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Abstract. We study the evolution by mean curvature of a smooth n–dimensional
surfaceM ⊂ R

n+1, compact and with positive mean curvature. We first prove an
estimate on the negative part of the scalar curvature of the surface. Then we apply
this result to study the formation of singularities by rescaling techniques, showing
that there exists a sequence of rescaled flows converging to a smooth limit flow
of surfaces with nonnegative scalar curvature. This gives a classification of the
possible singular behaviour for mean convex surfaces in the casen = 2.

1 Introduction

Let M be a compactn–dimensional manifold without boundary and letF0 :
M → R

n+1 be a smooth immersion ofM as a hypersurface. We want to study
the evolution ofM0 = F0(M) by mean curvature flow; that is, the family of
immersionsF (·, t) satisfying

∂F
∂t

(p, t) = −H (p, t)ν(p, t), p ∈ M, t ≥ 0,(1.1)

F (·, 0) = F0,(1.2)

whereH (p, t) and ν(p, t) are the mean curvature and the outer normal respec-
tively at the pointF (p, t) of the surfaceMt = F (·, t)(M). The signs are chosen
such that−H ν = ~H is the mean curvature vector and the mean curvature of a
convex surface is positive.

It is well known that problem (1.1)–(1.2) is a quasilinear parabolic system and
that the mean curvature flow is well defined up to a finite critical timeT at which
the curvature of the surface becomes unbounded. Moreover, various geometric
properties (for instance convexity or positive mean curvature) are invariant under
the flow.
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The structure of the singularity ofMt when t approaches the critical time
has been of great interest. For instance, when the initial surfaceM0 is convex,
then ast → T the surfacesMt become spherical and contract to a point. This
result was obtained by Gage and Hamilton [5] in the casen = 1 and by Huisken
[10] when n ≥ 2; it was then extended by Grayson [6] to arbitrary embedded
curves. On the other hand, forn ≥ 2 nonconvex surfaces may become singular
without shrinking to a point also in the embedded case. Then one can analyse the
behaviour near a singularity with rescaling techniques. In [11] Huisken showed
that singularities having a certain maximal blow–up rate (type I singularities) are
asymptotically self–similar. For surfaces of positive mean curvature the possible
limiting profiles were then classified in [12]. The singularities of rotationally
symmetric surfaces were described by Altschuler, Angenent and Giga [2] and by
Angenent and Velazquez [3], while other rescalings of mean curvature flow in
the casen = 2 were recently studied by Ilmanen [14] and White [17].

In this paper we consider a general surface with positive mean curvature and
with n ≥ 2. Without any assumption on the blow–up rate, we prove a new a
priori estimate, Theorem 3.1, showing that the scalar curvature of the surface is
asymptotically nonnegative near a singularity. This implies that a sequence of
rescaled flows tends to a limit flow of surfaces with nonnegative scalar curva-
ture (Theorem 4.5). Such a property is particularly interesting forn = 2 because
then positive scalar curvature is equivalent to convexity. This leads to a classi-
fication of the possible limiting shapes both for type I and type II singularities
(Corollary 4.7).

2 Preliminaries

In the next sections we study the mean curvature flow (1.1)–(1.2) assuming that
the initial hypersurfaceM0 = F0(M) ⊂ R

n+1 (n ≥ 2) is smooth, compact
without boundary and has positive mean curvature. It is well known (see [10,
Theorem 8.1]) that there exists a smooth solution to problem (1.1)–(1.2) up to a
critical timeT at which the curvature of the evolving surface becomes unbounded.
This critical time is finite for any compactM0, and satisfies

T ≤ (diam M0)2

8n
.(2.1)

We recall now the equations for some geometric quantities associated with the
evolving surface and other identities which we shall need in the sequel. We shall
follow the notations of [10]; in particularg = (gij ) andA = (hij ) (i , j = 1, . . . , n)
will denote the metric tensor and the second fundamental form onM induced
by the immersion, whileH = tr(hij ) and R = H 2 − |A|2 are the mean curvature
and the scalar curvature respectively. We also denote bydµ the volume element
on M. All these quantities depend onx, t (where x is a local coordinate on
M), but this dependence will not be written explicitly unless necessary.

