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ENDOMORPHISM ALGEBRAS OF ABELIAN VARIETIES WITH
SPECIAL REFERENCE TO SUPERELLIPTIC JACOBIANS

YURI G. ZARHIN

ABSTRACT. This is (mostly) a survey article. We use an information about
Galois properties of points of small order on an abelian variety in order to
describe its endomorphism algebra over an algebraic closure of the ground
field. We discuss in detail applications to jacobians of cyclic covers of the
projective line.
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1. DEFINITIONS AND STATEMENTS

Throughout this paper K is a field and K, its algebraic closure. We write
K3 C K, for the separable algebraic closure of K in K, and Gal(K) for the
absolute Galois group Gal(K®*P/K) = Aut(K,/K). Throughout the paper ¢ is a
prime different from char(K). If A is a finite set then we write |A] for its cardinality.
For every abelian varieties X and Y over K, we write Hom(X,Y") for the group of
all K,-homomorphisms from X to Y.

If X is an abelian variety of positive dimension over K then Endg(X) and
End(X) stand for the rings of all its K-endomorphisms and K,-endomorphisms
respectively. It is known [11] that all endomorphisms of X are defined over K®°P.

The ring Endg (X) is a subring of End(X) and they both have the same identity
element (automorphism), which we denote by 1x. We write End% (X) and End"(X)
for the corresponding Q-algebras Endg (X) ® Q and End(X) ® Q; they both are
semisimple finite-dimensional algebras over the field Q of rational numbers. We
have

Q- 1x € End%(X) ¢ End’(X).

The aim of this paper is to explain how one may obtain some information about
the structure of End’(X) in certain favorable circumstances, knowing only the
Galois properties of certain points of prime order and the “multiplicities” of the
action of a certain endomorphism field on the differentials of the first kind on X.
One may view this paper as an exposition of ideas that were developed in [38] and
[44, [45] and applied to superelliptic jacobians and prymians [37, [38] [36, [46] [47].
We also use this opportunity to correct inaccuracies in the statements of Theorems
1.1(ii), 3.12(ii), 5.2(ii) and Remark 3.2 of [44] and fill gaps in the proof of Theorem
3.12(ii) (44, p. 702] in [44] p. 697]). (See also [45] for the corrected version of
[44].) We also fill a gap in the proof of [38, Theorem 4.2,(i) and (ii)(a)] (caused by
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improper use of [7, Theorem 4.3.2] in [38, Remark 4.1]), see below Theorems [B.1]
and 54 and their proofs (Section ().

Here is a couple of sample results that deal with jacobians J(CY,,) of (smooth
projective models of) superelliptic curves

Crp 9’ = ()
Hereafter p is a prime and we assume that char(K) # p while f(z) € KJz] is a
separable polymomial of degree n > 3. We write Z[(p] for the ring of integers in
the pth cyclotomic field Q(¢,). (When p = 2 we have Z[(,] = Z and Cy2 becomes

the hyperelliptic curve y?> = f(z).) The choice of a primitive pth root of unity in
K, gives rise to a natural ring embedding

Z[Gp] <= End(J(Cf,p))

(see [18, I5] and Section [§ below). If p does not divide n then the dimension of
J(Cyp)is (n—1)(p—1)/2; otherwise it is (n — 2)(p — 1)/2.

Theorem 1.1 (see Th. 2.1 of [27], Th. 2.1 of [37] and Th. 3.8 of [38]). Let us
assume that char(K) # 2 and f(x) € Klz] is an irreducible polynomial of degree
n > 5, whose Galois group Gal(f) over K enjoys one of the following two properties.

e char(K) # 3 and Gal(f) is either the full symmetric group S, or the alter-
nating group A, ;
o n € {11,12,22,23,24} and Gal(f) is isomorphic to the corresponding Math-
ieu group M,,.
Let Cro : y* = f(x) be the corresponding hyperelliptic curve of genus [(n — 1)/2]
over K and J(Cjy,2) its jacobian, which is a [(n —1)/2]-dimensional abelian variety
over K.
Then End(J(Cy,2)) = Z. In particular, J(Cr2) is absolutely simple.

Theorem 1.2 (see Th. 1.1 of [36]). Let us assume that char(K) =0 and f(x) €
K[x] is an irreducible polynomial of degree n > 5, whose Galois group Gal(f) over
K is either the full symmetric group S, or the alternating group A,. Let p be
an odd prime, Cy,, the corresponding superelliptic curve over K and J(Cy,p) its

jacobian, which is an abelian variety over K.
Then End(J(Cy,p)) = Z[(p). In particular, J(Cyp) is absolutely simple.

Theorem 1.3 (see Th. 1.1 of [44], Th. 1.1 of [45] and Theorem [ below). A
Suppose that K has characteristic zero, n > 4 and p is an odd prime that does not
divide n. Assume also that either n =p+ 1 or p does not divide n — 1.

Suppose that K contains a primitive pth root of unity and Gal(f) is a doubly
transitive permuation group (on the set of roots of f(x)) that does not contain a

proper normal subgroup, whose index divides n — 1.
Then End(J(Cy,p)) = Z[(p]. In particular, J(Cyp) is absolutely simple.

The paper is organized as follows. Section[2contains basic definitions and reviews
elementary results concerning the structure of End’(X) and End% (X ) under certain
assumptions on the Galois properties of the group X, of points of prime order ¢ on
X related to the image (N?g)XJ( of the Galois group in Aut(X,). These results are
generalized in Section [3] when X admits multiplications from the ring O of integers
in a number field E and X, is replaced by the group X, of points on X that are

Un Th. 1.1 of [44] the assertion (ii)(a) actually is not proven and should be ignored.
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killed by multiplication from a maximal ideal A C O. (The results of Section
correspond to the case O = Z,E = Q,\ = ¢Z.) In order to prove the results of
Section Bl we need to use results from the theory of (central semi)simple algebras
over fields, which are discussed in Sectiondl We prove the assertions of Section [3in
Section Bl In Section [Al the Lie algebra Lie(X) of X (which is the dual of the space
of differentials of the first kind) enters the picture: assuming that char(K) = 0,
we discuss the action of F on Lie(X), which allows us to extend the results of
Section We are going to apply these results to superelliptic (hypergeometric)
jacobians J(C},,) of curves C , and their natural abelian subvarieties J(/9)| which
are provided with the action of the gth cyclotomic field E = Q(({,) where ¢ is
a prime power. (Here Cy 4 is the smooth projective module of the affine curve
y? = f(x) where f(x) is a polynomial without multiple roots.) In order to do
this, we need to discuss certain constructions related to permutation groups and
permutation modules, which is done in Section [} Section [§] contains results about
endomorphism algebras of J(/9). Section [ contains auxiliary results about the
structure of the Galois module J;f 9 where \ is the maximal ideal of the qth
cyclotomic ring Z[(,] generated by (1 — ().
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the first version of the manuscript and made numerous valuable comments and
suggestions that helped to improve the exposition. Part of this work was done in
June 2017 during my stay at Steklov Mathematical Institute (Russian Academy of
Sciences, Moscow), whose hospitality is gratefully acknowledged.

2. DEFINITIONS AND FIRST STATEMENTS

2.1. We write Ck x and C'x for the centers of End% (X) and End’(X). Both Ck x
and C'x are isomorphic to direct sums of number fields; each of those fields is either
totally real or CM. It is well known that X is K-isogenous to a self-product of a K-
simple abelian variety Zk (respectively, is isogenous over K, to a self-product of an
absolutely simple abelian variety Z over K,) if and only if Ck x (respectfully, Cx)
is a field. If this is the case then there is a canonical isomorphism between the fields
Ck.x and Ck z, (respectfully between the fields Cx and Cz). In addition, Cx
is a field if and only if End®(X) is a simple Q-algebra. In general, the semisimple
Q-algebra End®(X) splits into a finite direct sum

End’(X)= > D,
s€T(X)

of simple Q-algebras D,. (Here the finite nonempty set Z(X) is identified with
the set of (nonzero) minimal two-sided ideals in End”(X).) Let e, be the identity
element of D,  End’(X). We have

1x = Z es € Eme(X)7 e2 =e,, eser =0 Vs #t.
s€Z(X)
Let us choose a positive integer N such that all Nes € End(X) and consider
X := (Nes)(X) C X,

which is an abelian subvariety of X that is defined over K,.
The following assertion is contained in |38 Remark 1.4 on pp. 192-193].
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Lemma 2.2. (i) The Q-algebras Dy and End®(X,) are isomorphic. In par-
ticular, EndO(XS) is a simple Q-algebra, i.e., X is isogenous over K, to a
self-product of simple abelian variety over K,.

(ii) Hom(Xs, X;) = {0} for each s £t .
(iii) The natural K,-homomorphism of abelian varieties

H X — X {xs SET(X) Z Ts
s€I(X) SET(X)
1S an isogeny.
2.3. Since X is defined over K, each 0 € Gal(K) and u € End(X) give rise to
“u € End(X) such that
u(z) = o(uloc™'z)) Vo € X(K,).
This gives us a continuous group homomorphism [22]
kx i Gal(K) — Aut(End(X)), kx(o)(u) =7 u Vo € Gal(K),u € End(X)

with finite image. (Here Aut(End(X)) is provided with discrete topology). If L/K
is a finite separable algebraic field extension with L C K*°P then Gal(L) is an open
subgroup of finite index in Gal(K') and the restriction of kx x to Gal(L) coincides
with

kx,r: Gal(L) — Aut(End(X)).
It is well known that Endy (X) coincides with the subring End(X)%(5) of Gal(L)-
invariants, i.e.,

Endp(X) ={u € End(X) |7 w=u Vo € Gal(L)}.
In particular,
Endg (X) = End(X)% ) = {4 € End(X) |” v = u Yo € Gal(K)}.

The kernel ker(kx ) is a closed normal subgroup of finite index in Gal(KX) and
therefore is open, i.e. coincides with the Galois (sub)group Gal(Fx k) of a cer-
tain overfield Fx x O K such that Fx x C K*P and Fx /K is a finite Galois
extension. Clearly, Endy(X) = End(X) (i.e., all endomorphisms of X are defined
over L) if and only if L D Fx k. In general, Fx 1 coincides with the compositum
]:XJ(L of ]:X,K and L in K5°P,

The following assertion is contained in |38 Remark 1.4 on pp. 192-193].

Lemma 2.4. The finite subset {Nes | s € Z(X)} of End(X) is Gal(K)-stable. If
Endg (X) has no zero divisors then the action of Gal(K) on Z(X) is transitive and
which does not depend on a choice of s € T(X).

Corollary 2.5. If End%(X) is a number field then the action of Gal(K) on Z(X)
is transitive and |Z(X)| divides dim(X).

Proof. Since End% (X) is a number field, Endg (X) is an order in this field and
therefore has no zero divisors. So, we may apply Lemma [2.4] and get the desired
transitivity and the equality dim(X,) = dim(X)/|Z(X)|. Since all three numbers
dim(Xy), dim(X) and |Z(X)| are nonzero integers, we conclude that |Z(X)| divides
dim(X).



ENDOMORPHISM ALGEBRAS OF ABELIAN VARIETIES 5

Theorem 2.6. Let F'/K be a finite Galois field extension such that F C K and
all endomorphisms of X are defined over F. If End?((X) is a number field and
Gal(F/K) does not contain a proper subgroup, whose indezx divides dim(X) then
TI(X) is a singleton, i.e., End’(X) is a simple Q-algebra.

Proof. Since all endomorphisms of X are defined over F,
F> ]'—X,K7 Gal(F) C Gal(]:XJ()

and kx g : Gal(K) — Aut(End(X)) factors through the quotient Gal(K)/Gal(F) =
Gal(F/K). This implies that the action of Gal(K) on Z(X) also factors through
Gal(F/K). By Corollary Gal(K) acts transitively on Z(X) and therefore
the corresponding Gal(F/K)-action on Z(X) is also transitive. This implies that
Gal(F/K) has a subgroup of index |Z(X)|. By Corollary2H, |Z(X)| divides dim(X)
and therefore this subgroup must coincide with the whole Gal(F/K), i.e., Z(X) is
a singleton. ([

Let X/ be the kernel of multiplication by £ in X (K,). It is well known [T}, [14] that
X, is a Gal(K)-invariant subgroup of X (K®°P), which is (as a group) a 2dim(X)-
dimensional vector space over the prime finite field I, of characteristic £. This gives
rise to the natural continuous group homomorphism

POXK : Gal(K) — Aut]y‘e (Xg),

whose image we denote by ég_’ x,k- By definition, we get the surjective continuous
homomorphism

PoXK - Gal(K) — éé,X,K C Autg, (Xg)

One may view the vector space X, as (faithful) ég_’ x,kx-module.
The next well known lemma goes back to K. Ribet [I7] and S. Mori [10].

