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We study the effect of a one dimensional optical lattice in a cavity field with quantum properties on
the superfluid dynamics of a Bose-Einstein condensate(BEC). In the cavity the influence of atomic
backaction and the external driving pump become important and modify the optical potential. Due
to the coupling between the condensate wavefunction and the cavity modes, the cavity light field
develops a band structure. This study reveals that the pump and the cavity emerges as a new
handle to control the superfluid properties of the BEC.
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I. INTRODUCTION

Cold atoms in optical lattices exhibit phenomena typical of solid state physics like the formation of energy bands,
Josephson effects and Bloch oscillations. Many of these phenomena have been already the object of experimental
investigations. For a recent review see [1]. As the light fields that are used to create the optical lattices are intense
and strongly detuned from any atomic transition, their properties can be safely approximated by classical fields.
However, if the system is confined in a high-Q cavity, the quantum properties of the field becomes important, and the
atoms move in quantized potentials.

Experimental implementation of a combination of cold atoms and cavity QED (quantum electrodynamics) has made
significant progress [2–4]. Theoretically there have been some interesting work on the correlated atom-field dynamics in
a cavity. It has been shown that the strong coupling of the condensed atoms to the cavity mode changes the resonance
frequency of the cavity [5]. Finite cavity response times lead to damping of the coupled atom-field excitations [6]. The
driving field in the cavity can significantly enhance the localization and the cooling properties of the system[7, 8]. It
has been shown that in a cavity the atomic back action on the field introduces atom-field entanglement which modifies
the associated quantum phase transition [9, 10]. The light field and the atoms become strongly entangled if the latter
are in a superfluid state, in which case the photon statistics typically exhibits complicated multimodal structures [11].

In this paper, we will investigate some structural properties of the coupled condensate (these are large atom
samples)-light field system in the optical lattice potential of the cavity. In contrast to ref.[9], we treat the atoms
within the mean-field framework. This is a valid approximation, if the number of atoms is large. The mean-field
approach allows one to determine the Bloch dynamics and the Bogoliubov excitations in a straight forward manner.
The long range atom-atom interactions are known to persist even in the bad cavity limit (which we assume here)and in
the semiclassical limit [9]. On the other hand, treating the atoms quantum mechanically, the correlation between the
photon-number fluctuations and the atom-number fluctuations becomes important and will be reflected in measurable
frequency dependent observables such as cavity transmission spectra [10]. As we are interested in the limit where
the condensate is not destroyed by the light field, we will assume a large detuning of the pump field from the atomic
resonance. Morever as mentioned earlier, we will be in the bad cavity limit where the cavity decay dominate over
the spontaneous decay of all atoms thus allowing us to omit the effect of atomic decay. We also assume that the
induced resonance frequency shift of the cavity is much smaller than the longitudinal mode spacing, so that we
restrict the model to a single longitudinal mode. An important feature produced by the periodic potential is the
occurrence of a typical band structure of the condensate in the energy spectra. Because of the strong coupling of the
condensate wave function to the cavity modes, a band structure of the condensate also leads to a band structure of
the intracavity light fields. This in turn influences the Bloch energies, effective mass, Bogoliubov excitations and the
superfluid fraction of the BEC. We will explicitly discuss the change in the behavior of the system as a function of
the quantum optical lattice depth, the pump-cavity detuning and the pump amplitude. This study reveals that the
pump and the cavity now emerges as a new handle to control the coherence properties of the BEC, which offer the
potential for improved interferometric technique, quantum information processing and efficient control of nonlinear
excitations such as solitons. A wealth of new phenomena can be expected in the many-body physics of quantum gases
with pump-cavity mediated interaction. Expressions for the tunneling parameter, the Bloch energy, the Bogoliubov
spectrum and the effective mass in a quantum optical lattice are new results, derived here for the first time.



2

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

��
��
��

OPTICAL LATTICE

CAVITY DECAY

CAVITY MIRRORS

EXTERNAL PUMP

Figure 1: Schematic representation of the ultracold atoms trapped in an optical lattice confined in a cavity. An external pump
is also incident from one of the side mirrors

.

