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A bstract

The m ain resultofthe Doplicher/Roberts(DR{)duality theory forcom pactgroups,ap-

plied to thespecialcaseofendom orphism categorieswith perm utation and conjugation struc-

ture ofa �xed C*{algebra A with trivialcenter,says that such a category can be charac-

terized as the category ofallcanonicalendom orphism s ofA w.r.t.an (essentially uniquely

determ ined)Hilbertextension fF ;Gg ofA ,whereG isa com pactautom orphism group ofF

and A 0\ F = C1l:

In [4]C*{Hilbert system s fF ;Gg are considered where the �xed point algebra A has

nontrivialcenter Z and where A 0 \ F = Z is satis�ed. The corresponding category of

allcanonicalendom orphism sofA containscharacteristicm utually isom orphic subcategories

ofthe DR{type which are connected with the choice ofdistinguished G{invariantalgebraic

Hilbertspaceswithin the corresponding G{invariantHilbertZ {m odules.

W epresentin thispaperthesolution ofthecorrespondinginverseproblem .M oreprecisely,

assum ing thatthegiven endom orphism category T ofa C*{algebraA with centerZ contains

a certain subcategory ofthe DR{type,a Hilbert extension fF ;Gg ofA is constructed such

that T is isom orphic to the category of allcanonicalendom orphism s of A w.r.t.fF ;Gg

and A 0\ F = Z . Furtherm ore,there is a naturalequivalence relation between adm issible

subcategoriesand itisshown thattwo adm issible subcategoriesyield A {m odule isom orphic

Hilbertextensionsi� they areequivalent.Theessentialstep ofthesolution istheapplication

ofthe standard DR{theory to the assigned subcategory.

M SC{class:47L65,22D25,46L08

1 Introduction

O ne of the origins of the DR{duality theory for com pact groups (cf.[10]) is the analysis of

superselection structuresform ulated in the context ofAlgebraic Q uantum Field Theory,where

�
Present address: Institute of Pure and Applied M athem atics, RW TH{Aachen, Tem plergraben 55, D{52056

Aachen,G erm any. E-M ail:lledo@ iram .rwth-aachen.de

1



endom orphism categories T ofa �xed C*{algebra A with trivialcenter (the so{called algebra

ofquasilocalobservables) appear. These categories T are equipped with a conjugation and a

perm utation structure. Application ofthe generalDR{duality theory yields to the result that

T can be characterized by a com pact sym m etry group G via the construction of a suitable

Hilbertextension fF ;Gg ofA ,whereF iscalled the �eld algebra (see [9,11,1]).Thecondition

A 0\ F = C1liscrucialforthisconstruction.

This result suggests the naturalquestion for conditions ofendom orphism categories T of

C*{algebrasA with nontrivialcenterZ such thatthere isstilla description ofT by a com pact

group.Already thepaper[10,Sections2,3]startswith nontrivialcenter.Thepointthereisthat

the\ip property" fortheperm utator�(�;�)and the intertwinersA 2 (�;�0);B 2 (�;�0),i.e.

�(�0;�0)A � B = B � A �(�;�);

is assum ed to be valid for allintertwiners. O nly later on the condition (�;�) = C1l is added

to arrive at the fam ous DR{theorem . Also in the context ofm ore generalcategories (that do

not assum e the existence ofa perm utator) som e results for nontrivial(�;�) are stated (cf.[13,

Section 2]).

In [4]we present severalresults on generalHilbert C*{system s,where A 0\ F = Z � C1l

isassum ed.Forexam ple,propertiesofthe corresponding category ofcanonicalendom orphism s

areproved and thebreakdown oftheG aloiscorrespondencebetween thesym m etry group G and

the stabilizerofits�xed pointalgebra A isstated. Furthera new conceptof\irreducibility" is

proposed.In [2]furtherpropertiesof\irreducibleendom orphism s"arem entioned and forspecial

autom orphism categoriesthesolution ofthe\inverseproblem " (given thecategory,constructan

assigned Hilbertextension)isbriey described.Thepaper[5]containsadescription ofthestatus

ofthe problem forautom orphism categoriesasa counterpartofthe specialcase whereZ = C1l.

In theprevioustwo referencesthe corresponding group G isabelian.