Lemma 2.7. ([38, Lemma 1.2 on p. 191]) If the centralizer
Endg, ,  (X¢) = Fy
then
Endg (X) = Z, End%(X) = Q.
The next statement follows readily from [38, Th. 1.5 on pp. 193-194].

Theorem 2.8. Let us assume that Endg, K(X[) is a field. Suppose that ézﬂxy[(

does not contain a proper subgroup, whose index divides dim(X). Then End’(X)
is a simple Q-algebra.

The following assertion is an immediate corollary of Theorem 2.8 and [38, Th.
1.6 on pp. 195].

Theorem 2.9. Let us assume that

End (Xg) = F@.

G, x,K

Suppose that C;'& x,k does contain neither a proper subgroup with index dividing

dim(X) nor a normal subgroup of index 2. Then End°(X) is a central simple
Q-algebra.
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3. ABELIAN VARIETIES WITH MULTIPLICATION

In this section we discuss analogues of results of Section [l when the endomor-
phism algebra of an abelian variety contains a given number field.

3.1. Let F be a number field and
i:E < End%(X) c End’(X)

be a Q-algebra embedding such that (1) = 1x. It is known [21l Prop. 2 on p. 36])
that the degree [F : Q] divides 2dim(X). Let us put
o 2dim(X)
PUUEQ
We write End’ (X, i) for the centralizer of i(E) in End’(X) and End% (X, ) for the
centralizer of i(E) in End% (X). We have

i(E) ¢ End%(X,i) ¢ End’(X,4) € End°(X), End%(X,i) C End%(X) C End’(X).

We write i(E)Cx for the compositum of i(E) and Cx in End’(X). In other words,
i(F)Cx is the image of the homomorphism of Q-algebras

i®idoy 1 E®gCx — End’(X), e® ¢ i(e)c.

Clearly E ®g Cx is a direct sum of fields, each of which contains a subfield iso-
morphic to E. This implies that i(E)Cx is a direct sum of fields, each of which
contains a subfield isomorphic to E. (In addition, each such a field contains a
subfield isomorphic to Cx if the latter is a field.)

Clearly, i(E)C'x commutes with i(E) and therefore lies in End’(X,4) and even
in its center.

The next three assertions will be proven in in Section

The first one is a corollary of standard facts about centralizers and bicentralizers
of semisimple subalgebras of semisimple algebras. (See Theorem E.] below.)

Theorem 3.2. EndO(X, i) is a finite-dimensional semisimple Q-algebra, whose
center coincides with i(E)Cx.

The next two statements deal with the E-dimension of End®(X,1).

Theorem 3.3. Let us consider End®(X,i) as an E-algebra. Then the E-algebra
End’ (X, i) is semisimple and

. 2
dimp(End’(X, 1)) < (Q?EIL(S]))
Theorem 3.4. Suppose that
dimp (End’(X, 1)) = (%) .

Then E contains Cx and therefore Cx is a field. In addition, End®(X,1) is a central
simple E-algebra and X is an abelian variety of CM type over K,. In particular,
X is isogenous over K, to a self-product of an absolutely simple abelian variety of
CM type over K,.
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Example 3.5. Let £ = Q. Then End’(X,4) = End’(X). We have
dimg (End” (X)) < (29)*;

the equalty holds if and only if char(K,) > 0 and X is isogenous over K, to a
self-product of a supersingular elliptic curve [27].

3.6. Let O be the ring of integers in E. If A is a maximal ideal in O then we write
k()) for its (finite) residue field O/, For all but finitely many A

char(k())) # char(K).
Let us assume that
i(0) C Endg(X).
Then the center of Endx (X, %) contains (O) and Endg (X, ) becomes an i(O) = O-
algebra. Notice that O is a Dedekind ring and the O-module Endk (X) is finitely
generated torsion-free. Therefore Endg (X) is isomorphic (as an O-module) to a

direct sum of finitely many nonzero ideals of O. Let us assume that char(k()\)) #
char(K') and consider

Xn={re X(K,) |i(u)z=0YueC O} C X(K,).

It is known [I6] that X, is a Gal(K)-invariant finite subgroup of X (K®°P) that
carries the natural structure of dx g-dimensional vector space over k(\). The Galois
action on X, induces the continuous group homomorphism

PANXK - Gal(K) — Autko\) (Xk),

whose image we denote by C~¥>\)X7K. As above (in the case of E = Q,0 = Z,\ =
(7)), we get the surjective continuous group homomorphism

pax = paxk 1 Gal(K) — Gy x k C Autyn (Xn).
If K' ¢ K®*P is an overfield of K then py x, ks coincides with the restriction of
Prx,k to Gal(K') C Gal(K).
Let K(X,) C K®*P be the field of definition of all points of X,. Then the
subgroup Gal(K (X)) of Gal(K) coincides with ker(px x k), K(X»)/K is a finite
Galois extension and py x x induces the canonical isomorphism

Gal(K (X,)/K) = Gal(K)/Gal(K (X)) 2 G x.x C Aty (X5).

3.7. We will need the following result related to the notion of minimal covers of
groups [8].

Lemma 3.8. Let F/K be a finite Galois field extension and let L/K be a Galois
field extension such that

KcCcLCF.
Then there exists an overfield K of K that is a subfield of F' and enjoys the following
properties.

(i) KCKCF.

(ii) Let ¢ic.r be the restriction of the natural surjective group homomorphism
Gal(F/K) — Gal(L/K) to Gal(F/K) C Gal(F/K). Then the group homo-
morphism ¢x. 1 : Gal(F/K) — Gal(L/K) is surjective.

(iii) K is mazimal among the fields that satisfy (i) and (ii).

Proof. Clearly, K = K satisfies (i) and (ii). The existence of maximal K follows
from the finiteness of the set of intermediate fields that satisfy (i). O
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Remark 3.9. (i) The maximality of K in Lemma [3:8 means that surjective
¢x. : Gal(F/K) — Gal(L/K) is a minimal cover in a sense of [§], i.e., if H
is a subgroup of Gal(F/K) that maps onto Gal(L/K) then H = Gal(F/K).
Indeed, the subfield F* of F enjoys the properties (i-ii) and contains
FGal(F/K) — K In light of the maximality of K, we have F¥ = K and
therefore Gal(F/K) = H. (Such a K is not necessarily unique.)

ii) Suppose that H is a subgroup in Gal(F/K) of index d > 1. By (i), the
index d' := (Gal(L/K) : ¢xc,.(H)) > 1. I claim that d’ divides d. Indeed, if

¢ = ¢x,L then
de |Gal(F/K)| _ |ker(¢)] - |Gal(L/K)| _
|H| | ker(¢) N H||p(H)|
|ker(¢)|  |Gal(L/K)| _ |ker(¢)|

d.

|ker(¢) NVH|  [¢(H) | ker(¢) N H]
Since ker(¢) () H is a subgroup of ker(¢), Lagrange’s theorem tells us that
| ker(¢) () H| divides | ker(¢)| and therefore d’ divides d.
This implies that if d > 1 is an integer such that Gal(L/K) does not
contain a proper subgroup of index dividing d then Gal(F/K) also does not
contain a proper subgroup of index dividing d.

Remark 3.10. Let K, L, F be as in Lemma 3.8 Suppose that T is a field that is
an overfield of K" and a subfield of F'. Since the field extension L/K is Galois, the
field extension T L/T is also Galois. Hereafter TL is the compositum of 7 and L,
which is a subfield of F' with

(1) [TL: K] <[T:K]L:KJ

the equality holds if and only if 7 and L are linearly disjoint over K.

The assertion that T enjoys the property (ii) of Lemma 3.8 means that 7 and L
are linearly disjoint over K. Indeed, suppose that 7 and L are linearly disjoint
over K. Then

[TL: K] =[T : K|[L: K].
Since

[TL:K]=[TL:T]T : K],
we conclude that [TL : T] = [L : K] and therefore the natural injective group
homomorphism (“restriction” to L)

resy : Gal(TL/T) — Gal(L/K)

is a map between two finite groups of the same order [L : K] and therefore is
an isomorphism. Notice that resy coincides with the restriction to Gal(7L/T) C
Gal(F/K) of ¢, : Gal(F/T) — Gal(L/K). This implies that ¢7 1, is surjective,
i.e., T enjoys the property (ii) of Lemma B8

Conversely, let us assume that ¢ is surjective. Notice that ¢7 ; factors
through Gal(F/T) — Gal(TL/T) and therefore the surjectiveness of ¢ 1 implies
(actually, is equivalent to) the surjectiveness of

resy, : Gal(TL/T) — Gal(L/K),
which, in turn, implies the inequality [TL : 7] > [L : K]. This implies that
[TL:K])=[TL:[T|[T:K|>I[L:K]|T:K],
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which tells us in light of ([I) that
[TL: K|=[L: K]|[T : K|,

i.e., 7 and L are linearly disjoint over K.

This means that 7 enjoys the properties (i)-(iii) of Lemma B8 if and only if it is
maximal among overfields of K that lie in F' and are linearly disjoint with L over
K.

Remark 3.11. Let us apply Lemma B8 and RemarkBJto L = K (X)) and choose
as F' C K any finite Galois extension of K that contains both K (X)) and Fx k;
in particular, all endomorphisms of X are defined over F'. We have

Cal(L/K) = Gal(K(X»)/K) = G\ x.x-

Clearly, px x,k factors through Gal(K)/Gal(F) = Gal(F/K), and for each overfield
K' C F of K the image

Ghrx. k' = Pax. i (CGal(K"))
coincides with the image of
Gal(F/K') = Gal(K (X))/K') = G x,x C Gax,x C Autyn(X»).
Now if we take as K a field K that enjoys the properties (i)-(iii) of Lemma B8] then
Gax.x = Gax,x C Autyy (Xy)
and the surjective group homomorphism
dx : Gal(F/K) — Gal(L/K) = G x .k
is a minimal cover. In particular,

End

G X, K

(X)) = Endg

G, x,K

(X2)-

In addition, if d > 1 is a positive integer such that éA,X_,K does not contain a proper
subgroup, whose index divides d then Gal(F/K) also does not contain a proper
subgroup, whose index divides d. Notice also that since all the endomorphisms of
X are defined over F, i,e., kx, i kills Gal(F), there is the natural homomorphism

Gal(F/K) = Gal(K)/Gal(F) — Aut(End(X, 1))

induced by rx, k such that
Endg (X, i) = End(X, )G F/K")
for all fields K’ with K ¢ K’ C F, including K’ = K or K.
Lemma 3.12. ([44, Lemma 3.8 on p. 700]/) If the centralizer
Endg, . (X2) = k()
then Endg (X, 1) = i(O).
Since the natural Q-algebra homomorphisms
ORQ—=FE, i(0)Q —i(F)

are obvious isomorphisms, Lemma [3.12] implies the following assertion.
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Corollary 3.13. If the centralizer

End (X2) = k(N

é)\,X,K
then End% (X, 1) = i(E).
Theorem 3.14. Let us assume that

Endg, _ (X2) = k().

Suppose that G;HXJ( does not contain a proper subgroup, whose index divides dx .
Then:

(i) End®(X) is a simple Q-algebra;
(ii) i(E) contains Cx, i.e., the center i(E)Cx of End®(X,i) coincides with
i(B);
(iii) End’(X,4) is a central simple i( E)-algebra.

