3.14. For each f € C[V]%, the Hamiltonian vector field Cr 1is tangent to M.

Proof. By Lemma 3.11, Mgy is smooth, therefore it suffices to show that ({y), € T, Mgy for
all y € (M), Recall from Lemma 3.11 that T,My) = M & (g/b)g. The canonical map
Der(V) — Ty Mg is H-equivariant. Since {—, —} is G-invariant, and f € C[V]%, the Hamiltonian
vector field (s belongs to Der(V)¢ C Der(V)#. Hence (¢5), € (T,M)? = MH" C T,Myy, as
required. ]

Theorem 3.15. The space EUZ)\(a,O)(H) is a locally closed Poisson subvariety, such that the re-
striction {—, _}|m>\(O¢70)(H) of the Poisson bracket on My («, 8) equals the Poisson structure induced

by wygr. In particular, it is non-degenerate.

Proof. Again, let I = M) (v, 0). First we show that it is a Poisson subvariety. It suffices to show
that each Hamiltonian vector field (f on M NV is tangent to (M N V). Let f € C[V]¢ be a
lift of f. Then, by Lemma 3.14, Cr is tangent to Mgy N 1~ t(N)?. By definition of Hamiltonian
reduction, (y is also tangent to V' N ,ufl()\)e. Therefore, it descends to the vector field (5 on 9,
which is tangent to (M) NV N p~t(A)?)JG. But, by Theorem 3.13,

(M NV N (W) JG = (M0 V) (),

as required.

Next, we show that the two Poisson structures agree. Once again, we let Y = VM) Nu~t(\)?,
and let 7 : Y — (V. NM) g be the quotient map.

Choose a function f defined on (V N 9M) gy and denote by the same symbol an arbitrary lift to
VN Since the form wy is non-degenerate on (V NMN) 5y there exists a Hamiltonian vector field
C} on (V NIM) g satisfying the defining equation wH(C}, n) = —n(f) for all vector fields . The
non-degeneracy of wy implies that it suffices to prove that wp((f,7) = wH(C}, n) for all n, since

(5= C;; implies that {f, g} = {f, g} for all functions g on (V N ON) (). Thus, we must show that

wr (Cr.m) = —n(f)-

Since the quotient map 7 : Y — (V N9M) g is smooth, we can choose a lift of 7. In fact, if we
ask that the lift be G-invariant, it is unique, and so we will denote it by n too. If f is a lift of f to
C[V]€, then (s is tangent to Y, and (y|y is a lift of (7. Therefore,

wH(Cfv 77) = 7r*wH(§f|Y7"7) = w|Y(Cf|Y777)'

Finally, if we choose an arbitrary lift 7" of  to V', then

wly (Crly,m) = w(Cr )y = =1'(Hly = =n(fly) = —n(f).

Finally, we complete the proof of Theorem 3.8.
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Proof of Theorem 8.8. All claims, except for the final one, follow from Lemma 3.9 and Proposition
3.10. Thus, it suffices to note that the isomorphism W of (5) is Poisson. Choose a generic point n
in

(Z v (0) Ny (0) JH = (")~ (N JG.
Then there exits some K C H such that n € (ZNv=1(0)Npj' (0))/H ) (k- Both Poisson structures
on this open stratum are non-degenerate. Therefore, it suffices to show that the corresponding
symplectic 2-forms agree via ¥. Recall that the symplectic form on ((ZNv~1(0) Ny (0))/H )(K) 18

. . 1 -1 .
the unique form such that its pull-back to Zx) Nv~(0) Ny (0) agrees with w|Z(K>ﬁV*1(O)ﬂu;{1 0

Similarly, the symplectic form on ((¢*u)~*(\)? JG) (K is the unique symplectic form whose pull-
back to D := (G xg Zx)) N (¢* 1)~ (N)? equals (¢*w)|p. Therefore, since the map ¥ is induced
by the closed embedding j, it suffices to show that

7 ((¢7w)lp) = w’Z(K)”V‘l(U)ﬂuil(O)'
But this follows from the fact that

D=¢"'Vuynp* N, 571D) = Zuy Nv(0) N pg'(0),

and ¢oj is the map ¢+ c+m, so that j*¢*w = wl,-1(0)n¢;, since w is invariant under translation.
O

3.4. Hyperkiihler twisting. Let a = miv() 4 ... + mu® be the canonical decomposition of o
with respect to ¥y. It is shown in [13] that

Theorem 3.16. [13] There is an isomorphism of varieties [ [, S™ (f)ﬁ)\(l/(i), 0)) ~ 9 (a,0).

Moreover, if () is real then S™ (9 (A, 0)) = {pt} and if ¥ is anisotropic then m; = 1. We

now adapt Crawley-Boevey’s result to the case where 6 # 0:

Theorem 3.17. Let o = njoW + -« 4+ nio®) be the canonical decomposition of o with respect to

Y6. Then, there is an isomorphism of Poisson varieties

o: []5m (mn(o@,e)) s My (e, 6).

The proof of Theorem 3.17 is given at the end of section 3.5. In order to deduce Theorem 3.17
from [13, Theorem 1.1], we use hyperkiihler twists. By our main assumption (1), A € R0,

Proposition 3.18. Let v = —\ — if and consider My (c, 0), M, (a,0) as complex analytic spaces.

Hyperkdhler twisting defines a homeomorphism of stratified spaces
UMy (a,0) — M, (,0),

i.e. W restricts to a homeomorphism My (a, 0) g = My (a, 0) () for all classes (H ). In particular,

the homeomorphism maps stable representations to stable (= simple) representations.
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Proof. We follow the setup described in the proof of [11, Lemma 3]. We have moment maps

we@) = 3 [arter],  Hr(e) F S e l] + e, 2]

a€Q1 acQn

As shown in [35, Corollary 6.2], the Kempf-Ness Theorem says that the embedding M(El()\) N
pig(i0) < puz'(N) induces a bijection

et () N gt (i) /U (o) — 9y (av, 0). (7)

Since the embedding is clearly continuous and the topology on the quotients pz'(A) N g (i0) /U (a)
and My («, 0) is the quotient topology (for the latter space, see [52, Corollary 1.6 and Remark 1.7]),
the bijection (7) is continuous.

Define a stratification u(_:l()\)ﬂ g (i0)/U () analogous to the stratification of M («, §) described
in section 3.1. Let y € My(a,0), and v = 7' @ - -®af* € T(y) a f-polystable lift in s (N)Npg' (i6)
(which exists by Proposition 3.1). Then Lemma 3.7 says that G, = G(e) and [35, Proposition 6.5]
implies that U(a), = U(e). Hence G(a), = U(a)S. Therefore the homeomorphism (7) restricts to

a bijection
(pe"(N) N pg' () /U () (1) — Ma(ev, 0) ey

for each (K).

Let the quaternions H = R @ Ri @ Rj ® Rk act on Rep(Q, a) by extending the usual complex

structure so that j - (z4,zq) = (—mz*,le) In general,

(z1 + 22)) - (Ta, Tax) = (2124 — zle*,zlxa* + ZQI'L)
This action commutes with the action of U(«a) and satisfies
pr(z - @) = (|22l = ll22l*)pr (@) — iz1Zapc(2) — izZipc (@), (8)
pe(z - ) = 2Z2pc(x) — 2Z2pc(z)’ — 2z 20pp(x), V 2z e H. (9)
Let h = (i — j)/v/2. Then multiplication by h defines a homeomorphism
pet V) Npgt(i0) = ' (=X = i0) N ' (0)

Since multiplication by A commutes with the action of U(«), this homeomorphism descends to a

homeomorphism

(e (V) Mg (1)) /U () = (g (=X = 10) N pz ' (0)) /U (a)

which preserves the stratification by stabilizer type.
Thus, the map W is the composition of three homeomorphisms, each of which preserves the

stratification. n
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Remark 3.19. Our general assumption that A € RQ0 if § = 0 is required in the proof of Proposition
3.18 to ensure that multiplication by h lands in pg 1(0). Equation (8) implies that it would suffice
to assume more generally that there exists z € C such that |z| = 1 and z\ € R?°. It is natural to
expect that Theorem 3.17 holds with out the assumption A € R%0.

Remark 3.20. Using the notion of smooth structures on stratified symplectic spaces, as defined
in [54], one can presumably strengthen Proposition 3.18 to the statement that there is a diffeomor-

phism of stratified symplectic spaces MM (a, §) — M, (c, 0).
Proposition 3.21. The variety My (e, 0) is irreducible and normal.

Proof. We begin by showing that the variety 9, («, 6) is connected. Proposition 3.18 implies that
My (c, 6) is connected if and only if M, («,0) is connected. The latter is known to be connected
by [13, Corollary 1.4].

Next, we show that 91y («, #) is irreducible. Since M («, 6) is connected, it suffices to show that,
for each C-point x € My (a, #), the local ring Ogy, (4,6), 15 @ domain. This ring embeds into the
formal neighborhood of z in 9y (v, #). By Corollary 3.4, the formal neighborhood of x in M («, 6)
is isomorphic to the formal neighborhood of 0 in My(e, 0). By [13, Corollary 1.4], this is a domain.
Finally, normality is an etalé local property, [44, Remark 2.24 and Proposition 3.17]. Therefore, as
in the previous paragraph this follows from Theorem 3.3 and [14, Theorem 1.1]. ]

3.5. The proof of Theorem 3.17. Recall that o = nio™ + .- + nyo® is the canonical de-
composition of & in R;\rﬁ. The map ¢ is defined as follows. Let H(a) be the product G (o)™ x
oo x G(o®)™ thought of as a subgroup of G(a). There is a natural H (a)-equivariant inclusion
[1; T* Rep(Q, )™ < T*Rep(Q, «). This is an inclusion of symplectic vector spaces. Since the
moment map for the action of H(«) on T* Rep(Q, «) is the composition of the moment map for
G(a) followed by projection from the Lie algebra of G(«a) to the Lie algebra of H(«), the above
inclusion restricts to an inclusion Hi(,u;(li) (N — pz1(N)?, inducing a map of GIT quotients

H m,\(d(i), 9)”1 — EDIA(a, (9)
i
This map, which sends a tuple of representations (M; ;) to the direct sum @Z j M; ; clearly factors

through [, S™ (me(a(i), 9)). It is this map that we call ¢.

Passing to the analytic topology, Proposition 3.18 implies that we get a commutative diagram

[1; 5™ (Mr(0D,0)) My (a, 6) (10)

|

[T 5™ (M (—c® —i6,0))

M_x—ig(, 0).

where both vertical arrows are homeomorphisms and the bottom horizontal arrow is an isomorphism

by Theorem 3.16. Therefore, we conclude that ¢ is bijective. Since we are working over the complex
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numbers, and we have shown in Proposition 3.21 that 9ty («, ) is normal, we conclude by Zariski’s
main theorem that ¢ is an isomorphism.
As a consequence, we can compute the dimension of 9y («, @), which in the case 6 # 0 is [12,

Corollary 1.4]. We begin with the following basic lemma:
Lemma 3.22. Ifa € ¥y, then dim My («, 8) = 2p(a). Moreover dim u=1(N\)? > a-a+2p(a) —1.

Proof. We note that Proposition 3.18, together with the results of [12], imply that there exists a
f-stable representation of IT1*(Q) of dimension « if and only if a € Y- Let U be the subset of
M (a, 0) consisting of #-stable representations. Since « is assumed to be in Xy g, Proposition 3.21
implies that U is a dense open subset of My (v, ). Let V be the open subset of Rep(Q, a) consisting
of f-stable representations. Then U is the image of 4 ~*(A\) NV under the quotient map and hence
V' is non-empty. The group PG(«) acts freely on V' and p is smooth when restricted to V. Thus,

dimU = dim Rep(Q, o) — 2(dim G(a) — 1) = 2p(a),

as required. For the second statement, observe that dim(V N p=1(A\)) = dim U + dim PG(«a) since
PG(«) acts freely on V. O

Then we immediately conclude

Corollary 3.23. For a € Rj\'e with canonical decomposition o = nioM + -« +no® | the variety
My (v, 0) has dimension 2 Zle nip(c®).

