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Abstract

In this paper we use the theory of formal moduli problems developed by
Lurie in order to study the space of formal deformations of a k-linear co-category
for a field k. Our main result states that if C is a k-linear co-category which
has a compact generator whose groups of self extensions vanish for sufficiently
high positive degrees, then every formal deformation of C has zero curvature
and moreover admits a compact generator.
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1 Introduction

Let k be a field of characteristic zero and let B be an associative k-algebra. It
is known since the work of Gerstenhaber that the formal deformations of B up to
isomorphism are in bijection with the set of solutions of the Maurer—Cartan equation
in Hochschild cohomology up to gauge equivalence. In their seminal work [KS05]
Kontsevich and Soibelman have pionereed the approach of studying deformations
of dg-algebras and dg-categories using differential graded Lie algebras. They show
that if B is a connective differential graded algebra over k, its deformations as
a dg-algebra up to quasi-isomorphism are controlled by the truncated Hochschild
cohomology complex viewed as a differential graded Lie algebra.

Given a k-linear dg-category C, it has been a long standing problem to give the
precise relation between the dg-category deformations of C up to Morita equivalence
and its Hochschild cohomology complex. In the case of first order infinitesimal
deformations, each Hochschild 2-cocycle corresponds to a curved Ao.-deformation
of C (see [Low08]). In [KL09], B. Keller and W. Lowen gave examples of curved
deformations which are not Morita equivalent to uncurved deformations. In [LB15],
W. Lowen and M. Van den Bergh study deformations of a dg-algebra B up to
torsion Morita equivalence and show that when B is cohomologically bounded
above, the set of formal deformations of B up to torsion Morita equivalence is
in bijection with the set of Maurer—Cartan solutions up to gauge equivalence.
In order to study the whole space of deformations of a category up to Morita
equivalence and not just merely its set of connected components, and also to
exhibit the precise relation between this space and Hochschild cohomology, it is
useful to place ourselves in the setting of derived algebraic geometry and more pre-
cisely in the language of formal moduli problems developed by Jacob Lurie in [Lurb].

Formal moduli problems. Deformation theory was first formalized through
the notion of functors on artinian rings satisfying the Schlessinger conditions.
Formal moduli problems form a derived and higher analog of these functors. We
refer the reader to [Lurb] for an introduction to formal moduli problems and their
classification. Roughly they are functors from certain artinian E..-algebras?® to
spaces satisfying the derived analogs of the Schlessinger conditions. The main result
states that formal moduli problems are classified by differential graded Lie algebras
(over a field of characteristic zero). In loc. cit. Lurie studies noncommutative
analogs of formal moduli problems known as formal E,-moduli problems for n > 1,
which are functors from artinian E,-algebras to spaces satisfying the derived
Schlessinger conditions, where [E,, is the oco-operad of little n-cubes. In this context,
the formal E,-moduli problems are classified by augmented [E,-algebras. It is
often useful to find the minimum n for which a moduli problem is defined, thereby
obtaining the true algebraic structure on the tangent complex (see [Fral3] for a
discussion of these ideas).

#In characteristic zero, we can also think of these as functors on artinian commutative differential
graded algebras.



Formal moduli of a category after Lurie. Let k be a field of arbitrary
characteristic. In loc. cit. Lurie studies deformations of a presentable stable k-
linear co-category® C up to equivalence® by looking at the functor

CatDefe : Alg?™™ — S

from the co-category of artinian Es-algebras to the co-category of spaces, classifying
deformations of C. That is, for an artinian Eg-algebra A, the space CatDefc(A)
classifies pairs (C4,u) with C a right A-linear oo-category and u : C4 ®4 k ~ C an
equivalence. In general, the functor CatDef- does not satisfy the derived Schlessinger
conditions, the moral reason for this being the existence of curved deformations
(see Example 4.11). When C is compactly generated?, the subfunctor CatDef; C
CatDef¢ spanned by compactly generated deformations is better behaved and closer
to satisfying the Schlessinger conditions. We denote by HH*(C) the Ey-algebra given
by the center of C whose homotopy groups are the Hochschild cohomology groups
of C. Lurie constructs a natural transformation

Oc : CatDefe — Uyps(c) = CatDef},

from CatDef to the formal moduli problem controlled by the augmented Ey-algebra
k & HH*(C). He shows that under certain reasonable boundedness assumptions on
C the map 6 is close to being a homotopy equivalence: it induces an isomorphism
on m; for i > 1 (at any basepoint) and an injection on my. The formal moduli
CatDef( can be regarded as a substitute for the space of curved A.-deformations and
the map 6¢ as the embedding from uncurved deformations to curved deformations.
By the universal property of the center, for each artinian Es-algebra A, the space
CatDef{ (A) is given by the space of linear actions of the Eg-algebra ©(2)(A) on the
oco-category C, where ®(?)(A) is the Eo-Koszul dual of A.

1.1 Main results

Our main results provide a new understanding of the behavior of the map 6¢ in
the case of formal deformations, that is, over the adic ring k[[t]] of formal power
series. Namely, we give conditions on C under which the map 6¢ induces a homo-
topy equivalence on formal deformations, therefore providing the missing step to
relate deformations of categories to Hochschild cohomology. It can also be viewed
as a solution to the curvature problem of [LB15], where similar computations are
performed.

> As a matter of facility for citations, from now on we study deformations of linear co-categories
instead of differential graded categories. See the work of L. Cohn [Coh13] for a comparison between
the two theories, recalled in §3.1.

“Recall that the notion of equivalence between presentable oco-categories corresponds to the
notion of Morita equivalence between the corresponding small subcategories of compact objects.
See §3.1.

dAn co-category is compactly generated if it is generated under filtered colimits by its subcat-
egory of compact objects (as for example the derived co-category of quasi-coherent sheaves on a
finite type scheme).



Let k be a field and let C be compactly generated k-linear co-category. The space
of compactly generated deformations of C is the space

CatDef§ (K[[t]]) ~ lim CatDef? (k[1] /tY).

That is, a point in this space is essentially given by a formal family {C; };>1 where each
C; is a compactly generated deformation of C over k[t]/t* and Ci 11 @y ji+1 k[t] /t" ~ C;
is an equivalence, plus higher coherences. In this case, the space CatDef{ (k[[t]]) is
given by the space of linear actions of the Ey-algebra ) (k[[t]]) ~ k[u] on the co-
category C, where k[u| is the free graded commutative algebra on a generator u in
cohomological degree 2 viewed as an [Eg-algebra.

Theorem 1.1. (See Theorem 4.27). — Let k be a field and let C be a compactly
generated k-linear oco-category. Suppose that C admits a single compact generator E
such that Ext;'(E,E) =0 for m > 0. Then the natural transformation ¢ induces
a homotopy equivalence

CatDef§ (k[[t]]) =~ CatDefp (k[[t]) = {k[u] — linear structures on C}.

The idea of the proof is to exhibit another compact generator of C on which
klu] acts trivially, which implies that it is unobstructed. For this it suffices to kill
the multiplication by u on the generator E by forming its cocone. As a by product
of the proof of Theorem 4.27 we obtain the following existence result for compact
generators.

Theorem 1.2. (See Theorem 4.29). — In the situation of Theorem 1.1, let C; =
{C;}:i be any compactly generated formal deformation of C. Then there exists a formal
family of compact generators { E;}; of the family {C;}; which satisfies Ext¢: (E;, E;) =
0 form > 0.

We emphasize that our method in the proof of Theorems 1.1 and 1.2 relies on
the fact that the Eo-Koszul dual of the algebra k[[t]] of formal power series (viewed
as an [Eq-algebra) is given by the free graded associative (also commutative) algebra
k[u] with u in degree 2 (viewed as an Eg-algebra). The argument cannot be adapted
verbatim to first order infinitesimal deformations where the Eq-algebra © () (k[t]/t?)
is given by the more complicated free Eg-algebra Freeg,(k[—2]) on a generator in
degree 2.

F. Petit has proven in [Pet12] the existence of compact generators in derived
categories of D@-modules. We expect to give an alternative proof of this fact using
Theorem 1.2.

On a more fundamental level, we prove a new result concerning the loop functor
on the oo-category of formal moduli problems over a deformation context (Propo-
sition 2.15). Moreover it implies a new description of the formal moduli associated
to any m-proximate formal moduli (Corollary 2.19). As a consequence, we obtain
the following description of the formal moduli CatDef} in terms of !-group actions
(which also appeared in [Prel2, Prop 5.3.3.4]).



Proposition 1.3. (See Corollary A.11). — Let k be a field and let C be a k-linear
oo-category. Then the formal Eo-moduli problem CatDef( is given by the formula

CatDefp (A) ~ {Left actions of QCoh'(QSpf(A))® on C}

where QCoh' (QSpf(A)) is the co-category of Ind-coherent sheaves on QSpf(A) en-
dowed with the convolution monotidal structure.
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1.2 General conventions

e Let U be a Grothendieck universe, with U satisfying the axiom of infinity.
The U-small mathematical objects will be called only small. We assume the
axiom of Universes. Some arguments in this article will require to enlarge the
universe U, which is always possible by assuming the axiom of Universes. If V
is such an enlargement in which U is small, the V-small mathematical objects
will be called not necessarily small.

e We work within the theory of co-categories in the sense of Lurie [Lur09], a.k.a
quasicategories. We follow the terminology and the conventions of loc.cit.
regarding the theory of co-categories. We denote by Cats the oo-category of
small co-categories.

e For two oo-categories C and C’, we denote by Fun(C,(’) the oco-category of
functors from C to C'.

e [f C is an co-category admitting a final object x. The co-category C, of pointed
objects in C is by definition the full subcategory of Fun(A!,C) consisting of
morphisms C' — C’ such that C is a final object of C.

e We denote by S the oco-category of small spaces in the sense of [Lur09, Def
1.2.16.1]. It is therefore defined as the simplicial nerve of the simplicial cat-
egory of small Kan complexes. We denote by S the oo-category of not nec-
essarily small spaces. The word space means an object of the co-category



S. The expression not necessarily small space means an object of S for some
appropriate universe V. We denote by * the final object A® of S.

e We follow the terminology of [Lurd] concerning n-connective spaces. Let n > 0
be an integer. A space X is n-connected if m;(X,z) = 0 for every i < n and
every vertex € X. Every space is declared to be (—1)-connective.

e We follow the terminology of [Lurd] concerning n-truncated spaces. Let n >
—1 be an integer. A space X is n-truncated if m;(X,z) = 0 for every i > n
and every vertex x € X. By convention a space is (—1)-truncated if it is either
empty or contractible, and is (—2)-truncated if it is contractible. A map of
pointed spaces X — Y is called n-truncated if its fiber is n-truncated.

e We denote by Sp the stable oo-category of spectra (see [Lurd, Def 1.4.3.1]).

e Let n € Z be an integer. We consider the usual t-structure on the stable co-
category Sp. A spectrum X is n-connective (resp. n-truncated) if m; X = 0 for
every i < n (resp. i > n).

2 Generalities on formal moduli problems

We start by recalling from [Lurb, §4] the notion of formal moduli problems defined
over [E,-algebras and their classification. Then we recall the setting of axiomatic
deformation theory from [Lurb, §1], in which our results from the next subsection
§2.2 concerning the approximation of formal moduli via loop spaces are proven.

2.1 Reminders on formal moduli problems
Reminders on formal E,-moduli problems

Let k£ be a field of arbitrary characteristic. Let Mod; denote the oco-category of k-
module spectra. Let n > 0 be an integer and let Alg,gn) := Algg, (Mody,) denote the
oo-category of E,,-algebras over k in the sense of [Lurd, Def 7.1.3.5]. Let Alg,(:)’aLug =

(Alg,&n) ) /i denote the oo-category of augmented E,-algebras. We call an [E,,-algebra
A over k artinian if the following conditions are satisfied

e m;A =0 for i <0 and for 7 > 0.
e For every i, the k-vector space m; A is finite dimensional.

e Let v denote the radical of the algebra my A, then the natural map (mpA)/t — k
is an isomorphism.