We prove Theorem [3.14] in Section

4. SEMISIMPLE SUBALGEBRAS OF SEMISIMPLE ALGEBRAS

This section contains auxiliary results about semisimple algebras over fields that
will be used in the proof of Theorems [3.2] and 34 in Section Bl All associa-
tive algebras, subalgebras and rings are assumed to have 1. Let k be a field, A a
finite-dimensional central simple k-algebra. We write End(A) for the ring of en-
domorphisms of the additive abelian group A and Endy(A) for the k-algebra of
endomorphisms of the k-vector space A. We have

k-idy4 C Endg(A) C End(A)

where id 4 is the identity endomorphism of A. One may view Endg(A) as the
centralizer of k - id4 in End(A). We write A°PP for the opposite algebra of A; it
is well known that A°PP is also simple central over k and the natural k-algebra
homomorphism

A ®p AP — Endi(A), u®@v — {z— uzv V z € A}

is an isomorphism of (central simple k-algebras). Further we will identify A&y A°PP
with Endy(A) via this isomorphism and

A=A®1, APP =1 AP

with corresponding k-subalgebras of Endg(A). Tt is well known that the centralizer
of A® 1 (resp. of 1 ® A°PP) in End(A) actually lies in Endg(A) (because both
subalgebras contain k® 1 = 1® k = k -id4) and coincides with 1 ® A°PP (resp.
with A® 1).

Let B be a k-subalgebra of A. Let Z4(B) be the centralizer of B in A. Clearly,
Z4(B) is a k-subalgebra of A; in addition, B lies in the double centralizer of B, i.e.,
in the centralizer Z4(Z4(B)) of Z4(B). It is also clear that the center of B lies in
the center of Z4(B). The following assertion is well known in the case of simple B.

Theorem 4.1. Suppose that B is a semisimple k-algebra. Then Z4(B) is also a
semisimple k-algebra. In addition, the centralizer of Z4(B) in A coincides with B,
i.e., B coincides with its own double centralizer in A.

In particular, the centers of B and Zg(.A) do coincide.

If, in addition, B is commutative then the center of ZA(B) coincides with B.
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Proof. The tensor product B ®j A°PP is a semisimple k-algebra, because A°PP is
central simple and B is simple. The algebra

ZAB)=Z4B)®1C A®j APP = Endi(A)
coincides with the centralizer of the semisimple algebra
B ®j, A°PP C A® A°PP = Endg(A),

i.e., it is the endomorphism algebra of the semisimple B ®j A°PP-module A and
therefore is semisimple. By the Jacobson density theorem, the double centralizer
of

B &y APP € A®), APP = End,(A)

coincides with B ®g A°PP. On the other hand, if C is the double centralizer of B in
A then C contains B and C ®j, A°PP lies in the double centralizer of B®y A°PP | i.e.,

C®p APP C BoYP.
This implies that C C B and therefore C = B. (]
Theorem 4.2. Let B be a simple k-subalgebra of A.
Then its centralizer Z4(B) is also a simple k-algebra. In addition,
dimg (B) - dimg (Z4(B)) = dimg(A).
Proof. This is a special case of Theorem 4.3.2 on p. 104 of [7] O

4.3. Iy is well known that dimg(A) is a square. Let us put
d =da = +/dimg(A).

Let ko be a subfield of k such that k/ko is a finite algebraic separable field
extension. Let ko be an algebraic closure of ky. We write Xy for the [k : kol-
element set of ko-linear field embeddings k < kq. It is well known that the canonical
homomorphism of semisimple commutative ky-algebras

k @ko ko — Doesyk k.0 ko

is an isomorphism. Notice also that each k ®j , ko is canonically isomorphic to k.
This implies easily that the canonical homomorphism of semisimple ky-algebras

A Rkg E}o — @gGEkA Rk, /50

is an isomorphism. In addition, each A ®,» ko is isomorphic to the matrix algebra
Mg(ko) of size d over ko; This implies that A ®g, ko is isomorphic to a direct sum
of [k : ko] copies of Mg(ko).

Remark 4.4. Suppose that char(ky) = 0 and provide A with the structure of the
(reductive) ko-Lie algebra, defining

[u,v] = wv — vu Yu,v € A.

Then [k : kold 4 is the rank rk(A/ko) of the reductive ko-Lie algebra A. Indeed, the
rank of the ko-Lie algebra A coincides with the rank of the ko-Lie algebra A Rp, ko
while the latter equals [k : ko] times the rank of Mg (ko). It remains to recall that
the rank of My(ko) over kg equals d = d4.
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Theorem 4.5. Let £ be a subfield of A such that € D ko. (In particular, A and
E have the same multiplicative identity 1.) Let k€ C A be the image of the natural
k-algebra homomorphism

EQk k> A u®c—uc=cuvVue &, cek.

and Z4(E) C A the centralizer of £ in A.

Then E,kE and Z4(E) enjoy the following properties.

(0) The degree [E : ko] divides tk(A/ko) = [k : kolda. In addition, if kE is a
field then [kE : ko] divides [k : kolda, the degree [kE : k] divides da and
[kE : E] divides [k : kolda/[E : ko).

(1) k€ is a commutative semisimple k-algebra.

(ii) Z4(&) is a semisimple k-algebra that coincides with the centralizer of k&
in A.

(iii) The center of ZA(E) coincides with kE. The centralizer of Z4(€) in A
coincides with kE.

(iv) Z4(€) is a simple k-algebra if and only if k€ is a field. (E.g., if £ contains

(v) If char(kg) = 0 then

' 2
dime (Za4(€)) < (%>
(vi) If char(ko) = O then the equality
dime (Z4(€)) = <%>

holds if and only if £ contains ky.
Example 4.6. If £ = k then [€ : ko] = [k : ko] and Z4(E) = A. Then

' 2 . 2
dimg(Z4(€)) = d4 = (%) - (%) '

Remark 4.7. If char(kg) = 0 then the ranks of the ko-Lie algebra A and its
subalgebra Z4(€) coincide. Indeed, it suffices to check that Z4(€) contains a
Cartan subalgebra of A. In order to do that, notice that £/kq is a finite separable
field extension and therefore there is u € £ that generates £ over ky. Clearly, u is
semisimple and the centralizer of v in A coincides with the centralizer of £, i.e., with
Z4(€). Since u is semisimple, there is a Cartan subalgebra b of A that contains w.
Since b is commutative, it commutes with its own element u and therefore lies in
Z4(€). This ends the proof.

Proof of Theorem[{.5 Since k/k¢ is separable, £ Q, k is isomorphic to a direct
sum of fields. The same is true for its quotient k&€, which proves (i). Since k is
is the center of A and k€ is generated by k and &, the centralizer of semisimple
k-akgebra k€ coincides with the centralizer of £. Now (ii) follows from Theorem
A1l Since k€ is commutative, (iii) follows from (ii), thanks to Theorem [T} and
(iv) follows from (ii) and (iii).

Let us prove (v) and (vi). Recall that Z4(&) = Z4(kE).

First, assume that k& is a field. Then

(KE k] - [k« ko) = [KE : ko) = [KE : €] - [€ ko), [E : ko) < [KE : ko)
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and therefore
[kE : &) 1 1
2 = < ;
( ) [kg : ko]z [5 : ko] [kg : ko] - [5 : k0]2’
the equality holds if and only if [k€ : ko] = [€ : ko], i.e., k€ = £, which means that

& contains k.
By Theorem [£.2]

im 2
dimg(Z4(€)) = dimg(Z4(kE)) = d[kgk;(g) - [Icgf:l k]’

This implies that the k€-dimension of Z4(&) is given by the formula

dimye (24(€)) = dim[k/:f:](g)) = e 132{25 T [ké’d?‘k]?'
It follows that the &-dimension of Z4(E) is given by the formula
dims (ZA(€)) = (K€ : €] dimne (Za(€)) = A Eh - =
e e bl = e (sl <
(ks holda)®

in light of (2]), the equality holds if and only if £ contains k.
Now suppose that k& is not a field and let us split semisimple k€ into a finite
direct sum
kE = @jeJFj
of fields F;. Here the set of indices J is finite nonempty but not a singleton. We
write e; for the idenity element of F; C k€. Clearly,

(3) e =ej, ZejzleA, ejej =0Vj # g
jed
The map
ij: €= Fj, ur eju = ejue;
is a field embedding. Let us put
A =e;ZA(E) =ejZ4(E)e; C Z4(E) C A
Clearly, A; is a central simple Fj-algebra and
ZAE) = DjesAj.
The field embedding i; : £ — F} allows us to view A; as £-algebra. Clearly,
dimg (Z4(€)) = > _ dime (A4;).

jeJ

dj = 1/diij (Aj);
all d; are positive integers.

Applying Remark L3 to F; (instead of k) and A; (instead of A), we conclude
that the rank rk(A;) of ko-Lie algebra A; is [F} : ko]d;. This implies that the rank

Let us put
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of the reductive ko-Lie subalgebra Z4(€) of Ais 3, ;[Fj : ko]d;. RemarksE.3 and
7 imply that
> [F; < kold; = [k« kolda-
j€J
Applying the already proven case of (v) to Fj (instead of k), A; (instead of A) and
the field i;(E), we conclude that
([F) : kold;)® _ ([F} : kold;)?

dimg(A;) = dimij(s)(Aj) < [i(E) : ko)? - [€ : Ko?

This implies that
e ([F) : kold;)?

dimg(Z4(E)) =Y dimg(4;) <

S 2
Y [€ : ko]
Since J is not a singleton and all d; are positive,
2
> ([F < kold;)* < [ D [F) : koldy | = (dalk : ko))*.
jeJ jed
This implies that
. (dalk : ko])?
d ZA(E —
lmg( .A( )) < [8 : k0]2 )

which ends the proof of (v) and (vi).

It remains to prove (0). First assume that k€ is a field. Then Z4(€) is a central
simple k€-algebra. Then the rank of kg-Lie algebra Z4(€) equals [k€ : ko] -d where
the positive integer

d :=+/dimge(Z4(E)).
By Remark 7], the ranks of A and Z4(€) do coincide and therefore the rank of
ko-Lie algebra A is divisible by [k€ : ko]. This means that [k : ko]d4 is divisible
by [kE : ko], [k : kolda is divisible by [kE : ko]. Since [k€ : ko] = [kE : E][E : ko],
[kE : K] divides |d4 and [k€ : &] divides [k : kolda/[€ : ko]. In addition, [kE : &]
divides [k : kolda/[E : ko].

Now let us do the general case when (in the notation above) k€ is a direct sum
®jcsFj of overfields F; D FE and Z4(€) is a direct sum @jesA; of central simple
F;-algebras A;. Then the rank of ko-Lie algebra A; equals [F} : ko] - d; where the

positive integer
dj = 1 / diij (.AJ)

Since [Fj : ko] is divisible by [€ : ko], the rank of A, is also divisible by [£ : ko).
Since the rank of Z4(€) is the sum of the ranks of A;, it is also divisible by [£ : ko).
By Remark 7 the ranks of A and Z4(€) do coincide and therefore the rank of
ko-Lie algebra A is divisible by [£ : ko. O

4.8. We write Auty, (A) for the automorphism group of the (associative) ko-algebra
A. Let G be a group and

p: G — Auty, (A)
be a group homomorphism. Clearly, kg lies in the subalgebra A% of G-invariants
of A. Tt is also clear that G leaves stable the center k, i.e., p induces the group

homomorphism
ok G — Aut(k/ko)
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where Aut(k/ko) is the (finite) automorphism group of the field extension k/kq.

Theorem 4.9. Suppose that £ is a field that lies in A® and contains ky. Then &
and ZA(E) enjoy the following properties.
(i) The field € is a finite algebraic extension of ko and the degree [E : ko] divides
l“k(A/ko) = [k : ko]dA.

(ii) The subalgebras k€ and Z4(E) of A are G-stable.

(ili) Let us assume that (in the notation above) k€ is a finite direct sum &;c 1 F;
of overfields F; D & and Z4(€) is a finite direct sum $jcsA; of central
simple Fj-algebras A; = e; Z4(E). Then there is a group homomorphism

ps: G — Perm(J)
of G into the group Perm(J) of permutations of J such that if p;(j) = j’
then
p(9)(Fy) = Fyr, p(g)(A;) = Ajr Vg € G.
(iiibis) If Z4(E)Y = & then the action of G on J is transitive; in particular, for
each j,j' € J there is a ko-linear field isomorphism F; = Fj that extends
to an isomorphism of ko-algebras A; = A . In particular, positive integers

g = [Fj : 5], dg = diij (AJ)
do not depend on a choice of j and
[k < kolda = |J|egdg[€ : kol.

Here |J| is the cardinality of J.