Finally, we need to check that the morphism ¢ is Poisson. Since both varieties are normal by
Proposition 3.21, it suffices to show that ¢ induces an isomorphism of smooth symplectic varieties
between the open leaf of M) («, ) and the open leaf of [, S™ (M) (c®, 9)). By Proposition 3.6, the
symplectic leaves of 9ty (a, 0) are connected components of the strata given by stabilizer type. The
explicit description of ¢ given at the start of this section shows that ¢ restricts to an isomorphism
between strata. In particular, ¢ restricts to an isomorphism between the open leaves.

The symplectic structure on the open leaf of M («,#) comes from the symplectic structure on
T*Rep(Q, ). More specifically, the non-degenerate closed form on the latter space restricts to
a degenerate G(a)-equivariant two-form on p~'(\)?. Hence it descends to a closed two-form on
M (a, d). The restriction of this two-form to the open leaf is non-degenerate. The two-form on the
open leaf of [, S™ (DJT,\ (o, 9)) is defined similarly. Now the point is that under the embedding
Hi(,u;é) (N — 1 (N)?, the H(a)-equivariant closed two-form on Hi(,u;(li) (M) is simply the
pull-back of the G(«)-equivariant closed two-form on p;'(A)?. This implies that the two-form on
the open leaf of ], S™ (im,\(a(i), 0)) is the pull-back, under ¢, of the symplectic two-form on the
open leaf of M) (v, 0).

Using Proposition 3.21, we can now show that each stratum 97y (a, 6), is connected.

Corollary 3.24. Fach stratum My (c, 0), of My(a, 0) is connected.
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Proof. Writing 7 = (61,5(1); . ;ek,ﬂ(k)), we can repeat the construction of ¢ given above (even

though 7 is not the canonical decomposition of «) to get a morphism

¢ : [T S“MA(B",0) — M (, 6).

The stratum 9 (a, #), is contained in the image of ¢ and ¢~ (M (a, #),) is dense in the domain of
¢. Since the domain is irreducible by Proposition 3.21, we deduce that 9%y (v, 0), is irreducible. [

3.6. Flatness of the moment map. We need an additional result which follows from [14]. Let
€t N)? — My (a, 0) be the quotient map.

Theorem 3.25. [14, Corollary 6.4] For 7 = (e, B1); .. .; e, %)) a representation type,

k
dim &1 (Mr(e,0);) < - — L+ p(a) + Y p(BY). (11)

i=1
Proof. The proof follows verbatim as in [14, Corollary 6.4], substituting #-stable representations
for simple representations. Alternatively, [14, Corollary 6.4] as written together with Theorem 3.3
yields the result. U

Proposition 3.26. The moment map u : Rep(Q, a)? — R20 is flat over the open subset B.g =
{AeERP | a e %)} C R, with all fibers of dimension a-a+p(a)—1. In particular, if a € Sy g,

then the variety p=Y(\)? is a complete intersection in the open subset 1= (Ba.g)°.

Proof. By Lemma 3.22 and Theorem 3.25, all of the fibers g~ 1(\) for X € B,y have the same
dimension, a -« + p(a) — 1. Then, since B, g is smooth, and ;1 ~1(Bg.g) is open (hence smooth and
therefore Cohen-Macaulay), it follows that the moment map is flat as stated, and therefore that

every fiber is a complete intersection. O

4. SMOOTH VS. STABLE POINTS

As usual, choose a deformation parameter A € R?, a stability parameter # € Z9, and a
dimension vector a € NRj\r@. The main goal of this section is to prove Theorem 1.13, which says

that x € My («, @) is H-canonically polystable if and only if it is in the smooth locus of M («, 9).

4.1. Isotropic roots. In this section, we briefly consider quiver varieties associated to isotropic

roots. The subgroup of GL(Z%°) generated by the reflection at loop free vertices is denoted W(Q).

Lemma 4.1. Let o € ¥ be an isotropic root. Then there exists w € W(Q) such that § = wa is
in the fundamental domain, Q' = Supp & is an affine Dynkin quiver, 0|q: is the minimal imaginary
root and My (c, 0) ~ My, (0, wh).

Proof. As the name implies, the fundamental domain F(@Q) is a fundamental domain for the action

of the reflection group W(Q) of @ on the set of imaginary roots. Therefore there exists w such
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that wa € F(Q). The fact that Q' is affine Dynkin and d|¢ is the minimal imaginary root follows
from [30, Lemma 1.9 (d)].

Thus, we show that § € X5 w0 and My («,0) ~ Myx(6,wd). The Lusztig-Maffei-Nakajima
reflection isomorphisms of quiver varieties (see in particular [42, Theorem 26]) shows that if ei-
ther A\; or 6; is non-zero (equivalently, as explained in example 1, if e; ¢ X y) then My (e, ) ~
M, a(sir, 5;0). Tt is easily checked that if e; € ¥ g then (o, e;) < 0 (otherwise o = (v —e;) +¢; with
p(a) = p(a—e;)). Moreover, the fact that s; permutes the set RT \ {e;} implies that s;a € X, 5,0
if e; ¢ ¥ 6. Hence, we need to show that w = s;, - s;; can be chosen so that (s;, ---si;A)i,, #0
or (si---8i0)i,, # 0 foralll =1,...,r — 1. Recall that every positive root § = Zier k;e; has
height ht(8) := Zier k; > 1. As in the proof of [10, Proposition 16.10], the key thing to note is
that 0 is specified by the fact that it is the unique element of minimal height in the orbit W (Q) - a.
Thus, if o ¢ F(Q), then there exists ¢ € Qg such that (a,e;) > 0. This implies that e; ¢ Xy g
and ht(s;a) < ht(«). Since every element in the orbit W(Q) - « is a positive root (and hence has

positive height) this cannot continue forever, and the result follows. ]

In particular, we note that Lemma 4.1 implies that if o € ¥ g is an isotropic root, then 9y («, 0)
is the partial resolution of a partial deformation of a Kleinian singularity. Moreover, the type of

the Kleinian singularity is specified by the support of wa € F.

4.2. The proof of Theorem 1.13. The proof of Theorem 1.13 follows closely the arguments given
in [37, Theorem 3.2]. We provide the necessary details that show that the arguments of loc. cit.
are valid in our setting. First, notice that, under the isomorphism of Theorem 3.17, the open
subset of f-canonically polystable points in 9ty (a, #) is the product of the #-canonically polystable
points in the spaces S"if))n(a(i),ﬁ). Therefore it suffices to show that the set of #-canonically
polystable points in S™ 9y (O'(i), 0) is precisely the smooth locus. If o) is real then S™ M1y (O'(i), 0)
is a point. If ¢(? is an isotropic root then by Lemma 4.1, My (c?), #) is a partial resolution of a du
Val singularity. In particular, it is a 2-dimensional (quasi-projective) variety. This implies that the
smooth locus of S™9My (@, ) equals

n;
S™° My (0, D) = D _pj ‘ pj € MA(0,0)sm, pj # pi. for j # k
j=1

On the other hand, the set of f-canonically polystable points in S™t )\(a(i), 0) equals S™°U, where
U C gﬁ)\(d(i), 6) is the set of #-canonically polystable points. Therefore, in this case it suffices to
show that fm,\(a(i), 0)sm equals U. Finally, in the case where o™ is an anisotropic root, we have
n; = 1.

Thus, we are reduced to considering the situation where o € X  is an imaginary root. In this
case, a point z is f-canonically polystable if and only if it is #-stable. As in the proof of Corollary
3.23, it is clear from the definition of 9y («a, #) that the set of f-stable points is contained in the

smooth locus. Therefore it suffices to show that if x is not f-stable then it is a singular point. As
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in section 3.2, let « be the image of a -polystable representation y = yi* & --- @ y;e (with the y;
f-stable). Let 8 = dimy;. Let Q' be the quiver with ¢ vertices whose double has 2p(3®)) loops
at vertex i and —(8®), 3)) arrows between vertex i and j. The (-tuple e = (eq,...,es) defines a
dimension vector for the quiver @’. By Theorem 3.3, it suffices to show that 0 is contained in the
singular locus of My (e, 0).

In order to proceed, we require [36, Proposition 1.1], stated in our generality. The proof is

identical to the proof given in loc. cit., this time using Theorem 3.3.

Proposition 4.2. Assume that o € ¥y and let x be a geometric point of My («, ), of represen-
tation type T = (e1, B1;...;ex, Bx). Then e is the dimension vector of a simple II°(Q’)-module i.e.
e c Eo(Q/)

Returning to the proof of Theorem 1.13, with Proposition 4.2 in hand, the argument given in

the proof of [37, Theorem 3.2] goes through verbatim. This completes the proof of Theorem 1.13.

4.3. The proof of Corollary 1.15. By Theorem 1.13, 9y («, 6) is smooth if and only if every
point is #-canonically polystable. As in the reduction argument given at the start of the proof of
Theorem 1.13, this means that n; must be 1 when ¢ is an isotropic root. Moreover, it is clear

that 9%\ (c¥), ) consists only of f-stable points if and only if ¢(?) is minimal.

5. THE (2,2) CASE

In this section we will prove Theorem 1.7. First we restrict to the one vertex case.
5.1. The variety X(2,2). Recall that X(g,n) denotes the quiver variety

{(Xl, Yi,..., Xg, Y;J) S End(c((C")

d
Z[Xi, Y;] = 0} /GL(n,C).

We note that X(g,n) is an irreducible, normal affine variety of dimension 2(n?(g — 1) + 1).

Set (g,n) = (2,2), so dimX(g,n) = 10. We recall results of Kaledin-Lehn [32], see also [38],
which explain that X(2,2) admits a projective symplectic resolution.

Let W = sly and (V,w) a 4-dimensional symplectic vector space. Let x denote the Killing form
on W. Then k ® w is a symplectic form on W @ V. We identify sp(V)* with sp(V') via its Killing
form. There is an action of PGL(2) on W by conjugation and hence on W ® V. This action is
Hamiltonian and commutes with the natural action of Sp(V') on W ® V. The moment map for the
action of PGL(2) is given by

n (Z Az X Ui) = ZAiAjw(Ui,Uj)
= Z[AuAj]W(Uu”j)-

1<j
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The moment map for the action of Sp(V) is given by > . A; ® v; — v(3_,; A; ® v;), where

v (Z A ® vi> (u) = Z k(A Aj)w(vi, uw)v;.

0]
Since the actions of PGL(2) and Sp(V) on pu~!(0) commute, the map v descends to a map
p~1(0)/PGL(2) — sp(V), which we also denote by v. Let N3 C sp(V) be the set {B | B? =
0, tkB = 2}. The set N3 is a 6-dimensional adjoint Sp(V)-orbit. Its closure N := N§ =
N2 U N2 U {0} consists of three Sp(V)-orbits and one can check that N? ~ C*/Zs, where Zy
acts on C* with weights (—1,—1,—1,—1). The following result is proven in [32].

Theorem 5.1. [32] The map v defines an isomorphism p~1(0) JPGL(2) — N of Poisson varieties.
In particular, p=*(0) /PGL(2) is a symplectic singularity.

Taking trace of the matrices (X7, Xo,Y1,Ys) € X(2,2) defines an isomorphism of symplectic
singularities %(2,2) ~ p~1(0)/PGL(2) x C*, where C* is given the usual symplectic structure.
Thus, X(2,2) ~ N x C*.