Proposition 2.1. We have the evolution equations
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(i)
∂H
∂t

= ∆H + |A|2H ,

(ii)
∂|A|2
∂t

= ∆|A|2 − 2|∇A|2 + 2|A|4,

(iii)
∂

∂t
dµ = −H 2dµ.

Proof. See [10]. ut
From (i) and the maximum principle we obtain that the mean curvature of our
surface remains positive during the evolution.Let us now introduce, forη ∈ R

andσ ∈ [0, 2] , the function

gσ,η =
|A|2 − (1 + η)H 2

H 2−σ
.(2.2)

Then we compute, using (i) and (ii) from the previous proposition,

∂gσ,η

∂t
= ∆gσ,η +

2(1− σ)
H

〈∇H ,∇gσ,η〉 − σ(1 − σ)
H 2

gσ,η|∇H |2(2.3)

− 2
H 4−σ

|H ∇i hkl − ∇i H hkl |2 + σ|A|2gσ,η.

In particular, forσ = 0, we find

∂

∂t
|A|2
H 2

= ∆
|A|2
H 2

+
2
H

〈∇H ,∇|A|2
H 2

〉 − 2
H 4

|H ∇i hkl − ∇i H hkl |2.(2.4)

By the maximum principle and by the compactness ofM we obtain that|A|2/H 2

is uniformly bounded from above by its initial data. Thus, if we callc0 the
maximum of|A|2/H 2 on M0, we have

|A|2 ≤ c0H 2 on Mt ,∀ t ∈ [0, T[ .(2.5)

Let us also recall the identity (see [10])

1
2
∆|A|2 = 〈hij ,∇i ∇j H 〉 + |∇A|2 + Z ,(2.6)

whereZ = H tr(A3) − |A|4. The following elementary inequality will be useful
to derive estimates onZ .

Lemma 2.2. We have|tr(A3)| ≤ |A|3.

Proof. If we denote byλ1, . . . , λn the eigenvalues of the second fundamental
form, the above inequality can be written as∣∣∣∣∣

n∑
i =1

λ3
i

∣∣∣∣∣ ≤
(

n∑
i =1

λ2
i

)3/2

.

It is not restrictive to assume|A| > 0. If we set
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µi =
|λi |(∑n

j =1 λ2
j

)1/2
, i = 1, . . . , n,

then |µi | ≤ 1, and thereforeµ3
i ≤ µ2

i . It follows

∣∣∣∣∣
n∑

i =1

λ3
i

∣∣∣∣∣ ≤
(

n∑
i =1

µ3
i

) n∑
j =1

λ2
j

3/2

≤
(

n∑
i =1

µ2
i

) n∑
j =1

λ2
j

3/2

=

 n∑
j =1

λ2
j

3/2

. ut

3 An estimate on the scalar curvature

The goal of this section is to prove the following result.

Theorem 3.1. Let Mt , t ∈ [0, T [ be a smooth solution of the mean curvature
flow (1.1)–(1.2), with n≥ 2 and the initial manifoldM0 compact and of positive
mean curvature. Then, for anyη > 0 there exists a constant Cη > 0, depending
only on n, η andM0 such that

R ≥ −ηH 2 − Cη

on Mt for any t ∈ [0, T[ .

Roughly speaking, this result shows that the negative part of the scalar cur-
vature cannot grow as fast asH 2 when the latter tends to infinity. Following
the ideas of Hamilton [7] and Huisken [10] one is led to look for an upper
bound for the function (|A|2 − H 2)/H 2−σ for some small positiveσ. However,
the method of [10] does not carry on to the present context, because it relies
on some estimates which hold only for convex surfaces. Therefore we have to
introduce an additional parameterη and to study the functiongσ,η defined in
(2.2). Exploiting the presence of this parameter we obtain some inequalities (see
Lemma 3.2) which allows us to boundgσ,η under the only hypothesis of positive
mean curvature. This bound will yield Theorem 3.1.

The following estimate will be used in the proof of our theorem; we remark
that it does not depend on our assumptions onMt and is valid for any smooth
hypersurface.

