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MULTI-LINEAR FORMULATION
OF DIFFERENTIAL GEOMETRY
AND MATRIX REGULARIZATIONS

JOAKIM ARNLIND, JENS HOPPE & GERHARD HUISKEN

Abstract

We prove that many aspects of the differential geometry of
embedded Riemannian manifolds can be formulated in terms of
multi-linear algebraic structures on the space of smooth functions.
In particular, we find algebraic expressions for Weingarten’s for-
mula, the Ricci curvature, and the Codazzi-Mainardi equations.

For matrix analogues of embedded surfaces, we define discrete
curvatures and Euler characteristics, and a non-commutative Gauss—
Bonnet theorem is shown to follow. We derive simple expressions
for the discrete Gauss curvature in terms of matrices representing
the embedding coordinates, and explicit examples are provided.
Furthermore, we illustrate the fact that techniques from differen-
tial geometry can carry over to matrix analogues by proving that
a bound on the discrete Gauss curvature implies a bound on the
eigenvalues of the discrete Laplace operator.

1. Introduction

It is generally interesting to study in what ways information about the
geometry of a differentiable manifold ¥ can be extracted as algebraic
properties of the algebra of smooth functions C*°(X). In case X is a
Poisson manifold, this algebra has a second (apart from the commutative
multiplication of functions) bilinear (non-associative) algebra structure,
the Poisson bracket. The bracket is compatible with the commutative
multiplication via Leibniz rule, thus carrying the basic properties of a
derivation.

On a surface ¥, with local coordinates u!' and w2, one can define

1 <8f oh  Oh af>

Uitk =2\ aui o ~ au o

where ¢ is the determinant of the induced metric tensor, and one readily
checks that (C°°(X),{-,-}) is a Poisson algebra. Having only this very
particular combination of derivatives at hand, it seems at first unlikely
that one can encode geometric information of ¥ in Poisson algebraic
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expressions. Surprisingly, it turns out that many differential geometric
quantities can be computed in a completely algebraic way, cp. Theorem
3.7 and Theorem 3.17. For instance, the Gaussian curvature of a surface
embedded in R™ can be written as

m
1 .
K= 3 (Gl ey et
(1.1) Jikl=1
1 . .
- ) e o ')
where z(u!,u?) are the embedding coordinates of the surface.
For a general n-dimensional manifold ¥, we are led to consider Nambu

brackets [11], i.e. multi-linear alternating n-ary maps from C°(3) x
<o X C®(X) to C*°(X), defined by

(oo fud = e (00 1) - (B f)-

In the case of surfaces, our initial motivation for studying the prob-
lem came from matrix regularizations of Membrane Theory (cp. [7]).
Classical solutions in Membrane Theory are 3-manifolds with vanish-
ing mean curvature in R%%. Considering one of the coordinates to be
time, the problem can also be formulated in a dynamical way as surfaces
sweeping out volumes of vanishing mean curvature. In this context, a
regularization was introduced replacing the infinite dimensional func-
tion algebra on the surface by an algebra of N x N matrices [7]. If we
let T, be a linear map from smooth functions to hermitian N, x N,
matrices, the main properties of the regularization are

Jim [|To(f)Ta(9) = Ta(f9)l] = 0,

lim
a—o0 || thy

i Tl T = Tu( (£ | =

where h, is a real valued function tending to zero as N, — oo (see
Section 4 for details), and therefore it is natural to regularize the sys-
tem by replacing (commutative) multiplication of functions by (non-
commutative) multiplication of matrices and Poisson brackets of func-
tions by commutators of matrices.

Although we may very well consider Ta(%), its relation to T, (f) is
in general not simple. However, the particular combination of deriva-
tives in T, ({f, h}) is expressed in terms of a commutator of T, (f) and
T, (h). In the context of Membrane Theory, it is desirable to have geo-
metrical quantities in a form that can easily be regularized, which is the
case for any expression constructed out of multiplications and Poisson
brackets. For instance, solving the equations of motion for the regu-
larized membrane gives sequences of matrices that correspond to the
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embedding coordinates of the surface. Since the set of solutions con-
tains regularizations of surfaces of arbitrary topology, one would like to
be able to compute the genus corresponding to particular solutions. The
regularized form of (1.1) provides a way of resolving this problem.

The paper is organized as follows: In Section 2 we introduce the rele-
vant notation by recalling some basic facts about submanifolds. In Sec-
tion 3 we formulate several basic differential geometric objects in terms
of Nambu brackets, and in Section 3.1 we provide a construction of a
set of orthonormal basis vectors of the normal space. Section 3.2 is de-
voted to the study of the Codazzi-Mainardi equations and how one can
rewrite them in terms of Nambu brackets. In Section 3.4 we study the
particular case of surfaces, for which many of the introduced formulas
and concepts are particularly nice and in which case one can construct
the complex structure in terms of Poisson brackets.

In the second part of the paper, starting with Section 4, we study
the implications of our results for matrix regularizations of compact
surfaces. In particular, a discrete version of the Gauss-Bonnet theorem
is derived in Section 4.1, and a proof that the discrete Gauss curvature
bounds the eigenvalues of the discrete Laplacian is found in Section 4.4.
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des Hautes Etudes Scientifiques for hospitality and H. Shimada for dis-
cussions on matrix approximations, while J.H. would like to thank M.
Bordemann and S.-T. Yau, as well as J. Goldstone for his insights con-
cerning membrane theory and its matrix regularization, 30 years ago.

2. Preliminaries

To introduce the relevant notations, we shall recall some basic facts
about submanifolds, in particular Gauss’ and Weingarten’s equations
(see e.g. [9, 10] for details). For n > 2, let ¥ be an n-dimensional mani-
fold embedded in a Riemannian manifold M with dim M =n+p = m.
Local coordinates on M will be denoted by z!,...,z™, local coordi-
nates on ¥ by u!, ..., u", and we regard z!,..., 2™ as being functions
of u',...,u" providing the embedding of ¥ in M. The metric tensor
on M is denoted by g;; and the induced metric on ¥ by gg; indices
i,7,k,l,n run from 1 to m, indices a,b,c,d,p,q run from 1 to n, and
indices A, B,C, D run from 1 to p. Furthermore, the covariant deriva-
tive and the Christoffel symbols in M will be denoted by V and f;k
respectively.

The tangent space T'Y is regarded as a subspace of the tangent space
TM and at each point of ¥ one can choose e, = (&lxi)@i as basis vectors
in T3, and in this basis we define g, = g(eq, €p). Moreover, we choose a
set of normal vectors Ny, for A =1,...,p, such that g(Na, Ng) = 04
and G(N4,e,) = 0.
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The formulas of Gauss and Weingarten split the covariant derivative
in M into tangential and normal components as

(2.1) VxY =VxY +a(X,Y)
(2.2) VxNy = —Wa(X)+ DxNy
where X,Y € TY and VxY, Wy(X) € TY and o(X,Y), DxN4 €

T+, By expanding o(X,Y) in the basis {Ny,...,N,}, one can write
(2.1) as

p
(2.3) vxy:VXY—l-ZhA(X,Y)NA,
A=1

and we set hg qp = ha(eq, ep). From the above equations one derives the
relation

(2.4) haa = —g(€a, VoNa),
as well as Weingarten’s equation

which implies that (Wa)f = g*“ha b, where ¢ denotes the inverse of

Gab-
From formulas (2.1) and (2.2) one obtains Gauss’ equation, i.e. an

expression for the curvature R of ¥ in terms of the curvature R of M,
as
g(R(X7 Y)Za V) = g(R(X7 Y)Z7 V) - g(Oé(X, Z)7 Oé(Y, V))

(2.6) +g(alY, Z),a(X,V)),

where X, Y, Z, V € TX. As we shall later on consider the Ricci curvature,
let us note that (2.6) implies

(27) R = "9 G(Rlce ea)ensea) + D [(Wa)a(Wa)l — (WA
A=1

where R is the Ricci curvature of 3 considered as a map T — TX. We
also recall the mean curvature vector, defined as

1 p
(238) LA
A=1

3

3. Nambu bracket formulation

In this section we will prove that one can express many aspects of the
differential geometry of an embedded manifold ¥ in terms of a Nambu
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bracket introduced on C*°(X). Let p : ¥ — R be an arbitrary non-
vanishing density and define

(3.1) (oo} = % (ar f1) -+ (Dun f)

for all fi,...,fn, € C®(X), where €% is the totally antisymmetric
Levi-Civita symbol with !?*™ = 1. Together with this multi-linear map,
Y is a Nambu-Poisson manifold.

