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ABSTRACT: Various aspects of warped conformal field theories (WCFTs) are studied
including entanglement entropy on excited states, the Rényi entropy after a local quench,
and out-of-time-order four-point functions. Assuming a large central charge and dominance
of the vacuum block in the conformal block expansion, (i) we calculate the single-interval
entanglement entropy on an excited state, matching previous finite temperature results by
changing the ensemble; and (ii) we show that WCFTs are maximally chaotic, a result that
is compatible with the existence of black holes in the holographic duals. Finally, we relax
the aforementioned assumptions and study the time evolution of the Rényi entropy after a
local quench. We find that the change in the Rényi entropy is topological, vanishing at early
and late times, and nonvanishing in between only for charged states in spectrally-flowed

WCEFTs.
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1 Introduction and summary

Warped conformal field theories (WCFTs) are two-dimensional quantum field theories in-
variant under warped conformal transformations, spacetime symmetries where the left and
right-moving coordinates 7 and z~ transform as [1, 2]

o= f@), o =2 4 gl (L1)

and f(z") and g(z") are two arbitrary functions. Unlike standard conformal transfor-
mations, the warped conformal symmetries are generated by a left-moving Virasoro-Kac-
Moody algebra. Notably, the SL(2, R);, x U(1)gr global symmetries of the theory feature
translations and chiral scale transformations, but do not include Lorentz transformations.
Known examples of WCFT include chiral Liouville gravity [3], free Weyl fermions [4], and



free scalars [5]. Furthermore, the Sachdev-Ye-Kitaev model with complex fermions [6] has
been argued to be a broken-symmetry phase of WCFT [7].

The infinite-dimensional algebra and the lack of Lorentz symmetry make WCFT's useful
in the study of holography beyond AdS spacetimes. In particular, both warped AdS3 and
the near-horizon throat of extremal Kerr black holes feature an SL(2, R) x U(1) isometry
group [8-10] that matches the global symmetries of WCFTs. By choosing appropriate
boundary conditions, the asymptotic symmetries of a large class of gravitational theories
are generated by a Virasoro-Kac-Moody algebra. This leads to a variety of holographic
duals to WCFTs that include topologically massive gravity [11], stringy truncations that
include matter [12], Einstein gravity with Dirichlet-Neumann boundary conditions [13], and
lower-spin gravity [4]. WCFTs also share common features with other Lorentz-violating
theories, such as Galilean conformal field theories relevant to condensed matter physics
and BMS field theories relevant to flat space holography [14-17].

Several aspects of WCFTs have been studied in the literature that uncover a rich
structure reminiscent of their CF'T cousins. For example, the modular properties of WCFT
partition functions lead to a Cardy-like formula that matches the Bekenstein-Hawking
entropy of black holes in the corresponding holographic duals [2, 13, 18]. Via the modular
bootstrap [19], it is furthermore known that WCFTs with a negative U(1) level require
states with purely imaginary charge, in agreement with bulk studies [12, 13]. Relatedly,
correlation functions and the consequences of crossing symmetry are known and readily
applicable to the bootstrap program [20)].

One of the main features of WCFT studied in this paper is their entanglement entropy.
The latter was computed for a single-interval on the vacuum state via the Rindler method
in [21, 22]. Interestingly, the entanglement entropy of WCFTs reveals hints of nonlocality
along the U(1) direction, a feature that is also observed in their correlation functions [20].
The holographic entanglement entropy has also been derived in both locally warped and
unwarped AdSs spacetimes [22] as well as lower spin gravity [18]. A novel feature of the
holographic entanglement entropy is that it is determined by the minimal length between
two null lines, the latter of which lie tangent to the modular flow emanating from the
boundary end points [22, 23]. This differs from the Ryu-Takayanagi prescription [24—26]
and suggests a deep connection between geometry and quantum entanglement beyond the
AdS/CFT correspondence.

In this paper, we explore further aspects of entanglement in WCFTs, including the
entanglement entropy on excited states and the time evolution of the Rényi entropy after
a local quench. Using similar techniques and out-of-time-order (OTO) correlators we also
probe the chaotic behavior of large-c WCFTs. It would be interesting to find a holographic
description or our results, a task that is left for future work.

Our results can be summarized as follows: (i) assuming a large central charge and
dominance of the vacuum block in the conformal block expansion, we show that the en-
tanglement entropy on a heavy state [i)) on the cylinder is given by

v pvacy . pvac vac Bw . ¥4
S = —iPy"l + pgypl — 2(ipPg* + 2L§") log (E sth>, (1.2)



where ¢ and £ denote the lengths of the subsystem along the Virasoro and U(1) directions,
o is the spectral flow parameter defined in eq. (2.5), and L§® and Pj*® are the vacuum
expectation values of Ly and Py — the zero modes of the Virasoro-Kac-Moody algebra.
In particular, we note that eq. (1.2) takes the same form as the entanglement entropy of
WCFTs at inverse temperatures 8 and 3 by means of the thermodynamical relations

_Z'pé’ac<é_2ﬂ-_'u>:1qu7 By =2 (1.3)
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where iLw = hy — q?p /k with hy and ¢ denoting the conformal weight and charge of |¢)).
We note that eq. (1.3) is the transformation between the canonical and microcanonical
ensembles in WCF'T. Despite the additional ingredients and subtleties involved in this
analysis, the result is similar to that found in CFT where the entanglement entropy on an
excited state was also related to the entanglement entropy at finite temperature [27].

(ii) For a generic WCFT, we find that the change of the Rényi entropy ASXL) after
the insertion of a local operator 1 vanishes at early and late times, as in two-dimensional
CFTs [28-33]. On the other hand, at intermediate times of order the length of the subsys-
tem, we show that ASXL) is generically nonzero and universal, depending on the spectral
flow parameter p of the WCFT and the charge g of the operator 1,

0, early and late times,

ASE = (1.4)

27 Gy s intermediate times.

A precise definition of early, late, and intermediate times will be given in eq. (4.28). This
is the so-called memory effect of the Rényi entropy [34] which, while nonvanishing, differs
from the one found in rational CFTs [28-33] and irrational CFTs [34-37]. Relatedly, we
note that ASXL) vanishes at all times in a chiral CFT which features only one copy of the
Virasoro algebra.

(iii) Assuming once again a large central charge and vacuum block dominance, we
compute the OTO four-point function and show that WCFTs are maximally chaotic, like
their CFT cousins [38]. This result is compatible with the existence of black holes in the
holographic duals to this class of WCFTs, and it further distinguishes warped from chiral
CFTs, the latter of which feature no chaos [39]. Interestingly, both ASJ(I) and the OTO
correlator exploit the analytic properties of correlation functions in different ways. We will
see that n-point correlators in WCFT factorize into two parts whose form is determined
by the global SL(2,R) and U(1) symmetries of the theory. In particular, we find that
a nonvanishing ASZL) relies on multivaluedness of the U(1) part of correlation functions,
while the OTO correlator exploits multivaluedness of the SL(2, R) part instead.

The paper is organized as follows. In Section 2 we set up our conventions and discuss
relevant aspects of WCFT including the symmetries, spectral flow, and correlation func-
tions. The entanglement entropy on excited states is derived in Section 3. Therein the
semiclassical approximation of the Virasoro-Kac-Moody vacuum block is also discussed.
The time evolution of the Rényi entropy after a local quench is considered in Section 4



while the OTO correlator and its consequences are studied in Section 5. We derive the
Virasoro-Kac-Moody block in Appendix A and the warped conformal transformation be-
tween an n-sheeted Riemann surface and the complex plane in Appendix B.

2 Aspects of warped CFT

In this section we review the salient features of WCFT that are needed in our analysis
following refs. [1, 2, 20]. We begin by considering WCFTs on the “reference plane” where
the vacuum state is left invariant under the global SL(2, R) x U(1) symmetries of the
theory. We will pay special attention to the “tilt” u of the WCFT which is obtained via
spectral flow of the Virasoro-Kac-Moody algebra. Finally, we describe the structure of the
two, three, and four-point functions and the conformal block expansion of the latter.

2.1 Warped CFT on the reference plane

Warped CFTs are characterized by two chiral currents T'(z*) and P(z") that generate the
warped conformal transformations (1.1) [1]. In this subsection we consider WCFTs on the
reference plane where (T'(z1)) = (P(z")) = 0. On the reference plane the infinitesimal
warped conformal transformations are generated by

by =—@")"oy,  py=iat)"o-, (2.1)

where 0. = 0/0z*. In particular, [y generates scale transformations of 2+ while pq is
responsible for translations along z=. The U(1) symmetry is not necessarily compact and,
as a result, the U(1) charge is not necessarily quantized.