Lemma 3.2. Suppose(1 +η)H 2 ≤ |A|2 ≤ c0H 2 for someη, c0 > 0 at some point
of Mt . Then we also have
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(i) −2Z ≥ ηH 2|A|2;

(ii) |H ∇i hkl − ∇i H hkl |2 ≥ η2

4n(n − 1)2c0
H 2|∇H |2.

Proof. (i) Taking into account Lemma 2.2 and the assumption|A| ≥ √
1 + η |H |

we obtain

−2Z = 2(|A|4 − tr(A3)H ) ≥ 2|A|3(|A| − |H |)
≥ 2(1 +η −

√
1 + η)|A|2H 2

≥ η|A|2H 2.

(ii) We have (see [10, Lemma 2.3(ii)])

|H ∇i hkl − ∇i H hkl |2 ≥ 1
4
|∇i H hkl − ∇kH hil |2

=
1
2

(|A|2|∇H |2 − |∇i Hhil |2).

Let us denote withλ1, . . . , λn the eigenvalues ofA in such a way thatλn is an
eigenvalue with the largest modulus. Then we have|∇i Hhil |2 ≤ λ2

n|∇H |2 and

|H ∇i hkl − ∇i H hkl |2 ≥ 1
2

n−1∑
i =1

λ2
i |∇H |2 =

n−1∑
i =1

λ2
i λ

2
n
|∇H |2

2λ2
n

≥
n−1∑
i =1

n∑
j =i +1

λ2
i λ

2
j

|∇H |2
2(n − 1)|A|2

≥

 n∑
i ,j =1
i <j

λi λj


2

|∇H |2
n(n − 1)2|A|2

=
(|A|2 − H 2)2

4n(n − 1)2|A|2 |∇H |2 ≥ η2H 2

4n(n − 1)2c0
|∇H |2. ut

Let us now consider the functiongσ,η defined in (2.2). We assume thatσ, η ∈
]0, 1[ . In the following we denote byci any positive constant depending only
on n, η andM0, and we assume that these constants are chosen larger than 1.
We shall write for simplicitygσ,η = g as long asσ, η are kept fixed. We observe
that (2.5) implies

gσ,η ≤ c0H σ.(3.1)

Remark 3.3.Let g+ denote the positive part ofg, i.e. g+(x, t) = max{g(x, t), 0}.
Then it is easily seen thatgp

+ ∈ C1(M × [0, T[ ) for any p > 1 and

∂gp
+

∂t
= p gp−1

+
∂g

∂t
, ∇(gp

+) = p gp−1
+ ∇g.
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Lemma 3.4. There exist constants c2, c3 such that

d
dt

∫
Mt

gp
+dµ ≤ −p(p − 1)

2

∫
Mt

gp−2
+ |∇g|2dµ − p

c3

∫
Mt

gp−1
+

H 2−σ
|∇H |2dµ

−p
∫

Mt

gp−1
+

H 4−σ
|H ∇i hkl − ∇i H hkl |2dµ + pσ

∫
Mt

|A|2gp
+dµ

for any p≥ c2.

Proof. By Remark 3.3, Proposition 2.1(iii) and equation (2.3) we have forp ≥ 2

d
dt

∫
gp

+dµ =
∫ (

∂gp
+

∂t
− H 2gp

+

)
dµ

=
∫ (

pgp−1
+

∂g

∂t
− H 2gp

+

)
dµ

≤ −p(p − 1)
∫

gp−2
+ |∇g|2dµ + 2(1− σ)p

∫
gp−1

+

H
〈∇H ,∇g〉dµ

−2p
∫

gp−1
+

H 4−σ
|H ∇i hkl − ∇i H hkl |2dµ + pσ

∫
|A|2gp

+dµ.(3.2)

From Lemma 3.2(ii) and inequality (3.1) we deduce, ifc1 ≥ 4n(n − 1)2c0η
−2,

gp−1
+

H 4−σ
|H ∇i hkl − ∇i H hkl |2 ≥ gp−1

+

c1H 2−σ
|∇H |2

≥ gp−1
+

2c1H 2−σ
|∇H |2 +

1
2c0c1

gp
+

H 2
|∇H |2.

