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We consider the stochastic Navier-Stokes equations in a multidimensional domain, where the noise term allows
jumps and where the action of a control in order to influence the dynamics is included. In order to prove
existence and uniqueness of an optimal control w.r.t. a given cost functional, we first need to show the existence
and uniqueness of a local mild solution of the considered stochastic Navier-Stokes equations. We then discuss
the control problem, where the cost functional includes stopping times dependent on controls. Based on the
continuity of the cost functional, we can apply existence and uniqueness results provided in [|1|], which enables
us to show that a unique optimal control exists.
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1 Introduction

In this paper, we discuss an optimal control problem for the unsteady Navier-Stokes equations influenced by noise
terms. Concerning fluid dynamics, noise may enter the system due to structural vibration and other environmental
effects, where we assume that jumps are allowed. The aim is to control flow fields affected by noise, where we
incorporate physical requirements, such as drag minimization, lift enhancement, mixing enhancement, turbulence
minimization and stabilization, see [2]] and the references therein; see also [3]].

Before turning our attention to the actual optimal control problem, it is first necessary to write the Navier-
Stokes equations in a form containing a control input and a noise term. This is done by writing the external
forcing in a specific form, which results then in an initial value problem for the controlled stochastic Navier-
Stokes equations. In order to prove existence and uniqueness of an optimal control for a given cost functional,
one first needs to ensure existence and uniqueness for this initial value problem for all feasible initial values
and a given fixed control. As we argue below, the necessary existence and uniqueness result for the controlled
stochastic Navier-Stokes equations has not been available in the literature so far. Therefore, we first turn our
attention to this problem.

A large number of authors consider the initial value problem of the deterministic Navier-Stokes equations
by an Ly-space approach. In [2,/4], the existence and uniqueness of global weak solutions for two-dimensional
domains are proved by using a Galerkin approximation. For three-dimensional domains, uniqueness is still an
open problem. Using semigroup theory, the existence of a unique local solution was proved in [5]. Under some
conditions on the initial data and the external force, the result was extended to a global solution. A generalization
in terms of L,. theory can be found in [|6,7]].

In the last decades, existence and uniqueness results of solutions to the stochastic Navier-Stokes equations
have been studied extensively. Unique weak solutions of the stochastic Navier-Stokes equations exist only for
two-dimensional domains. In [8}|9], weak solutions are considered with noise terms given by Wiener processes.
Weak solutions with Lévy noise are considered in [[10/11]. For three-dimensional domains, uniqueness is still
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an open problem and weak solutions are introduced as martingale solutions, see [12H16]. Another approach is
given by using semigroup theory leading to the definition of mild solutions. The existence and uniqueness of a
mild solution over an arbitrary time interval can be obtained under certain additional assumptions, see [17,/18]]. In
general, a unique mild solution of the stochastic Navier-Stokes equations does not exist. Thus, stopping times are
required to define local mild solutions. For the local mild solution with additive noise given by Wiener processes,
we refer to [19]. In [20,21], the stochastic Navier-Stokes equations with additive Lévy noise are considered.
In [22], an existence and uniqueness result for strong pathwise solutions is given. For further definitions of
solutions to the fractional stochastic Navier-Stokes equations, we refer to [[18].

We generalize the results in the sense that we consider a local mild solution of the multidimensional stochastic
Navier-Stokes equations with multiplicative Lévy noise. Thus, we involve especially two-dimensional as well as
three-dimensional domains and the noise may depend on the state. Using Lo theory, we first analyze a modified
system to obtain the existence and uniqueness of a mild solution over an arbitrary time interval by applying
a Banach fixed point theorem. Based on the mild solution of this modified system, we can introduce stopping
times and prove the existence and uniqueness of the local mild solution to the stochastic Navier-Stokes equations.
Under certain additional assumptions, these stopping times are almost surely equal to an arbitrary terminal point
and therefore, the local mild solution becomes a global mild solution.

The cost functional introduced in this paper is motivated by common control strategies. In [23-26]], the prob-
lem is formulated as a tracking type problem arising in data assimilation. Approaches that minimize the enstrophy
can be found in [2,27)28]]. In [29], the cost functional combines both strategies by introducing weights. The short-
coming of these papers is the restriction to two-dimensional domains. Here, we remove this limitation and using
the theory of fractional power operators, we formulate a control problem such that under certain conditions, the
special cases mentioned can be obtained. Moreover, we have to pay particular attention to the fact that in general
the solution exists only locally in time. Hence, the cost functional has to contain stopping times to be well de-
fined. Due to the existence and uniqueness result of the solution, the state as well as the stopping times depend
on the controls. This is the major difficulty when analyzing the properties of the cost functional. However, we
show that the state as well as the stopping times are continuous with respect to the control. Therefore, we can
conclude that the cost functional is continuous, and we prove the existence and uniqueness of optimal controls
based on results given in [/1].

The main contribution of this paper is an existence and uniqueness result of a local mild solution to the
stochastic Navier-Stokes equations with multiplicative Lévy noise stated in Theorem.6|and Theorem 4.7 Here,
we involve especially two-dimensional as well as three-dimensional domains. Moreover, we analyze a control
problem, where the cost functional includes stopping times dependent on controls. Based on a continuity result,
we get the existence and uniqueness of optimal controls stated in Theorem

The paper is organized as follows. In Section 2, we reformulate the deterministic Navier-Stokes equations
in an abstract form. Moreover, we state some well known properties of the Stokes operator as well as for the
nonlinear term. A brief introduction of Hilbert space valued Lévy processes and the properties of stochastic
integrals are given in Section 3 for better readability. Section 4 addresses the existence and uniqueness of a local
mild solution to the stochastic Navier-Stokes equations with multiplicative Lévy noise. In Section 5, we prove
the continuity of the cost functional with respect to the control, which enables us to conclude that unique optimal
controls exist.