II. OPTICAL LATTICE IN A CAVITY

In this section, we introduce our model and calculate the effective optical lattice for which we follow earlier works[5–
9]. We consider an elongated cigar shaped Bose-Einstein condensate of N two-level atoms with mass m and transition
frequency ωa strongly interacting with a single one-dimensional standing wave quantized single cavity mode of fre-
quency ωc. In order to create an elongated BEC, the frequency of the harmonic trap along the transverse direction
should be much larger than one in the axial (along the direction of the optical lattice) direction. The system is also
coherently driven by a laser field with frequency ωp through the cavity mirror with amplitude η. Both the standing
wave and the pump laser are weak(small photon number) so that we treat them quantum-mechanically. The quantum
nature of the light is not an essential requirement for the results that follow but is essential for measurement of the
transmission spectra which depends on the photon number < â†â > [10]. It is well known that high-Q optical cavities
can significantly isolate the system from its environment, thus strongly reducing decoherence and ensuring that the
light field remains quantum-mechanical for the duration of the experiment. The quantum nature of the light field
can be used to probe the number-statistics of the matter-wave field due to atom-photon entanglement. Classical
radiation only provides information on some average of the atomic occupation numbers. The harmonic confinement
along the directions perpendicular to the optical lattice is taken to be large so that the system effectively reduces to
one-dimension. This system is modeled by a Jaynes-Cummings type of Hamiltonian (HJC) in a rotating wave and
dipole approximation [9]

HJC =
p2

2m
− ~∆aσ+σ− − ~∆câ

†â− i~g(x)
[
σ+â− σ−â†

]− iη(â− â†), (1)

where ∆a = ωp − ωa and ∆c = ωp − ωc are the large atom-pump and cavity-pump detuning, respectively and
∆c > ∆a. In this work we will consider only the case ∆a > 0. Here σ+, σ− are the Pauli matrices and η is the strength
of the external pump. The atom-field coupling is written as g(x) = g0 cos(kx). Here â is the annihilation operator
for a cavity photon. Since the detuning ∆a is large, spontaneous emission is negligible and we can adiabatically

eliminate the excited state using the Heisenberg equation of motion ˙σ− =
i

~
[HJC , σ−]. This yields the single particle

Hamiltonian

H0 =
p2

2m
− ~∆câ

†â +
~U0 cos2(kx)

∆a

[
1 + â†â

]− iη(â− â†). (2)

The parameter U0 =
g2
0

∆a
is the optical lattice barrier height per photon and represents the atomic backaction on

the field [9]. Here we will always take U0 > 0. In this case the condensate is attracted to the nodes of the light field
and hence the lowest bound state is localized at these positions which leads to a reduced coupling of the condensate to
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the cavity compared to that for U0 < 0. Along x, the cavity field forms an optical lattice potential of period λ/2 and
depth ~U0(â†â + 1). We now write the Hamiltonian in a second quantized form including the two body interaction
term.

H =
∫

d3xΨ†(~r)H0Ψ(~r) +
1
2

4πas~2

m

∫
d3xΨ†(~r)Ψ†(~r)Ψ(~r)Ψ(~r), (3)

where Ψ(~r) is the field operator for the atoms. Here as is the two body s-wave scattering length. The corresponding
Bose-Hubbard Hamiltonian can be derived by writing Ψ(~r) =

∑
i b̂iw(~r−~ri), where w(~r−~ri) is the Wannier function

and b̂i is the corresponding annihilation operator for the bosonic atom. Retaining only the lowest band with nearest
neighbor interaction, we have

H = E0

∑

j

b̂†j b̂j + E
∑

j

(
b̂†j+1b̂j + b̂j+1b̂

†
j

)
+ ~U0(â†â + 1)



J0

∑

j

b̂†j b̂j + J
∑

j

(
b̂†j+1b̂j + b̂j+1b̂

†
j

)




− ~∆câ
†â− i~η(â− â†) +

U

2

∑

j

b̂†j b̂
†
j b̂j b̂j (4)

where

U =
4πas~2

m

∫
d3x|w(~r)|4

E0 =
∫

d3xw(~r − ~rj)
(
−~

2∇2

2m

)
w(~r − ~rj)

E =
∫

d3xw(~r − ~rj)
(
−~

2∇2

2m

)
w(~r − ~rj±1)

J0 =
∫

d3xw(~r − ~rj) cos2(kx)w(~r − ~rj)

J =
∫

d3xw(~r − ~rj) cos2(kx)w(~r − ~rj±1). (5)