We denote by Alg,(f)’8Lrt C Alg,(gn) the full subcategory spanned by artinian E,-
algebras. For every integer m > 0, we denote by k @ k[m| the shifted square zero
extension viewed as E,-algebras over k, which are examples of artinian E,-algebras.



A functor X : Algén)’art — S is called a formal E,-moduli problem if the space
X (k) is contractible and if for every pullback diagram

A%Ao

| |

Al S A01

in Alg;,(f)’art such that the maps mgAg — moAg1 < moA1 are surjective, the induced
square
X(A) —— X (Ao)

L]

X(Al) —_— X(A()l)

is a pullback diagram in S. Let Fun*(Alg,(Cn)’art,S) C Fun(Alg,g")’art,S) denote the
full subcategory spanned by those functors X : Alggl)’art — S such that X (k) is a
contractible space. We denote by Moduli," C Fun*(Alg,gn)’art,S) the full subcate-
gory spanned by formal E,-moduli problems. The class of pullback diagrams of the

form
kE®klm| —— k

| |

k—— k@ kim+1]

for m > 0 are used to defined the tangent complex of a formal E,-moduli problem.
Indeed if X is a formal E,-moduli problem over k, the induced map X (k @ k[m]) —
QX (k@ k[m + 1]) is a homotopy equivalence, and defines a spectrum T’x called the
tangent complex of X (see [Lurb, Def 1.2.5]). By [Lurb, Prop 1.2.10], a map of
formal E,,-moduli problems X — Y is an equivalence if and only if the induced map
Tx — Ty is an equivalence of spectra.

By [Lurb, Thm 4.0.8] there exists a functor

U Alg™™" s Modulie

which is an equivalence of oo-categories. For an augmented E,-algebra B
and for an artinian E,-algebra A over k, there is an equivalence ¥p(A) ~

MapAlg;Cn),aug (®™(A), B) where ®™ : (Alg](cn)’aug)(’p — Algfj)’aug is the Koszul du-

ality functor defined in [Lurb, Prop 4.4.1]. Moreover there exists a commutative
diagram of oco-categories

Alg{™*"8 ¥, Modulif

mJ Jnm

Mody, ——Sp

where m is given by taking the augmentation ideal.



Reminders on axiomatic deformation theory

We recall some definitions and constructions from [Lurb, §1].

For A a presentable oo-category, we denote by Sp(A) the co-category of spectra
objects of A in the sense of [Lurd, Def 1.4.2.8]. By [Lurd, Rem 1.4.2.25] there exists
an equivalence of co-categories Sp(A) ~ lim(... — A, g A, g A.). We denote by
Q% : Sp(A) — A the evaluation on the 0-sphere S° and for every integer n € Z, we
denote by Q27" : Sp(A) — A the composition of Q°° with the nth shift functor on
Sp(A).

A deformation context in the sense of [Lurb, Def 1.1.3] is a pair (A, (Eua)acT)
where A is a presentable co-category and (Eq)qer is a sequence of objects of the co-
category Sp(A) of spectra objects in A. Given a deformation context (A, (Ey)acT),
amap f: A — A’ in A is called elementary if there exists an index o € T, an
integer n > 0 and a pullback diagram

A— %
I
A —— E,[n]

in A, where %, is a final object of A. A map f: A — A’ in A is called small if it
can be written as a finite composition of elementary maps A4g = A — A1 — ... —
A, = A’ in A. An object A € A is called artinian if the map A — x4 is small. We
denote by A" the full subcategory of A spanned by artinian objects.

Given a deformation context (A, (Eq)aer), recall that a formal moduli problem
in the sense of [Lurb, Def 1.1.14] is a functor X : A** — S which satisfies the two
conditions

1. The space X (xa) is contractible.

2. For every pullback diagram

A%Ao

| |

Al S A()l
in A®* such that the map Ay — Ag1 is small, the induced square

X (A) —— X(A)

L]

X(Al) Em—d X(A()l)

is a pullback diagram in S.



By [Lurb, Prop 1.1.15] we are allowed to test condition (2) on the smaller class
of pullback diagrams of the form

A———%p

L

A —— E,4[n]

in A®* where o € T and n > 0.

We denote by Fun,(A**" S) C Fun(A** S) the subcategory spanned functors
satisfying condition (1) above, or in other words sending % to a contractible space.
We denote by Modulia C Fun,(A?*" S) the subcategory spanned by the formal
moduli problems.

Example 2.1. Let k be a field. Let n > 1 and A = Alg,(f)’BLug be the presentable
oo-category of augmented [E,-algebras over k. Consider the deformation context
(A, {k}) where k is seen as a module over itself. The deloopings of k are given by
the shifted square zero extensions k @ k[m] for m > 0. By [Lurb, Prop 4.5.1], an
augmented E,,-algebra A is artinian with respect to the deformation context (A, {k})
if and only if it is artinian in the sense of §2.1. By [Lurb, Prop 4.5.1], a morphism
A— A'in Alg,(gn)’aug is small with respect to the deformation context (A, {k}) if and
only if the induced map m9A — mpA’ is surjective. Then [Lurb, Cor 4.5.4] implies
that X is a formal moduli problem with respect to the deformation context (A, {k})
if and only if it is a formal E,-moduli problem in the sense of §2.1.

Notation 2.2. Let (A, (Eq)aer) be a deformation context. Consider the embedding
ia : Modulip < Fun,(A®* S) into the co-category of functors X : A®* — S such
that X (xa) is a contractible space. The oo-categories Modulia and Fun,(A®*t S)
are presentable and by definition of formal moduli problems the functor i5 preserves
all small limits. By the adjoint functor theorem [Lur09, Cor 5.5.2.9], this implies
that iao admits a left adjoint denoted by

La

—
Modulip & Fun, (A" S) .
ia

For every functor X : A — & sending *A to a contractible space we have
the unit natural transformation X — ia(La (X)) of this adjunction. The formal
moduli problem L (X) is therefore initial among formal moduli problems Y having
a natural transformation X — ipY.

Let (A, (Fuo)aer) be a deformation context. Recall from [Lurb, Def 1.2.5] that
every formal moduli problem X : A*® — § has a tangent spectrum X(E,) € Sp
of X at a. Moreover a map X — Y of formal moduli problems is an equivalence if
and only if for every a the map X (E,) — Y (FE,) is an equivalence of spectra.

In [Lurb, Def 1.3.1 and 1.3.9], Lurie defines the notion of weak deformation theory
and of deformation theory. In short a weak deformation theory for (A, (Eq)acT)



consists of a functor ® : A’ — B such that B is a presentable oco-category, ©
has a left adjoint ®’ which behaves like an inverse equivalence to ® on a certain
subcategory of B. In this situation, [Lurb, Cor 1.3.6] asserts the existence of an
oo-functor

¥ : B — Modulia

which is given on objects by ¥p(A) = Mapg(®(A4), B). By applying the tangent
spectrum we obtain for every « a functor e, : B — Sp given on objects by e, (B) =
Up(E,). A deformation theory for (A, (Ey)aer) is a weak deformation theory such
that each e, preserves small sifted colimits and such that a morphism f in B is an
equivalence if and only if each e, (f) is an equivalence of spectra. The main theorem
[Lurb, Thm 1.3.12] then asserts that under the existence of a deformation theory
for (A, (Eq)aer), the functor ¥ is an equivalence of oco-categories.

Formal spectrum and Koszul duality

We now set up some notations and intermediate results concerning the formal spec-
trum, pro-objects and formal Koszul duality.

Notation 2.3. Let (A, (Ey)acr) be a deformation context and let A € A be any
object. Consider the functor Spf(A) : A** — § which is co-represented by A given
by the formula Spf(A)(R) = Mapa (A, R). Then Spf(A) is a formal moduli problem
which is called the formal spectrum of A. Moreover the construction A +— Spf(A)
determines a functor

Spf : A°? — Modulip

which is fully faithful when restricted to the subcategory (A®")°P spanned by ar-
tinian objects.

Example 2.4. Let n > 1 and consider the deformation context (Alg,(cn)’aug,k)

formed by augmented E,-algebras over k. Let € : A — k be an augmented E,-
algebra over k. If we think about the [E,-algebra A as determining a noncommu-
tative scheme Spec(A), then the formal spectrum Spf(A) can be thought of as the
functor parametrizing deformations of the point of Spec(A) determined by e over
artinian [E,-algebras.

The following Lemma will be useful in the sequel and follows from the fact that
the Koszul duality functor ©( is a deformation theory.

Lemma 2.5. Letn > 1 be an integer and denote by t™ - Moduli,™ — Algggn)’aug the
equivalence given by [Lurb, Thm 4.0.8]. Let B be an augmented E, -algebra over k.

Then there exists a natural equivalence of augmented E,-algebras t(SZ)f(B) ~ ) (B)
or equivalently an equivalence of formal moduli problems Spf(B) =~ \Ilg(n)(B).

Proof. Consider the natural transformation « : Spf(B) — Wgn (py induced by the
natural map

MapAlgl(cn),aug (_B7 A) &) MapAlggj),aug (@ (n) (14)7 :D(n) (B))

10



for each artinian [E,-algebra A over k. By adjunction the target space of oy
is naturally equivalent to the space Map Alg(m)-aue (B,’D(")CD(”) (A)) and the map
k

is induced by the unit map A — D™D (A). Let m > 0 be an integer and
A = k & k[m] be the trivial square zero extension. We claim that the biduality
map A — DMWD™(A) is an equivalence. Indeed by [Lurb, Prop 4.5.6] there ex-
ists an equivalence D™ (Freeg ®(k[~=m — n]) ~ k @ k[m] of augmented E,-algebras
and by [Lurb, Prop 4.1.13] the E,-algebra Freep ®(k[—m —n]) is n-coconnective and
locally finite whenever m > 0, which by [Lurb, Thm 4.4.5] implies that the bidu-
ality map is an equivalence for the E,-algebra Freey'®(k[—m — n]), and thus also
for A = k @ k[m]. We deduce that the map a4 is a homotopy equivalence and
therefore that « induces an equivalence on the tangent spectrum, and is therefore

an equivalence, which proves the lemma. O

2.2 Approximation of formal moduli and loop spaces

As explained above, the deformation functor of a linear co-category over a field does
not in general satisfy the derived Schlessinger conditions, but turns out to be rather
close to satisfy them. Many examples of deformation functors of some algebro-
geometric objects behave similarly. In [Lurb, §5.1], Lurie developed a formalism
to study these functors under the name of m-proximate formal moduli problems
for m > 0 an integer. We will prove that the functor L = La : Fun,(A*" S) —
Modulip from Notation 2.2 admits a special description when restricted to the sub-
category spanned by m-proximate formal moduli problems in terms of E,,-maps
between certain loop E,,-spaces (see Corollary 2.19). For this we will prove a result
concerning the loop space functor on the oo-category of formal moduli problem (see
Proposition 2.15).

Let (A, (Eq)acr) be a deformation context and m > 0 an integer. Recall from
[Lurb, Def 5.1.5] that a functor X : A" — § is called an m-prozimate formal
moduli problem if the space X (xa) is contractible and if for every pullback square

A%AO

| |

Al E— A01
in A¥* such that the map Ag — Agp is small, the induced map
X(A) = X(Ao) X x(a01) X (A1)

is (m —2)-truncated (that is, all homotopy fibers of this map are (m —2)-truncated).
We observe that 0-proximate formal moduli problems are exactly the formal moduli
problems.

