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The Bondi-Sachs Formalism

Thomas Midler* and Jeffrey Winicourf*

September 8, 2016

The Bondi-Sachs formalism of General Relativity is a metric-based treat-
ment of the Einstein equations in which the coordinates are adapted to the
null geodesics of the spacetime. It provided the first convincing evidence
that gravitational radiation is a nonlinear effect of general relativity and
that the emission of gravitational waves from an isolated system is accom-
panied by a mass loss from the system. The asymptotic behaviour of the
Bondi-Sachs metric revealed the existence of the symmetry group at null
infinity, the Bondi-Metzner-Sachs group, which turned out to be larger than
the Poincare group.

Contents
1 Introduction 2
2 The Bondi—Sachs metric 3
2.1 The electromagnetic analogue . . . . . . ... ... ... ... 5
3 Einstein equations and their Bondi-Sachs solution 8
4 The Bondi-Metzner-Sachs (BMS) group 15
5 The worldtube-null-cone formulation 19
6 Applications 20

*Institute of Astronomy, University of Cambridge, Madingley Road, Cambridge, CB3
0HA, UK

TDepartment of Physics and Astronomy University of Pittsburgh, Pittsburgh, PA
15260, USA

fMax-Planck-Institut fiir Gravitationsphysik, Albert-Einstein-Institut, 14476 Golm,
Germany



1 Introduction

In a seminal 1960 Nature article ( ) ), Hermann Bondi presented
a new approach to the study gravitational waves in Einstein’s theory of
general relativity. It was based upon the outgoing null hypersurfaces along
which the waves traveled. It was followed up in 1962 by a paper by Bondi,
Metzner and van der Burg ( , ), in which the details were
given for axisymmetric spacetimes. In his autobiography ( , , page
79), Bondi remarked about this work: “The 1962 paper I regard as the best
scientific work I have ever done, which is later in life than mathematicians
supposedly peak”. Soon after, Rainer Sachs ( , ) generalized this
formalism to non-axisymmetric spacetimes and sorted out the asymptotic
symmetries in the approach to infinity along the outgoing null hypersurfaces.
The beautiful simplicity of the Bondi-Sachs formalism was that it only in-
volved 6 metric quantities to describe a general spacetime. At this time, an
independent attack on Einstein’s equations based upon null hypersurfaces
was underway by Ted Newman and Roger Penrose (

, ). Whereas the fundamental quantity in the Bondi-Sachs formal—
ism was the metric, the Newman-Penrose approach was based upon a null
tetrad and its curvature components. Although the Newman-Penrose for-
malism involved many more variables it led to a more geometric treatment
of gravitational radiation, which culminated in Penrose’s ( ) ) de-
scription in terms of the conformal compactification of future null infinity,
denoted by Zt. It was clear that there were parallel results emerging from
these two approaches but the two formalisms and notations were completely
foreign. At meetings, Bondi would inquire of colleagues, including one of

s (JW), “Are you you a qualified translator?”. This article describes the
Bondi-Sachs formalism and how it has evolved into a useful and important
approach to the current understanding of gravitational waves.

Before 1960, it was known that linear perturbations hg, of the Minkowski
metric 74, = diag(—1,1,1,1) obeyed the wave equation
0? 0?

(- 2z T ayiaya‘)h“” =0, (1)
where the standard Cartesian coordinates y* = (y!,y?, y>) satisfy the har-
monic coordinate condition to linear order. It was also known that these
linear perturbations had coordinate (gauge) freedom which raised serious
doubts about the physical properties of gravitational waves. The retarded
time u and advanced time v,

u=t—r , v=t+r , =06,y , (2)



are characteristic hypersurfaces of the hyperbolic equations (1), i.e. hyper-
surfaces along which the wavefronts travel.

These characteristic hypersurfaces are also null hypersurfaces, i.e. their
normals, k, = —V,u and n, = —V,v are null, n“bkakzb = n“bnanb = 0.
Note that it is a peculiar property of null hypersurfaces that their normal
direction is also tangent to the hypersurface, i.e. k* = n%®k, is tangent to
the u = const hypersurfaces. The curves tangent to k% are null geodesics,
called null rays, and generate the u = const outgoing null hypersurfaces.
Bondi’s ingenuity was to use such a family of outgoing null hypersurfaces to
build spacetime coordinates for describing outgoing gravitational waves.

An analogous formalism based upon ingoing null hypersurfaces is also
possible and finds applications in cosmology ( , ) but is of less
physical importance in the study of outgoing gravitational waves.

2 The Bondi—Sachs metric
A)
0

The Bondi-Sachs coordinates z* = (u,r,x”') are based on a family of out-
going null hypersurfaces u = const. Here x” = u labels these hypersurfaces,
x4 (A, B,C,... = 2,3) label the null rays and x! = r is a surface area coor-
dinate. The coordinates z* are constant along the null rays, k%9,z* = 0.
As a result, the metric satisfies

9" =9 =gy =gra=0 (3)
and only the coordinate r varies along the null rays. The choice that r be an
areal coordinate implies that det[gap] = r*q, where q(z*) is the determinant
of the unit sphere metric g4p associated with the angular coordinates 4,
e.g. qap = diag(1,sin? ) for standard spherical coordinates =4 = (6, ¢).

In the resulting z% = (u,r, xA) coordinates, the metric takes the Bondi-

Sachs form,

Gapda®dz® = —%ewdu2 —2e*8dudr +r’hag (dxA — UAdu> (de — UBdu> ,
(4)

gAB = T‘2h,AB with det[hAB] = q(xA) (5)

where

This determinant condition implies hBd,hag = h3B0,hap = 0, where
hAChep = 5@. Hereafter D4 denotes the covariant derivative of the met-
ric hap, with DA = hABDg. The corresponding non-zero contravariant



components of the metric (4) are

gur — _eQB , gTT‘ — K6*25 , gTA — —UA€72B , gAB — %hAB ) (6)
r T
A suitable representation of hap with two functions ~(u,r,0,¢) and

d(u,r, 0, @) corresponding to the + and x polarization of gravitational waves

is ( ; ; ; )

hapda®da® = (e¥7d6? + e~ sin? 9d¢2) cosh(20) + 2sin 6 sinh(26)dfd¢ .
(7)
This differs from the original form of Sachs ( , ) by the transforma-
tion v — (v +9)/2 and § — (y—9)/2, which gives a less natural description
of gravitational waves in the weak field approximation. In the original ax-
isymmetric Bondi metric ( , ) with rotational symmetry in
the ¢-direction, § = U? = 0 and v = vy(u, r, #), resulting in the metric

géf)dxadxb = ( — Kew + 7“2U627) du® — e*Pdudr — r?Ue®' dudb
r
2 (21d6% + ¢ sin? 0dg? ) 8)

where U = U?. Note that the original Bondi metric also has the reflection
symmetry ¢ — —¢ so that it is not suitable for describing an axisymmetric
rotating star.

