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Abstract: A reversiblejump Markov chainMonteCarlotechniqueis appliedto
estimatethe numberandparametersof peaksin ubiquitousphysicalproblems
in theframework of Bayesianprobability theory. For measuredphysicalspectra
oftenonly the functionalform of thestructuresis known but thenumberof the
peaksandthe parametersareunknown. The full joint posteriordistribution for
all parametersis sampledfor estimatingthenumberof componentssupportedby
thesignificantinformationin thenoisydataandfor estimatingtheunknown pa-
rametersfor themostprobablenumberof components.Themethodis appliedto
theclassicalOld Faithful densityestimationproblemandthephysicalproblemof
resolutionenhancementandspectraldecompositionof high-resolutionelectron
energy lossdata.
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1. INTRODUCTION

Measuredspectrain physicsoften comprisean unknown numberof structuresof known
parametricfamily. Thestructuresarecommonlyblurredwith anapparatustransferfunction
andsuperposedwith a smoothbackground.Theparametersof thepeaksareusuallyesti-
matedfor differentnumbersof componentsseparately, andvariouscriteriaareemployedto
infer thenumberof components.Thecriteriausedcomprisesimplesignificancetestslike
thedatamisfit aswell asnon-BayesianmethodssuchastheAkaike informationcriterion.
The intentionof the authorsis to apply a recentlyproposedmethodof �����������	��

�����	�����
Markov chainMonteCarlo (RJMCMC)by Green(1995)andRichardsonet al. (1997)to
physicalproblemswherethenumberof componentsof amixtureof distributionsis jointly
estimatedwith the parametersof the components.The inferenceis donein the Bayesian
framework usingMCMC for samplingthejoint posteriordistribution.

The parametricdistributions commonlyusedin physicsare Gaussiandistributions
for apparatusfunctions,Lorentziandistributionsfor statesdecayingwith a characteristic
life time, Voigt profiles (convolution of Gaussianwith Lorentzian)comprisingboth, life
time broadeningandapparatusbroadeningeffects,andasymmetricvariantsof thesedis-
tributionsencompassingmany-particleeffects.Thepresentpaperaddressestwo examples�����



whereGaussiancomponentsaresuitable.Theotherparametricfamilieswill bepublished
in a forthcomingpaperwith thecorrespondingphysicalexamples.In additionto themix-
tureof theblurredcomponentsthemeasuredspectramaybesuperposedby asmoothback-
ground.

Deconvolution of an apparatusfunction is an ill-posedproblemwhich only recently
hasbeensolvedsuccessfullywith anadaptive kernelmethodusinganentropicprior (Fis-
cher, 1998).Theadaptivekernelmethodusesasufficiently largenumberof, e.g.,Gaussian
kernelswith fixed, denselydistributedmeanvaluesandvariablevariances.The ampli-
tudesandvariancesaremarginalizedwithin theBayesianprobabilitytheory. Theeffective
degreesof freedomof theform-free,de-blurredreconstructiondependon thevariancedis-
tribution of thekernelswhich constitutecorrelationsin the reconstruction.Thedrawback
of theadaptivekernelmethodis that thenumberof kernels(mixturecomponents)is large
andfixed. Problemswherethe numberof componentsareof interestcannot be tackled.
TheRJMCMCmethodfor mixturesprovidesausefulgeneralizationof theadaptivekernel
method.

Theobjectof this work is to extendtheprinciple ideasof theRJMCMCmethodde-
velopedfor good-naturedGaussiancomponentsto parametricfamilies most commonly
usedin physicsincludingblurring transferfunctionsandadditive smoothbackground.In
Section2 wesummarizethemodelfor theclassicaldensityestimationproblemusingGaus-
sianmixturesin theframework givenby Richardsonet al. (1997),anddescribea common
modelusedfor physicalproblems.Section3 summarizestheRJMCMCapproach.In Sec-
tion 4 we show theresultsfor theclassicaldensityestimationproblemof theOld Faithful
geyserwhich wascomparedto theresultsof theadaptive kernelmethod.ThoughtheOld
Faithful geyserdoesnot comprisesa physicalproblem,it representsa classof physical
problemswhich dealswith densityestimationof scatteredeventssuchasthe reconstruc-
tion of blurredimagesin astrophysicsfrom themeasurementof thedistributionof photons.
In section5 thephysicalproblemof analyzingadatasetof high-resolutionelectronenergy
lossspectroscopy (HREELS)is shown. We concludewith a summaryandanoutlook.