2 Preliminaries

Throughout this paper, let D C R™, n > 2, be a connected and bounded domain with C'*® boundary 0D. We
consider the following Navier-Stokes equations with Dirichlet boundary condition:

%y(t,x} + (y(t,z) - V)y(t, ) + Vp(t, ) — vAy(t,z) = f(t,z) in(0,T) x D,
div y(t,z) =0 in (0,7) x D,
y(t,z) =0 on (0,7) x 9D,
y(0,z) =&(x)  inD,
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where y(t, x) € R™ denotes the velocity field with initial value £(z) € R™ and p(¢, z) € R describes the pressure
of the fluid. The parameter v > 0 is the viscosity parameter (for the sake of simplicity, we assume v = 1) and
f(t,x) € R™ is the external force.

Next, we state the Navier-Stokes equations in an abstract form. For more details, we refer to [7]. For s > 0,
we denote by H*(D) the usual Sobolev space and for s > 1, we set H§(D) = {y € H*(D): y = 0 on 9D}. We
introduce the following common spaces:

H = Completion of {y € (C§°(D))": divy = 0in D} in (L*(D))"
={y e (L*D))*:divy=0inD,y-n=00ndD},

V' = Completion of {y € (C3°(D))": divy =0in D} in (Hl(D))n
- {y € (HX(D))" : divy = 0in D} ,

where 7 denotes the unit outward normal to 9D. The spaces H equipped with the inner product
n
(Y, 2)u = (Y, 2) (L2 (D)) = /Zyi(ﬂﬁ)zi(x) dzx
5 oi=1

for every y = (y1,..-,Yn), 2 = (21, ..., 2n) € H becomes a Hilbert space. For all z = (x1,...,z,) € D, we
denote D’ = % with [j| = >0 ji. Weset Diy = (Diyy, ..., D7y,) forevery y = (y1,...,yn) € V
],'1 R 04 oy

and |j| < 1. Then the space V equipped with the inner product

(,2)v = > (DY, DI2)(12(py)e

l71<1

for every y, z € V becomes a Hilbert space. The norm in H and V is denoted by || - || 7 and || - ||y, respectively.
Moreover, we get the orthogonal Helmholtz decomposition

(L*(D))"=H &{Vy:yec H (D)},

where & denotes the direct sum. Then there exists an orthogonal projection I1: (L?(D))™ — H, see [30]. Next,
we define the Stokes Operator A: D(A) C H — H by Ay = —IIAy for every y € D(A), where A denotes the
Laplace operator. The domain is given by

D(A) = (H*(D))" nV.

We have the following properties of the Stokes operator, see [[7,[31H33]].
Lemma 2.1 The Stokes operator A: D(A) C H — H is positive, self adjoint and has a bounded inverse.
Moreover, the operator — A is the infinitesimal generator of an analytic semigroup (e‘At)tZO such that we have
—At
He HE(H) < 1forallt > 0.
Due to the previous Lemma, we can introduce fractional powers of the Stokes operator, see [33-35]. For
a > 0, we define

1 [eS)
A~ = t(x—l —Atdt
0

where I'(-) denotes the gamma function. The operator A~ is linear, bounded and invertible in H. Hence, we
define for all & > 0
A% = (Afa)

-1

Moreover, we set A% = I, where I is the identity operator in H. For o > 0, the operator A“ is linear and closed
in H with dense domain D(A*) = R(A~%), where R(A~) denotes the range of A~%. Next, we provide some
useful properties of fractional powers of the Stokes operator. Let us denote the resolvent set of the operator A by
p(A). Then we have the following result.
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Lemma 2.2 (cf. Section 2.6, [34]]) We have
() for a, B € R, we have APy = A* APy for every y € D(A"), where v = max{a, 3,a + B},
(i) e=4t: H — D(A®) forallt > 0 and o > 0,
(iii) we have A%e~Aty = e~ At A%y for every y € D(A®) with a € R,
(iv) the operator A%e~4t is bounded for all t > 0 and there exist constants M, 0 > 0 such that

HAae_AtHL(H) < Mot~ ™,

(v) 0 < B < a < 1implies D(A*) C D(AP) and there exists a constant C > 0 such that for every y € D(A®)

4%y, < ClIAYl -

Thus, we obtain that the space D(A®) for « € (0, 1] equipped with the inner product
<yv Z>D(A") = <Aay7 AaZ>H

for every y, z € D(A®) becomes a Hilbert space.

Next, we specify the domain of the operator A® for « € (0,1) in terms of Sobolev spaces. Let the oper-
ator Ap: D(Ap) C (L*(D))® — (L*(D))" be the Laplace operator with homogeneous Dirichlet boundary
condition given by Apy = —Ay for every y € D(Ap). The domain is given by

D(Ap) = (Hy(D)" N (H*(D))".

Then Ap is a positive and self adjoint operator and — A p is the infinitesimal generator of an analytic semigroup
(e‘ADt)tzo such that He‘ADtHﬁ((Lz(D))n) < 1forallt > 0. Hence, we can define fractional powers and we get
the following result.

Proposition 2.3 (Theorem 1.1, [31])) Let the operator A: D(A) C H — H be the Stokes Operator and
let Ap: D(Ap) C (L*(D))" — (L?*(D))" be the Laplace operator with homogeneous Dirichlet boundary
condition. Then, we have for any o € (0,1)

D(A®) = D(A%) N H.

The domain of A% can be determined explicitly for o € (0, 1).

Proposition 2.4 (cf. Theorem 1, [36]) Let Ap: D(Ap) C (L*(D))" — (L*(D))" be the Laplace operator
with homogeneous Dirichlet boundary condition. Then we have

() D(A}) = (H**(D))" for0 < a < L,
(i) D(AY") c (H'*(D))",
(ili) D(A$) = (HZ(D))" for 1 < a < 3,
(i) D(AYY) ¢ (Hg/2(z>))",

(v) D(A$) = (H3(D))" for 3 <a < L

We define B(y,z) = I(y - V)z for some y,z € H. If y = z, we write B(y) = B(y,y). Applying the
projection IT, the above Navier-Stokes equations can be formulated in the following abstract form:

S(0) = —A4y(0) = B() + £(0) n 0.7), 0

y(0) =&,
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where we assume &, f(t) € H. According to [[7]], one can consider this equation in integral form

y(t) = oAt / A9 [B(y(s)) — f(s)]ds

fort € [0, T)]. In general, existence and uniqueness results of a solution to system (1)) can not be obtained over the
time interval [0, T']. However, for a certain point of time T}, € (0, T'], there exists a unique solution of system
on the time interval [0, 7], see [[7, Theorem 2.3] and the references therein. In the remaining part of this section,
we recall some useful results for dealing with the nonlinear term in equation (T).