In Bondi’s original work, the areal coordinate r was called a luminosity
distance but this terminology is misleading because of its different meaning
in cosmology ( ) , see Sec. 3.3). The areal coordinate r
becomes singular when the expansion © of the null hypersurface vanishes,
where ( , ) )

O = V(e k") = 56—25, 0y = Or. (9)

In contrast, the standard radial coordinate along the null rays in the Newman-
Penrose formalism ( , , ) is the affine param-
eter A, which remains regular when © = 0. The areal distance and affine
parameter are related by 9.\ = €*). Thus the areal coordinate remains
non-singular provided /S remains finite. For a version of the Bondi-Sachs
formalism based upon an affine parameter, see ( , ).



2.1 The electromagnetic analogue

The electromagnetic field in Minkowski space with its two degrees of freedom
propagating along null hypersurfaces provides a simple model to demon-
strate the essential features and advantages of the Bondi—Sachs formal-
ism (Tamburino and Winicour, 1966). Consider the Minkowski metric in
outgoing null spherical coordinates (u, r, )
version of the Bondi-Sachs metric,

corresponding to the flat space

nabdx“dxb = —du® — 2drdu + r2qAdeAda:B . (10)

Assume that the charge-current sources of the electromagnetic field are
enclosed by a 3-dimensional timelike worldtube I', with spherical cross-
sections of radius r = R, such that the outgoing null cones N, from the
vertices r = 0 (Fig. 1) intersect I" at proper time u in spacelike spheres S,
which are coordinatized by z*.

rays where

null cone )
L varies

u = const .

/

timelike
surface geodesics
on worldtube

matter/charge
distribution

cuts of worldtube
where 1 varies
along surface geodesics

worldtube
with radius I,

Figure 1: Illustration of Bondi-Sachs coordinates defined at a timelike world-
tube surrounding a matter-charge distribution, along with an outgoing null
cone.

The electromagnetic field F,; is represented by a vector potential A,



Fup = VA, — VpA,, which has the gauge freedom
A, — A+ Vax . (11)

Choosing the gauge transformation

x(u,r, ) = —/R A,dr’ (12)

leads to the null gauge A, = 0, which is the analogue of the Bondi-Sachs
coordinate condition (3), g, = gr4 = 0. The remaining gauge freedom
x(u, z4) may be used to set either

Aylr =0 or Aylz+ = 0. (13)

There remains the freedom Ag — Ap + Vex(z©).
The vacuum Maxwell equations M? := V,F® = ( imply the identity

1
Va
This leads to the following strategy. Designate as the main equations the
components of Maxwell’s equations M* = 0 and M4 = 0, and designate

M" = 0 as the supplementary condition. Then if the main equations are
satisfied (14) implies

1
0= VM =09,M"+ ﬁar(rzMr) + —=dc(vaM©). (14)

0=0,.(r’M"), (15)

so that the supplementary condition is satisfied everywhere if it is satisfied
at some specified value of 7, e.g. on I" or at ZT.
The main equations separate into the

Hypersurface equation:
M"*=0 = 0,(r?0,A,) = 9,(0AP) (16)

and the

Evolution equation:
2
r

1
MA =0 = 0,0,Ap = 583143 — 5

0% (@pAc — dcAp) + %arc’)BAu,
(17)

where hereafter 04 denotes the covariant derivative with respect to the unit
sphere metric g4, with 3 = ¢4835. The supplementary condition M” = 0
takes the explicit form

Ou(r?0,A,) = 08(0,Ap — 0,Ap + O A,). (18)



A formal integration of the hypersurface equation yields

8, A, = Qu, 2%) +05A% o(1/r%) | (19)

r2

where Q(u,mA) enters as a function of integration. In the null gauge with
A, = 0, the radial component of the electric field corresponds to F, =
F,, = 0,A,. Thus, using the divergence theorem to eliminate dpA”Z, the

total charge enclosed in a large sphere is

r—oo 47

g(u) :== lim = %ETTQ sin 0dfd¢p = 4i ]{ Q(u, z™) sin 0dOdo, (20)
™

where ¢ indicates integration over the 2-sphere. This motivates calling
Q(u,z) the charge aspect. The integral of the supplementary condition
(18) over a large sphere then gives the charge conservation law

dg(u)
du

= 0. (21)

The main equations give rise to a hierarchical integration scheme given
the following combination of initial data on the initial null cone N, initial
boundary data on the cross-section S, of I' and boundary data on I:

AB‘NuO : 8rAu\suO , OuAB|p- (22)

This leads to the following evolution algorithm:
1. In accord with (13), choose a gauge such that AU‘F =0.

2. Given the initial data Apg } v, and 8,,14“‘ s » the hypersurface equation
uQ uQ

(16) can be integrated along the null rays of N, to determine A4, on
the initial null cone N,,.

3. Given the initial boundary data 0,Ap] S.,» the radial integration of
the evolution equation (17) determines 0, Ap on the initial null cone
Ny, -

4. (a) From 0,A4p|n,,, Ap can be obtained in a finite difference approx-
imation on the null cone u = ug + Au.

(b) From knowledge of Ag|n, and Aylw, , the the supplementary
condition (18) determines 8U8TAU‘ g so that OrAuls
uQ
also be obtained in a finite difference approximation.

oty CAI



5. This procedure can be iterated to determined a finite difference ap-
proximation for Ag and A, on the null cone u = ug + nAu.

An analogous algorithm for solving the Bondi-Sachs equations has been
implemented as a convergent evolution code (see Sec. 5).

3 Einstein equations and their Bondi-Sachs solu-
tion

The Einstein equations, in geometric units G = ¢ = 1, are

Eab = Rab - %gabRcC - 87TTab =0 s (23)
where R is the Ricci tensor, R€, its trace and Tp, the matter stress-energy
tensor. Before expressing the Einstein equations in terms of the Bondi-Sachs
metric variables (4), consider the consequence of the contracted Bianchi
identity. Assuming the matter satisfies the local conservation condition
V,T? =0, the Bianchi identities imply

1
v—9
In analogy to the electromagnetic case, this leads to the designation of
the components of Einstein’s equations, consisting of

1
0=V,E = ab(\ﬁ—gEg) + 5(0a9") s (24)

1
Ej =0, Eap— 59489 "Ecp =0, (25)
as the main equations. Then if the main equations are satisfied, referring
to the metric (4), E? = —e*E%* = 0 and the a = r component of the
conservation condition (24) reduces to (9,9g48)Eap = —(2/7)g*BEap = 0

so that the component g*PE p = 0 is trivially satisfied. Here we assume
that the areal coordinate r is non-singular.