The nearest neighbor nonlinear interaction terms are usually very small compared to the onsite interaction and are
neglected as usual. The onsite energies J0 and E0 are set to zero. We now write down the Heisenberg equation of
motion for the cavity photons â and the bosonic field operator b̂ as

˙̂a = −iU0



J0

∑

j

b̂†j b̂j + J
(
b̂†j+1b̂j + b̂j+1b̂

†
j

)


 â + η + i∆câ− γâ (6)

˙̂
bj = −iU0

(
1 + â†â

)
J

{
b̂j+1 + b̂j−1

}
− iE

~

{
b̂j+1 + b̂j−1

}
− iUn0

~
b̂j . (7)

Here we have introduced γ as the field damping rate. Equation (6) for the cavity field and equation (7) for the
atomic field represents a set of coupled equations describing the dynamics of the compound system formed by the
condensate and the optical cavity. We will work in the bad cavity limit, where typically, γ is the fastest time scale
( this means that the cavity decay rate is much larger than the oscillation frequency of bound atoms in the optical
lattice of the cavity ). In this limit the intracavity field adiabatically follows the condensate wavefunction, and hence
we can put ˙̂a = 0. We treat the BEC within the mean field framework and assume the tight binding approximation
where we replace b̂j by φj and look for solutions in the form of Bloch waves

φj = ukexp(ikjd)exp(−iµt/~). (8)
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Figure 2: The effective optical lattice potential modified by the atomic backaction as a function of the quasi-momentum for
two different values of the pump-cavity detuning ∆c

γ
= 5 (bold line), ∆c

γ
= 3 (thin line). The pump amplitude is η

γ
= 2 and

the optical lattice barrier height per photon is U0
γ

= 1 and JU0n0
γ

= 1.5 . A larger pump-cavity detuning reduces the effective
optical potential height.

Here µ is the chemical potential, d is the periodicity of the lattice and
∑

j b̂†j b̂j = |uk|2 = n0 (atomic number density).
The tight binding approximation becomes more and more accurate as the depth of the optical lattice increases and
this can be achieved by a strong laser which makes up the optical lattice or a strong external pump. Alternatively,
we can also achieve the tight binding regime by keeping the pump-cavity detuning ∆c ≈ 2Jn0U0 cos(kd). This yields
from equation (6)

â =
η

{γ − i (∆c − 2Jn0U0 cos(kd))} . (9)

Interestingly we find that due to the atomic backaction, the quantum state of the cavity field varies along the
Brillioun zone. The cavity photons develops a band structure due to the strong coupling with the condensate,
analogous to photonic band gap materials. The concept of photonic band gaps in optical lattices has been known for
quite some time [12]. This expression shows that the cavity photons are created by the scattering through the atoms
which are coherently driven by the external pump. Interestingly, the average photon number < â†â > measures the
light transmission spectra and is different for the Mott insulator (MI) and the superfluid phase (SF) [10]. The atomic
backaction then also modifies the effective optical lattice potential as Vop = ~U0(1 + â†â)

Vop = ~U0

(
1 +

η2

γ2 + [∆c − 2Jn0U0 cos(kd)]2

)
. (10)

As the condensate moves across the Brillioun zone, the atom-field interaction changes and as a result the optical
lattice is also continuously modified. A decrease in the pump-cavity detuning ∆c increases this atomic backaction and
the potential increases. This is evident from the figure 2 where we have plotted the effective potential as a function
of the quasi-momentum for two different values of pump-cavity detuning, ∆c

γ = 5 (bold line),∆c

γ = 3 (thin line). The
barrier height is maximum when ∆c = 2Jn0U0 cos(kd). As evident from eqn.(10), the effective optical lattice increases
with the pump amplitude. In the absence of the pump the k dependence vanishes.

III. BLOCH ENERGY AND EFFECTIVE MASS

In this section we will calculate the Bloch chemical potential, the lowest Bloch band and the corresponding effective
mass. We again assume mean-field solutions and substituting equation (8) into equation (7) and also using equation
(9), we get the chemical potential of the system as
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Figure 3: The Bloch spectrum in the units of recoil energy for pump amplitude η
γ

= 2, E
γ

= −2 (kinetic energy contribution

to the tunneling), ∆c
γ

= 5 (pump-cavity detuning) and for two values of the potential energy contribution to the tunneling

parameter JU0
γ

= 1.0 (thin line), JU0
γ

= 1.2 (bold line). The ground state energy has been subtracted. The Bloch energy is

reduced in a deeper quantum optical lattice. JU0
γ

can also be termed as effective optical lattice barrier height and can be varied
by changing the pump-atom detuning or the laser intensity of the optical lattice.