2. MIXTURE MODELS

In general,theclassicalGaussianmixtureapproachintroducedby Richardsonet al. (1997)
is differentfrom mixturemodelsdescribingphysicalproblems.

2.1Gaussian mixture model

For theclassicalapproachtheobservations��� areassumedto beindependentlydrawn from
thelikelihoodpdf ��� � ��!#"%$'&($')+*-, ./0
1�243 065 � ����$87 0 * �#9 *5 � � �8$�7 0 *-, 9: ;6<>= 0@?
A�B CED � ��� DGF 0 *8H;I= H0 J � ; *
where � � aretheobservations,KL, 9 $�MNM�M
$'OQP	R�S�R , ) is thenumberof mixturecomponents
( ��T
�VUXWY�	��Z6W[Z6��\I��� ), 3 0 are the componentweights (sum up to 1), ]^, 9 $�M�MNM
$�) , and5 � � �8$�7 0 * areGaussianmixturecomponentswith parameters7 0 , � F 0 $ = 0 * .���I�



An identifiability problemarisesfrom the invarianceof the likelihoodpdf (1) under
permutationof the indices ] . We adoptthe ideaof Richardsonet al. (1997)to imposean
identifyingorderingconstraintontheparameters

F 0 , F 2`_ F H _ba�aNaY_ F . . Thisconstraint
is arbitrarysincewe canalsoimposeorderingconstraintson 3 0 or

= 0 . Thereasonfor re-
ducingthe parameterspaceis to allow for moreefficient explorationof the multi-modal
probabilityspace,and,hopefully, to identify individual componentsandestimatetheir pa-
rametersfrom theMC sample.Unfortunately, theorderingconstraintmaynotbesufficient
to efficiently exploretheposteriorpdf andto eliminateall problemsin interpretationof the
sample. As Celeuxet al. (2000)pointedout the truncationof the multi-modalposterior
spacedoesnot necessarilyaccountfor the geometryandshapeof the unrestrictedposte-
rior distribution. All applicationshave to becarefullyanalyzedfor effectsarisingfrom the
orderingconstraint.

Accordingto Richardsonet al. (1997)we introducea grouplabel c � , which indicates
theidentityor labelof thecomponentfrom whicheachobservation � � is drawn. For known
allocationvariablec � thelikelihoodis�(� � � !#c � ,d]>$'&>*-, 5 � � � $87 0 * � � *
wherethe c�� aresupposedto beindependentlydrawn from��� c � ,d]@!e"f*-, 3 0 gih�j ]k, 9 $�M�MNM
$�)lM � � *
Thejoint posteriorpdf is�(��m $'no$8"%$�&p$')+*-, ����m !8n�$�"%$'&�$')+* �(� nk!e"%$')+* �(� "^!8)+* �(� &q!#)+* ��� )+* �sr *
with theconjugatepriors��� "t!#)k$�uV*-, vxw j wzy�{Y| ?
} � "t!�uY* ��~ *��� &Q!8)k$8��$���$'��$���*�, .�0	1�2 O � F 0 !#��$'� *#� � =(� H0 !8��$���*�M ��� *
The prior for ) is flat. For detailsof the priors, the hierarchicalmodel,and the Gibbs
samplingof theparametersseeRichardsonet al. (1997).