The retarded time u and angular components z** of the conservation
condition (24) now reduce to

o (r2e®PET)y =0, 0.(r2e*E}) =0 (26)

so that the ], and E’j equations are satisfied everywhere if they are satisfied
on a worldtube I' or at Z*. Furthermore, if the null foliation consists of
non-singular null cones, they are automatically satisfied due to regularity
conditions at the vertex r = 0. These equations were called supplementary



conditions by Bondi and Sachs. Evaluated at ZT they are related to the
conservation of total energy and angular momentum. In particular, the
equation 72 E” |7+ = 0 gives rise to the famous Bondi mass loss equation (see
(57)).

The main Einstein equations separate further into the

Hypersurface equations: E; =0 (27)
and the
: o Ll b _
Evolution equations: FEp 2gABg Ecp = 0. (28)

In terms of the metric variables (4) the hypersurface equations consist
of one first order radial differential equation determining 8 along the null
rays,

E'=0 = 9,8= T%hAChBD(arhAB)(arhcp) YomrT,,  (29)

two second order radial differential equations determining U*,

1
Et=0 = & [r‘le_whAB(@TUB)] - 2r48T(—2DA6)
r
—? WP Dp(0phap) + 16772 Tya (30)
and a radial equation to determine V,

E'=0= 260,V)=%—2 [DADAﬂ + (DAﬁ)DAﬁ}
e P arAy L4 _up A B
+—DA8T(7~ U ) — 57” e hAB(aTU )(arU )

7‘2
e [hABTAB - ’I“ZTaa] , (31)

where D4 is the covariant derivative and Z is the Ricci scalar with respect
to the conformal 2-metric hp.

The evolution equations can be picked out by introducing a complex
polarization dyad m?® satisfying m®V,u = 0 which is tangent to the null
hypersurfaces and points in the angular direction with components m® =
(0,0,m"). Imposing the normalization h4P = F(mAm®B + mPm?), with
mam® =2, ma = hapm?, and mam? = 0 determines m4 up to the phase



freedom m* — e”m#, which can be fixed by convention. The symmetric

2-tensor F4p can then be expanded as

C C

mD)mAmB + %hABhCDECD,

(32)
where we have shown that h“P Ecp = 0 is trivially satisfied. Consequently,
the evolution equations reduce to the complex equation m4mPE g = 0,
which takes the form ( , , )

1 1
Eap = Z(ECDm mD)mAmB + Z(ECDWL

mAmB{ 7087’[74(8uh143)] o %8T[TV(8T}LAB)] - 2eBDADBeﬁ

1
+ heaDpld.(r2UC)] — 5r4@—25h Achpp(0.U)(0,UP)

2
+ %(&hAB)(DCUC) + 72U D (8,has)

— r2(8yhac)hpe(DCUF — DFUC) — sne%TAB} = 0. (33)

It comprises a radial equation which determines the retarded time derivative
of the two degrees of freedom in the conformal 2-metric hap.

As in the electromagnetic case, the main equations can be radially inte-
grated in sequential order. In order to illustrate the hierarchical integration
scheme we follow Bondi and Sachs by considering an asymptotic 1/r ex-
pansion of the solutions in an asymptotic inertial frame, with the matter
sources confined to a compact region. This ansatz of a 1/r-expansion of the
metric leads to the peeling property of the Weyl tensor in the spin-coefficient

approach (see ( , )). For a more general approach
in which logarithmic terms enter the far field expansion and only a partial
peeling property results, see ( , ).

In the asymptotic inertial frame, often referred to as a Bondi frame, the
metric approaches the Minkowski metric (10) at null infinity, so that

lim 8= lim U4 =0, lim K:I, lim hap = qap . (34)
T—>00 r—00 r—oo T r—00

Later, in Sec. 4, we will justify these asymptotic conditions in terms of a
Penrose compactification of ZT.

For the purpose of integrating the main equations, we prescribe the fol-
lowing asymptotic data:

1. The conformal 2-metric h4p on an initial null hypersurface Ny, u = uy,

10



which has the asymptotic 1/ expansion

cap(ug, ) n dap(uo, z%)

hap = qaB + 2 + . (35)
where the condition h4“hepg = 5AB implies
AB AB AC .BD
c d*P —q?~c"“cop
hAB = ¢AB _ — - > + .. (36)

with ¢A8 .= ¢AP¢BFcpp and dA8 .= ¢*P¢BPFdpg. Furthermore, the
derivative of the determinant condition det(hap) = q(z¢) requires

1
¢*Peap=0, ¢Bdap= §CABCAB , ¢*Bducap =0,

¢*Boydap — cABOucap = 0. (37)
2. A function M (u,z4) at the initial time wug,

M (ug, ) = — Tim [V(ug, 7, 2€) — 1] | (38)

2 r—oo

which is called the mass aspect.

3. A vector field LA (u, 2%) on the sphere at the initial time uy,

1
LA (ug, 2€) == == lim r*8,U" (ug, r, %), (39)

T—00

which is the angular momentum aspect.

4. The 1/r coefficient of the conformal 2-metric hap for retarded times
u € [ug, u1], ug > ug,

CAB(u,a:C) := lim r(haB — q4B) , (40)
r—00

which describes the time dependence of the gravitational radiation.

In terms of a complex dyad ¢ = lim,_,oc m* on the unit sphere so that
g8 = %(qA(jB + ¢B@*), e.g. for the choice ¢4 = (1,i/sinf), the real and
imaginary part of

1 45 1 Coo A Cog
i == — — 41
771 T eAB T, (Cae sin? 0 T sin 0 (41)

11



correspond, respectively, to the + and x polarization modes of the strain
measured by a gravitational wave detector at large distance from the source.
Traditionally, the radiative strain o has also been called the shear because
it measures the asymptotic shear of the outgoing null hypersurfaces in the
sense of geometric optics,

o= lim ¢*¢®VaVgu. (42)

r—00
The retarded time derivative Ny = %8UCAB(U, x¢), called the news
tensor, is a gauge invariant field that determines the energy flux of the

gravitational radiation. Relative to a choice of polarization dyad, the Bondi

news function is
N = ¢2¢BNy5. (43)

Note, in carrying out the 1/r expansion of the field equations the co-
variant derivative D4 corresponding to the metric hsp is related to the
covariant derivative 04 corresponding to the unit sphere metric gap by

DAVE =0,VB 1 VE, (44)

where

1
Cip = 50"  (Oacrp +0pcra —Opcar) + O(1/r?). (45)

Given the asymptotic gauge conditions (34) and the initial data (36),
(38), (39), (40) on Ny, the formal integration of the main equations at large
r proceeds in the following sequential order:

1. Integration of the S-hypersurface equation gives

1 ABe
= AP0 . (46)

Pluo.r ) =552

2. Insertion of the data (35) and the solution for 3 into the U4 hyper-
surface equation (30) yields

c
O |rte P hap(0,UP)| = 8Fcap + W +0(1/r*)  (47)

where
Sa(ug, :L‘C) = 5B(QdAB — qFGCBGcAF). (48)

12



As a result, unless Sy = 0, integration of (47) leads to a logarithmic
r~*Inr term in 9,U4, which is ruled out by the assumption of an
asymptotic 1/r expansion. This results in the condition

1
0 = ¢*Sa=q"P7" +¢"3®)0p(dap — §QFGCBGCAF)
1
= ¢"¢P7PBk(dap — inqGCBGCAF)
= §"0p(¢"¢Pdap), (49)

where the second line follows from the determinant condition (37) and
the third line uses §¥95q¢? x ¢P. It follows that

¢*qPdap =0, (50)

so that dap consists purely of a trace term dictated by the determi-
nant condition (37). Hence, integrating (47) once and applying this
constraint yields

dpctB 6L (ug, 2P)

r3 rd

o.UA = +0(r7 %) . (51)

. Subsequent radial integration of 9,U4 while using (36), (38), (39),
(40) gives

dpcAB 214

A By _ ad —4
U™ (ug,r,x”) = 52 T3 +O(r™ ). (52)

. With the initial data (35) and initial values of 8 and U“, the V-
hypersurface equation (31) can be integrated to find the asymptotic

solution
V (ug, r, a:A) =r — 2M (up, :cA) + O(ril) ) (53)

Here M (u,z?) is called the mass aspect since in the static, spheri-
cally symmetric case, where hap = qap, 8 = U4 = 0 and M(u,zA) =
m, the metric (4) reduces to the Eddington-Finkelstein metric for a
Schwarzschild mass m.

. Insertion of the solutions for 3, U4 and V into the evolution equation
(33) yields to leading order that ¢4¢®0,dap = 0, consistent with the
determinant condition (37).

13



6. With the asymptotic solution of the metric, the leading order coeffi-
cient of the E] supplementary equation gives

1 1
20, M = —§5AE§BNAB — ZNABNAB . (54)

Since N4p is assumed known for uy < u < u1, integration determines
the mass aspect M in terms of its initial value M (ug, z4).

7. The leading order coefficient of the E', supplementary equation deter-
mines the time evolution of the angular momentum aspect L 4,

—30,L4 = O4M — iaE (5E5FcAF ~d AaFcEF)

1 3

+§CEF6ANEF — gNEF5ACEF — NAB5ECBE

—cap0pNPE (55)
The motivation for calling L4 (u,z?) the angular momentum aspect
can be seen in the non-vacuum case where its controlling E’) supple-
mentary equation is coupled to the angular momentum flux 77 of the
matter field. Together with (54), (55) shows that the time evolution
of L4 is entirely determined by Nap for uyp < u < uy and the initial
values of Ly, M and cyp at u = uyg.

This hierarchical integration procedure shows how the boundary con-
ditions (34) and data (36), (38), (39), (40) uniquely determine a formal
solution of the field equation in terms of the coefficients of an asymptotic
1/r expansion. In particular, the supplementary equations determine the
time derivatives of M and L4, whereas the hypersurface equations deter-
mine the higher order expansion coefficients. However, this formal solution
cannot be cast as a well-posed evolution problem to determine the metric for
u > ug because the necessary data, e.g. cap(u, xc), lies in the future of the
initial hypersurface at ug. Nevertheless, this formal solution led Bondi to
the first clear understanding of mass loss due to gravitational radiation. It
gives rise to the interpretation of the supplementary conditions as flux con-
servation laws for energy-momentum and angular momentum (

, ; : )-

The time-dependent Bondi mass m(u) for an isolated system is

m(u) = i 7{ M (u, 0, 6) sin 0d0de (56)

14



The integration of (54) over the sphere, using the definition of the news
function (43), gives the famous Bondi mass loss formula

%m(u) = —% % |N|?sin 8dfdg | (57)
where the first term of (54) integrates out because of the divergence theo-
rem. The positivity of the integrand in (57) shows that if a system emits
gravitational waves, i.e. if there is news, then its Bondi mass must decrease.
If there is no news, i.e. N =0, the Bondi mass is constant.

Here (55) corrects the original equations Bondi and Sachs for the time
evolution of the angular momentum aspect L. For the Bondi metric in
which y(u,r,0) = c(u,8)/r + O(1/r3), (55) becomes

—30,Ly = OgM — gcﬁuagc — ;(&Lc)a@c — 8cO,ccotd . (58)

The asymptotic approach of Bondi and Sachs illustrates the key features
of the metric based null cone formulation of general relativity. Nevertheless,
assigning boundary data such as the news function N at large distances is
non-physical as opposed to determining N by evolving an interior system
(see Sec. b). In particular, assignment of boundary data on a finite worldtube
surrounding the source leads to gauge conditions in which the asymptotic
Minkowski behavior (34) does not hold.

4 The Bondi-Metzner-Sachs (BMS) group

The asymptotic symmetries of the metric can be most clearly and elegantly
described using a Penrose compactification of null infinity ( , ).
In that case the assumption of an asymptotic series expansion in 1/r becomes
a smoothness condition at ZT.

In Penrose’s compactification of null infinity, Z™ is the finite boundary of
an unphysical space time containing the limiting end points of null geodesics
in the physical space time. If g, is the metric of the physical space time
and g, denotes the unphysical spacetime the two metrics are conformally
related via §g = Q2gap, Where Gup is smooth (at least C3) and Q = 0 at
Z+. Asymptotic flatness requires that Z+ has the topology R x S? and that
Vo2 vanishes nowhere at Z+. The conformal space and physical space Ricci
tensors are related by

Rap = Q2Ryp + 20V, Vi + fup | QVEV.Q — 3(@09)%9} (59)

15



where V, is the covariant derivative with respect to gqp. Separating out the
trace of (59), evaluation of the physical space vacuum Einstein equations
Ry, = 0 at ZT implies

0

(V) Ve 7+ (60a)
L 1, oo
0 = |[VaVeQ = 19V VCQ} - (60D)

The first condition shows that Z* is a null hypersurface and the second
assures the existence of a conformal transformation Q_anb = Q_anb such
that V,VQ|7+ = 0. Thus there is a set of preferred conformal factors Q)
for which null infinity is a divergence-free (V°V Q|7+ = 0) and shear-free
(VaVQ|z+ = 0) null hypersurface.

