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The Dirac formulation of massless spin-(3/2) fields is discussed. The existence and
uniqueness for the solutions of the spin-(3/2) field equations in Dirac form is
proven. It is shown that the system of equations can be split into a symmetric
hyperbolic system of evolution equations and a set of constraint equations. The
constraints are shown to propagate on a curved manifold if and only if it is an
Einstein space. The gauge freedom present in the spin-(3/2) system is discussed and
it is shown that the complete system “‘solutions modulo gauge” has a well posed
Cauchy problem if and only if the Einstein equations hold. © /995 American
Institute of Physics.

I. INTRODUCTION

The field equations for massless particles with spin-(3/2) have recently gained renewed inter-
est. This is due to two observations:! first, the integrability conditions for the field equations are
the vacuum Einstein equations. Second, the charges of the spin-(3/2) fields in flat space form a
twistor space. It is this position of spin-(3/2) fields between the vacuum Einstein equations and
twistor theory which has triggered interest in the system. It gave rise to the hope of providing a
link between the twistor theory which up to now is well defined only on conformally flat space—
times and the vacuum Einstein equations. The purpose of the present work is to show that the field
equations have a well defined initial value problem on a curved manifold if and only if the
Einstein tensor on that manifold vanishes, i.e., G,, =0 is not only necessary but also sufficient for
the local existence of solutions.

In the first article on higher spin equations, Dirac® derived the necessary form for wave
equations which are to be satisfied by the wave functions of massless particles with arbitrary spin.
A massless particle with spin s has to be described by a spinor field zp’é',','fD, with p unprimed and
p' primed indices, totally symmetric in the two kinds of indices and so that p+p’ =2s. The field
equation is

Vaar e 2 =0, (1.1)

which implies that each component of the spinor field satisfies the wave equation: E](,b'é',',',%,
= 0. Here V4, is the usual spinor derivative operator on Minkowski space.

Later, Fierz>* investigated these field equations and showed that different splittings of 2s into
p and p' describe the same one-particle states. One can transform fields with index structure
(p,p') into fields with index structure (p+1,p’—1) by taking a derivative contracted over the
primed index and symmetrized over the unprimed indices. Fierz constructed expressions for en-
ergy momentum and angular momentum for the fields and observed that there exist *‘trivial”
solutions of the field equation (1.1) which can be added to any solution without affecting its
energy momentum and angular momentum. These solutions are obtained from spin s—1 fields
with index structure (p—1,p’ — 1) which satisfy the field equation (1.1) by taking a derivative and
symmetrizing over all indices. He proposed that two solutions of (1.1) should be regarded as
equivalent if their difference is one of these “‘gauge solutions.” So we have the view that spin s
systems are to be regarded as solutions of (1.1) modulo gauge transformations. Obviously, among
all the possible ways to decompose 2s into positive integers p and p' there are two distinguished
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ones, namely, those where either of them vanishes. These lead to cases where the resulting field
equation has gauge invariant solutions for particles with positive and negative helicity and these
equations are usually referred to as the zero rest-mass equations. They have the form

VAA!¢A...B=O, VA’A¢AI...BI=0, (1.2)

where ¢ now is totally symmetric in its 2s indices.

Although the fields with different (p,p’) are equivalent as states of free particles in flat space,
problems arise when one tries to couple the fields to an external electromagnetic field. This was
also pointed out by Fierz and together with Pauli® he presented a way to construct Lagrangians for
massive and for massless fields of arbitrary spin in an external Maxwell field which gave rise to
consistent equations. Similar inconsistencies arise when the field equation (1.1) is put onto a
curved four-dimensional (pseudo-) Riemannian manifold. The appearance of the so called
Buchdahl conditions severely restricts the sotution spaces of (1.1) in most cases. Within the class
of solutions of (1.1) there are three distinguished cases: s={1/2), s=1, and s=(3/2). The Weyl
equation [s=(1/2)] is unrestricted (no Buchdahl condition) and gauge invariant. The case s=1
with p=2 and p' =0 corresponds to the Maxwell equations and is also gauge invariant and without
Buchdahl conditions, while p=p' =1 corresponds to the version of the Maxwell equations using
potentials which is not gauge invariant. Finally, the case s=(3/2) is distinguished among all
equations of the type (1.1) by the fact that only for p=2 and p’=1 the Ricci curvature alone
appears in the Buchdahl conditions. In all other cases the Weyl curvature appears also. This
establishes a link between the Einstein equation and the spin-(3/2) fields. The corresponding
equation is