The above Nambu bracket arises from the choice of a volume form

on Y. Namely, let w be a volume form and define {f1,..., f,} via the
formula
(3.2) {fl,...,fn}w:dfl/\---/\dfn.
Writing w = pdu' A --- A du™ in local coordinates, and evaluating both
sides of (3.2) on the tangent vectors 9,1, ..., Oyn gives
1 8(f177fn) 1
vy fot = —det | ==L ) = —®¥ (9, < Qg fn).
R A b i) IR CA R CI

To define the objects which we will consider, it is convenient to introduce

some notation. Let o' (u', ..., u"),...,2™(u',... , u") be the embedding

coordinates of ¥ into M, and let n%(ul, ...,u") denote the components

of the orthonormal vectors N4, normal to T3. Using multi-indices I =
i1 ip_1and d=aq - - a,_1, we define

{fﬁfl} = {f, 2", 2™, ...z}
{f,ﬁﬁ} = {f,nfi,nfz, . ,nfj{fl},
together with
0:7! = (&llzpil) (8@:17"2) (8%71:17"”*1)
- N\ — 1 — i — by —
(Vaiia)' = (VayNa)" (VauNa)? -+ (Va,_ Na)™
917 = Girjy Jings " Fim—1jn
3¢ = Yaic19azca " Gan—_1cn_1-

We now introduce the main objects of our study

33 P = sl 3} = s (o) (007)
(3.4) S = ((;1_)71)' ﬁ(aaxi) (Vaiia)’
(3.5) Ty = %%(a@»ﬂ) (ValNa)’



6 J. ARNLIND, J. HOPPE & G. HUISKEN

from which we construct

(3.6) (Pz)ik = PP g,
(3.7) (Ba)™ =P (Ta)"*5,,
(3.8) (SaT)™ = (80 (Ta) g1,

By lowering the second index with the metric g, we will also consider
P2 Ba, and TaS4 as maps TM — TM. Note that both Sy and T4 can
be written in terms of Nambu brackets, e.g.

. _1)n : .
Ti = [+ (& 2y Ty

Let us now investigate some properties of the maps defined above. As
it will appear frequently, we define

g
(3.9) v VI
p
It is useful to note that (cp. Proposition 3.3)

m
1 _ i oI - .
72: Z ﬁgij{xlv‘f[}gIJ{:EJ’xJ},
i, 0,J=1""

and to recall the cofactor expansion of the inverse of a matrix:

Lemma 3.1. Let ¢g* denote the inverse of ga and g = det(gap).
Then

1

(3'10) ggba = mgaalman71Ebblmbnilgmhgazbz “9an_1bpo1-

Proposition 3.2. For X € T M it holds that

(3.11) PAX) = +%5(X, ea)g“beb
(3.12) Ba(X) = —7*G(X,VaNa)g®ey
(3.13) SATA(X) = 7*(det Wa)g(X, VoNa)hYes,

and for' Y € TY one obtains

(3.14) PAY) =~2%Y

(3.15) Ba(Y) = y*Wa(Y)

(3.16) SATa(Y) = —~*(det Wa)Y.
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Proof. Let us provide a proof for equations (3.11) and (3.14); the

other formulas can be proved analogously.
PHX) = PP g5, X0

Ead’gcé' ; s ) N N

= p2(n—1)! (E?aa; )(8595 )(acxj) (3533 )nggij 0;

€a6605

= e
= 729" (0a2") (0ca?) §;u X*0; = v*g(X, ec)g™€a.

Choosing a tangent vector Y = Y¢e, gives immediately that P?(Y) =
VY. q.e.d.

0az') (0c27) g5 X" 0;

For a map B : TM — TM we denote the trace by Tr B = B! and for a
map W : T — TY we denote the trace by tr W = W¢2.

Proposition 3.3. It holds that

1
(3.17) ;ﬁﬁ=$
(3.18) TrBs =2 tr Wy
1
(3.19) ;ﬂ&n=—$@mwy
REMARK 3.4. For a hypersurface (with normal N = n‘d;) in R
’il in . .
(3.20) det W = (—1)" {z", .., Hng, ..o n, )
{ahr,. . ok oy, .. xp, }
1 . .
= %Ellmlnl{nil, ce. ,mn}m,

the signed ratio of infinitesimal volumes swept out on S™ (by N), resp.
Y (which can easily be obtained directly by simply writing out the
determinant of the second fundamental form, h = det(—38,2'9yn;)); in
fact, all the symmetric functions of the principal curvatures are related
to ratios of products of two Nambu brackets (cp. the paragraph after
Proposition 3.11). Namely, the k’th symmetric curvature is given by

ettt Ny N Ty Ty )
{xhr, o xbn g, . Tk, }
A direct consequence of Propositions 3.2 and 3.3 is that one can write

the projection onto T, as well as the mean curvature vector, in terms
of Nambu brackets.

(3.21) (1)

Proposition 3.5. The map

22 —2p2_ " _p2.orp Ty
(3.22) v P Tr7?2p —
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s the orthogonal projection of TM onto TY. Furthermore, the mean
curvature vector can be written as

1
H= TrPQAZ_:l TrBA

Proposition 3.2 tells us that 7 28B4 equals the Weingarten map Wy,
when restricted to T>. What is the geometrical meaning of B4 acting
on a normal vector? It turns out that the maps B4 also provide informa-
tion about the covariant derivative in the normal space. If one defines
(Dx)ap through

p
DxNa= Y (Dx)asNp
B=1

for X € T3, then one can prove the following relation to the maps B4.
Proposition 3.6. For X € T3 it holds that
(3.23) §(B(Na), X) =v*(Dx) 45

Proof. For a vector X = X%¢,, it follows from Weingarten’s formula
(2.2) that

(Dx)ap = g§(VxNa,Ng).
On the other hand, with the formula from Proposition 3.2, one computes
3(B(Na), X) = =72G(Na, VaNB) g 90 X = —7*3(Na, Vx Np)
= —*(Dx)Ba = 7*(Dx)aB-

The last equality is due to the fact that D is a covariant derivative, which
implies that 0 = Dx§(Na,Ng) = g(DxNa, Ng)+3G(Na, DxNp). q.e.d.

Thus, one can write Weingarten’s formula as

(3.24) VIV x Ny = —Ba(X Z (Bs(Na),X)Ng,
B=1
and since ha(X,Y) = 772G(Ba(X),Y), Gauss’ formula becomes
_ 1 &
(3.25) VxY =VxY + 72 > g(B Y)Na.

Let us now turn our attention to the curvature of 3. Since Nambu brack-
ets involve sums over all vectors in the basis of T, one can not expect
to find expressions for quantities that involve a choice of tangent plane,
e.g. the sectional curvature (unless ¥ is a surface). However, it turns
out that one can write the Ricci curvature as an expression involving
Nambu brackets.
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Theorem 3.7. Let R be the Ricci curvature of X, considered as a
map TY — T, and let R denote the scalar curvature. For any X € T,
it holds that
12
=2 (T Ba)BA(X) — BA(X)

1 7 m 5 i
R(X) = 5 (P?) (P2)™ Rija X7 0 + .
A=1

1 ik il 1 &
R= g(m) (P2 Rijia + = > [(TrBA)2 _ TrBi},
A=1
where R is the curvature tensor of M.
Proof. The Ricci curvature of ¥ is defined as
Ry = g“cgpdg(R(ec, €d)€b; €q)

and from Gauss’ equation (2.6) it follows that

RY = g"'9°g(R(ec, eq)ep, ea) + g g Z (hA bahAac — hapcha ad>
A=t

Since (Wa)f = g“*“ha,ch, one obtains

P
RE = g"°g"5(Rlec, ea)en,ea) + D [ (0 Wa) (Wa)h — (W3],
A=1
and as BA(X) = y2W4(X) for any X € T, and Tr B4 = 72 tr Wy, one
has
1 < )
=2 [(TrBa)Ba(X)-B4(X)].

R(X) = g"¢"G(R(ec, ea)ep, €a) X” eer7
A

By expanding the first term as
g® gdebR,Jkl (aazn ) (abznj) (acxk) (8d:nl) (8pxm)8m
€pp€ gﬁﬁgaaeccgag B ) )
- X R 00') (017) (0:4%) 0’ (9™

== (P ()" R0,

one obtains the desired result. q.e.d.

3.1. Construction of normal vectors. The results in Section 3 in-
volve Nambu brackets of the embedding coordinates and the compo-
nents of the normal vectors. In this section we will prove that one can
replace sums over normal vectors by sums of Nambu brackets of the
embedding coordinates, thus providing expressions that do not involve
normal vectors.

It will be convenient to introduce yet another multi-index; namely,
we let o = @1 ...4,—1 consist of p— 1 indices all taking values between 1
and m.
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Proposition 3.8. For any value of the multi-index «, the vector

1 .
(326) Za = gngkl---kna{xkly A ,xk”}@,
y(ny/(p— 1))
where €;,...i,, is the Levi-Civita tensor of M, is normal to TX, i.e.
§(Zo,eq) = 0 for a = 1,2,...,n. For hypersurfaces (p = 1), equation
(3.26) defines a unique normal vector of unit length.