Notation 2.6. We denote by Prox(m)a C Fun.(A** S) the full subcategory
spanned by m-proximate formal moduli problems. There is a tower of co-categories

Modulia = Prox(0)a € Prox(1)a C Prox(2)a C ... C Fun.(A™*S)

11



For example, we will see below that the deformation functor of an object in a linear
oo-category is in general 1-proximate and that the deformation functor of a fixed
linear co-category itself is in general 2-proximate.

Notation 2.7. Let n > 1 and m > 0, and consider the deformation context
(Alg,gn)’aug, k) of Example 2.1. We will denote by Prox(m)g, C Fun, (Alg,g,") )
the full subcategory of m-proximate formal E,-moduli problem.

Notation 2.8. Let (A, (Eq4)aer) be a deformation context and suppose that A
is a pointed co-category in the sense that any final object is also initial (e.g. the
oo-category Alg,(cn)’aUlg of augmented E,-algebras over k). Then the oo-category

Fun, (A®* S) is also pointed. We denote by
Q : Fun,(A*™* S) — Fun,(A™",S)

the loop functor in the sense of [Lurd, Rem 1.1.2.9]. The embedding Modulip —
Fun, (A" S) commutes with small limits and the loop functor restricts to a functor
Q : Modulia — Modulia. For m > 0 an integer, we denote by Q™ =Qo...0Q (m
times) the iterated loop functor.

Remark 2.9. In the situation of Notation 2.8, let X : A" — S be any functor.
Then the functor QX is given on objects by (2X)(A) = QX (A) where the loop space
is taken at the base point * — X (A) corresponding to the map * ~ X (ko) — X (A)
induced by the essentially unique map *xa — A.

If we imagine that the functor X parametrizes deformations of an object of
an oo-category corresponding to the connected component moX (xa) = *, then the
functor QX parametrizes deformations of the identity of this object, or in other
words infinitesimal autoequivalences of this object.

Remark 2.10. Let f : X — Y be a Kan fibration between Kan complexes. Let
m > 0 be an integer and suppose that the map f is (m — 2)-truncated, that is, all
its homotopy fibers are (m — 2)-truncated. Then we deduce from the long exact
sequence of homotopy groups for any choice of basepoint that the induced map
QmX — Q™Y is a homotopy equivalence, and whenever m > 1 that the morphism
Tm—1(X,20) = Tm-1(Y, f(x0)) is injective for any basepoint ¢y € X. Besides, we
deduce from the same long exact sequence that the induced map QX — QY is
(m — 3)-truncated.

Lemma 2.11. Let (A, (Eq)aer) be a deformation context such that A is a pointed
oo-category. Let m > 0 and let X : A®" — S be an m-prozimate formal moduli
problem. Then the natural map QX — Q™LX induced by the unit map X — LX
is an equivalence. In particular the functor Q™X is a formal moduli problem.

Proof. By [Lurb, Thm 5.1.9] the functor X is m-proximate if and only if the unit
map X — LX is (m — 2)-truncated. If it is the case, we deduce from Remark 2.10
that the induced map QX — Q™Y is an equivalence. O
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Notation 2.12. Let X be an oo-category which admits finite products. Consider
the cartesian symmetric monoidal structure X'* with monoidal product given by the
cartesian product (see [Lurd, §2.4.1]). Let 0 < m < oo and consider the oo-category
Mong,, (X) = Algg,  (X™) of Ep-monoid objects in X'. Recall that an E;-monoid
object M in X with multiplication map m : M x M — M is called grouplike if the
two maps

(myp1): M x M — M x M, (m,p2): M xM-—MxM

are equivalences in X', where p; is the i¢th projection map. Recall that an E,,-monoid
object M in X is called grouplike if the underlying E;-monoid (for any embedding
of co-operads E — E) is grouplike. Let Mong® (X) € Mong,, (X) denote the full
subcategory spanned by grouplike E,,-monoid objects (see [Lurd, Def 5.2.6.6]). If X
is a presentable co-category, then an E,,-monoid object M in X is grouplike if and
only if the monoid myM is a group.

If X is a pointed presentable co-category, by [Lurd, Not 5.2.6.11] the iterated
loop functor Q™ : X — X factorizes as a functor

Q™ X — Mong” (&),

where by convention, if m = oo we set Q*° = lim,, Q2™ via the equivalence
lim,, Mong,_, (X) ~ Mong__ (X).

Remark 2.13. Let X be an oo-category which admits finite products. The prop-
erty of being grouplike for an E,,-monoid object is independent of the choice of
the embedding of co-operads EY — E2 (see [Lurd, Rem 5.2.6.8]). This implies
that the equivalence lim,, Mong, (X) ~ Mong_(X) restricts to an equivalence
lim,,, Mong? (X)) =~ Mong® (X).

Remark 2.14. Let X be an oo-category which admits finite products. Consider
the full embedding Mong” (X') € Mong,, (X) of grouplike E,,-monoid objects into all
E,,-monoid objects. This inclusion preserves finite product and therefore extends to
a symmetric monoidal functor. We have an induced functor Mong, (Mong® (X)) —
Mong, (Mong,, (X)) on the co-categories of E1-monoid objects which is fully faithful.
By the additivity theorem [Lurd, Thm 5.1.2.2] the target of this functor is equiv-
alent to the oco-category Mong,, ,, (X) of E,,;i-monoid objects and by definition of
grouplike objects the equivalence Mong, (Mong,, (X)) ~ Mong,,,, (X) restricts to
an equivalence Mong® (Mong,, (X)) = Mom%f’ﬂ+1 (X). Moreover the above embedding
restricts to an embedding

Mong” (Mong” (X)) — Mong (Mong,, (X)) ~ Mong”

IE'm«&»l (X)

on the subcategories of grouplike [E1-monoid objects. This embedding is an equiva-
lence of co-categories. Indeed, it is also essentially surjective, for if M is a grouplike
E;-object in Mong,, (X), it follows from Remark 2.13 that the underlying E,,-monoid

object of M is grouplike and lies in the essential image.

The following result provides conditions on the underlying deformation context
under which the iterated loop functor is an equivalence for the co-category Modulia
of formal moduli problems.
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Proposition 2.15. Let (A, (Ey)act) be a deformation context admitting a deforma-
tion theory and such that A is a pointed co-category. Then for every 0 < m < oo,
the iterated loop functor Q™ : Modulip — Mon%i’n (Modulip) is an equivalence of
o0o-categories.

Proposition 2.15 is a consequence of the following Lemma.

Lemma 2.16. Let X be a pointed presentable co-category. Suppose that there exists
a presentable stable co-category A and a functor f : X — A which is conservative,
preserves geometric realizations of simplicial objects and preserves finite limits. Then
for any 0 < m < oo the functor Q™ : X — Mon%:n(é\,’) is an equivalence of oco-
categories.

Proof. If m = 0 the assertion follows from the assumption that X is pointed, since
there are equivalences Mon]gEI;(X ) =~ Mong, (X) ~ X, where X, is the co-category of
pointed objects. Otherwise for finite m, by Remark 2.14 and ascending induction
on m it suffices to prove the result for m = 1. For this, consider the diagram

X 2 Mo (X)

fJ |

A2 Mong’ (A).

Because f preserves finite limits, there exists a natural equivalence fePQy ~ Q4 f
making this diagram commutative up to equivalence. The oo-category A being
stable, the functor €4 is an equivalence . The functors Qy and €24 admit as left
adjoint the functors By and B 4 respectively given by the bar construction. By virtue
of the assumption that f preserves geometric realizations of simplicial objects, and
that the bar construction is given by the geometric realization of a simplicial object
(see [Lurd, Rem 5.2.2.8]), there exists a natural equivalence fBy ~ B4feP. Let
€ : ByQy — idy be the counit map. The composition of ¢ with the composite
functor Q4 f is equivalent to the natural transformation

[Py 2 QABAfPQx ~ QafBxQx — Quaf

which is an equivalence because f preserves finite limits. Because 24 is an equiv-
alence and f is conservative, this implies that € is an equivalence. We can prove
similarly that the unit map 7 : id — Qx By is an equivalence by composing with the
functor f&P. The assertion for m = oo follows by passing to the limit over m and
form Remark 2.13. O

Proof of Proposition 2.15. Let ® : A°? — B be a deformation theory for the de-
formation context (A, (Eqy)aer). By definition, we have at our disposal for every
a € T, a functor e, : B — Sp which preserves small sifted colimits and such that the
family {eq}q is jointly conservative (see [Lurb, Cor 1.3.8, Def 1.3.9]). This implies

that the functor
e= Hea:B—> HDQ:A
a€cT a€eT
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where A, = Sp for every «, is conservative and preserves small sifted colimits. By
construction, the functor e, preserves finite limits, so that e has the same property.
Denote by t : Modulia — B the inverse of the equivalence ¥ : B — Modulip (see
[Lurb, Thm 1.3.12]). Then the composite functor e o t : Modulia — A satisfies all
the assumptions of Lemma 2.16, by which we deduce the claim. O

Notation 2.17. In the situation of Proposition 2.15, we denote by B™
Mon%:n (Modulia) — Modulis the inverse of the equivalence Q™ : Modulin —
Mong” (Modulia).

Notation 2.18. Let (A, (E,)aer) be a deformation context such that A is a pointed
oo-category. Consider the restriction Q. : Prox(m)a — Mong® (Fun.(A**,S))
of the iterated loop functor Q™ : Fun.(A**,S) — Mong® (Fun,(A**,S)). By
Lemma 2.11, the functor QI  factorizes as a functor Q7. : Prox(m)a —

prox prox
Mong” (Modulia).

Corollary 2.19. Let (A, (Ey)act) be a deformation context admitting a defor-
mation theory and such that A is a pointed oo-category. Let m > 0 and let
L,, : Prox(m)a — Modulip denote the restriction of the functor L to the sub-
category Prox(m)a of m-proximate formal moduli problems. Then there exists an
equivalence of functors Ly, ~ B Prox(m)a — Modulia. In particular, the
functor L, preserves all small limits. As a consequence, for every m-proximate

formal moduli problem X, the functor L,,X is given by the formula
L, X(A)~ MapMon%p:n(ModuliA)(QmSpf(A), Q" X).

Proof. By Lemma 2.11, there is an equivalence of functors Qp} =~ Q™ Ly,, which
after composition with B™ provides by Proposition 2.15 the expected natural equiv-
alence B™Qp . >~ Ly, Because Q. is given by a limit and that B is an equiva-
lence, we have that L,, preserves all small limits. Let X be an m-proximate formal

moduli problem. Then for A € A¥* we have natural homotopy equivalences

Ly X(A) = B X (A) = Mapygoqui, (Spf(A), B"Q™X)
= MapMonféf;L (Modulia ) (QmSpf(A), QmX) :

3 Reminders on deformations of categories

We start with notations and terminology related to presentable, compactly generated
and linear oco-categories, as well as the relation with differential graded categories.
We follow the terminology of [Lur09] and [Lurd]. We also point out the reference
[Rob14] where we can find an overview on this subject.

15



3.1 Linear oco-categories

We denote by Pr the oo-category of not necessarily small presentable co-categories
together with functors which are left adjoints (see [Lur09, Def 5.5.3.1] for a con-
struction of Pr%).

An oo-category C is said to be compactly generated if it is presentable and if
in addition there exists a small co-category Cy which admits finite colimits and an
equivalence Ind(Cyp) ~ C. In this situation, by [Lur09, Thm 5.4.2.2] the small co-
category Cy which generates C can be choosen to be the small idempotent complete
full subcategory C¢ C C consisting of compact objects of C.