A coordinate representation ¢ = (u,/, xA) of the compactified space
can be associated with the Bondi—Sachs physical space coordinates in Sec. 2
by the transformation 2% = (u, £, 24) = (u,1/r,z*). Here the inverse areal
coordinate ¢ = 1/r also serves as a convenient choice of conformal factor
Q = {. This gives rise to the conformal metric

Gupd2?dz® = PPV e du? + 2% dudl + hag (dxA - UAdu> (de _ UBdu) :
(61)

where det(hap) = q. The leading coefficients are subject to the conformal
space Einstein equations according to

hap = HAB(u,J:C)+€cAB(u,xC)+O(€2)
B = H(u,a%) +0(?)
U4 = Hu,z%) + 22T HABDgH + O(£?)
1
PV = DuHA+¢ §R+DADA62H}+0(52),

62
63

(62)
(63)
(64)
(65)

65

where here R is the Ricci scalar and D 4 is the covariant derivative associated
with Hyp.

In (61), H, H* and Hp have a general form which does not correspond
to an asymptotic inertial frame. In order to introduce inertial coordinates
consider the null vector n® = Q“b@bﬁ which is tangent to the null geodesics
generating Z*. In a general coordinate system, it has components at Z*

i%ze = (7,0, ~e 2 H4) (66)
arising from the contravariant metric components
0 e 2 0
g% = e 0 —HAe 2 | (67)
I+ 0 _HAe2H HAB
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Introduction of the inertial version of angular coordinates by requiring
n29qx’| 7+ =0

results in H4 = 0. Next, introduction of the inertial version of a retarded
time coordinate by requiring that u be an affine parameter along the gener-
ators of ZT, with

n*O0u| =1,
7+

results in H = 0. It also follows that ¢ is a preferred conformal factor
so that the divergence free and shear free condition 6a@bgl+ = 0 implies
that 0,H 2p = 0. This allows a time independent conformal transformation
¢ — w(x%)l such that Hap — qap, so that the cross-sections of Zt have
unit sphere geometry. In this process, the condition H = 0 can be retained
by an affine change in u.

Thus it is possible to establish an inertial coordinate system ¢ at Z,
which justifies the Bondi-Sachs boundary conditions (34). In these inertial
coordinates, the conformal metric has the asymptotic behavior

hag = qap(u,z%) + leap(u,z%) + O(£?) (63a
B = 0@ (
U4 = 2L + oY) (68c¢

GV = 2 —2MB + 0, (68d

showing that the Bondi-Sachs variables c4p, mass aspect M and angular
momentum aspect L* are the the leading order coefficients of a Taylor series
at null infinity with respect to the preferred conformal factor £.

The BMS group is the asymptotic isometry group of the Bondi-Sachs
metric (4). In terms of the physical space metric, the infinitesimal generators
£ of the BMS group satisfy the asymptotic version of Killing’s equation

2 Legap|rr = —202V0e | =0 | (69)

where L; denotes the Lie derivative along £*. In terms of the conformal
space metric (68) with conformal factor € = ¢, this implies

[Wagb) ! gabgcace] =0 (70)

This immediately requires £0.¢ = 0, i.e. the generator is tangent to Z+ and
071€¢00) = = 04 |4—o. Then (70) takes the explicit form

[0 + 0.6 — 0.9 — g oue’]_ =0, (71)
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where (67) reduces in the inertial frame to

01 0
=10 o0 (72)
0 0 ¢*B.

Since only §%|i—g enters (71), it is simple to analyze. This leads to the
general solution

£ 0ulimo = [a(a®) + S05% ()] 00 + 14()0 (73)
where fA(:J:C) is a conformal killing vector of the unit sphere metric,

g B %qAB5C ff=0. (74)
These constitute the generators of the BMS group.

The BMS symmetries with f4 = 0 are called supertranslations; and
those with o« = 0 describe conformal transformations of the unit sphere,
which are isomorphic to the orthochronous Lorentz transformations ( )

). The supertranslations form an infinite dimensional invariant sub-
group of the BMS group. Of special importance, the supertranslations con-
sisting of [ = 0 and [ = 1 spherical harmonics, e.g. o = a + a; sinf cos ¢ +
aysinf@sin ¢ + a, cosf), form an invariant 4-dimensional translation group
consisting of time translations (a) and spatial translations (a, ay,a.). This
allows an unambiguous definition of energy-momentum. However, because
the Lorentz group is not an invariant subgroup of the BMS group there
arises a supertranslation ambiguity in the definition of angular momentum.
Only in special cases, such as stationary spacetimes, can a preferred Poincare
group be singled out from the BMS group.

Consider the finite supertranslation, 7 = u + a(z?) + O(¢), with 4 =
x4, where the O(f) term is required to maintain u as a null coordinate.
Under this supertranslation, the radiation strain or asymptotic shear (42),
ie. o(u,z%) = ¢*¢®V AV puli—g, transforms according to

& (u,2%) = ¢ ¢V aVilli—o = o (u,2%) + ¢*¢P840pa(z9). (75)

This reveals the gauge freedom in the radiation stain under supertransla-
tions. Note, because « is a real function, in the terminology of the Newman-
Penrose spin-weight formalism ( , ) ;
, ), this gauge freedom only affects the electric (or E-mode (

, )) component of the shear.
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5 The worldtube-null-cone formulation

In contrast to the Bondi-Sachs treatment in terms of a 1/r expansion at
infinity, in the worldtube-null-cone formulation the boundary conditions for
the hypersurface and evolution equations are provided on a timelike world-
tube I' with finite areal radius R and topology R x S?. This is similar to the
electromagnetic analog discussed in Sec. (2.1). The worldtube data may be
supplied by a solution of Einstein’s equations interior to I', so that it satis-
fies the supplementary conditions on I'. In the most important application,
the worldtube data is obtained by matching to a numerical solution of Ein-
stein’s equations carried out by a Cauchy evolution of the interior. It is also
possible to solve the supplementary conditions as a well-posed system on I
if the interior solution is used to supply the necessary coefficients (
).

Coordinates (u, z*) on I" have the same 241 gauge freedom in the choice
of lapse and shift as in a 3 + 1 Cauchy problem. This produces a foliation
of I" into spherical cross-sections S,,. In one choice, corresponding to unit
lapse and zero shift, u is the proper time along the null geodesics normal
to some initial cross-section Sy of ', with angular coordinates z# constant
along the geodesics. In the case of an interior numerical solution, the lapse
and shift are coupled to the lapse and shift of the Cauchy evolution.