Lemma 2.5 (Lemma 2.2, [7|]) Let0 < § < % + 4. Ify € D(A®") and z € D(A*?), then we have
[A=°B(y, 2)|| ;; < M Ayl |A%22]

with some constant M = M&ah,m, provided that ay, 0 > 0, 6 + as > % andd +oy +ag > G + %
Corollary 2.6 Let a1, s and § be as in Lemma Ify,z € D(A?), B = max{ay, as}, then we have

[A7(B(y) = B))||y < MUA“ Yl 14%2(y = 2)1 g + 1A (5 = )l 14°2 2] p)-

3 Lévy processes in Hilbert Spaces and the Stochastic Integral

In this section, we give a brief introduction to stochastic integrals, where the noise term is defined as a Hilbert
space valued Lévy process. For more details, see [37]].

Throughout this paper, let (2, F,P) be a complete probability space endowed with a filtration (F3):eo,7]
satisfying F; = [, Fs forall t € [0,7] and Fy contains all sets of F with P-measure 0. We start with the
formal definition of a Hilbert space valued Lévy process and some basic properties.

Definition 3.1 (cf. Definition 4.1, [37]) A stochastic process (L(t)):c[o,r] taking values in a Hilbert space £/
is called a Lévy process if

e P-as. L(0) =0,
® (L(t))¢ejo,r) has independent and homogeneous increments, and

® (L(t))¢ejo,r is stochastically continuous, i.e. forall ¢t € [0, 7] and e > 0

lim P L(s) ~ (1) > £) = 0.

Definition 3.2 (cf. Definition 3.16, [37]) A stochastic process (L(t)).c[o,r) taking values in a Hilbert space
FE is called a cadlag process if

o (L(t))tejo,r is right-continuous, i.e. L(t+) = liJI'Itl L(s) = L(t) forall ¢ € [0,T] and

o (L(t))tejo,r) has left limits, i.e. L(t—) = lig L(s) exists for all ¢ € [0, T].
Proposition 3.3 (cf. Theorem 4.3, [37]) For every Lévy process (L(t)):c[o,1) there exists a cadlag process
(fi(t))te[o,T] such that P(L(t) = L(t)) = 1 forall t € [0,T).

Proposition 3.4 (Theorem 4.47 (i), [37]) A Lévy process (L(t))ic(o,r) on a Hilbert space E is square inte-
grable if and only if its Lévy measure v satisfies

/ lylZu(dy) < co.
E

We denote by £;(E) the space of all nonnegative definite symmetric nuclear operators on E. Then we get the
following result.
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Proposition 3.5 (Theorem 4.44, [37])) Let (L(t))¢cjo,1) be a square integrable Lévy process. Then there exist
m € Eand Q € L1(FE) such that for all t,s € [0, T andy,z ek

E<L(t)ay>E = <m7y>E tv
E(L(t) — mt,y)p(L(s) —ms,2)g =t A s {(Qy, 2)E
E||L(t) — mt||% =t Tr(Q),

where t A s = min{t, s}.
In the proposition above, the element m € F is called mean and @ € £;(F) is called the covariance operator.

Proposition 3.6 (Theorem 4.49 (i), [37]) If the process (L(t)):c[o,1) is an integrable Lévy process with mean
zero, then (L(t)):e(o,1) is a martingale with respect to the filtration (Fy)eo,1)-

Remark 3.7 For a comparison with finite dimensional Lévy processes, we refer to [38].

The construction of the stochastic integral with respect to Lévy processes is similar to the case of Q-Wiener
processes. For a comparison to Q-Wiener processes, we refer to [[39]]. First, we give a definition of predictable
processes. Let P denote the smallest o-field of subsets of [0, 7] x 2. Then we have the following definition.

Definition 3.8 (cf. Definition 3.4, [37]) A stochastic process (X (t))c[o,) taking values in the measurable
space (X, #(X)) is called predictable if it is a measurable mapping from ([0, 7] x €2, P) to (X, B(X)).

Every predictable process is adapted to the filtration (F;);c[o, 7). The converse is not true in general. However,
the following lemma is useful to conclude that a stochastic process has a predictable version.

Lemma 3.9 (Proposition 3.21, [37]) Assume that the stochastic process (X (t))¢e(o,] is (Ft)te[o,1] adapted
and stochastically continuous. Then the process (X (t)):cjo,1) has a predictable version.

Let (L(t))¢cjo, 7] be an E-valued square integrable Lévy martingale, i.e. (L(t))¢c[o,7] is a square integrable
Lévy process and a martingale with respect to (F;):c[o,77. We denote the covariance operator of (L(t)):c[o,1
by Q € L£1(E). Then there exists a unique operator Q'/2 € £1(E) such that Q'/? o Q'/2 = Q. We denote by
L1rs)(Q'?(E); M) the space of Hilbert-Schmidt operators mapping from Q'/2(E) into another Hilbert space

H. In what follows, let (®(t));c[0,7) be a predictable process with values in L) (Q'Y/?(E);H) such that

/ch QWH dt < oo. )
ﬁ(HS)(EH

Then, one can define the stochastic integral

t

vlt) = [ a(s)azs)
0
forall ¢ € [0,7] and P-a.s. and we have
Lus)(EH)

t
Bl = E [ 20", ds. G
0

The following proposition is useful when dealing with a closed operator A: D(A) C H — H.
Proposition 3.10 If &(t)y € D(A) foreveryy € E, all t € [0, T] and P-almost surely,

/H@ QWH dt < oo and E/HA@ QWH dt < oo,
Liusy(EH) Liusy(EH)
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Proof. One obtains the result similarly to the case of stochastic integrals with respect to Q-Wiener processes,
see [39, Proposition 4.30]. O

The remaining part of this section is devoted to stochastic convolutions. Let (S(t)):>0 be a Cop-semigroup in
H. Then the stochastic convolution (Z(t))¢c[o,7] given by

I(t) = /S(t — 8)®(s)dL(s) 4)
0

is well defined for all ¢ € [0, T'] and IP-almost surely. Under additional assumptions, we get the following maximal
inequality.