By [Lurd, Prop 4.8.1.14], the oo-category Prl’ admits a symmetric monoidal
structure in the sense of [Lurd, Def 2.1.2.13] and we denote the induced symmetric
monoidal product by ®. If C,C’ are presentable co-categories of the form C = P(Cp)
and C' = P(Cy) with Cy, Cp small oo-categories, then we have C @ C = P(Cy x Cp)
where x is the cartesian symmetric monoidal structure on Cats. The unit of Pr®
is the oco-category S of small spaces. Moreover this symmetric monoidal structure
is closed and for two presentable co-categories C, C, the oco-category Fun®(C,C) of
colimit preserving oo-functors is presentable. By [Lurd, Lem 5.3.2.11], if C and C
are compactly generated k-linear co-categories, the tensor product C ® C is again
compactly generated and the subcategory (C ® C)¢ is generated under finite colimits
by C¢ x C°.

Let k be an E-ring. The oo-category Mody, of k-module spectra admits a sym-
metric monoidal structure Mod% given by the smash product over k. Considering
Mod% as an Eoc-algebra object in the symmetric monoidal oo-category Pri®, we
define the co-category of k-linear co-categories to be

Pr} = ModMOd% (Prt®).

Morphisms in PrI,; are called k-linear functors. Because Mody, is a stable oo-category
in the sense of [Lurd, Def 1.1.1.9], the underlying co-category of any k-linear co-
category is stable. For example if kK = S the sphere spectrum, then Pré‘ is the oo-
category of presentable stable co-categories with exact functors between them. The
symmetric monoidal structure on Pr" induces a symmetric monoidal structure on
Pr%. We denote the corresponding tensor product by ®;. Moreover the symmetric
monoidal structure on PrI,; is closed. For k-linear oo-categories C, C' and C” there
exists a k-linear oo-category FunI,; (C,C) of k-linear colimit preserving oo-functors,
such that there exists an equivalence

Mapp, L (C®,C,C") ~ Mapp,L (C,Funk(C’,C")).

In the case C = C’, we denote by End;(C) = Funk(C,C) the k-linear co-category
of k-linear endofunctors of C. Any k-linear oco-category C € Pr% is enriched over
Modg. Indeed if E, F' € C are objects, the oo-functor Mod;, — S given on objects
by V +— Map,(V ® E, F') commutes with small colimits and by presentability of C
is therefore representable by an object MC(E , ') € Mody, satisfying the universal
property

Mape(V ® E, F) =~ Mapyq, (M, Map,(E, F)).
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We set the notation Extg'(E, F') = m_,Map,(E, F') for the Ext groups in C.

We now recall the relation of the above with the homotopy theory of k-linear
differential graded categories. Let k be a discrete commutative ring. We consider two
oo-categories of k-linear dg-categories (we use the terminology of [Rob14, §6.1.1]):

e Dg(k) : the co-category encoding the homotopy theory of presentable k-linear
dg-categories up to quasi-equivalence. Morphisms are dg-functors which com-
mute with small sums. The dg-nerve construction provides an co-functor

N{jg : Dg(k) — Prt.

e Dg°(k) : the oo-category encoding the homotopy theory of presentable com-
pactly generated k-linear dg-categories up to quasi-equivalence. Morphisms
are dg-functors which commute with small sums and preserve compact ob-
jects. The dg-nerve restricts to an oo-functor

G Dg°(k) — Prl.

By the work of Cohn [Coh13] there exists a commutative diagram of co-categories

where Pr{j,’ r = Mod, az (Pr{j ) is the oco-category of k-linear compactly generated oo-

categories together with k-linear functors which preserve small colimits. Moreover
the bottom horizontal arrow is an equivalence of co-categories.

Notation 3.1. Let k be an E-ring and C a k-linear co-category. If £ is a collection
of objects of C, we denote by £+ the full subcategory of C consisting of objects C
such that Map,(E,C) ~ 0 for every E € £.

Definition 3.2. Let k be an E-ring. Let C be a k-linear co-category.

1. A collection & of objects of C generates C if £ consists of zero objects of C.

2. A collection £ of objects of C is a family of compact generators of C if each
object E € £ is compact and if the collection £ generates C.

3. A compact generator of C is a compact object E of C such that the family
& = {E} generates C.

Definition 3.3. Let k£ be an E-ring. A k-linear co-category C is said to be tamely
compactly generated if C is compactly generated and if for any compact objects E, E’
of C we have Exty'(E, E') = 0 for m > 0.

Remark 3.4. Let k be an Ey-ring and C a k-linear co-category. Suppose that C
admits a single compact generator F. Then C is tamely compactly generated if and
only if Exty'(E, E) = 0 for m > 0.
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3.2

Deformations of objects

We recall from [Lurb, §5.2] the fundamental results about the deformation functor
of an object in a linear oco-category over a field.

Let k be a field, let C be a k-linear co-category and let E € C be an object.
Recall from [Lurb, Const 5.2.1] that we can define a functor

ObjDefy : Algd" — S

from artinian E-algebras over k to spaces which satisfies the following properties.

For every artinian E;-algebra A over k, the space ObjDef(A) classifies de-
formations of E over A in C, or in other words it is the classifying space
of pairs (E4,u) with E4 € RModa(C) a right A-module object in C and
u:FE4®4k~FE an equivalence in C.

In general, the functor ObjDef does not satisfy the derived Schlessinger con-
ditions and is not a formal E;-moduli problem. Let ObjDef% = L(ObjDef)
denote the associated formal [E;-moduli problem.

By [Lurb, Cor 5.2.5], the functor ObjDef; is a 1-proximate formal E;-moduli
problem, or equivalently the unit map ObjDef ;, — ObjDef’; is (—1)-truncated.

Let End.(FE) be the E;-algebra of endomorphisms of E in C. By [Lurb, Thm
5.2.8] the augmented E;-algebra which controls the formal E;-moduli problem
ObjDef}, is given by k @ End.(F). In other words there exists for every
A € Alg?™ a natural equivalence

ObjDef(A) ~ Mapy,, (D) (A), End(E)).
In particular the tangent spectrum of ObjDefZ is given by TO]OijcJAE o~
End.(E)[1].

Koszul duality for modules implies that for every artinian Ei-algebra A we
have a natural homotopy equivalence

ObjDeff(A) ~ LMod, (€)™ xc~ {E}

with the space of deformations of E as an Ind-coherent right A-modules in
C, where LMod',(C) = LMod} ® C is the co-category of Ind-coherent right
A-modules in C (see [Lurb, Rem 5.2.16)).

By [Lurb, Prop 5.2.14], under the assumption that C admits a left complete
t-structure and that E is connective, then ObjDefy is a formal E;-moduli
problem.

Notation 3.5. Let k£ be a field, let C be a k-linear oco-category and let £ € C be
an object. We will denote by ObjDefIEJ2 the restriction of the functor ObjDefy to

(2),art art

artinian Ep-algebras along the forgetful functor Alg, — Algi™.
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3.3 Deformations of categories

We first recall from [Lurb, §5.3] the fundamental results about the deformation
functor of a linear co-category over a field. Then we recall the construction of this
functor.

Let k be field and C a k-linear oo-category. In [Lurb, §5.3] is constructed a
functor

CatDefe : Algl(f)’art — S

from artinian Es-algebras over k to not necessarily small spaces which satisfies the
following properties.

e For any artinian Es-algebra A over k, the space CatDefc(A) classifies defor-
mations of C over A, or in other words pairs (Ca,u) with C4 a right A-linear
oo-category and u : C4 ® 4 k ~ C an equivalence in Pr% (see below for the def-
inition of linear oco-category over an Eq-algebra). We observe that the space
CatDef¢ (k) is contractible.

e In general, the functor CatDefe does not satisfy the derived Schlessinger con-
ditions, and is not an Eo-formal moduli problem. Let CatDef( := L(CatDef¢)
denote the associated Eo-formal moduli problem and

oc : CatDefe — CatDef(

denote the unit map. In other words, the map o¢ is in general not an equiva-
lence. We will see a simple example below.

e However, the map o¢ is rather close to be an equivalence as shown by Lurie.
Namely, by [Lurb, Cor 5.3.8] the functor CatDef¢ is a 2-proximate Eo-formal
moduli problem in the sense of [Lurb, Def 5.1.5] (with values in essentially
small spaces). By [Lurb, Thm 5.1.9], it means that the map o¢ has 0-truncated
fibers, or in other words, that the map o¢ induces an isomorphism on 7; for
i > 2 and is injective on 7 (all homotopy groups are based at the trivial
deformation of C).

e Let £(C) denote the Eq-algebra over k given by the center of the co-category C
in the sense of [Lurb, Def 5.3.10]. The underlying k-module spectrum of £(C) is
given by Endg,q, () (idc) so that the homotopy groups of {(C) are isomorphic to
the Hochschild cohomology groups of C. By [Lurb, Thm 3.5.1], the augmented
Ey-algebra which controls the Eo-formal moduli problem CatDef} is given by
k@ &(C). In other words, for any artinian Eg-algebra A over k there exists a
natural equivalence

CatDef( (A) ~ MapAlg,(f) (@3 (4),£(C))

where ©? is the Ey-Kozsul duality functor. In particular the tangent spec-
trum of CatDef} is given by TeatDet) ~ &(0)[2].
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We have stronger properties if we restrict to compactly generated deformations
as observed by Lurie (see [Lurb, Variant 5.3.4]), a condition which is reasonable in
most examples of interest. Let CatDef; denote the subfunctor of CatDefe spanned
by pairs (Ca,u) where C4 is compactly generated. By [Lurb, Variant 5.3.6], the
functor CatDef{ has values in essentially small spaces, and can therefore be viewed

as a functor
CatDef§ : Alg™" — 8

which satisfies the following properties.

e The natural embedding CatDef; — CatDefc has O-truncated fibers, which
implies that CatDef( is a 2-proximate Eo-formal moduli problem and that the
induced map L(CatDef§) — L(CatDefc) = CatDef( is an equivalence. We
denote by

fc : CatDef§ — CatDef(

the unit map.

e Suppose that C is tamely compactly generated (see Definition 3.3). Then the
functor CatDef{ is a 1-proximate Egp-formal moduli problem by [Lurb, Prop
5.3.21]. In other words, the map ¢ induces an isomorphism on 7; for i > 1 and
an injection on my. Our main result gives additional conditions under which
the surjectivity on my holds for formal deformations.

We recall now the construction of the functor CatDefe from [Lurb, Const 5.3.2].
By [Lurd, Thm 4.8.5.16] there exists a functor

A+—— LModg@y

which extends to a symmetric monoidal functor. Passing to algebra objects we
obtain a functor

Alg,(f) ~ Alg(Alg,) — Alg(Prk)
A — LMod§

which to an Eq-algebra A associates the monoidal co-category of left A-modules.
Let A be an Eg-algebra over k. A right A-linear oco-category (resp. left A-linear
oo-category) is by definition a right LMod%—module in Pr% (resp. a left LMod%—
module in Prl,;). If A— A’ is a morphism of Es-algebras over k, and C4 a right A-
linear co-category, we denote by C4® 4 A’ the extension of scalars C4o®1mod LMod 4.
Consider the cocartesian fibration RMod(PrY) — Alg(PrY) with fiber over a
k-linear monoidal oco-category D® given by the oco-category RModps (PrI,;) of co-
categories right tensored over D®. Set RCatp = Alg,(f) X Alg(Prl) RMod(Pr%) and

consider the induced cocartesian fibration p : RCat; — Algl(f) with fiber over an Eo-
algebra A given by the oo-category RMod, . d® (Pr}) of right A-linear co-categories.

Consider the subcategory J—:{Catzoca“"t consisting of p-cocartesian morphisms so that
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we obtain a left fibration RCat{o* — Algf) with fiber over A the space of right
A-linear oo-categories.

Let C be a k-linear oo-category and consider the pair (k,C) as an object of
RCat§°®. The oo-category of deformations of C is the oo-category Deform|C] =

(RCatf**®") 1) The induced left fibration Deform|[C] — (Alg](f)) Ik~ Alg,(f)7aug is

classified by a functor Algl(f)’aug — & whose restriction to artinian Ey-algebras is

denoted by CatDef¢ : Alg,(f)’art — S

4 Generators and curvature in deformations of cate-
gories
In this section we first set up some preliminary results concerning simultaneous

deformations and deformations of E;-algebras. Finally, in the last subsection, we
use them to prove our main results concerning formal deformations.