(iv) If ZA(6)Y = & and G does not contain a proper subgroup with finite index
dividing ([k : ko]da)/[E : ko] then J is a singleton, k&€ is a field and Z4(E)
is a central simple kE-algebra.

(v) If Z4(6)Y = & and k€ is a field then k& /€ is a finite Galois field extension,
whose degree [kE : E] divides ([k : kolda)/[E : ko]. In addition, py induces

the surjective group homomorphism
pre : G — Gal(kE/E).

In particular, if G does not admit a proper normal subgroup with finite
index diwiding ([k : kolda)/[€ : ko] then kE =&, i.e., £ contains k.

Proof. (i) follows from the inclusion k¢ C & and Theorem F5(0).

(ii) is obvious.

Let us prove (iii). The set {4, | j € J} is the set of (nonzero) minimal two-
sided ideals of A. Therefore G permutes elements of this set, i.e, there is the group
homomorphism

py: G — Perm(J)
of G into the group Perm(J) of permutations of .J such that if g € G and p;(g)(j) =
j' then p(g)(A;) = Aj.. Since Fj (resp. Fj ) is the center of A; (resp. of A;/) with
identity element e; (resp. ejr),

(4) p(9)(Fy) = Fyr, p(g)(e;) = ejr-

Let us prove (iiibis). We need to check the transitivity of the G-action on .J.
Notice that for each nonempty G-invariant subset 7' C J the sum ep = ZjeT e; is
a nonzero element of A that is G-invariant, thanks to(). This implies that e is a
nonzero element of Z4(€)¢ = £. If the action onf G on J is not transitive then .J
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is not a singleton and there exist two disjoint G-orbits 77,7> C J. It follows from
@) that er, eq, = 0. Since both factors are nonzero elements of the field £, we get
a desired contradiction that proves the transitivity. This proves (iiibis).

(iv) follows readily from the transitivity of the G-action on J.

Let us prove (v). So, k€ be a field. Then k€ /€ is a finite algebraic field extension
and it follows from Theorem E0) that [k€ : &] divides ([k : kolda)/[E : ko)
Clearly, k& is G-stable and the subfield (k€)% of its G-invariants coincides with £.
This gives us the natural group homomorphism

pre : G — Aut(kE/E),
whose image H = pre(G) C Aut(k€/E) is a finite group (whose order does not
exceed [k€ : £]. Since the subfield of H-invariants
(KE)H = (kE)C = ¢,

the order of H coincides with [k€ : &], the field extension kE/E is Galois with
Galois group H. Since the group homomorphism pre : G — H is surjective, its
kernel ker(pre) is a normal subgroup in G of index [k€ : £]. This implies that
ker(pre) is a normal subgroup of G, whose index divides ([k : kolda)/[E : ko]
Therefore, if G does not admit a proper normal subgroup with finite index dividing
([k : kolda)/|E : ko] then G = ker(pke) and therefore [kE : €] = 1, ie., kE = &,
which means that £ contains k.

O

4.10. In this subsection we assume that 2 is a semisimple finite-dimensional algebra
over a field kg of characteristic zero. Then 2l splits into a finite direct sum
A = @ng(m)As
of simple ko-algebras A,. (Here the finite nonempty set J(2) is identified with the
set of (nonzero) minimal two-sided ideals in 2.)
Example 4.11. If kg = Q and A = End’(X) then J(End’(X)) = Z(X).
Let G be a group and
p: G — Auty, ()
be a group homomorphism. Clearly, p induces the action of G on J(2() such that
p(g)As = Ags Vg € G, s € J().

Let £ be a subfield of 2 that contains kg and lies in the subalgebra A of G-
invariants. Then the centralizer Zy(€) of £ in 2 is G-stable.

Lemma 4.12. Let us assume that the subalgebra Zy(£)¢ of G-invariants of Zy (&)
is a field. Then the action of G on J(A) is transitive. In particular, simple ko-
algebras As and Ag are isomorphic for each pair s,t € Z(2).

Proof. We use the same idea as in the proof of Theorem [L.9(iii). Let
es € At C Z At =
te3(20)
be the identity element of A,. Clearly, e, lies in the center of 2 and
p(g)es = egs Vg € G, s € Z().

It is also clear that ese; = 0 for distinct elements s and ¢ of Z(2(). Notice that for
each nonempty G-invariant subset 7 C J(2) the sum er = ), e; is a nonzero
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central element of 2 that is G-invariant. This implies that ep is a nonzero ele-
ment of Zy(E)“. If the action on G on Z(2A) is not transitive then J there exist
two disjoint G-orbits T7, Ty C J(2). Clearly, epyer, = 0. Since both factors are
nonzero elements of the field Zy(E)“, we get a desired contradiction that proves
the transitivity. (I

Corollary 4.13. We keep the notation and assumptions of Lemma[{.19 Suppose
that K, is an algebraically closed field of characteristic O that contains kg and we
are given a nonempty family {M, | T € X} of finite-dimensional K,-vector spaces
M that enjoy the following properties.

(i) Not all M, = {0}.

(ii) For each T € ¥ we are given a homomorphism of ko-algebras
Zo(€) = Endg, (M)

that sends 1 to the identity automorphism of M.

If the largest common divisor of all dimg, (M;) is 1 then Z9(E) is a finite-
dimensional semisimple commutative E-algebra, which is either a field or isomor-
phic to a direct sum of finitely many copies of the same field.

Proof. Applying Lemma to the semisimple £-algebra Zyo(€) (instead of the
ko-algebra ), we obtain that Zy(€) is isomorphic to a direct sum of copies of a
certain finite-dimensional simple £-algebra say, B. The center F of B is an overfield
of £ and the field extension F/& is finite algebraic. As usual,

dB = dlmF(B)

is a positive integer. This implies that the tensor product B ®y, K, is isomorphic
as a Kg-algebra to a direct sum of [€ : ko] copies of the matrix algebra Mg, (K,)
of size dp over K,. This implies that Z9&) ®g, K, is isomorphic as a K,-algebra
to a direct sum of copies of Mg, (K,). On the other hand, each M, carries the
natural structure of Zy€&) ®y, K,-module. Since the K,-dimension of every finite-
dimensional My, (K,)-module is divisible by dg, all dimg, (M) are divisible by
dp. This implies that dg =1, i.e., B = F' is a field. (|

5. ABELIAN VARIETIES AND CENTRALIZERS

In this section we are going to prove Theorems B2 B3] and B4l We will use
Theorem in order to prove Theorem [E.1] below that is a special case of these
Theorems. Later we deduce from Theorem [5.1] the general case.

Theorem 5.1. Suppose that Y is a positive-dimensional abelian variety over K,
that enjoys the following equivalent properties.
(a) End°(Y) is a simple Q-algebra.
(b) The center Cy of End’(Y) is a number field and End®(Y) is a central
simple algebra over Cy .
(c) There exists a simple abelian variety Z over K, such that Y is isogenous
over K, to a self-product of Z.
Let E be a number field and i : E — EndO(Y) be a Q-algebra embedding. Then the
E-algebra End®(Y, ) enjoys the following properties.
(i) End’(Y, i) is semisimple.
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(ii) End®(Y,4) is simple if and only if i(E)Cy is a ﬁeldE . (Eg.,Cy CFE or
E C Cy or number fields E and Cy are linearly disjoint over Q.) If this is
the case then End®(Y, 1) is a central simple algebra over the field i(E)Cly .
(iii)
, 0o 2dim(Y)>2
dimg(End” (Y;7)) < ( E-Q
(iv) The equality

, _ 2dim(Y)>2
dimp (End®(Y,i)) = (7
holds if and only if
. 2dim(Y))2
dime, (End’(Y)) = <7
and E contains Cy .
Remark 5.2. (i) Suppose that Y satisfies the equivalent conditions (a),(b),(c)

of Theorem 51l This means that there are a simple abelian variety Z over
K, and a positive integer r such that Y is isogenous to Z” over K,. In ad-
dition, End’(Z) is a central division Cy-algebra and End’(Y") is isomorphic
to the matrix algebra M,.(End"(Z)) of size r over End’(Z); in particular,
fields Cy and Cy are isomorphic. We have

dim(Y) = r - dim(Z), dimg, (End®(Y)) = r?dim¢, (End®(Z2)).

Recall that the number
d(Z) = \/dime, (End’(2))

is a positive integer.

It follows from Albert’s classification [14], Sect. 21] that d(Z) - [Cz : Q]
divides 2dim(Z). This implies that

r-d(Z)-1Cz : Q] = \/dimey (End’(Y)) - [C : Q).
which divides 2r - dim(Z) = 2dim(Y"). Now if we put
ko =Q, k= Cy, A=End’(Y)

then
[k ko] = [Cy : Q] = [C : Q) da = \/dime, (End(V)) = r - d(2)

and

[k:kolda = [Cy : Qlr-d(Z) =[Cz : Qr-d(Z),
which divides r - 2dim(Z) = 2dim(Y"). In particular,
[k : kolda < 2dim(Y);
the equality holds if and only if
d(Z)-[Cz : Q] = 2dim(Z).
2Last sentences of [38) Remark 4.1] and [44]) Remark 3.1] wrongly assert the simplicity of

End®(Y,4) without assuming that i(E)Cy is a field. The mistake was caused by improper use of
[7, Theorem 4.3.2 on p. 104].
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Notice that this equality is equivalent to

. 2
dime, (End®(2)) = (%) ,

which, in turn, is equivalent to

. 2dim(Y") ) 2
5 dime, (End’(Y)) = <7 :
(ii) Now assume that () holds. We have
2dim(Y")
r-d(Z) = —F—.
) [Cy : Q]

Let E be a subfield of End’(Y) that contains Cy and i : E < End®(Y)
be the inclusion map. It follows from Theorems [£1] and applied to
£ = i(E) that End’(Y,4) is a central simple E-algebra and

dime, (End’(Y)) = [E : Cy] - dim¢,, (End®(Y, 7).
This implies that

- 0y : 0
dimp(End®(Y,4)) = dlmcs[/ E(E;Iéiy](y’ i) _ dlm[cEy (:ECI’ISP(Y))
(2dim(Y))? (2dim(Y)>2
Ty QPE: G  \Eq )
(iii) For example, let F be a (maximal) subfield of End’(Z) such that
Cy CF, [F:Cy]=d(Z)

and let L/Cy be a degree r field extension that is linearly disjoint with F.
Then E := F ®c, L is an overfield of C'z and
[E:Q=[E:Cyz]-[Cz:Q=[F:Cz]-[L:Cz]-[Cz:Ql=r-d(Z)-[Cz:Q]=
2dim(Y")

Let us fix an embedding
io : L = M,(Cy) C M,.(End"(2))
that sends 1 to 1. Then
E=F®c, L - M (End’(2)), fRl~ f-i(l)

is a Cz-algebra homomorphism that sends 1 to 1. Since E is a field, this
homomorphism is an embedding. It follows that M, (End”(Z)) contains
a number field of degree 2dim(Y). Since M, (End’(Z)) = End’(Y), the
algebra End’(Y) contains a number field of degree 2dim(Y), i.e., Y is an
abelian variety of CM type over K.

Proof of Theorem [51l Assertions (i) and (ii) follow from Theorems and (A1
In order to prove (iii) and (iv) let us put (as in Remark 5.2(i))

ko=Q, k=Cy, A=End’(Y).

Then

[k : kol = [Cy : Q] = [C : Q. da = \/dime, (End(Y)) = r - d(2)
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and according to Remark [5.2((1)
[k : kolda < 2dim(Y).
Now the desired result follows from Theorem HL5|(v,vi). O

5.3. Let X be an arbitrary positive-dimensional abelian variety over K,. In this
subsection we use the notation of Subsection 2.1]

Let E be a number field and i : E < End’(X) be a Q-algebra embedding that
sends 1 to 1x. Then the E-algebra EndO(X ,1) enjoys the following properties. Let
s €ZI(X) and

pr, : End’(X)= Y D, D,
s€Z(X)
be the corresponding projection map. Clearly, pr i(E) = E. We write D, g for the
centralizer of pryi(F) in Dy. One may easily check that End®(X, i) = HSeI(X) D; .
We write i, for the composition pr,i : E < End’(X) — D, = End"(X,). Clearly,

is(1) = es = lx,, Dsp=End’(Xs,is), End’(X,i) = ®sez(x)End’(Xs, is).