The present paper describes the solution ofthe inverse problem in the generalcase. First,

su�cientconditionsfor the endom orphism category T ofA are stated such thatthere exists a

Hilbertextension fF ;Gg ofA and T turnsouttobethecategory ofallcanonicalendom orphism s

ofA .Thecrucialassum ption isthe existence ofa certain subcategory TC ofT ofthe DR{type.

The goalof this note is to show that the DR{properties of TC are su�cient to characterize

the category T as the category ofallcanonicalendom orphism s ofA w.r.t.a suitable Hilbert

extension fF ;Gg ofA ,whereG isthecharacteristiccom pactDR{group forTC,interpreted asan

autom orphism group oftheHilbertextension.Theconditionsarealso necessary.Thisisan easy

im plication ofthe results for Hilbert C*{system s,obtained in [4]. Second,a uniquenessresult

is stated: Two adm issible subcategories ofT yield A {m odule isom orphic Hilbertextensions i�

they are equivalent(in a precise senseform ulated in the following section).

Thepresentpaperisstructuredin 4sections:In thefollowingsection wepresentthepostulates

for the category T that assure the unique (up to A {m odule isom orphy) extension ofthe C*{

algebra A (cf.Theorem 2.4,which isourm ain result). In Subsection 3.1 we introduce the new

notion ofirreducibleendom orphism in T and show som eofitsconsequences.Finally,wegive in

thefollowing two subsectionsthe proofofTheorem 2.4.

Forconvience ofthereaderwe�nish thissection recalling som eusefulde�nitionsconcerning

HilbertextensionsofaC*{algebraA :A C*{system fF ;Gg,whereG � autF iscom pactw.r.t.the

topology ofpointwise norm convergence,is called HilbertifspecG = Ĝ (the dualofG) and if

each spectralsubspace FD ;D 2 Ĝ,contains an algebraic Hilbert space H D such that G acts

invariantly on H D and the unitary representation G H D is a elem ent ofthe equivalence class

D . A Hilbert space H � F is called algebraic if the scalar product h� ;� i of H is given by

hA;B i1l := A �B ;A;B 2 H :A Hilbert system fF ;Gg is called a Hilbert extension of a C*{

algebra A ifA � F isthe �xed pointalgebra ofG. Two HilbertextensionsfF 1;Gg,fF2;Gg are

called A {m odule isom orphic ifthe exists an isom orphism J :F1 ! F2,such that J (A) = A,
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A 2 A ,thatintertwinesbetween the corresponding group actions. Finally,the stabilizer stabA

fora unitalC*{subalgebra A � F isde�ned by stabA := fg 2 autF jg(A)= A forallA 2 A g:

(Theterm inology Hilbertsystem can betraced back to [8],wherein thecasejustm entioned the

spectrum ofG iscalled the Hilbertspectrum .)

2 A ssum ptionson the endom orphism category and the m ain re-

sult

In thepresentsection wewillcollecttheassum ptionson thecategoryT ofsuitableendom orphism s

ofa unitalC*{algebra A thatguaranteesthem ain theorem stated attheend ofthissection.For

standard notionswithin category theory we referto [14].

LetT bea tensorC*{category ofunitalendom orphism s� ofA [10].W e denote the objects

by �;�;;:::2 O bT . The arrows between objects �;� are given as usualby the intertwiner

spaces (�;�) := fX 2 A jX �(A) = �(A)X ;A 2 A g and we put A � B := A�(B ) for A 2

(�;�0);B 2 (�;�0),so that A � B 2 (��;�0�0). By � we denote the identicalendom orphism

and (�;�) = Z is the center ofA . Note that (�;�) is a left �(Z ){ and a right �(Z ){m odule,

i.e.�(Z )(�;�)�(Z )= (�;�)�(Z )� (�;�).Theconditionson T are given by:

P.1.1 T isclosed w.r.t.directsum s�� �,i.e.if�;� 2 O bT ,then thereareisom etriesV;W 2 A

with V �W = 0;V V � + W W � = 1lsuch that(� ):= V �(� )V� + W �(� )W� 2 O bT :In this

case V 2 (�;);W 2 (�;).

P.1.2 T isclosed w.r.t.subobjects� < �,i.e.if� 2 O bT and � isa unitalendom orphism ofA

such thatthere isan isom etry V 2 (�;�),then � 2 O bT .In thiscase �(� )= V��(� )V:

P.1.3 T is closed w.r.t.com plem entary subobjects,i.e.if� 2 O bT and � < �,then there is a

subobject�0< � such that� = � � �0.