Proposition 3.11 (cf. Proposition 1.3 (i), [40]) Let the Cy-semigroup (S(t))i>o satisfy [|S(t)||zx) < 1 for
allt > 0. If p € (0,2], then

p/2

P T
~ 2
<C E /ch ¢ WH at|
b J (HQ Lims) (EH)

tel0,T

E sup /S(t—s)fb(s)dL(s)
1P "

where Cy, > 0 is a constant.

In order to define local mild solutions to SPDEs, we need to introduce a stopped stochastic convolution. Here,
we can argue as in [41, Appendix]. Let 7 be a stopping time with values in [0, 7]. We consider the stopped
process (Z(t A T))efo,1], Where t A 7 = min{t, 7}. Unfortunately, the formula

T(tAT) = /S(t/\Tfs)@(s)dL(s)
0

is not well defined due to the fact that we integrate a process, which is not even (F;).c[o,7] adapted. To overcome
this problem, we introduce a process (Z-(t)):c[o, 1) given by

Z.(t) = /H[O’T)(S)S(t — 8)®(s AT)dL(s) (5)
0

for all ¢ € [0, T] and P-almost surely. We get the following result.

Lemma 3.12 Ler (S(t))i>0 be a Co-semigroup in H and let T be a stopping time with values in [0, T).
Moreover, let the processes (L(t)):cjo,m) and (Z-(t))ic[o,) be given by (E]) and , respectively. Then, we have
forallt € [0,T) and P-almost surely

S(t—tAT)Z(tAT) =T (t)
and in particular
IZtAT)=T(tAT).

Proof. The processes (Z()):c(o,r] and (Z-(t))¢c[o,7] have cadlag modifications by [37, Theorem 9.24]. The
remaining part of the proof can be obtained similarly to [41, Lemma A.1]. O

4 The Stochastic Navier-Stokes Equations

Here, we assume that the external force f(¢) in equation (1) can be decomposed as the sum of a control term and
a noise term. In addition, we suppose that the noise allows jumps and is dependent on the state. This leads us to
the following SPDE on D(A%):

{ dy(t) = —[Ay(t) + B(y(t)) — Fu(t))dt + G(y(t))dL(?),

6
y(0) = €, ©
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where the initial value £ € L?(€2; D(A®)) is assumed to be Fo-measurable and the Lévy process (L(%))¢e(o,7]
is a square integrable martingale with values in H and covariance operator () € £ (H ). Moreover, let the set of
admissible controls U contain all (F;);e[o,7] adapted processes (u(t))¢c(o,r) With values in D(A?), 8 € [0, al,
such that

T
E / ) asy d < C,
0

where C > 0 is a constant. Let A: D(A) C H — H be the Stokes operator given by Ay = —IIAy for every
y € D(A) and let the nonlinear operator be defined by B(y) = II(y - V)y for every y € D(A%). Furthermore,
we assume F' € L£(D(A%))and G: H — E(HS)(QUQ(H); D(A%)) is a map such that for every y, z € H

[6@Q 2], piaey <€ A+ Il )

Gly) — G(z QI/ZH <Cly—-=z , 8)
H( (y) — G(2)) Cosrey (HD(A)) = ly =2l (
where C' > 0 is a constant.

Remark 4.1 According to Corollary we have D(A%) C H for any o € (0, 1). Therefore, we seek for a
mild solution of system (6] in a dense subset of the space H.

In general, we can not ensure the existence and uniqueness of a mild solution over an arbitrary time interval
[0, T] since the nonlinear term B(+) is only locally Lipschitz continuous. Thus, we need the following definition
of a local mild solution.

Definition 4.2 (cf. Definition 3.2, [18]]) Let 7 be a stopping time taking values in (0, 7] and (7,5, ) men, be an
increasing sequence of stopping times taking values in (0, T'] satisfying

lim 7, =7
m—0o0

A predictable process (y(t)):c[o,-) With values in D(A®) is called a local mild solution of system @ if for fixed
m € Ny

E sup ||y(t)||%(Aa)<oo,
te[0,7m)

and we have for each m € Ny, all ¢ € [0, T] and P-a.s.

tATm tATm
Y(t A 1p) = e AT / Ade AN =) A= B(y(s))ds + / e AN =) [y (s)ds
0 0
+Zr, (G(y) (E ATm), ©)

where

I, (GW)(t) = / Lo (8)e™ A Gy (s A 7n))dL(s).
0

Remark 4.3 In equation (9), note that the stopped stochastic convolution is defined according to Section
This requires that the integrand is a predictable process, which can be ensured only if the process (y(t)):c[o,)
is predictable. Furthermore, the process (y(t))te[o’r) can also be defined equivalently as an (]:t)te[(],T] adapted
cadlag process due to [37, Proposition 9.10].

Next, we prove the existence and uniqueness of the local mild solution to system (), whereby we closely
follow [18, Appendix A]. Therefor, we need the following result.
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Lemma 4.4 (cf. [18|[42])) Let B be a Banach space and m € N be fixed. We define m,,: B — B by

<
Tl =0 s (10)
mlylls'y  lyls >m,

for every y € B. Then we have the following estimates for every y, z € B:

[Tm(y) = 7m(2)l5 <2 [ly — 2[5 and  [|7m(y)lls < min{m, |ly[|s}.

Instead of system @), we first consider the following system for ¢ € (0, 7] and fixed m € Ny:

dym (t) = =[Aym (t) + B(Tm (ym (1)) — Fu(t)]dt + G(ym(t))dL(t),
1D
Ym (0) =¢,
where the map m,, (+) is given by (10).
Definition 4.5 A predictable process (¥, (t)):c[o,r] With values in D(A®) is called a mild solution of system

() if

E sup [[ym(8)[ID(an) < 00,
te[0,T]

and we have for all ¢ € [0, 7] and P-a.s.

t

¢
Ym(t) = e~ At — /A‘se_A(t_s)A_‘sB(ﬂm(ym(s)))ds + /e_A(t_s)Fu(s)ds
0 0

+ e_A(t_s)G(ym(s))dL(s). (12)
/

In [37]], an existence and uniqueness result is shown for mild solutions of SPDEs satisfying a weaker condition.
This result can not be applied here since especially a maximal inequality for the stochastic convolution is required,
which is provided by Proposition Furthermore, note that the operator B(7,(+)) is bounded and globally
Lipschitz on the domain of fractional powers to the Stokes operator. Hence, an existence and uniqueness result of
a mild solution to system (IT]) follows by applying the Banach fixed point theorem. However, we will prove this
result here to justify that the solution is a predictable process. Moreover, we get constraints of the parameters,
which are necessary to obtain a well defined control problem in the next section.

