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The magnetic field induced by a rotating mass-shell having at its center a stationary charged sphere
is calculated in the framework of linearized general relativity.

A well-known consequence of Einstein's theo-
ry of gravitation is the dragging of inertial
frames by rotating massive bodies. This was
first established by Thirring [1] in 1918. More
recently that topic has received further attention
from Bass and Pirani [2], Hénl and Maue [3],
Brill and Cohen [4]. and others. It is to be noted
that the dragging effect is not necessarily always
small: if pulsars are rotating neutron stars. as
suspected, then inertial frames at their surface
are dragged around several times per sec [5].

Thirring's particular investigation concerned
the gravitational field inside a massive rotating
shell in an otherwise empty and asymptotically
flat universe. Part of the motivation stemmed
from what Einstein had termed 'Mach's princi-
ple', according to which a gravitational theory
should be so constructed that the same conse-
quences result from assuming. for example,
that a certain system is rotating within a fixed
universe, or that the universe is rotating
around that same system at rest. Thus the ro-
tation of the universe relative to the earth would
gravitationally cause the Coriolis and centrifugal
fields experienced by observers on earth. By
extension, one might expect the field inside a
large rotating mass-shell to have Coriolis and
centrifugal features. And this, indeed. was
Thirring's finding.

Analogously, one of us conjectured [6] that an
electrically charged stationary shell inside the
rotating shell would be surrounded by a magnetic
field. This conjecture poses a well-definable
problem in general relativity. which we have
solved in the linear approximation. It might be
called the 'electromagnetic Thirring problem':

given an asymptotically flat space-time whose
only content is a charged spherical shell sur-
rounded by a neutral massive shell, the first at
rest and the second uniformly rotating relative
to infinity, to find the resulting magnetic field.

A similar problem but with a central point-
charge in place of our spherically extended
charge has been solved by Hofmann {7] (correct-
ly) and by Dehnen [8] (incorrectly). It would ap-
pear to have no direct Machian significance.

Our method was the standard perturbation
procedure. Let G = gravitational constant, @ =
electric charge on the inner shell, a = its radius,
M = mass of the outer shell, R = its radius, w =
its angular velocity. We imagine a family of so-
lutions of the coupled Einstein-Maxwell field
equations, depending analytically on the param-
eters G and w, for fixed values of @, M, a, R.
We compute the equations governing the gravi-
tational field and the sources, to first order in G
and second order in w. We follow Honl and
Maue [3] in assuming the outer shell to be
stressed only tangentially along the parallels of
latitude, and to have spherical shape and uni-
form proper density when in motion. The per-
turbation of the gravitational field (metric) then
turns out to be the superposition of the Thirring
field (as corrected by Honl and Maue for the
stress in the shell) and the linearized Reissner-
Nordstrom metric [9]. suitably continued into
the interior of the charged shell. The latter is
assumed to carry Poincaré stress to balance its
Coulomb repulsion, but no 'material’ mass. The
zero-order electromagnetic field is the ordinary
Coulomb field of the static charged sphere. The
perturbed electromagnetic field is found to con-
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Fig. 1. Field lines of the components B (full) and B'

(stippled) of the magnetic field induced by a rotating

mass-shell on the Coulomb field of an enclosed con-
centric stationary charged shell,

sist of an electrostatic part of lesser immediate
interest, and a magnetic part which may con-
veniently be divided into two components B and
B' corresponding to two distinct source terms.
Writing r for the position vector from the com-
mon center of the two shells, and using Gaussian
units and dimensions, we obtain

$Qa e’ (r=a,
c B=
Qa2[(w"r) v r-3r-83w]. (- a),

where @' = 4GMw/3Rc2; this @' is the
'"Thirring’ angular velocity., which has the fol-
lowing significance: in a frame rotating at angu-
lar velocity w' the Coriolis field vanishes
everywhere inside the massive shell. (In fact,

in the Thirring problem the metric is flat inside
that shell to first order in w. and @' is the an-
gular velocity of the central inertial frame rela-
tive to infinity.) For the other component, B',
we find

1or 10y, (r - R).
cB' =

3QRY(w" r)(r-3-Rr-8)r-1(-3-3Rr4) '],

(r > R).
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The field B is precisely the magnetic field of
a uniformly charged shell of total charge @ and
radius «a rotating at angular velocity w': outside
the shell it is a dipole field and inside it is ho-
mogeneous. This, of course, is just the field
expected on Machian grounds, given the Thirring
effect. The field B' is physically less obvious.
Its sources are circular currents whose axes
coincide with w, and which fill the exterior of
the rotating shell. B' is homogeneous inside that
shell, and outside of it the leading terms (those
falling off like »~3) constitute a dipole field of
moment QR2 w'/c. (For 2 - 3R2 this field is
identical with that of a charged shell of radius
V3R and total charge @ rotating with the
Thirring velocity w'.) Inside and near the
charged shell B dominates B' by a factor ~R/a.
The field B’ was already obtained by Hofmann
[7]. Since B vanishes in the limita - 0, B'is
the correct solution for a point-charge.

Unfortunately the effect discussed here seems
to be many orders of magnitude too small to be
measured in the laboratory.

Details and other consequences will be pub-
lished elsewhere.
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