P.2 T contains a C*{subcategory TC with O bTC = O bT ;where the arrows (�;�)C � (�;�)

satisfy the following properties:

P.2.1 (�;)C � (�;�)C � (�;)C;

P.2.2 �(�;)C � (��;�)C;

P.2.3 (�;�)C � (�;�)C,

P.2.4 (�;�)�
C
� (�;�)C,

P.2.5 (�;�)C = C1l;

P.2.6 Any �nite set oflinearly independent elem ents F1;F2;:::;Fn 2 (�;�)C (a com plex

Banach space),is linearly independent m odulo �(Z ) in (�;�), i.e.if
P n

j= 1�jFj =

0;�j 2 C,im plies�j = 0,then also
P n

j= 1Fj�(Zj)= 0 im plies�(Zj)= 0. M oreover,

(�;�)C generates(�;�),i.e.(�;�)= (�;�)C�(Z )= �(Z )(�;�)C�(Z ).

P.2.7 TC isclosed w.r.t.directsum s,subobjectsand com plem entary subobjects,i.e.now the

required projections and isom etries m ust ly in the corresponding intertwiner spaces

(� ;� )C.

P.3 There is a perm utation structure1, on TC, i.e. there is a m apping f�;�g ! �(�;�) 2

(��;��)C,where�(�;�)isa unitary satisfying:

P.3.1 �(�;�)� �(�;�)= 1l;

1
In [10]categoriesasTC satisfying the propertiesbelow are called sym m etric.
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P.3.2 �(�;�)= �(�;�)= 1l;

P.3.3 �(��;)= �(�;)� �(�(�;));

P.3.4 �(�0;�0)A � B = B � A �(�;�)forallA 2 (�;�0)C;B 2 (�;�0)C:

P.4 Thereisaconjugation structureon TC,i.e.toeach � 2 O bTC therecorrespondsaconjugate

� 2 O bT and intertwinersR � 2 (�;��)C;S� 2 (�;��)C such that

P.4.1 S���(R �)= 1l; R �

��(S�)= 1l;

P.4.2 S� = �(�;�)R�:

2.1 Rem ark (i) The preceding axiom sim ply thatthe subcategory TC satis�esthe postulates

oftheDR{theory developed in [10],so thatwecan apply standard resultsfrom thistheory.

(ii) Note thatthe de�nition ofsubobjectin (P.1.2) is nota straightforward generalization to

nontrivialcenter situation ofthe one given in [10]. Nam ely,ifE is a selfadjoint central

projection E 2 Z with 0 < E < 1l,then thereisno isom etry W 2 A such thatE = W W �,

because in thatcase we sim ply have

1l= W
�
W W

�
W = W

�
E W = E W

�
W = E :

(iii) From (P.4) it already follows that T has conjugates (cf.[13,Section 2]). Further (P.2.7)

also showsthatT isclosed underdirectsum s,subobjectsand com plem entary subobjects.

(P.2.1){(P.2.3) im ply (�;�0)C � (�;�0)C � (��;�0�0)C and from (P.2.4)itfollowsim m edi-

ately thattheequality (�;�)�
C
= (�;�)C holds.

(iv) (P.1.1) im plies an \a priori property" of A , nam ely there are two isom etries V;W 2

A ;V �W = 0;V V �+ W W � = 1l.(P.1.3)im pliesthatifE 2 (�;�)isa projection such that

thereisan isom etry V with V V � = E ,then thereisalsoan isom etry W with W W � = 1l� E :

2.2 Rem ark LetO bT 3 � ! V� 2 (�;�)bea choice ofunitariesthatsatisfy

V��� = V� � V�: (1)

Note that(1)im pliesV� = 1l,because V� = V�� = V�� V� = V�V�. Thischoice allows to de�ne

from the subcategory TC ofT anothersubcategory T 0

C
ofT satisfying thesam e properiesasTC.