The charges corresponding to the infinitesimal transformations (2.1) are given by the
modes of the T'(z") and P(x™) currents,

L= -5 [ @i, Po=-g [de@ P, @2)

which generate a chiral Virasoro-Kac-Moody algebra with central charge ¢ and level k,

c

En(n2 — 1)dntm,

[Lna Pm] - _mpn+m7 (23)

[Pna Pm] = gnéner

[Ly, L) = (n —m) Ly +

In principle, the level of the Kac-Moody algebra can be rescaled to one. However, different
sectors in some holographic WCFTs may be interpreted as having different signs of k so
we leave the U(1) level intact [19].

On the reference plane the vacuum is invariant under the global SL(2,R) x U(1)
symmetries of the WCFT and is assumed to satisfy

Lnl0) = Ppit]0) =0, n>—1 (2.4)

The SL(2,R) x U(1) invariance of the theory on the reference plane constrains the corre-
lation functions of WCFTs in a similar way that the SL(2, R) x SL(2, R) group constrains
correlation functions of two-dimensional CFTs [20].



2.2 Spectral flow and vacuum charges
Besides ¢ and k£, WCF'Ts are characterized by the tilt parameter p which has the following
equivalent physical interpretations: (i) as a spectral flow parameter, (ii) as the Ly and Py
charges of the vacuum, (iii) as the tilt of the cylinder [2]. First of all, the tilt pu can be
introduced via a warped conformal transformation

T =y, y=a + ploga™. (2.5)

This transformation is compatible with eq. (1.1) and is equivalent to spectral flow. Indeed,
under a finite warped conformal transformation, the T'(z") and P(z™) currents transform

as [2]
dxt\? c dr™ Ox~ k(0z~\?
T'(a™) = <3x+,> {T(ﬂﬁ) - E{$+/79€+}] + Wwp(ﬁ) 1 (W) , (26)
ox™ k ox~'
P'(zt) = <8:c+’> [P(uﬁ) +3 e ], (2.7)

where {f,z} is the Schwarzian derivative. It is not difficult to check that the new L/ and
P! modes satisfy
2k s
ks, P =p,— " (2.8)
4 2
which is the spectral flow transformation that leaves the Virasoro-Kac-Moody algebra

L' =L, —iuP, —

n

intact. Furthermore, if we map the plane to the cylinder via the exponential map x* —
e" then the transformation (2.5) tilts the cylinder.

In what follows we consider WCFTs with u # 0. Hence the coordinates of the WCFT
on the (spectrally-flowed) plane are given by

(x,y) = (¥, 27 + plogz™). (2.9)

Although this is equivalent to spectral flow, a nonvanishing tilt p carries physical conse-

quences.! Indeed, spectral flow affects both the entropy [2] and the entanglement entropy

of WCFTs [21, 22], and plays an important role in the holographic derivation of the lat-

ter [22]. Relatedly, we note that spectral flow leads to the following nonvanishing vacuum
expectation values?

2

wk

(Lo) = -7 (B)=—7 (2.10)

From this point of view, the spectral flow transformation is similar to the conformal trans-

formation in CF'T that maps the plane to the cylinder. The latter introduces a length scale

I which leads to vacuum expectation

R — the size of the circle that is analogous to p~
values for the zero mode charges of the CFT. Note that if the spectral flow parameter p is
real, then <P0’> is imaginary. This is not a bug but a feature of WCFTs with holographic
duals [2]. In this class of holographic WCFTs the dual theory is sensitive only to (P)*

and the metric and conserved charges are always real.

IThis is reminiscent of string theory on AdSs where spectral flow generates altogether new representa-
tions of the symmetry algebra [40].

2The Sugawara-like combination of charges Lo—Pg/k > 0 is invariant under spectral flow. The inequality
is required by unitarity and is saturated by the vacuum.



2.3 Correlation functions and conformal blocks

On the reference plane, the global SL(2,R) x U(1) symmetries of a WCFT completely
fix the coordinate dependence of its two and three-point functions. On the other hand,
as in standard CFT, the four-point function is determined only up to a function of the
cross-ratio,

+ .+
T1oT

z = 12734 (2.11)
vt
13424

where we use a;; = a; — a; for any indexed variable a;. In particular, the two, three, and

four point functions are given by [20)]

S gz Ohy—h
(pro) = (€297 by, ) —202 (2.12)
< ! ) ()2
. - C
— (12 4 123
(610205) = (12997 55, ) EAS = A T A T (2.13)
+ \ hi2 + \ h34
= (T ey T34 14 G(2)
(D102¢304) = <e 5] 5ziqi) (ﬁ) <m1+3> AR AL (2.14)

where C1o3 is the OPE coefficient and ¢; = gbz( ,; ) is a Virasoro-Kac-Moody primary
field with conformal weight h; and U(1) charge ¢; — the eigenvalues of Ly and Py, respec-
tively. Note that the n-point functions vanish unless the total momenta along x~ is zero,
i.e. unless the total U(1) charge vanishes

>_4i=0. (2.15)

The xT-dependence of the m-point functions is the same as that of chiral CFTs with a
left-moving Virasoro algebra. In contrast, the dependence on x~ suggests WCFTs are
nonlocal along this direction. This interpretation is supported from the single-interval
entanglement entropy of WCFTs, the latter of which features hints of nonlocality along
the ~ coordinate [21, 22]. A similar phenomenon is observed in the entanglement entropy
on excited states derived in Section 3.

Under the warped conformal transformation (1.1) a primary field ¢(z ™, ™) transforms
as an h-form under Virasoro transformations and as a scalar under U(1) transformations
such that

dxt\ "
(a2 = <ai+> ozt x7). (2.16)

This implies that the n-point functions transform as

<Zﬁ1¢2(€v¢+',%’)> H1<gfl> <H¢ af, x; > (2.17)

without any additional factors of 2~/ on the right hand side [20]. Since eq. (2.5) affects only

the £~ coordinate we find that, after spectral flow, the n-point functions still transform



*, x27) on the reference plane,

as a scalar. In particular, in terms of the coordinates (x
the two, three, and four-point-point functions are given by eqs. (2.12) — (2.14). One may
choose to express the latter entirely in terms of the (zT,y) coordinates of the spectrally-
flowed theory. In that case one simply replaces the x; coordinates featured in the n-point

functions by
x; —y; — plog xj (2.18)

As in CFTs, the four-point function of WCFTs can be expressed in terms of Virasoro-
Kac-Moody blocks such that, in the s-channel [20],

G(z) = Z Cp12C734Vp(2), (2.19)
P
where the sum runs over primary states with weight h, and charge ¢, = ¢z +q1 = —q1 — qo,

and the block V,(z) depends on ¢, k, hi, gi, hyp, and ¢,. The contribution of the U(1)
descendant states to V,(z) can be determined exactly using the Sugawara basis. In our
conventions the Virasoro-Kac-Moody block is given by

(a3+a4)? 292493 ~  ~
k

(1—2)"% F(c—1,hj, hp, 2), (2.20)

Vi(2) = 2

where h; = h; —¢q?/k is the conformal weight in the Sugawara basis and F(c, h;, hp, z) is the
standard Virasoro conformal block. Up to conventions, eq. (2.20) is the same expression
found in CFTs with an internal U(1) symmetry in [41]. The derivation of eq. (2.20) in
WCFT is given in Appendix A. The Virasoro conformal block F can be expanded near

z2=0 as

Fle—1,hi,hy, 2) = 2w Z Fre(c—1,hi, hy) 2, (2.21)
K=0

where the Fg(c—1, hi, ﬁp) coefficients are determined by the Virasoro algebra with central
charge ¢ — 1. Finally, note that the weights h; and ﬁp are invariant under spectral flow.
Hence the conformal block expansion is independent of the spectral flow parameter.

3 Entanglement entropy on excited states

In this section we derive the entanglement entropy on excited states in WCFTs defined on
the cylinder. Our derivation is valid provided the following assumptions, which are natural
from a holographic point of view, hold: (i) a large central charge ¢, (ii) dominance of the
vacuum block in the conformal block expansion, and (iii) excited states whose conformal
weights scale with ¢. The interpretation of our results is facilitated by comparison to the
entanglement entropy of WCFTs at finite temperature to which we now turn.