5.2. Proof of Theorem 1.7. We now prove Theorem 1.7, following the arguments of [32, Remark
4.6]; see also [38].

Since « is anisotropic, 2« is also an anisotropic root. Choose a generic stability parameter
0 > 0 with 6’ - 3 # 0 for all nonzero S < 2a, 8 # «. Then the projective Poisson morphism
Mr(2a,0") — My(2c,0) of Lemma 2.3 is a partial projective resolution. The proof of Lemma
6.12 below shows that if Y — 9, (2«,€’) is a projective symplectic resolution then so is the
composite Y — My (2a, ) i.e. it is enough to show that we can resolve My (2a, 8) symplectically.
Fix X = My(2a,6). Then X = X, U X; U X, where, by Theorem 1.13, X is the smooth
locus consisting of #’-stable representations, X; parameterizes representations M = M; @& My with
dim M; = dim My = o, M; % My are @'-stable representations and Xy consists of all points M?,
with dim M = «. By Proposition 3.6, X5 and X5 U X are closed in X.

Let X denote the blowup of X the along the sheaf of ideals of the reduced singular locus X7 Ll Xg.
The corollary will follow from the following claim: X5 Xisa projective symplectic resolution.

Clearly, X Xisa projective birational morphism, therefore we just need to show that X is
smooth and the symplectic 2-form on X, extends to a symplectic 2-form on X. We check this in a
neighborhood of x € X5 and of y € X;. First consider x € Xs. Replacing X by some affine open
neighborhood of z, Theorem 3.3 says that there is an affine Z with

N
X x(2,2)
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where 7 and p are étale. Let X(2,2) — X(2,2), resp. Z — Z, denote the blowup along the reduced
singular locus. Then
Z~X xxZ~X(2,2) Xx22) Z- (12)

As noted in [32, Remark 4.6], X(2,2) — X(2,2) is a projective symplectic resolution. Now Lemma
5.2 below and (12) imply that X3 Xisa projective symplectic resolution.

For y € X1, Theorem 3.3 shows that there is an étale equivalence between a neighborhood of y
and a neighborhood of the origin in a certain quiver variety, independent of the choice of y € X;. In
particular such a neighborhood is also étale equivalent to a neighborhood of a point of X inside the
neighborhood of € X5 used above, so the result follows from the previous statement. (One can
also compute explicitly: the quiver needed is the one with two vertices, one arrow in each direction
between the two vertices, and also two loops at each vertex, so the quiver variety is isomorphic to
C® x C2%/Zs, which is an A; singularity and hence blowing up the reduced ideal sheaf of the singular
locus gives a projective symplectic resolution).

It remains to prove the following standard lemma:

Lemma 5.2. Let X be a symplectic singularity and 7 : X—>Xa proper morphism. Then w is a
symplectic resolution if and only if it is so after a surjective étale base change i.e. being a symplectic

resolution is an étale local property.

Notice that we are not making the (false) claim that X admits a symplectic resolution if and

only if it does so étale locally.

Proof. Passing to the generic points of X and X , the fact that a surjective étale morphism is
faithfully flat implies that 7 is birational if and only if it is so after base change. Therefore it
suffices to check that the extension w’ of the pullback 7*w is non-degenerate. If b: Z — X is a
surjective étale morphism, then so too is b:Z=Xx xZ — X. The form ' will be non-degenerate

if and only if b*w' is non-degenerate. O

6. FACTORIALITY OF QUIVER VARIETIES

In this section, which is the technical heart of the paper, we consider the case of a X-divisible
anisotropic root. Fix o € X g to be a Y-indivisible anisotropic root, and let n > 2 such that such
that (p(a),n) # (2,2). We prove the key result, Corollary 6.9, which says that if 6 is generic then

M (na, d) is a factorial variety.

6.1. A weighted partition v of n is a sequence ({1,v1;...;0k, k), where v1 > v9 > -+ and
Zle liv; = n. Recall from Proposition 3.6 that the quiver variety 9ty(«, @) has a finite strat-
ification by representation type. Given a weighted partition v of n we can associate naturally a

representation type of na:

va = (l,na;. .. 0, vpa). (13)
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Lemma 6.1. Let a € X\ g be a X-indivisible anisotropic root. Let n > 2.

(1) The set ¥y ¢ contains {ma | m > 1}.
(2) We have the formula

k
dim My (na, 0) e = 2 (k' + (p(a) — 1) Z 1/3) .

i=1
(3) For (p(a),n) # (2,2), we have dim My (na, §) — dim My (na, 0),q > 4 for all v # (1,n).
(4) For (p(a),n) # (2,2) and v # (1,n), we furthermore have

dim My (na, 0) — dim My (na, 0),q > 8

unless one of the following holds:
(i) (p(a),n) =(2,3) and v = (1,2;1,1); or
(ii) (p(a),n) =(3,2) and v = (1,1;1,1).
(5) In the case that 0 - 3 # 0 for all 8 < na not a multiple of o, all strata of My(na, 6) are of
the form My (na, 0),, and they are parameterized by weighted partitions of n. (It suffices to
make the weaker assumption that ¥y 9 N{f | f < na} C {ma|m < n}.)

We remark that we will only use part (4) later.

Proof. The first claim follows from [13, Proposition 1.2 (3)].

Next consider the second claim. Set d := p(a). Then p(na) = n?(d — 1) + 1. We have a finite
surjective map [[, M (v, 0) — My (ne, 0),q, so the dimension formula follows from Corollary
3.23.

For the third part, notice that

k
dim 9 (na, 0) — dim My (nev, 0), = 2(n*(d — 1) +1) = 2> (i (d—1) +1)
=1
k
=2(d—1) Y (Lili — 8 j)viv; — 2(k — 1). (14)
i,j=1

Since Zijzl(&ﬂj — 9, j)vivy — (k — 1) > 1, we clearly have dim ) (na, ) — dim My (na, 0), > 4
when d > 2. When d = 2, a simple computation shows that dim 9ty (na, ) — dim My (na, 0), = 2
if and only if n =2 and v = (1,1;1,1).

For the fourth part, we use again (14), noticing the following points: the RHS of (14) is increasing
in d; the RHS is increased if we replace (¢;,n;) by (¢; — 1,n;); (1,n;); the RHS is increased if we
replace (1,a) and (1,b) by (1,a 4+ b) (when a + b < n); and for @ > b > 1, the RHS is increased if
we replace (1,a) and (1,b) by (1,a+1) and (1,b— 1). Since it suffices to prove the inequality after
performing operations that increase the RHS, the result follows once we observe that the inequality
holds in the following cases: (i) v = (1,n —1;1,1) whenever n > 4 as well as (1,1;1,1;1,1); (ii) for

v =(1,1;1,1) whenever p(a) > 4, as well as v = (2, 1) for p(a) = 3.
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For the final claim, observe that each stratum of 9y (na, ) consists of representations of the
form x = :cﬁwl DD x?e’“, where the z; are pairwise non-isomorphic #-stable representations of
fixed dimension vectors a; € X 9. Under the assumptions given, each «; must be a multiple of a.

Therefore the representation type is of the form va for some weighted partition v of n. O

In particular, Lemma 6.1 describes the stratification of X(g,n). Since p(a) > 1, there exist
infinitely many non-isomorphic 6-stable I1*(Q)-modules of dimension «. Therefore, for all repre-
sentation types va = (01,105 . .. Uy, vpo) with ), 4 = n, the stratum 9y (na, 0),4 is non-empty.

Let U be the union of all strata of “type va”.
Lemma 6.2. The subset U is open in My(na, d).

Proof. Since the stratum of representation type p = (n,a) is contained in the closure of all the
other strata of type va, it suffices to show that there is no stratum g = (el,ﬁ(l); .. .;el,ﬁ(l)) of
any other type such that 9ty (n«,0), C Wﬁ. Assume otherwise. If G, ~ GL,(C) is the
stabilizer of some = € My (na,0),, then the Hilbert-Mumford criterion implies that there exists
some y € My(na, )z whose stabilizer G is contained in G,. Let V; be the na;-dimensional
vector space at the vertex i on which G(na) acts. Then, for each g € G(na) and u € C*, the
u-eigenspace of g is the direct sum over the u-eigenspaces g|y;. In particular, it has a well-defined
dimension vector. Now the elements g of GG, all have the property that the dimension vector of
the u-eigenspace of g is of the form ro for some r € Z>p. On the other hand, since 3 is not “of
type va’, there is some 4 such that e;3(%) # ra for any r. Take u # 1 and ¢ € G that rescales
the summand of y of dimension ¢;3() by u and is the identity on all other summands. Then the
u-eigenspace of g has dimension vector e; 3% which implies that Gg ¢ G, - a contradiction. Thus,

U is open. ]

The open subset of =1 (A\)? consisting of stable representations is denoted x~'()\)?, and its image
in M) (na, 0) is denoted M) (na, §)°. Note that My (na, #)® is an open subset of U, and the quotient
map (N = My (na, 0)° is a principal PG(na)-bundle.

6.2. Factoriality of 9ty(na,#). A closed point x € X is said to be factorial if the local ring Ox
is a unique factorization domain. We say that X is factorial if X is factorial at every closed point.
If € : p= (N — My (na, 0) is the quotient map, then let V' = ¢~1(U), where U is the open subset
of Lemma 6.2. We will need the following result from [14]:

Theorem 6.3. [14, Theorem 6.3, Corollary 6.4] Consider a stratum Z in 9, (f3,0) of representation
type (k1, BV .. k., B7)). Then for all z € Z, € 1(2) C p=Y(\)? has dimension at most 3-8 —1+
p(B) — 2, p(BWD), so the dimension of €1(Z) is at most §- B — 1+ p(8) + 3, p(BY).

We note that in [14], this is stated and proved for A and 6 equal to zero, but the proof and result
extends verbatim to the general case (replacing simple modules by #-stable modules). In the case

that 8 € Xy ¢, applying Proposition 3.26 immediately yields
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Corollary 6.4. The codimension of £~1(Z) is at least § codim(Z) = p(B) — S p(BM).
Proposition 6.5. V is a local complete intersection, factorial and normal.

Proof of Proposition 6.5. Since a € X g, Proposition 3.26 implies that = (A\)? and hence V is a
local complete intersection of dimension n’a - a — 1 + 2p(na), and the stable locus is open and
dense.

The main step is the second assertion. For this we will show that V is smooth outside a subset
of codimension four, i.e., it satisfies the R3 property. For any G(na)-stable subset X of u=1(\)?,
we write Xpee for the subset of all points where PG(na) acts freely. The assertion will follow from
estimating the codimension of the complement to Viee in V. Note that the free locus is the same
as the locus of representations whose endomorphism algebra has dimension one, i.e., the “bricks”.
We represent p~'(A\)? as the union of preimages of the (finitely many) strata, and consider over
each such preimage the non-free locus.

If the preimage of the stratum has codimension at least four, it can be ignored. Thus, we just

need to show that the complement to & _l(Z )free has codimension at least four for those strata Z

with codim {~1(Z) < 3. Since we are explicitly excluding the case (p(«),n) = (2,2), Corollary 6.4,
together with Lemma 6.1 (4), imply that we are reduced to considering the cases (p(a),n) = (2,3)
and v = (1,2;1,1), or (p(a),n) = (3,2) and v = (1,1;1,1).

Observe first that if Z is a stratum, then the polystable part of the preimage £¢~!(Z) has codi-
mension (in g~ '(A\)?) at least the codimension of Z itself (in 9y (na, #)), since the fiber over a
polystable representation M has dimension « - a — dim End(M), which is maximized when M is
stable. Thus if Z has codimension at least four (which is the case for us), then we can ignore the
polystable part of £71(2).

Next, if we consider a stratum Z of type (1, a; 1,b), note that every representation in this stratum
is either polystable or an indecomposable extension of two non-isomorphic representations. The
latter type is a brick, since there is a unique stable quotient and a unique stable subrepresentation
and the two are nonisomorphic. Therefore applying the previous paragraph together with Lemma
6.1 (3) shows that we can ignore ¢ ~1(Z) (the non-free locus has overall codimension at least four).

This proves the final assertion.
0

free lies in the smooth locus

Since p is regular on the locus where PG(na) acts freely, p=t(\)
of V. We conclude from the last assertion of the proposition that the singular locus of V' has
codimension at least 4 (i.e., property Rs holds). Since V' is a local complete intersection, and hence
Cohen-Macaulay, it satisfies Serre’s condition S, so it is normal.