Indeed,put

(�;�)0
C
:= V�(�;�)CV

�

� � (�;�) (2)

and thecorresponding perm utation structure�0(� ;� )forT0
C
isgiven by

�
0(�;�):= V� � V� � �(�;�)� (V� � V�)

�
: (3)

Itiseasy to check that�0satis�esthe propertiesin (P.3).Thecorresponding conjugatesR 0

� are

de�ned by

R
0

� := V�� R � and S
0

� := �
0(�;�)R 0

�: (4)

Then itisstraightforward to verify thepostulates(P.2){(P.4)forthe new subcategory.

The preceding rem ark suggests to de�ne an equivalence relation between di�erent subcate-

goriesofT :
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2.3 D e�nition The subcategories TC and T 0

C
, satisfying the postulates (P.2){(P.4), are called

equivalent,ifthere isan assignm ent

O bT 3 � ! V� 2 (�;�); with V� unitary and V��� = V� � V� ;

such thatEqs.(2),(3) and (4)hold.

2.4 Theorem (i) LetT satisfy the postulates (P.1){(P.4) before. Then there exists a Hilbert

extension fF ;Gg ofA with A 0\ F = Z such thatT is isom orphic to the category ofall

canonicalendom orphism s offF ;Gg.

(ii) FurtherletTC;T
0

C
be two subcategoriesofT satisfying the postulates(P.2){(P.4).Then the

corresponding Hilbertextensionsare A {m odule isom orphic i� TC and T 0

C
are equivalent.

3 ProofofT heorem 2.4

In thepresentsection wewillgivea(constructive)proofoftheprevioustheorem .Forthispurpose

we willuse well{known resultsalready stated in [10,1,4]aswellasin [13,Sections2,3].

Firstwestudy propertiesofT im plied by theexistenceofthesubcategory TC,in particularwe

introducethe notion ofirreducibility in the contextofT and prove the decom position theorem .

3.1 Irreducibility and decom position theorem

Since the C*{algebra A hasa nontrivialcenterZ itisim m ediate thatone needsto extend the

notion ofirreducibleobjectsto the category T (cf.e.g.[4,Section 5]).W e propose

3.1 D e�nition � 2 O bT is called irreducible if(�;�)= Z . W e denote the setofallirreducible

objectsofT by IrrT and by Irr0T a com plete system ofirreducible and m utually disjointobjects

ofT .

Note thatirreducibility of� in the sense ofDe�nition 3.1 and of� in the usualsense asan

objectin TC coincide,because� 2 IrrT i� (�;�)C = C1l.W e state som efurtherconsequencesof

thisde�nition.

3.2 Lem m a (I) If�;� 2 IrrT ,then either � is unitarily equivalentto � or they are disjoint

(i.e.(�;�)= f0g).

(II) The following properties are equivalent:

(i) � isirreducible,

(ii) � isirreducible,

(iii) (�;�)= �(Z ),

(iv) (�;��)= R�Z ,where R � isa conjugate according to property (P.4).

(III) If� is irreducible,then (�;�)C is an algebraic Hilbertspace in A for each � 2 O bT and

(�;�)= (�;�)CZ isa right{Z {Hilbertm odule with the scalar producthX ;Y i:= X �Y:

(IV) � isirreducible i� there isno subobjectof�.
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Proof: (I) Let (�;�) � f0g, so that the inclusion (�;�)C � f0g is also proper. Then it is

straightforward to constructa unitary U 2 (�;�)C.

(II)Theproofusesthevectorspaceisom orphism sbetween intertwinerspaces(see,forexam ple

[13,Lem m a2.1])togetherwith thelinkbetween conjugatesand perm utation given by assum ption

(P.4.2). Nam ely,the latterim pliesthat(�;�)= �(Z )i� (�;�)= �(Z )forall� 2 O bT ,while

thevectorspace isom orphism syield (�;�)= Z i� (�;�)= �(Z ):

(III)Itfollowsim m ediately from (P.2.3){(P.2.5).

(IV) If� is irreducible,then it is straightforward to see that any isom etry W 2 (�;�) is

actually a unitary,because W W � = :E 2 (�;�),hence E = 1l by Rem ark 2.1 (ii). To show the

reverse im plication assum ethat� isnotirreducible.Now theestim ate

A � (R �

�R �)
2��(A); 0 � A 2 (�;�)C ;

where�� denotesthe corresponding leftinverse (see forexam ple [13,Lem m a 2.7]),im pliesthat

the C*{algebra (�;�)C � C1l is �nite{dim ensional,hence � m ust have proper subobjects (see

e.g.[6,Lem m a 11.1.27 and 11.1.29]).Thecrucialfactisthat��(A)2 C1lforA 2 (�;�)C.