Proof. To prove that Z, are normal vectors, one simply notes that

(! (p = 1)) §(Zas ea) =

%Ealmanajkynkna(aaxj)(6@1xk1)---(6gnxk”):: 0,

since the n + 1 indices a,aq, ..., a, can only take on n different values
and since (0,27) (04, 7%1) -+ - (9a, ") is contracted with €;k,...k, o Which
is completely antisymmetric in j, k1, ..., k,. Let us now calculate | Z|? =
G(Z,Z) when p = 1. Using that!

gill"'ln _ 5[11 “'5ln}

Ciky---kn k1 k]
one obtains
1 .
2 _ Iyl £k L A
|Z| ’72n'29l1l "'glnl’n‘gik1mkn611 {x Y }{$ 1 y L }
1 _ l ) k kn gl I
= Jzapint "'gznl;ﬁ%kll "'5;@,}}@ Leesam e, o)
L . _ I v
_’Yn'{xl n}glll/...glnl{n{x17”’7xn}
1
= =3 n|(n—1)'Tr732 " m(n—l)'ny =1,
which proves that Z has unit length. q.e.d.

If the codimension is greater than one, Z,, defines more than p non-zero
normal vectors that do not in general fulfill any orthonormality condi-
tions. In principle, one can now apply the Gram-Schmidt orthonormal-
ization procedure to obtain a set of p orthonormal vectors. However,
it turns out that one can use Z, to construct another set of normal
vectors, avoiding explicit use of the Gram-Schmidt procedure; namely,
introduce

25 = 9(Za, 2°),
and consider it as a matrix over multi-indices a and . As such, the

matrix is symmetric (with respect to Jop = Jirjy** Gip_1jp- ,) and we

n our convention, no combinatorial factor is included in the anti-symmetrization;
for instance, 6[[;613]] = 0L6] — 5161
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let E,”, 1o denote orthonormal eigenvectors (i.e. g&,EgEg = 0qp) and
their corresponding eigenvalues. Using these eigenvectors to define

Ny = EQZB,
one finds that g’(Nw Ng) = [la0ag, i.e. the vectors are orthogonal.
Proposition 3.9. For zh = g’ingZjﬁ it holds that
(3.27) zizf = 28

«

(3.28) Z8 =np.

Proof. Both statements can be easily proved once one has the follow-
ing result:
y 1 .
(3.29) ZL7* = gt — ¥(7ﬂ)”,
which is obtained by using that

€kk1~nkna€”1 ln g (p — 1)' <5[[k‘5§€11 M 51@7}]) .

Formula (3.28) is now immediate, and to obtain (3.27) one notes that
since Z, € TS, it holds that P?(Z,) = 0, due to the fact that P? is
proportional to the projection onto T'X. q.e.d.

From Proposition 3.9 it follows that an eigenvalue of Z is either 0 or 1,
which implies that N, = 0 or g(Na,Na) = 1, and that the number of
non-zero vectors is Tr Z = Z§ = p. Hence, the p non-zero vectors among
N, constitute an orthonormal basis of T ¥+ and it follows that one can
replace any sum over normal vectors N4 by a sum over the multi-index
of N,. As an example, let us work out some explicit expressions in the
case when M = R™,

Proposition 3.10. Assume that M = R™ and that all repeated in-
dices are summed over. For any X € TY., one has

. 1 . . .
(TrBa)Ba(X) = ST {ad, &7}, & o, & xF, 2}

2 (1)
> B = gt H e H ) )
A=1 )
Z (TrBA)Ni‘ = %Hik{{xk,f}’ﬂ}

e — i _ % (Pz)ij

1s the projection onto the mormal space.
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Proof. Let us prove the first formula; the other formulas can be proven
analogously. One rewrites

1 o

oy e el
1 . ) )

= 7'271{471]2{9?‘], {27, f‘]}}{x’, fl}{fl, Xk}

(n—1)

since nf;‘{xj,f‘]} = nf X* = 0, due to the fact that N4 is a normal

(TrBa)Ba(X)' =

vector. By replacing nféxn’jx with N&Nﬁ and using the fact that

o | 1, onij
NN} =69 — —(P*)",
v
one obtains

(Tr Ba)Ba(X)i = ﬁnﬂﬂ{{xi,fJ},fJ}{xi,ff}{X’f,ff}.

q.e.d.

For hypersurfaces in R"*!, the “Theorema Egregium” states that the
determinant of the Weingarten map, i.e. the “Gaussian curvature,” is an
invariant (up to a sign when ¥ is odd-dimensional) under isometries (this
is in fact also true for hypersurfaces in a manifold of constant sectional
curvature). From Proposition 3.3 we know that one can express det W4
in terms of Tr S4T4.

Proposition 3.11. Let ¥ be a hypersurface in R"! and let W denote
the Weingarten map with respect to the unit normal

1 .. ~
Z = Wgwffij{iEkaiEK}-

Then one can write det W as

1

det W = _’Y(’Yn')n—i_l § :EilLEjllel k1K1

X {xi, {xkl,le}, R {azk"*l,fK"*l}}{fJ, {xl, aE'L}}

In fact, one can express all the elementary symmetric functions of the
principle curvatures in terms of Nambu brackets as follows: The ele-
mentary symmetric functions of the eigenvalues of W are given (up to a
sign) as the coefficients of the polynomial det(WW —¢1). Since B(X) =0
for all X € TS+ and B(X) = ?W(X) for all X € T, it holds that

—tdet(W —t1,) = det(y 2B — t1,41) = det(B — tv*1,11),

~A2(nt1)

which implies that the coefficient of t* in det(W — t1) is given by the
coefficient of tF+1 in — det(B — t721)72("—k)_
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3.2. The Codazzi-Mainardi equations. When studying the geom-
etry of embedded manifolds, the Codazzi-Mainardi equations are very
useful. In this section we reformulate these equations in terms of Nambu
brackets.

The Codazzi-Mainardi equations express the normal component of

R(X,Y)Z in terms of the second fundamental forms; namely
J(R(X,Y)Z,Na) = (Vxha)(Y,Z) = (Vyha)(X, 2)

(3.30) n Z [g(DXNB,NA)hB(Ya Z)—g(DyNp,Na)hp(X,Z)|,
B=1

for X,Y,Z € T and A =1,...,p. Defining
WaA(X,Y) = (VxWa)(Y) = (VyWa)(X)
(3.31) P B
+> [Q(DXNBaNA)WB(Y) — §(Dy Np, Na)Wp(X)|,
B=1
one can rewrite the Codazzi-Mainardi equations as follows.

Proposition 3.12. Let IT denote the projection onto TS+. Then the
Codazzi-Mainardi equations are equivalent to

(3.32) Wa(X,Y) = —(1—H)(R(X,Y)NA)
for XY e TY and A=1,...,p.

Proof. Since ha(X,Y) = g(Wa(X),Y) (by Weingarten’s equation)
one can rewrite (3.30) as

(3.33) gWa(X,Y),Z) = g(R(X,Y)Z,Na),

and since §(R(X,Y)Z,N4) = —g(R(X,Y )Ny, Z), this becomes

(3.34) gWa(X,Y) + R(X,Y)Ny4, Z) = 0.

That this holds for all Z € T'Y is equivalent to saying that

(3.35) (1—-I)(Wa(X,Y)+ R(X,Y)N4) =0,

from which (3.32) follows since W4 (X,Y) € TX. q.e.d.

Note that since y~2P? is the projection onto TS, one can write (3.32)
as

(3.36) VPWa(X,Y) = —P*(R(X,Y)Na).

Since both W4 and Dx can be expressed in terms of 54, one obtains
the following expression for Wu:
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Proposition 3.13. For X,Y € T one has
PWa(X,Y) = (VxBa)(Y) — (VyBa)(X)
- S [(Tx?)BAY) — (Vy)Ba()]

Q

iZ[ Ba(NB), )BB(Y)—g(BA(NB),Y)BB(X)]

2
B=1

As the aim is to express the Codazzi-Mainardi equations in terms of
Nambu brackets, we will introduce maps C4 that are defined in terms
of W4 and can be written as expressions involving Nambu brackets.

Definition 3.14. The maps C4 : C®°(X) x --- x C®(X) — T are
defined as
1
Calfi,- s fa2) = §€“bal"'an’2WA(€a,Eb)(aalfl) - (Qap_p fr—2)

for A=1,...,pand n > 3. When n = 2, C4 is defined as

1
Ca = %EabWA(ea,eb).

Proposition 3.15. Let {g1,92}¢r = {91,92, f1,--., fu—2}. Then
C s fre) =3 2(BA)L, 2R
alf fn—2) {7 (Ba)i, }f
1 j =i i T
+ ? {:EJ’:El}f |: ]k(BA)f — (BA)krfl]

1
_2

ﬁvmﬁ

[{nA, l} (Bp)i +Tf {a',2 }an(BB);'n](nB)k_

REMARK 3.16. In case X is a hypersurface, the expression for C = C;
simplifies to

Clfrreees faa)' = {7—23,1,:g’f}f + % {xj,:pl}f TiBt = BiTY,
since Dx N = 0.

It follows from Proposition 3.12 that we can reformulate the Codazzi-
Mainardi equations in terms of Ca:

Theorem 3.17. For all f,..., fn—2 € C®(X), it holds that
(3.37)

72CA(fl7 s 7fn—2) = (P2); {xkaf\]]g]/}f - {xijl} Plj’rj ] '/@-,

fOTA = 17 » D, where {91792}f = {917927f17"' 7fn—2}-
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Proof. As noted previously, one can write the Codazzi-Mainardi equa-
tions as
VPWa(X,Y) = —P*(R(X,Y)Na).