In particular, the ratio
d ~ 2dim(Xy)
T E
is a positive integer, i.e., [E : Q] divides 2dim(X5).
Theorem 5.4. Suppose that X is a positive-dimensional abelian variety over K.
Let E be a number field and i : E — End®(X) be a Q-algebra embedding that
sends 1 to 1x. Then the E-algebra EndO(X, i) enjoys the following properties.

(1) End®(X,4) is a semisimple.

(ii) End®(X,i) is simple if and only if Cx is a field and i(E)Cx is a field. If
this is the case then End®(X,i) is a central simple algebra over the field
i(E)Cx.

(iii)

, oo . 2dim(X)\ >

dimg(End”(X,1)) < (W)
(iv) the equality

, 0wy (2dim(X))?

dimg(End”(X,i)) = <W)
holds if and only if Cx is a field,

. 0 vy [ 2dim(X))?

dlch(End (X)) = (m)

and E contains Cx .

Proof. We use the notation of Section[53l Applying Theorem[5Li) to each (X5, is),
we obtain that End®(X,,i,) are semisimple E-algebras. This implies that their
direct sum End”(X,4) is also semisimple; if it simple then Z(X) is a singleton, i.e.
Cx is a field. This proves (i) while (ii) follows readily from Theorem [B.Lii).
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Let us prove (iii) and (iv). If Z is a singleton then the desired result is contained
in Theorem [5.I1 Now assume that Z is not a singleton. Applying Theorem B.1I(iii)
to each (Xg,is), we obtain that

: . (2dim(X,))?
dlmE(EndO(Xs,Zs)) < W,
dimp(End’(X, 7)) = > dimp(End’(Xs,is) < > (2dim(X))*

sez ~ [E:QP

Since 7 is not a singleton and all dim(X,) are positive,

(2dim(X,))?  (C,er2dim(X,))? [ 2dim(X)) >
2 mer < map _<[E:Q]>'

This ends the proof. (I

sel

Proof of Theorems[3.2, and[3} Theorems[5.I] and [5.4] combined with Remark
imply readily Theorems [3.2] and 341 O

Proof of Theorem[3.1]] Let us choose fields F' and K C F as in Remark[311l Then
k(\) = Endé/\,X,K(XA) = Endz (X)-

G x,K
It follows from Lemma that Endx(X,i) = i(O) and therefore Endy-(X,i) =
i(F). By Remark BI1] Gal(F/K) acts on End(X, ) in such a way that

End(X,4)CF/K) = Endy (X, i) = i(O).

Extending the action of Gal(F/K) by Q-linearity on End(X,i) ® Q, we get the
group homomorphism

Gal(F/K) — Autg(End(X, i) ® Q) = Autg(End®(X, 1))
such that the subalgebra of Gal(F'/K)-invariants
(End’ (X, 4))GF/K) — (End(X, 1))/ @ Q = i(0) @ Q = i(E)
is a field. Applying Example £.11] and Lemma to ko = Q,G = Gal(F/K) and
2 = End’(X), we conclude that Gal(F/K) acts transitively on Z(X). This implies

that all the X,’s are Galois-conjugate abelian subvarieties of X. In particular,
dim(X) does not depend on s and

dim(X) = |Z(X)] - dim(X,).

On the other hand, the results of Section [13] tell us that [F : Q] divides 2dim(X5).
This implies that 2dim(X) is divisible by |Z(X)|[E : Q] and therefore |Z(X)| divides
the ratio

2dim(X)

[E: Q]

The transitivity of the action of Gal(F/K) on Z(X) implies that the stabilizer
Gal(F/K); of any s is a subgroup in Gal(F/K), whose index divides dx, g. However,
the conditions of Theorem B4 imposed on G Ax,k combined with Remark BT
imply that such a subgroup must coincide with the whole group Gal(F/K), i.e.,

Z(X) is a singleton and End®(X) is a simple Q-algebra. In particular, the center
Cx is a field.

=dx.E.
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By Remark B.2(i) applied to Y = X, the product [Cx : Q]dgqo(x) divides
2dim(Y"). Applying Theorem F9(iiibis and iv) to
ko =Q,k = Cx,A=End"(X), G = Gal(F/K)
& = i(E) and its centralizer Z4(i(E)) = End’ (X, ), we conclude that End"(X, ) is
a central simple i(F)-algebra provided that the only subgroup of Gal(F/K), whose
index divides M = [Cx : Q]dgnqo(x)/[i(E) : Q] is the whole Gal(F/K). However,
M obviously divides dx r and we have already seen that the only subgroup of

Gal(F/K), whose index divides dx, g is the whole Gal(F/K). This ends the proof.
(]

6. TANGENT SPACES

The aim of this section is to obtain an additional information about endomor-
phiam algebras of abelian varieties X with multiplications by a number field F,
using the action of E on the Lie algebra of X.

Throughout this section K is a field of characteristic 0.

6.1. Let E be a number field and ¥ be the set of field embeddings 7 : F — K.
To each 7 € ¥ i corresponds the natural surjective K,-algebra homomorphism

Tr t E ®Q Ka - B ®E,‘r Ka = Ka,,T = Ka.
Taking the direct sum of all 7, ’s, we get the canonical isomorphiam of K,-algebras
II: K ®Q Kll = 697'6213'[((1,7'-

Remark 6.2. Suppose that 7(E) C K for all 7 € ¥k. (E.g., this condition holds
if F is normal over Q and K contains a subfield isomorphic to E.) Then to each
T € ¥k corresponds the natural surjective K-algebra homomorphism

T,k  EQoK - EQp, K=K, =K.
Taking the direct sum of all 7 g’s, we get the canonical isomorphism of K-algebras
g : E®qg K = @rex, K.
If M is any E ®g K,-module then we write for each 7 € X
M, ={zeM|ulz)=7u)zVu e E=E®1C EQqgK,}.
Clearly, M, = K, .M is an E ®g K,-submodule of M and
M = Dres, M.

In particular, if M viewed as a vector space over K, = 1 ® K, has finite dimension
then
dimg, (M) = Y dimg, (M)

TEXK

6.3. Let Vx be a smooth absolutely irreducible quasiprojective variety over K and
V =V xg K, the correspomding variety over the algebraic closure K, of K. The
Galois group Gal(K) acts naturally on Vi (K,) = V(K,); the set of fixed points
of this action coincides with Vi (K). Further we identify Vi (K,) with its bijective
image in V(K,).
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Let P be a K-point of Vi, which we also view as K,-point of V. We write tp(V)
for the tangent K,-vector space to V at P and tp(Vi) for the tangent K-vector
space to Vi at P. The natural K,-linear map [6l, Remark 6.3(iii) on p. 147]

tp(V) = tp(Vk) ®K Ka

is an isomorphism of K,-vector spaces [0, Remark 6.12(iii) on p. 152]. The Galois
group Gal(K) acts by semi-linear automorphisms on tp(V') and the corresponding
K-vector subspace of Gal(K)-invariants

tp(V)SE) — tp (V) @1 = tp(Vi).

Let Z be a smooth closed K,-subvariety of V' such that P € Z(K,). Then the
induced map of the K,-vector tangent spaces tp(Z) — tp(V) is an embedding and
we identify tp(Z) with its image in tp(V). For each o € Gal(K) the K,-vector
subspace

o(6p(Z)) C tp(V)
coincides with the tangent space to the closed smooth subvariety cZ C V at P €
(02)(K,) = 0(Z(K,)). (This assertion follows readily from the classical explicit
description of the tangent space [0l Example 6.5 on p. 148].)

6.4. Let X be a positive-dimensional abelian variety over K, that is defined over
K. This means that there exists an abelian scheme X over K such that X =
XK XK Ka. Let
o€ Xi(K)C Xk(K,) =X(K,)
be the zero of the group law on Xg. Let us put
Lie(X) = to(X), Liex(X) = to(Xk).
By definition, Lie(X) (resp. Liex (X)) is a dim(X)-dimensional vector space over
K, (resp. over K) and there is the natural identification of K,-vector spaces
Lie(X) = Liex (X) ®x K.
If Z C K, is an abelian K,-subvariety of X then Z(K,) contains o and we consider
the K,-vector subspace.
Lie(Z) :=to(Z) C to(X) = Lie(X).
For each o € Gal(K) we have the abelian K,-subvariety ¢Z and
Lie(cZ) = o(Lie(Z)) C Liex (X) ®x K, = Lie(X).

By functoriality, Lie(X) (resp. Liek (X)) carries the natural structure of End(X) ®
K, = End’(X) ®g K,-module (resp. of Endg(Xx) ® K = End%(Xx) ®o K-
module.)

Let

i:E < End’(X)

be a QQ-algebra embedding that sends 1 to 1x.

In particular, Lie(X) becomes the E ®g K,-module. Let us consider the K-
vector subspace

Lie(X), = {z € Lie(X) | i(e)z = 7(e)z Ve € E} C Lie(X), n.(X,i) = dimg, (Lie(X),).
Clearly,
Lie(X) = @rexpLie(X),, dim(X) = dimg, (Lie(X)) = Y n,(X,i).

TEXE
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We write nx ; for the greatest common divisor of all n.(X,4). Clearly, nx; is a
positive integer dividing dim(X). The subspace Lie(X), is End’(X,)-invariant
and carries the natural structure of End”(X,4) ®q K,-module.

From now on we assume that

i(E) € End% (Xk).
Theorem 6.5. Suppose that char(K) = 0. If End% (X,i) is a number field and

nx,; = 1 then EndO(X, i) is a semisimple commutative E-algebra and all its simple
components are mutually isomorphic number fields.

Proof. Let us put
ko = QA =End"(X),G = Gal(K),¥ = Xk, M, = Lie(X),.

Applying Lemma and Corollary to £ = i(F), and

Zy(€) = End’(X,i), Za(€)¢ = End% (X, 1),
we obtain the desired result. O
Corollary 6.6. Suppose that

char(K) =0, i(O) C Endg(X), nx,; = 1.
Let us assume that there exists a maximal ideal A of O such that
Budg, , (X2) = k(Y

then EndO(X, i) is a semisimple commutative E-algebra and all its simple compo-
nents are mutually isomorphic number fields.

Proof. By Corollary3I3, the condition on the centralizer implies that End% (X, 4) =
i(F) = FE is a number field. Now the result follows from Theorem O

6.7. We continue our study of certain subspaces of Lie(X). If 7 € ¥ and o €
Gal(K) then their composition

ot : E— K,
also lies in X and
o(Lie(X),) = Lie(X),, C Lie(X).
In particular,

n.(X,i) = dimg, (Lie(X),) = dimg, (Lie(X)sr) = ner (X, 1),
ie.
n-(X,1) = ny-(X,i) V7 € g, 0 € Gal(K).

In addition, suppose that Z C X is an abelian K,-subvariety of X such Lie(Z)
is E-invariant (i.e., is a F ®g K,-submodule of Lie(X)). Then Lie(cZ) is also
E-invariant and

o(Lie(Z),) = Lie(6Z) 5.
In particular, if 7(F) C K then o1 = 7 and therefore

o(Lie(Z),) = Lie(cZ),

and
dimg, (Lie(cZ),) = dimg,, (Lie(Z),).
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Now we use the notation of Subsections2Z.Iland 5.3l Recall that X, C X is a positive
dimensional abelian K,-subvariety of X for all s € Z(X). Since char(K) = 0, the
isogeny ITx (see Lemma [Z2]) induces an isomorphism of K,-vector spaces

Lle(X) = @seI(X)Lie(Xs)

while each subspace Lie(X,) C Lie(X) is E-invariant and End”(X,)-invariant in
light of results of Subsection In addition, the action of F on Lie(X;) C Lie(X)
induced by i coincides with the action of E induced by i, : E < End’(X,). This
implies that

dimg, (Lie(Xs)r) = n-(Xs,is) Vs € Z(X), T € Ep.
It is also clear that
o(Lie(X,)) = Lie(o(X,)) = Lie(X,(5)) Yo € Gal(K),s € Z(X).
So, if
(6) T(E)C KVT €Xp
and the action of Gal(K) on Z(X) is transitive then dimg, (Lie(X;),) does not

depend on a choice of s and

n.(X,1) = dimg, (Lie(X);) = |Z(X)|dimg, (Lie(Xs) .
This implies that if (@) holds and the Galois action on Z(X) is transitive then
n.(X,14) is divisible by |Z(X)| for all 7 € ¥g. It follows that nx ; is divisible by
IZ(X)]-
Lemma 6.8. Suppose that char(K) = 0 and 7(E) C K for all 7 € Xg. If
End% (X, i) is a number field and nx ; = 1 then Z(X) is a singleton, i.e., X = X,
Cx s a number field and EndO(X) is simple Q-algebra, which is a central simple
algebra over Cx.