The previouslem m a im pliesin particularthatthe restriction ofirreducibleobjectsto Z are

autom orphism sofZ .

3.3 Corollary For every � 2 IrrT one has that� := � Z 2 autZ . Then,according to Gelfand’s

theorem ,there existcorresponding hom eom orphism s ofspecZ ,denoted by f� 2 C (specZ )which

are given by �(Z)(�)= Z(f�1
�
(�));Z 2 Z ;� 2 specZ .

3.4 Rem ark Corollary 3.3 showsthatforan irreducible� thesecond possibility considered in [4,

Rem ark 5.5]ofa properinclusion Z � �(Z )isactually notrealized.

W e de�nethedim ension ofany object� 2 O bT in theusualway by d(�)1l:= R �

�R �;which

satis�esthestandard propertiesofm ultiplicativity,additivity etc.(recallthatR � 2 (�;��)C and

d(�) > 0). Now using the DR{theory for TC (cf.[10,Sections 2,3]) one arrives at the crucial

decom position statem entforobjects.

3.5 Proposition Let� 2 O bT .Then

(I) d(�)2 N;

(II) � =
L r

j= 1

L m (�j;�)

l= 1
�jl,with �jl:= �j 2 Irr0T ;l= 1;2;:::m (�j;�)and

d(�)=
P r

j= 1m (�j;�)d(�j),where m (�;�):= dim (�;�)C.

(III) If�;� 2 O bT ,then � isunitarily equivalentto � i� m (�;�)= m (�;�)for all�.

3.6 Rem ark Statem ent(II)in Proposition 3.5 m eansexplicitly

�(� )=
X

�;j

W �j�(� )W
�

�j ;

where W �j 2 (�j;�)C,W
�

�jW �j = 1l,W �

�jW �0j0 = 0,for (�;j) 6= (�0;j0) and
P

�;jW �jW
�

�j = 1l.

Now fW �jgj is an orthonorm albasis ofthe Hilbert m odule (�;�) and this im plies that every

orthonorm albasisofthe Hilbertm odule (�;�)can be used in the decom position form ula for�.

Note thattheHilbertm odules(�;�)for� 2 Irr0T are m utually orthogonalin A .
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3.2 C onstruction ofthe H ilbert extension fF ;Gg

In this subsection we willprove part (i) ofTheorem 2.4 by constructing the Hilbert extension

fF ;Gg ofA thatsatis�esA 0\ F = Z .

W ecan proceed followingthestrategyalreadypresented in [1,Sections3-6].Toeach � 2 Irr0T

we assign a Hilbertspace H � with dim H � = d(�) and,using orthonorm albases f��jgj ofH �,

we de�nethe A {leftm odule

F0 := f
X

�;j

A �j��j jA �j 2 A ;�nite sum g;

wherethef��jg�j form an A {m odulebasisofF0.F0 isindependentofthespecialchoice ofthe

basesf��jgj ofH � and putting ��jA := �(A)��j,F0 turnsoutto bea bim odule.

Furtherwe de�neHilbertspaces(recallthat� < � m eans� isa subobjectof�).

H � := �
�< �

(�;�)CH � and H � � F0;� 2 O bT ; (5)

aswellasthe right{Z {Hilbertm odules

H� := H �Z = Z H � and H� := �
�< �

(�;�)H� = H �Z ;

with the corresponding Z {scalarproduct

hX ;Y i� :=
X

�;j

�
�1 (X �

�jY�j);where

X =
X

�;j

X �j��j;X �j 2 (�;�);Y =
X

�;j

Y�j��j;Y�j 2 (�;�):

The preceding com m ents show that we have established the following functor F between

the categoriesT (resp.TC)and the corresponding category ofHilbertZ {m odules(resp.Hilbert

spaces);(cf.e.g.[4,Section 4]and [1,Corollary 3.3]).