Theorem 4.6 Let the parameters o € (0,1) and 6 € [0,1) satisfy 1 > 6§ +a > % and § + 2a > 2 + 1.
Furthermore, let u € U be fixed for 5 € [0, o] such that o — 8 < % Then for any & € L*(Q; D(A®)), there exists
a unique mild solution (Y, (t))¢cjo,1) of system forﬁxed m € No. Moreover, the process (Ym(t))iejo, 1) is
mean square continuous in D(A%).

Proof. Let m € Ny be fixed and let the space Z7 contain all predictable processes (2(t)).e[o,r] With values
in D(A®) such that E sup,co 17 [|2(2) ||%(Aa) < 00. The space Zr equipped with the norm

Izlz, =E sup [lz(t)lH 4

t€[0,T)

for every z € Zp becomes a Banach space. We define for every z € Zp, allt € [0, 7] and P-a.s.
t t

B, (2)(t) = e~ A — / A% A=) A B (1,0, (2(s)))ds + / e~ A=) Pu(s)ds

0

0
t

+ / e A=9G(2(s))dL(s). (13)

0
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10 P. Benner and C. Trautwein: Optimal Control Problems Constrained by the Stochastic Navier-Stokes Equations

First, we prove that ®,,, maps Z7 into itself. We define for every z € Zp, all t € [0,7T)] and P-a.s.

t

vty =e M en(2)(t) = /A‘Se_A(t_S)A_‘SB(ﬂm(Z(S)))d&

0

t t
/ e~ AU=5) Py (5)ds, / = AU=9)G(5(5))dL(s).
0 0
Recall that He‘AtHC(H) < 1forall t > [0,7]. Due to Lemma the process (11(t)):e[0,r takes values in

D(A*) and we have

2 At x|
E S[UP [ (¢ )HD(Aa) = ]EHe A 5HH = IEH£||2D(A"‘)‘
telo,
By Lemma[2.2} Lemma2.5|and Lemmal4.4] the process (¢2(2)())c(o,1) takes values in D(A®) and there exists
a constant ¢; > 0 such that

t
B sup [4a(2) (Ol ae) <E sup | [ [470e 404l () ds
te[0,T7] t€[0,T7] H

4
<c E sup ||7Tm(z<t))HD(Aa)
te[0,T]

<cm’E sup ||Z(t)||2D(Aa) :
t€[0,T)
Recall that the operator F': D(A®) — D(A”) is linear and bounded. Using Lemma and the Cauchy-Schwarz
inequality, the process (13(t))se[o, 1) takes values in D(A®) and there exists a constant c; > 0 such that

¢ 2

B sup 0s(0)pae) < B sup []Ja=pe e n2 puts)| s
te(0,T t€(0,T H

< B [ Ju(®lban at. a4

Due to Lemma[2.2]and inequality (7), one can verify the assumptions of Proposition [3.10| with A = A“. Hence,
the process (14(2)(t))ie[o, 1) takes values in D(A®). Using additionally Proposition [3.11} there exists a constant
c3 > 0 such that

+ 2

E sup 194(2) ()l (aey =E sup /6*A(t*S)A°‘G(Z(S))dL(S)

telo,T te[0,T]

. (1 +E s z<t>|%<Aa>> -

tel0,T

H

Hence, we can conclude that for fixed z € Zr, the processes (®,,(2)(t))se[0,] takes values in D(A®) such
that E sup,co.77 [[®m (2)(2) ||2D(Aa) < o0. To obtain that there exists a predictable version of (@, (2)(t)):e0,1)
for fixed 2 € Zr, we need the continuity in probability. Here, we show that the process (@, (2)(t))e[0,7] is
continuous in mean square for fixed z € Zp, which is a stronger formulation of continuity. In what follows, we
assume w.l.o.g. 0 < tg <t <T. By Lemma[2.2] we have

2

p

E 41 (£) — ¢1(to) | D ae) = EH(efA(tftg) _ I) e~ Ato gorg
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From Lemma[2.2] Lemma[2.5]and Lemma[#.4] there exists a constant ¢; > 0 such that

E [|2(2)(t) — $2(2) (t) | D ae

to 2

<2E / (e_A(t_tO) - I) Aot A=) A= B (1, (2(s)))ds
0 H
2

t
+2F / \]Aa”e*f‘(H)A*éB(wm(z(s)))HH ds
to

to 2

<2E (e_A(t_tU) - 1) / A= A=) A5 B ((s)))ds
0 H
+a(t—t0)* 2P E sup [2(t)|[ e -
t€[0,T]

Due to Lemma[2.2]and the Cauchy-Schwarz inequality, there exists a constant ¢, > 0 such that

E [|3(t) — s (to) 4o
t[) 2
<2E / (e_A(t_tO) - 1) A= Be=At0=3) AB Py (s)ds

0 H
2

t
+2FE / HAO‘_Be_A(t_S)AﬁFu(S)HH ds
to
to 2
<2E (e_A(t_t”) - I) /Aa_ﬁe_A(t‘)—s)AﬂFu(s)ds

0 H

T
+ ot — tg) 122 E/ ()| as) dt.
0

Let (e;);en be an orthonormal basis in H. Using Lemma equation , inequality (7)) and Lebesgue’s mono-
tone convergence theorem, there exists a constant ¢z > 0 such that

E [|9a(2)() = 4(2) (t0) [ ey

to 2
<2E / (e*A(t*t") - I) e A=) A2G(2(s))dL(s)
0

H
t 2

+2E /e_A(t_s)AaG(z(s))dL(s)

to H

to
e 2
<2 ZE/ H (e_A(t_tU) - I) e_A(tU_s)A“G(z(s))Ql/QeiHH ds
=1}

+ é3(t — to) <1+E sup |Z(t)2D(Af’)>'
te[0,T]
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12 P. Benner and C. Trautwein: Optimal Control Problems Constrained by the Stochastic Navier-Stokes Equations

Since lim;_,, [[e=4¢~%)h — h||i = 0 holds for every i € H and using Lebesgue’s dominated convergence
theorem, we can infer that the processes (11 (1)) < (0,77, (Y2(2)(t) e 0,17, (3(1)) 0,77 and (a(2)(6) e o, 17 are
mean square continuous for fixed z € Zr. Hence, the process (®,,(z)(t)):c[o,) is continuous in mean square
for fixed z € Zp. Therefore, we get the continuity in probability and by Lemma [3.9] there exists a predictable
version. Thus, we can conclude that ®,,, maps Zr into itself.