Proof. If End% (X, 1) is a number field then Gal(K) acts on Z(X) transitively. By
results of Subsection 6.7} nx ; is divisible by |Z(X)|. Since nx,; = 1, Z(X) is a
singleton, i.e., X = X, and End’(X) = End®(X,) is a simple Q-algebra. O

Remark 6.9. Lemmal[6.8is a generalization of ([44, Th. 3.12(i)], [45, Th. 3.12(i)]).
Theorem 6.10. Suppose that
char(K) =0, End%(X,i) =i(E), nx, =1, 7(E) CK V 7 € Zp.

Then End®(X,4) is a number field containing E and the degree [End®(X, i) : i(E)]
divides dx .

Proof. Let us put kg = Q. By Lemma [E8, A := End’(X) is a central simple
algebra over the number field k := Cx. Let us apply Theorem to G = Gal(K),
the field £ = i(F) and

ZA(E) =End"(X,i), ZA(E)® = End% (X,4) = i(E).

By Theorem 6.5 End’(X, i) (in the notation of Theorem EJ) is a direct sum of
fields

End’(X,i) = @jes Fj
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where all Fj’s are mutually isomorphic number fields. By Theorem [L9(iii, iiibis),
there is a transitive action

py: Gal(K) — Perm(J)
of Gal(K) on J such that if ps(0)j = j' then o(Fj) = Fjr. Let e; € F; € End’ (X, 1)
be the identity element of F;. Clearly,
Zej =1¢€ End’(X), e? = e?, ejej =0Vj#j'.
JjEJ
This implies that the set {e; | j € J} is Gal(K)-invariant and the action of Gal(K)
on this set is transitive. Let us put
Lie(X)") = ¢;Lie(X) C Lie(X).
Clearly, each Lie(X)) is a F ®q K,-sumbodule of Lie(X) and
Lie(X) = @;esLie(X)).

In addition, Gal(K) acts transitively on the set {Lie(X) | j € J}. Since 7(FE) C
K for each 7 € ¥, dimg, (Lie(X)S-])) does not depend on a choice of j € J. This
implies that

n-(X,i) = dimg, (Lie(X);) = |J|dimg, (Lie(X)¥));
in particular, all n,(X,4) are divisible by |J|. This implies that nx ; is divisible by
|J|. Since nx; = 1, J is a singleton, i.e., End’(X,i) = Fj is a (number) field.
It remains to prove that [F} : E] divides dx, g. Indeed, since F; is a subfield of
End’(X), its degree [F; : Q] divides 2dim(X) and therefore

o [F5 Q)
5=y
divides
2dim(X) _
[E:qQ ~ 7

Theorem 6.11. Suppose that
char(K) =0, i(0) C Endg(X), nx; =1, 7(E) CK V71 € Xg.
Let us assume that there exists a mazimal ideal A of O such that

Endg, _ (X2) = k(})

and G;HXJ( does not contain a proper normal subgroup with index dividing dx k.
Then End®(X,4) = i(E) = E.

Proof. By Corollary B3] the condition on the centralizer implies that

} Gal(K)

[End’(X, i) = End% (X, i) = i(E).

Applying Theorem B0, we conclude that End’(X, i) is a field containing E and
[EndO (X,4) : E] divides dx g. By Remark [Tl there exist a finite Galois extension
F/K and an overfield K of K that is a subfield of F' that enjoys the following
properties.
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End (X)) =Endg, _ (X3) = k()

G, x
and
é>\7x);c = C~¥,\,X7K C Autyn) (Xn).
This implies that Endy (X, i) = i(E).
(ii) There is a surjective group homomorphism

Gal(F/K) - G x.x = Gax, K

which is a minimal cover. In particular, Gal(F/K) also does not contain a
proper normal subgroup with index dividing dx g.
(iii) The homomorphism
rx.x : Gal(K) — Aut(End’(X)) = Autg(End®(X))
factors through
Gal(K) - Gal(F/K).

Since End” (X, 4) is a Gal(K)-stable subalgebra of End’(X), there is a group
homomorphism

#: Gal(F/K) — Autg(End’(X, 1)),
such that the subalgebra [EndO(X, i)]Gal(F/’C)
incides with

of Gal(F/K)-invariants co-

[End’(X, )] “™

= End)(X,i) = i(E).
Let T’ be the image of
K Gal(F/K) — Aut (End’(X,1)/i(E)) .
Clearly,
[End’(X,4)]" = i(E)

and Galois theory tells us that |T'| = [EndO(X, i) : i(E)]. This implies that ker(x)
is a subgroup of index [EndO (X,4) : i(E)] in Gal(F/K). This implies that the index
of ker(k) in Gal(F/K) divides dx g and therefore Gal(F/K) = ker(k), i.e., I is the
trivial group of order 1 and

i(E) = [End’(X,4)]" = End’(X, ).
O

Remark 6.12. Theorem BITlis a generalization of (44, Th. 3.12(ii)] B, [45, Th.
3.12(i)).

3The assertion (ii)(a) of [44, Th. 3.12(ii)] is wrong without additional assumptions.
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7. DOUBLY TRANSITIVE PERMUTATION GROUPS AND PERMUTATIONAL
MODULES

In order to apply our results to endomorphism algebras of superelliptic jacobians,
we need to discuss modular representations that correspond to permutation groups.

Let T be a finite nonempty set, n = |T'| and Perm(T") = S,, the group of permu-
tations of T. We write Alt(T') = A, for the only (normal) subgroup of index 2 in
Perm(T).

Let ¢ be a prime. One may attach to T the following natural linear representa-
tions of Perm(T) over Fy. In what follows we assume that

n > 3.

First, let us consider the space IFET of all functions ¢ : T — F,. The action of
Perm(T') on T gives rise to the faithful n-dimensional linear representation
Perm(T) — Auty, (F7).
More precisely, each g € Perm(T") sends a function ¢ : T'— Fy to the function
[g]p:t — ¢p(g~'t) Vt € T.

The representation space IE‘ET contains the invariant line F; - 17 of constant func-
tions (where 17 is the constant function 1) and the invariant (n — 1)-dimensional
hyperplane of functions with zero “integral”

(F})’ ={¢:T > Fe|Y_o(t) =0} CF].
teT
Clearly,
Fo-17 = (F?)PCHH(T),
i.e., Fy - 17 is the subspace of Perm(T)-invariants in F? .
If ¢ does not divide n then
FI =F,- 17 @ (FF)O.

This implies that if ¢ does not divide n then (F})° is a faithful Perm(T")-module.
If ¢ divides n then Fy- 17 C (F7)° and we may get the heart of the permutational
representation [13]

(F7)* = (F))°/ (e - 17),
which also carries the natural structure of (n — 2)-dimensional representation space
Perm(T) — Autg, ((F7)%).
We may also consider the quotient
(F7)o =F; /(F; - 17),
which is also provided with the natural structure of (n — 1)-dimensional represen-
tation space
Perm(T) — Autg, ((F7 )o)
[25]. If ¢ does not divide n then the Perm(7)-modules (F})° and (F} ), are canon-
ically isomorphic. If ¢ divides n then
(F{)o =F; /(Fe - 17) D (F])°/(F¢ - 17) = (F7)*,

i.e., (F1)o contains a Perm(T')-invariant hyperplane that is isomorphic as Perm(7)-
module to (F7)%°.
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Lemma 7.1. Suppose that
n>4, £>2 (|n.
Then both Perm(T)-modules (F1 )% and (F})o are faithful.

Proof. Since (F7)% is isomorphic to a submodule of (F¥)o, it suffices to check the
faithfulness of Perm(T)-module (F7)%. Let g be a non-identity permutation of
T. The there is t € T such that s = g(t) # t. Let u := g~1(t). Clearly, u # t.
No matter whether u coincides with s or not, there exists ¢ € (F})° such that
o(s) = ¢p(u) = 1,¢(t) = 0. (Here we use that |T'| =n > 3.) Then

l9lo(s) = o(t) =0, [g]o(t) = d(u) = 1.
This implies that the function [g]¢— ¢ takes values —1 at s and 1 at ¢. In particular,
it is not a constant function. This implies that the image of ¢ in (F)°/F, - 17) =
(F7)% is not g-invariant. This implies that the action of Perm(T) on (F7)% is
faithful. O

Lemma 7.2. Suppose that
n>5 (=2 2|n.
Then both Perm(T)-modules (F1)% and (F%)o are faithful.

Proof. Since (F1)% is isomorphic to a submodule of (F% ), it suffices to check the
faithfulness of Perm(7T)-module (F2)%. Since Alt(T) is a subgroup of Perm(T),
(F1)99 carries the natural structure of the Alt(T) -module and it is known [13] that
this module is simple. Since dimp, ((F2)%) =n—2>5—2 > 1, the corresponding
homomorphism Alt(7T) — Autr, ((F3)%) is nontrivial. Since Alt(T) = A, is simple
(recall that » > 5), this homomorphism must be injective. Since A,, is the only
normal subgroup of S,, & Perm(T") (except the trivial one and S,, itself), we con-
clude that the group homomorphism Perm(7T) — Autp,((F3)%) is injective, i.e.,
(F1)99 is a faithful Perm(T)-module. O

Remark 7.3. The only missing cases not covered by Lemmas [l and corre-
spond to n = £ =3 and n = 4,¢ = 2. In both cases the Perm(T)-module (F2)% is
not faithful.

Let G C Perm(T) be a permutation (sub)group. We may view F7 , (F7)°, (F1)%, (FT),
as [Fy-linear representations of G. One may easily check that the Fy-dimension of the
subspace (F;?F)g of G-invariants equals the number of G-orbits in 7. In particular,
(FT)9 = Fy - 17 if and only if G is transitive.

The following statement is contained in [9, Satz 4 and Satz 11]. (In the notation
of [9),

p=0K=F,Q=T,M" = (F] )y, M = (F; )*.)
Lemma 7.4. (i) Suppose that € does not divide n and G acts transitively on
T. Then Endg((FF)°) =T, if and only if G is doubly transitive.
(ii) Suppose that £ divides n. If G is S-transitive then
Endg ((F})%) = F,.

(iii) Suppose that n > 4, G acts transitively on T and € divides n. Suppose that
Endg((FF)%) is a field. Then either £ =2 and n is congruent to 2 modulo
4 or G is doubly transitive.
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Actually, one may remove the transitivity condition in Lemma [[4[(a).

Corollary 7.5. Suppose that { does not divide n. Then Endg((F?)%) = Fy if and
only if G is doubly transitive.

Proof. Recall that n > 3. In light of Lemma [[4l(a), we need to check only the
transitivity of G if Endg((F?)?) = Fy.

Suppose that G is not transitive, i.e., one may split T into a disjoint union
T =T, UTs of two nonempty G-stable subsets 77 and T. If we put n; = |T;| then
n1 + no = n and both n; > 1. Since ¢ does not divide n, it does not divide, at
least, one of n;. We may assume that ¢ does not divide ni. Let us consider u €
Endg((F})°) that is defined as follows. For each ¢ € (F7 ) the function u(¢) takes
the value ny (3¢, #(t)) at every point of T and takes the value —ny (3,7, ¢(1))
at every point of T7. Clearly, the image of u is the one-dimension subspace of (F} )°
that is generated by the function

1/) 2T — Ty, 1/)(t2) =ny Vity € T, 1/)(t1) = —ng Vt; € T7.

Since dimg, ((F7)%) > 1, u is not a scalar and we get a desired contradiction. O
The following assertion is a special case of [I3, Lemma 2 on p. 3].

Lemma 7.6. Suppose that { | n, G is transitive and the G-module (FF)% is simple.
Then the list of G -invariant subspaces of F1 consists of {0}, F} ,F, - 1, (F7)°.