That the above equation holds for all X,Y € T'X is equivalent to saying
that

1 _
72%6“17“1"'“"*21/\/,4(6@, ep) = —2—p6“bal"'“"*2772 (R(ea, eb)NA)
for all values of ay,...,an—2 € {1,...,n}; furthermore, this is equivalent
to

VCalfis s fu2) =

1 _
- %E“bal'"a”*”’z (R(eareb)Na)(Oay f1) -+ (Bap_s fr—2)

for all f1,..., fn—2 € C°(X). It is now straightforward to show that

1 _ .
_%Eabm an—1 (R(ea7 eb)NA)Z(aal fl) - (aanfzfn—2)
= (ta". 1) — {a.a'} TRTL )0
which proves the statement. q.e.d.

If M is a space of constant curvature (in which case g(R(X,Y)Z, N4) =
0), then Theorem 3.17 states that

(3.38) Calfiy- s foo2) =0

for all fi,..., fn—2a € C®°(X). Furthermore, if M = R™, then (3.37)
becomes

339 {0t} -3 [{rhr') )]s =0

B=1

3.3. Covariant derivatives. Equation (3.25) tells us that knowing
VxY, for X,Y € TY, one can compute VxY through the formula

VXY:vXY— Z (Ba(X),Y)Na,

which requires explicit knowledge about the normal vectors. Are there
other quantities involving V that can be computed solely in terms of
the embedding coordinates? We will now show that the two derivations

. D'(u E; u, 7!
(3.40) (1) = o )

(3.41) Di(u) = gIJDI(xi)DJ(u)

can be considered as analogues of covariant derivatives on . Their in-
dices are lowered by the ambient metric g;;. Let us start by showing



16 J. ARNLIND, J. HOPPE & G. HUISKEN

that several standard formulas involving covariant derivatives with con-
tracted indices also hold for our newly defined derivations.

Proposition 3.18. For u,v € C*°(X) it holds that

(3.42) Vu = D'(u)d; = Dr(u) D! (z%)0;

(3.43) 9(Vu, Vo) = Di(u)D'(v) = Di(u)D! (v)

(3.44) A(u) = D;D'(u) = DrD! (u)

(3.45) |V2u|?* = D;D¥ (u)D; D' (u) = DrD’ (u)D ;D! (u)

Proof. The most convenient way of proving the above identities is
to work in a coordinate system where u',...,u" are normal coordi-
nates. In particular, this implies that I'y, = 0, which is equivalent to
gij(&lxi)@gcwj = 0. Let us now prove formula (3.45) for the operators
DT

Let us first note that in normal coordinates one obtains

IV2ul® = (Vo Vou) (Ve Vau) g™ g™ = g*g" (02u) (02u).
We now compute

D1D” () Dy D' (u) =
1 1y, =Jy =K\ = 1y, =l =L\~
72(71_1)!2{/7 {u,x }7:17 }gKI{/V {’LL,:E }7517 }gLJ_
980, (ePP(Opu) (9527)) (075
g*(n—1)1?

Grc16%0: (e71(0yu) (0527)) (02" 31,5

The terms involving aaaﬁa?’ and 868[;:17] vanish since they appear in com-
binations such as (9,052 )(0z8%)g;,; which is zero due to the presence
of a normal coordinate system. Thus,

1 ad qq p_cC
DD (u)D D" (u) = P —1)E" €M gage" e g (Opu) (024u)
= g¥gP°© (agpu) (862qu) = |V2u|2.
The other formulas can be proved analogously. q.e.d.

By definition, the curvature tensor of 3 arises when one commutes two
covariant derivatives. In light of Theorem 3.7, one may ask if there is a
similar Nambu bracket relation which gives rise to the Ricci curvature.
A particular example that introduces curvature is the following:

(3.46) (Vo) V,VVou = (V) V, Vo Vou — g(R(Vu), Vu).

Since (V*u)V,VVlu = g(Vu, VAu), it follows from Proposition 3.18
that one can write it as

(347) (VU V,VpVPu = D;(u)D'D;D? (u) = Dr(u)D! Dy D’ (u),
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and the term in (3.46) involving the Ricci curvature is written in terms
of Nambu brackets through Theorem 3.7. Using the relation

(3.48) A([Vul?) = 2(VU) VPV, Vyu + 2|V2u|?
and (3.45), one obtains
(Vou) VPV, Vyu = %Dﬂ)i (Dj(w)D? (u)) — D; D! (u)D; D' (u)
= D;(u)D'D;D*(u) + [D;, D?](u)D;D? (u),

where [D?, D7] denotes the commutator with respect to composition of
operators. Thus, we arrive at the following result:

Proposition 3.19. Let R be the Ricci curvature of ¥ and let u €
C*®(X). Then it holds that

D;(u)D'"D;D? (u) = D;(u)DI DD (u) + [Di, D?](w) DD (u)
— 9(R(Vu), Vu)
D;(u)D'D;D’ (u) = D;(uw)D? DyD! (u) + [Dr, D?|(u)D; DY (u)
— g(R(Vu), Vu).
Note that it follows from Theorem 3.7 that the term g(R(Vu), Vu) can
be written in terms of Nambu brackets. If the formulas in Proposition
3.19 are integrated, one arrives at expressions whose index structure

closely resembles that of equation (3.46). Namely, by partial integration
one obtains

/ (D1()D? DD (w)+[Dy, D)) D1 D () Vg

= /DI(U)DJDIDJ(u)\/g,

which implies
/Dl(u)DIDJDJ(u)\/g - / (D](U)DJDIDJ(U) - g(R(Vu),Vu)) N

Note that since the operators D! contain a factor of y~1, the integration
is actually performed with respect to p, as ’y‘l\/g = p.

The derivations D! and D! have indices of the ambient space M; do
they exhibit any tensorial properties? The object D!(u) transforms as a
tensor in the ambient space M, i.e.

D} (1) = gy (03" Yars ) 7}
1 oy

_ 0y’
- - -] k =J _ I
" 2(n— 1)1 0zF {u, & }gp () {=", 27} —akax(u),
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but this does not hold for the next order derivative D*D’(u) due to
the second derivatives on the embedding functions. One can, however,
“covariantize” this object by adding extra terms.

Proposition 3.20. Define V¥ acting on u € C*®(X) as
(3.49) V() = 3 <D’D3(u) + DIDi(u) — D“(D’(x]))),

where D*(f) = 2(n 1 i { f> & g1 {u, &'}, Then V' (u) transforms as a
tensor in M, i.e.

Oy’ 0y
ok Ox!
and for all X, Y € TY it holds that

Vi (u) =

Y

Vi (u),
Vij(w) XY = (V,Vyu) XY,
In particular, this implies that §;;V* (u) = A(u) and

G50V " (W) VI (u) = [V2ul®.

3.4. Embedded surfaces. Let us now turn to the special case when
Y is a surface. For surfaces, the tensors P, S4, and T4 are themselves
maps from TM to TM, and S4 coincides with T4. Moreover, since the
second fundamental forms can be considered as 2 x 2 matrices, one has
the identity

2det Wa = (trWa)? — tr W3,
which implies that the scalar curvature can be written as

1 ; - p
R= + (P?) k(P2)ﬂRijkl +2 Z det Wy.

A=1

Thus, defining the Gaussian curvature K to be one half of the above
expression (which also coincides with the sectional curvature), one ob-
tains

o 1 &
(3.50) K=g3 (732) (Pz)JlRijkl_WZHSi,
A=1

which in the case when M = R™ becomes

(3.51) =37 Z Z{x iy Hal ny},

A=11i,5=1
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and by using the normal vectors Z,,, the expression for K can be written
as

(3.52)

~557 1)1 2 Skt o {2 2 e e 2"

- (g{w‘,x’f},x’f}{{xﬂ‘,xl},xl} L a0t

To every Riemannian metric on X one can associate an almost complex
structure J through the formula

1
J(X) = %EacgcbXbeay
and since on a two-dimensional manifold any almost complex structure

is integrable, J is a complex structure on . For X € T'M one has
1

3.53 P(X) = ———3(X,eq)e%e,

( ) ( ) ,.Y\/— ( a)

and it follows that one can express the complex structure in terms of P.

Theorem 3.21. Defining Ja(X) = vP(X) for all X € TM, it holds
that Jap(Y) = J(Y) for all'Y € TX. That is, vP defines a complex
structure on T'X.

Let us now turn to the Codazzi-Mainardi equations for surfaces. In this
case, the map C4 becomes a tangent vector and one can easily see in
Proposition 3.15 that the sum in the expression for C4 can be written
in a slightly more compact form, namely

Ca= {72 Baisa o+ 5 {0l [P Bt - (Baill

1 p
+—5 Y BpSa(Np).
B=1

Thus, for surfaces embedded in R™ the Codazzi-Mainardi equations
become

m

Z { 2{x xj}{x] nA} x } %BE_:BBSA (Np) =0,

k=1
and in R? one has
3
(3.54) Z {7_2{xi,xj}{a;j,nk},a;k} =0.
jk=1

Let us note that one can rewrite these equations using the following
result:
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Proposition 3.22. For M =R™ and = 1,...,m it holds that
(355) Y e’ el nf ) = Y0 {f{af 29 Had 2*) 0¥}
j,k=1 j,k=1
for any normal vector N = n'd; and any f € C™(X).

