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Abstract

Using the theoretical framework of the generalized fishbone-like dispersion relation, the linear
properties of beta-induced Alfvén eigenmodes (BAEs) and energetic particle continuum modes
(EPMs) excited by anisotropic slowing-down energetic ions are investigated analytically and nu-
merically. The resonant contribution of energetic ions to the potential energy perturbation as well
as fluid-like term describing the background plasma and adiabatic contribution of energetic ions
are derived. For high-mode numbers, numerical results show smooth transition between the EP
continuous spectrum and BAEs in the gap. EPMs and/or BAEs are destabilized by energetic ions,
with real frequencies and growth rates strongly dependendent on the energetic particle density and

resonant frequency.
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I. INTRODUCTION

Proper understanding of shear Alfvén wave (SAW) interaction with energetic particles
(EPs) produced by auxiliary heating or nuclear fusion reactions in tokamaks is necessary
for achieving better confinement of the latter, since resonant wave-particle interactions can
destabilize Alfvén modes, which, conversely, can cause significant fast-ion redistribution or
loss, and as a result substantial damage to the containment vessel [1-5]. Significant efforts,
both experimental and theoretical, has been dedicted to this topic [2, 6-11]. Beta-induced
Alfvén eigenmodes (BAEs) are particularly important since they can strongly interact with
both thermal ions and EPs [5, 12-16].

Beta-induced Alfvén eigenmodes have typical frequencies located below the shear Alfvén
continuous spectrum in a frequency gap caused by the finite thermal plasma compressibility
[5, 17, 18]. Experimental evidence of BAE destabilization by energetic beam ions was first
observed by Heidbrink on D-IIID tokamak [19]. Subsequently, BAEs have been observed in
Ohmically heated plasmas in absence of energetic ions [20, 21|, as well as plasmas heated by
ion cyclotron [16, 22] and electron cyclotron resonant heating [23]. Recent numerical simu-
lations have also shown BAE excitation by EPs [24-26]. A general theoretical framework,
the so-called generalized fishbone-like dispersion relation (GFLDR) [2, 5-7, 27-30], has been
developed to describe the various Alfvénic fluctuations in tokamak plasmas observed in ex-
periments and numerical simulations. EP continuum modes (EPMs), which are eigenmodes
intrinsic to the presence of EPs and can’t exist without a sufficient amount of EPs, have
also been described by the GFLDR [2]. Using a general mode structure decomposition [31]
and the WKB asymptotic matching method [8], the GFLDR can be expressed in a form of

an energy functional

D(w) = —iA(w) + 6W; 4+ Wy (w) = 0, (1)

where w = w,+17 is the complex frequency of the mode, with w, and ~ the real frequency and
growth/damping rate, respectively. A represents the general inertia response and its form
depends on the relevant physics inside the inertial layer, while 6W; and W, are the fluid-like
and the EP kinetic terms, respectively [2, 5, 7]. W/ is a real function of the equilibrium
parameters, whereas 6 depends on w and the characteristic frequencies of EP motion.
The real part of W} accounts for the non-resonant EP response, while the imaginary part

comes from the resonant wave-particle interaction, and provides the instability mechanism



necesary for the existence of EPMs, which are entirely determined by the EP characteristic

quantities [2, 7].

The BAE dispersion relation is one limiting case of the GFLDR [5, 15, 28]. Aside from
diamagnetic effects, kinetic descriptions of low frequency Alfvén modes have so far included
wave-particle resonances with circulating thermal ions [5, 28] as well as deeply trapped ions
and electrons [15, 32]. The simulations of BAEs excited by EPs have been limited to isotrop-
ic slowing down or Maxwellian distribution functions [24, 25]. However, EPs generated by
neutral beam injection (NBI) heating are better described by anisotropic slowing down dis-
tribution function. In this paper, we analytically and numerically consider BAE and EPM
excitation via transit resonance with hot ions generated by NBI heating in toroidal system-
s. Both the fluid-like and energetic particle terms are obtained analytically. Numerically
solving the GFLDR we find that the EPMs and BAEs are destabilized by the circulating
energetic ions via transit resonance for different sets of parameters: the energetic ion char-
acteristic velocity vg and 7 = T,/T; where T, and T; are electron and ion temperature
in energy units, respectively, and there is a smooth transition from the continuum EPM
spectrum to discrete BAE modes when these parameters are changing. Linear stabilities of
EPM and BAE in the presence of anisotropic energetic ions are investigated, showing that
for EPM the real frequency and growth rate increase with 7, vg and energetic ion density
ng, with the latter one having a threshold for excitation of EPMs. For BAE the location of
the real frequency inside the gap is determined by both the core plasma 7 [5] and energetic
ion (velocity and density). The growth rate of the nearly undamped BAE is mainly increas-
ing with the energetic ion density or velocity, although some drive is necessary to overcome

the finite Landau damping.