These coordinates are extended off the worldtube I' by letting u label
the family of outgoing null hypersurfaces NV, emanating from S, and letting
24 label the null rays in N,. A Bondi-Sachs coordinate system (u,r,z4) is
then completed by letting r be areal coordinate along the null rays, with
r = Ron ', as depicted in Fig. 1. The resulting metric has the Bondi—Sachs
form (4), which induces the 2 + 1 metric intrinsic to I,

)

1)

gapdada®|, = —%egﬁdug + R%hpp(dz?t — U (dzP — UP) (76)
where Ve?? /R is the square of the lapse function and (—U%) is the shift.
The Einstein equations now reduce to the main hypersurface and evolu-
tion equations presented in Sec. 2, assuming that the worldtube data satisfy
the supplementary conditions. As in the electromagnetic case, surface inte-
grals of the supplementary equations (26) can be interpreted as conservation
conditions on I, as described in ( , ; ,
). The main equations can be solved with the prescription of the fol-
lowing mixed initial-boundary data:

e The areal radius R of " and 0, UA\F, as determined by matching to an
interior solution.
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e The conformal 2-metric hap|n, on an entire initial null cone Ny for
r> R.

e The values of 5|g,, UA\SO, o,U A|50 and Vg, on the initial cross section
f% of I'.

e The retarded time derivative of the conformal 2-metric d,hap|r on T’
for u > wuyg.

Given this initial-boundary data, the hypersurface equations can be
solved in the same hierarchical order as illustrated for the electromagnetic
case in Sec. 3 and the evolution equation can be solved using a finite dif-
ference time-integrator. It has been verified in numerical testbeds, using
either finite difference approximations ( , , ) or spec-
tral methods ( , ) for the spatial approximations,
that this evolution algorithm is stable and converges to the analytic solu-
tion. However, proof of the well-posedness of the analytic initial-boundary
problem for the above system remains an open issue.

A limiting case of the worldtube-null-cone problem arises when I' col-
lapses to a single world line traced out by the vertices of outgoing null cones.
Here the metric variables are restricted by regularity conditions along the
vertex worldline ( , ). For a geodesic worldline, the null
coordinates can be based on a local Fermi normal coordinate system (

, ), where u measures proper time along the worldline
and labels the outgoing null cones. It has been shown for axially symmetric
spacetimes ( , ) that the regularity conditions on the
metric in Fermi coordinates place very rigid constraints on the coefficients
of the null data h4p in a Taylor expansion in r about the vertices of the
outgoing null cones. As a result, implementation of an evolution algorithm
of the worldline-null-cone problem for the Bondi-Sachs equations is compli-
cated and has been restricted to simple problems. Existence theorems have
been established for a different formulation of the worldline-null-cone prob-
lem in terms of wave maps ( , ) but this approach
does not have a clear path toward numerical evolution.

6 Applications

By July 2016, the seminal works of Bondi, Sachs and their collaborators have
together spawned more than 1500 citations on the Harvard ADS database !

"nttp://adsabs.harvard.edu/abstract_service.html
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(with more than 600 in the last 10 years), showing that the Bondi-Sachs
formalism has found widespread applications. The main field of applica-
tion of the Bondi-Sachs formalism is numerical relativity and an extensive
overview is given in the Living Review article (\Winicour, 2012). The BMS
group has played an important role in defining the energy-momentum and
angular momemtum of asymptotically flat spacetimes. For a historical ac-
count see (Goldberg, 20006).

Applications of the Bondi—Sachs formalism can be roughly grouped into
the following sections, where a selective choice of references is given.

Numerical Relativity — Null cone evolution schemes

e axisymmetric simulations (Isaacson et al, 1983; Gomer et al., 1994,
D’inverno and Vickers, 1996)

e Einstein-Scalar field evolutions (Gomez and Winicour, 1993; Barreto,
2014)

e spectral methods (de Oliveira zmd Rodrigues, 2011; Handmer and
Szilagyi, 2015; Handmer et al., 2015, 2016)

e black hole physics (Bishop et al., 1996a; Papadopoulos, 2002; Husa
et al., 2002; Poisson and Vlasov, 2010)

e relativistic stars (Linke et al., 2001; Siebel et al., 2002; Barreto et al.,
2009)
Numerical Relativity — Waveform extraction

° Cauchy—characteristic extraction and conformal compactification (Bishop
et al., 1996b, 1997; Babiuc et al., 2009)

e gauge invariant wave extraction with spectral methods (Handmer et al.,
)15, 2016).

e extraction in physical space (Lehner and Moreschi, 2007; Nerozzi et al.,
2006)

Cosmology
e reconstruction of the past light cone (Fllis et al., 1985)

e gravitational waves in cosmology (Bishop, 2016)
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BMS group and gravitational memory

e BMS representation of emergy-momentum and angular momentum
(Tamburino and Winicour, 1966; Geroch and Winicour, 1981; Ashtekar
and Streubel, 1981; Dray and Streubel, 1984; Wald and Zoupas, 2000;
Goldberg, 2006)

e BMS algebra in 3/4 dimensions and BMS/conformal field theory (CFT)
correspondence (Barnich and Compere, 2007; Barnich and Troessaert,
2010a,b)

e soft theorems and the radiation memory effect (Strominger and Zhi-
boedov, 2016; Winicour, 2014; Médler and Winicour, 2016)

e black hole information paradox (Hawking et al.; 2016; Donnay et al.,
2016)
Ezact and Approzimate Solutions
e Newtonian approximation (Winicour, 1983, 19841)

e linearized solutions and master equation approaches (Bishop et al.,
1996b; Bishop, 2005; Médler, 2013; Cedenio M. and de Araujo, 2016)

e boost-rotation symmetric solutions (Bicak et al., 1988; Bicak and Prav-

dova, 1998)

Acknowledgement
J.W. was supported by NSF grant PHY-1505965 to the University of
Pittsburgh.

References

A. Ashtekar and M. Streubel. Symplectic Geometry of Radiative Modes and
Conserved Quantities at Null Infinity. Proceedings of the Royal Society of
London Series A, 376:585-607, May 1981. doi: 10.1098/rspa.1981.0109.

M. C. Babiuc, N. T. Bishop, B. Sziladgyi, and J. Winicour. Strategies for the
characteristic extraction of gravitational waveforms. Phys. Rev. D, 79(8):
084011, April 2009. doi: 10.1103/PhysRevD.79.084011.

22



G. Barnich and G. Compere. FAST TRACK COMMUNICATION: Classical
central extension for asymptotic symmetries at null infinity in three space-
time dimensions. Classical and Quantum Gravity, 24:F15-F23, March
2007. doi: 10.1088/0264-9381/24/5/F01.

G. Barnich and C. Troessaert. Aspects of the BMS/CFT correspon-
dence. Journal of High Energy Physics, 5:62, May 2010a. doi: 10.1007/
JHEP05(2010)062.

G. Barnich and C. Troessaert. Symmetries of Asymptotically Flat Four-
Dimensional Spacetimes at Null Infinity Revisited. Physical Review Let-
ters, 105(11):111103, September 2010b. doi: 10.1103/PhysRevLett.105.
111103.

W. Barreto. Extended two-dimensional characteristic framework to study
nonrotating black holes. Phys. Rev. D, 90(2):024055, July 2014. doi:
10.1103/PhysRevD.90.024055.