Next, we show that ®,, is a contraction on Zp. Let T3, € (0,T]. Using Lemma Corollary and
Lemma@ there exists a constant C; > 0 such that for every 21, 20 € Zp

E sup H¢2(Z1)(t)—1/J2(Z2)(t)||§7(14w)
t€[0,T1,m]
2

< Ete[ﬁ}?,m] O/ HAaJrée—A(t—s)A—é [B(mm(21(s))) — B(Wm(z2(s)))]HH ds

SOMITLITHE swp () - 20 e as)
»L1l,m

By Proposition [3.11] and inequality (8], there exists a constant C, > 0 such that for every z1, 2o € Zp

E sup |\1/J4(Zl)(t)—1/J4(Z2)(t)||2D(Aa)
te[0, T, m]

t 2

—E sup / A9 4% (G(21(s)) — Gl2a(s))] dL(s)
te[0,T1,m] "

<CTmE sup  |lz21(t) = 22(t) | ey - (16)
te[0,T1,m]

Consequently, we obtain for every z1, 22 € Zr

2 2
E sup  [|®m(21)(t) = Pm(22) (D) paoy < Kim B sup  [|21(2) = 22(0) [ 4y »
te[0,T1,m] te[0,T1,m]
where K ,,, = 26‘17712T127;12‘”"2‘S + 2C5T4 . We chose T1 ,,, € (0,7 such that K7, < 1. Applying the
Banach fixed point theorem, we get a unique element y,, € Zp such that for all ¢ € [0,77,,] and P-as.
Ym (t) = @, (ym)(t). Next, we consider for every z € Zp, allt € [T1 ,,,, T] and P-a.s.

O, (2)(t) = e ATy, (T ) — / A= A=) A= B(r,. (2(s)))ds

Tl,7n
t t
+ / e A9 Fy(s)ds + / e ATIG(2(s))dL(s).
lem Tl,m

Again, we find T5 ,,, € [T1,m, T] such that there exists a unique fixed point of the map ®,,, on the time interval
[T1,m, To,m]. By continuing this method, we get the existence and uniqueness of a mild solution (¥, (t))+e[o,7]
to system satisfying for all ¢ € [0, 7] and P-a.s. Yy, (t) = @y, (Yo ) (2).

Theorem 4.7 Let the parameters o € (0,1), B € [0,a] and § € [0,1) be as in Theorem{.6land let u € U
be fixed. Then for any & € L*(Q; D(A®)), there exists a unique local mild solution (y(t))ielo,r) of system @
Moreover, the process (y(t))ico,r) is mean square continuous in D(A®).

Proof. By Theorem there exists a unique mild solution (Y, (t)):e[o, 7] to system (11, which is mean
square continuous. Moreover, the process (¥ (t)):c[0,7] has a cadlag modification, see [37, Theorem 9.24]. We
still denote this modification by (y,,,(t)):e[o,77- Next, we define a sequence of stopping times (7, )men, by

Tm = inf{t € (0,7): ”ym(t)”D(Af’) > m} AT, (a7)
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where we declare inf ) = +o0. Due to the definition of the map m,, given by and equation (12, we obtain
for fixed m € Ny, all t € [0,7] and P-a.s.

tATm tATm
Ym(t A Tp) = e~ AT / ASeAUNTI=9) A= By, (5))ds + / e~ AN =) [y (5)ds
0 0

tATm,
n / e~ AT =) Gy, (s))dL(s).
0

Since the sequence of stopping times (7., )men, 1S increasing and bounded, there exists a stopping time 7 such
that 7 = lim,;, o0 7om. Moreover, we have P-a.s. 0 < 7 < T'. We set for each m € Ny, all t € [0, 7,,,) and P-a.s.

y(t) = ym(t). (18)
Then the process (y(t)):e[o,r) is the unique local mild solution of system @ O

To finish this section, we give some remarks about the local mild solution of system (6).

Remark 4.8 Note that the previous theorem is especially valid for n = 2 and n = 3. Hence, we get the
existence and uniqueness of a solution to the stochastic Navier-Stokes equations for two-dimensional as well as
three-dimensional domains up to a certain stopping time.

Remark 4.9 In contrast to the theory introduced in this section, one can also define a weak or a martingale
solution to system @, see [10,/11,{16]. For the case of a Wiener noise, we also refer to [|8,/9,/{12-15|]. For these
definitions, it is required that the solution takes values in the space V' introduced in Section [2| It is well known
that V = D(A'/?), see [2L[10L[28]. In this paper, the local mild solution of system @ takes values in D(A%)
with o € (0, 1) and we have D(AY/2) C D(A®) for a € (0, 3) by Lemmam Thus, we constructed a solution
well defined on a larger space, which is the main advantage of this approach. One may obtain that the local mild
1

solution of system @ is equivalent to a weak solution for the case a = 5.

Remark 4.10 (i) In case of additive noise in system (@), ie. G(y) = G, we have

E sup [ly(t)5ae) < 00
te(o,p]

for a certain stopping time p with values in [0, 7] and independent of m € Ny. The idea of the proof may be
found in [|19,20].
(i) If, in addition to the assumptions of Theorem 4.7} we require

t

E sup /(t — 5) 4| Vy(s)|ds < 0o
telo,7) o

and the Lévy process is given by a Q-Wiener process, then the solution of system () is a global mild solution in
the sense that P(7 = T') = 1, see [18].