Therefore, ifp ≥ max{2, 1 + 4c0c1} we obtain

2(1− σ)p
gp−1

+

H
〈∇H ,∇g〉

≤ 2p
gp−1

+

H
|∇H ||∇g|

≤ p
2c0c1

gp
+

H 2
|∇H |2 + 2c0c1pgp−2

+ |∇g|2

≤ p
gp−1

+

H 4−σ
|H ∇i hkl − ∇i H hkl |2 +

p(p − 1)
2

gp−2
+ |∇g|2

−p
gp−1

+

2c1H 2−σ
|∇H |2.

Substituting in inequality (3.2) we obtain the conclusion. ut

Lemma 3.5. There exists a constant c4 such that
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1
c4

∫
Mt

|A|2gp
+dµ

≤
(

p +
p
β

)∫
Mt

gp−2
+ |∇g|2dµ + (1 +βp)

∫
Mt

gp−1
+

H 2−σ
|∇H |2dµ

+
∫

Mt

gp−1
+

H 4−σ
|H ∇i hkl − ∇i H hkl |2dµ

for anyβ > 0, p > 2.

Proof. Let us setα = 2 − σ. We compute

∆g = ∆

( |A|2
H α

)
− (1 + η)∆H 2−α

=
∆|A|2
H α

− α
|A|2

H α+1
∆H − α(α − 1)

|A|2
H α+2

|∇H |2

−2α

H
〈∇H ,∇|A|2

H α
〉 + (1 +η)(2 − α)

(
α − 1
H α

|∇H |2 − 1
H α−1

∆H

)
.

Using formula (2.6) can rewrite the above equality as

∆g =
2

H α
〈hij ,∇i ∇j H 〉 +

2
H α

Z +
2

H α+2
|H ∇i hkl − ∇i H hkl |2

−
(αg

H
+ 2(1 +η)H 1−α

)
∆H +

(2 − α)(α − 1)
H 2

g|∇H |2

−2(α − 1)
H

〈∇H ,∇g〉.

We multiply this equality bygp
+H α−2 and integrate onMt . Taking into account

Remark 3.3 and the Codazzi equation we can integrate by parts and obtain∫
− 2Z

H 2
gp

+dµ

= p
∫

gp−1
+

H 2−α
|∇g|2dµ − 2p

∫
gp−1

+

H 2
〈hij ,∇i g∇j H 〉dµ

+4
∫

gp
+

H 3
〈hij ,∇i H ∇j H 〉dµ + 2

∫
gp

+

H 4
|H ∇i hkl − ∇i H hkl |2dµ

+
∫ (

αp
gp

+

H 3−α
+ 2p(1 + η)

gp−1
+

H

)
〈∇g,∇H 〉dµ

−2
∫ (

gp+1
+

H 4−α
+ (2 +η)

gp
+

H 2

)
|∇H |2dµ.

Using repeatedly inequality (3.1) and the assumptionsα ∈ ]1, 2[ , η ∈ ]0, 1[ we
obtain
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− 2Z

H 2
gp

+dµ ≤ c0p
∫

gp−2
+ |∇g|2dµ

+4p(c0 + 1)
∫

gp−1
+

H
|∇H | |∇g|dµ

+4c2
0

∫
gp−1

+

H α
|∇H |2dµ + 2c0

∫
gp−1

+

H 2+α
|H ∇i hkl − ∇i H hkl |2dµ.

In addition we have, for anyβ > 0

2
gp−1

+

H
|∇H | |∇g| ≤ gp−2

+

β
|∇g|2 + β

gp
+

H 2
|∇H |2

≤ gp−2
+

β
|∇g|2 + c0β

gp−1
+

H α
|∇H |2.

The assertion follows from the above inequalities and from Lemma 3.2(i).ut
Proposition 3.6. Given η ∈ ]0, 1[ , there exist constants c5, c6 such that the
Lp(M) norm of(gσ,η)+ is a nonincreasing function of t for any p, σ such that

p ≥ c5, σ ≤ (c6p)−1/2.

Proof. Let c2, c3, c4 be as in Lemmas 3.4, 3.5. We recall that we assumed to
choose all these constants greater than 1. Suppose thatp, σ satisfy

p ≥ max
{

4, c2,
c3

2

}
, σ ≤ 1

c4

√
1

8c3p
.