µ = Un0 − 2Jeff (k) cos(kd), (11)

where we define an effective tunneling parameter which also has a k dependence as

Jeff (k) = −E − ~U0J

(
1 +

η2

γ2 + [∆c − 2Jn0U0 cos(kd)]2

)
. (12)

Note that the overall sign of Jeff (k) must be positive since E which is determined by the kinetic energy term has a
negative sign and its magnitude is larger than the second term. The expression for Jeff (k) implies that as the pump
amplitude increases, the tunneling between neighbouring wells decreases since the height of the barriers increases. For
a fixed pump amplitude, tunneling is minimized when ∆c = 2Jn0U0 cos(kd). The energy per particle is defined as

ε(k) =
1
n0

∫
µ dn0. (13)

This yields

ε(k) =
Un0

2
+ 2(E + ~U0J) cos(kd)− ~η2

γn2
0

tan−1

[
∆c − 2U0n0J cos(kd)

γ

]
. (14)

The second term in equation (14) is the tight binding expression for the energy of a Bloch state for a single particle
in an optical lattice while the third term is the influence of the cavity photons on the Bloch energy induced by the
external pump. The pump plays a very important and interesting role in manipulating the superfluid properties of the
system. The energy per particle ε(k) of stationary Bloch configuration consists of the motion of the whole condensate
and carries current, constant in time and uniform in space(Bloch bands). Figure 3 shows a plot of the Bloch energy

of equation (14) as a function of kd for
JU0

γ
= 1.0 (thin line)

JU0

γ
= 1.2 (thick line),

η

γ
= 2.0,

E

γ
= −2.0 and

∆c

γ
= −5.0. The ground state energy has been subtracted in figure 3. The Bloch spectrum is found to be suppressed
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Figure 4: The Bloch energy in the units of recoil energy for JU0
γ

= 1 (effective optical lattice height), E
γ

= −2, ∆c
γ

= 5

(pump-cavity detuning) and for two two values of the pump amplitude, η
γ

= 3.0 (thin line), η
γ

= 2.0 (bold line). The ground
state energy has been subtracted. A stronger pump reduces the Bloch energy because the corresponding effective optical lattice
also becomes deeper.

at higher value of the optical lattice depth per photon. The effect is more pronounced near the band edge.In a similar
manner we study the influence of the pump on the Bloch spectrum in figure 4. A stronger pump reduces the Bloch
energy because the corresponding effective optical lattice barrier height also increases. In the absence of the pump,
the expression for the Bloch energy (equation 14) reduces to the usual expression found for BEC in an optical lattice
in the absence of cavity [13]. The Bloch energy derived here for a BEC in an optical lattice confined in a cavity
has a behaviour similar to that found for an optical lattice without a cavity [13] but the important point is that the
cavity and the pump parameters now emerge as a new tool to manipulate properties of the BEC. We already see that
the expression for the Bloch energy (equation 14) is modified by the cavity. Let us now derive the effective mass by
studying the low-k behaviour of the lowest band ε(k). The effective mass of the atoms in the optical lattice is defined

as
1

m∗ =
1
~2

∂2ε(k)
∂k2

|k=0, this yields

m∗ =
−~2

2d2(E + ~U0J)





n0γ
2

[
1 +

(
∆c

γ
− 2n0U0J

γ

)2
]

n0γ2

[
1 +

(
∆c

γ
− 2n0U0J

γ

)2
]

+
~U0Jη2

(E + ~U0J)





. (15)

A plot of the ratio of the effective mass to the bare mass as a function of
JU0

γ
for two different values of the pump

amplitude is depicted in figure 5. For
JU0

γ
→ 0 (as the optical lattice height vanishes), the effective mass tends

to the bare mass m. For small values of the lattice depth, the effective mass increases slowly and the two curves,

plotted for two different values of the pump amplitudes are not distinguishable. For large
JU0