5 Existence and Uniqueness of Optimal Controls

Throughout this section, let the parameters « € (0,1), & € [0,1) and 8 € [0, ] be as in Theorem 4.6 and
let the initial value £ € L?(Q; D(A®)) be fixed. Moreover, let us denote the mild solution of system by
(Ym (t;1))¢ejo,7) and the local mild solution of system @ by (y(t;u))sefo,rv) to illustrate the dependence on the
control u € U. Notice that the stopping times (7, ) men, defined by and the stopping time 7" depend on the
control u € U as well. Here, we consider the following cost functional for fixed m € Ny and v € [0, a]:

u
Tm

T
1 1
In() = 3 [ 147 ((60) — ) de+ 3B [ 14%u(0) (19
0 0
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14 P. Benner and C. Trautwein: Optimal Control Problems Constrained by the Stochastic Navier-Stokes Equations

where y; € L2([0,T]; D(A?)) is a given desired state and u € U. The task is to find a control %,, € U such that

I (Um,) = 1}1615 I (). (20)

The control u,, € U is called an optimal control. Note that for v = 0, the formulation coincides with the
tracking problem, for more details see [23-26]. For v = % and y4 = 0, we minimize the enstrophy, see [|2//27,28]].
Hence, we are dealing with a generalized cost functional, which incorporates common control problems in fluid
dynamics.

Remark 5.1 (i) Note that due to the definition of the local mild solution, we only can ensure that the first
addend of the cost functional given by is well defined up to the stopping time 7, for fixed m € Ny.
(ii) In case of additive noise in system (), we can replace the stopping 7% in equation (I9) by a certain stopping
time p" independent of m € Np.
(iii) If the assumptions of Remark [4.10] (ii) are fulfilled, then we can replace the stopping time 7% in equation

by the deterministic terminal point of time 7.
Next, we state the main result of this section.

Theorem 5.2 Let the functional Jp,(u) be given by for fixed m € Ny and arbitrary v € U. Then there
exists a unique optimal control w,, € U.

In the remaining part of this section, we give a proof of this result. Since the state as well as the stopping times
are non-convex with respect to the control, we formulated a control problem using a non-convex cost functional.
Therefore, we cannot prove the existence and uniqueness of the optimal control w,,, € U by well-known results
for convex optimization problems. Here, we apply a result provided in [[1,/43]. For that purpose, we have to
show that the cost functional is semi-continuous. In the following lemma, we prove that the state as well as the
stopping times are continuous with respect to the control.

Lemma 5.3 For fixed m € N, let (y,(t;u))icjo,1) be the mild solution of system corresponding to the
control u € U. Then there exists a constant KK > 0 such that for every ui,us € U:

T
E sup. Iy (8 w1) = yon (5 u2) [ 40 < KE/ lua (£) = w2 (t) [ am dt.
telo,

0

Proof. Letm € Ny be fixed and let Ty ,, € (0, 7. Similarly to inequalities (14}, and (16), we obtain
for every uy,us € U

2
E sup |lym(t;u1) — ym(t u2)llprae)
tE[O7T1,m,]

t 2

<3E sup /e*A(t*S)F[ul(s) — ua(s)]ds
tE[O,Tl,nL] D(Aa)

2

+3E sup /Aée_A(t_s)A_é [B(Tm (Ym(s3u1))) — B(Tm (ym(s;u2)))] ds
0

te[0,T1,m] DA%
. 2
+3E sup /e_A(t_s) [G(Ym(s;u1)) — G(ym(s; uz))] dL(s)
te[0,T1,m] ) DA

T
<3¢, E / lua(t) = ua(®)[ sy dt + Ky m E sup ]nym(t;ul)—ym<t;u2>||%<,4a>7
te yL1,m
0
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where K ,, = 3C’1m2T127;L2°‘_25 + 3C3T1 1m. We choose the point of time T} ,,, € (0,7 such that K ,,, < 1.
Hence, we have for every uy,us € U

T

E wpH%ﬁwﬂ—%ﬁwﬂ%m@éﬁmE/WMﬂ—wwﬁmaﬁ
t€[0,T1,m]

0

where ¢1 ., = 1_31?? . Next, we consider for all ¢ € [T} ,,,, T, P-a.s. and for i = 1,2

t
ym(tug) = e ATy (T s ) — / AP A A B (Y (55ui)) ) s

T1,m

t t
+ / e A=) Py, (s)ds + / e A=) G (Y (s5u5) )dL(s).
T1,7n Tl,m
Again, we find T5 ,,, € [T m, T'] such that for every uy,us € U

E  sup IMﬁmﬂ—MWWWQmSQmE/WMﬂ—W@%Mm%
tE[T1,m7T2,m]

where ¢ > 0 is a constant. Therefore, there exist points of time such that 0 = T4, < T1 ., < ... <Tjp =T
and we have for j =1, ..., 1

T

2 2
E - sup o lym(Gun) = ym (G u2)l[pacy < ¢jm E/ [ur (8) = w2 (D)l p(asy dt;
te[Ti—1,m:Tj,m]
where ¢; ,,, > 0 is a constant. Hence, we get
l
2
E sup lym (tu1) = Yy (tu2) [ aey S DB sup  [lym(tur) = Y (8 u2) |5 4w
telo,

j=1 tE[T] 1,msLj,m

SKE/mmw—wm%mmﬁ
where K = Zl-:1 Cj,m )

Lemma 5.4 For fixed m € Ny, let (ym(t u))efo,7) be the mild solution of system ([ 1) corresponding to the
control u € U and let the stopping time T}, be defined by (|7_7|) Then we have

lim P (7t #7542) =0,

Ul —ru
where uy — ug is in the sense thatEfOT [l (t) — ug(t)||2D(AB) dt — 0.

Proof. By the extended version of Markov’s inequality, and Lemma([5.3] we get for all ¢ > 0

P(wpmmmm—%mwmmﬂz%s E sup [y (t;ur)) — yon (£ u2) B 4o
te[0,7] €2 te[0,T)

K
*Eﬂ%@—wwﬁwmt @
0
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16 P. Benner and C. Trautwein: Optimal Control Problems Constrained by the Stochastic Navier-Stokes Equations

Next, we assume lim,,, ., P (7% < 7%2) > 0. Due to the definition of the stopping times, we can conclude

lim P ({{lym (73" s un)llp(asy > m} O {[lym (733 u2) [ p(ae) < m}) > 0.