Finally, it follows from a theorem of Grothendieck, [33, Theorem 3.12], that since V' is a complete

intersection and satisfies R3, it is factorial. O

The result that allows us to descend factoriality from V to the quotient U is the following theorem

by Drezet. Since the version given in [19] concerns the moduli space of semistable sheaves on a
33



smooth surface, we provide full details to ensure the arguments are applicable in our situation. Let

G be a connected reductive group.

Lemma 6.6. Let V be a factorial normal affine G-variety and Vs CV a dense open subset of V,
whose complement has codimension at least two in V. Then every G-equivariant line bundle on V;

extends to a G-equivariant line bundle on V.

Proof. The fact that V is normal and factorial implies that
Pic(V) = Div(V) = Div (V5) = Pic (V) .

Hence if Ly is a G-equivariant line bundle on Vj, forgetting the equivariant structure, there is an
extension L to V. To show that the extension L has a G-equivariant structure, one repeats the

argument of [20, Lemme 5.2], which uses the fact that the codimension of V' \ V; is at least two. [

Theorem 6.7 ([19], Theorem A). Let V' be a factorial, normal G-variety, with good quotient
£:V = U :=V/G. Assume that there exists an open subset Us C U such that

(a) the complement to Us has codimension at least two in U,
(b) Vs := ¢ YUs) — Us is a principal G-bundle; and
(c¢) the complement to Vs has codimension at least two in V.
Let x € U and y € T(x) a lift in V' (so that G -y is closed in V). The following are equivalent:

(i) The local ring Oy, is a unique factorization domain.
(ii) For every line bundle My on Us, there exists an open subset Uy C U containing both x and
Us such that My extends to a line bundle M on Uy.
(iii) For every G-equivariant line bundle L on V, the stabilizer of y acts trivially on the fiber

L.

Proof. Recall that Oy, is a unique factorization domain if and only if every height one prime is
principal. Geometrically, this means that for every hypersurface Y of U, the sheaf of ideals Zy is
free at x.

(i) implies (ii). It suffices to assume that My = Zy, where Y is a hypersurface in Us. If Y is the
closure of Y in U, then M = I?mUo is the required extension.

(ii) implies (i). Let Y be a hypersurface in U. We wish to show that Zy is free at x. Let M
be the extension of Zy |y, to Uy. The line bundle M corresponds to a Cartier divisor D on Up;
M = Oy, (D). Then,

Iy |, = Ou, (D NUs),

and the divisors Y and —D N U, are linearly equivalent. Since, by assumption, the codimension
of the complement to Uy in U has codimension at least two and U is normal, Y ~ —D. Hence
M = Iy is free at x.

(ii) implies (iii). Suppose that L is a G-equivariant line bundle on V. Since G acts freely on Vj,

the restriction L|y, descends to the line bundle My = (L|y,)/G on Us. Let M be the extension of
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My to Uy. Then the G-equivariant line bundle £*M agrees with L on V;. This implies, as in the
previous paragraph, that £*M = L on £~1(Up). In particular, since y € £71(Up), the stabilizer of y
acts trivially on L.

(iii) implies (ii). Let My be a line bundle on Us. By Lemma 6.6, £* M extends to a G-equivariant
line bundle L on V. Recall by definition of lift that G - y is closed in V. Therefore Lemma 6.8
below says that there is an affine open neighborhood U’ of x such that G, acts trivially on L,/ for
all y' € €71(U’) such that G - ¢/ is closed in V. Let Uy = U’ U Us. Then, by descent [19, Theorem
1.1], there exists a line bundle M on Uy such that £*M ~ L. In particular, M extends M. O

Let Y be a variety admitting an algebraic action of a reductive group G. Assume that there
exists a good quotient £ : Y — X = Y//G. The following result, which says that the descent locus
of an equivariant line bundle is open, is presumably well-known, but we were unable to find it in

the literature.

Lemma 6.8. Let L be a G-equivariant line bundle on'Y and y € Y a closed point such that the
orbit O = G -y 1is closed and the stabilizer Gy of y acts trivially on the fiber L,. Then there
exists an affine open neighborhood U of &(y) such that the stabilizer G,y acts trivially on Ly for all
y' € £1(U) such that G -y is closed.

Proof. The proof of the lemma can be easily deduced from the proof of [20, Theorem 2.3]. It
is shown there that one can find a G-invariant section s’ : O — L|p, which trivializes L|p. As
explained in loc. cit., the fact that O is closed in Y implies that one can lift s’ to a G-invariant
section s € T'(¢71(U’), L), where U’ is some affine open neighborhood of £(y). Let W be the
(non-empty) open subset of £~1(U’) consisting of all points ¢’ such that s(y’) # 0 i.e. s trivializes
L over W. Then it suffices to show that there is some affine neighborhood U of £(y) such that
¢~1(U) c W. Again, following [20, Theorem 2.3], the sets {1 (U’) ~ W and O are G-stable closed
subsets of £~1(U’). Therefore the fact that ¢ is a good quotient implies that £(¢~1(U’) ~ W) and
£(0) = {&(y)} are closed, disjoint subsets of U’. Thus, there exists an affine neighborhood U of
€(y) such that U NE(EL(U') N W) = 0, as required. O

Corollary 6.9. Assume that (p(a),n) # (2,2). Then the variety U is factorial.

Proof. Let G = PG(«) and Ug = My (na, 0)s. Proposition 6.5 implies that V' is normal and facto-
rial. This implies that U is normal. Moreover, by Lemma 6.1, the codimension of the complement
to Us in U has codimension at least two. Thus, assumptions (a) and (b) of Theorem 6.7 are sat-
isfied. By Lemma 6.1 (3) and Corollary 6.4, the complement to x~!(\)? in V has codimension at
least 4. In particular, assumption (c) of Theorem 6.7 is also satisfied.

Next, recall from the proof of Lemma 6.2, the stratum of type p = (n,«) is contained in the
closure of all other strata in U. If y is a lift in z~1(\)? of a point of My (na, §), then y corresponds

to a representation MJ", where My € My (a, 0) is a stable I1*(Q)-module. Therefore PG(na), =
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PGL,, has no non-trivial characters. In particular, PG (n«), will act trivially on L, for any PG (na)-
equivariant line bundle on V. Hence, we deduce from Theorem 6.7 that 9ty (na, @) is factorial at
every point of My (na, 0),.

Now consider an arbitrary stratum 9%y (na, 0),, in U. If My (na, ) is factorial at one point of
the stratum then it will be factorial at every point in the stratum (for a rigorous proof of this fact,
repeat the argument given in the proof of [33, Theorem 5.3]). On the other hand, a theorem of
Boissiere, Gabber and Serman [6] says that the subset of factorial points of U is an open subset.
Since this open subset is a union of strata and contains the unique closed stratum, it must be the
whole of U. g

Remark 6.10. Notice that if 0 is generic then U = 9y (na,#). Hence Corollary 6.9 says that
My (na, 0) is a factorial variety. This is precisely the statement of Theorem 1.8.

6.3. The proof of Theorem 1.2. By Proposition 3.21, we know that 9y («, €) is irreducible and
normal. Therefore, it suffices to show that it admits symplectic singularities. Since the isomorphism
of Theorem 3.17 is Poisson, it suffices to show that the varieties S’"’ii)ﬁ)\(a(i), 0) admit symplectic

singularities. If ¢ is real there is nothing to check.

Lemma 6.11. Let X be a smooth irreducible Poisson variety and Y a smooth symplectic variety.

If m:Y — X is a birational, surjective Poisson morphism, then it is an isomorphism.

Proof. Since the morphism is birational, there is a dense open subset U C X over which it is an
isomorphism. By [28, I, Corollary 6.12], the complement of U has codimension at least two. On
the other hand, since X is smooth, the locus where the Poisson structure on X is degenerate has
codimension one. Therefore, X is symplectic too. This implies that d,7 is an isomorphism for all

y € Y. Thus, by Zariski’s Main Theorem, 7 is an isomorphism. O

Lemma 6.12. Let X be a normal irreducible Poisson variety and assume that w :' Y — X is a
proper birational Poisson morphism from a variety Y with symplectic singularities. Then X has

symplectic singularities.

Proof. Let p: Z — Y be a resolution of singularities. If w’ is the symplectic 2-form on the smooth
locus of Y then p*w’ extends to a regular form on Z. Let Y’ = 771(Xgy). Then, since 7 : Y — Xgn
is proper and birational and Xgy, is irreducible, 7 is surjective. Lemma 6.11 implies that it is an
isomorphism. In particular, there is a symplectic 2-form on X, such that the Poisson structure on
Xqm is non-degenerate and induced from w. Moreover, 7*w = w’. Thus, (7 o p)*w = p*w’ extends

to a regular form, and hence X has symplectic singularities. O

Remark 6.13. One can drop the assumption in Lemma 6.12 that X is Poisson and 7 is a Poisson

morphism; since R7,0y = Ox it naturally inherits a Poisson structure making = Poisson.
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If o) is a S-indivisible anisotropic root then n; = 1 and choosing a generic stability parame-
ter # > 6 defines a projective, Poisson resolution My (c®,8) — My (c(?,0) with My(c@, ) a
smooth symplectic variety; see [14, Section 8]. Similarly, if o is isotropic imaginary then it is
well-know that one can frame the quiver so that there exists a projective, Poisson resolution of
singularities from a quiver variety that is a smooth symplectic variety. Thus, Lemma 6.12 implies
that S”ifJJTA(U(i), ) admits symplectic singularities in these two cases.

Therefore we may assume that there exists a Y-indivisible anisotropic root 8 such that o = ng,
for some n > 1. Let g = p(B). If (g,n) = (2,2), then Theorem 1.7 and Lemma 6.12 imply
that i)ﬁ,\(o(i),H) has symplectic singularities. Therefore, it suffices to show that My (c®),6) has
symplectic singularities when (g,n) # (2,2). Again, choose a generic stability parameter §' > 6.
Then 7 : My (c@,0) — My(0?,0) is projective and Poisson by Lemma 2.3. Moreover, since
both My (o, 60) and My (0¥, ) are irreducible by Proposition 3.21, and a generic element of
?J)b\(a(i),@) is f-stable, the map m is birational. Thus, by Lemma 6.12, it suffices to show that
My (0, 6') admits symplectic singularities. This follows from Flenner’s Theorem [22], once we
show that the singular locus of 9y (¢(?,#’) has codimension at least four. By Theorem 1.13, the
singular locus of 9y (o), #’) is the union of all strata except the open stratum. By Lemma 6.1 (3)

each of these strata has codimension at least 4 in My (), §").

6.4. The proof of Theorems 1.4 and 1.6. We begin by considering the case of a Y-divisible
anisotropic root. Recall that a normal variety X with Q-Cartier canonical divisor Kx is said to
have terminal singularities if Ky = f*(Kx)+ >, a;F; with a; > 0, where f : ¥ — X is any

resolution of singularities, and the sum is over all exceptional divisors of f.

Theorem 6.14. Let o € Xy g be a X-indivisible anisotropic root and fix n > 2 such that (n,p(a))
does not equal (2,2). Then the symplectic singularity My (na, ) does not admit a proper symplectic

resolution.

Proof. If My (na, ) admits a proper symplectic resolution then so too by restriction does the open
subset U of Lemma 6.2. Recall from Theorem 1.13 that the singular locus of U is the complement
of the open stratum. By Lemma 6.1, this has codimension at least four in U. Therefore, since
U has symplectic singularities by Theorem 1.2, [48] says that U has terminal singularities. This
implies that if f : Y — U is a proper symplectic resolution then the exceptional locus of f has
codimension at least two in Y. On the other hand, we have shown in Corollary 6.9 that U is
factorial. This implies by van der Waerden purity, see [17, Section 1.40], that the exceptional locus

of f is a divisor. This is a contradiction. O

The proof also shows, more generally, that any singular open subset of U does not admit a
symplectic resolution. If 6 is generic, then U = 91y (nc, #). This implies Corollary 1.9 (as well as

the stronger result discussed afterwards).