If we setβ = 4c4σ, then

p2σc4

(
β +

1
β

)
=

p2

4
(β2 + 1) ≤ p2

4
+

p
2

≤ p(p − 1)
2

pσc4(1 + βp) ≤
√

p
8c3

(
1 +

√
2p
c3

)
≤ 2
√

p
8c3

√
2p
c3

=
p
c3

pσc4 ≤
√

p
8c3

≤ p.

Thus, by Lemma 3.5,

pσ

∫
|A|2gp

+dµ ≤ p(p − 1)
2

∫
gp−2

+ |∇g|2dµ +
p
c3

∫
gp−1

+

H 2−σ
|∇H |2dµ

+p
∫

gp−1
+

H 4−σ
|H ∇i hkl − ∇i H hkl |2dµ.

By Lemma 3.4 we conclude

d
dt

∫
gp

+dµ ≤ 0. ut
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Proof of Theorem 3.1.From theLp–estimate of the previous Proposition one can
derive a uniform bound on the supremum ofgσ,η with the procedure of [10,
Theorem 5.1]. We give a sketch of this method for the reader’s convenience.
Given anyk ≥ k0, where

k0 := sup
σ∈[0,1]

sup
M0

g,

we set

v = (gσ,η − k)p/2
+ , A(k, t) = {x ∈ Mt : v(x, t) > 0}.

Arguing as in the proof of Lemma 3.4 we obtain, forp large enough,

d
dt

∫
v2dµ +

∫
|∇v|2dµ ≤ c0σp

∫
A(k,t)

H 2gp
σ,ηdµ.(3.3)

On the other hand we have the following Sobolev–type inequality (see [15]) valid
for any Lipschitz function onMt :

(∫
v2qdµ

)1/q

≤ c7

∫
|∇v|2dµ + c7

(∫
A(k,t)

H ndµ

)2/n (∫
v2qdµ

)1/q

.

(3.4)

Here q = n/(n − 2) if n > 2 and an arbitrary number greater than 1 ifn = 2.
Now we observe that, if

p ≥ max{c5, 4n2c6}, σ ≤ (4c6p)−1/2

then we have ∫
Mt

H ngp
σ,ηdµ =

∫
Mt

gp
σ′,ηdµ

with

σ′ = σ +
n
p

≤ 1
2
√

c6p
+

1√
p

n√
p

≤ 1√
c6p

.

Thus, by Proposition 3.6,(∫
A(k,t)

H ndµ

)2/n

≤ k−2p/n

(∫
A(k,t)

H ngp
σ,ηdµ

)2/n

≤ k−2p/n

(∫
M0

gp
σ′,ηdµ

)2/n

(3.5)

≤
(

(1 + |M0|)k0

k

)2p/n

.

Thus, we can fixk1 > k0 large enough such that, for anyk ≥ k1 we may absorb
the last term in (3.4) and then exploit the|∇v| term in (3.3) to obtain

d
dt

∫
v2dµ +

1
c8

(∫
v2qdµ

)1/q

≤ c0σp
∫

A(k,t)
H 2gp

σ,ηdµ.(3.6)
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After a time integration and a computation involving the Hölder inequality and
the interpolation inequality forLp spaces (see [10] for details) we obtain, for any
r > 1,∫ T

0

∫
A(k,t)

vpdµ dt

≤ c9σp

(∫ T

0

∫
A(k,t)

dµ dt

)1+b−1/r (∫ T

0

∫
A(k,t)

H 2r gpr
σ,ηdµ dt

)1/r

,

where b = (q − 1)/(2q − 1). Let us now chooser large enough such that
γ := 1 + b − 1/r > 1. With an argument as in (3.5) we can estimate the second
factor on the right hand side providedp, σ−1 are larger than suitable constants
depending only onn, η, M0. Thus we find a constantc10 such that, for all
h > k ≥ k1,

|h − k|p
∫ T

0

∫
A(h,t)

dµ dt ≤
∫ T

0

∫
A(k,t)

vpdµ dt

≤ cp
10σp

(∫ T

0

∫
A(k,t)

dµ dt

)γ

for all h > k ≥ k1. By a well–known result (see e.g. [16, Lemma 4.1]) we
conclude ∫ T

0

∫
A(k,t)

dµ dt = 0, ∀ k > k1 + d1/p,

where

d = cp
10σp2pγ/(γ−1)

(∫ T

0

∫
A(k1,t)

dµ dt

)γ−1

.