Vaapae=0. (1.3)

The gauge solutions are of the form p‘;lf = Vg,v" with Vg,vg = 0. This form of the field
equation is referred to as the Dirac form while there is another formulation to describe the same
system which is due to Rarita and Schwinger.® The (RS)-formulation regards a spin-(3/2) field as
a one-form ¥, with values in the space of Dirac spinors. The field equation is y*V ¥ ,=0 with
the supplementary condition y*¥,=0 and the gauge transformations are ¥ ,— ¥+ V v where
¥*V,v=0. Here the 4 are the Dirac matrices.

The (RS)-system has been investigated by several authors. Velo and Zwanziger7 have shown
that the Cauchy problem for the field equation is well posed in flat space and have quantized the
system. They pointed out that the characteristics of the system become spacelike in strong external
electromagnetic fields so that the wave propagation can become acausal. A similar property was
shown to be present in curved spaces by Madore.® Finally, there is a large number of authors who
looked at the (RS)-system from the point of view of super-gravity (see, e.g., Ref. 9).

The aim of the present paper is to show local existence and uniqueness of solutions of the
spin-(3/2) system modulo gauge solutions in its Dirac formulation (1.3) on manifolds which are
Ricci flat. We show that the equations can be split into two sets of equations: evolution equations
which can be put into a symmetric hyperbolic form and constraint equations which are propagated
by the evolution equations provided that the Ricci tensor is pure trace. Thus, the Cauchy problem
for Eq. (1.3) is locally well posed if the manifold is an Einstein space. This clarifies the role of the
Buchdahl conditions in this case. We investigate the role of the gauge solutions and show that they
remain “‘gauge’’ only if additionally also the scalar curvature vanishes. Thus, the spin-(3/2) system
modulo gauge is well defined on Ricci flat manifolds.

The main tool employed in this work will be the formalism of space [or SU(2)] spinors which
allows a straightforward decomposition of spinor equations into evolution and constraint equa-
tions. This formalism is briefly described in Sec. II. In Sec. III, we discuss the evolution and
constraint equations. We treat the gauge solutions in Sec. IV, and conclude the paper with Sec. V.
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ll. SPACE SPINORS

We want to briefly introduce the formalism of space spinors which is very useful for analyzing
the initial value problem for spinor equations.'™! This formalism can be set up in all those
situations where there exists a distinguished time direction like the normal vector field of a
foliation by spacelike hypersurfaces.

Let us first discuss things algebralcally In this work we will use the notation and conventions
of Ref. 12. So let ($%,€,5) and (S*', €, ) be unprimed and primed spin space, i.e., the repre-
sentation spaces of the fundamental representation of SL(2,C) and its complex conjugate repre-
sentatlon respectively. Then we have the usual spinor—vector correspondence a**" & o between
SA®s4’ and complexified Minkowski vector space M. Let 1% be a real future timelike vector
which we assume to be normalized by the condition 7,¢®=2, then 1,454 = 5. We ,may consider
t440 as defining a Hermitian form on spin space wh1ch we can use to identify SA" with S 4 and
hence also S,/ with S, . Explicitly, this isomorphism is a4~ m,t* . It extends canonically to
the complete spinor algebra. Formally, each primed index can be converted to an unprimed one, so
primed indices never appear. One can also introduce a complex conjugation map on the spinor
algebra by first defining 7, : = 4 A 4 and then extending this map canonically to the full algebra.
Note that 7TA'7TA 0 for all m, and that #*m,=0«m,=0. We introduce real spinors by the
condition ¢A| Ay, =(—1)" ¢A1"'Azn (it is easily seen that this notion only makes sense for

spinors with an even number of indices).