γ
however, the effective

mass increases strongly due to the decrease of the tunneling between neighboring wells and the increase is faster for a
stronger pump. The effect of the pump is to increase the value of m∗ as a consequence of an increase in the effective
optical potential. As we increase the pump, the optical lattice barrier height increases and the tunneling decreases
accompanied by an increase in the effective mass. The ground state wave function becomes effectively more localized
for stronger pump and larger optical potentials. This result is in accordance with earlier work [6]. The sound velocity

is found as

√
Un0

m∗ and it decreases as the effective optical lattice in the cavity is made deeper. The influence of

cavity-pump detuning on the effective mass is illustrated in figure 6. Interestingly, for ωp > ωc (positive detuning),
there is a sharp increase in the effective mass and it shows a maxima at ∆c = 2n0U0J . For this value of ∆c, the lattice
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Figure 5: A plot of the effective mass as a function of the effective optical lattice barrier height JU0
γ

for two different values of

the pump amplitude, η
γ

= 2 (thin line), η
γ

= 1 (bold line). Other parameters are E
γ

= −2 (kinetic energy contribution to the

tunneling), ∆c
γ

= 5 (pump-cavity detuning). The effect of increasing the pump amplitude is to increase the effective mass.For

JU0

γ
→ 0 (as the optical lattice height vanishes), the effective mass tends to the bare mass m.
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Figure 6: A plot of the effective mass as a function of the pump-cavity detuning ∆c
γ

for two different values of the pump

amplitude, η
γ

= 2 (thin line), η
γ

= 1 (bold line). Other parameters are E
γ

= −2, Jn0U0
γ

= 0.5. The effective mass shows a
maxima at ∆c = 2n0U0J

depth is maximum and the superfluid component is expected to be minimum. Hence the detuning gives a handle to
control the superfluid properties and nonlinear excitations such as solitons in optical cavities. Properties of nonlinear
excitations depends on the effective mass. The role of the interactions is to decrease the value of the effective mass as
a consequence of the broadening of the wavefunction caused by the repulsion, which favours tunneling, contrasting the
effect of the pump, which favours localization due to an increase in the optical lattice depth. In general there are two
effective masses for a BEC in an optical lattice[13]. In BEC, because of the nonlinearity, the two relevant energies,
the Bloch energy and the chemical potential has different curvatures. This gives rise to two different effective masses.



8

IV. BOGOLIUBOV DISPERSION RELATION

In this section we study the spectrum of elementary excitations. We will focus our attention on the excitations
relative to the ground state (k = 0). The Bogoliubov spectrum of elementary excitation describes the energy of small
perturbations with quasi-momentum q on top of a macroscopically populated state with quasi-momentum k. The
ground state solution (k = 0) for the translationally invariant lattice gives the eigenvalue:

µ = n0U − 2J0
eff , (16)

where J0
eff = Jeff (k = 0). We now include the quantum fluctuations in our description of the system using

the Bogoliubov approximation, where we suppose that we can write the full annihilation operator in terms of the c

-number part (φj) and a fluctuation operator (δ̂j) thus:

b̂j = (φj + δ̂j)e−i µt
~ . (17)

This form is useful when we are looking at the properties of a time-independent or adiabatic ground state. In using
this method we are assuming that the fluctuation part is small. As mentioned earlier the optical lattice potential
in the cavity depends on the BEC wavefunction. This implies that fluctuations in the wavefunction would naturally
change the optical lattice potential. Since the fluctuations are small, we will neglect fluctuation induced changes in
the lattice potential. The Bogoliubov equations for the lattice have the following form:

i~ ∂tδ̂j = (2n0U − µ)δ̂j − J0
eff (δ̂j+1 + δ̂j−1) + n0Uδ̂†j . (18)

This is solved by constructing quasi-particles for the lattice which diagonalize the Hamiltonian [14], i.e

δ̂j =
1√
I

∑
q

[uqα̂q ei(qid−ωqt) − vq∗α̂†q e−i(qid−ωqt)] (19)

δ̂†j =
1√
I

∑
q

[uq∗α̂†q e−i(qid−ωqt) − vqα̂q ei(qid−ωqt)] , (20)

where d is the lattice spacing. The quasi-particle operators obey the usual Bose commutation relations:
[
α̂q, α̂