Here we use the properties that the critical timeT is finite and that the area ofMt

decreases witht , which follow from (2.1) and Proposition 2.1(iii) respectively.
We obtain, by the definition ofA(k, t),

|A|2 ≤ (1 + η)H 2 + (k1 + d1/p)H 2−σ.

This implies that
|A|2 ≤ (1 + 2η)H 2 + Kη

for someKη depending only onη, n, M0. SettingCη = Kη/2 we conclude that
|A|2 − H 2 ≤ ηH 2 + Cη, which proves the theorem. ut

4 Asymptotic behaviour

We now apply the estimate of the previous section to study the asymptotic be-
haviour of our family of hypersurfaces near a singularity. It is customary to
divide the singularities in two classes, depending on the rate at which the curva-
ture becomes unbounded.
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Definition 4.1. We say that our surface develops a singularity oftype I (or a fast
singularity) as t → T if there exists a constantC > 0 such that

max
Mt

|A|2 ≤ C
T − t

(4.1)

Otherwise we say that the singularity is oftype II (or slow).

Remark 4.2.(i) By a comparison argument using the evolution equation for|A|2
(see Proposition 2.1(ii)) it is easily seen that maxMt |A|2 ≥ [2(T − t)]−1.
(ii) From inequality (2.5) and from the general propertyH 2 ≤ n|A|2 we deduce
that under our hypothesesH 2 and |A|2 have the same blow–up rate.

To study the shape of the surface near a singularity we define now a family
of rescaled flows. Since singularities of type I have already been classified in
[11], [12], we consider the case of type II singularities. Following an idea of
Hamilton [8], we choose a sequence{(xk , tk)} as follows. For any integerk ≥ 1
let tk ∈ [0, T − 1/k], xk ∈ M be such that

H 2(xk , tk)(T − 1
k

− tk) = max
t≤T−1/k

x∈M

H 2(x, t)(T − 1
k

− t).(4.2)

Furthermore we set

Lk = H (xk , tk), αk = −L2
ktk , ωk = L2

k(T − tk − 1/k).(4.3)

Lemma 4.3. If the singularity is of type II then we have, as k→ ∞,

tk → T, Lk → ∞, αk → −∞, ωk → ∞.

Proof. Let M > 0 be given. Since we are assuming that the singularity is of
type II (see also Remark 4.2(ii)) there existt̄ < T and x̄ ∈ M such that
H 2(x̄, t̄)(T − t̄) > 2M . For k large enough we have

t̄ < T − 1/k, H 2(x̄, t̄)(T − t̄ − 1/k) > M .

It follows

ωk = H 2(xk , tk)(T − tk − 1/k) ≥ H 2(x̄, t̄)(T − t̄ − 1/k) > M .

Since ωk is increasing andM > 0 is arbitrary, this proves thatωk → ∞.
Furthermore, it follows from the definitions that

ωk → ∞ ⇒ Lk → ∞ ⇒ tk → T, αk → −∞. ut
Now consider, for anyk ≥ 1, the family of surfacesMk,τ defined by the

immersions

Fk(·, τ ) = Lk(F (·, L−2
k τ + tk) − F (xk , tk)), τ ∈ [αk , ωk ].(4.4)

We denote byAk and Hk the second fundamental form and the mean curvature
associated with the immersionFk .
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Lemma 4.4. If the singularity is of type II then the rescaled immersions satisfy
the following properties:

(i) Fk(xk , 0) = 0, Hk(xk , 0) = 1;
(ii) for any η > 0 there exists Cη such that|Ak |2 ≤ (1 + η)H 2

k + CηL−2
k ;

(iii) for any ε > 0 and ω̄ > 0 there exists k0 such thatmaxHk(·, τ ) ≤ 1 + ε for
any k ≥ k0, τ ∈ [αk0, ω̄].

Proof. We have by the definition ofFk

Ak(x, τ ) = L−1
k A(x, L−2

k τ + tk).