3.1 Entanglement entropy in warped CFT

Let us begin by considering a WCFT on the spectrally-flowed plane. We define the sub-
system A by the line connecting the points (acf, y1) and (x;, y2) which we denote by

A: (er?y) € [(xii_vyl)v (.%';,yg)] . (3'1)

The reduced density matrix on A is obtained by tracing out the contribution of the com-
plement A¢, namely p4 = Trgcp, where p = |0) (0| and |0) is the vacuum. The moments
of the reduced density matrix p4 are given by the Rényi entanglement entropies

n 1 n
sY = T log Tr(plk), (3.2)

whose n — 1 limit yields the von Neumann entropy of subsystem A, that is

Saq= i;nﬁ Sff) = —Trpalogpa. (3.3)
The Rényi entropies (3.2) can be computed in the path integral formalism by gluing
together n replicas of the system along the interval A [42, 43] (see [44] for a review). This
defines an n-sheeted two-dimensional manifold R,, with cuts along A such that
Z,

Trp = == 3.4
where Z,, is the partition function evaluated on R,. We will use this approach in the
next section when we study the time evolution of the Rényi entropy after a local quench.
Alternatively, the trace of p’j can be evaluated by considering n copies of the original
WCFT defined on the plane. In this case, the replica boundary conditions are enforced by
the insertion of twist fields o, at the endpoints of A so that

Trpzlﬁl = <01L(x;7y2)0-n(xikayl)>, (35)

where the two-point function is evaluated on the cyclic orbifold WCFT"/Z,, on the plane.

The conformal weight and U(1) charge of the twist field o,, were determined in [20, 21]
via a generalization of the Rindler method used in CFT [45]. The twist field conformal
weight h,, and charge g, are given by?

" <c N Ly jaPyec a2k>
n = N\ 57 )

inka)
24 n? 2mn 1672 ’

o (e

(3.6)

where L§* and Fj*¢ denote the vacuum expectation values of Ly and Fy on the cylinder.
The variable « in eq. (3.6) was first introduced as a free parameter in ref. [22] in the gen-
eralized Rindler transformation of WCF'T. Its value was later determined by matching the
entanglement entropy of WCFT holographically in BTZ black holes. A similar observation
has also been made for warped AdS black holes in lower spin gravity in [18].

We now argue that a should be identified with the tilt parameter p of the WCFT.
Notice that when n — 1 the symmetric orbifold WCFT must reduce to the original theory

#Note that in our conventions g, has the opposite sign from the U(1) charge used in [20, 21].



which implies that h; = g1 = 0 for the corresponding twist fields. This is possible if the
following relation between the vacuum charges and the parameter a holds
c o’k _iak

vac __ vac
Ly = —_—.
47

_ﬂ - 1671'2’ 0 (37)

These are precisely the spectrally-flowed charges (2.10) defined on the cylinder provided
that

p=g (3.8)

Equation (3.7) guarantees that h, and g, are proportional to n — 1 as expected,

_(n—1) c w2k B ik
hn = - (n+ 1)24 (n—1) ik n = (n—1) 5 (3.9)
We also note that eq. (3.7) saturates the unitarity bound L§% — (Pg%)?/k = —c/24,

and that the following choice of p reproduces the values of L§* and Fj“° found in the
holographic entanglement entropy of WCFT (where £ is assumed to be negative) [22]

cl i ck
— .= vac — prac — — ) . 3.10
The entanglement entropy of subsystem 4 is thus given by [22]
s s
Sq = —iPYe [ym — plog <—i>] — 2(ipPg + 2L§) log <£> (3.11)
x] €

where we introduced a UV regulator ¢ and x;, 121 denote the lengths of the interval A.
Eq. (3.11) is valid for WCFTs defined on the plane with nonvanishing tilt parameter pu.
When the latter vanishes, the entanglement entropy reduces to the result derived in [21].
To compute the entanglement entropy at finite temperature we can exploit the symmetries
of the WCFT and map the two-point function of twist fields (3.5) to the thermal cylinder.

This can be accomplished by the following warped conformal transformation [22]

I _ _ <ﬁ_ 27T,u> "
Tz =ef T =w +|(=—-——|w", 3.12
55 (3.12)
where the coordinates on the thermal cylinder satisfy (w™, w™) ~ (wt + i3, w™ — iB).

Using eq. (2.17) we obtain

SBP — _ipyee [E+ <ﬁ - 27T—“)€] — 2(ipP + 2L5*) log <£ sinh%), (3.13)

TE

where ¢ = |wy;| and £ = |wy;| denote the lengths of the interval A on the (w™, w™) system.



3.2 Excited states and four-point functions

Let us now consider the entanglement entropy on an excited state. The latter is obtained
from the vacuum via the state/operator correspondence

whereupon the density matrix becomes p = |¢) (¢|. The Rényi entropy can be computed
in the symmetric orbifold theory using the twist fields to enforce the replica boundary
conditions. In this case the trace of p’) is given by a four-point function [27]

Sn = Trply = (V] o} (23, y2)om (@, y1) [0),
= Jlrim (:U+)2h‘1’<\I’T(:U+,O)le(x;,yg)an(xf,yl)\lf(0,0)>, (3.15)
TT—00

where ¥ denotes the operator in the WCFT"/Z,, orbifold that is obtained from the insertion
of 1 in each of its copies.* As reviewed in Section 2, the four-point function (3.15) can
be expressed in terms of Virasoro-Kac-Moody blocks via eq. (2.19). In the ¢-channel the
conformal block expansion is given by

Sp = €712 200 (1 — )" N Oy CP g Fe — 1, by by, 1 — 2), (3.16)
p

where we have set x; = 1 without loss of generality, z = xf is the cross-ratio (2.11), and
we recall that F denotes the Virasoro conformal block. In particular, note that eq. (3.16)
is expected to converge for z ~ 1 and that the operators exchanged in the conformal block
expansion are all neutral, i.e. g, = 0.

3.3 Entanglement in the semiclassical limit

In this section we consider WCFT's in the semiclassical limit defined by

h; h
c— 00 with -
c

2 fixed. (3.17)

There are two motivations for this definition of the semiclassical limit. One comes from
bulk intuition. For instance, in Einstein gravity with Dirichlet-Neumann boundary condi-
tions [13, 19], the spectral flow invariant weight h is identified with the sum of mass and
angular momentum, i.e. h=DM+J+ ¢/24. The other motivation is that, similar to the
chiral sector of CFT, the Virasoro conformal block is expected to exponentiate [46, 47]

>~ ~ C }(LZ Bp 0
log Flc — 1, hi, by, 1 — 2) ~ —éf(? 21— z) +O(), (3.18)
where f ~ —(6/c)h,log(1 — z) + O(1 — z). In the semiclassical limit the conformal block

expansion is dominated by the contribution of light states with small Bp. In what follows
we assume that the vacuum block dominates the conformal block expansion and study its

4In particular, this implies that hy = nhy and gv = ngy where hy, is the conformal weight and ¢, the
U(1) charge of 9.

,10,



consequences. This is analogous to the assumptions made in the derivation of entanglement
entropy on excited states in CFT in refs. [27, 48].5

Note that in WCFTs the vacuum block captures the contribution of all of the descen-
dants of the vacuum including the conserved currents T'(x*) and P(z™"), its derivatives, and
its normal-ordered products. The holographic duals of WCFTs are gravitational theories
(see Section 1 for examples) that feature the same Virasoro-Kac-Moody symmetries and
the fields dual to the T'(z*) and P(z") currents. Therefore, we expect the vacuum block
to capture the dynamics of the gravitational sector of the dual theory in the semiclassical
limit. For another application of vacuum-block dominance in large-c WCFTs see [51].