†
q′

]
= δqq′ (21)

We then find the following equations for the excitation amplitudes and frequencies,

~ωqu
q =

[
n0U + 4J0

eff sin2
(qd

2

)]
uq − n0Uvq, (22)

−~ωqv
q =

[
n0U + 4J0

eff sin2
(qd

2

)]
vq − n0Uuq. (23)

Thus, the expressions for the uq and vq yield:

|uq|2 =
K(q) + n0U + ~ωq

2~ωq
(24)

|vq|2 =
K(q) + n0U − ~ωq

2~ωq
, (25)

where the phonon excitation frequencies are given by:

~ωq =
√

K(q)[2n0U + K(q)] (26)

K(q) = 4J0
eff sin2

(qd

2

)
. (27)
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Figure 7: Bogoliubov spectrum (as a function of quasi-momentum) in the units of recoil frequency for effective optical lattice
barrier height JU0

γ
= 1, E

γ
= −2 (kinetic energy contribution to tunneling), U

γ
= 2 (two-body interaction strength), ∆c

γ
= 3

(pump-cavity detuning) and two values of the pump amplitude η
γ

= 1.4 (thin line), η
γ

= 1.0 (thick line). The Bogoliubov energy
decreases and the band becomes flatter for a stronger pump.
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Figure 8: Bogoliubov excitation energy in the units of recoil frequency as a function of the effective optical lattice height JU0
γ

for E
γ

= −2, U
γ

= 2 (two-body interaction strength), ∆c
γ

= 3 (pump-cavity detuning), η
γ

= 1.4 (thin line), η
γ

= 1.0 (thick

line), qd = π (edge of the zone). The Bogoliubov excitation energy decreases with increasing strength of the optical lattice (or
decreasing ∆c).

The effect of the optical cavity and the external pump on the Bogoliubov spectrum comes in through the tunneling
parameter J0

eff . Figure 7 shows the Bogoliubov spectrum for two different pump amplitudes. The pump is found to

suppress the Bogoliubov spectrum which is due to a corresponding increase in the effective mass. At
η

γ
= 1.0 (thick

line), the curve resembles the dispersion in the uniform case (absence of optical lattice): both the phononic linear
regime and the quadratic regime are visible. When the potential is made deeper by increasing the pump

η

γ
= 1.4, the

band becomes flatter (thin line). As a consequence, the slope of the phononic regime decreases. This also reflects the
behavior of the velocity of sound.In a recent experiment on the cavity QED with a BEC [15], it was observed that
the energy of a single excitation increases with the increase in the cavity-atom detuning on the positive side. In other
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words this implies that the single excitation energy increases with decreasing strength of the optical lattice. In figure
8, we plot the Bogoliubov excitation energy at the edge of the zone (qd = π) as a function of the optical lattice barrier
height per photon. In accordance with the above mentioned experiment, we make a similar observation. To conclude
this section, we remark that in general the Bogoliubov excitations depends on the two different types of effective mass
[13]. The effects related to the difference between the two effective masses in the Bogoliubov spectrum of a condensate
at rest (k = 0) are usually negligible. In contrast, such differences becomes important when the condensate moves
with a large quasi-momentum.

V. SUPERFLUID FRACTION

In this section we calculate the superfluid fraction for our system following [14]. The concept of superfluidity
is closely related to the existence of a condensate in the interacting many–body system. The one–body density
matrix has to have exactly one macroscopic eigenvalue which defines the number of particles in the condensate;
the corresponding eigenvector describes the condensate wave function φ0 (~r) = eiΘ(~r) |φ0 (~r)|. A spatially varying
condensate phase, Θ (~r), is associated with a superfluid velocity field for the condensate given by

~vs (~r) =
~

m∗
~∇Θ (~r) . (28)

This enables us to derive an expression for the superfluid fraction, fs. Consider a system with a finite linear
dimension, L, in the direction of the optical lattice and a ground–state energy, E0, calculated with periodic boundary
conditions. Now we impose a linear phase variation, Θ (~x) = θx/L with a total twist angle θ over the length of the
system in the direction of the optical lattice. The resulting ground–state energy, Eθ will depend on the phase twist.
For very small twist angles, θ ¿ π, the energy difference, Eθ −E0, can be attributed to the kinetic energy, Ts, of the
superflow generated by the phase gradient as per