The paper is organized as follows: In Sec. II we present the BAE dispersion relation
and the derivation of the relevant terms in the GFLDR. Numerical studies of the analytic
dispersion relation of BAEs in the presence of moderate spatial gradients of the EPs with
anisotropic slowing-down distribution are presented and discussed in Sec. III, with emphasis
on the effects of EP density and velocity. We also give a brief discussion on the identification
of continuum mode (EPM) vs. the discrete gap AE (BAE) in the light of the GFLDR.

Conclusions are given in Sec. IV.



II. DISPERSION RELATION

An equilibrium with shifted circular flux surfaces, large-aspect ratio ¢ = a/Ry ~ O(1071)
with Ry and a being the major and minor radii, respectively, and high-3 (= 87P/B? ~ ¢
where P is the plasma pressure and B the equilibrium magnetic field) is adopted. The equi-
librium is entirely determined by a set of parameters (s-«) [33], namely the average magnetic
shear s = rq’/q, and the normalized pressure gradient & = — Ry, where q is the safety fac-
tor, r is the radial coordinate and the prime denotes derivation with respect to r. We assume
the plasma consists of two components, a relatively cold fluid-like background plasma with
isotropic Maxwellian particle distribution, and an EP component with anisotropic slowing
down distribution. For the modes of interest in this paper we adopt the following frequency w
and wavelength k orderings [7]: w & w.pi & wy & O(eY?)wa (wa = va/qRo), kopri = O(e),
kypre ~ 0(61/2). Here, ky is the wave vector in the poloidal direction, pr; and prg the ther-
mal and energetic ion Larmor radii, respectively, w,,; = (¢T;/e; B*)(k x B) - VIn P, is the
thermal ion diamagnetic frequency, wy; = \/m /qRy the thermal ion transit frequency,
e; and m; the ion electric charge and mass, respectively, P; the thermal ion pressure and k
the wavevector.

Within the present model, the plasma is described by two variables [5]: the perturbed
scalar potential d¢ and the vector potential 1), related to the perpendicular magnetic field as
6A = —i (£) b-Véy where b = B/B. Note that the modes of interest here are characterized
by the SA time scale which is much longer than that of the compressional Alfvén wave.
Therefore, we have the perpendicular press balance, i.e., V| (B(SBH + 47r(5pL) =07, 34, 35].
Standard procedure [5, 36], beginning with the gyrokinetic and quasi-neutrality equations
and adopting the ballooning mode formulation, leads to the so-called vorticity equation in

terms of the extended poloidal angle 6 [37]

0? acosh (s—acosh)? Arepq® R?
S A ; ! E ) }5@— f”%%%@w)wwm@% —0 (2)
9

where W = f1/25), f = 1+ (s — asin)? and we have assumed the validity of ideal MHD
approximation d¢ = 6 [2, 5, 7]. In Eq. (2), wag is the magnetic drift frequency of EP with
wap = ksQarg(0), Qe = (V2 /2 + Uﬁ)E/chRo, g(0) = cosh + (s — asinf)sin 6, Jy is the
Bessel function of the first kind and zero index, with argument \,, = ki ppE, K = k?g + k2,

PLE = VIg/Wep, Wep = qeB/mgc, qp and mpg are the electric charge and mass of the
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energetic ions, (...), = 2r >, [deduB/lvj| with o = vj/|yy|, € = ©v*/2, p = v /2B, the
subscripts || and L represer(;t: ;;rallel and perpendicular components referred to the direction
of the equilibrium magnetic field b. Compressional effects from both the core and energetic
components are included in the above equation, while for the expression of A we use the
form derived in Ref. 5, in which both thermal ion transit resonances as well as diamagnetic
effects (finite w,,;) are maintained. The non-adiabatic EP response d K is governed by the

following gyrokinetic equation [34, 38, 39]
[th% - z(w - wdE)} 5KE = i;_EEQFOE%JO()\pE>f_1/26\I/ (3)

where wip = v)g/qRo, QFop = (WO: + Wug) Fop, WipFop = wi(kxb)-VFyg and Fyg is the
EP equilibrium distribution function.