We will henceforth approximate the trace of p’j by

S, A e Ta 20w an/k (] _ )72 Fe — 1k 0,1 — 2). (3.19)

The Virasoro vacuum block F(c — 1, h;,0, z) is not known in closed form (see e.g. [52] for
a nice discussion and several series expansions). If we assume that the tilt © of the WCFT
scales at most linearly with ¢, then the conformal weight and charge of the twist field satisfy

hy, — 2 /k
B 4/ <

n
C C

1, when n — 1. (3.20)

In this case the semiclassical vacuum block is approximately given by [53]°

1 v=1 7 2hn
~ —_ 2
—Z

where v is defined by

v =1/1—24hy/c. (3.22)

Note that eq. (3.21) is nonperturbative in hy/c but perturbative in h,,/c. Hence it is valid
in the limit n — 1. We conclude that in the semiclassical limit the trace of the reduced
density matrix p” is given by

7=1 7 2hn
Spos1 A € Mn Z2auan k(1 _ o) =200 /k [ZZ—:] : (3.23)
—Z

The entanglement entropy obtained from eq. (3.23) has a nice interpretation when
the WCF'T is placed on the cylinder. This can be accomplished by the warped conformal
transformation

at =", T =w, (3.24)

5In sparse CFTs where the density p of light states h + h < ¢/12 is bounded by p < e™/¢ [49], the
vacuum block is expected to dominate the conformal block expansion at large ¢ [50]. A precise definition
of sparseness in WCFTs and its connection to vacuum block dominance have not been spelled out yet. We
hope to further understand this assumption and its implications to WCFT holography in the future.

SWe have implicitly assumed that the descendant states in the vacuum block are unitary. This property
does not extend to all blocks in some WCFTs with known holographic duals [11, 13].
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where (wt,w™) ~ (w' 427, w™) are the coordinates on the cylinder. In these coordinates

L ot > _
the cross-ratio is given by z = 2] = €1 and we use ¢ = |wy;| and £ = |ws;| to denote the

lengths of the interval. Thus, the entanglement entropy on the excited state i is given by

1
A
SH= Tlgrﬁ T log Sy, (3.25)
- pvac ) . vac vac 5¢' : ml
= —i Pyl 4 pgyl — Q(ZMPO +2Lg ) log [ — sth— , (3.26)
e
Y

where we used egs. (3.6) and (3.7), and ﬁ~¢ is defined by

~ _271' 2

By="r = (3.27)

024k fe—1

This equation is reminiscent of the entanglement entropy of WCFT at finite temper-
ature (3.13). This is not a coincidence, as the entanglement entropy on the state ¢ can
be obtained from eq. (3.26) by changing ensembles (canonical — microcanonical), an ob-
servation first made in the context of CFT in [27]. In order to see this let us consider the
partition function of a WCFT in the canonical ensemble’

Z(8,B) = Tr(e PLo" -8R, (3.28)

where Lgyl and Pocyl are the zero modes defined on the cylinder. In the high temperature
limit 3 — 0, the expectation values of Lf)yl and Pocyl were computed in [21] and read

0 2 _k/32 vac/B

<L8yl> = —%Z(ﬁaﬁ) “ipE 2miF, 2 4W2L8ac@’ (3.29)
0 = kB
(B§") =~ 55 2(8.5) = —3 5 + 2riPEes, (3.30)

Although these expressions were derived in the 8 — 0 limit we expect them to be valid
for any 5 < 27 when c is large. This result has been shown to hold in CFTs with a sparse
spectrum in [49] which strongly suggests that a similar result is possible in WCFTs. Using
egs. (3.29) and (3.30) we find

mire(5-B) < e s (3.31)

BB \/245/0—1’

where we used eq. (3.7) and defined <L8yl> = h — ¢/24 and <Pocyl> = ¢. This is the
transformation between the canonical and microcanonical ensembles in WCFT. It is not
difficult to see that eq. (3.31) with h = hy, and ¢ = gy relates the entanglement entropy at
finite temperature (3.13) to the entanglement entropy on the state ¢ (3.26).

"The WCFT partition function is sensitive to the orientation of the spatial circle where the theory is
quantized, a consequence of the absence of Lorentz invariance. However, as shown in [21], the expectation
values given above turn out to be insensitive to the orientation of the spatial circle.
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4 Local quench

In this section we study the time evolution of ASXL), the change in the Rényi entropy after

a local quench. We find that AS%) is topological and independent of the size and shape of
the subsystem A. While ASXL) vanishes at early and late times for any WCFT, we show

that ASXL) % 0 at “intermediate” times, but only for charged states in spectrally-flowed
WCEFTs.

4.1 Rényi entropy via replica

We begin by specifying what time and space are in the WCFT. As warped CFTs are
not relativistic, different choices may lead to different results. In this paper, we align the
Virasoro and U(1) directions with the lightcone coordinates 1 and z~ on the reference
plane such that

T =z 4T, xT =x — T, (4.1)
where 7 is the Euclidean time and z* transform as in eq. (1.1). This choice is motivated
by the identification of coordinates made in known WCFT models [3-5] as well as in
holographic duals to WCFTs [2, 13]. An alternative choice corresponds to identifying the
Virasoro direction 7 with space and the U(1) direction = with time [21]. In what follows
we find that the dependence on the U(1) coordinate drops out. Hence, in order to probe
the real time dynamics of WCFTs the Virasoro direction must depend on time. Another
set of coordinates compatible with this requirement identifies the Virasoro direction with
time and the U(1) direction with space. This choice is relevant in AdSs gravity [7, 54-57]
and the near horizon region of extremal Kerr black holes in four dimensions [58, 59]. One
problem with this identification is the lack of well-defined Fourier expansion and charges.
We leave further exploration of these coordinates to future work.

Let us define the subsystem A by the interval

A: {(z,7)|z€0,0],7 =0}. (4.2)
The local quench is modeled by the insertion of an operator ¢(x, ) at

(1)) = Y(—x0, —it) [0) = e "Hop(—20,0) |0) , (4.3)

where H = —L_1 + 1Py is the Hamiltonian of the system in the reference plane responsible
for the time translation 9;. In a different frame, say (z*,y), H is given by a different
linear combination of the spectrally-flowed SL(2, R) x U(1) generators, cf. eq. (2.8). By
construction 1 (x, 7) lies outside the subsystem A at early (¢ = 0) and late times (¢t — c0).
As time evolves we expect the operator ¥ (z,7) to cross the interval A.

We are interested in the change of the Rényi entropy of subsystem A before and after
the local quench. This quantity is defined as, cf. eq. (3.2),

ASZL) = ﬁ{ log Tr[(pﬁ)"] —log Tr[(p%)"] }, (4.4)
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where P,(Z = Tr4cp® is the reduced density matrix of subsystem A on the state |O). More
concretely, p* = |0) (0] denotes the density matrix of the vacuum while p¥ is the density
matrix of the state |¢(t)) defined by

p? = p(=w0,72)10) (0] ¢F (—0,71), (4.5)
where 71 and 75 read
it me——e—it (4.6)

We have introduced a regulator € in eq. (4.6) that is necessary to control the UV divergences
in the correlation functions of ¢ (x, 7). In particular, when ¢ — 0 we recover the expected
expression for the density matrix on the state 1(t), namely p = [1(t)) (¥(t)].
In this section we evaluate the traces of (pﬁ)" via the replica method,
¥
Trp = == (4.7)
A Z{p’
where Zﬁf is the partition function on R, with 2n insertions of the operator ¥ and Ry
denotes the complex plane. Using eq. (4.7) we obtain

P )
my 1 Zn A

so the change in the n-th Rényi entropy requires the computation of 2n-point correlation
functions. More concretely, let us denote the coordinates on R,, by

(#*,9) = (F*,2 + plogi™), (4.9)
where 7+ = 7 4+ i7. One then finds

ZY o i i o
Z_?l = (Y1 (@1, 7)) (E2, 72) - - T (Z2n -1, Fan—1)¥ (F2n, Fon)) R0 (4.10)

n
where the pair of operators ¥ (Zop_1, Tor_1)0(Zor, Tor) is located on the k' sheet of R,
such that

arg(fvéckil) = arg(xli) + 2mi(k — 1), arg(icéck) = arg(in) + 2mi(k — 1). (4.11)
)

Thus, after an appropriate normalization, ASZL reduces to the n-point function of the

bilocal operator 1), namely

m) 1 (TThy ¥ (F2k—1s Tok—1)V (F2k, Tok) ) Ron
Asy) = - log (W1 (21, 7)Y (T2, T2))Ry )™

We can evaluate the correlation functions on R, by exploiting the symmetries of

(4.12)

WCFTs. Indeed, eq. (2.17) allows us to express correlators in R, in terms of correla-
tors on the complex plane C provided that a warped conformal transformation exists that
maps R, to C. This transformation takes the form (1.1) and is given by

Pt O\ w 1 it
+ [z n L n— z
z _<j+_£> , Z = +,u<—n )10g<3§+_g>’ (4.13)
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where (21, 27) denote the coordinates on the reference plane where (T'(21)) = (P(27)) = 0.
A derivation of eq. (4.13) is given in Appendix B. Here we note that eq. (4.13)

(i) features the desired branch points at 2+ =0 and 27 = ¢,

(ii) maps the two coordinates Z3, , and i, on the k™ sheet of R, to arg(zj, ,) €

2—”(1{: — %,k —1) and arg(z;k) € 2%(1{: -1,k — %),

n

(iii) generalizes the analogous transformation in CFT [42].