From this we deduce (i) and (ii), by virtue of Theorem 3.1. In addition, our
choice of (xk , tk) implies

H 2
k (x, τ ) ≤ T − 1

k − tk
T − 1

k − tk − L2
kτ

=
ωk

ωk − τ

for any k andτ ∈ [αk , ωk [ . Sinceωk → ∞ we obtain (iii). ut
Theorem 4.5. Let Mt , t ∈ [0, T [ be a smooth solution of the mean curvature
flow (1.1)–(1.2), with n≥ 2. Assume that the initial manifoldM0 is compact
and of positive mean curvature, and that the flow develops a singularity of type II
as t → T . Then a subsequence of the flowsMk,τ converges smoothly to a mean

curvature flowM̃τ , defined forτ ∈ R. The mean curvaturẽH of the limit flow
satisfies0 < H̃ ≤ 1 and is equal to1 at least at one point. Furthermore, either
M̃τ has positive scalar curvature everywhere or (up to a rigid motion)̃Mτ =
R

n−1 × Γ τ , whereΓ τ is the “grim reaper” curve given by x= − ln cosy + τ .

Proof. The curvature bound in (iii) of the previous lemma implies analogous
bounds on the second fundamental form and all its covariant derivatives. Then
by standard methods, based on the Arzelà-Ascoli theorem, we can extract a
subsequence of theMk,τ converging uniformly on compact subsets ofR

n+1×R

to a limiting solutionM̃τ of the mean curvature flow, whose mean curvature
satisfiesH̃ ≤ 1. Since 0∈ Mk,0 for any k and Hk = 1 at that point, the
same holds for the limit flow. Being the limit of surfaces with positive mean
curvature, the limit flow has nonnegative mean curvature. But the maximum
principle implies thatH̃ is actually everywhere positive, since it satisfies the
equation in Proposition 2.1(i) and is not identically zero.

Furthermore, the estimate in Lemma 4.4(ii) implies that|Ã|2 ≤ H̃ 2. Again the
maximum principle, together with equation (2.4), implies that either|Ã|2 < H̃ 2

everywhere (i.e. the limiting surface has positive scalar curvature), or

|Ã|2 ≡ H̃ 2, |H̃ ∇i h̃kl − ∇i H̃ h̃kl |2 ≡ 0.

In the latter case, arguing as in [12, Theorem 5.1], we obtain that (up to rigid
motions)M̃τ = R

n−1 × Γτ , whereΓτ is a convex eternal solution to the mean
curvature flow in the plane, whose mean curvature assumes its maximum at at
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least one point. By Hamilton’s characterization of convex eternal solutions [9,
Theorem 1.3] we deduce thatΓτ is a translating soliton, and it is well known
that the only translating soliton in the plane is the grim reaper. ut
Remark 4.6.A similar procedure can be followed in the case of a surface devel-
oping a singularity of type I. In this case we choose a sequence{(xk , tk)} such
that tk → T and H (xk , tk) = maxM H (·, tk). Then we define the rescaled flows
as in (4.3)–(4.4). In this case we obtain convergence to a limit flow̃Mτ defined
in a maximal interval of the form ]− ∞, Ω[ for someΩ < +∞. The limit flow
has again nonnegative scalar curvature; however for singularities of type I this
property follows already from the selfsimilarity result in [11, Theorem 3.5] and
the classification in [12, Theorem 5.1].

For the two–dimensional case we now obtain a detailed description of possible
singular behaviour.

Corollary 4.7. Suppose Ft : M2 → R
3 is a smooth solution of (1.1)–(1.2)

compact and with positive mean curvature on the maximal time interval[0, T [.

(i) If the singularity for t → T is of type I, the only possible limiting flows
under the rescaling procedure (4.4) are the homothetically shrinking solutions
associated with S2, R × S1 and R × Γ , whereΓ is one of the selfsimilar
immersed curves introduced by Mullins [13] (see also Abresch–Langer [1]).

(ii) If the singularity is of type II, then the limiting flow is either a strictly convex
translating soliton or the translating solution given byR × Γ̄τ , whereΓ τ is
the “grim reaper” curve given by x= − ln cosy + τ .

Proof. The first part is a consequence of the results quoted in Remark 4.6. The
second part follows from Theorem 4.5 and Hamilton’s result [9] characterizing
convex eternal solutions, since forn = 2 positive scalar curvature is equivalent
to convexity.
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