Equation (2) is obtained in the long wavelength limit kypr; < 1, assuming adiabatic
electron response (6K, = 0). We treat EPs dynamics nonperturbatively and consider the
finite orbit size effects. We also neglect EPs density ng, but keep its pressure Py, which is
comparable to that of the thermal ion, consistently with a nonperturbative approach. Note
that the MHD adiabatic EP compression enters Eq. (2) via the equilibrium parameter «,
whereas the kinetic non-adiabatic EP compression (last term in Eq. (2)) contributes to the
vorticity equation by coupling the pressure perturbation via the magnetic curvature drift
[36].

Equation (2) exhibits two-scale-length structure, i.e., the function W varies on a small
angle 6y ~ 1 and a large angle 0, ~ 1/3'/2 [5]. For kyprr S 1, because of orbit averaging,
the finite Larmor radius (FLR) and finite orbit width (FOW) effects of the energetic ions
are negligible in the inertial layer 6 ~ 0, whereas the same contribution can be finite in the
ideal region 6 = . The local BAE dispersion relation in the presence of energetic ions (Eq.
(1)) is derived by asymptotically matching the solutions of the eigenmode Eq. (2) in the

inertial layer and the ideal region [5].

A. The energetic ion term §W;

The total contribution of the EPs to the GFLDR can be written as 0Wg(w) = 6Wy g +
Wy, (w), where the 0W; i term represents the adiabatic and convective responses [6] which

enters the usual fluid-like term 0W; in the form of £ - VPg, with { being the plasma dis-
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placement. On the other hand, 0W} is the nonadiabatic contribution and for circulating

particles is given by [7]

MW~ T B [ QFolyp w1 (4)
2mpcts \ A1+ A2)32 w2, —w? /|

where A? = k2(p? ; + p2p/2)/4 contains the FLR and FOW (pgr = Qur/wig) effects of the
EP. In the present work we mainly consider A < 1, since it is the most unstable wave vector
range (2, 7).

In order to model the NBI generated energetic ions we choose a symmetric in v slowing-
down beam ion distribution function, with a single pitch angle (A = p/¢)

FOE _ \/ 2(1 — )\QBQ)B()BE(T) 5()\ — )\0)

257r2mE(5b - Ec) 52/2 + 53/2’

()

where 8 = 2uoPr/ B2, §(x) is the Dirac function, ) is the energetic ion birth pitch angle,
€ € [ec, &), €p and €. are the birth (maximum) and critical energies of EPs, respectively. For
burning plasmas ¢. < ¢, [40], but we have kept €. in Eq. (5) for consistency with models
often adopted by numerical codes; e.g., [41, 42].

Substituting Eq. (5) into Eq. (4) we obtain

_ mag(l1-XBo/2) - ~ @ - VNpcw+1
oW, = 00000 ¢y 2 (1= 1/y/N,,) — @l (25) + ol ()] (6)

where ap = qQROB};, W = w/wy, with wy, being the transit frequency at the maximum
particle energy, and N,. = ¢;,/e.. Here, we have neglected the velocity space damping due to
energetic ions and considered that the EP drive comes mainly from the pressure gradient in
the real space, i.e., w,p > w. Furthermore, only the EP FOW effect is kept since pyg > pre.

Equation (6) implies that resonance occurs when the frequency of the mode is close to the
transit frequency of the EPs, and the source of the instability is related to radial pressure

gradient contained in ag.