4.1 Simultaneous deformations

Let k be a field. We now study the deformation functor of a pair (C, E) with C a
k-linear oo-category and E € C an object.

We first give a construction of this functor which consists in mimicking the
construction of CatDef¢ in [Lurb, Const 5.3.2] but replacing the oco-category Pr],; by
the slice co-category (Pr%)MOd,c ; of pairs (C, E) with C a k-linear oo-category and F
an object of C.

Construction 4.1. [Lurd, Thm 4.8.5.16] provides a symmetric monoidal functor

Alg, — (PTIIS)Modk/
A +— (LMody, A)

where the co-category (Pr%)Modk ; 1s endowed with the natural symmetric monoidal
structure from [Lurd, Rem 2.2.2.25] coming from the fact that Mody, is the unit in
Pri"®. Applying algebra objects we obtain a functor
2
Alg;?” = Alg(Algy) — Alg((Prf)vioa, /) = Alg(Pry)
A +— LMod%.

Consider the cocartesian fibration
RMod((Pr})od, /) — Alg(Pry)

with fiber over a monoidal oco-category D® the oco-category RModDop((Pr%)Modk /)
of pairs (M, M) where M is a k-linear co-category right tensored over D® and

M € M an object. Set RCatj = Alg,(f) X Alg(Prl) RMod((Pr})aod, /) and consider

the induced cocartesian fibration ¢ : RCat;, — Alg,(f) with fiber over an Eq-algebra A
the oo-category of right A-linear co-categories together with a distinguished object.
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Let (RCat}';)COCart be the subcategory of ¢-cocartesian morphisms so that we have an

induced left fibration (RCatj)®* — Alg](f). Let C be a k-linear oo-category and E
an object of C. The co-category of deformations of (C, E) is the co-category

Deform(C, E] := (RCat}){((¢ -

The induced left fibration Deform[C, E] — (Alggf)) = Alg](f)’aug is classified by a

functor Alg,(f)’aug — & whose restriction to artinian [Eq-algebras is denoted by

SimDef ¢ gy : Alg) ™™ — 8.

For any artinian Eg-algebra A over k, the space SimDef ¢ )(A) classifies 4-
uples (Ca, E4,u,v) where C4 is a right A-linear co-category, u : C4 ®4 k ~ C is an
equivalence, 4 € C4 is an object and v : B4 ®4 k ~ A is an equivalence in C. We
have that SimDef ¢ g (k) is a contractible space.

The deformation functor SimDef ¢ gy is closely related to the deformation func-
tors CatDefc and ObjDef ;. We construct the evident maps between them.

Construction 4.2. Let k be a field, C a k-linear co-category and E an object of C.
The forgetful functor (Pr%)Modk /= PrI,; induces a functor RCat} — RCat;, which in
turn induces a functor Deform[C, E] — Deform|C] commuting with the projection

to Alg,(f)’aug . We obtain natural transformations
T(C,E) * SlmDef(aE) — CatDefc

PC.E) SimDef‘Ec,E) — CatDef§

given on objects by forgetting the distinguished object deformation.

The homotopy fiber of the forgetful functor (Prl,;)MOdk /= PrI,; at C is equivalent
to the Kan complex Mappr%(Modk, C) ~ C=. The induced functor C= — (PrI,;)Modk/
is given on object by sending an object E of C= to the pair (C, E). This functor
induces a functor Deform[E] — Deform[C, E] commuting with the projection to
Alg,(f)’aug. We therefore obtain a natural transformation

(.5 : ObjDef? — SimDef ¢

where ObjDef®? is the restriction of the functor ObjDefy to artinian Es-algebras
over k along the forgetful functor Alg,(f)’art — Alg?*. The functor $(c,E) is given
on object by sending a deformation E4 of E over an Es-algebra A to the pair
(C ®k A, E4). Moreover, whenever C is compactly generated, we have that the map

¢(c,p) factors as a map ObjDef]%2 — SimDeffC’E).

Proposition 4.3. Let k be a field, C a k-linear oco-category and E € C an object.
The sequence of natural transformations

ObjDef? — SimDef ¢ 5y — CatDefc
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from Construction 4.2 is a fiber sequence in Fun*(Algg)’art,g'). Consequently, the
functor SimDef ¢ g is a 2-prozimate formal Eg-moduli problem (in a larger uni-
verse). Moreover it induces a homotopy commutative diagram

ObjDefIJEE2 —— SimDef ¢ gy — CatDef¢

| |

ObjDef " —— SimDef(, 7 —— CatDef$

where the bottom line is a fiber sequence in Moduli],?.

Proof. The first assertion follows from the fact that the homotopy fiber of the functor
(PrI,;)l\/[Od]C ;= Prk at C is given by the Kan complex C=. The second assertion follows

directly from the existence of the fiber sequence and the fact that ObjDef%2 and
CatDefe are 1-proximate and 2-proximate respectively. The last assertion follows
from the fact that the three functors are m-proximate formal moduli problems for
some m and from the fact (after suitable enlargement of the universe) that the
functor L., : Prox(m)g, — Moduli%2 preserves small limits by Corollary 2.19. [

Remark 4.4. We can already deduce from Proposition 4.3 the tangent spectrum
of the formal Ey-moduli problem SimDef;. However, to avoid dealing with the Eo-
algebra associated to the formal Eo-moduli problem ObjDef%’A, we give a direct
construction of the Eq-algebra associated to SimDef(}, which will be useful in the

sequel.

Notation 4.5. Let k be a field, C a k-linear oco-category and E € C an object.
Consider the object (C, E) of the slice co-category (PrI,;)MOdk , and its endomorphism
monoidal k-linear oco-category Endy(C, E)® = End(PrI,;)Modk/((C’E))@‘ Denote by
§(C, E) = Endgyg, c,p) (d(c,r)) the Es-algebra over k given by endomorphisms of
the unit. By adjunction, this Es-algebra satisfies the following universal property:
for any Es-algebra A over k, there exits a homotopy equivalence

Map, @) (4,€(C, B)) ~ LMod, v (Pri)vod, /)™ X ik, = 1(C: E)}

where the right hand side is the space of left A-linear structures on the pair (C, F),
or in other words, the space of left A-linear structures on C acting trivially on F up
to equivalence.

Remark 4.6. Let k be a field, C a k-linear oco-category and E € C an object. By
definition of the slice co-category (PrI,;)Modk /, the k-linear oo-category Endy(C, E)
is the homotopy fiber of the k-linear functor evg : End(C) — C given by evaluation
at E. We deduce that the induced sequence

§(C, E) = £(C) — End¢(E)

is a fiber sequence of k-module spectra. We observe that the first map in the sequence
is a map of Eq-algebras over k.
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Proposition 4.7. Let k be a field, C a k-linear oco-category and E € C an ob-
ject. Consider the augmented Eq-algebra given by k @ £(C, E) and its associated
Eg-formal moduli problem Vygec py- Then there exists a natural transformation
SimDef ¢ gy — Wraec,p) which is O-truncated. Therefore the formal Eo-moduli
problem SimDefE\c’E) is given by the formula

SimDef(p g (A) ~ Map, | o (D®)(A),£(C, ).
k

Proof. We mimic the proof of [Lurb, Thm 5.3.16], replacing the center {(C) by
&(C, E). Following the same lines as in [Lurb, Const 5.3.18], we see that there exits
a homotopy commutative diagram

Deform[C, E] —— (Alg"™) e c.m)

| J

2),augn o 23 2),au
(Alg?)™8)or —2— Alg(?

where the upper functor sends a deformation (C4,FE4) over an augmented Eo-
algebra A to C seen as left tensored over D()(A) via the equivalence (D) (A) ®y
CA)®©(2)(A)®kAk ~ C together with the distinguished object E. This functor induces
a natural transformation

SimDef(c’E) — \I}kEBé(C,E') .

The same proof as [Lurb, Prop 5.3.17] but replacing the center £(C) by the Es-algebra
&(C, E) shows that this map is O-truncated. Finally [Lurb, Thm 5.1.9] implies that
the induced map SimDefE\Q B — Viae(c,p) 1s an equivalence. O

Remark 4.8. In the situation of Proposition 4.7, the universal property of the [Eo-
algebra £(C, E') (see Notation 4.5) implies that we have for each artinian Eg-algebra
A over k a natural homotopy equivalence

SimDef{p ) (A) =~ IModyypoq2 ((PrE)niod, /)™ X (P )atoa, )= LG B}

(2)(a)

with the space of left ®()(A)-linear structures on the oo-category C such that
D) (A) acts trivially on the object E.

Remark 4.9. Let &k be a field, C a k-linear oco-category and E € C an object. Recall
from Proposition 4.3 the existence of a fiber sequence of formal Eo-moduli problems

ObjDef;?" — SimDef(p, ) — CatDef{.
It induces a fiber sequence
QSimDef(p, ) — QCatDefs — ObjDef ;2"
which after taking the tangent spectrum gives a fiber sequence of k-module spectra

§(C, E) — &(C) — Endc(E).
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It can be seen that for each artinian Eq-algebra A over k, the map QCatDefp(A) —
ObjDef%’/\(A) sends an A-linear autoequivalence f4 : C®r A ~ C®y A of the trivial
deformation to the image fa(E ®j A) of the trivial deformation of E in C ®; A. From
this we can deduce that the fiber sequence of tangent spectra above is equivalent
to the fiber sequence given in Remark 4.6, although we will not use this fact. We
denote by xg : £(C) — End.(F) the map of k-modules induced by evaluation at E
and call it the obstruction map of E.

Remark 4.10. Let k£ be a field, C a k-linear oco-category and E € C an object.
Consider the homotopy commutative diagram

CatDefc(k @ k[m|) —— QCatDef¢(k @ k[m + 1)) —— ObjDef%2 (k@ k[m+1])

| J J

CatDef( (k @ k[m]) —— QCatDef[ (k & k[m + 1]) —— ObjDef%’/\(k‘ @ k[m + 1])

where the right square is induced by Proposition 4.3. The bottom left map is
an equivalence because CatDef{ is a formal moduli problem. By [Lurb, Thm 3.5.1],
there exists an isomorphism moCatDef{ (k @ k[m]) ~ HH™2(C). Moreover by [Lurb,
Thm 5.2.8] there is an isomorphism moObjDef(k @ k[m + 1]) ~ Extp"*?(E, E).
From Proposition 4.3 and taking 7, we have an induced commutative diagram

moSimDef ¢ gy (k & k[m]) —*— moCatDefc(k @ k[m]) —— moObjDef 2 (k ® k[m + 1])

J | |

moSimDef (, gy (k © k[m]) ————— HH™2(C) XE Ext??(E, E)

where the bottom line is exact in the middle. Let C; be a deformation of C over
k @ kim] and let ¢ = 0¢(C1). Suppose E; € C; deforms E or in other words that
E1 @rgkim) k =~ E in C1 Qrgrim) k = C. In this case we have a(Cy, E1) = C; and thus

xe(¢) = 0.