W. Barreto, L. Castillo, and E. Barrios. Central equation of state in spherical
characteristic evolutions. Phys. Rev. D, 80(8):084007, October 2009. doi:
10.1103/PhysRevD.80.084007.

N. T. Bishop. Linearized solutions of the Einstein equations within a Bondi
Sachs framework, and implications for boundary conditions in numerical
simulations. Classical and Quantum Gravity, 22:2393-2406, June 2005.
doi: 10.1088/0264-9381/22/12/006.

N. T. Bishop. Gravitational waves in a de Sitter universe. Phys. Rev. D, 93
(4):044025, February 2016. doi: 10.1103/PhysRevD.93.044025.

N. T. Bishop, R. Gomez, P. R. Holvorcem, R. A. Matzner, P. Papadopoulos,
and J. Winicour. Cauchy-Characteristic Matching: A New Approach to
Radiation Boundary Conditions. Physical Review Letters, 76:4303-4306,
June 1996a. doi: 10.1103/PhysRevLett.76.4303.

N. T. Bishop, R. Gémez, L. Lehner, and J. Winicour. Cauchy-characteristic
extraction in numerical relativity. Phys. Rev. D, 54:6153-6165, November
1996b. doi: 10.1103/PhysRevD.54.6153.

N. T. Bishop, R. Gémez, L. Lehner, M. Maharaj, and J. Winicour. High-
powered gravitational news. Phys. Rev. D, 56:6298-6309, November 1997.
doi: 10.1103/PhysRevD.56.6298.

23



J. Bi¢dk and A. Pravdovd. Symmetries of asymptotically flat electrovacuum
space-times and radiation. Journal of Mathematical Physics, 39:6011—
6039, November 1998. doi: 10.1063/1.532611.

J. Bicdk, P. Reilly, and J. Winicour. Boost-rotation symmetric gravitational
null cone data. General Relativity and Gravitation, 20:171-181, February
1988. doi: 10.1007/BF00759325.

H. Bondi. Gravitational Waves in General Relativity. Nature, 186:535, May
1960. doi: 10.1038/186535a0.

H. Bondi. Science, Churchill and me. The autobiography of Hermann Bondji,
Master of Churchill. 1990.

H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner. Gravitational
Waves in General Relativity. VII. Waves from Axi-Symmetric Isolated
Systems. Proceedings of the Royal Society of London Series A, 269:21-52,
August 1962. doi: 10.1098/rspa.1962.0161.

C. E. Cedenio M. and J. C. N. de Araujo. Gravitational radiation by point
particle eccentric binary systems in the linearised characteristic formula-
tion of general relativity. General Relativity and Gravitation, 48:45, April
2016. doi: 10.1007/s10714-016-2038-1.

Y. Choquet-Bruhat, P. T. Chruéciel, and J. M. Martin-Garcia. The Cauchy
Problem on a Characteristic Cone for the Einstein Equations in Arbitrary
Dimensions. Annales Henri Poincaré, 12:419-482, April 2011. doi: 10.
1007/s00023-011-0076-5.

H. P. de Oliveira and E. L. Rodrigues. Numerical evolution of axisym-
metric vacuum spacetimes: a code based on the Galerkin method.
Classical and Quantum Gravity, 28(23):235011, December 2011. doi:
10.1088/0264-9381/28 /23 /235011.

R. A. D’inverno and J. A. Vickers. Combining Cauchy and characteristic
codes. III. The interface problem in axial symmetry. Phys. Rev. D, 54:
4919-4928, October 1996. doi: 10.1103/PhysRevD.54.4919.

L. Donnay, G. Giribet, H. A. Gonzélez, and M. Pino. Supertranslations and
Superrotations at the Black Hole Horizon. Physical Review Letters, 116
(9):091101, March 2016. doi: 10.1103/PhysRevLett.116.091101.

24



T. Dray and M. Streubel. Angular momentum at null infinity. Classical and
Quantum Gravity, 1:15-26, January 1984. doi: 10.1088/0264-9381/1/1/
005.

G. F. R. Ellis, S. D. Nel, R. Maartens, W. R. Stoeger, and A. P. Whitman.
Ideal observational cosmology. Phys. Rep., 124:315-417, 1985. doi: 10.
1016/0370-1573(85)90030-4.

R. Geroch and J. Winicour. Linkages in general relativity. Journal of Math-
ematical Physics, 22:803-812, April 1981. doi: 10.1063/1.524987.

J. Goldberg. Conservation Laws, Constants of the Motion, and Hamil-
tonians. In H. Garcia-Compedn, B. Mielnik, M. Montesinos, and
M. Przanowski, editors, Topics in Mathematical Physics, General Relativ-
ity and Cosmology, page 233, August 2006. doi: 10.1142/9789812772732_
0020.

J. N. Goldberg. Conservation equations and equations of motion in the null
formalism. General Relativity and Gravitation, 5:183—-200, April 1974. doi:
10.1007/BF00763500.

J. N. Goldberg, A. J. Macfarlane, E. T. Newman, F. Rohrlich, and E. C. G.
Sudarshan. Spin-s Spherical Harmonics and 0. Journal of Mathematical
Physics, 8:2155-2161, November 1967. doi: 10.1063/1.1705135.

R. Gomez and J. Winicour. High amplitude limit of scalar power. Phys.
Rev. D, 48:2653-2659, September 1993. doi: 10.1103/PhysRevD.48.2653.

R. Gémez, P. Papadopoulos, and J. Winicour. Null cone evolution of ax-
isymmetric vacuum space-times. Journal of Mathematical Physics, 35:
4184-4204, August 1994. doi: 10.1063/1.530848.

C. J. Handmer and B. Szildgyi. Spectral characteristic evolution: a new algo-
rithm for gravitational wave propagation. Classical and Quantum Gravity,
32(2):025008, January 2015. doi: 10.1088/0264-9381/32/2/025008.

C. J. Handmer, B. Szilagyi, and J. Winicour. Gauge invariant spectral
Cauchy characteristic extraction. Classical and Quantum Gravity, 32(23):
235018, December 2015. doi: 10.1088/0264-9381/32/23/235018.

C. J. Handmer, B. Szilagyi, and J. Winicour. Spectral Cauchy Characteristic
Extraction of strain, news and gravitational radiation flux. ArXiv e-prints,
May 2016.

25



S. W. Hawking, M. J. Perry, and A. Strominger. Soft Hair on Black
Holes. Physical Review Letters, 116(23):231301, June 2016. doi: 10.1103/
PhysRevLett.116.231301.

S. Husa, Y. Zlochower, R. Gémez, and J. Winicour. Retarded radiation
from colliding black holes in the close limit. Phys. Rev. D, 65(8):084034,
April 2002. doi: 10.1103/PhysRevD.65.084034.