Given a covector v,=v 44+ We can convert the primed to an unpnmed index and then decom-

pose the result mto uredumble parts vAA:t B= zeABvccft +uA (At 5)- Thus, we see that if

=0 then v AArt s=Ugat* 4. So we can identify the three dimensional subspace of vectors
orthogonal to ¢“ with the space S, of symmetric two-spinors and there is a canonical isomor-
phism CoS 4 z—M.

Now suppose that (M,g) is a four-dimensional Lorentz manifold with a spin structure. Fur-
thermore, suppose there exists a congruence of timelike curves on M with tangent vector t*
normalized by ,2°=2. Then we can perform all the constructions above at each point of M. The
covariant derivative operator V,,+ now can be decomposed as

tAlBVAA/=€ABD+DAB. (21)

Then 2D =1V, is the covariant derivative along the congruence while the three (complex) op-
erators D4p act in the directions orthogonal to t%. Since V4, is a real operator, we also have
D=D=D and Dyg=—D,p.

Associated with 14,4+ there are two spinor fields on M, K AB=tAA'DtBA! and
KABCD=IDC,DABICC'- Since ¢, is normalized we have the symmetries K, ,p=Kg, and
Kspco=Kapycpy- Kap is the “acceleration” t*V ¢, of ¢, while K, contains the expansion,
twist and shear of the vector field ¢*. The congruence is hypersurface orthogonal if and only if
K A(BAD)=O and then K4p¢p is the extrinsic curvature of these (spacelike) hypersurfaces. Both
K,p and K pp are real spinor fields.

lll. THE SPIN-(3/2) SYSTEM

Let us now consider the Rarita—Schwinger system in the Dirac form
PBAIBIEVAAIPQ,B=O. (3.1)

Converting the primed to unprimed indices with respect to some timelike vector 4" and using the
decomposition (2.1) of V,,+ we obtain

Pagc=t*" 4Ppargt® c=Dpapc—DEsprpc—KcEpanet KEacPprsp=0, (3.2)
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with  papc= pABcrtC'C. Now we decompose p4pc into its irreducible parts
Pac=Tapct 2€caTp), Where rypc is totally symmetric and obtain
- E
Pupc=Drapc+2€ecaDrpy—DsPracetDacrs— €csDoare

—KcFrape—2Kcarsyt KEacreppt 2K  scers) - (3.3)

The irreducible parts of P, now automatically yield the decomposition of Eq. (3.1) into evo-
lution and constraint equations. In particular, we can get four systems of equations by taking,
respectively, the totally symmetric part and the three possible traces of P,pc. These are

— m E E
0=Papcy=Drapc— D recyet Dasrcy~ Kia raoye— 2K 87 c)

E D E E
+ K% BrC)ED_KE(AB ’B)+K (ABC)TE» (3.4)

0= PCBCE - 3Dr3+DACrACB-FDEBrE—KACrACB— KEB"E+KEAADTEBD+2KEAA(E"B) )

(3.5)
0=PABB'—=" —3DrA+3DEArE—KBCrABC—KEArE——KEABDrEBD-{-KEABErB s (36)
0= PBBCEDABrABC—ZDBCrB—KEBCDrEBD—ZKEBC(ErB) . (37)

We find that (3.4) describes the evolution of r,pc while (3.7) are the constraint equations. Both
(3.5) and (3.6) are evolution equations for r, . The difference between those two equations is
proportional to the constraint equations. Therefore, we can take any linear combination a(3.5)
+ B(3.7) with complex constants « and 8 as evolution equations for r, .

A. The evolution equations

First, we want to discuss the properties of the system of evolution equations which we take to
consist of (3.4) together with a linear combination of (3.5) and the constraints (3.7). Our aim is to
choose the linear combination in such a way that the resulting system becomes symmetric hyper-
bolic and is thus amenable to standard methods in the theory of partial differential equations.