Example 4.11. We can now explain a simple example in which CatDef; fails to
be a formal moduli problem. It is taken from [KL09, Ex 3.14]. Let k be a field of
characteristic zero and A = k[u,u™!] the free graded commutative k-algebra gener-
ated by a degree 2 variable u and its inverse over k. We regard A as an E..-algebra
and let C = Mod 4 be the k-linear oo-category of A-module spectra. A computation
gives HH?(C) ~ k generated by the multiplication by u whose corresponding cocycle
is denoted by ¢,. Then for every non zero A-module M, we have that xas(¢,) # 0
in ExtQA(M , M) because multiplication by v on M is an equivalence. Suppose now
that ¢, is the image by the map o¢ : moCatDefc(k[t]/t?) — HH?(C) of a deformation
Cy of C over k[t]/t>. Then any M; # 0 in C; satisfies M = M, /2 k # 01in C, and
by Remark 4.10 we have xps(¢,) = 0, which is a contradiction. We deduce that ¢,
is not in the image of the map o¢ : moCatDefe (k[t]/t?) — HH2(C) and that CatDef
is not a formal Eo-moduli problem.
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Notation 4.12. Let k be a field, C a compactly generated k-linear co-category and
FE € C an object. For each artinian Eq-algebra A over k we denote by S imDeffa E) (A)
the summand of SimDef ¢ £)(A) consisting of 4-uplets (Ca,u, Ea,v) with C4 being
compactly generated. We obtain a functor

SimDeffaE) : Alg,(f)’art - S.

Proposition 4.13. Let k be a field, C a compactly generated k-linear oo-category
and E € C an object. The functor SimDef’fC g) s a 2-proximate Eo-moduli problem
and the inclusion SimDeffaE) — SimDef ¢ g) induces an equivalence of formal Eo-
moduli problems L(SimDef?aE)) ~ SimDefE\C,E). If moreover C is supposed to be
tamely compactly generated, then SimDef'faE) is a l-proximate formal Eo-moduli
problem.

Proof. A variant of Proposition 4.3 implies the existence of a homotopy commutative
diagram

ObjDef 2 —— SimDef{, ;) — CatDefg

| | |

ObjDef " —— SimDef (") —— CatDefg

where the two horizontal top maps are constructed in Construction 4.2. This dia-
gram implies the first two assertions. The last one follows from this diagram and the
fact that if C is tamely compactly generated then by [Lurb, Prop 5.3.21] the functor
CatDef( is 1-proximate. O

Remark 4.14. Let k be a field, C a tamely compactly generated k-linear oo-category
and F € C an object. Let m > 0 be an integer and consider the following commuta-
tive diagram induced by the commutative diagram of the proof of Proposition 4.13,
similarly to Remark 4.10.

moSimDef(, gy (k @ k[m]) —— moCatDef (k ® k[m]) —— moObjDefy? (k @ k[m + 1))

J ‘| |

moSimDef(p, gy (k & k[m]) ————— HH™2(C) XE Ext3(E, E)

The bottom line is exact in the middle. All vertical maps are injective because
when C is tamely compactly generated, the functors SimDeffC B) and CatDef; are

1-proximate and moreover ObjDefIg2 is 1-proximate. This implies that the upper
line is also exact in the middle, as a sequence of pointed sets. We deduce from this
that given a compactly generated deformation C; of C over k @ k[m], there exists an
object Ej € C; deforming E if and only if xg(6c(C1)) = 0.
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4.2 Deformations of associative algebras

We recall some known facts about the deformation functor of an associative algebra
and construct maps to the formal Es-moduli problem of its co-category of left mod-
ules and from the formal Es-moduli problem of simultaneous deformations of pairs
(C, E) given by taking endomorphisms.

Construction 4.15. Consider the functor Algf) — Alg(PrI,;) given on objects by

A+ LMod? (see [Lurb, Not 5.3.1] or §3.3). For an Es-algebra A over k, we denote
by Alg, = Alg(LMod%) the presentable co-category of A-algebras. Composing the
functor Alg,(f) — Alg(Prk) with the functor Alg : Alg(Prk) — Prl given by taking
algebra objects, we obtain a functor Algl(f) — Pr" sending an Es-algebra A to the
oo-category Alg 4 of A-algebras. This functor is classified by a cocartesian fibration
s Alg — Alg,(f) with fiber over an Eg-algebra A given by the oco-category Alg 4.
Consider the subcategory of s-cocartesian morphisms Alg®®®®* and the induced left
fibration Alge® — Alg!?.

Let B be an Ej-algebra over k. The oo-category of deformation of B is the
oo-category Deform[B] = (Alg®*") . ). The induced left fibration Deform[B] —

Alg/,(f)’aug is classified by a functor Alg,(f)’aug — S whose restriction to artinian Eo-
algebras is denoted by

AlgDefp, : Alg®™™ — §
For any artinian Eg-algebra A, the space AlgDefz(A) classifies pairs (B4, u) with
By an A-algebra and u : By ®4 k ~ B an equivalence of Eq-algebras over k.

Proposition 4.16. Let k be a field and B an E1-algebra over k. For every pullback
diagram
A—— Ay

|

A() —_— A01

m Alg,(f)’art, the induced map

AlgDef 5(A) — AlgDef 5(Ao) X AlgDef 5 (401) AlgDef (A1)

has (—1)-truncated homotopy fibers (or equivalently induces a homotopy equivalence
onto its essential image).

Proof. By [Lura, Thm 7.4], for every such pullback square in Alg,(f)’art, the induced

functor
LMOdA — Ll\/IOdA0 XLModAm Ll\/IOdA1

is fully faithful. Because the functor Alg : Alg(Pr®) — Pr" given by applying alge-
bra objects preserves small limits and preserves fully faithful functors, the induced
functor

Alg, — Alg(LMod 4, X LMod 4, LMody,) ~ Alg,, X Algy,, Alg 4,

is fully faithful, which implies our assertion. O
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Corollary 4.17. Let k be a field and B an Eq-algebra over k. For every artinian
Eq-algebra A over k, the space AlgDef 5(A) is essentially small. Therefore AlgDef
can regarded as a functor with values in the co-category S of small spaces.

Proof. Let m > 0 be an integer. By Proposition 4.16 the map AlgDef 5(k @ k[m]) —
QAlgDef z(k @ k[m + 1]) induces a homotopy equivalence onto its essential image.
Moreover the target of this map is homotopy equivalent to the homotopy fiber of the
restriction map Mapy, (B ®; A, B®y A) — Mapyy,, (B, B) at idp and is therefore
essentially small. This implies that AlgDefg(k @ k[m]) is essentially small for any
m > 0. Let now A be an artinian Es-algebra andlet A= Ag > A1 — ... > A, =k
be a finite sequence of maps such that for every 0 < i < n — 1 there exists an integer
m; > 0 and a pullback diagram

A — A

|

k—— k@ k[m;].
By Proposition 4.16 the induced map
AlgDefp(A) — AlgDefg(k) X AlgDet , (kak[m,)) AlgDefp(Ait1)

is a homotopy equivalence onto its essential image. We then deduce by descending
induction on i, using the first part of the proof that AlgDef;(A) is essentially small.
O

Corollary 4.18. Let k be a field and B an Eqi-algebra over k. The the functor
AlgDef 5 : Alg/,(f)"errt — S is a 1-proximate formal Eo-moduli problem.

Proof. It follows by combining Proposition 4.16 and Corollary 4.17. O

Proposition 4.19. Let k be a field and let B be an n-connective Eq-algebra over k
for some integer n (i.e. the underlying k-module of B is n-connective). Then the
functor AlgDef g is a formal Eo-moduli problem.

Proof. For an Eg-algebra A, let LModin denote the full subcategory of LModx
spanned by n-connective left A-modules. Moreover let Algf‘" denote the full sub-
category of Alg, spanned by the n-connective A-algebras. By a variant of [Lura,
Prop 7.6], for every pullback diagram

A%AO

| |

Al E— A01

in A]g,(f)’art such that the maps mgAg — mgAg1 < mpA1 are surjective, the induced
functor

LMod%" — LMod3" x . >n LMod3"
Aol

LMod
0
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is an equivalence, where LMOdi" is the oo-category of n-connective left A-modules.
Because for every Eq-algebra A’ the forgetful functor Alg 4 — LMod /s is conserva-
tive, the proof of [Lura, Prop 7.6] also shows that the induced functor

> > >
Algzn —_— Algzg XAlg%gl Algz?

is an equivalence. Remark that if M is an n-connective k-module and if My is a
deformation of M over an artinian Eo-algebra A’, then the A’-module My is n-
connective (see the proof of [Lurb, Prop 5.2.14]). By the above, this implies that
the induced map

AlgDef 5 (A) — AlgDef 5(Ao) X AlgDetj, (40;) AlgDef p(A1)

is a homotopy equivalence and therefore that AlgDef  is a formal Ey-moduli prob-
lem. O

Notation 4.20. Let k£ be a field and B an E;-algebra over k. Consider the co-

cartesian fibration s : Alg — Alg,(f) from Construction 4.15 and the cocartesian

fibration p : RCaty — Alg,(f) from §3.3. By [Lurd, Not 4.8.5.10] there exists a func-
tor Alg — RCaty which to a pair (A, B4) with A an Es-algebra over k and B4 an
A-algebra, assigns the pair (A, LModp,(LMody)) where LModp, (LMod4) is seen
as right tensored over LMod%. By [Lurd, Prop 4.8.5.1] the functor Alg — RCaty
sends s-cocartesian morphisms to p-cocartesian morphisms and therefore induces a
natural transformation AlgDefp — CatDefrnoq, which factors as a natural trans-
formation
M : AlgDef g — CatDeff \oq,

given on objects by applying the oco-category of left modules.

Notation 4.21. Let k be a field, let C be a compactly generated k-linear oo-category
and let £ € C be an object. Consider the cocartesian fibration s : Alg — Alg,(f)

from Construction 4.15 and the cocartesian fibration ¢ : RCat; — Algf) from Con-
struction 4.1. By [Lurd, Thm 4.8.5.11], there exists a functor RCat; — Alg which
to a triple (A,Ca, E4) with A an Eg-algebra over k, C4 a right A-linear oo-category
and Ea € Ca an object, assigns the pair (A, End;, (E4)) where End,, (E4) is seen
as an A-algebra. It is easy to see that the functor RCat;, — Alg sends g-cocartesian
morphisms to s-cocartesian morphisms and therefore induces a natural transforma-
tion
Ec,p) + SimDef(; gy — AlgDefp, g, (x)

given on objects by taking endomorphisms.

Remark 4.22. Let k be a field, let C be a tamely compactly generated k-linear oo-
category and let E € C be a compact generator of C. Let A be an artinian Es-algebra
over k, and suppose given a deformation C4 of C over A and a deformation F4 € Cz
of E. Then by [Lurb, Lem 5.3.31] we have that C4 is tamely compactly generated,
and [Lurb, Lem 5.3.37] implies that the object E4 is a compact generator of C4.
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Therefore by [Lurd, Thm 7.1.2.1] (Schwede-Shipley result), there exists a natural
A-linear equivalence
LModmeA(EA)(LModA) ~Cyx.

This fact implies that the diagram

. . &e,m)
SlmDef(C,E) —— AlgDefgpq, ()

MEn
m J End¢ (E)

CatDefg

commutes up to natural homotopy, where p g) is the natural transformation from
Construction 4.2 given by forgetting the distinguished object. Indeed, unwinding
the construction of each of these functors, we see that it suffices to produce for each
artinian Eq-algebra A over k an equivalence as above.

4.3 Formal deformations

Let k be a field and let C be a k-linear oo-category. Recall that under the assumption
that C is tamely compactly generated (see Definition 3.3), we have by [Lurb, Prop
5.3.21] that the natural transformation

fc : CatDefé — CatDef(

is (—1)-truncated. Under some additional assumptions on C, we now prove that
the map 6¢ induces a surjection on 7 for formal deformations, and therefore is an
equivalence on formal deformations (that is, over the adic ring k[[t]] of formal power
series). To prove this, we prove a stronger statement which implies the existence of
a compact generator for formal deformations.

We first set up some conventions about formal deformations.