3.7 Lem m a The functor F given by

O bT 3 � 7! H � � F0 and (�;�)3 A 7! F(A)2 LZ (H� ! H�);

where F(A)X := AX ;X 2 H�,de�nesan isom orphism between the corresponding categoriesand

F(A �)isthe m odule adjointw.r.t.h� ;� i�.Sim ilarly,one can apply F to TC in order to obtain the

associated subcategory ofalgebraic Hilbertspaces H � and arrows F((�;�)C)� L(H � ! H �).

Proof:Sim ilarasin [4,p.791 �].

Now we can apply the results in [1]to the subcategory F(TC),in order to enrich gradually

thestructureofF0:

3.8 Lem m a There existsa productstructure on F0 with the properties

spanf�� 	j�2 H �;	2 H �g= H �� ;

�(�;�)�	 = 	�; �2 H �;	2 H �;

hX Y;X
0
Y
0i�� = hX ;X 0i� � hY;Y0i�; X ;X

02 H �;Y;Y
02 H �:
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Note that for orthonorm al bases f�jgj;f	 kgk of H �;H �, respectively, we obtain from

Lem m a 3.8 that

�(�;�)=
X

j;k

	 k�j	
�

k�
�

j:

As in [1,Section 5]we introduce the notion ofa conjugated basis ��j ofH � w.r.t.an or-

thonorm albasis ��j ofH � such that R � =
P

j��j ��j. This is necessary in order to put a

com patible *{structureon F0.

3.9 Lem m a Let��;j be a conjugated basiscorresponding to the basis��;j;� 2 Irr0T ,and de�ne

��

�j := R �

���j ;j= 1;2;:::;d(�). Then F0 turns into a *{algebra. The Hilbertspaces H � and the

corresponding m odules H� are algebraic,i.e.

hX ;Y i� = X
�
Y; X ;Y 2 H�:

The objects� 2 O bT are identi�ed ascanonicalendom orphism s

�(A)=

d(�)
X

j= 1

��jA�
�

�j:

In F0 onehasnaturalprojections� � onto the �{com ponentofthe decom position:

� �(
X

�;j

A �j��j):=

d(�)
X

j= 1

A �j��j; � 2 Irr0T :

To puta C*{norm k� k� weargueasin [1,Section 6].Itsconstruction isessentially based on the

following A {scalarproducton F0

hF;G i:=
X

�;j

1

d(�)
A �jB

�

�j;forF :=
X

�;j

A �j��j;G :=
X

�;j

B �j��j;

3.10 Lem m a The scalar producth� ;� isatis�eshF;G i= ��F G
� and � � isselfadjointw.r.t.h� ;� i.

The projections � � and the scalar product have continuous extensions to F := clok�k�F0 and

� �F = spanfA H �g:

Finally, the sym m etry group w.r.t.h� ;� i is de�ned by the subgroup ofallautom orphism s

g 2 autF satisfying hgF1;gF2i= hF1;F2i.Itleadsto

3.11 Lem m a The sym m etry group coincideswith the stabilizer stabA ofA and the m odulesH�

are invariantw.r.t.stabA .

Proof:Use[4,Lem m a 7.1](cf.also with the argum entsgiven in [1,Section 6]).

Thissuggeststo considerthe subgroup G � stabA consisting ofallelem entsofstabA leav-

ing even the Hilbert spaces H � invariant. Then it turns out that the pair fF ;Gg satis�es the

propertiesneeded to prove Theorem 2.4,i.e.fF ;Gg is a Hilbertextension ofA . The following

resultconcludestheproofofpart(i)ofTheorem 2.4.

3.12 Lem m a G iscom pactand thespectrum specG on F coincideswith thedualĜ.For� 2 IrrT

the Hilbert spaces H � are irreducible w.r.t. G;i.e.there is a bijection Irr0T 3 � $ D 2 Ĝ.

M oreover A coincideswith the �xed pointalgebra ofthe action ofG in F and A 0\ F = Z .

8



3.13 Rem ark (i) From [4,Section 7]itfollowsthatstabA isin generalnotcom pact.

(ii) The characterization ofstabA given in [4,Theorem 7.11]in term soffunctionscontained

in C (specZ ! G) is in generalnot correct,although in som e specialcases like the one{

dim ensionaltorus G := T it is true that stabA �= C (specZ ! T) (cf.[3]). It is though

possible to give a sim ilar characterization of stabA in term s of functions contained in

C (specZ ! M at(C)).