37



Corollary 6.15. Let o € Xy be Y-indivisible and n > 1. Then My (na,d) admits a projective

symplectic resolution if one of the following conditions hold:
(o) « is a real root (p(a) =0);
(i) n=1;
(ii) p(a) = 1; or
(iii) (n,p(0)) = (2,2).
If none of these conditions hold, then My (na, ) does not admit a proper symplectic resolution. In

particular, existence of projective and proper symplectic resolutions is equivalent for My (na, 6).

Proof. In case (0), My(na,d) is a point, so there is nothing to show. In case (i), let D be the
open subset of {# € Q9 | #(«) = 0} consisting of all stability conditions vanishing on «, but
not on any other f < a with § € ¥,4. Since a is X-indivisible, the set D is non-empty. Its
closure is the whole space, thus there exists a connected component C such that # € C. Choose
§' € C (rescaling if necessary, we may assume that §' € Z%). Then, just as shown in [14,
Section 8], the morphism My (a, 0') — My (e, ) is a projective symplectic resolution. For case
(ii), first note that case (i) implies that X := 9y («,0’) — My(«, §) is a projective symplectic
resolution of (du Val) singularities for some 6 > . In particular, X is a smooth symplectic
surface. Next, My (na, ) = S"M)(«,0) by Theorem 3.16 because the canonical decomposition
of nav is a4 -+ + a. We therefore obtain a partial resolution S"X — 9y (na,d). Now recall
that the natural map Hilb™ 9y («, 0") — S™My\ (v, ') is a projective symplectic resolution; see [46,
Theorem 1.8, Theorem 1.10]. Finally in case (iii) the resolution is given in Theorem 1.7. If none
of the conditions hold, then « is an anisotropic root and the non-existence of a proper symplectic

resolution is a consequence of Theorem 6.14. ]

We now proceed to the proof of Theorem 1.4. The isomorphism of Theorem 1.4 follows directly
from Theorem 3.17. Therefore, it suffices to show that 9ty («, 8) admits a symplectic resolution if
and only if each 9 (¢(?, ) admits a symplectic resolution.

First note that if o is a real root or an isotropic root, then ¢® is S-indivisible (for the latter
property, a X-divisible isotropic root is not in Xy g). In these cases, as recalled in Corollary 6.15,
Sy (o), §) admits a projective symplectic resolution, as does i)ﬁ,\(a(i), 0).

On the other hand, if 0() is an anisotropic root, then n; = 1, since every multiple of an anisotropic
root o € ¥y ¢ also belongs to Xy 9. Moreover, by Corollary 6.15, im,\(a(i),ﬁ) admits a projective
symplectic resolution if () is ¥-indivisible or if ¢ is twice a root g € ¥ A0 satisfying p(8) = 2,
and otherwise it admits no proper symplectic resolution.

Therefore, if Qﬁ,\(a(i),ﬁ) admits a proper symplectic resolution for all i, it follows that each
Sty (o), §) admits a projective symplectic resolution, and hence so does 9y (c, 6).

If, on the other hand, some 9y (¢, #) did not admit a projective symplectic resolution, then for
some i, 0 is a Y-divisible anisotropic root which is not twice a root 3 € ¥ A0 satisfying p(8) = 2.

In this case, we show that some open subset of 9M\(«, ) does not admit a proper symplectic
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resolution, which completes the proof. Take = = (x1,...,zk) € H§:1 Sy (), 0) = My (a, 0)
such that z; is in the smooth locus of S™9My(c(7),0) for j # i and x; € U C My(c?,0). Then, as
in the proof of Theorem 6.14, M (v, 0) is factorial at = and has terminal singularities, and hence
cannot admit a proper symplectic resolution. This completes the proof of Theorem 1.4.

Notice that Theorem 1.6 also follows from the above argument.

6.5. Formal resolutions. Let a be an anisotropic root. Though it might not be obvious from
Corollary 1.9, the nature of the obstructions to the existence of a symplectic resolution of 9ty («, )
are quite subtle. We have shown that Zariski locally no resolution exists if « is Y-divisible. But
then one can ask if a resolution exists étale locally, or in the formal neighborhood of a point? In

this section we give a precise answer to this question.

Definition 6.16. The closed point = € My (a, ) is said to be formally resolvable if the formal

neighborhood M (o, 0), of x in My (e, #) admits a projective symplectic resolution.

Lemma 6.17. If 0 € My(«, 0) is formally resolvable, then My(c,0) also admits a projective sym-

plectic resolution, and conversely.

Proof. Let C* act on Rep(Q, «) by dilations. Then the moment map p is homogeneous of degree
two and the action of G(a) commutes with the action of C*. This implies that C[9ty(«,0)] is
an N-graded, connected algebra. Note also that the Poisson bracket on C[01)(«a,0)] has degree
—2. The lemma follows from standard arguments; see [24, Proposition 5.2], [31, Theorem 1.4], and
the references therein. The idea is that: 1) The induced action of C* on §J\tg(a,0)o lifts to the
resolution. 2) The C*-action allows one to globalize the resolution of the formal neighborhood of
0 to a resolution of the whole of 9My(cr,0). For the converse statement, we restrict a symplectic

resolution of My(cv, 0) to the formal neighborhood of zero. O

Remark 6.18. The same result holds if we define formally resolvable using proper resolutions
instead of projective resolutions. Then by Theorem 1.4, it follows that the two definitions of

formally resolvable are actually equivalent (since we are only considering quiver varieties).

By Corollary 3.4, if one point in a stratum 9y («, 6), C My(«, d) is formally resolvable, then
S0 too is every other point in the stratum. If 7 = (el,ﬂ(l); cels ek,ﬁ(k)), then define the greatest
common divisor ged(7) of 7 to be the greatest common divisor of the e;. If the greatest common
divisor of 7 is k, then each point in 9y («, §), corresponds to a representation of the form Y®* for
some f-polystable representation Y. Let Uy C 9y (v, 0) be the union of all strata 9y («, #), such
that ged(7) = 1.

Lemma 6.19. Let a € Xy 9. Then Uy, is a dense open subset of My («,0).

Proof. The set Uy is dense because it contains the open stratum 9y (a, 0)(1 4), consisting of stable

representations. We will show that the complement to Uy is closed in 9y (v, 0). It suffices to
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show that if the greatest common divisor of p is greater than one and My («, 0)- C My (e, 0), then
ged(7) > 1 too. The argument is similar to the proof of Lemma 6.2. Let x € My(a, §), and
G, C G(«) its stabilizer. By Proposition 3.6, there exists «’ € My (a, 6); such that its stabilizer G,
contains G,. Let ged(p) = k, so that « corresponds to a representation Y ® V' for some #-polystable
representation Y, and k-dimensional vector space V. Notice that o = kdimY. Then GL(V) is
a subgroup of G, and hence of G- too. An elementary argument shows that this implies that 2’
corresponds to a representation Y’ ® V' for some -polystable representation Y’. Thus, ged(7) > 1.
In fact, we have shown that if 9y («,0), C mp, then ged(p) divides ged(7). Thus, Uy is
open in My (a, 6). O

Theorem 6.20. Let o € Xy g be an anisotropic root, o = nf3 for some X-indivisible root and some

n > 1. Assume that (n,p(B)) # (2,2). Then a point x is formally resolvable if and only if x € Up,.

Proof. Let z € 9y (a, ) have representation type 7 = (e1, BV ; e, B®), where m := ged(7).
By Corollary 3.4, ﬁA(a, )y ~ §J\to(e, 0)o and hence Lemma 6.17 says that x is formally resolvable if
and only if My(e, 0) admits a projective symplectic resolution. By definition, the greatest common
divisor of e is m. Proposition 4.2 says that e belongs to 3¢ for the quiver underlying 9iy(e, 0).
Moreover, by remark 3.5, we have p(a) = p(e) which implies that e = mf with both e and f
anisotropic. If m = 1 then Corollary 6.15 (i) implies that x is formally resolvable. Thus, we just
need to show that if m > 1 then z is not formally resolvable.

First, we show:

(m,p(f)) = (2,2) & (n,p(B) =(2,2). (15)

Assume that the left hand side of (15) holds. Then p(a) = n?(p(8) — 1) + 1 implies that

n?(p(B) — 1) +1 = p(a) = p(e) = 5

and hence n%(p(B8) — 1) = 4. But p(B8) > 1 since 3 is anisotropic, and 2 divides n. Thus, n = 2
and p(f8) = 2. Conversely, assume that the right hand side of (15) holds. Then 5 = p(a) = p(e)
implies that m?(p(f) — 1) = 4. Since f is anisotropic and we have assumed that m > 1, we deduce
that (m,p(f)) = (2,2).

Notice that we have assumed in the statement of the theorem that (n,p(5)) # (2,2). Thus,
(m,p(f)) cannot equal (2,2). By Theorem 2.2, either § is indivisible, or there exists a prime p
such that 3 = pvy, for some indivisible anisotropic root v that does not belong to ¥ ¢ and prime
p. We consider the two cases separately. Assume that [ is indivisible. Then m divides n and
Proposition 4.2 says that f belongs to ¢ o because m~la belongs to 2),0- Then Theorem 6.14 says
that My(e,0) does not admit a symplectic resolution because m > 1. Assume now that f is not

indivisible. Let ¢ be a prime dividing m. Then ¢ divides np since

npy =o = mei/B(i).
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Moreover, npg~" > 1 since n > 1. Therefore, Theorem 2.2 implies that ¢~

a belongs to X . By
Proposition 4.2, this means that ¢~ 'e belongs to Yo0,0 and hence Theorem 6.14 says that My (e,0)

does not admit a symplectic resolution. O

In the case where a € X y equals 23 for some anisotropic root 8 € Xy with p(5) = 2, every
point in My (a, 0) is formally resolvable. Similarly, if a is ¥-indivisible anistropic then every point

in My (e, 0) is formally resolvable.

Remark 6.21. If Uy C 9y (e, 0) then Corollary 1.9 implies that any open subset of Uy not
contained in the smooth locus of My (e, #) does not admit a symplectic resolution i.e. the singular
locus of Uy, consists of points that cannot be resolved Zariski locally, but do admit a resolution in

a formal neighborhood (in fact étale locally).

7. NAMIKAWA’S WEYL GROUP

In the paper [49], Namikawa defined a finite group W associated to any conic affine symplectic
singularity X such that the symplectic form on X has weight ¢ > 0 with respect to the torus
action. The group W acts as a reflection group on H?(Y,R), where Y — X is any Q-factorial
terminalization of X, whose existence is guaranteed by the minimal model programme. The group
W plays a key role in the birational geometry of X; see [51] and [3].

One computes W as follows: let £ be a codimension 2 leaf of X and x € £. Then the formal
neighborhood of z in X is isomorphic to the formal neighborhood of 0 in C2(»=1) x C2/I", where
2n = dim X and I' C SLy(C) is a finite group; see [50, Lemma 1.3]. Associated to I, via the McKay
correspondence, is a Weyl group Wy of type A, D or E. The fundamental group (L) acts on W,
via Dynkin automorphisms. Let W denote the centralizer of m (L) in W,. Then

W= H Wp.
L
Thus, in order to compute W, it is essential to classify the codimension 2 leaves of X, and describe
m1(L). This is the goal of this section.

7.1. The proof of Theorem 1.18. We assume throughout that a € X, 4, hence it is a root.
Therefore the support of « on the quiver is connected. We can assume, up to replacing the quiver
by the subquiver whose vertices are the support of «, and whose arrows are the ones with endpoints
in the support, that « is sincere. Then, the quiver is connected. We may assume that « is imaginary,
otherwise the statement is vacuous.
Our goal is to compute the codimension two leaves of My («, 6), proving Theorem 1.18. Recall

from Definition 1.16 that o = () + ... 4+ 8() + mlfy(l) + - --myy® is an isotropic decomposition if

(a) BD, 1) € Ty

(b) The B®) are imaginary roots.