Proof. We start by recalling that for any g € C°°(X) it holds that
> {g,x"}n' = 0, since it involves the scalar product g(eq, N). More-
over, one also has

m m 1 m
Z{xk,nk} = Z —e®(9,2%) (9pnk) Z —e® ( k@ x ) nkagba;k)
k=1 =1 " k=1
1
_ Z N .
k=1 P

which implies that > 7" {z¥ gn¥} = 0 for all g € C°°(X). By using the
above identities together with the Jacobi identity, one obtains

{f{xi,xj}{xj,nk},xk} =
= f{xi,xj}{{xj,nk},xk} +{xj,nk}{f{a;i,xj},a;k}
= —f{:ni,:nj}{{:nk,xj},nk} —nk{xj,{f{xi,:nj},xk}}
= —f{:ni,:nj}{{:nk,xj},nk} +nk{f{xi,xj},{:nk,:nj}}
= —f{a:i,a:j}{{xk,xj},nk} — {a:k,xj}{f{xi,a:j},nk}
= {f{a:i,a:j}{xj,a:k},nk}.

b)—‘

q.e.d.

Hence, one can rewrite the Codazzi-Mainardi equations for a surface in
R? as

(3.56) Z {v2(PH* n*} =0,

7,k=1

and it is straightforward to show that

3
Z 8 x {7_2 P2 } = 1<€“bvahbc,
i,5,k=1 P

thus reproducing the classical form of the Codazzi-Mainardi equations.

Is it possible to verify (3.56) directly using only Poisson algebraic
manipulations? It turns out that the Codazzi-Mainardi equations in R3
are an identity for arbitrary Poisson algebras, if one assumes that a
normal vector is given by %Eijk{a;j, z*10;.



MULTI-LINEAR FORMULATION OF DIFFERENTIAL GEOMETRY 21

Proposition 3.23. Let {-,-} be an arbitrary Poisson structure on

C>®(%). Given z', 22, 2% € C®(X), it holds that
3.1 o
Z igkln{7_2{$zv:E]}{x]v"nk}’/y_l{xl’xn}} =0
7,k lin=1
fori=1,2,3, where
,Y2 — {$1,$2}2 4 {x2jx3}2 4 {$3,$1}2.
Proof. Let u,v,w be a cyclic permutation of 1,2,3. In the following

we do not sum over repeated indices u, v, w. Denoting by CM' the i’th
component of the Codazzi-Mainardi equation, one has

CM* = —{7~2({a", 2°}2 + {2%, 2"}?) .y~ {z", 2"} }
e e} (o )y )
e e e (e )
= {1 =772 {a" 2"} v Ha", 2"} }

+ Ay o, 2 oy et 2}y ot 20} )
+’y_l{x“,a:“’}{’y_l{x“’,a:”},’y_l{xw,a:“}}
L a0 - )~

q.e.d.

Let us end by noting that these results generalize to arbitrary hyper-
surfaces in R"*!. Namely,

{7, @ Ha Yo} = (o @ HE 2 e

(Dea) {7 72(P?) ", = —%b (Vahoe) (Dar 1) -+ (a2 fuz).

and
er{y 2o, &7 H @ 2k}, v, fL}}f =0

for arbitrary z!,..., 2" € C®(%).

4. Matrix regularizations

In physics, “fuzzy spaces” have, for more than 3 decades [7], been
used to regularize quantum theories and to model non-commutativity,
originating in the attempt to define a quantum theory of surfaces (mem-
branes) sweeping out 3-manifolds of vanishing mean curvature. The
main idea was to replace smooth functions on a surface by sequences of
matrices, approximating the Poisson algebra of functions with increas-
ing accuracy as the matrix dimension grows. Since the expressions for
geometric quantities derived in Section 3 use only the Poisson algebraic
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structure of the function algebra, it is natural to study their matrix
analogues in this context.

Let us start by introducing some notation. Let N1, No, ... be a strictly
increasing sequence of positive integers and let T,, for o = 1,2,...,
be linear maps from C°°(X) to hermitian N, x N, matrices. More-
over, let h: R — R be a strictly positive decreasing function such that
lim 00 NA(N) converges, and set h, = A(N,). Introduce the operators

o' (h) = {f,h}
as well as the matrix operators
Af 1
aa(X) = ﬁ[X7 Ta(f)]7

and write
afl"'fk(h) —ghpl. .. afk(h)

0 (X) = 0000 9 ().

Let us now define what is meant by a matrix regularization of compact
surface.

Definition 4.1. Let Ny, No,... be a strictly increasing sequence of
positive integers, let {T,} for « = 1,2, ... be linear maps from C*°(3,R)
to hermitian N, x N, matrices, and let A(N) be a real-valued strictly
positive decreasing function such that limy_,o NA(N) < oo. Further-
more, let w be a symplectic form on ¥ and let {-,-} denote the Poisson
bracket induced by w.

If for all integers 1 <[ < k, {T,} has the following properties for all

fvflv"')fk)heooo(z):

@) dm [T < .
(42l |[Ta(fR) — Ta()Ta()] =0,
. Af1 Sk
(4.3) Tim {02 (1) = Tu(0" ()| = 0,
(4.4) lim 27h, Tr T, (f) = / fw,
a—0o0 »
where || -|| denotes the operator norm and f, = ii(N,), then we call the

pair (T, h) a C*-convergent matriz reqularization of (X,w). If (T, ha)
is C*-convergent for all k& > 0, then (T, h,) is called a smooth matrix
reqularization of (3,w).

In the following, when we speak of a matrix regularization without any
reference to the degree of convergence, we shall always mean a C'-
convergent matrix regularization.
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REMARK 4.2. In some cases, a C'-convergent matrix regularization
is automatically a smooth matrix regularization. For instance, if it holds
that for any f,h € C°°(X) there exists Ag(f, h) € C°°(X) such that

T Ta(1), Talh)] = X cialF, )T (AR(F, 1)),
o k

for some ¢, o(f, h) € R, then C*-convergence implies C**1-convergence.
The matrix regularizations for the sphere and the torus in Section 4.2
both fall into this category. Hence, they are examples of smooth matrix
regularizations. Note that one can easily destroy the smoothness of a
matrix regularization by slightly deforming it; see Example 4.16.

Definition 4.3. A sequence { fa} of Ny x N, matrices converges to
f (or CY-converges to f) if

(4.5) lim

a—0o0

fou=Talh)|| = 0.

Moreover, for any integer k > 1, a sequence { fa} of N, x N, matrices
Ck-converges to f if in addition

tim |0, (fa) = Ta(@" ()| = 0.

a—r 00

forall 1 <I<kand fi,...,fi € C®°X). If {fo} is C*-convergent for
all positive k, then we say that {f,} is a smooth sequence.

REMARK 4.4. If the matrix regularization is C*-convergent, it is clear
that the matrix sequence T,(f) is C*-convergent. It is, however, easy
to construct, even in a smooth matrix regularization, C%-convergent
sequences that are not C''-convergent; see Example 4.15.

Definition 4.5. A C*-convergent matrix regularization (T,,%) is
called unital if the sequence {1y} C*-converges to the constant func-
tion 1.

REMARK 4.6. Although unital matrix regularizations seem natural,
and all our examples fall into this category, it is easy to construct ex-
amples of non-unital matrix regularizations. Namely, let (T,, k) be a
matrix regularization and consider the map T defined by

Then (T, k) is a matrix regularization which is not unital, since

lim (T“u) - lN&“H > 1.

a—0o0



24 J. ARNLIND, J. HOPPE & G. HUISKEN

Proposition 4.7. Let (T, h) be a unital matriz reqularization. Then

(4.6) lim 27 Nyhy = / w.
b

a—00

Proof. Let us use formula (4.4) with f = 1.

/w = lim 27ha Tr To(1) = lim 2mhi, Tt [Ta(l) 1y, — 1Na]
b

a—0o0 a—0o0

= lim <27rhaNa + 27l Te(T (1) — 1Na)> = lim 277, N,

a—00

since

lim 27hy Tr(To (1) — 1n,)| < lim 27ha Ny [|Ta(1) — 1n,]| =0,
a—r 00 a—r 00
due to the fact that the matrix regularization is unital. q.e.d.

Proposition 4.8. Let (T, hy) be a C*-convergent matriz requlariza-
tion and assume that fa and hg C*-converge to f,h € C®(X) respec-
tively. Then it holds that afa + bhg Ck-converges to af + bh, for any
a,beR, and faﬁa C*-converges to fh. Furthermore, it holds that

(4.7) i {|fa]| = lim (ITa(F)]
(4.8) al1_>no1027rh Tr ( fa o) /fhw

Proof. The fact that a f +bh CF-converges to af + bh follows directly
from linearity of the maps T,. To prove (4.7), one uses the reverse
triangle inequality to deduce

Jim ([l fall = IZa(AI| < Jim |7 = Tu()]| =0,

since fa is assumed to converge to f. Let us continue by proving that
fah CO-converges to fh, i.e.