3.3 U niqueness result

Now we prove part (ii) ofTheorem 2.4. First assum e that the subcategories TC and T 0

C
are

equivalent. W e consider the Hilbert extension F assigned to TC. The corresponding invariant

Hilbertspacesare given by (5).Now we change these Hilbertspacesby

H � ! V�H � = :H
0

� :

Using the function F ofLem m a 3.7 so thatLG(H � ! H �):= F((�;�)C)
�= (�;�)C we obtain

LG(V�H � ! V�H �)= V�LG(H � ! H �)V
�

�
�= (�;�)0

C
: (6)

Further,w.r.t.the \new Hilbertspaces" we obtain the ‘prim ed’perm utatorsand conjugates of

the second subcategory.Thism eans,itissu�cientto prove thatifthe subcategory T C isgiven,

then two Hilbertextensions,assigned to (T ;TC)according to the �rstpartofthe theorem ,are

always A {m odule isom orphic. Now let F1;F2 be two Hilbert extensions assigned to TC. For

� 2 Irr0T let f�1
�jgj,f�

2
�jgk be orthonorm albases ofthe Hilbert spaces H 1

�;H
2
�,respectively.

Then

�r
�j � �r�k =

X

�;l

K
�l
�j�k �

r
�l; K

�l
�j�k 2 (�;��)C;r= 1;2:

Thereforethe de�nition

J (
X

�;j

A �j�
1
�j):=

X

�;j

A �j�
2
�j

iseasily seen to extend to an A {m oduleisom orphism from F1 onto F2 (see [6,p.203 �.]).

Second,weassum ethattheHilbertextensionsF1;F2 assigned to T
1
C
;T 2

C
,respectively,areA {

m oduleisom orphic.TheG{invariantHilbertspacesaregiven by (5).Now letJ bean A {m odule

isom orphism J : F1 ! F2 so that

J (H 1
�)= �

�< �
(�;�)1

C
J (H 1

�)

and again the J (H 1
�)form a system ofG{invariant Hilbertspaces in F2. Furtherwe have the

system H 2
� in F2. Thatis,to each � we obtain two G{invariant HilbertspacesH 2

� and J (H 1
�)

that are contained in the Hilbert m odule H
2
�. Let f��;jgj,f	 �;jgj be orthonorm albases of

J (H 1
�),H

2
�,respectively. Then obviously V� :=

P

j	 �;j�
�

�;j is a unitary with V� 2 (�;�) and

H 2
� = V� J (H

1
�).Further,forX 2 H 1

�,Y 2 H 1
�
(hence X Y 2 H 1

��
)we have

V�J (X )V�J (Y )= V��(V�)J (X Y )= V��� J (X Y );

and thisim pliesV��� = V� � V�.Finally,we argue asin (6)to obtain

V� (�;�)
1
C
V� = (�;�)2

C
:

and thelatterequation im pliesEqs.(2){(4).
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4 C onclusions

In the present paper we present the solution ofthe problem of�nding the unique (up to A {

m oldule isom orphy) Hilbert extension fF ;Gg ofa unitalC*{algebra A with nontrivialcenter

Z ,given a suitable endom orphism category T ofA ,which we characterize in Section 2. The

extension satis�esA 0\ F = Z and theessentialstep foritsconstruction isthespeci�cation ofa

subcategory TC ofT ,which isofthe well{known DR{type. From the pointofview ofthe DR{

theory the appearence ofthe subcategory TC � T isquite natural,since the group appearing in

the extension isstillcom pact.There are severaldirectionsin which the presentresultscould be

generalized.First,wehopethattheinclusion situation TC � T m ay also berelevantforbraided

tensorcategories,sincein thiscontextthereare2{dim ensionalphysically relevantm odelswhere

a nontrivialcenterappears(see e.g.[7,12]).Second,onecould try to �nd extensions,wherethe

condition on therelativecom m utantA 0\F = Z (which iscrucialforourapproach)isnotsatis�ed

anym ore. In thiscontext non unitarily equivalent irreducible endom orphism swillno longer be

disjointand oneneedsprobably to replacethefreem odulesH thatappeared in ourapproach by

m ore generalC*{Hilbertm odules. Finally,we hope thatthe presentresultsaswellasthose in

[4]willm otivate a m ore system atic study ofthe representation theory of(say com pact)groups

overHilbertC*{m odules.
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