B. The fluid-like term 6Wy

The expression of W} is given in Refs. 2, 5, and 7 for thermal plasma component. This
term, however, should include both core-plasma Wy, and EP pressure contribution 6Wyg in

the presence of energetic ions. The MHD non-adiabatic particle compression (MPC) term,
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contributing to 6W}, can be expressed as [36]

4 ~
MPC = o _Z (kx b V(P + P)Qudv) . (7)
For thermal plasma with isotropic Maxwellian distribution we assume P = F;,, while

for passing EPs created by parallel neutral beam injection, Pg > Pg, and np =
OnTg/0Inng = 0, ie., the temperature of energetic ions is flat. Transforming Eq.
(7) to the ballooning space, the MPC term can now be written in a more convenient
form: «ag(0)/¢*R%, where a = a. + ag, a. = (1 + 7)(1 + 7;)¢*B;/en: for the core plas-
ma and ap = ¢*Bg/e,p for energetic ions. Here, n; = 0InT;/0Inn;, €,; = L/ Ry, and
énp = Lngp/Ro with L,; and L,p the density gradient scale lengths of the thermal and
energetic ions, respectively.

The solution for the eigenfunction ¥ in the ideal region has to asymptotically match the

inertial layer solution 6¥ ~ e The expression for the fluid-like term is given by [7]
1 [ dow |? (s —acosh)*> acosl
oWy == df < |—— — W2 5.
wi=g ). {d@ |5 il '} ©

If |s| ~ a < 1, it can be shown that high accuracy can be achieved with the trial function
0V =14 acosf/f based on asymptotic variational method [43]. Straight forward algebra
yields

7w [s?  3a%s| ba’s® 45t a
oWy~ |2 —(1 —> —1/lsl| 9
f |s|[4 > 32 s t3)° ©)

where in the integration we have adopted f ~ 1 + s20? and neglected the oscillatory terms
x cosnf with n = 2 or 3. The term proportional to e~/I*l comes from cos @ related term
and is a result of overlapping scales 6 ~ 1/|s| and 6 ~ 1. This term is accurate near the first
stability region, where |s| ~ a? for small |s| and a. The leading order terms in Eq. (9) are

very close to those obtained in Ref. 44.

III. NUMERICAL RESULTS

We numerically solve the linear dispersion relation Eq. (1), where W), and §W; are given
by Egs. (6) and (9), respectively, while for A we use Eq. (19) of Ref. 5. Based on Eq. (1),
we identify two types of modes: EP continuum modes with Re(A?) > 0 and discrete gap

modes with Re(A?) < 0 . The EP continuum modes experience strong continuum damping
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FIG. 1. (a) Real (solid line) and imaginary (dashed line) values of 6W},, as a function of Re(w/wy;).
(b) Values of Re(6Wy,,) + 0W; are shown as a function of Re(w/wy;). Here, Im(w/wy;) = 0.001,

VE; = 5.0, ng; = 0.01, and 7 = 1.

and require suffiently strong EP drive as threshold excitation condition. On the other hand,
the gap modes are weakly coupled to the continuum and only require a small drive from the
energetic particles and/or thermal ions to compensate Landau damping [14, 27]. Since the
SAW accumulation point is given by A% = 0, the transition between the continuum and the
gap modes occurs around Re(dWy,,) + dWy =~ 0. The real frequency of the EPM is located

within the shear Alfvén continuum spectrum, while the growth rate is given by [7]

Im(éWku) — ReA
—ORe(0Wy,)/ORe(w /wii)’

where Im(0Wy,, ) describes the energetic particle drive and ReA the continuum damping. The
threshold condition is thus Im(w/wy;)> 0 for Im (W%, ) > ReA and 0ORe(6Wy,)/ORe(w/wy;) <
0 [2, 5, 7, 30, 45]. For the BAE the condition Re(6W,) + 0W; < 0 allows for the mode to

Im(w/wy;) ~

(10)

be localized inside the gap. Re(6Wy,) provides a real frequency shift, i.e., it removes the
degeneracy with the continuum accumulation point, while Im(0W},, ) privides the mode drive
and compensates for the small, but non-negligible damping from the thermal ions [27, 36].