4.2 Second Rényi entropy after the quench

We now consider the change in the second Rényi entropy ASf)

our results to ASXL)

in detail and generalize
in the next subsection. For n = 2, eq. (4.13) maps the 7] and 7

coordinates to the right half of the complex plane and the i“;{ and i“j{ coordinates to the
left half such that

2 =™z, o = ez (4.14)
Using eqs. (2.17) and (4.13) the four-point function on Ry reads

((Zi"_)Q — 1) ((Z;—)Q _ 1) 4hweiQw(z;1+zZS)G(Z) (
TS GO

2

(IT ¢' G, For—1) 0 (Fok, Far)) o = 4.15)
k=1

where hy, and g, denote the conformal weight and U(1) charge of ¢, and the cross-ratio z
is now given by

= 21253 (4.16)
213224
Eq. (4.15) has been written in terms of the z~ coordinate, reason why the spectral flow
parameter g is not manifest, cf. the discussion above eq. (2.18). The two-point function on
R1 is given by
fra = o ey a1
(WN(E1, T1)Y(T2, T2))Ry = g (4.17)
(@p) ="
and is also independent of u in these coordinates. The p-dependence of the two-point
function (4.17) is manifest when expressed in the same (21, 27) coordinates used in (4.15),
namely

W (1, P, P, = S [(@2 —1)((z5)* - 1)}”“".

e &P -G P

Thus, the change in the second Rényi entropy after the local quench is given by

ASP = —log [eiqwlog@ /0% (1 - z)%wa(z)} , (4.18)
where we used z = —(213)?/(42{ 2J) and z3 = 25, equations that follow from the

map (4.13). Note that eq. (4.18) is independent of the U(1) direction, i.e. independent
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of the z;” coordinates. Hence, provided that we set the spectral flow factor to zero, our
derivation is also valid for chiral CFTs featuring only one left-moving copy of the Virasoro
algebra.® Also note that ASff) is independent of the length ¢ of the subsystem. It is in
this sense that ASXL) is topological.

Using the conformal block expansion (2.19) we can recast eq. (4.18) as

ASY) = — log | ¢ 198 /507 (1 — )05 (Cryy)2F (e — 1Ty iy, )] (4.19)

where we recall that fw and Bp denote the conformal weights in the Sugawara basis. This
expression is valid in the s-channel where we expand around z = 0. Using crossing sym-
metry, i.e. by computing the four-point function in the ¢-channel, we obtain an expression
that is instead valid around z = 1. Thus, ASEE) is alternatively given by

ASS) oy =~ log |eitav s 2005 (G2 Fle = 1hy by 1 = 2)]. (4.20)

The expansions around the s (4.19) and t-channels (4.20) capture different regimes in
the time evolution of ASff). This follows from the fact that z is a function of time for any
value of the regulator e. In particular, for small but non-vanishing € we have z ~ O(¢?) at
early and late times whereas z ~ 1 — O(€?) at intermediate times (see below for a precise
definition). When the regulator e is set strictly to zero the cross-ratio becomes

limz = l{1 — sign[(zo — t)(z0 + £ —1)]}, (4.21)
e—0 2

and we find more precisely that

0, 0<t<uxzg(early) and zg+ ¢ <t (late

1, xo<t<mzy+ ¢ (intermediate).

In particular we note that z is real, even for finite ¢, and that it does not circle the point
z = 1 as the system is evolved in time (instead approaching z — 1 from below). Hence
the cross-ratio does not probe the multivaluedness of the four-point function, in contrast
to the out-of-time-order correlator considered in the next section.

For z = 0 or z = 1, the leading contribution to each of the conformal blocks F in
egs. (4.19) and (4.20) is given by the primary state sans descendants, cf. eq. (2.21)

1B B 0) = lim 2"
F(e—1,hy, hy,0) lli%zp[l%—(?(z)]. (4.23)

Since the conformal weight in is invariant under spectral flow, its minimum value is satu-
rated by the vacuum, namely by Bp = 0. Hence, the conformal block expansion of (4.18)

is dominated by the vacuum state in both the s and t-channels, and ASff) is given by

ASff) = —ipgy log(zy /21)?. (4.24)

8 Although eq. (4.18) with u = 0 matches the corresponding expression in left-moving chiral CFTs, we
expect the chiral CFT function G(z) to differ from that of warped CFT.

When € # 0, z varies smoothly as a function of time between z = 0 and z = 1. As z grows away
from zero the contribution of other primary states to the conformal block expansion becomes important
and cannot be neglected. Indeed, as z approaches 1 these states are summed into the conformal block
expansion in the ¢t-channel which is dominated by the vacuum state at z = 1.
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Thus, the time-dependence of ASf) comes entirely from the z;r / zfr ratio. Furthermore
note that eq. (4.24) implies ASfj) = 0 at all times in a left-moving chiral CFT.
The ratio & = (25 /2])? featured in eq. (4.24) is a pure phase given by
(zog — t +i€)(xp + £ — t — ie)

_ i _
e (w0 —t —ie)(wo + £ —t +ie) (4.25)

When € = 0, it seems that ¢ =1 and ASff) vanishes. However, care must be exercised as

the limit € — 0 is taken. Note that as e — 0" we have the following expansion
2iel

(w0 —t)(z0 + £ — 1)’

E~1+ (4.26)

For small but finite ¢, # evolves counter-clockwise in the complex plane until it reaches
0 =21 at t = xo. As time evolves further, 6 reverses its path reaching 6 = 0 after a time
t = 29+ £. Hence, as € — 0T, the phase takes different values in different regions,

0, 0<t<zgand zg+ ¥ <t,
lim 6 = (4.27)

0t om,  wo <t<w+L.

As a consequence the change of the second Renyi entropy picks up a phase in the interme-
diate region such that

0, 0<t<mgand zo+/¥<t,
AS® _ 0 0 (4.28)

27‘(‘,&(]¢, xo <t <xo+L

Notably, the change in the second Rényi entropy after a local quench is nontrivial at
intermediate times but only for charged states ¢ in spectrally-flowed WCFTs. This is a
feature that extends to higher-order Rényi entropies as we show next.

4.3 n-th Rényi entropy after the quench

We now generalize eq. (4.28) and comment on its interpretation. For arbitrary n the change

)

R, (4.12). In particular, this means that we have n pairs of operators 1! and v depending

respectively on n pairs of coordinates :EQik_l and i“zik where k =1,...,n. The iéck_l and :EQik

in the Rényi entropy ASZL is given, up to a normalization, by a 2n-point function on

coordinates live on the k-th sheet of R,, and are obtained from the ili and :Ezi coordinates
of the original manifold via eq. (4.11). As in the previous subsection we will evaluate the
2n-point function on the complex plane, a feat that is possible due to the properties of the
uniformizing map (4.13) that we discuss next.
We begin by noting that to linear order in ¢, the 25%71 and z;k coordinates obtained
via eqgs. (4.11) and (4.13) satisfy
ewfjl)g(e_%,e%), 0<t<mgand xg+/4<t,

(Z;k—l’Z;lc) - 2mi(k—1)

im_i8  im id (4'29)
e n C(eff*i,e?jL?), xo <t <zxo+Y,

,17,



where ¢ and § are defined as

1
5= e (4.30)

¢ ’ (o —t)(wog + 4 —1t)

‘ xrg—1
xo+Ll—1t

In particular, eq.(4.29) implies that the coordinates pair up at early and late times as

+ 4 + 4+ +,+ + + 4+
20 2y o gy 120, = (2725 ) (255 _175k) - - - (Zap_1%90) (4.31)
where the notation (zlJr z;r) means that Z;L — zj+ x €. As € — 0 there is a sharp transition
at intermediate times where we instead find

ENEARNY AR AN CAE B CAMP S DO CANE A B (4.32)

When n = 2 egs. (4.31) and (4.32) are compatible with the behavior of the cross-ratio

found in the previous subsection where z — 0 at early and late times while z — 1 at
intermediate times (4.22).