QILH;OHJE(X}AIO!_ fh H— lim Hfa e To(h )+fa a( ) Ta(fh)H
< Jim, (Jl[ e = 7t

|| faTalh) = Tul ) Ta(h) + Ta(£)Ta(h) = Ta(fh)||)
< g, ([ o= 70+ [ - o o

1T Ta(h )—Ta(fh)H) =0

since both {f,} and {h,} are CO- convergent sequences and || fall is
bounded by (4.7). Using the fact that fyhe CO-converges to fg, it is



MULTI-LINEAR FORMULATION OF DIFFERENTIAL GEOMETRY 25
easy to prove (4.8) by computing

lim 27hig Tt faha = lim 27he Tr (faha — Ta(fR) + Ta(fR))

a—0o0 a—0o0

= lim 27k, TrTo(fh)) :/fhw.
%

a—r 00

Finally, we proceed by induction to show that fohe CF-converges to
fh. Thus, assume that, for some 0 < | < k, a0, C'-converges to uv
whenever @, and 9, C'-converges to u and v respectively. Since

NP NTIEEYY
0o (faha) = (04 fa)ha + fady ha,
we can use the induction hypothesis (together with the assumption

that fu,ha CFl-converges) to conclude that éil( faha) Cl-converges,
which implies that fohe C'Tl-converges. Hence, it follows that fohq
C*-converges to fh. g.e.d.

The above result allows one to easily construct sequences of matrices
converging to any sum of products of functions and Poisson brackets.
Namely, simply substitute, for every factor in every term of the sum, a
sequence converging to that function, where Poisson brackets of func-
tions may be replaced by commutators of matrices. Proposition 4.8 then
guarantees that the matrix sequence obtained in this way converges to
the sum of the products of the corresponding functions, as long as the
appropriate level of convergence is assumed.

Proposition 4.9. Let (T, h) be a matriz reqularization and let {fo}
be a sequence converging to f. Then limy— oo ||fall = 0 if and only if

f=0.

Proof. From Proposition 4.8 it follows directly that if fa converges
to 0, then

Jim [|fal = lim |75 (0)]] = 0.
Now, assume that lima_,ec || fo|| = 0. Then it holds that
/f2w = lim 27h Tr f2 < lim 2rha Ny||f2|] < lim 27hia Ny || fall? = 0,
a—0o0 a—0o0 a—r 00
from which we conclude that f = 0. q.e.d.

Proposition 4.10. Let (T, k) be a matrix regularization and assume
that {f,} CF-converges to f. Then {f;ﬂ} C*-converges to f.
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Proof. Due to the fact that ||A|| = ||AT||, one sees that

Ty = T (@5 Fr (1 H

a— 00
— lim Ha DT = T (0h P (f H
a—r00
_ 1 _ f '“f- _
- o - o
since {fa} C*-converges to f. q.e.d.

Proposition 4.11. Let (T, h) be a unital matriz reqularization and
assume that f is a nowhere vanishing function and that { fa} C*-converges
to f. If f(;l exists and ||f071|| 1s uniformly bounded for all o, then {f;l}
C*-converges to 1/f.

Proof. Let us first show that f,; L 0% converges to 1/ f; one calculates

lim Hf T 1/f)( < lim Hf‘lquNa—faTa(l/f)H

Jim [|727]||[1v, = faTu(1/0) + Ta1 H
< Jim, f; (1. = Tl + || uTa1/1) - Ta(1)|)
—0,

since the matrix regularization is unital and ||f; || is assumed to be
uniformly bounded. Let us now proceed by induction and assume that
ftis Cl-convergent (0 <1 < k). For arbitrary h € C™(X) it holds that

ot Ta(W)] = = fa ' fa Ta(M S

and since fa is C*-convergent, the above sequence is C'-convergent by
Proposition 4.8, which implies that f; ! is C'*'-convergent. Hence, it
follows by induction that f;! is C*-convergent. q.e.d.

4.1. Discrete curvature and the Gauss-Bonnet theorem. Let us
now consider a surface ¥ embedded in M via the embedding coordinates

zb, ..., 2™, with a symplectic form

w = p(ut, u?)dut A du?,

inducing the Poisson bracket {f,h} = %E“b((‘)a £)(Oph), and let (T4, k)
be a matrix regularization of (¥,w). Furthermore, we let {J,} be a
C?-convergent sequence converging to v = V/9/p (and we assume that
{%71} exists and converges to 1/v), and we set X! = Ty(z) as well
as Ny, = To(nYy) for i = 1,...,m. Moreover, given the metric g,; and
the Christoffel symbols F]k of M, we let {Gijo} and {F]k o} denote

sequences converging to g;; and F]k respectively. To avoid excess of
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notation, we shall often suppress the index o whenever all matrices are
considered at a fixed (but arbitrary) a.

Since most formulas in Section 3 are expressed in terms of the ten-
sors 73; and (S A)é- (in the case of surfaces), we introduce their matrix
analogues

IR A
Pj= X" X Gy
NV NP 1 .
(Sa)j = X', N3 ]Gy + ﬁ[X]an]TizNixGm

as well as their squares
(P?); = (PP} and  (83)) = (Sak) S}

and corresponding trace

m m

P2 =) (P, and 8% =>) (83

i=1 i=1
(The ordinary trace of a matrix X will be denoted by Tr X.) From
Proposition 4.8 it follows that one can easily construct matrix sequences
converging to the geometric objects in Section 3, as long as the appropri-
ate type of convergence is assumed. Let us illustrate this by investigating

matrix sequences related to the curvature of ¥ and the Gauss-Bonnet
theorem.

Definition 4.12. Let (T,,h) be a matrix regularization of (X,w), let
K be the Gaussian curvature of 3, and let x be the Euler characteristic
of . A discrete Curvature of ¥ is a matrix sequence {Kl, Ky, Ks, .. 3
converging to K, and a discrete Euler characteristic of ¥ is a sequence

{X1,X2,X3,--.} such that lim x, = x.
a—0o0

From the classical Gauss-Bonnet theorem, it is immediate to derive a
discrete analogue for matrix regularizations.

Theorem 4.13. Let (T,,h) be a matriz regularization of (X,w),
and let {K1,Ks,...} be a discrete curvature of ¥.. Then the sequence
X1, X2, .. defined by

(1.9) Ko = ha Tt 3K
is a discrete Euler characteristic of 3.

Proof. To prove the statement, we compute lim,_, X and show that
it is equal to x(X). Thus

1 N
lim Yo = lim —2wh, Tr [%ZKQ},
a—00 2

a—00 2T
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and by using Proposition 4.8 we can write

1 1
lim xo = — K—gw:—/K@pdudv
a—»00 2w » P 27 » P

1
= —/ K\/gdudv = x (%),
2w »

where the last equality is the classical Gauss-Bonnet theorem.  q.e.d.

Theorem 4.14. Let (T, h) be a unital matrixz reqularization of (X, w)
and let Rijkl, foreachi,j, k,l=1,...,m, be a sequence converging to the
component of the curvature tensor of M. Then the sequence K defined
by

o o I g~ oot~ ape
K =4"4P*)*(P*)' Rijus — 3 Z (31 (tr S35~
A=1
is a discrete curvature of . Thus, a discrete Fuler characteristic is
given by

Ao & P
(410) X =RTr (7 P NPY Rig) — 5 Y Tr [fy—ltr 33]
A=1
Proof. By using the way of constructing matrix sequences given through
Proposition 4.8, the result follows immediately from Theorem 3.7. q.e.d.
In the case M = R™, it follows from the results in Section 3.4 that when
(T, h) is a C?-convergent matrix regularization, then the sequence

(4.11)

Kazh% > (%(&i)”[[Xz;,Xi],Xi] (X3, Xa) Xa]4a®
& jkil=1

| ; ; .
b5 ot . ) ot x4, 57

converges to the Gaussian curvature of X.

4.2. Two simple examples.

4.2.1. The round fuzzy sphere. For the sphere embedded in R? as
(4.12) # = (2,22, 23) = (cos @sin ), sin psin 6, cos 6)

with the induced metric

(413) )= (5 )

sin? @
it is well known that one can construct a matrix regularization from
representations of su(2). Namely, let Si,S3,S3 be hermitian N x N
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matrices such that [S7, S¥] = ie/*; S, (S1)2+(S5?)2+(S3)% = (N2 —1)/4,
and define

(4.14) Xi= —— 5%

Then there exists a map TW) (which can be defined through expan-
sion in spherical harmonics) such that T7W)(z%) = X and (TW), h =
2/v/N? — 1) is a unital matrix regularization of (52, /gdf A dp) [7]. A
unit normal of the sphere in R? is given by N € TR? with N = 20,
which gives N* = X, and one can compute the discrete curvature as

A~

1 & o
(4.15) Ky = —73 Z Tr[X’, X7 =1x
i<j=1
which gives the discrete Euler characteristic
2N

(4.16) XN:hTrKN:hN:W

)

converging to 2 as N — oo.
4.2.2. The fuzzy Clifford torus. The Clifford torus in S can be
regarded as embedded in R* through

1
- 1.2 .3 .4 . .
= (x",x°,2°,2") = —=(cos 1, sin ©1, COS P9, SiN V),
( ) \/5( 2 2 2 ©2)
with the induced metric

(9ab) = % (é (1)> ;

and two orthonormal vectors, normal to the tangent plane of the surface
in TR, can be written as

Ny = 210y + 220y £ 2305 + 229.
To construct a matrix regularization for the Clifford torus, one considers
the N x N matrices g and h with non-zero elements

gee =Wt fork=1,...,N

hppt1 =1 fork=1,...,N—1

hni =1,

where w = exp(i20) and # = 7/N. These matrices satisfy the relation
hg = wgh. The map T™) is then defined on the Fourier modes

.