This lemma implies readily the following corollary.

Corollary 7.7. Suppose that £ | n, G is transitive and the G-module (F1)% is sim-
ple. Then the list of G -invariant subspaces of (F1)o consists of {0}, (FL)%0 FT),.

Theorem 7.8. Suppose that ¢ | n, G is transitive and the G-module (F} )% is
absolutely simple. Then
Endg ((F}),) = Fe.

Proof. The absolute simplicity of (F)% implies that
Endg((F1)*) = Fi.

Let
u € Endg((F7 )o).

We need to prove that u € Fy, i.e., u is a scalar. Then u((F})%) C (F7), is a
G-invariant subspace of (F} ) of dimension < n — 2. It follows from Corollary [T.7]
that u((F7)%) c (F7)%. Since Endg((F7)%) = Fy, there is a € Fy such that the
restriction of u to (F¥)% coincides with multiplication by a, i.e., (u — a)((FI)%0)
{0}. Since (F7)% has codimension 1 in (FY)g, the image W := (u — a)((F)o) has
dimension < 1. Since W is obviously G-stable, it follows from from Corollary [7.7]
that W = {0}, i.e., u — a = 0, which in turn means that v = q, i.e., is a scalar.
This ends the proof. O

Example 7.9. Suppose that £ | n and n > 5. If G = Perm(T") or Alt(T) then G is
transitive and the G-module (F} )% is absolutely simple [13]. By Theorem [,

Endg ((F}),) = Fe.

This assertion is actually contained in Lemma 3.7 of [25] p. 339].
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8. SUPERELLIPTIC JACOBIANS

The aim of this section is to apply results of Section 6l to endomorphism algebras
of superelliptic jacobians, using group-theoretic constructions of Section [7

Let p be a prime, r a positive integer, ¢ = p" and (; € C be a primitive gth
root of unity, E := Q({,) C C the gth cyclotomic field and O := Z[(,] the ring of
integers in Q({,) = E.

Let us assume that char(K) # p and K contains a primitive gth root of unity (.
Let f(x) € K[x] be a polynomial of degree n > 3 without multiple roots, Ry C K,
the (n-element) set of roots of f and K(R;) C K, the splitting field of f. We
write Gal(f) = Gal(f/K) for the Galois group Gal(K(R;)/K) of f; it permutes
the roots of f and may be viewed as a certain permutation group of Ry, i.e., as a
subgroup of the group Perm(Ry) = S,, of permutations of Ry. (The transitivity of
Gal(f) is equivalent to the irreducibility of f(x).) There is the canonical surjection

Gal(K) — Gal(K(Ry)/K) = Gal(f).
In particular, we may view Gal(f)-modules
Fp (), (F5 )™, (B )o

as Gal(K)-modules.

Let Cf,4 be a smooth projective model of the smooth affine K-curve y? = f(z).
The map (z,y) — (z,Cy) gives rise to a non-trivial birational K-automorphism
dq : Cpq — Cjq of period g. The jacobian J(Cj4) of Cf 4 is an abelian variety
that is defined over K. By Albanese functoriality, , induces an automorphism
of J(C4) which we still denote by d,. It is known ([I5, p. 149], [I8, p. 458],
[39, [42],[25] Lemma 2.6]) that ¢, satisfies

Pq(dq) = 0 € End(J(Cy,q))
where the polynomial

-1
Py(t) =

t—1

=t .+ 1€ Z[t.

Notice that

T

P(t) =] @ (@)

j=1
where @, (t) € Z[t] is the p’th cyclotomic polynomial of degree (p — 1)p/~ 1.

Let us consider the abelian K-subvariety J/'@ of J(C} ,) defined as follows.

T =Pysp(039)((Cra) € J(Cro)

It is known [39] [44] [42] 25] that _J(f"J) is positive-dimensional and J(Cf,q) is K-
isogenous to a product H;Zl JUP) B.g., ifq=p (e, r=1)then J(Csp) = JFp),
(See also [24].)

Clearly, Jf:9) is §,-invariant and

©,(3q)(J71) = {0}
This gives rise to the embedding
1: Z[¢,] — Endg (JHD)

that sends 1 to 1;¢r.¢) and (, to the restriction of §, to Jha),
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Extending ¢ by Q-linearity to the Q-algebra embedding
i+ =Q((,) < End)(JV9),

which we continue to denote by i. Recall that

[E:Q]=[Q(¢): Q= (p—-1p "

The dimension of J:9 and ds.¢ p are as follows [15] I8, [39, 42, 44} [25].
(i) If p does not divide n then

2dim (J57) = (n—1)(p" —p" '), dys0 g =n—1.
(i) If ¢ divides n then

2dim (J<f41>) =(n—2)p" —p"Y), dyrup=n—2.

(These equalities follow from (i) combined with [39] Remark 4.3 on p. 352]).
(iii) If p divides n but ¢ does not divide n then [25]

2dim (J(f’q)) =(n-D@p" -p), dyso p=n—1

Let A be the maximal principal ideal (1 — (4)Z[{ ] in Z[¢,] = O. Its residue field
k(X)) =TF).
Here is an explicit description of the Galois module Jf\c’q [15] 18] B9, [42] [44] 25].
(0) If (n,p) is neither (3,3) nor (4,2) then

Gy s, = Gal(f).

(i) If p does not divide n then Ji‘f’q) is isomorphic to (Fy )0 [39, Lemma 4.11]
(When p = ¢ this assertion was proven in [18].)

(ii) If ¢ divides n then J i‘f ) is isomorphic to (Fy )%, see Theorem [0 below.
( When g = p this assertion was proven in [15]).

(iii) If p divides n but ¢ does not divide n then J; 9

! is isomorphic to (Fa” )
[25].

The results of Section [Tl imply readily the following statement.

Lemma 8.1. Suppose that (n,p) is neither (3,3) nor (4,2). Then the following
conditions hold.

(A) The group éAyJ(f,q)yK is isomorphic to Gal(f).
(B) If p does not divide n and Gal(f) is doubly transitive then

Endg (JID) =,

xJ(F9) K

(C) If q divides n and either Gal(f) is 3-transitive or

R
Endga ) ((Fp 7)) =F,
then
_ (fra)y _
Endg (JS) = F,,.

\,J (9 K

4J. Xue [25] assumed that char(K) = 0. However, all his arguments related to the computation
of dim (J(f’q)) and Jif’q) work under a weaker assumption that char(K) # p.
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(D) Suppose that p divides n but q does not divide n. Assume also that Gal(f) is

transitive (i.e., f(x) is irreducible over K ) and the Gal(f)-module (F?f)oo
is absolutely simple. Then

Endg (JS) = F,.

\,J (9 K
Now let us assume that char(/K) = 0. Here are the explicit formulas for n ;(s.0) ;-
Let

n=kq+c, k,ceZy, 0<c<q.

(i) Suppose that p does not divide n, i.e., ¢ > 1. Then n . ; are as follows
[44, [45] Sections 4 and 5, especially, Remark 4.1 and Lemma 5.1].
(1) if n =kq+1 (ie., c = 1) then n ;. ; = k.
(2) If pis odd and n —1 is not divisible by ¢ (i.e., ¢ > 1) then n ;s ; = 1.
(3) If p=2 < g and n—1 is not divisible by ¢ (i.e., ¢ > 1) then n ¢ ; = 1
or 2. In addition, if either & is odd or ¢ < ¢/2 then n;¢.q ;, = 1.
(ii) Suppose that g divides n. Then ¢ =0 and

n—1=(k-1)qg+ (¢ —1).

Using [39, Remark 4.3 on p. 352], and (i), we obtain the following results
similar to (i), replacingn by n—1,n—1byn—2,kby k—1 and ¢ by ¢—1
respectively.
(1) If p is odd then (n — 2) is not divisible by ¢ and n ;.0 ; = 1.
(2) If p=2 < q then n — 2 is not divisible by ¢ and n ;s ; = 1 or 2. In
addition, if k — 1 is odd (i.e., k is even) then n (r.q) ; = 1.

(iii) If n > 5, p divides n but ¢ does not divide n then n ;. ; = 1 [25] Prop.

2.2 and Remark 2.3].

Remark 8.2. The case of n = 3 is discussed in [42] [26]; see also [17].

Theorem 8.3. Suppose that n > 4 and char(K) = 0. If p | n then we assume
additionally that n > 5.
If End®(JU9 3) coincides with i(Q(¢,)) = Q[d,] then

End”(JY9) = Q[6,] 2 Q(¢,), End(JV?) = Z[5,] 2 Z[(,).

Proof. (i) Suppose that p does not divide n. Then the result is proven in [39]
Theorem 4.16].
(ii) Suppose that g | n. This case follows from (i), thanks to Remark 4.3 of
[39).
(iii) Suppose that p | n but ¢ does not divide n. Then the result is proven in
[25] Cor. 4.4]
O

Theorem 8.4. Suppose that n > 4 and (n,p) is not (4,2). Assume also that there
is a a subgroup

G C Gal(f) C Perm(Ry)
such that one of the following three conditions holds.

(i) The prime p does not divide n, G is doubly transitive and does not contain
a subgroup, whose index divides (n — 1) except G itself.
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(ii) The prime power q divides n, G does not contain a proper subgroup, whose
index divides (n — 2). In addition, either G is 3-transitive or

Endg ((F,")*) = F.

(iii) The prime p divides n but ¢ does not divide n. The group G is transitive and
does not contain a proper proper subgroup, whose index divides (n —1). In
addition, assume that (at least) one of the following two conditions holds.

(A3) The group G is transitive and the G-module (F?}f)oo is absolutely sim-
ple.
(B3) The centralizer Endg ((F?f)o) =TF,.
Then
éA,J(fAJ),K = Gal(f)v Endé (J>(\f7q)) = Fpa

End’(JU9) is a simple Q-algebra, whose center is a subfield of Q[6,], and the
centralizer End®(JU9 i) of Q[5,] in End®(JU9) is a central simple Q[5,]-algebra.

Remark 8.5. By Theorem [7.8 the condition (A3) of Theorem [BA] implies the
condition (B3).

Proof of Theorem [87) Replacing K by its overfield K (9R7)Y, we may and will as-
sume that Gal(f) = G. it follows from Lemma [B1] that

Endé

x, (D) K

(fra)y _
o N ) = Ty

Now the desired result follows from Theorems 3.4l O
Remark 8.6. Suppose that ¢ = 2, i.e.

Z[Cq] =7, Q[Cq] = Q,Q[&,ﬂ =Q.
In this case Cy o is a hyperelliptic curve of genus [(n — 1)/2], and

n—1

J(Cra) = JUD), { } = dim(J(Cy2)) = dim (J<f)2>) .

Applying Theorem (instead of Theorems [BI4]), we can do slightly better.
Namely, we obtain that End’(J(Cy2)) is a central simple Q-algebra if there is
a subgroup G of Gal(f) that enjoys the following properties.

e G contains neither a normal subgroup of index 2 nor a proper subgroup of
index dividing [(n — 1)/2].
e One of the following two conditions holds.
(1) nis odd and G is 2-transitive
(2) n is even and either G is 3-transitive or
R
Endg ((F,7)") = F,.

It follows from Albert’s classification [14], Sect. 21] that the central simple Q-
algebra End”(J(Cf2)) is isomorphic either to a matrix algebra over Q or to a matrix
algebra over a quaternion Q-algebra. See [27, 28] 29, [37], 30, 3 (4], 51 B11 38, 33} 40]
for other results about endomorphism algebras of hyperelliptic jacobians.
Theorem 8.7. Let us assume that

char(K)=0,n>4,q > 2.
If p | n then we assume additionally that n > 5.
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Suppose that there is a subgroup
G C Gal(f) C Perm(Ry)
such that (at least) one of the following three conditions holds.

(i) The prime p does not divide n, G is doubly transitive and does not contain a
proper normal subgroup, whose index divides (n — 1). Assume additionally
that

n=%kq+c, k,ceZsy, 0<c<q.

where integers p, k and ¢ enjoy (at least) one of the following three proper-
ties.

(Al) n=q+1,de,k=1c=1.

(B1) p is odd and ¢ > 1 (i.e., q does not divide n — 1).

(Cl) p=2<gq,c>1 and either k is odd or ¢ < q/2.