The 2n-point function featured in ASJ(I) is given via the uniformizing map (4.13) by

n 2nhw n
(JT " @ar—r, Form1) (o 7)) w2, = <€—5> (TT %" (2 1s zon ) (2 22)) - (4:33)
k=1

ne
k=1

As a consequence of egs. (4.31) and (4.32) the n-point function of the bilocal operator
¢T(z;rkil, z5k71)¢(z;?€, 2y;.) on the complex plane factorizes accordingly into the product of
n two-point functions. Interestingly, we find that

n 1qy (29, — 255, _1)
Hk:le 2k~ %2k—1

(]}_[1 O (Zop-1, For—1)V(F2k, Tok)) R = (2ic)7s ; (4.34)

is valid at all times. To obtain the change in the Rényi entropy ASXL) we must first

normalize eq. (4.34) by n copies of the two-point function

ey Ta1

CTEC (4.35)

2
<H O (o1, Tob—1)1 (Fak, Tor) )Ry =

k=1

Thus, since T21 = 25, + (1 — n)log(zy /2]) and 25, — 25, | = z5; for all k, the change in
the n-th Rényi entropy is given by

ASXL) = —iugy log(zy /2)™. (4.36)

When n = 2 in eq. (4.36) we recover the results found in the previous subsection.
One motivation behind the more detailed analysis of the n = 2 case concerns the analytic
properties of the four-point function. Indeed, when n = 2 we observed that the cross-ratio

)

does not circle the branch point at z = 1. Instead, a nontrivial value of AS j comes

solely from the multivaluedness of the U(1) phases in the two and four-point functions of
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WCFTs. Motivated by the n = 2 result, we have implicitly assumed that the multivalued-
ness of ASJ(I) derived in eq. (4.36) comes only from the U(1) phases. Thus, provided this
assumption holds, the change in the n-th Rényi entropy is given by

(n) 0, 0<t<zyand zg+ /1 <t,
ASy = (4.37)

27‘(‘,&(]¢, xo <t <xo+L

where we used the properties of the ratio (z; /2] )" = ¢ = € studied in the previous
subsection, namely the fact that § = 27 at intermediate times and vanishes otherwise (4.27).

Eq. (4.37) highlights the importance of spectral flow in the study of WCFTs, the latter
of which is necessary to obtain nontrivial values of AS%). Furthermore, eq. (4.37) vanishes
unless the operator 1 is charged, i.e. unless it carries momentum along x~. In fact, the
only non-vanishing contribution to ASJ(I) comes from the U(1) sector of the WCFT. Thus,
eq. (4.37) further distinguishes warped from chiral CFTs, as internal U(1) symmetries do
not lead to the spacetime-dependent phases in correlation functions that are needed to
obtain a nonvanishing ASJ(I).

In refs. [28-30], eq. (4.28) was argued to be compatible with the causal structure of
relativistic field theories. While WCFTs are inherently nonrelativistic and nonlocal, our
results suggest a similar interpretation. Namely, that the operator ¥(—xg,0) creates an
entangled pair of particles at x+ = —zg that propagate oppositely at the speed of light.
This is compatible with the fact that ASXL) # 0 at zg < t < o + £, that is, when one
of the particles lies in subsystem 4. It would be interesting to relate our results to the
observation that the causal domain of WCFT is a strip [21], as opposed to a diamond, and
to understand the consequences to the causal structure of the holographic dual theories
(see [60] for a related discussion). It would also be interesting to understand the physical

interpretation behind the u-dependence of ASXL).

4.4 Comments on different approaches

We conclude this section with a few comments on different approaches to the calculation
of the entanglement entropy after a local quench, specifically refs. [30] and [27]. In these
references the local quench is also modeled by the insertion of a local operator v. However,
the entanglement entropy computed therein exploits the nonanalytic structure of CFT
n-point functions in different ways.

Ref. [27] computed the entanglement entropy after a local quench in large-c CFTs in
the semiclassical limit. Therein the vacuum block is assumed to dominate in each channel
of the conformal block expansion and different OPE channels dominate at different times.
In this case a nontrivial value for the entanglement entropy is obtained at intermediate
times when the cross-ratios in the right-moving sector, namely Zz, moves onto the second
sheet of the vacuum block. On the other hand, ref. [30] considered the change in the n-th
Rényi entropy of rational CFTs. There, instead of exploiting the analytic properties of 2n-
point functions, the authors use fusion rules to relate (the chiral half of ) the vacuum block
in one OPE channel to the sum over blocks in different OPE channels. This procedure

(n)

yields nontrivial values for AS;” at intermediate times only.
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The change in the Rényi entropy of WCFTs computed in this paper differs from the
previous approaches in a novel way. First of all, due to the chirality of the symmetry
algebra, the correlation functions can be readily evaluated at all times when € — 0, and
the resulting 2n-point functions are multivalued. This feature is used at intermediate times
when the argument of the correlation function moves onto a different branch. However,
unlike ref. [27], the nonanalyticity of the four-point function originates from the U(1)
sector and is present only in spectrally-flowed WCFTs. As a consequence, ASSL) # 0 at
intermediate times provided that the tilt p of the theory and the U(1) charge gy, of the

state ¢ do not vanish.

5 Butterflies in WCFT

In this section we show that large-c WCFTs are maximally chaotic provided that the
vacuum block dominates the conformal block expansion of the four-point function. As in
Section 3 we also consider operators whose conformal weights scale with the central charge.
These set of assumptions are holographic in nature and the maximal Lyapunov exponent
obtained herein suggests the corresponding WCFTs are dual to theories of gravity that
admit black hole solutions.

5.1 Semiclassical limit and the vacuum block

In order to probe the chaotic behavior of WCFTs we turn our attention to the out-of-time
order four-point function of two generic operators W (t) and V(0),

(Wi OVIOW(0)V(0)), (5.1)

R(t) = (WHHW (1)) 3 (VT0)V(0)) 5

where t is the Lorentzian time. In chaotic systems the OTO correlator (5.1) decays expo-
nentially at late times, a phenomenon that is absent in time-ordered correlators [61]. The
late-time behavior of (5.1) is preceded by a rapid decrease, R(t) ~ 1 — foe*:! with fo < 1,
that is characterized by the Lyapunov exponent Ar. The latter is bounded by Ay, < 27/
in systems with a parametrically large number of degrees of freedom (large ¢) [61]. In par-
ticular, the Lyapunov exponent vanishes in theories without chaos, e.g. integrable models,
chiral CFTs [39], and permutation orbifolds [62, 63], while its upper bound is saturated
by black holes in Einstein gravity. For this reason, we expect theories with A\ = 27/ to
admit gravitational duals in the large-c limit [64-67].

We begin by considering the four-point function (5.1) in Euclidean time. This finite-
temperature correlator can be obtained from the four-point function in the complex plane
via the change of coordinates (3.12), reproduced here for convenience

L Emt - <ﬁ 27TM> n
xT=eh | T =w 45— — |w", (5.2)
g B
where w = z + i7 denote the coordinates on the “thermal” cylinder. The equation above

features a chemical potential 3 for the U(1) charge and a nonvanishing tilt p. However,
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unlike Sections 3 and 4, neither 5 nor u play a role in the OTO correlator in our setup.
Using eq. (2.17) we find

(W1, 1) W (@, )V (w3, 1)V (24, 74)) = G(2) (5:3)

i) = (W1, 7)W (3,72)) 5 (VI (w3, 73)V (24, 74)) 5

where we have assumed the operators W (z;, ;) and V(z;,7;) have unit norm and z is the
cross-ratio

— x;r2x§r4 (5 4)

We note that eq. (5.3) does not depend on w; and is a multivalued function of z. In
contrast to correlation functions in CFT, the warped CFT four-point function is multi-
valued even before analytic continuation to Lorentzian time. This is a consequence of the
chiral nature of the Virasoro-Kac-Moody algebra. Aside from the U(1) phases, the correla-
tion functions in WCFT correspond to the chiral half of CFT. This partly motivates using
the Euclidean theory as our starting point, since several results, including the conformal
block expansion and the approximate expressions for individual blocks and their properties
are already known from Euclidean CFT.