U —u2

Therefore, there exists g > 0 such that

lim P (||2Um( u1)|[pacy = 1Ym (13! u2)|[ p(ae) = 60) > 0.

Ul —ruU

This implies limy, —u, P ([[4m (7425 u1) = Y (7425 u2)|| pa=) = €0) > 0, which is a contradiction to (21)).
Hence, we get lim,,, ., P (721 < 7%2) = 0. Similarly, we obtain lim,,, ., P (7% > 7%2) = 0.

Lemma 5.5 Letyy € L?([0,T]; D(AY)) be fixed. Moreover, let (y(t; U))te[o ru) be the local mild solution of
system @ corresponding to the control u € U, where the stopping times (T" ) men, are defined by (|17 (.) Then for
fixed m € Ny, the functional

—E / 4wt 0) — ale)) 7 e
0

is continuous with respect to the control u € U.

Proof. Let the process (ym(t;u))tc(o,r) be the mild solution of system (I1) corresponding to the control
u € U and let uy,uy € U. We define the stopping times 7,, = 7,5 A 732 and 7, = 7)! V 7,+2, and let the control
u € U be given by

ey
u:{ul if 7 = T8,

up 7T, =712

Using Lemma equation lb and the Cauchy-Schwarz inequality, there exists a constant K > 0 such that

|fm(u1) = fm(u2)| = E/ IIA”(ym(t;ul)—yd(t))llfgdt—E/ 1AY (yon (8 w2) = ya(t)) |5 dt
0 0

—E/M‘A’Y(ym(t;ul) —ya®) 3 — 1A (i (t; u2) — ya ()| 7| dt
0

+E / 1A (g (850) — (1)) % dt

Tm

1/2
<K <]E sup ”ym(t;ul) - ym(t;u2)||2D(Aﬂ)>
t€[0,T]

T
+ Q/JP(T#; ATp2 <t < TRV V TH2) (C2m2 + Hyd(t))H%(m)) dt.
0

Due to Lemma we have limy, —u, Esup,cio ) [|Ym (tu1) — ym (t; uQ)||%(AQ) = 0. By Lemma , we get
limy,, o, P(TE AT <t < 7810V ¥2) = 0. Using Lebesgue’s dominated convergence theorem, we obtain

lim |fm(u1) - fm(u2)| =0.

Ul —>uU
Hence, the functional f,,, () is continuous with respect to the control u € U. L]
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To find a unique optimal control @,, € U satisfying (20, we use the following result.

Proposition 5.6 (cf. [1}43]]) Let B be a uniformly convex Banach space and let V- C I8 be bounded and closed.
Moreover, let f: V — RU{—00, 00} be a lower semi-continuous functional, which is bounded from below. Then
there exists a dense subset Vo C V such that for any v € Vy and any q > 1 the functional f(u) + ||ju — v||}
attains its minimum over V, i.e. there exists u(v) € V such that

f(u()) + llu(v) = vl = mf (f(u) + [[u—vl5).

If ¢ > 1, then u(v) is unique. Furthermore, the function v — u(v) is continuous.

We are now able to prove the existence and uniqueness of the optimal controls.

Proof of Theorem[5.2} The space L%(Q; L2([0,T]; D(A”))) is a Hilbert space and thus, a uniformly convex
Banach space. Moreover, the set of admissible controls U is a subset of the space L%(; L2([0,T]; D(A?))) and
by definition bounded and closed. Due to Lemma [5.5] the functional

u

T

fon(u) =E / 1A (y (b ) — yalt))|% dt
0

is lower semi-continuous and we have f,,,(u) > 0 for every u € U. Applying Proposition we get the exis-
tence of a dense subset Vy C U such that for any v € Vj, the functional 3 f,, (u) + % [[u — v[|2, Q:22((0.T]:D(A%))
attains its minimum over U. We denote the minimum by wu,,(v) € U and due to Proposition it is unique and
continuous with respect to v € V{. Since V} is a dense subset of U, there exists a sequence (vg)gen C Vo such
that limy, o0 [|Vk || £2(0;2((0,7);D(45))) = 0. We define %, = limy,_, o s, (v ). Due to the continuity properties,
we get

_ . 1 1
I (Up) = lim (2 Fm(um(vr)) + 5 [t (vk) — Uk”%2(Q;L2([O,T];D(A5))))

k—o0

. 1 1
= lim inf <2 fm(uw) + 5 l[u— Uk”%2(52;L2([0,T];D(Aﬁ)))>

k—oouelU
) 1 1 9
= Inf {2 fm(u) + 3 lullZ2(0; 12 (10,77 D45 )))
= inf J,,(u).
£ Iml)
Therefore, we get the existence and uniqueness of the optimal control @,, € U satisfying (20). O

Remark 5.7 Here, we analyze the cost functional J,,(-) given by for m € Ny. Therefore, the optimal
controls u,, € U also depend on m € Ny and we get a sequence of optimal controls. Note that the initial aim
is to control the stochastic Navier-Stokes equations in a desired way. Thus, it is reasonable to design an optimal
control w € U independent of m € Ny but still linked to the optimal control uw,, € U for each m € Ny, for
instance u(t) = %y, (t) for almost all ¢ € [0, 7,,,) in some sense.

6 Conclusions

In this paper, we have considered the controlled multidimensional stochastic Navier-Stokes equations on bounded
domains with multiplicative Lévy noise. Under certain conditions on the parameters, we proved the existence and
uniqueness of the state in the sense of a local mild solution. A global mild solution can be obtained by additional
assumptions. The cost functional introduced in this paper is motivated by common control problems of the
Navier-Stokes equations. We proved continuity results for the state as well as for the stopping times with respect
to the control to infer the continuity of the cost functional. Finally, we obtained the existence and uniqueness of
optimal controls based on [[1].

In future work, we will derive necessary and sufficient optimality conditions optimal controls have to satisfy.
Therefore, we will derive explicit formulas for the optimal controls.
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