Eθ − E0 = Ts =
1
2
m∗Nfs~v

2
s , (29)

where m∗ is the effective mass of a single particle in the quantum optical lattice and N is the total number of
particles so that mNfs is the total mass of the superfluid component. Replacing the superfluid velocity, ~vs with the
phase gradient according to Eq. (28) leads to the following relation for the superfluid fraction

fs =
2m∗

~2

L2

N

Eθ − E0

θ2
=

1
N

Eθ − E0

J0
eff (∆θ)2

, (30)

where the second equality applies to a lattice system on which a linear phase variation has been imposed. Here the
distance between sites is d, the phase variation over this distance is ∆θ, and the number of sites is I. In this case,
J0

eff ≡ ~2/(2m∗d2).
These phase factors show that the twist is equivalent to the imposition of an acceleration on the lattice for a finite

time. We calculate the change in energy Eθ − E0 under the assumption that the phase change ∆θ is small. The
current operator Ĵ and the hopping operator T̂ are given by:

Ĵ = iJ0
eff

I∑

i=1

(b̂†i+1b̂i − b̂†i b̂i+1) (31)

T̂ = −J0
eff

I∑

i=1

(b̂†i+1b̂i + b̂†i b̂i+1) . (32)

The change in the energy Eθ−E0 due to the imposed phase twist can now be evaluated in second order perturbation
theory

Eθ − E0 = ∆E(1) + ∆E(2) . (33)

The first order contribution to the energy change is proportional to the expectation value of the hopping operator
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∆E(1) = −1
2
(∆θ)2〈Ψ0|T̂ |Ψ0〉 . (34)

Here |Ψ0〉 is the ground state of the original Bose-Hubbard Hamiltonian. The second order term is related to the
matrix elements of the current operator involving the excited states |Ψν〉 (ν = 1, 2, ...) of the original Hamiltonian

∆E(2) = −(∆θ)2
∑

ν 6=0

|〈Ψν |Ĵ |Ψ0〉|2
Eν − E0

. (35)

The superfluid fraction is then given by the contribution of both the first and second order term. Having obtained
the expressions for the excitations we can now determine the superfluid fraction in the Bogoliubov approximation.
The quantity we need to calculate is just the first order term because the second order term vanishes in the Bogoliubov
limit due to the translational invariance of the lattice ,

fs =
1

2N

I∑

i=1

〈Ψ0|(δ̂†i+1 + φi+1)(δ̂i + φi) + (δ̂†i + φi)(δ̂i+1 + φi+1)|Ψ0〉

=
1

2N

I∑

i=1

〈Ψ0|2φ2
i + δ̂†i+1δ̂i + δ̂†i δ̂i+1|Ψ0〉 . (36)

We can now express the fluctuation operators, Eqs. (19) and (20), in terms of the quasi-particle operators that
diagonalize the quadratic Hamiltonian. This leads to the following expression for the superfluid fraction at zero
temperature:

fs =
I

N

[
φ2 +

1
I

∑
q

|vq|2 cos(qd)
]

. (37)

Here the summation runs over all quasi-momenta q = 2π
Id j with j = 1, ..., (I − 1) and we have called φ the value of all

φi in a translationally invariant system. This shows that in the limit of zero lattice spacing (while keeping q finite)
the superfluid fraction is unity as we have the normalization condition:

Iφ2 +
∑

q

|vq|2 = N . (38)

These expressions give a direct insight into the change of the superfluid fraction as we change the various cavity
parameters. A plot (Figure 9) of the superfluid fraction as a function of the barrier height reveals a decrease as the
height of the lattice increases. Such an effect i.e quantum depletion of the condensate as the lattice depth increases
has been observed recently in an optical lattice without cavity [16]. The influence of the pump on the superfluid
fraction is also shown in the same figure. For a pump amplitude of

η

γ
= 1 (thick line) the decrease of the superfluid

fraction is slow as the height of the lattice increases. On the other hand when we increase the pump amplitude
to