Let us briefly review what a symmetric hyperbolic system is. Suppose we have a first order
system of semilinear partial differential equations in an open set of R” given in the form

AZV(x)aa¢v=B,u,(x7¢)9 (38)

where the “unknown” ¢”=¢"(x) is a column vector of N complex valued functions. B, is a row
vector of N complex valued functions which may depend on the coordinates x as well as on the
unknowns ¢” and A§ (x) is a square matrix with complex valued entries. Then the system (3.8)
is symmetric hyperbolic if the following two conditions hold for all x: for all (real) covectors v,
the matrix v,A7,(x) is Hermitian and there exists a covector 7, such that the matrix ¢,Af,,(x) is
positive definite. Note that the matrix v,AY,, is obtained by replacing the derivative operator in the
principal part of (3.8) by v, . The Hermiticity condition is equivalent to the following statement:

for all ¢, y*

AL p "= S 0, 3.9)
i.e., the matrix A{,,v, is Hermitian with respect to the canonical inner product on CV defined by
() = Vo

In our case there are six unknowns ¢ given by the pair of spinors (r*BC r*). Let us define the
sesqui-linear form (,)y=5*BCr, pc+5%r, on the space of these pairs. This form can easily be
shown to be positive definite, thus defining an inner product. Now we have
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m — 2AB E
YrAL .Y =S C(vrapc—vafrecetvasre)

+5A(=3avry+(a+ B)wECr get+ (a—28)v8, rp). (3.10)

Here we have replaced the derivative operators in the principal part of the system with (v,v45)
and we have taken an arbitrary linear combination of (3.5) and (3.7) as evolution equation for r,, .
The complex numbers @ and B have to be determined so that the equation (3.9) holds. From the
rules of complex conjugation of SU(2) spinors we have 74 5= —r4pc and 74, = —r, and hence the
right hand side of (3.9) becomes

s _ BC/ =2 A Ea A A
’ HAL v "= —r* B (G5 apc—Da SpcetUagSc)—rt

X(—3avSs+(a+ B8 s gc—(@—2B)0ap5c). (3.11)

The reality of v, implies v =0 and v, 5= — 0 45 and so we find that (3.9) will be satisfied if we can
arrange that

3&vrA§A+rABCvAB§C+(&+B)rAvBC§ABC—(&—-ZB)I'AUAB.?B

=—3avitry+(a+ B)5AvECr s pct+ 548 v sgrc— (@ —28)5%v 475, (3.12)

This will be the case if we choose (a+8)=—1 and &= a. Furthermore, from (3.10) with y#=¢*
we get for matrices with v43=0

BHAL 0, "= VA g Bu ity (3.13)

So if we choose a<0 then the matrix v, A%, will be positive definite for those v, with v45=0.
Thus we have shown that the system

E _» E E D E
Drapc—DuErseye+Dwsroy=KuEracye+ Kusroy— KEuPsroyep+ Kews roy— KE oy e
(3.14)

—3aDrB—DACrABC+ (3&+2)DEBFE= a(KACrACB+KEBrE)+ a(KBCDErCDE+KBAACrC)

_KECDB"CDE"‘ZKCEEBT'C (315)

is symmetric hyperbolic for any choice of a<0.

This property of the system of evolution equations implies existence and uniqueness of solu-
tions. The precise procedure depends on the concrete situation one is interested in. Without going
too much into details we want to present here how to get local existence and uniqueness of
solutions. We choose a spacelike hypersurface 5, in M and introduce Gauss coordinates (#,x’) with
respect to 2 to cover an open neighborhood U of 3. Then the surfaces ¢=const. foliate U which
is topologically of the form U=3XR. We can use the congruence of normal vectors t*=v24; to
introduce SU(2) spinors. We introduce an adapted spin basis (04 ,t4) by fixing a spinor o, so that
tAA'oA 04’ =1 and then defining ¢, =0, . Then (0, ,t4) is a normalized spinor dyad which can be
used to expand r4p and r, in terms of the coordinates. It can also be used to define an ortho-
normal frame e, ,e,,e; on 3
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i
e?B=ﬁ (OAOB-I- LALB),
AB 1 B__ A B
€y =ﬁ(o‘40 2 ) ),

1
e’;B=ﬁ(0ALB+LAoB). (3.16)
Furthermore, we need to express the spatial derivative operator D,p in terms of the partial
derivatives with respect to the Gauss coordinates. This can be done with the observation that the

derivative operator D 4 is related to the SU(2) spin connection V5 of the induced metric on 3, by
the formula'®

DAB)"C=V~ABKC+KABCDXD‘ (3.17)

The Ricci rotation coefficients of ?A g with respect to the orthonormal frame (3.16) are then used
to express the derivative operators in terms of the partial derivatives with respect to the Gauss
coordinates. Inserting all these representations into the system we obtain a symmetric hyperbolic
system on R*. Using results from Ref. 14 we have the following

Theorem XIL1: Let (M,g) be a manifold of class & and let % be a spacelike %~ hyper-
surface. Then there exists a neighborhood U~Z2XR such that the system of evolution equations
(3.14), (3.15) has a unique & solution for arbitrary % % initial data of compact support.