Let n > 1 be an integer, let k be a field and let X : Alg/,(:)’art — &S be a functor.
Consider the discrete commutative algebra k[[t]] of formal power series in one variable
as an augmented [E,-algebra over k via the forgetful functor (]Algzug — Alglgn)’aug.
The space of formal deformations in X is by definition the space

X(K[[])) = Mapy,,ygomen ) (SPECKIE]), X)

where Spf : Alg,(:)’aug — Moduli,™ is the formal spectrum (see Notation 2.3).
Lemma 4.23. Let k be a field and let

...~ By — By — By

be an inverse system of discrete local artinian commutative k-algebras having same
residue field k. Let B = lim; B; be the limit. Let n > 2 and consider for each i
the algebra B; as an artinian E,-algebra and B as an augmented E,-algebra via
the forgetful functor CAlgzug — Alg,(gn)’aug. Then the natural map colim;Spf(B;) —
Spf(B) is an equivalence of formal E,-moduli problems. FEquivalently, the natural
map colim® ™ (B;) — D™ (B) is an equivalence of augmented B, -algebras over k.
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Proof. The statement for n = oo is given by [Lurc, Lem 6.3.3]. More precisely, let
R = k @ k[m] as an artinian E..-algebra for some integer m > 0 and consider the
homotopy commutative diagram

colimiMap gz (Bi, R) ——— Mapgp g (B, R)

J |

colimiMapAlg;Cn),aug (Bi, R) —— MapAlg;m,aug (B, R)
where the vertical maps are given by the forgetful functor CAlg;"® — Alg,(:)’aug.
By [Lurc, Lem 6.3.3] the horizontal top map is a homotopy equivalence. Denote by
CAngUlg’QQ and Alg,(gn)’aug’QQ the subcategories of discrete augmented [E,-algebras over
k and of discrete augmented E,-algebras over k respectively. As n > 2 the forgetful
functor induces an equivalence of categories CAngug’Q? ~ Alg,(fn)’aug’@. The Eso-
algebras B; and B being discrete, this implies that the vertical maps in the diagram
are homotopy equivalences. Therefore the horizontal bottom map is a homotopy
equivalence as well. We have proven that the map colim;Spf(B;) — Spf(B) induces
an equivalence on tangent spectra, which implies that it is an equivalence of formal
E,-moduli problems. The last statement follows from Lemma 2.5 by applying the

equivalence t(™ : Moduli%" — Alg](gn)’aug. O

Remark 4.24. Let n > 2 be an integer, let k be a field and let X : Alg}cn)"r’”rt )

be a functor. Applying Lemma 4.23 to the ring k[[t]] = lim; k[t]/t* of formal power
series in one variable over k, we obtain a natural homotopy equivalence:

X (k[[t]]) ~ Tim X (k[t]/1").

Therefore a point in X (k[[t]]) is essentially given by a formal family {n;}; of
points 7; € X(k[t]/t!) together with for every i > 1, a path p;(ni11) ~ n; in
X (k[t]/t)), where p; : X (k[t]/t'T1) — X (k[t]/t!) is the map induced by the pro-
jection k[t]/t"*1 — K[t]/t, plus higher coherences.

Remark 4.25. Let k£ be a field and let C be a compactly generated k-linear oc-
category. Remark 4.24 applied to the functor CatDef; : Alg,(f)’art — S implies
that a point in CatDefg(k[[t]]) is essentially given by a formal family {C;}; with
C; a compactly generated k[t]/t'-linear oo-category together with for each i > 1 a
k[t]/t"-linear equivalence Ciy1 @y pi+1 K[t] /1" ~ C;.

Remark 4.26. Let k£ be a field and let C be a k-linear oo-category. Consider the
space of formal deformations CatDef”(k[[t]) = Map,, , 1.1@2(Spf(k[[tﬂ),Ca‘cDefA).
(o] u1k

Applying the equivalence () : Moduli],f2 — Alg,(f)’aug, by Lemma 2.5 and [Lurb,
Thm 3.5.1] there exists natural homotopy equivalences

CatDef” (k[[t]]) = MapMOduhiz (Spf(k([t]]), CatDef()
~ Map, @0 (D (k[[t]). k  £(C))
~ Map, o) (D (K[[t]]), £(C)),
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where £(C) is the Eq-algebra given by the center of C.

The usual computation using the Koszul-Tate resolution gives 3 (k[[t]]) ~ k[u]
where k[u] is the augmented Eg-algebra over k associated to the free augmented
graded commutative k-algebra on one generator in cohomological degree 2 via the
forgetful functor. We deduce from this and from the universal property of the center
([Lurb, Rem 5.3.11]) that there exists a natural homotopy equivalence

CatDef( (k[[t]]) ~ MapAlgl(cz)(k[u],f(C)) ~ LMOdLMod%’[u] (Prk)= X (prly= {C}

with the space of left k[u]-linear structures on the co-category C.
Here is our first main result.

Theorem 4.27. Let k be a field and let C be a tamely compactly generated k-linear
oco-category which has a compact generator. Then the map

0L : CatDef$ (K[[t]) — CatDef( (k[[t]])
induced by Oc is a homotopy equivalence.
We will deduce Theorem 4.27 from the following intermediate statement.

Proposition 4.28. Let k be a field and let C be tamely compactly generated k-
linear co-category which has a compact generator E € C. Let a € CatDef( (k[[t]])
be any point. Then there exists another compact generator E* of C and a formal
deformation By of its endomorphism algebra B = End.(E") such that the connected
component of By is sent to the connected component of o by the composite map

roAlgDef 5 (K[[1]]) 28 moCatDefs (k[[t]) —25 moCatDefd (k[[t]]).
In particular, the map 0% : CatDefg (k[[t]]) — CatDef( (k[[t]]) is surjective on mo.

Proof of Theorem 4.27. By [Lurb, Prop 5.3.21] the map 0¢ : CatDef§ — CatDef is
(—1)-truncated. This implies that the induced map

0L B/Iaplvbduhi2 (Spf(k[[t]]), CatDefg) — MapModuli],EQ (Spf(k[[#]]), CatDef()

is (—1)-truncated as well. By Proposition 4.28 we have that the map 9@ is surjective
on g, which proves that it is a homotopy equivalence. ]

Here is another consequence of Proposition 4.28.

Theorem 4.29. Let k be a field and let C be tamely compactly generated k-linear
oo-category which has a compact generator E € C. Let C; = {C;}; be a compactly
generated formal deformation of C. Then there exists another compact generator
EY of C and a formal deformation By = {B;}; of its endomorphism algebra B =
End.(E") such that for every i > 1 there exists a k-linear equivalence C; ~ LModp;.
In particular, each C; is tamely compactly generated and admits a compact generator.
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Proof. Let C; = {C;}; be a compactly generated formal deformation of C. Consider
the vertex o = 05(C;) € CatDef(p (k[[t]]). Let E* € C be the compact generator
provided by Proposition 4.28 so that there exists a formal deformation By = {B;};
of B = End,(E") such that the connected component of B, is sent to the connected
component of a by the map 605 o m%;. But 0} is injective on my by Theorem 4.27, so
that for every ¢ > 1 there exists a k-linear equivalence LModpg, ~ C;. As C is tamely
compactly generated, the [E;-algebra B is ng-connective for some integer ng. By
Proposition 4.19 this implies that for every ¢ > 1 the E;-algebra B; is ng-connective,
and therefore that C; is tamely compactly generated. O

Remark 4.30. In the situation of Theorem 4.29, the fact that each C; is tamely
compactly generated for every compactly generated formal deformation C; of C is
already a consequence of [Lurb, Lem 5.3.31] and does not require the assumption
that C has a compact generator.

Proof of Proposition 4.28. Let a € CatDef{ (k[[t]]). Recall from Remark 4.26 the
existence of a homotopy equivalence CatDef} (Kk[[t]]) ~ Map Alg(z)(k‘[u],g((ﬁ)) with
k

the space of left k[u]-linear structures on C. We denote by C, the left k[u]-linear
structure corresponding to «. Let F be a compact generator of C. We exhibit
another compact generator of C on which k[u] acts trivially. The left k[u]-action
gives a map of k-modules k[u] — End(F) and consider the map ¢ : E — E[2]
given by the image of u. Define E* to be the homotopy fiber of ¢r in C, it is
well defined up to a contractible space of choice. We claim that the object E“ is
still a compact generator of C. That it is compact follows from the fact that the
subcategory C¢ C C spanned by compact objects is stable under finite colimits in C
and that C is stable. To see that it is a generator, let ' be an object of C such that
MC(E“, F) ~ 0 and we must prove that F' ~ 0. For this we can suppose that F' is
compact. The fiber sequence E* — E — E[2] induces a fiber sequence of k-module
spectra
Map,,(E, F)[~2] - Map,(E, F) = Map,(E", F) = 0

which implies that MapC(E, F) ~ MC(E, F)[—2]. Because C is tamely compactly
generated, we deduce that M(E,F ) ~ 0. But E is a generator of C and thus
F~0.

We adopt the notation

Ly~
LMOdLModf[u] (Pry)g = LMOdLModf[u

](PTIIS): X (pely= {C}

for the space of left k[u]-linear structures on C and similarly for left actions of k[u]
on the pair (C, E). Consider the diagram
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StmDeffe gy (k[[1]]) —— SimDef e guy (k[[t]) —— LMody 000 (Pri)noay/) e, )

&
AlgDefgyq, () (k[[H]) —— AlgDefp, (e (K[[H]) .
M
CatDef’ (k[[t]) —— CatDef) (k[[t]) — LMod, g (PrE)Z

where the notations £, M, and 6 have been removed indices for simplicity. By
construction, the two smaller squares in this diagram commutes up to natural ho-
motopy. Moreover the outer square commutes up to natural homotopy by virtue of
Remark 4.22. Therefore the right square is homotopy commutative as well, up to
natural homotopy. The two horizontal maps in the right square are equivalences by
[Lurb, Thm 5.3.16] and Proposition 4.7. Because C is supposed to be tamely com-
pactly generated and E compact, the E;-algebra End,(F) is no-connective for some
integer ng which implies that the map v is a homotopy equivalence by Proposition
4.19.

We claim that the object (Cy, E*) of (Prf)nodq, ; provides a lift of C, through
the map 7. Unwinding the definitions, we must show that E* admits a lift through
the functor Fung,, 4., (Mody,Cy) — Funy 4., (LMody,),Cu) = Cy induced by

the monoidal functor LMOd%u] — Mod? itself induced by the augmentation map

k[u] — k. By the right handed variant of [Lurd, Thm 4.8.4.1], there exists an

equivalence of oo-categories Fun;,; e (Modg,Cy) ~ RMody(Cy,). Therefore we
klu

must show that there exists a lift of E* through the forgetful functor RMod(C,) —
Cy. By a variant of [Lurd, Cor 4.2.4.4] this forgetful functor admits a right adjoint
C, — RModg(C,) given by the cofree right k-module functor which to an object
F € C, assigns the right k-module given by the exponential F*¥ of F by the left
k[u]-module k. There is a fiber sequence k[u] — k[u][-2] — k in LMody,), where
the first map is multiplication by . This implies the existence of a fiber sequence
E* — E[2] — E in C, and thus of an equivalence E¥ ~ E* in C,, which shows that
EF is sent to E" via the forgetful functor RMod(C,) — Cy.

We deduce that the pair (C,, E") provides a well defined object in the co-category
LMody /o d%@[u]((Pr%)Mod,c /)(c,pv) and therefore, by virtue of the commutative dia-

gram above, of a well defined object B; in AlgDefp, g (gu)(k[[t]) corresponding
to a formal deformation of the E;-algebra B = End,(E"). By commutativity of
the diagram, we have the equality of connected components [§ o M(B;)] = [@] in
moCatDef (k[[t]])-

O
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A Deformations as !-group actions

As a consequence of Corollary 2.19, we give a description of the formal Es-moduli
problem CatDef{ for C a k-linear oco-category over a field k in terms of !-actions of
the formal group QSpf(A) on C.

Notation A.1. Let k£ be a field and let C be a k-linear oo-category, we set the
notations Aute = QCatDefe and Aut!C = QCatDef. The natural transformation
Oc : CatDefy — CatDef/c\ induces a natural transformation Aute — Aut!C.