If we assume the Virasoro-Kac-Moody vacuum block dominates the conformal block

expansion of eq. (5.3) we obtain, cf. eq. (2.20),
R(2) = (1 — 2) 2wv/FF(c — 1,h;,0, 2), (5.5)

where h; = {BW, ilv} are the conformal weights of W and V in the Sugawara basis, and
qw, qv are their U(1) charges. Furthermore, in the semiclassical limit!®

hw h
c—oo, LV oy, (5.6)
C C

the expression for the vacuum block given in eq. (3.21) yields

. 2hy
R(z) = (1—2) - 5.7
O~ 0= | o (5.7)
where +y is given by
12hywhy 2
__L2hwhy  2qwqv (5.8)

c k

The branch cut extending along z = [1,00) is a crucial feature of eq. (5.7). It is ultimately
responsible for the chaotic behavior of the OTO correlator to be derived in eq. (5.13). The
same nonanalytic behavior (5.7) appears in both the holomorphic and antiholomorphic
sectors of CFT [38] but the full Euclidean correlator remains analytic. In this case the

analytic continuation to Lorentzian time breaks the symmetry between the two chiral

ONote that a small fLw/c is a further assumption beyond the semiclassical limit considered in Section 3.
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halves of the four-point function and different time orderings explore different branches of
one of the chiral sectors. In contrast, WCFTs are already chiral but an appropriate time
ordering prescription is required to probe the nonanalytic behavior of (5.7), as we will show
in the next subsection.

Before we consider the OTO correlator let us comment on chiral CF'Ts which also fea-
ture a chiral symmetry algebra.!! In chiral CFTs with ¢ = 24n and n € N [68], all primary
states are conserved currents with integer conformal weights. Consequently, eq. (5.3) is
single-valued and features no chaos [39]. This is not expected to be the case in WCFT
where the conformal weights are not assumed to be integers except for the states cor-
responding to the vacuum, the U(1) current P(x*), and their Virasoro descendants. In
particular, the analyticity of the four-point function in chiral CFTs implies that the vacuum
block cannot be assumed to dominate the conformal block expansion at large c. In this
case, additional blocks must be included which restore single-valuedness of the four-point
function. From the point of view of the conformal block expansion this is possible due to
fine-tuning of the OPE coefficients and the conformal weights. Thus, in the derivation of
eq. (5.7) we have assumed that WCFTs feature no such fine tuning.

5.2 Out-of-time order correlator and chaos

Although eq. (5.7) is multivalued, not all orderings of the operators W (x;, 7;) and V (z;, ;)
probe different sheets in real time. When eq. (5.3) is confined to the first sheet, the
correlator remains of O(1) at late times. Only out-of-time-order correlators probe the
second sheet and decay exponentially at late times [38]. This motivates the following
choice of coordinates for the operators W(z;, ;) and V(z;,7;) in eq. (5.3)

—x0 + (e — it), k=12,

1€k, k=34,
where zg > 0 and the ¢; terms are small but finite and chosen to satisfy!?
€1 > €3 > €9 > €4. (5.10)

The Euclidean-time ordering of the operators W (z;, ;) and V(x;,7;) given by eq. (5.10)
corresponds to the desired out-of-time ordering of the correlator R(t) in eq. (5.1). This
choice of coordinates implies that the cross-ratio z evolves from z = 0 at early times to

2m
2~ —e B (@070

€]9€34, at t > xo, (5.11)
where we have defined €, as in [38] by

€ = ife B — 5 ), (5.12)

' Chiral CFTs could have different meanings in different contexts. See [7] for a partial classification.
12The coordinates w; do not play a role in our story and can be obtained from conjugation of w; if
€r — it is assumed to be real.
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The ordering (5.10) guarantees that z evolves counterclockwise in the complex plane
circling once the branch point at z = 1. As a result, the late time behavior of the OTO
correlator is obtained by taking the limit z — 0 on the second sheet of eq. (5.7). Using the
late time expression of the cross-ratio (5.11) we find

1 2hy
~ —2miy
R(t) ~e 1 4 2Amihyy 5 (b=t —z0) ’ (5:13)
€12€34
where we defined the scrambling time ¢, by [38] (see also [69, 70])
te = % log c. (5.14)
The OTO correlator (5.13) decreases by a term proportional to —e B BT ot times

B/2m < t < ty + xg. This suggests that large-c WCFTs where the vacuum block domi-
nates the conformal block expansion are maximally chaotic and saturate the bound on the
Lyapunov exponent
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We therefore expect WCFTs satisfying the aforementioned assumptions to admit gravi-

(5.15)

tational duals featuring black holes. On the other hand, the OTO correlator decays as
e~ 4mhv/Bl=ts=w0) at late times ¢t > t, + x9, which is the expected behavior in chaotic
systems.

Up to the phase factor, eq. (5.13) agrees with the CFT out-of-time-order correlator
after the identification h; — h; [38]. From a technical point of view, the main difference
between the warped and CFT calculations comes from the expansion of the four-point
function in terms of Virasoro-Kac-Moody blocks. This leads to the conformal weights in
the Sugawara basis featured in eq. (5.13). Physically, the similarities between the warped
and CFT calculations are to be expected from a generalization of the arguments given in
ref. [39]. Therein it was argued that the leading contribution to the OTO correlator in a
holographic CFT comes from the current of highest spin, namely the stress energy tensor.
In contrast to CFTs with Virasoro or Wy algebras, warped CFTs feature an additional
spin-1 current P(z™) which, as we have seen, does not spoil the leading order contribution
of the spin-2 current T'(z™).

Holographic duals for WCFTs come in a variety of flavors, including topologically
massive gravity [11], stringy truncations that include matter [12], Einstein gravity with
modified boundary conditions [13], and lower-spin gravity [4]. It is not clear which of these
theories is compatible with vacuum-dominance in the dual large-c WCFT. It would be
interesting to use the shock wave methods of refs. [64, 65, 71] to answer this question and
reproduce eq. (5.13) directly from gravity.

Finally note that the OTO correlator in CFTs featuring an internal U(1) symmetry,
semiclassical limit (5.6), and vacuum block dominance, is also given by eq. (5.13). This
follows from the fact that (i) a U(1) current enhances the Virasoro algebra of CFT to the
Virasoro-Kac-Moody algebra of WCFT, and (ii) features characteristic of WCFTs such as
spectral flow do not play a role in the OTO four-point function (5.13).
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A The Virasoro-Kac-Moody block

In this appendix we derive the Virasoro-Kac-Moody block given in eq. (2.20). A convenient
way to compute conformal blocks is to insert the identity operator |, (dp| in the four-
point function (2.14), where the sum runs over primary states with conformal weight h,,
and charge g, = ¢1 +¢2 = —(¢3+¢q4) (the g; charges, where i = 1,...,4, are defined below).
Using egs. (2.14) and (2.19) we have

v (Z) — lim (xIr)thzh3+h4e—i > 4% <¢1(1’1’—)¢2(1) ’&P> <&P’ ¢3(Z)¢4(0)> (Al)

)
o} =00 Cp12CP34

where 2 is the cross-ratio (2.11), the operators ¢;(x;") have weight h; and charge ¢;, and
we have suppressed their x; -dependence for convenience. The |&,) (&;| term in eq. (A.1)
sums the contributions of all the descendant states of the primary state |hy,q,). In the
Sugawara basis it reads

Y v NNZ.’MY i)
ap) (Qp| = Z Z Z {ap ) (A.2)
N,M {ng,p;} {mj,p;}
where N; and M; are shorthand for N; = {N, {n;,pi}}, M; = {M,{m;,0;}} and |~N2,M )
is given by
N, M / / M
~ Vi, —1/2 —1 2 o]
Oép |: {nupz} H _nl :| |: {mj,oj} 0 (P_mj) ! :| ‘hp7 qp> ? (A3)
]:

In eq. (A3) |& N J> denotes the state with 7, p; = N Virasoro and }_;0; = M U(1)
descendants, N{ni,l)i} X IC{mM,j} is the norm of the state, and L, denotes the Virasoro
modes in the Sugawara basis, namely

1
" Z P Prm + Z PP (A.4)
m<—1 m>0

In the Sugawara basis the symmetry algebra simplifies to the direct product of a Virasoro
and U(1) algebras with ¢ — ¢ — 1. As a consequence, the Virasoro and U (1) descendant
states are orthogonal to each other — reason why the norm factorizes in eq. (A.3) — and
the conformal block V,(z) splits into the product of Virasoro and U(1) Kac-Moody blocks,