Finally, we want to determine the characteristics of the system. Recall,'# that a hypersurface is
characteristic for a first order system of partial differential equations A%,,d,¢"+b,=0 if it cannot
be used as an initial data surface, i.e., if one cannot determine the outward derivative of the
unknown functions from data given on the surface using the system. Let n, be a normal covector
to the hypersurface. Then we are led to compute the determinant D(n) of the matrix
A(n)=n,A},. If D(n)=0 then n, is the conormal to a characteristic hypersurface.

In the present case, we write n, as ngar = ntgqr + n ap- Then we choose an adapted spin
frame as above and define no=n,z0%0%, n;=n,p0** and ny=n,p*i®, so that n, is real,
ng = —n, and nn®=2(n’—n2+ngyn,). Note, that (n?—ngn,)=0 and that it vanishes iff
ng=n;=n,=0. The matrix A(n) for the present system with respect to the basis

{(o4050¢,0),(30(405t¢),0),(304t5Lc),0),(tatptc,0),(0,04),(0,e4)}

n+n, ny 0 0 n, 0
—ng 3n+n, 2n, 0 —2n; n,
0 —‘2710 37!_‘?11 ny ng - '—27‘11
0 0 —nyg n—n; 0 no
—HRy _2'11 —n, 0 ~3a(n+n1)—2n1 —(3a+2)n2
0 —ng —2n, -—n, (B3a+2)n —3a(n—n)+2n,

The determinant of this matrix is found to be

D(n)=9(n’— (n%—nonz))z(Qaznz— (a+ 2)2(n%—n0n2)) (3.18)
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which implies that there are two sets of characteristic conormal cones, one of which coincides with
the null cone in the cotangent space of each point and is doubly degenerate. The other cone
depends on the parameter «, whose value determines its opening angle. Suppose, n, lies on the
second cone, then n?=\%(n?—ngyn,) with r=(a+2)3a and thus
nan“=n2— (n?—ngny)=(\%*— 1)(n%—n0n2). Therefore, n, will be spacelike iff A><1 and it will
be timelike iff A*>1.

To each of the conormal cones there correspond a ray cone and a ray conoid (see Ref. 14). In
the case of the null conormal cone at a point p € M the corresponding ray cone is the null cone in
T,M and the ray conoid is the light cone Z7,, i.e., the set of all null geodesics emanating from p.
For the other conormal cone the ray cone 1s again a cone in the tangent space T,M which is a
timelike (resp. spacelike) hypersurface (apart from the vertex) if A2<1 (resp. )\2>1) The corre-

sponding ray conoid #,(a) is generated by the bicharacteristics emanating from p. These are
curves in M which are projections from integral curves of the Hamiltonian vector field on the
cotangent bundle corresponding to the quadratic form which defines the conormal cone. At each of
its points the ray conoid is tangent to the local ray cone. Now if a ranges over the negative real
numbers then A? takes on all positive values. This shows that the ray conoid Zf'p(a) can be made
timelike or spacelike at will by choosing « appropriately.

The choice of a does not affect the property of the system being symmetric hyperbolic as long
as a remains negative but it does affect the size of the domain of dependence of a point pe M. In
fact, given a point p in the future of an initial surface 2, we draw all the backward ray conoids at
p defined by the system until they intersect 3, in two sets S and S(a). Then the domain of
dependence of p is contained inside the intersection of the interiors of S and S(«). Since the ray
conoid %,(a) is either spacelike or timelike it lies either completely outside or inside the light
cone of p. Thus, either S is in the interior of S(a) or vice versa, so that the size of the domain of
dependence is constrained by S [if ©,(a) is spacelike] or by S(a) [if Z},(a) is timelike]. There-
fore, in order to obtain the maximal possible domain of dependence we need to make ¥ ,(«)
spacelike. This will be the case if we choose a<<—(1/2). Then A\2>1, #p(a) is spacelike and the
domain of dependence is given by the light cone %, of p. The natural choice to be made for « is
a=—(1/2) which makes the second characteristic coincide with the light cone, but for the moment
we want to leave « undetermined to see its effect in the constraint equations.