Further in this section, we use the following values for the local equilibrium parameters
B = 0.01, ¢ = 2.0, s = 0.25, € = 0.3, Wipi/wy = 0.1, n; = 2.0, ng = 0.0, \gBy = 0.0,
Ny = 102, Ln;/Ry =3.0, and L,g/Ro = 0.15. We assume large ratio of beam to thermal ion
transit frequency w;p / Wy = VR / v; = vg; = 5.0 in order to correctly estimate the importance

of the transit resonance. In Fig. 1(a), we show the value of Re(6Wy,) and Im(dWy,) as
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FIG. 2. Frequencies (a) and growth rates (b) vs. 7 for A2 = 0 (BAE-CAP), ng; = 0.005,
ngi = 0.0065, and ng; = 0.01. The line with crosses shows Re(A?) vs. 7 for fixed ng; = 0.0065.
Here, oWy =0, 3; = 0.01, ¢ = 2.0, s = 0.25, ¢ = 0.3, Wani/w = 0.1, m; = 2.0, ng = 0.0, Ao By = 0.0,
Ny = 102, Lyi/Ro = 3.0, Lng/Ro = 0.15, and vp; = 5.0.

functions of real mode frequency. The imaginary part of dWy, is positive with w < wyy,,
while the real part is positive for small values of w/wy;, but changes sign at frequency below
the resonant energetic ion frequency, as does Re(6Wy,) + 0W; in Fig. 1(b). In the same
figure the solution of Re(6Wy,) + Wy = 0 determines the location of the transition point
between EPM and BAE. We can see W} # 0 can affect the real frequency of the EPM.
The transition between EPM and BAE spectrum is shown in Fig. 2 for increasing 7 from
0 to 10. The SAW continuum accumulation point (CAP) (A2=0) is given by the blue dashed
line; and its dependence on 7 [5] illustrates why this is a good parametric scan to perform
to investigate the smooth transition from EPM to BAE. For 7 = 0 the EP transit frequency
drives the mode within the shear Alfvén continuous spectrum, while for 7 = 10 the mode
is most efficiently driven in the BAE frequency gap. The other three curves characterize
different solutions of the GFLDR for different values of the normalized density, ng; = ng/n;
of energetic ions. The four lines intersect around the same point Re(w/wy;) =~ 5.0, which
can be taken to be the transition between the EPM region (Re(A?) > 0) with frequencies
above the accumulation point and the BAE region (Re(A?) < 0) with frequencies below the
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FIG. 3. Real frequencies and growth rates vs. 7 for A = 0 (BAE-CAP), without 6Wy, and with

OWy. Here, ng; = 0.0065 and vg; = 5.0. The other parameters are the same as in Fig. 2.

CAP. This classification is strictly valid near marginal stability v < w, that, given Fig. 2, is
a reasonable assumption. For EPM the frequency (Fig. 2(a)) as well as the corresponding
growth rate (Fig. 2(b)) increase with 7 in all the three cases, due to the dependence on
7 of the CAP; but unlike the real frequency the growth rates are strongly dependent on
the EP density ng;. It is worth noting that the energetic particle drive becomes stronger
with increasing ng;, since Im(0W4,) < ag (see Eq. (6)), and Eq. (10) implies there is
density threshold for the excitation of EPM [7]. Figure 2 shows for 7 = 1 EPM cannot
exist below ng; = 0.005 which is the threshold density for EPM excitation. For BAE the
frequencies initially increase to certain maximal values and then decrease with 7, while the
corresponding growth rates decrease to zero, consistent with the analyses of Ref. [5]. We
can understand these results by comparing Fig. 1(a) where the particle drive is strongest
around the resonance frequency that is also the transition between EPM and BAE, with Fig.
2(b). Above this frequency the drive is weak and the mode eventually becomes marginally
stable.

In Fig. 3 we show Re(w/wy;) and Im(w/wy;) versus 7 with and without W, in order
to highlight the effect of the fluid-like term 0W; on the GFLDR. The blue dashed line
represents the BAE CAP. The green solid line gives the frequency (Fig. 3(a)) and growth
rate (Fig. 3(b)) of the modes without the fluid-like term, while the red line with crosses is
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FIG. 4. The complex D(w) plane for the single-pitch angle slowing-down distribution showing the
Nyquist plots for ng; = 0.01 (a) 7 =1 (EPM) and (b) 7 = 4 (BAE). Here, vg; = 5.0. The other

parameters are the same as in Fig. 2.

for Wy # 0. When Wy > 0, the growth rates of the modes are decreased, which is to be
expected since W, > 0 implies stabilizing MHD effects. We also find that the transition

point between the EPM and BAE spectrum is shifted slightly up, which can be explained
by Fig. 1(b) when §W; is included.