(¢) The 49 are pairwise distinct real roots.
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(d) If Q" is the quiver with s + ¢ vertices without loops and —(a(®, @@} arrows from vertex i
to vertex j # 4, where o), o)) € {1 . BE) 4D 4B then Q" is an affine Dynkin
quiver.

(e) The dimension vector (1,...,1,mq,...,my) of Q" (where there are s ones) equals §, the

minimal imaginary root.

To prove this, first let us consider a general stratum 7 of 9ty (a, ),
T= (nl, BY: L ing, B9 my, ’y(l); o my, 7(t)> . B9 are imaginary, and ’y(i) are real.  (16)

Since there is only one #-stable representation of dimension equal to each real root in X g, it follows
that the v are all distinct.

Let us now set a(?) := 5(i) for 1 <i<sand ald = ’y(i*s) for s+1<i<s+t. Let k; := n; for
1<i<sand k; =m;_s for s+1<i<s+t;let k= (ki,...,ksy+). By Theorem 3.3, at a point
of this stratum, 9\ («, 0) is étale-equivalent to M/ (0,k)o, where the notation means we use the
quiver @’ instead of Q). Recall that @l is the quiver with s + t vertices, 2p(a(?) loops at the ith
vertex and —(a?, al)) arrows between i and j.

Note that QQ” is obtained from @’ by discarding all loops at vertices. We will prove that, in the
case that the stratum has codimension two, Mg~ (0,k)q étale-locally describes a transverse slice to

the stratum.

Lemma 7.1. Suppose that T is as in (16) and moreover n; =1 for alli. Then at every point of the

stratum there is an étale-local transverse slice isomorphic to a neighborhood of zero in Mgr(0,k).

Proof. A neighborhood of a point of the stratum is étale-equivalent to a neighborhood of zero in
Mg (0,k). Inside the latter, the stratum containing zero consists of the representations which are a
direct sum of simple representations, one at each vertex. At the vertices 1,..., s, this representation
has dimension one; at the other vertices there are no loops and hence the simple representations
are the standard ones. The stratum has dimension 237, p(8%)), where p(3()) equals the number
of loops at the vertex i. A transverse slice is thus given by the representations which assign zero
to all of the loops, which obviously identifies with 9t (0, k). O

Lemma 7.2. Suppose that T has codimension two. Thenn; = 1 for alli. Moreover, the anisotropic

B are pairwise distinct.

Proof. The codimension two condition can be written as:
1=p(a) = p(87) =D _p (1) = p(a) = Y _p (87). (17)

since dim 9y (o, 0); =23 . p (ﬂ(i)) +2>p (’y(i)). Note that the n;6(%) are themselves imaginary
roots. Let Iy C I :={1,...,s} be the set of indices such that B is anisotropic, and let Iiso :=
I\ Lni; 50 p(B%9) = 1 if and only if i € I;so. Note the identity

p(ma) = m?(p(a) —1) + 1.
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Since o € ¥y g,

pla)> Y p<ni5(i)) + 3 np (5@-)) +3p (7@)) =3 (¥ @m) 1=n2)+ Y n
ie]ani iEIiso ) iEIani 161150

with equality holding only if s = 1 and () is anisotropic. Therefore, the RHS of (17) is greater
than or equal to

S -1 (89) 1)+ Y (- 1),

7;ejami 7;EIiSO
again with equality only if s = 1 and () is anisotropic. Therefore, if n; > 1 for any 4, then the
RHS of (17) is strictly greater than one, a contradiction.

To see that the anisotropic () are all distinct, suppose not. Group the ones that are not distinct

together: let I’ be the index set so that 39, i € I gives all of the distinct roots once each, and let
Ui :==|{j : Bj = B.}|. Then, we obtain the inequality

=22p(8Y) 2 pte) = Xt (89) > S - e (67) - 1)

which is greater than one if any ¢; > 1 with ¢ € I,,;. Thus n; = 1 for all ¢ and the anisotropic ﬂ(i)

are pairwise distinct. O
We can now proceed with the proof of the theorem:

Proof of Theorem 1.18. Consider a general stratum 7 as in (16). By Lemmas 7.1 and 7.2, we know
that 7 has codimension two if and only if n; = 1 for all < and dim My~ (0,k) = 2. The latter is
certainly true if 7 is given by an isotropic decomposition. Moreover, in this case Mg~ (0, k) is a du
Val singularity of type given by the quiver Q”.

It remains only to show that, if 7 has codimension two, then Q" is affine Dynkin (ADE), with k
the minimal imaginary root. Consider the canonical decomposition of k, say k = k™) + ... 4 k().
Then Mg (0,k) = [T, Mor(0,k@). The dimension of the latter is 237, p(k(?)). Hence exactly
one of the k() is isotropic, i.e., p(k(®)) = 1 for some ig, and the others are real, i.e., p(k(*)) = 0 for
i #dg. Let K := k(). Since k' € $,0(Q"), it follows that it is the minimal imaginary root of some
affine Dynkin subquiver of Q" (by the argument of the proof of [13, Proposition 1.2.(2)]).

We claim that k = k/. Given this, since every component of k is nonzero, Q" is indeed affine
Dynkin, which completes the proof.

To prove the claim, write k' = (K, ..., k.. ,) with k, < k; for all 4. Let o/ := > 71 k/a(). Then
Lemmas 7.1 and 7.2 applied to o show also that the stratum 7’ corresponding to k' in 0ty (a/, 0)

has codimension two. That is:

2 > plat) = dimM,(</, 0) - 2. (18)
i:k[#0
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By Lemma 7.3 below, the RHS of (18) is at most 2p(a’) — 2. Now adding >,..,_o p(@?) to both
sides, we obtain:

Zp(a(i)) <pl)+ Y pla?)—1. (19)

i:kgzo

The LHS of (19) equals p(a) — 1 by assumption. Therefore we obtain:

p(a) <p()+ Y pla?). (20)

i:k;=0

Now, replace o’ and each of the o!? in the RHS of (20) by their canonical decompositions and let
M1, -..,7q be the resulting elements of ¥ y with multiplicity. By Lemma 7.3 again, we obtain that
pla) <37 p(n). Since o € Xy g, this can only happen if ¢ = 1, i.e., « = o/ = n;. This is true if
and only if k = k' O

Lemma 7.3. Suppose o € NR;\F(9 has canonical decomposition o =, nic® with respect to A and
0. Then p(a) < 3 nip(a™).

Proof. Let A" be such that R}, = RY,. As a € NRY, = NRY,, we know that ;' ()\) is nonempty.
The latter is a fiber of a map P,cq, Hom(C*(@,C*@) — pg(a), where pg(a) is the Lie al-
gebra of PG(«). All of the irreducible components of the latter must have dimension at least
> ach; Qt(a)Oh(a) — DicQo A2+l=a-a—-2aa)+1=a a+2pla)-1.

On the other hand, by [12, Theorem 4.4], dim z;'(\) = a-a—(a,a)+m = a-a+p(a) +(m—1)
where m is the maximum value of 3, p(a(?) with o) € R, anda =Y a); as remarked at the top
of page 3 in [13], we have m = >, n;p(c)) (it is a direct consequence of [13, Theorem 1.1] which
we discussed before Theorem 3.17).> We conclude that o - a + p(a) + (m — 1) > a - a + 2p(a) — 1.
Therefore, m > p(«), as desired. O

Remark 7.4. The lemma can be strengthened to prove: for any decomposition av = j a¥) with
al) ¢ NR{ ,, we have > p(@) < S nip(c™). This generalizes an observation on [13, p. 3]
(dealing with the case where the al) are roots). To prove this, for arbitrary al), we can apply the
lemma to each of the a9, and then we get that Zj p(a?)) < Z]- p(BY) for some roots SU) € Rj\r’e
with @ = 8U); then we are back in the case of roots so that Z]- nip(c®) > Zj p(BO)).

Remark 7.5. The arguments of [12, 13] can be generalized to the context of the pair (), 6), which
as we pointed out in §2.3 would eliminate the need of picking a A as in the proof of the lemma

above.

2 Another interpretation of these facts is that ug'()\') has some irreducible component of maximum dimension
whose generic element is semisimple with the canonical decomposition. The same fact can be deduced for u;l()\)g,

replacing semisimple by canonically polystable.
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8. CHARACTER VARIETIES

Recall from section 1.5 that X is a compact Riemannian surface of genus g > 0 and 7 is its

fundamental group. We have defined the character varieties
Y(g,n) = Hom(r, SL(n, C)) /SL(n,C), X(g,n) = Hom(r, GL(n, C)) /GL(n, C).

These are affine varieties. Except in the last subsection, we will only consider X(g,n). Then,
in section 8.6 we deduce the corresponding results for Y(g,n). We begin by recalling the basic
properties of the affine varieties Hom (7, GL) and X(g,n). Based on results of Li [39], as explained
in Theorem 2.1 of [21],

Theorem 8.1. (1) Both Hom(w,GL) and X(g,n) are reduced and irreducible.
(2) Hom(m,GL) is a complete intersection in GL29.
(8) The generic points of Hom(w,GL) and X(g,n) correspond to irreducible representations of

the fundamental group m.

As shown originally by Goldman [25], the varieties X(g,n) and Y(g,n) have a natural Pois-
son structure. This Poisson structure becomes clear in the realization of these spaces as quasi-
Hamiltonian reductions; see [1], where it is shown that the symplectic structure defined by Goldman
on the smooth locus of X(g,n) agrees with the Poisson structure of X(g,n) as a quasi-Hamiltonian
reduction. In particular, if C(; ) denotes the dense open subset of X(g,n) parameterizing simple
representations of 7, then it is shown in [1] that the Poisson structure on C(; ,, is non-degenerate. It
will be useful for us to reinterpret the quasi-Hamiltonian reduction as a moduli space of semi-simple
representations of the multiplicative preprojective algebra. Let @) be the quiver with a single vertex
and g loops, labeled aq,...,a4. Let a; denote the loop dual to a; in the doubled quiver Q. Associ-
ated to @ is the multiplicative preprojective algebra A(Q), as defined in [16]. Namely, CQ — A(Q)
is the universal homomorphism such that each 1+ a;a; and 1 + a}a; is invertible and

g
T[]0+ aa)(@ +afa) ™ = 1.
=1

Here the product is ordered. Following [15], let A(Q)" denote the universal localization of A(Q),
where each a; is also required to be invertible. Let (7™ Rep(Q,n))° denote the space of all n-
dimensional representations (A;, A¥) of CQ such that 1+ A;A, 1+ A7 A; and A; are invertible
for all 7. It is an open, GL(n, C)-stable affine subset of 7% Rep(Q,n). The action of GL(n,C) on

(T*Rep(Q,n))° is quasi-Hamiltonian, with multiplicative moment map

g
U :Rep(A(Q)',n) = GL, (A, A7) — [ (1 + A:d)) (1 + A7 A;)
i=1
As noted in Proposition 2 of [15], the category A(Q)’-mod of finite dimensional A(Q)-modules is
equivalent to m-mod, in such a way that we have a GL-equivariant identification

U~1(1) % Hom(m,GL), (A, A}) = (Ai, B;) = (Ai, A7 + A7).
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Hence, we have an identification of Poisson varieties
T1(1)/GL = X(g,n).

See [56] for further details.

8.1. Symplectic singularities. The space X(g,n) has a stratification by representation type,
which is also the stratification by stabilizer type; see [43, Theorem 5.4]. As in section 6.1, a

weighted partition v of n is a sequence ({1,v1;. .. ;lk, V), where v; > vp > -+ and Zle biv; = n.

Lemma 8.2. Assume n,g > 1.

(1) The strata C, of X(g,n) are labeled by weighted partitions of n such that

k
dimCV:2<k:+(g—1)Zu§>.