B. The constraint equations

Now we want to discuss the constraint equations. Qur aim is to show that the constraints are
propagated by the evolution equations under certain circumstances. Before going into the details
we need some definitions. As we have seen in (3.2) the complete system of equations is given by
P,pc=0. Letus define E4pc=Papc), Es,=— aP,cC— P, and Z,=PC, . Then the equations
E pc=0 and E,=0 are the Egs. (3.14) and (3.15) which constitute the symmetric hyperbolic
system and Z, =0 gives the constraint equations (3.7). We have the decomposition

at+2 1
Papc=Espc— 3a €csEay— 3o EC(BZA)+5 €slc. (3.19)

We want to derive a system of equations obeyed by the constraints. To this end we compute
VEEIZE:-VEElPAAE:VAEIPAEE_VDEIPADszAEIPAEE+VDEIVg png (320)

Here we have used the “epsilon-identity” €4(z€5,)=0 for the second equality. The second term on
the right-hand side can be rewritten by commuting the covariant derivatives as follows

B’ AD__ 'y AD ' bA
Ve Va8 05/ =[Vper V4P 1o + V4B PApig:

— AB BB'/ A C
=0apper —V°° (tgit5.Pagc)
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=applar ~ VBB (14,15 )Papc—1tait5 VEE Pype. (3.21)

Here we have introduced the unprimed spinor curvature derivation [, as defined in Ref. 12.
Rewriting the second term in terms of K5 and K, 3c-p We obtain the equation

El EI 12 _
VAL Z, ~tE VAL P O+t OB Prpc=—KALP B+ KBALP g+ KBCPpe
+KBPC P ope+ 1 Oypplar . (3.22)

Now assume that the evolution equations are satisfied in some space—time region. Then from
(3.19) we have Pygc=—(a+2)/3aecpZsy+1/2€,pZ and after inserting this into (3.22) we
obtain the equation

a+?2 B at?2 AC 2a—-2
DZA+ 3 DABZ = 6 KAC ZB+ la

KppZP—18' Ocpply . (3.23)

The last term in this equation can be written as
B’ cp_ B A' _CD *
ta Ocppg =tx Pcppr” p4r (3.24)

by expressing the spin curvature derivation in terms of the curvature spinors. In this case only the
Ricci spinor ® 4,45 appears. If @, 54/, = O then the constraints satisfy a linear homogeneous
first order system of partial differential equations which can easily be seen to be symmetric
hyperbolic. The characteristic conormal cone is given by the equation

9a2n2—(a+2)2(nf—non2)=0, (3.25)

so the ray cone at p e M determined by (3.23) is &,(a), the same as the second ray cone deter-
mined from the evolution equations.

With our choice of a<—(1/2) from the last section, we obtain the statement that the con-
straints are satisfied everywhere in the space—time region where the evolution equations hold if
they are satisfied on an initial surface, provided the Ricci tensor of the manifold is pure trace.
Finally, we can state the following theorem the proof of which is the contents of the previous two
sections:

Theorem II1.2: Let (M, g) be an Einstein space with spin structure, then the spin-(3/2) system

Vaarphr=0 (3.26)
admits a well-posed Cauchy problem.