Depending on the value of Re(6Wy,) + W we obtain either EPM or gap mode, only
one of which can be excited for a given set of parameters. To demonstrate this, we show
the Nyquist diagrams for expression Re(D(w)) with D(w) = iA — Wy, = 0, where for
simplicity we have taken 6W; = 0. As shown in Fig. 4(a) for the EPM and Fig. 4(b) for
BAE region, the path in the D-plane encircles the origin only once, thus confirming there is
only one unstable mode in each case. With the aid of the Nyquist analysis, spurious nonzero

solutions produced by singularities of the transcendental function can be excluded.

The BAE and EPM frequencies and growth rates as functions of the energetic ion velocity
vp; and density ng; are presented in Figs. 5(a) and (b), respectively. The parameters in Fig.
5(a), 7 = 5 and ng; = 0.01 are kept fixed. In Fig. 5(b) for the BAE case (the thin lines)
we set 7 = 1 and vg; = 3.0, while for the EPM case (the thick lines) 7 = 1 and vg; = 4.0.
The red dot lines represent the CAP of BAE for 7 = 5 (Fig. 5(a)) and 7 = 1 (Fig. 5(b)),
respectively. The mode below the CAP is BAE, while the one above is EPM. In Fig. 5(a),
the BAE real frequency decreases with vg; in the region vg; S 4.3, while the growth rate
is zero, i.e., the BAE is marginally stable. Above vg; < 4.3 the BAE is driven unstable

by the energetic ions and both the growth rate and real frequency increase with vg;. For
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FIG. 5. Frequency (solid line) and growth rate (dashed line) of the mode vs. (a) vy (np; =
0.01,7 = 5) (The solid line with crosses shows the EP transit frequencies.) and (b) ng; (7 = 1,
vg; = 3.0 for BAE (thin lines) and 7 = 1, vg; = 4.0 for EPM (thick lines)). Inset is an enlarged

view of the EPM at small ng;. Here, §W; = 0. The other parameters are the same as in Fig. 2.

EPM above the CAP, the frequency increases with vg; and remains near the resonance with
the energetic ions. The growth rate also increases, reflecting the w/w;r dependence in Egs.
(6) and (10). The inset, an enlarged view of the small ng; region, demostrates that EPM
does not exist for ng; < 0.0005, which is the threshold EP density for the parameters 7 = 1
and vg; = 4.0. The mode frequency slightly increases towards the resonant frequency with
increasing density ng;, whereas the growth rate increases greatly. For BAE the tendency is

the same as for changing vg; in Fig. 5(a).

IV. CONCLUSION

Numerical analysis of the generalized fishbone-like dispersion relation has been performed
in order to investigate the stability properties of EPMs and BAEs excited by passing ener-
getic ions produced by NBI heating in tokamak plasmas. It’s shown that there is a smooth
transition between the EPM and BAE spectrum, described by the generalized fishbone-like
dispersion relation. Both EPMs and BAEs can be linearly excited by energetic ions under

proper choice of equilibruim profiles (background plasma and energetic ion parameters),
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which generally allow only one type of mode (BAE or EPM) to exist. The wave-particle
resonant interaction with energetic ions is essential for the excitation of the mode in the
long wavelength limit considered here. The self-consistent fluid-like 6W; term has impor-
tant effects on the dispersion relation and it exerts a significant stabilizing influence on the
low frequency modes. Finally, the BAE and EPM frequencies are always closely related to
the resonant hot ion frequency, with the growth rates increasing as vg; or ng; increase.

It should be pointed out that the present analysis is only local [5]. A global stability
analysis, involving WKB radial mode structure effects from finite 6, = (nq’)~'k,, modifies
the GFLDR [29, 30] and will be considered in a separated paper. Furthermore, the A
term in the BAE dispersion relation does not include the deeply [15] and barely trapped
particle dynamics, nor finite Larmor radius and finite magnetic-orbit width effects [14, 46].
This, however, is consistent with the long wavelength limit considered here. Thus, our
analytical dispersion relation for the BAEs excitation accounts for the essential physics in
a transparent manner. An extension of the present analysis to shorter wavelengths, would
deal with the couplong of BAE and KBM branches [5, 15, 29, 30, 32] and the excitation of
Alfvén ion temperature gradient (AITG) driven modes [14], which is beyond the scope of

this investigation.
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