(ii) The prime power q divides n, G does not contain a proper normal subgroup,
whose index divides (n — 2). We also assume that p and k enjoy (at least)
one of the following three properties.

(A2) p is odd.
(B2) p=2<gq and k is even.
(C2) Either G is 3-transitive or

Endg ((F?f)oo) =F,.

(iii) The prime p divides n but q does not divide n. The group G does not contain
a proper normal subgroup, whose index divides (n — 1).
In addition, assume that (at least) one of the following two conditions
holds.
(A3) The group G is transitive and the G-module (F?f)oo is absolutely sim-
ple.

(B3) The centralizer Endg ((F?f)o) =TF,.
Then
EndO(J(f’Q)) = Q[dq] = Q(&y), End(J(f’Q)) = Z[6q] = Z[(y)-

Proof. Clearly, (n,p) is neither (3,3) nor (4,2). Notice that our conditions on n
and ¢ imply that n ;.0 p = 1. Second, Theorem [8.4] implies that

é)\)](f,q))K = Gal(f), Endé (J{’q) = Fp.

\,J (9 K
Now Theorem B ITlimplies that the centralizer End”(J(:9), i) coincides with Q[d,] =
i(Q(¢q)). Now the desired result follows from Theorem B3] O

Remark 8.8. Suppose that char(K) = 0, n > 5 and Gal(f) coincides either with
the full symmetric group Perm(R¢) = S,, or the alternating group Alt(Ry) = A,,.
Then

End’(JV9) = Q[a,] = Q(¢,), End(JV) = Z[5,] = Z[(,]
without any additional conditions on n and ¢q. The case when either p does not
divide n or ¢ | n was done in [39], the case when p | n but ¢ does not divide

n was done in [25]. The proofs in [39] are based on the notion of a very simple
representation that was introduced in [28], see also [40)].
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Remark 8.9. Theorem R is a generalization of ([44, Th. 5.2]@ , 45, Th. 5.2)).

9. 5q—INVARIANT DIVISORS ON SUPERELLIPTIC CURVES

The aim of this section is to construct an isomorphism between the Galois mod-
ules J if 9 and (F?f )% when ¢ divides n. (The existence of such an isomorphism
was stated and used in Section [8)

Suppose that n = deg(f) is divisible by ¢, i.e, there is a positive integer m such
that

n =mgq.
We write B = By for the set
B ={(,0) | a €Ny} C Cpq(Ka).

The set B consists of d4-invariant points of Cy4(K,). Clearly, Cfq(K,) contains
an affine curve
(Cra)o(Ka) = {(a,b) € K2 | f(a,b) = 0}.

The complement C 4 (Kq)\(Cf,q)0(Kq) is a finite nonempty set; we call its elements
infinite points of Cy 4. The rational function x € K,(Cy4) defines a finite cover
7 : Cfq — P! of degree gq. The set of branch points contains B and sits in the
(disjoint) union of B and the (finite) set of infinite points of Cy 4; 7 sends the latter
set to the infinite point co of P1(K,). Clearly, y is a local parameter at every P € B
and ordp(z — 2(P)) = ¢. If co is any infinite point of C then both ords(x) and
ords (y) are negative integers such that n - ords (z) = ¢ - ords (y), i.e.,

ords (y) = m - ords ().

It follows easily from the previous remark that if 5 € K, then the rational function
(x — B) € Kq(Cy,q) has a pole at 5o, whose order does not depend on £, including
the cases 3 =0 and 8 = o € Ry.

The main result of this section is the following statement.

Theorem 9.1. Suppose that n = deg(f) is divisible by ¢ =p".
Then the Gal(K)-modules J)(\j’q) and (F?f)oo are isomorphic.

In the course of the proof of Theorem [@.1] we will use the following assertion that
will be proven at the end of this section.

Lemma 9.2. Let D = ), pap(P) be a degree zero divisor with support in B.
Then the linear equivalence class of p"~1D is zero if and only if there exists an
integer j such that all integers ap’s are congruent to j modulo p.

Proof of Theorem [91] (modulo Lemmal9.Z). The map P — x(P) establishes a Galois-

equivariant bijection between B and $iy. So, it suffices to check that the Galois

modules J if 9 and (FJ)% are isomorphic. Notice that

Jif’Q) ={ze JHa) (K,) | 64(z) =2} C JhHa) (Kq) =

PaipO)(T(Cra)(Ka)) = (148, + -+ 82 71} (J(Cra) (Ka)):

Since B C Cf4(K,) consists of d4-invariant points, the linear equivalence class of
every degree zero divisor D = ), pap(P) is a dg-invariant point of J(Cy,4)(K,).

5In Th. 5.2 of [44] the assertion (ii)(a) is actually not proven and should be ignored.
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This implies that that the linear equivalence class of p"'D = >, pp" 'ap(P)
lies in
{z € JPV(K,) | 6y(x) = 2} = TP c JUD(K,) C J(Chy)(Ka).

Let us consider the following Galois-equivariant homomorphism of F,-vector

spaces
U (FE) — g0

Let ¢ : B — IF, be a function with )7, 5 ¢(b) = 0. We may “lift” ¢ to a map
P — ap € Z in such a may that

bpmodp=¢(P) VP €B, Y ap=0.
pep
Then D =}, ap(P) is a degree zero divisor on Cf 4 with support in B. We define

U(p) e J )(\f D as the linear equivalence class of p"~!D. First, notice that our map
is well-defined. Indeed, if P — ap lifts the zero function then all ap are divisible
by p and therefore all the coefficients of p"~!D are divisible by p-p" ' = ¢q. It
follows from by Lemma that the class of p"~!'D is zero. This proves that ¥ is
well-defined. Clearly, ® is a group homomorphism and therefore is a F,-linear map.
It follows from the same Lemma that ¢ € ker(¥) if and only if there exists j € Z
such that all (the corresponding) ap’s are congruent to j modulo p. This means
that
¢(P) =jmod p VP € B,

i.e., ¢ is a constant function. In other words, ker(¥) = F,,-15. Therefore ® induces
a Galois-equivariant embedding of IF),-vector spaces

(FP)* = (F)°/(F, - 1) = J{7.
This embedding is actually an isomorphism, since
dimg, (F2)%) = n — 2 = dimg, (JJV).
O

It remains to prove Lemma We will need the following two assertions that
characterize principal divisors with support in B.

Lemma 9.3. Let D =} . pap(P) be a divisor on Cy 4 with support in B. Then

D is principal if and only if there exist a divisor D1 = ) pc g bp(P) on Cy 4 with
support in B and a monnegative integer j < q such that m divides deg(D;1) =

> pepbp and
D:quP(m—% <Z(P)>-

BeB PeB

Corollary 9.4. Let Q be a point of B. Then a divisor D = ) pcpap(P) with
support in B is principal if and only if there is a degree zero divisor Dy with support
in B and an integer j such that

(7) D= gDy +j <<Z<P>> —n(@>>.

PeB
In addition, all integers ap’s are divisible by p™~! if and only if j is divisible by
pr—l.
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Proof of Lemmal[Z.3 Suppose D = div(h) where h € K,(C},q) is a nonzero rational
function on Cy. Since D is §g-invariant, d;h = hd, coincides with ¢ - h for some
nonzrero ¢ € K,. The §,-invariance of the splitting

Ko(Crq) = @10y’ + Ka(2)

implies that h(z) = ¢’ - u(x) for some nonzero rational function u(z) € K,(x) and
a nonnegative integer j < g — 1. It follows that all “finite” zeros and poles of u(x)
lie in B. i.e., there exists an integer-valued function P — bp on B such that u(x)
coincides up to multiplication by a nonzero constant to [ 5. 5(z — z(P))*”. Recall
that the zero divisor of y is 3 . 5(P) while the set of its poles coincides with the
set of infinite points of C; and if co is such a point then

— _ EPEB bp
ords (u) = () bp)ords(z) = SEE— - ords (1).
PeB
Since h(z) = y/u(z) has neither zeros nor poles at infinite points of Cf 4,

b
Lrebr i
m

On the other hand, for each P € B,
ap =ordp(h) = j+ordp(u) = j + gbp.
This implies that

D=ZGP(P)ZQZbP(P)+jZ(P)ZQZbP(P)—M(Z(P))-

m
PeB PeB PecB PeB PeB

Conversely, suppose that there is a divisor ) .5 bp(P) on Cf with support in
B such that m divides (3 pc 5 bp) and

D=a 3 bnir) - Z (57

PeB

Clearly, deg(D) = 0. Let us put

_ ZPGB bp
- .

j =
Let us consider the (nonzero) rational function

h=y [ (@-=2(P)’ € Ki(Cy).
PEB

Clearly h has neither zeros nor poles at infinite points of Cy, because
ords (h) = jords (y)+( Y | bplords(z) = (mj+ Y bp)ords(z) = 0-ords(z) = 0.

PEB PEB
This implies that the support of div(h) lies in B. For each P € B

ordp(h) = j+ gbp = ap.

This implies that D = div(h), i.e., D is principal. O



ENDOMORPHISM ALGEBRAS OF ABELIAN VARIETIES 39

Proof of Corollary[9.4] Clearly, n(Q) — > pcp(P) is the divisor of the rational
function (z —z(Q))™ /y and ¢ ((P) — (Q)) is the divisor of the rational function
(x —x(P))/(x — x(Q)). This implies that a divisor D of the form (7)) is principal.
Conversely, suppose that a divisor D = ), gz ap(P) with support in B is
principal. Let ) pc 5 bp(P) and j be as in Lemma 0.3 and its proof, i.e.,

j:—#ez, D—qup<P)+j<Z(P)>-

PrPeB PeB
Let us put
Do= () bp(P) = (Y bp)@Q) = (D br(P) +jm(Q).
PeB PeB PeB

Clearly, Dy is a degree zero divisor with support in B and

D=qY bp(P)=a(} bp)@Q) +a(D_ br)(Q) +] (Z (P)>

reB PeB PeB pPeB

gDo—qjm(Q)+j (Z(P)) = qDo—jn(Q)+j <Z<P>> = qDo+j <<Z<P>> —n(@)) :

PeB PEB PeB
In order to prove the second assertion of Corollary, notice that both ¢ = p™ and
n = gm = p"m are divisible by p"~! and therefore all the coefficients of D are
divisible by p"~! if and only if all the coefficients of j (3 pc5(P)) are divisible by
p" 1 as well. All the coefficients of j (Z Pe B(P)) are equal to j and therefore are
divisible by p"~! if and only if j is divisible by p"~!. O

Proof of LemmalZ2 Let us fix a point Q € B.
Suppose that the class of p"~1D is zero. By Corollary [@.4] (applied to p"~1D),
there exist a a degree zero divisor Dy = > P € Bbp(P) and an integer jo = jo(Q) €

Z such that
P’ TiD =p" Do+ p o ((Z (P)> - n(Q)) :

PeB
This means that

P’ rag =pbg + 1" 1o(Q) - (1 —n), p"lap = p"bp +p"jo(Q) VP € B\ {Q}.
The first equality implies that (1 — n)jo(Q) is congruent to ag modulo p, which
means that jo(Q) is congruent to ag modulo p (since p | n). The second equality
implies that ap is congruent to jo(Q) modulo P, i.e., ap is congruent to ag for all
P € B\ {Q}. Since aq is obviously congruent to itself modulo p, we obtain that
ap is congruent to ag modulo p for each P,Q € B. Now we may put j = aq.

Conversely, suppose that D = ) . p ap(P) is a degree zero divisor with support
in B such that all ap are congruent modulo p to a certain fixed (independent on
P) integer j. Then

pr—lD :pr—lj (Z (P)) +pr—1p (Z (aPp_j) (P)) _

reB PeB

Pl (Z (P)> +p (Z bP(P)>

PeB PeB
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where bp = (ap — j)/p. Clearly,

—_

S ey 0 (5

PeB PecB p

iS]

This implies that

D= ([ )] 0@ )+ 0@ 407 (S be(P) ) =

PeB pPeB

P <Z(P) —n(Q) | +p"Do

pPeB

where @) is any point of B and

Do =p"'jm(@Q) + | > bp(P)

PeB
Since deg(D) = 0, the degree of Dy is also zero. It follows from Corollary [@.4] that
the class of p"~!D is 0. O
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