η

γ
= 1.4 (thin line), the superfluid fraction depletes much faster for larger lattice heights. As noted earlier, the

effective mass shows a maxima at ∆c = 2n0U0J . This is accompanied by a decrease in the superfluid fraction and a
plot between fs and ∆c (figure 10) reveals a minima at ∆c = 2n0U0J . These results are consistent with earlier work
[9], where it was found that the fluctuations in the atom number is enhanced (increase in the superfluid fraction) as
∆c increases (decrease in lattice depth). A direct consequence of the decrease in the superfluid fraction is a decrease
in the number fluctuation. This effect can be seen directly by looking at the interference pattern of a BEC released
from an optical trap. In contrast to this destructive measurement, one also measure the transmission spectra since
various phases of the BEC show qualitatively distinct light scattering [10]. The common coupling of all atoms to the
same mode introduces cavity-mediated long-range interactions and also the atomic backaction on the field introduces
atom-field entanglement [9]. Consequently, when the atom-number fluctuation changes (which is a direct consequence
of a change in the superfluid fraction), the photon-number fluctuations will also change, which will be reflected in the
transmission spectra.
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Figure 9: The superfluid fraction as a function of the effective lattice height for ∆c
γ

= 4.0 (pump-cavity detuning), E
γ

= −2.0,
U
γ

= 2.0 (two-body interaction strength) , N = 20 and two values of the pump amplitude η
γ

= 1.0 (thick line), η
γ

= 1.4 (thin

line).

As the effective lattice height increases,the quantum depletion of the condensate increases.
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Figure 10: The superfluid fraction as a function of the pump-cavity detuning ∆c
γ

for JU0
γ

= 0.8, E
γ

= −2.0, U
γ

= 2.0, N = 20,
η
γ

= 1.0 (thick line), η
γ

= 1.2 (thin line). The superfluid fraction shows a dip at ∆c = 2n0U0J , the point where the effective
mass shows a maxima. A stronger pump will deplete the condensate more.

Finally, we discuss the experimental feasibility of the proposed experiment. The setup shown in Figure1, could
be part of a ring resonator as described in ref. [2]. The ultra-cold atoms are trapped inside an optical standing
wave formed by two mutually counter-propagating light waves in a high-Q ring resonator. An external pump can
drive the system through one of the side mirrors. A typical problem one encounters experimentally is that the cavity
field may not be far detuned from the atomic transition and hence induce spontaneous emission. This will reduce
the lifetime of the BEC in the cavity. Yet another experimental fact, that the atoms are coupled to more than one
cavity mode may complicate the atom-field dynamics. The energy of the cavity mode decreases due to the photon
loss through the cavity mirrors, which leads to a reduced atom-field coupling. Photon loss can be minimized by using
high-Q cavities. Our proposed detection scheme relies crucially on the fact that coherent dynamics dominate over
the losses. It is important that the characteristic time-scales of coherent dynamics are significantly faster than those
associated with losses (the decay rate (γ) of state-of-art optical cavities is typically 17 kHz [17]). Indeed, this fact has
become experimentally feasible recently [17]. Experiments with high-Q cavities, which employ standing wave modes
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tuned close to an atomic transition, rapidly destroy the BEC due to spontaneous emission. Moreover accessing strong
atom-field coupling under these circumstances puts severe restriction on the size of the cavities that can be employed.
These conditions imply the need for short cavities, which can hold small atomic samples. Recent experiments [17] have
explored a new regime of the interaction between atoms and high-Q cavities: bound atom-cavity systems involving
several millions atoms, which operate far from atomic resonances. They showed that in a ring cavity, even at large
detunings from the atomic resonance a strong coupling between the atoms and the cavity field can be achieved.

VI. CONCLUSIONS

We have studied the effect of a one dimensional optical lattice in a cavity on the Bloch energy, the effective mass,
the Bogoliubov excitation and the superfluid fraction of a Bose-Einstein condensate. The cavity light field develops
a photonic band structure due to the strong coupling with the condensate. In the presence of the external pump, the
effective mass increases and the Bloch and the Bogoliubov energies are reduced. We have shown that in the cavity,
the strong coupling between the atoms and the quantized fields suppresses the superfluidity and hence generates
atom-number squeezed state for improved atom-interferometry [18]. An additional control over the phase coherence
in the superfluid can be achieved by the external pump and the pump-cavity detuning.The effective mass in an optical
lattice determines the properties of localized nonlinear excitations such as solitons. Manipulating the amplitude of
the external pump and the pump-cavity detuning, we now have a possibility to efficiently control such nonlinear
excitations in an optical cavity.
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