=1

(2) If (g,n) # (2,2), then dim X(g,n) —dim C,, > 4 for all v # (1,n).
(3) If (g,n) # (2,2) and v # (1,n), then dim X(g,n) — dim C, > 8 unless either
(i) (g,n) =(2,3) and v = (1,2;1,1); or

) (g,
(i) (g,n) =(3,2) and v = (1,1;1,1).

Proof. By Theorem 8.1, the set of points C(; ,,) in X(g, n) parameterizing irreducible representations
of 7 is a dense open subset contained in the smooth locus. Therefore dim C; ,,y = 2(1 + n?(g—1)).
An arbitrary semi-simple representation of w of dimension n has the form x = x?el DD x?g’“,
where the z; are pairwise non-isomorphic irreducible m-modules of dimension v; and n = Zle biv;.
Thus, the representation type strata correspond to weighted partitions of n. Let C,, denote the

locally closed subvariety of all such representations. If we write the multiset {{v1,...,v4}} as

{m1-v1,...,my - 1p}}, with v; # v;, then
C, ~ Sml’OC(Lyl) X e X Sm’"’oC(LW),

where S™°X is the open subset of S™X consisting of n pairwise distinct points. Thus,

r k
dimC, = 22(1 +v2(g—1)m; =2 <k+ (9 — 1)21/3) .

i=1 i=1

The second and third claims are identical to Lemma 6.1, parts (3) and (4). O
Proposition 8.3. The variety X(g,n) is normal.

Proof. The case g = 1 follows from Proposition 8.13 below. The case n = 1 is trivial since
(1, 9) = (C)%,

Assume g,n > 1. We consider the case (g,n) = (2,2) separately below. Notice that since
Hom(m,GL) is a complete intersection, it is Cohen-Macaulay. Thus, it satisfies Serre’s condition
(S2). Let Can C X(g,n) be the open subset of points corresponding to irreducible m-modules. It

is contained in the smooth locus of X(g,n), and hence is normal. Let Z denote its complement. By
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Lemma 8.2 (2), Z has codimension at least four in X(g,n) when (g,n) # (2,2). By [16, Corollary
7.3], if £ : Hom(w, GL) — X(g, n) is the quotient map, then
dim Hom(m, GL) — dim ¢~ 1(Z) > L min (dim X(g,n) —dimC,). (21)
2 v£(1,n)
Thus, Z has codimension at least two in Hom(7, GL), implying that (R;) holds too. We deduce
that Hom(7, GL), and hence X(g,n) too, is normal.

Finally, we consider the case where (g,n) = (2,2). As noted in Theorem 8.1, Hom(w, GL) is
a complete intersection and hence Cohen-Macaulay. Thus, it satisfies (S3). We claim that the
locus Hom(7r, GL)gee on which PGL acts freely has complement having codimension at least two.
Since this open set is contained in the smooth locus, this will imply that Hom(w, GL) satisfies
(R1). Therefore, by Serre’s criterion, Hom(w, GL) will be normal. It will then follow that X(2,2) =
Hom(w, GL)/GL is normal too.

It remains only to prove the claim. Inside X(2,2), there are three strata: the open stra-
tum consisting of the image of simple representations in Hom(7, GL), the codimension two stra-
tum corresponding to the semisimple representations of the form V & W for nonisomorphic one-
dimensional representations V, W, and the four-dimensional (codimension six) stratum correspond-
ing to semisimple representations isomorphic to V¥? for some V. The preimage of the open stratum
is smooth in Hom(7, GL), since it consists entirely of simple representations. By inequality (21), the
preimage of the codimension-six stratum has codimension at least three. This stratum is therefore
irrelevant for the claim. The preimage of the codimension-two stratum has codimension at least
one by (21), or because Hom(7w, GL) is irreducible (Theorem 8.1.1)). So we only have to show that
this stratum, call it Z, has open dense intersection with Hom(7, GL)gee-

Let Z% C Z be the semisimple locus, consisting of the representations which are decomposable
into nonisomorphic one-dimensional representations. As observed in the proof of Proposition 6.5,
the codimension of Z% in Hom(m, GL)gee must be at least (in fact, must exceed) the codimension,
two, of its image {(Z%) = £(Z). Explicitly, for every z € Z%, the endomorphism space End,(z)
has dimension two. So the PGL-orbit of z has dimension at most dim PGL — 1. We obtain that
codimpgm(r,ar) £%° > 1+ codimy g 9y §(Z%) = 3.

Thus we only have to show that every non-semisimple point of Z has a free PGL-orbit. But these
points consist of extensions of two non-isomorphic simple representations. So their endomorphism

algebra is indeed one-dimensional (the same argument was used in the proof of Proposition 6.5). [
Proposition 8.4. The Poisson variety X(g,n) is a symplectic singularity.

Proof. When g = 1 the claim follows from Proposition 8.13. The case (g,n) = (2,2) is dealt with
in Corollary 8.12 below. The case n = 1 is trivial.

We assume g,n > 1 and (g,n) # (2,2). We have shown in Proposition 8.3 that the irreducible
variety X(g,n) is normal. By Theorem 8.1, the Poisson structure on the dense open subset C;

of X(g,n) is non-degenerate. This implies that the Poisson structure on the whole of the smooth
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locus is non-degenerate since the complement to C(; ,) in X(g,n) has codimension at least four.
Therefore, since the singular locus of X(g,n) must also have codimension at least four, it follows

from Flenner’s Theorem [22] that X(g,n) has symplectic singularities. O

As for quiver varieties, the symplectic leaves of the character variety X(g,n) are precisely the

stabilizer type strata. Since this result is not needed elsewhere, we only sketch the proof.
Proposition 8.5. The symplectic leaves of X(g,n) are the stabilizer type strata C, .

Proof. Since X(g,n) has symplectic singularities, it has only finitely many leaves. The stratification
by stabilizer type is a finite stratification by smooth, connected locally closed subvarieties (which
can be deduced from the corresponding statement, Proposition 3.6, for quiver varieties by using
Theorem 8.6 below). Therefore it suffices to show that the Hamiltonian vector fields on X(g,n) are

all tangent to the strata. This follows from Lemma 3.14, suitably adapted. ([

The same statement can be shown to hold for Y(g,n) using Lemma 8.17 below.

8.2. Passage to the normal cone. In order to study the singularities of X(g,n), we describe the
normal cone to a closed GL-orbit in Hom(7, GL). Let ¢ be a point whose GL-orbit is closed, and
denote by V' the corresponding n-dimensional representation of 7. Composing ¢ with the adjoint
action of GL on gl(V), the space gl(V') is a m-module. Since ¥ is a K (m, 1)-space, we have natural

identifications
Extr (V, V) = Exty(C,gl(V)) = H'(m,gl(V)) = H'(3,V @ V"),

where V is the local system on Y corresponding to the m-module V'; see page 59 and Proposition
2.2 of [9]. Cup product in cohomology, followed by the Lie bracket [—, —] : gl(V') x gl(V) — gl(V),

defines the Kuranishi map
ki Extr (V. V) = Extr (C, (V) — BExt7(C, gl(V) ® gl(V)) — Ext7(C, gl(V)) = Ext7(V, V),

given by ¢ — [p U y]. As shown in [26, Section 4], if Cy(m) denotes the tangent cone to V'
in Hom(7, GL), and Ny () its image in Ty Hom(w, GL)/Ty GL -V, then there is a Stabgr(V)-
equivariant isomorphism

Ny () ~ k7 1(0) ¢ ExtL(V, V).

As explained in [25], the space Extl(V, V) has a natural symplectic structure, such that the action
of Stabgr (V) on Extl(V,V) is Hamiltonian. Decompose the semi-simple representation V as
@?:1 Vi ® W;, where the V; are pairwise non-isomorphic simple m-modules. Let () be the quiver
with k vertices and dim Ext(V;, V;) arrows between vertex i and j. Let o be the dimension vector

for Q given by a; = dim W.

Theorem 8.6. (1) There is a natural identification Stabgr (V) = G(«).

(2) The quiver Q is the double of some quiver Q.
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(3) We have a G(a)-equivariant identification Extl(V,V) = Rep(Q,«) of symplectic vector
spaces and a G(a)-equivariant identification Ext2(V,V) = g(a) such that the following di-

agram 1S commutative

~

Ext,lr(V, V) Rep(Q, o)
K l l 12
Ext2(V,V) - ala)

Proof. The first claim follows directly from the decomposition @le Vi @ W;, since Stabgr, (V') only
acts on the W-tensorand.

If V; denotes the irreducible local system on 3. corresponding to V;, then we have natural identifi-
cations ExtL(V;,V;) = HY(%, Vi®@V}) and Ext2(V;,V;) = H*(%, V;®@V}') imply by Poincaré-Verdier
duality (see [18, Corollary 3.3.12]) that

e Ext2(V;,V;) ~ C and Ext2(V;, V;) = 0 for i # j.

e The cup product defines a non-degenerate pairing
(= =) Bxtr(Vi, V;) x Extz(V;, V;) = C.

The existence of the non-degenerate pairing implies that dim Ext.(V;, V;) = dim Ext%(V}, V;) when
i # j. Moreover, each Extl(V;, Vi) is a symplectic vector space [25], and hence dim Extl(V;, V;) is
even. Thus, Q is the double of some quiver @, confirming (2).
Finally, we have G(«a)-equivariant identifications
Extl(V,V) = @D ExtL(V;, V;) ® Hom(W;, W;) = Rep(Q, a)

i7j

and
Ext2(V,V) = @D Ext2(V;, V;) @ Hom(W;, W) @End

7]
since Ext2(V;,V;) = 0 for i # j. Now view the quadratic map & : Ext,r(V, V) = Ext2(V,V) as a
linear one, ExtL(V, V) ®ExtL(V, V) — Ext2(V, V). This map can be written as a®b + aob—boa,

where the map o is the usual composition,
o: Ext:(V; @ W;, V; @ W;) x ExtL(V; @ Wy, Vi ® W) — Ext2(V;, Vi) ® Hom(W;, Wy),

which is only nonzero when i = k. For i = k, if we write Ext-(V; ® W;,V; ® W;) = ExtL(Vi, V) ®
Hom(Wj;, W;), the above map becomes the tensor product of the symplectic pairing between
Extl(V;,V;) and Extl(V;,V;) and the composition on Hom spaces. Thus, linearly extending to

V', we obtain the usual moment map u, as required. ]

Luna’s slice theorem implies:

Corollary 8.7. The tangent cone to [V] € X(g,n) is isomorphic to My(c,0) for the quiver Q and

dimension vector o described above.
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Remark 8.8. In fact, by [5, Theorem 6.3, Theorem 6.6],> the whole formal neighborhood of
[V] € X(g,n) is isomorphic to the formal neighborhood of 0 in My(a, 0), since the group algebra
C[r] is a two-dimensional Calabi—Yau algebra. The argument given there also begins the same way

as above, but we included details for the benefit of the reader.

Lemma 8.9. The singular locus of X(g,n) is the closed subset consisting of non-simple represen-

tations. Its irreducible components are labeled by integers 1 < n' <n/2.

Proof. The proof is identical to the proof of [33, Proposition 6.1]. Theorem 8.6 implies that if
the point € X(g,n) corresponds to a simple representation V', then x is smooth. For each
1<n <n/2 let p(n'): X(n',g) x X(n —n’',g) = X(g,n) denote the map ([V1],[V2]) — [Vi & V5.
It is a finite morphism. Clearly, every semi-simple, but not simple, m-module of dimension n lies in
the image of some p(n’). Also, Im p(n') NIm p(n”) is a proper subset of Im ¢(n’) for all n’ # n”
since a generic point of Im ¢(n') is the direct sum of exactly two simple modules. Therefore the
Im ¢(n') are precisely the irreducible components of the complement to the open subset of simple
representations. Thus, it suffices to show that the generic point of Im ¢(n') is singular in X(g,n).
Such a generic point is [Vi & V], where V; and V3 are simple m-modules of dimension n’ and n —n/
respectively.