IV. GAUGE TRANSFORMATIONS

As Fierz? pointed out, there are “trivial” solutions of the field equations for higher spin fields
on flat space which have no energy momentum and angular momentum. He proposed to regard
solutions of the field equations to be defined only up to the addition of these trivial solutions, thus
introducing “gauge transformations.” In the special case of spin-(3/2) the trivial solutions are of
the form

psE=vE, 4.1)

where v, is a solution of the Weyl (anti) neutrino equation Vﬁ, v, = 0. The question arises under
what conditions solutions of this form persist to be “gauge solutions” on curved spaces. The first
point to discuss is the Cauchy problem for the Weyl equation. It is well known and easy to see that
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the Weyl equation can be put into the form of a symmetric hyperbolic system of evolution
equations without constraints. Therefore, there are no problems related to the existence and
uniqueness of solutions of the Weyl equation on curved manifolds from the point of view of the
initial value formulation. Locally, there will always exist unique smooth solutions, given appro-
priate initial data. The second point of discussion is the question under what conditions will fields
of the form (4.1) be solutions of (1.3). This is easily checked.! For pgl,g of the form above to be a
solution of (1.3) we need

OZVAA/V;;B;VA):[VAAI ,V(BB,]VA)+V(B€VAA1 VA)= %'E'AIBr(DAB'i‘ VA+DVB)=%EAIBIAVB.

Here, we used the fact that solutions of the Weyl equation also satisfy the wave equation. There-
fore, if the scalar curvature A of the manifold vanishes, then fields of the form (4.1) will stil} be
solutions of the field equation (1.3).

Fierz proceeded further to claim that he could use the gauge freedom to put the fields into a
special form. In terms of SU(2) spinors the field pg? is represented by the pair (r4zc,74) of a
spin-(3/2) part and a spin-(1/2) part. The gauge transformation in this representation is
rapc—=>rapctDiagvey, ra—>ra+(1/12)Dvy+(1/6)D 455, with Dy, +D 4,05 =0. In flat space
we can choose 7, to be covariantly constant so that K =0 and K, 5., =0. Fierz claimed that it
was always possible to put r, =0 by a suitable gauge transformation. To do this, we use the Weyl
equation to eliminate Dv, from the transformation for r, in favor of D, v®. Then we can solve
the equation G,=r,—(1/3)D,5v®=0 for 1# on the initial surface because this is a linear elliptic
system. We can use this solution 1 to gauge away the r, component on the initial surface.
However, problems arise with the propagation of G, . In contrast to Fierz’ statement it does not
seem possible to maintain the gauge r, =0 away from the initial surface because the equation
G, =0 is not preserved under the time evolution. Put differently, we can solve the equation G, =0
on each time slice for v, . But then the resulting spinor field will not be a solution of the Weyl
equation. The reason is that r, itself is not a Wey! field. Since in flat space with ¢, covariantly
constant, the operators D and D,z commute it follows from G,=0 that r, would have to satisfy
the Weyl equation. Instead, r, satisfies the equation (3.6):

—3Dr,+DE,rg=0. 4.2)
A

Obviously, the situation does not improve in curved space with R,,=0 for several reasons.
Suppose it were possible to choose a gauge with r, =0 in a space—time region where the evolution
and constraint equations (3.4)—(3.7) are satisfied. Then (3.5) implies the algebraic constraint

KBCrABC—KAEBCrEBC=O. (43)

This equation can be satisfied in general only if K, 53==0 and K ,3-p=0. But this implies V,¢,=0,
i.e., that ¢, is covariantly constant which severely restricts the curvature of the manifold. In fact,
only pp-waves are allowed by this condition. But even if one can find a covariantly constant
timelike vector then one would still be left with the incompatibility of r, with the Weyl equation.

We saw in the last section that there are two characteristic surfaces for the evolution equations
one of which has multiplicity two. Thus, there are four “components” of the spin-(3/2) field
whose propagation is locked onto the light cone, while there are two further “components” whose
propagation is determined by a “floppy” cone which can be made timelike or spacelike by
choosing a parameter appropriately. It is tempting to attribute these *“floppy parts” in the spin-
(3/2) system to the gauge freedom. However, it is not obvious how they are affected by gauge
transformations and furthermore, how to eliminate them globally by a gauge transformation. The
problem lies in the fact, that these “components” are in fact only well defined objects on the
projective spin bundle over M, thus containing information not only from the space-time point but
also from all possible directions along which propagation is possible.
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These considerations of (im)possible gauges does not affect the truth of the

Theorem IV.1: The spin-(3/2) system on a Lorentz manifold consisting of equation (1.3) up to
gauge transformations (4.1) admits a well-posed initial value problem if and only if the manifold
is Ricci flat.