Remark A.2. Let k be a field and let C be a compactly generated k-linear oc-
category. Because the embedding CatDef; — CatDefc of compactly generated de-
formations into all deformations is fully faithful, the induced map QCatDef; —
QCatDefe = Aute is a homotopy equivalence.

Remark A.3. Let k be a field and let C be a k-linear co-category. By [Lurb, Cor
5.3.8] the functor CatDef¢ is a 2-proximate formal Eo-moduli problem, which implies
by Remark 2.10 that the functor Aut¢ is a 1-proximate formal Eo-moduli problem
and that the induced map QAute — QAut!C is an equivalence. By Corollary 2.19,
we deduce that the induced map La(Aute) — Autlc is an equivalence.

If in addition C is tamely compactly generated, then by [Lurb, Prop 5.3.21] we
have that CatDef; is 1-proximate and we deduce from Remark A.2 that Autc is a
formal [E9-moduli problem and that the natural map Aute — Autlc is an equivalence.

Remark A.4. Let k£ be a field and let C be a k-linear oco-category. It can be
shown that there exists a natural transformation Aute — ObjDefEfC which is an
equivalence, where id¢ is seen as an object of the k-linear oo-category Endy(C) of
k-linear endofunctors of C. Having this, we see that for every artinian Es-algebra A
the space Aute(A) parametrizes pairs (F4,u) with F4 an object of the oo-category
End(C)®,Mod 4 ~ Funlj(C®;, A,C®;, A) (which is necessarily an A-linear autoequiv-
alence of C®x A) and u : Fy®4k ~ id¢ an equivalence in End(C). Moreover the space
Auth(A) is the classifying space of right Ind-coherent A-modules in End(C) which
deforms ide, or in other words of pairs (Fa,u) with Fj4 an object in End(C) ® Mod',
and u : Fiy ® 4 k ~ id¢ an equivalence.

Corollary A.5. Let k be a field and C a k-linear co-category. Then the formal
Ea-moduli problem CatDef( is given by the formula

CatDef( (A) ~ Map, (QSpf(A), Autp).

E
%‘1’ (Moduli, 2)

If moreover C s tamely compactly generated, then the formal Eo-moduli problem
CatDef} is given by the formula

CatDef[ (A) ~ Map, . (QSpf(A), Aute).
On]El

(Moduli;2)

Proof. The first assertion follows from the definition of Auth and from Proposition
2.15. The second follows from the first combined with Remark A.3. O
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Construction A.6. (Ind-coherent sheaves on formal E1-moduli problems as a sym-
metric monoidal functor). Let k be a field. Consider the cocartesian fibration
RMod'(Mod;) — Alg¥* of [Lurb, Const 3.4.11] which is classified by the functor
v Algd™t — @oo given by v(A) = RMod!A and functoriality for a morphism
f: A — Bin Algi is given by the !-pullback f' : Mod!A — ModIB. The func-
tor f! preserves small colimits. It follows that v factors through the subcategory
Prl C Cato of presentable co-categories with functors that are left adjoints. The
full subcategory Algd™® C Alg, is stable under tensor product and therefore in-
herits a symmetric monoidal structure Algzrt’® from Alg%. A variant of [Lurd,
Thm 4.8.5.16] allows us to promote the functor v to a symmetric monoidal functor
v® Algzrt’® — Prlv@,

Recall that the Yoneda embedding j : Algd" — Fun,(Algd™ S)°? can be pro-
moted to a symmetric monoidal functor ;€ : Algzrt’® — Fun, (Alg?™*, §)°P* where
we endow the oo-category Fun, (Alg?™, S) with its cartesian monoidal structure. Ap-
plying the monoidal variant of [Lur09, Thm 5.1.5.6], we deduce that v® admits an

essentially unique factorization as a composition

op,x (QCOREE(-))

®
Algzrt’® 25 Fun, (Algy™®, S) pri®

such that the functor (QCoh', (—)') preserves small limits (recall that a limit in
Pr" can be computed as the limit of the corresponding diagram in @Oo). For any
functor X : CAlg¥™* — S, the oo-category QCoh!R(X ) is the k-linear oo-category of
right Ind-coherent sheaves on X and the symmetric monoidal structure expresses the
fact that for any two functors X,Y : Algi® — S, the natural functor QCol' (X) ®
QCoh’%(Y) = QCoh'y(X x Y) is an equivalence in Pr¥. Similarly we can define left
Ind-coherent sheaves.
Passing to right adjoints (through the symmetric monoidal equivalence
(Prt)or® ~ PrR®) we obtain a symmetric monoidal functor
(QCoh” (—)+)
e

Fun, (Algi™®, S)* prit®

where the functoriality is now given by the pushforward.

—X
Consider the lax symmetric monoidal inclusion Pr®® C Cat_.

Lemma A.7. Let k be a field. The restriction of the composition

Coh%® (=)« —
Fun, (Algy"®, S)* @ 0i>( ) )PrR’® C Cat:O

to the symmetric monoidal full subcategory Modulifgl’X spanned by formal Eq1-moduli

problems factors through the lax symmetric monoidal inclusion Pr™® C @; and
is symmetric monoidal, providing a symmetric monoidal functor

(QCoh}?, (—).) : Moduli, ™™ — Pri®.
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Proof. Let f : X — Y be a map of E;-formal moduli problems over k£ and let
fe : QCoh'y(X) — QCohk(Y) be the induced functor. We wish to show that f,
admits a right adjoint, or equivalently by the adjoint functor theorem [Lur09, Cor
5.5.2.9] that it preserves small colimits. Let A and B be the augmented E;-algebras
over k corresponding to X and Y respectively through the equivalence Modulig‘1 —
Alg;"®. Let ¢ : A — B be the map corresponding to f. By the Koszul duality
for modules [Lurb, Prop 3.5.1] there exists equivalences QCoh’(X) ~ LMod4 and
QCoh’%(Y) ~ LModp and the induced diagram

QCohl(X) —L5 QCohly(Y)

| |
LMod s —2 5 LModj

commutes up to homotopy, where ¢* is the left adjoint to the forgetful functor
vx : LModp — LMod4 along . The functor a* preserves small colimits which
implies that f, has the same property. The second assertion follows directly from
the existence of the symmetric monoidal functor (QCoh%, (—)') : (Moduli%l’x)‘)p —

L,®
Pr”™. O

Notation A.8. The symmetric monoidal functor (QCoh!’®,(—)*) provided by
Lemma A.7 will be simply denoted by QCoh!éQ Consider the unit Spec(k) in
ModuliI,fl’X as a commutative algebra object. We have an equivalence of commuta-
tive algebra objects QCoh's(Spec(k)) ~ Mody, in Pr'®. Therefore QCoh"® induces
a symmetric monoidal functor

x QCoh"®

Moduli,* =~ Modgpec(r) (Moduliz* ) Mod, ;4o (Pr)® = Prp®

®
Mod

into the symmetric monoidal co-category of presentable k-linear co-categories.
For any [E;-formal moduli problem X over @k, the  space
Map, quli® (Spec(k), X) ~ X(k) is contractible, which implies that the pro-

jection (Moduli%l)spec(k) ; — Moduliy is an equivalence of co-categories. Because
Spec(k) and Mody are the units of the symmetric monoidal oo-categories
ModuliI,Sl’X and Pri"® respectively, we have natural symmetric monoidal structures
((Moduli[,El)Spec(k)/)X and ((PrI,;)Modk/)‘g’ on the slice oo-categories (see [Lurd, Rem
2.2.2.5]). Moreover the symmetric monoidal functor QCohll’%® induces a symmetric
monoidal functor

Eq,x .y % QCOh!}%?* L ®

Moduli,»” ~ ((Moduli,, )Spec(k)/) — ((Prk)Modk/) .
The data of an object of the co-category (PrI,;)l\/[OdlC / is essentially given by a pair
(C,E) with C a k-linear oco-category and E an object of C. The functor QCoh!R?*
sends a formal moduli problem X to the pair (QCohk(X), k) where QCoh'(X) is
the k-linear oco-category of Ind-coherent sheaves on X and k is the skyscraper sheaf

with value k at the k-point of X. If A is the augmented E;-algebra of X, the sheaf k
corresponds to the left A-module A through the equivalence QCoh’R(X ) ~ LMod 4.
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We have the following consequence of [Lurd, Thm 4.8.5.11].

Proposition A.9. Let k be a field. The symmetric monoidal functor
QCohj’, : Moduliy™™ — ((Prf)nod,/)®

admits a lax symmetric monoidal right adjoint which sends a pair (C,E) to the
formal E1-moduli problem ObjDefE\aE) of deformations of E in C.

Proof. By [Lurd, Cor 7.3.2.7], it suffices to show that the underlying functor QCoh!R*

of QCoh;’ﬁ admits a right adjoint. By Koszul duality for modules [Lurb, Prop 3.5.1],
there exists a homotopy commutative diagram

QCohl, ,
Moduliy" ———"— (Pr})rsoa, /

(D)
J /

Alghe

where t(1) is the equivalence of [Lurb, Thm 3.0.4] and ©, is the composition of the
functor constructed in [Lurd, Const 4.8.3.24] with the forgetful functor Alg;™® —
Alg,.. Therefore ©, is given on objects by ©,(A) = (LModa, A). By [Lurd, Thm
4.8.5.11], ©, has a right adjoint which sends a pair (C,E) to the augmented E;-
algebra k @ End,(E), with End,(FE) the E;-algebra of endomorphisms of E in C.
This implies that QCoh!R* has a right adjoint, which by [Lurb, Thm 5.2.8] recalled

in §3.2, is given on objects by (C, F) — ObjDefé\C’E). O

Remark A.10. Let k be a field. Consider the restriction functor Rest : ModuliI,E1 —
Moduli;? which admits a left adjoint Ext : Moduli;> — Moduli," given by the left
Kan extension along the forgetful functor Algl,(f)’a]rt — Alg?*. By composition we

obtain from Lemma A.9 that the symmetric monoidal functor
QCoh;’gi : ModuliI]E%X — ((PrI,;)Modk/)®
admits as right adjoint the lax symmetric monoidal functor

ObjDef®2" : ((Prf)ypoa, /)® — Moduliy>

where ObjDefI(Egﬁ’g) is the restriction of the formal E;-moduli problem ObjDef(Aa B)

on Es-algebras. Passing to algebra objects, we obtain a functor
Alg(QCoh'2) : Mong, (Modulif?) — Alg(Pr})

with right adjoint given by the functor ObjDef®2"" sending a pair (D%, 1) where
D® is a monoidal k-linear oo-category and 1 its unit object to the formal moduli

problem ObjDefI(%’/ﬁ) of deformations of 1 in D.
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Corollary A.11. Let k be a field and let C be a k-linear co-category. Then the
formal Eo-moduli problem CatDef} is given by the formula

CatDef} (A) ~ Funf (QCohk® (QSpf(A)), End(C)®)~.
In other words CatDef( (A) is naturally homotopy equivalent to the space
Ly~
LMod oo aspiay Prr) ™ X pry~ {C}

of left actions of the monoidal co-category QCoh!}’%:@(QSpf(A)) on C.

Proof. By Corollary A.5, for A an artinian Eg-algebra, there is a natural homotopy
equivalence

CatDef( (A) ~ Map, (QSpf(A), Autp).

E
]%Ii (Moduli, 2)

Besides, there exists an equivalence of functors Aute ~ ObjDef%’C which induces a

natural equivalence Aut!c ~ ObjDef%c’/\. Applying the adjunction of Remark A.10,

we obtain a natural homotopy equivalence

Map, o goquiiz) (2SPE(A), Autl) ~ Fun®(QCoh' ¥ (QSpf(A)), End(C)®)™
1

which proves our claim. O
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