Ym = "M'P — elm1501+2m2s02

as

TMN(V;) = w%mlngfm B2
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and the pair (T™) h = sin#) is a unital matrix regularization of the
Clifford torus with respect to \/gdy1 A dpo [5, 8]. Thus, using this map
one finds that

1

X' =T@) = %T(COS 1) = ﬁ(gT +9)
X2 =T(a?) = Tlsingr) = ~=(d' ~0)
X3 = T(z%) = %T(COS o) = %(iﬂ +h)
X4 = T(at) = %T(Sm o) = ﬁ(m —h)

which implies that N1 = X!, N? = X2 N3} = £X3 and N} = £X*.
By a straightforward computation one obtains

4
1 L
— > XX =
ij=1

and therefore

o K NN = 5 3 o=
)= 1 ,]= 1

and since [X1, X2] = [X3, X% =0, it follows that

J
LS o v = S o - 1
)= 1 ,]= 1

This implies that the discrete curvature vanishes, i.e.

Ky = h2 Z (X%, N7J[X7, N1 ] h2 Z (X%, N7][X7,N'] =0,
,j=1 1,j=1
which immediately gives xny = 0.

The following two examples will show that even in the smooth ma-
trix regularization of the torus it is easy to find sequences that are not
smooth, and that the regularization can be deformed into a non-smooth
matrix regularization.

Example 4.15. Let (Ty, hy) be the matriz reqularization of the Clif-
ford torus as in Section 4.2.2. For each N, define the matrix

6 = diag(h*,0, ... ,0),
for some fized 0 < s < 1. Clearly, it holds that
lim Hé—Ta(O)H — lim HeH —0,

a—0o0 a—0o0
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i.e. 0 CO-converges to 0. Let us show that 6 does not C-converge to 0.
If 6 C'-converges to 0, then it must hold that

%[é,Ta(f)]—Ta({U,f})‘ = lim “%[é,Ta(f)]“ =0

for all f € C(X). For H = 2\/§T(N)(:173) — h + ht, one computes the
eigenvalues of A = %[Q,H] to be
Mo =iV2R T A= —iV2RTh A3 == Ay =0

lim
a—r 00

Hence, the norm of A does not tend to 0, which implies that 0 is not
C'-convergent.

Example 4.16. Let (Ty, hy) be the matriz reqularization of the Clif-
ford torus as in Section 4.2.2. For each N, define the matrix

6 = diag(h*,0,...,0),

for some fixed 1 < s < 2. Let us now deform the fuzzy torus to obtain a
C'-convergent matriz reqularization that is not C?-convergent. Defining

Sa(f) =Talf) + n(f)b,
where p: C°(X) — R is an arbitrary linear functional, one can readily
check that (Sy, he) is a C*-convergent matriz reqularization of the Clif-
ford torus. Let us now prove that (Sa, ha) is not a C?-convergent matriz
reqularization, and let us for definiteness choose u to be the evaluation
map at ¢1 = 2 = 0.
In a C?-convergent matriz reqularization it holds that

_% [[Sa (), Sa(v)], Sa ()] — Sa({{u, v}, w}) H o,

for all u,v,w € C>®(X). Choosing u = 2v/2cosps and v = w =
2v/2sin gy gives So(u) = ht + h 4+ 2v/20, S,(v) = i(hf — h), and
{u,v} = 0. Thus

i || g5 15000, Sa 0] Saw)] — i ({fu o} 0)|

i 2Y2 H[[é,i(m —R),i(ht —h)]H = Tim 2V2(2+ V6)r* 2,

a—soo R2

which does not converge to 0. Hence, (Sy,ha) is a C'-convergent, but
not C?-convergent, matriz reqularization of the Clifford torus.

4.3. Axially symmetric surfaces in R3. Recall the classical descrip-
tion of general axially symmetric surfaces:
(4.17) &= (f(u)cosv, f(u)sinv, h(u))
+1
n= (W (u) cos v, h' (u) sinv, — f'(u)),
WP T (P
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which implies

( ) _ f/2 + h/2 0 (h ) _ +1 h/f// _ h//f/ 0
Jab 0 f2 ab \/m 0 _fh/ )

where hy, are the components of the second fundamental form. The
Euler characteristic can be computed as

(4.18)
B i - Ut h/(h/f// _ h//f/) - f/ U+
X= 27T/K\/§_ /u (f’2+h’2)3/2 du = \/m u,7

which is equal to zero for tori (due to periodicity) and equal to +2 for
spherical surfaces (f'(ut) = Foo if u = h).

While a general procedure for constructing matrix analogues of sur-
faces embedded in R? was obtained in [4, 1] (cp. also [3]), let us restrict
now to h(u) = u = z, and hence describe the axially symmetric surface
> as a level set, C' =0, of

(4.19) O(7) = %(azQ +y7 - f2(2)),

to carry out the construction in detail, and make the resulting formulas
explicit. Defining

(4.20) {F(%),G(Z)}rs = VC - (VF X VG),
one has

(4'21) {‘Tay} = _ff,(2)7 {ya Z} =, {27‘7:} =Y,
respectively
(4.22) [(X,Y] =ihff'(Z), |Y,Z]=ihX, |[Z,X]=ihY

for the “quantized” (“non-commutative”) surface. In terms of the para-
metrization given in (4.17), the above Poisson bracket is equivalent to

(4.23) {F(u,v),G(u,v)} = (9, F) (0,G)

where 01 = 0, and d = J,. By finding matrices of increasing dimension
satisfying (4.22), one can construct a map 7T, having the properties (4.2)
and (4.3) of a matrix regularization restricted to polynomial functions
in 2y, 2 (cp. [2]).

For the round 2-sphere, f(z) = 1 — 22, (4.22) gives the Lie algebra
su(2), and its celebrated irreducible representations satisfy

(4.24) X24Y?+2%2=1 if h= ———.
N2 -1
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When f is arbitrary, one can still find finite dimensional representations
of (4.22) as follows: rewrite (4.22) as

(4.25) [Z, W] =W
(4.26) (W, W1 = —2nff'(2),
implying that z; — z; = i whenever W;; # 0 and Z diagonal. Assuming
W = X + 1Y with non-zero matrix elements Wy ;411 = wy for k =
1,...,N — 1, one thus obtains (with wyg = wy = 0)
h

Zg = §(N+1—2k)

wip — wi_y = —2hff (W(N +1—2k)/2) = Qy,
which implies that

k

wi =Y Q)

=1

and the only non-trivial problem is to find the analogue of (4.24). To
this end, define

A 1
(4.27) fAP=Xx2+v2= 5(WWT + Wiw),

with W given as above. As Z has pairwise different eigenvalues, the
diagonal matrix given in (4.27) can be thought of as a function of Z;
hence as f2(Z). It then trivially holds that

(4.28) C=X24+Y2-f2(2)=0,

for the representation defined above. The quantization of A comes through
the requirement that f2 should correspond to f2. While for the round

2-sphere f2 equals f2, provided A is chosen as in (4.24), it is easy to see

that in general they can not coincide, as

(X2 +Y2— f(2)2,W] = [(WWT + WIW)/2 — f(Z2)%, W]
= SWIWL W]+ SIWLWIW — §(2)[£(2), W] - [£(2), Wf(2)
== f(2)(hf(Z2)W = [f(2),W]) + (hf(Z2)W — [f(2),W]) f(Z)
with off-diagonal elements
(f(z) + f(ze—1)) (Bf' (2) — (f () — f(28-1)))

that are in general non-zero (hence X2+ Y2+ f2(Z) is usually not even
a Casimir, except in leading order).
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How it does work is perhaps best illustrated by a non-trivial example,
fz)=1-2z%
4

(4.29) wi= %((N +1)3%k — 3(N + 1)%k(k + 1)+

2N + Dk(k +1)(2k + 1) = 2%%(k +1)?)
f2= %(w,i +wi_y) = %((N +1)%(2k — 1) — 6(N + 1)%k?
AN + 1)k(2k2 +1) — 4K2(k? + 1))

(note that wg = w3 = 0 is explicit in (4.29)) so that
(4.30)
(N+1D* (N+1)3

X24v2L7Y —pt _ N +1) - k2|,

Expressing the last two terms via Z2 (note that the cancellation of k3
and k* terms shows the absence of Z3 and higher corrections), one finds