We want to make a final comment. Instead of Eq. (1.3) we consider the weaker equation

Vau P?;fz) =0. @4

This equation falls into a class of higher spin systems that has recently been discussed.' It was
shown that the equation is constraint free but can not be written in symmetric hyperbolic form.
Using the existence theory of Leray and Ohya for equations with degenerate characteristics'® it
was possible to show that the Cauchy problem of this equation is well posed on arbitrary smooth
manifolds. Solutions are in Gevrey classes whose index depended on the Gevrey index of the
metric of the manifold. It should be possible to improve these smoothness results. Defining the
solution space of (4.4) by the symbol [#] and the solution space of the Weyl equation by [1] we can
summarize the results of this section in the sequence

L N

zl=[31-[5 (4.5)

where L is the map A~V v and N is the map pg?evglp’;?. Then we have NeL=0. The

sequence above is not exact. In fact, it is exactly the difference between the image of L and the
kernel of N which accounts for the “true degrees of freedom” of the spin-(3/2) fields. The
structure of the maps in the sequence above can be visualized in the following diagram:

To discuss this diagram we first restrict ourselves to flat space. Then solutions of (4.4) are
mapped by N into the solution space of the Weyl equation. If we use the appropriate function
spaces then this map is actually surjective. We will not go into these details here. The kernel of N
symbolized by the lower two thirds of the line above [3] is the solution space of the equation (3.1).
On the other hand, the map L maps the solution space of the Weyl equation injectively into the
solution space of {4.4), again modulo questions of the degree of differentiability. In fact, the image
of L symbolized by the lower third of the line above [3] is contained in the kernel of N. The
middle third above [], i.e., ker N/im L is the part in the solution space of (4.4) which is “pure
spin-(3/2).” It corresponds to the two degrees of freedom in a solution of the massless field
equation.

Now it is interesting to note that the structure of this diagram is preserved if and only if the
manifold is Ricci flat. This comes about in a rather symmetric way: if the Ricci tensor is pure
trace, R,,= 5R g, then the maps L and N are well defined. If in addition also R =0 then we have
the property im LCker N, i.e., that gauge solutions are divergence free.
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V. CONCLUSION

We have shown that the spin-(3/2) system defined by the solutions of V4 p';f = 0 modulo
solutions of the Weyl equation is well defined on curved manifolds if and only if they are Ricci
flat. This is an interesting property of that system for two reasons. First, it opens up a relationship
between the vacuum Einstein equations and spin-(3/2) fields. This has been observed again and
again over the years and is well known from super-gravity. The reason for this is that among all
the relativistic wave equations derived by Dirac the spin-(3/2) system is the only one (apart from
those which do not involve curvature at all) for which the Weyl curvature does not appear in the
consistency conditions. Julia'” has pointed out that one could regard the spin-(3/2) system as a
linear system associated with the Einstein equations in analogy with the Lax pair of integrable
systems. However, this analogy is not as far reaching as one would hope. (I am grateful to Lionel
Mason for pointing this out.)

The spin-(3/2) system is interesting for another reason: the two possible formulations for
spin-(3/2) systems (up to the sign of the helicity) corresponding to the splitting (p =3, p'=0) (the
zero rest-mass equation) and (p=2, p’=1) (the equations considered here) are equivalent in flat
space as was pointed out by Fierz. However, the two formulations are radically different on curved
spaces. While the (p=2, p'=1) formulation is well defined on Ricci flat manifolds the zero
rest-mass formulation is well defined only on conformally flat manifolds. This is because the field
equation V4, y,5c = O implies the Buchdahl condition ¥ ,5cp 2 =0. The field equation,can
be split into a symmetric hyperbolic system of evolution equations and constraint equations which
are propagated by the time evolution only if the Weyl curvature vanishes.

The relation between the spin-(3/2) formulation on Ricci flat spaces on the one hand and the
massless field formulation with its associated twistor space of charges is the starting point of a
recent research programme to obtain a twistor formulation for Ricci flat manifolds, i.e., for the full
vacuum Einstein equations.’
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