R. A. Isaacson, J. S. Welling, and J. Winicour. Null cone computation of
gravitational radiation. Journal of Mathematical Physics, 24:1824-1834,
1983. doi: 10.1063/1.525904.

P. Jordan, Ehlers J., and Sachs R. Beitrge zur Theorie der reinen Gravita-
tionsstrahlung. Akad. Wiss. U. Lit. in Mainz, Math-Naturwiss. KI., No.
1, 1960. [english translation in GRG, December 2013, Volume 45, Issue
12, pp 2683-2689].

L. Lehner and O. M. Moreschi. Dealing with delicate issues in waveform
calculations. Phys. Rev. D, 76(12):124040, December 2007. doi: 10.1103/
PhysRevD.76.124040.

F. Linke, J. A. Font, H.-T. Janka, E. Miiller, and P. Papadopoulos. Spherical
collapse of supermassive stars: Neutrino emission and gamma-ray bursts.
Astronomy and Astrophysics, 376:568-579, September 2001. doi: 10.1051/
0004-6361:20010993.

T. Méadler. Simple, explicitly time-dependent, and regular solutions of the
linearized vacuum FEinstein equations in Bondi-Sachs coordinates. Phys.
Rev. D, 87(10):104016, May 2013. doi: 10.1103/PhysRevD.87.104016.

T. Médler and E. Miiller. The Bondi-Sachs metric at the vertex of a null
cone: axially symmetric vacuum solutions. Classical and Quantum Grav-
ity, 30(5):055019, March 2013. doi: 10.1088/0264-9381/30/5/055019.

T. Madler and J. Winicour. The sky pattern of the linearized gravitational
memory effect. Classical and Quantum Gravity, 33(17):175006, September
2016. doi: 10.1088/0264-9381/33/17/175006.

F. K. Manasse and C. W. Misner. Fermi Normal Coordinates and Some Basic
Concepts in Differential Geometry. Journal of Mathematical Physics, 4:
735-745, June 1963. doi: 10.1063/1.1724316.

26



A. Nerozzi, M. Bruni, V. Re, and L. M. Burko. Towards a wave-extraction
method for numerical relativity. IV. Testing the quasi-Kinnersley method
in the Bondi-Sachs framework. Phys. Rev. D, 73(4):044020, February
2006. doi: 10.1103/PhysRevD.73.044020.

E. Newman and R. Penrose. An Approach to Gravitational Radiation by a
Method of Spin Coefficients. Journal of Mathematical Physics, 3:566—578,
May 1962. doi: 10.1063/1.1724257.

E. T. Newman and R. Penrose. Note on the Bondi-Metzner-Sachs Group.
Journal of Mathematical Physics, 7:863-870, May 1966. doi: 10.1063/1.
1931221.

E. T. Newman and R. Penrose. Spin-coefficient formalism. Scholarpedia, 4,
June 2009. doi: 10.4249/scholarpedia.7445.

P. Papadopoulos. Nonlinear harmonic generation in finite amplitude black
hole oscillations. Phys. Rev. D, 65(8):084016, April 2002. doi: 10.1103/
PhysRevD.65.084016.

R. Penrose. Asymptotic Properties of Fields and Space-Times. Physical
Review Letters, 10:66—68, January 1963. doi: 10.1103/PhysRevLett.10.66.

E. Poisson and I. Vlasov. Geometry and dynamics of a tidally deformed
black hole. Phys. Rev. D, 81(2):024029, January 2010. doi: 10.1103/
PhysRevD.81.024029.

R. Sachs. Gravitational Waves in General Relativity. VI. The Outgoing
Radiation Condition. Proceedings of the Royal Society of London Series
A, 264:309-338, November 1961. doi: 10.1098/rspa.1961.0202.

R. Sachs. Asymptotic Symmetries in Gravitational Theory. Physical Review,
128:2851-2864, 1962a. doi: 10.1103/PhysRev.128.2851.

R. K. Sachs. Gravitational Waves in General Relativity. VIII. Waves in
Asymptotically Flat Space-Time. Proceedings of the Royal Society of Lon-
don Series A, 270:103-126, 1962b. doi: 10.1098 /rspa.1962.0206.

F. Siebel, J. A. Font, and P. Papadopoulos. Scalar field induced oscillations
of relativistic stars and gravitational collapse. Phys. Rev. D, 65(2):024021,
January 2002. doi: 10.1103/PhysRevD.65.024021.

A. Strominger and A. Zhiboedov. Gravitational Memory, BMS Super-
translations and Soft Theorems. JHEP, 01:086, 2016. doi: 10.1007/
JHEP01(2016)086.

27



L. A. Tamburino and J. H. Winicour. Gravitational Fields in Finite and
Conformal Bondi Frames. Physical Review, 150:1039-1053, October 1966.
doi: 10.1103/PhysRev.150.1039.

M. G. J. van der Burg. Gravitational Waves in General Relativity. IX.
Conserved Quantities. Proceedings of the Royal Society of London Series
A, 294:112-122, September 1966. doi: 10.1098 /rspa.1966.0197.

R. M. Wald and A. Zoupas. General definition of “conserved quantities”
in general relativity and other theories of gravity. Phys. Rev. D, 61(8):
084027, April 2000. doi: 10.1103/PhysRevD.61.084027.

J. Winicour. Newtonian gravity on the null cone. Journal of Mathematical
Physics, 24:1193-1198, 1983. doi: 10.1063/1.525796.

J. Winicour. Null infinity from a quasi-Newtonian view. Journal of Mathe-
matical Physics, 25:2506-2514, August 1984. doi: 10.1063/1.526472.

J. Winicour. Logarithmic asymptotic flatness. Foundations of Physics, 15:
605-616, May 1985. doi: 10.1007/BF01882485.

J. Winicour. Worldtube conservation laws for the null-timelike evolution
problem. General Relativity and Gravitation, 43:3269-3288, December
2011. doi: 10.1007/s10714-011-1241-3.

J. Winicour. Characteristic Evolution and Matching. Living Reviews in
Relativity, 15, January 2012. doi: 10.12942/Irr-2012-2.

J. Winicour. Affine-null metric formulation of Einstein’s equations. Phys.
Rev. D, 87(12):124027, June 2013. doi: 10.1103/PhysRevD.87.124027.

J. Winicour. Global aspects of radiation memory. Classical and Quantum
Gravity, 31(20):205003, October 2014. doi: 10.1088/0264-9381/31/20/
205003.

28



	1 Introduction
	2 The Bondi–Sachs metric
	2.1 The electromagnetic analogue

	3 Einstein equations and their Bondi-Sachs solution
	4 The Bondi-Metzner-Sachs (BMS) group
	5 The worldtube-null-cone formulation
	6 Applications