Vp(z) = VI‘,/”(Z)V;(M(Z). (A.5)
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The derivation of eq. (A.5) proceeds as follows [41]. We first consider the contribu-

tion of one Virasoro descendant to |dy,) (|, i.e. the contribution of the state |ozN1’ ) =
J\/'{nlg —n |hp, qp) where N1 = {1,{n,1}}. Let ¢; = gbz( ,x; ). Using
[Lns @] = [hi(n+ 1) (@)™ + ()" 10,4160, [P, ¢i] = ailaf )", (A.6)
and eq. (A.4), it is straightforward to show that
(a0 prep) = {nlﬁ{zz [(n + Dby (z)" + (xj)”“@xﬂ
A7
_ 2(11(12 . (xii—)nJrl B (x;—)nJrl }<h q ‘¢ ¢ > ( )
k xii_ — .%'; ps Up|P1P2/

where h; = h; — @2 /k (the eigenvalue of L) is the conformal weight in the Sugawara basis.
Crucially, the three-point function in eq. (A.7) may be written as

L(gzwg +aquzy)
es 3 4 4394
_ _ + - -
(hp, @p|P3da) = p34( Ty, (xq,) * (hp,qp]¢3¢4>hﬁhhhpﬁhp, (A.8)

where we used ¢, = ¢g3+q4. When the factor of (x;4)2q3q4/ * is moved through the derivatives
in eq. (A.7), the three-point function can be expressed in terms of h; and h, such that

(a N1,0|¢3¢4> (z34) 20394 <aN1|¢3¢4>h iy hy—shp, c—se—1 (A.9)

where ‘ai,vi> denotes the normalized state with >, p; = N Virasoro descendants, namely'3

‘a {;117/021} H 7 s dp) - (A.10)

The commutativity of the L,, and P,, generators allows us to generalize eq. (A.9) to
states with an arbitrary number of L,, descendants. There, the role of the (x§L4)2‘J3q4/ k term
in (A.8) is to give, upon differentiation, the appropriate powers of the charges ¢; such that
h; — hi. Thus, more generally we find that

2
<dévi’0|¢3¢4> = (z3y) En <Oéévi ¢3¢4>hiﬁgi,hpﬁ,;p7cﬁcfl. (A.11)

Similarly, by first considering the case with one Virasoro descendant state and then ex-
ploiting the virtues of the Sugawara basis we obtain

29192

Jr

5Ni 0\ (z15) * N; ) i

<¢1¢2‘Oép > - ( +)2q1(qli+II2)( +)QII2(11I1+112) <¢1¢2‘ap >h¢~>h¢,hp~>hp,c~>cfl' (A12)
) Loy

13The shift in the central charge in eq. (A.9) is necessary to reproduce the correct normalization, that is

N{nhﬂi} = N{"i,ﬁi}

h,p—ﬂ”r,p, c—c—1
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Finally, using eqgs. (A.11) and (A.12) we find that VY (2) in (A.5) is given by

VX"(Z): lim (z +)2h1 ha+ha =12, 4;%; Z Z ¢1¢2‘O‘P“ ><O‘Nl70‘¢3¢4>,

p
o} =00 N ) Cp12CP34
N;

— 27(q3:q4)2 lim (x+)2h12h3+h4e—izj g5 Z Z <¢1¢2|a <a |¢3¢4>]
= 1 NS =

@ =00 N {ni,pi} Cp12CPa hz_c)ﬁ;éﬁl_)h’

(a3+a4)* > =

_ z%fp(c — 1, hi by, 2), (A.13)

where, for convenience, we suppressed the coordinate dependence of ¢; with respect to
eq. (A1) and Fy(c — 1,hy, hy, 2) is the Virasoro conformal block in CFT, which in our
conventions satisfies F,(c — 1, hs, in, z) =z (14 ...).

Let us now consider the contribution of the U(1) descendant sates to the Virasoro-Kac-
Moody block. In what follows we will assume the level k of the U(1) algebra is positive so
that all descendant states have positive norm. Recall from eq. (A.3) that ‘~0’ '> denotes
a descendant state with a total number M of U(1) generators P_,,. We thus have

~0,M;\ __ -1/2 o o
{O‘p )= K{m],a]}Pﬂlm PO s ) (A.14)
where we assume mq > mg > --+ > my in order to avoid overcounting states.

Thanks to the abelianness of the U(1) algebra, the normalization Kim; 0,y is given by

M m]’k‘ i |

j=1

This is a consequence of the anomaly and originates from terms of the form P37} P?) i
the inner product for which [P, P,] = 2£ 6,41, cf. eq. (2.3). The factor of 0! in eq. (A.15)
accounts for the fact that we must commute each P, with Py, a total o;! number of

times when computing the norm of P%/, |hp, gp). Using eq. (A.6) we find

(e

P304) = {m]p]} H a3(z3)™ + qu(xf)™ 7 (hy, apldsda) | (A.16)
and, likewise,
M
~ ; —-1/2 —m; —m.;10j
(p1¢2|a™Mi) = (—1)M’C{mé7(,j} H [ (@)™ + qa(a3) "] (P1dalhp, qp) . (ALLT)
j=1

where we used the fact that >, o; = M. Finally, from the definition of the Virasoro-Kac-
Moody block in egs. (A.1) and (A.5), it follows that

iy OO (5 on()04(0)
e =2 2. dm s <1)\h,,,q,,><p,qpr¢3<z> 91(0))

] —oo x
M {mj,o;} "1 1
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-3 ¥ ﬁ%(?q;q:;jij)Oj. (A.18)

M {m;,0;}

The condition m; > mg > --- > my and the multinomial theorem guarantee that

VEM () — i ]\2, log(1 - )2q2q3/ﬂM = (1 — z)20e/k, (A.19)

Thus, the Virasoro-Kac-Moody block (A.1) is given by

(g3+44)2 29243

Vo(2) =2 & (1—2) % F(c—1,hi hy,2). (A.20)

B Mapping R, to the complex plane in WCFT

In this appendix we derive the map (4.13) between the n-sheeted Riemann surface R,
and the complex plane C. Our strategy is to consider the one-point functions of T'(zT)
and P(z") on R,, obtained via the generalized Rindler method in [21, 22]. We then find
the warped conformal transformation that reproduces these one-point functions starting
from the ones on the plane. This is the inverse of the approach used in [42] to derive the
conformal weight of the twist fields o, in CFT.

Let (z7,9) = (27,2~ + plog 1) denote the spectrally-flowed coordinates on the n-
sheeted Riemann surface R, glued along the interval A. The latter is defined as the line
connecting the points (0,0) and (¢, £) which we denote by

A (@%,27) € [(0,0), (4,0)]. (B.1)

The one-point functions of T'(z") and P(z1) on R,, are given by [20, 21],

. 5 hn,
<T('I+)>Rn = (j+)2(j+ _ f)Q ;

L (P, = m%@%" (B.2)

where h, and g, are the conformal weight and charge of the twist operator in the WCFT

n < c . L§*e  iaPy o2k >
= n —_— —
" 24 n? 2mn 1672

_ (Pé’“c . inka).

47

Following the discussion in Section 3, we identify the parameter « in eq. (B.3) with

(B.3)

the spectral flow parameter p of the WCFT via
o

=—. B.4
p= o (B.4)
It follows that L§* and Fj*, the expectation values of Ly and P on the cylinder, satisfy
2 .
c k ik
e — _ PU‘IC - B.

which implies that the expectation values of the T'(z") and P(z™) currents on the spectrally-
flowed plane with coordinates (z7,y) = (z7, 2~ + ploga™) are given by

Ky k
() =~ PED) =5 (B.6)
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Using the transformation of the currents given in egs. (2.6) and (2.7) we find that the
following warped conformal transformation

O\« a t
x+:<j+_€> , y=27 +'u10g<i+—€>’ (B.7)

maps the expectation values of T'(z") and P(z™) on the spectrally-flowed plane (B.6) to

the corresponding expressions on R,, (B.2). Alternatively, the transformation

it o\ w 1 =
. [z n - n— z
x = <j+_£> , xrT =2 —}—,u(—n )log <j+_£>’ (B.8)

maps the expectation values on the reference plane, eq. (B.6) with u = 0, to the expectation

values on R,, given in (B.2).

Note that the warped conformal transformations (B.7) and (B.8) are independent of
the length of the interval A along the £~ coordinate. This is a feature of the Rindler map
used to derive the entanglement entropy in WCFT and is also reflected in eq. (B.2).
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