It suffices to show that the tangent cone at this point is singular. By Corollary 8.7, the tangent
cone is isomorphic to 0 € My(a, 0) for some quiver ) and dimension vector a.. In this case, we
get the quiver ) with %dim Extl(V1, V1) loops at vertex 1, %dim Extl(V5, V3) loops at vertex 2
and dim Ext! (V7,V2) arrows from vertex 1 to vertex 2. The dimension vector is o = (1,1). The
space My (e, 0) is singular if and only if dim Extl(V7,V3) > 1 (removing the loops, which do not
contribute to the singularities, 9%y (c, 0) is isomorphic to the closure of the minimal nilpotent orbit
in gl,,, where n = dim Ext! (3, V2)). Since V; and V5 are not isomorphic, [16, Theorem 1.6] implies
that

dim Ext} (V,Va) = (29 — 2)n'(n —n') > 1

as required. O

Remark 8.10. We note that [16, Theorem 1.6] allows one to easily compute the Euler characteristic
of local systems on compact Riemann surfaces. For instance, it implies that if £ is an irreducible
local system on X then

X(£) = (29 —2) rk(L).

Presumably, this is well-known to experts.

8.3. The case (g,n) = (2,2). The case (g,n) = (2,2) can be thought of as a “local model” for the
moduli space My, of semistable shaves with Mukai vector 2v on an abelian or K3 surface, where
v is primitive, such that (v,v) = 2. Therefore we are able to apply directly the results of Lehn

3Thanks to Raf Bocklandt for pointing out these results.
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and Sorger [38] in this case. Lemma 8.2 (1) says that X(2,2) has three strata, C(; o) consisting of
simple representations £, C(1 1,1,1) consisting of semi-simple representations E' = Fy & I, where F}
and F; are a pair of non-isomorphic one-dimensional representations of m, and C( 1) the stratum of
semi-simple representations £ = F®2, where F is a one-dimensional representation. By Corollary

8.9, the singular locus of X(2,2) equals 6(171;1,1) = Cr,11,1) U C2,1)-

Theorem 8.11 (Lehn-Sorger, [38]). The blowup o : X(2,2) — X(2,2) along the reduced ideal

defining the singular locus of X(2,2) defines a semi-small resolution of singularities.

Proof. We sketch the proof, based on the results in [38]. Fix a point £ € C(y 1,11y and E' € C(9y).
Theorem 8.6 says that the tangent cone Cg(X(2,2)) is isomorphic to C® x (C?/Z3) and the tangent
cone Crr(X(2,2)) is isomorphic to C* x A, where A is the orbit closure in sp(4) defined in section
5.1. The proof of [38, Théoreme 4.5] goes through word for word in this situation (one has to check
that Propositions A.1 and A.2 of the appendix to op. cit. hold in this setting), and we deduce that

there are isomorphisms of analytic germs
(X(2,2), B) = (C° x (C?/2),0), (X(2,2), E') = (C* x N, 0).

(The first isomorphism follows from [50, Lemma 1.3]). Clearly, blowing up C8 x (C?/Zs) along the
singular locus gives a semi-small resolution of singularities. The key result [32, Remark 5.4], see
also [38, Théoreme 2.1], says that blowing up along the reduced ideal defining the singular locus in

C* x N also produces a semi-small resolution of singularities. ([l

Corollary 8.12. The blowup 56(27 2) of X(2,2) along the reduced ideal defining the singular locus
of X(2,2) is a smooth symplectic variety and X(2,2) has symplectic singularities.

Proof. Let o : X(2,2) — X(2,2) denote the blowup map. The singularities of X(2,2) in a an
analytic neighborhood of a point in C( 1;1,1) are equivalent to an A; singularity. Therefore the
pullback o*w of the symplectic 2-form w on the smooth locus of X(2,2) extends to a symplectic
2-form on o ~1(U), where U is the open set C1,2)UC(1,151,1)- Since o is semi-small, 0_1(0(2,1)) has
codimension at least 3 in f)VC(2, 2). Therefore, c*w extends to a symplectic 2-form on the whole of

X(2,2). Since we have shown in Proposition 8.3 that X(2,2) is normal, Lemma 6.12 implies that
X(2,2) has symplectic singularities. O

8.4. The genus one case. Let G be either GL or SL and T a maximal torus in G. The following
is well-known. It can be deduced from the corresponding statement for the commuting variety in

g X g; see [23, Sections 2.7 and 2.§]

Proposition 8.13. Fix g = 1. As symplectic singularities, the G-character variety of ¥ is isomor-
phic to (T x T)/&,,.

Unlike the case g > 1, it is not clear whether Hom(7, G) is reduced, but it is shown in [23] that

the corresponding G-character variety is reduced. In the case G = GL, the Hilbert-Chow morphism
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defines a symplectic resolution 7 : Hilb"(C* x C*) — (T x T)/&,,. Similarly, the the preimage
Hilbg (C* x C*) C Hilb™"(C* x C*) of Y(n,1) C X(n,1) under 7 defines a symplectic resolution of
Y(n, 1); for want of a better name, we call Hilbg (C* x C*) the barycentric Hilbert scheme. Notice

that the case n = 1 is trivial since X(1,1) = C* x C* with its standard symplectic structure.

8.5. Factoriality. We begin with the following analogue of Theorem 6.3:

Theorem 8.14. [16, Theorem 7.2, Corollary 7.3] Consider a stratum Z in X(g,n) of representation
type (kl,ﬁ(il); ol kr,ﬁ(“)). Then for all z € Z, the fibre £71(2) € Hom(w, GL) has dimension at
most B-B—1+p(B) — >, p(BM), so the dimension of €1(Z) is at most B-B—1+p(B)+ 3., p(BD).

Recall that ¢ : Hom(mw, GL) — X(g, n) is the quotient map. The action of GL on Hom(7, GL) fac-
tors through PGL. The open subset of Hom(7, GL) where PGL acts freely is denoted Hom (7, GL)ree-

Lemma 8.15. Assume that g,n > 1 and (g,n) # (2,2). The variety Hom(w, GL) is normal and
factorial. Moreover, the complement to Hom(mw, GL)fee in Hom(mw, GL) has codimension at least

four.

Proof. As noted previously, Hom(w, GL) is a complete intersection and hence Cohen-Macaulay.
Thus, it satisfies (S2). By a theorem of Grothendieck, [33, Theorem 3.12], in order to show that
Hom(w, GL) is factorial, it suffices to check that it satisfies (R3) too. But this follows from the
proof of Proposition 6.5: the same arguments hold now substituting Lemma 8.2 for Lemma 6.1 and
Theorem 8.14 for Theorem 6.3. ]

Next, we prove the part of Theorem 1.20 dealing with X(g,n):

Proof of Theorem 1.20 for X(g,n). Let X(g,n)s denote the dense open subset consisting of simple
representations and Hom(m, GL); its preimage in Hom(7, GL). Then £ : Hom (7, GL) — X(g,n)s is
a principal PGL-bundle. Moreover, by Lemma 8.2 (2), the complement to X(g, n)s has codimension
at least 4 in X(g,n). Therefore we may apply the results of Theorem 6.7 to X(g, n).

The stratum C, of type p = (n,1) is contained in the closure of all other strata in X(g,n) (this
can be proven by induction on n using the morphisms ¢(n’) defined in the proof of Lemma 8.9). If
y € T(z) is a lift in Hom(m, GL) of a point z of C,, then y corresponds to the representation C®",
where C denotes here the trivial 7-module. Therefore PGL, = PGL has no non-trivial characters.
In particular, PGL, will act trivially on L, for any PGL-equivariant line bundle on Hom(w, GL).
Hence, we deduce from Theorem 6.7 that X(g,n) is factorial at every point of C,,.

Now consider an arbitrary stratum C, in X(g,n). If X(g,n) is factorial at one point of the
stratum then it will be factorial at every point in the stratum. On the other hand, the main result
of [6] says that the subset of factorial points of X(g,n) is an open subset. Since this open subset is
a union of strata and contains the unique closed stratum, it must be the whole of X(g,n). O

Arguing as in the proof of Theorem 6.14, Theorem 1.20 implies Corollary 1.21 for X(g,n).
52



Remark 8.16. A similar analysis can be done in order to classify which moduli spaces of semi-
simple representations of an arbitrary multiplicative deformed preprojective algebra admit sym-

plectic resolutions. Details will appear elsewhere.

8.6. The SL-character variety. Recall that Y(g,n) is the character variety associated to the
compact Riemann surface X, of genus g, with values in SL(n,C). Let T =~ (C*)?9 denote the

2g-torus.

Lemma 8.17. The character variety X(g,n) is an étale locally trivial fiber bundle over T with fiber
Y(g.n).

Proof. Let ¢ : Hom(mw, GL) — T be the map sending (A;, B;) to (det(A;),det(B;)). This map is
GL-equivariant, where the action on 7' is trivial. Moreover, it fits into a commutative diagram of

GL-varieties

Hom(m,SL) X 24 T Hom(w, GL) (22)
\ /
T
where Z27 acts freely on T, and the map Hom(rw, SL) x T' — Hom(r, GL) sends ((As, B), (i, 5i))

to (t;A;, s;B;). Therefore it descends to a commutative diagram

~

y(gv TL) XZ%Q T :X:(g, TL) (23)

A

T
where Z2 acts freely on Y(g,n) x T. O

Proof of Theorem 1.24. It remains to prove the result for the SLy case. Let I denote the reduced
ideal in C[Y(2, 2)] defining the singular locus. Since the singular locus is stable under the action of
729 50 too is I. Therefore, the action of Z29 lifts to the blowup 9(2, 2) making o : g(2, 2) — Y(2,2)
equivariant. Theorem 8.11, together with the fact that

X(2,2) = Y(2,2) x5 T,
implies that Y(2,2) is smooth. Moreover, the fact that X(2,2) — X(2,2) is semi-small implies that
o :Y(2,2) — Y(2,2) is semi-small. The argument that this implies that o is a symplectic resolution
is identical to the first part of the proof of Corollary 8.12. O

Proof of Theorem 1.19. Tt remains to prove this result in the SL, case. Proposition 8.13 implies
that Theorem 1.19 holds when g = 1. When (g,n) = (2,2), Theorem 1.24 and Lemma 6.12 imply
that Y(2,2) has symplectic singularities. When n =1 then Y(g,1) is a point. Therefore we assume

that g,n > 1 and (g,n) # (2,2).
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We begin by showing that Y(g,n) is normal. Lemma 8.17 implies that Y(g,n) is an irreducible
variety of dimension 2(g —1)(n? —1) since dim X(g,n) = 2n%(g — 1) +2. If Y(g,n) were not normal,
then Y(g,n) x T" would also not be normal. But the fact that Y(g,n) x 20 T' ~ X(g,n) is normal,
and the map Y(g,n) x T" — X(g,n) is étale, implies by [44, Proposition 3.17] that Y(g,n) x T
is normal. Thus, Y(g,n) is normal. The identification Y(g,n) Xg2e T o X(g,n) of Lemma 8.17
is Poisson, where we equip Y(g,n) x T with the product Poisson structure. We deduce that the
Poisson structure on the smooth locus of Y(g, n) is non-degenerate, and the singular locus of Y(g,n)
has codimension at least 4 when (g,n) # (2,2). Therefore, repeating the proof of Proposition 8.4,
we deduce that Y(g,n) has symplectic singularities. O

Proof of Theorem 1.20. It remains to prove this statement in the SL, case. Recall that we have
assumed that g > 1 and (g,n) # (2,2).

As noted in the proof of Theorem 1.19, Y(g,n) is a symplectic singularity whose singular locus
has codimension at least 4. Therefore Y(g,n) has terminal singularities. To show that Y(g,n) is
factorial, one simply repeats word for word the arguments of section 8.5, but with GL replaced by

SL throughout, and using diagrams (22) and (23) to deduce the required dimension inequalities. [

Proof of Corollary 1.21. This follows because, as recalled in Section 6.4, any normal factorial vari-
ety with terminal singularities cannot admit a proper crepant resolution, and hence not a proper

symplectic resolution. O
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