W((N+l)2—4(N+l)+4>l

(N? —1)2
16

which equals 1 if & is chosen as 2/4/N? — 1. Note that this is the same
expression for /i as for the round sphere, f2 =1 — 22 (cp. (4.24)).
A more elegant way to derive the quantum Casimir (cp. also [12, 6])

(4.31) Q=X*+Y*+ 72+ n2Z?
is to calculate
(X2 4+Y2 4 24 W) = [(WWT+ WTW) /2 + 24 W)
= =W, 2%,

which determines the terms proportional to A in the Casimir.
Due to the general formula

X2+ V24 24+ w222 =it

=nt 1,

. 1 ot . o
(4.32) K= _@Ejklgipq(’ﬂ) (X v[kaXlH (X7, [XP, X9]57?

one obtains, for the axially symmetric surfaces discussed above,
(4.33)

& =372 ((7P(2) + e W AW 4+ Wi g7/(2)] )32

with
(4.34)

P = (WWT+WIW) + (ff)2(2) = £(2)*(f(2)* + 1) + O(h),

DO =
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giving

(4.35) K=—(f(2?+1) " f(2)7'f'(2) + O(h),
and for f(2)? =1 — 2* one has

(4.36) K = (425 +1— 2z 7%(62% — 22%) + O(h)
(4.37) 42 =1-2*+42°% + O(h).

Note that (cp. (4.25)) z; — zj—1 = h for arbitrary f, and that (due to
the axial symmetry) K and 42 are diagonal matrices, so that

X =hTr (VA?K),

in this case simply being a Riemann sum approximation of f K./g,
indeed converges to 2, the Euler characteristic of spherical surfaces.

4.4. A bound on the eigenvalues of the matrix Laplacian. As
we have shown, many of the objects in differential geometry can be
expressed in terms of Nambu brackets. Let us now illustrate, in the
case of surfaces, that some of the techniques used to prove classical
theorems can be implemented for matrix regularizations. In particular,
let us prove that a lower bound on the discrete Gaussian curvature
induces a lower bound for the eigenvalues of the discrete Laplacian.
For simplicity, we shall consider the case when M = R™ and, in the
following, all repeated indices are assumed to be summed over the range
1,...,m.

Let us start by introducing the matrix analogue of the operator D’:

Di(X) = 37X, Xi).
ihe

These operators obey a rule of “partial integration,” namely
(4.38) Tr (D4 (X)Y) = = Tr (Ja DL (V) X),

which is in analogy with the fact that

L/mwumwz—/XﬂﬂMﬁu
» »

In view of Proposition 3.18, it is natural to make the following definition:

Definition 4.17. Let (T,, i) be a matrix regularization of (X, w).
The discrete Laplacian on ¥ is a sequence {A,} of linear maps defined
as

L1y xi1 x9
= _h_glya [/ya [X’ Xoa]? Xa]’
(0%
where X is a N, x N, matrix. An eigenmatriz sequence oan is a conver-

gent sequence {, } such that Aa(&a) = Ayl for all o and li_I)n Ao = A
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Proposition 4.18. A C2%-convergent eigenmatriz sequence of Ay

converges to an eigenfunction of A with eigenvalue A = lim A,.
a—0o0

Proof. Given the assumption that @, is a C%-convergent matrix se-
quence converging to u, we want to prove that Au— Au = 0. By Proposi-
tion 4.10, this is equivalent to proving that lim,_,oc ||T0 (Au—Au)|| = 0.
One obtains

im0 (Au— M) =

— lim HTQ(AU) — Aviiq + Auiia — AT (1) + At — AaaH

a— 00
< h_{n <‘ Ta(Au) - Aaaa + |/\| ||_Ta(u) + aa“ + HAa'ELa - /\aa >
— lim HAaaa ~ M| < lim (HAaaa — Natia|| + A = Aql HﬁaH)
a—o0 a—00
= 07
since Aaﬂa — Aalie = 0 and A, converges to A. q.e.d.

The way curvature is introduced in the classical proof of the bound on
the eigenvalues is through the commutation of covariant derivatives. Let
us state the corresponding result for matrix regularizations.

Proposition 4.19. Let (T, hy) be a C?-convergent matriz regular-
ization of (X,w). If {{ia} is a C3-convergent matriz sequence, then

lim (D;(aa)Dgﬁgﬁg(aa) — D' (@) DI DI Dl (i)

a— 00 o « o
~ [Dh, D3]() Dy D (i) + Ko Dl (1) D (i) || = 0,
where [-,-| denotes the commutator with respect to composition of maps.

Proof. The result follows immediately from Proposition 3.19 and Pro-
position 4.8. Note that in the case of surfaces it holds that Ry = Kgap,
where K is the Gaussian curvature of X. g.e.d.

A useful corollary is the following:

Proposition 4.20. Let (T,,hy) be a C?-convergent matriz regular-
ization of (X,w). If {li,} is a C%-convergent matriz sequence, then

- o Di DI DI (6D (i) —
ah_l)l;oha Tr (’yaDaDaDa(ua)Da(ua)) =

lim_ho Tr (5 D404 DA (i10) D (i10) = JaKa D (i) D (i) )

a— 00
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Proof. Tt follows from Proposition 4.19 that for a C3-convergent se-
quence Ugq, it holds that

Jim i Tr (90 Do D3 DA (i10) Dy (i) = A0 DLDL D (i10) Dy (i)
~ 4Dk, D](i10) D D (i00) + Ga Ko D (i12) Di (i) ) = 0.
Due to the appearance of a trace, the above holds even for C?-convergent

sequences, since e.g.
hio Tr 40 DY DI DI (1) DY, (i) = —hio Tr 4o D2, D (1) D2 DI (i, ),

a oo

and the latter expression only requires C%-convergence. Thus, one ob-
tains

Tim o T (50 D, D3 D (112) Dl (i) )

= lim fig Tx (%Dﬂ DI Di (11,) D¥ (1)

= Tim fia Tr (40 DLDL DA (i10) Dy (i) = FaKa Dy (i10) Dy (ia) ).
by using equation (4.38). q.e.d.

Proposition 4.21. Let (T,, hy) be a matriz reqularization of (X, w).
If {iia} is a C?-convergent matriz sequence, then

_ o 1 NP
limho Tr (DLD () D4 D)) = 5 lim ho Tr (Aa(ita))”

Proof. By using the fact that [V?u|?> > 1(Au)? (for 2-dimensional
manifolds), one obtains

‘ o 1 1
ah_lggoha Tr (D;Dé(ua)DéD’a(uaD =5 /Z V2ul2w > e /E(Au)2w
.1 A e 2
= 0}1_13;0 §ha Tr (Aa(ua)) N
since 1, is assumed to C%-converge to w. q.e.d.

Theorem 4.22. Let (Ty,hy) be a C%-convergent matriz regulariza-
tion of (X,w), and let {i,} be a C?-convergent eigenmatriz sequence
of Ay with eigenvalues {—Xo}. If Ko > K1x, for some k € R and all
a > «aq, then ah_l)l;o Ao = 2K.

Proof. Let {i,} be a hermitian eigenmatrix sequence of A, with
eigenvalues {—\, }. First, one rewrites

(4.39)
Tr ’AYOJAOc(r&Oc)2 =Tr (%f?&f?&(ﬁa)f?& Aé(aa))
= Ao Tt (Ga5a DL DY (10)) = X Tt (3Dl (i) DY (1))
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Then, one makes use of Proposition 4.20 to write

. A~ N ~ 2 _ . ~ ~1 Aj Aj ~ ~1 ~
ah_lggoha Tr Y0 Ao (la)” = ah_l)l;oha Tr (’yaD D? D (ua)Da(ua))

a o «

— lim hy Tr<—%f)j Di DI (1) DP (@10 wakaﬁ;(aa)ﬁ;(aa))

a—00 @ @ o
= lim fia Tr (30 DDk (i10) DDA (i) + Fa Ko Dy (i10) D (i) ).

Using the assumption that K, > k1, together with Proposition 4.21,
one obtains

a—r 00 a—00

~ 1 ~ " ~
lim 7 Tr 90 An(tig)? > lim e Tr <§%Aa(aa)2 + maDg(aa)Dg(aa)>
. 1 ~ N/~ i /oA
= ah—>n;o <§)\a + /1) hio Tr (Yo D}, (tia) D}, (4a)

where (4.39) has been used. One can now compare the above inequality
with (4.39) to obtain

1 . .
. . S DD (6] >
2()\ 2K) ah_}n(}o o Tt (§a D} (tia) D, (4a)) > 0.
Since
. O N N . 1 2
ah_)ngo ho Tt (§a D} (tia) Dy (40)) = %/E |Vu|w >0,

due to the fact that + is a positive function, it follows that A > 2k.
q.e.d.

Although the above proof depends on the fact that the matrix regular-
ization is associated to a surface (and therefore, the results of differential
geometry can be employed), we believe that, under suitable conditions
on the matrix algebra, there exists a proof that is independent of this
correspondence.
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