2.2Physical mixture model

For ubiquitouslinearphysicalproblemsthemixtureis writtenas� � ���e*-, /��t� � ��� D�� � *x�E� ./0	1�243 0�5 � � � $87 0 *���� � ��� *#� � � *� � � � *-, � � � � *p��� � ��� *
where

� �L, � � � ��* is themeasureddata(intensity)at coordinate����$8Kx, 9 $NM�M�M�$�OQP	R	S�R , � �
is the modeldata,and ��� is the (statistical)uncertaintyassociatedwith the measurement
process.Weassumemeanvaluesof ��������, � , ��� H� �¡,£¢ H� . � � � , � � ��� Df� � * is theblurring
matrix accountingfor the apparatustransferfunction. The

� �
arechosenfine enoughto��� r



allow to fit the datawithin the noise level. This is often achieved by setting ¤¥, m .
Knowing theapparatustransferfunctionpreciselyis vital for ausefuldeconvolutionof the
data.Thebestmethodis to measurethetransferfunctionandto combinethemeasurement
uncertaintiesof the transferfunctionandthedatato be deconvolvedasshown in Doseet
al. (1998).Most commonly, thetransferfunctionis assumedto bedescribedby a function
with parametersincorporatedinto the fitting routine. In many applicationsthe transfer
functionis well approximatedby aGaussian,whereasfor thepresentHREELSapplication
theasymmetrictransferfunctionis separatelymeasured.) is the numberof mixturecomponents.Pleasenotewe usea slightly differentno-
tation from Richardsonet al. (1997)wherethe numberof mixturesis denotedby ] . � is
a scalefactoraccountingfor the total intensityof the measuredspectrumwithout back-
ground,which is not necessarilynormalizedto one. � �i� * is thebackgroundwith parame-
ters � . Smoothbackgroundsarecommonlydescribedby polynomialsor splinefunctions.
Fischeret al. (2000)proposedto discriminatea smoothbackgroundfrom theusefulsignal
by introducingan additionalexpansionorderfor modelingonly the background.For the
presentHREELSapplicationit is sufficient to useaconstantbackground� � �i� *�,§¦6¨ .

The likelihoodprobability densityfor the presentcountingexperimentis a Poisson
distribution, ���s© !8ª«*�, ¬(­8®#¯z®�� 1�2 � P�°�� ��± ?	²
³ ° �89 �´*
which is well approximatedfor largecountswith a Gaussian�(��© !�ªµ$�¢¶*-, ¬ ­#®8¯·®�� 1�2 9: ;6< ¢ � ?
A�B C´¸ � � � ¸ � ��*8H; ¢ H� J �89I9 *
with variance ¢LH�º¹ � � . Sinceconjugatepriors are no longer used,the algorithm can
easilybemodifiedfor thePoissonlikelihood. Nevertheless,for the HREELSapplication
weusetheGaussianlikelihoodsincethisallowseasyincorporationof thetransferfunction
measurementuncertainty(Doseet al. , 1998).

For theHREELSapplicationtheparametersare ) , � , 3 0 , 7 0 , and ¦6¨ . Theaugmen-
tation conceptof introducingan allocationvariableis no longer applicablebecausethe
intensities

� � at coordinate� � cannot be identifiedwith a singlecomponent.Therefore,
the full conditionalpdfs necessaryfor Gibbssamplingcannot be calculatedanalytically.
Conjugatepriors areno longernecessaryto keepthingssimple,andwe changeto more
sensiblepriors. As an exception,for a countingexperimentwith databinning the alloca-
tion conceptcanstill be appliedby augmentingthe datavectorfrom O+»�¼�½�¼ intensities

� �
at coordinates� � to ¾ � � � eventswith degeneratedcoordinates.The likelihood(1) hasto
bereplacedby a multinomialdistribution. Thedrawbackis thatthenumberof eventsand,
hence,thenumberof allocationvariablesin a typicalphysicalexperimentis too largeto be
tacklednumerically.

The priors for the meanvaluesarechosento be flat on the measurementinterval to
avoid mixturesunrestrictedby the data. It is easily seenthat ) is estimatedto be too
largewhenthedatado not constraintheparameterspace.Componentslocatedoutsidethe
interval with a variancesmall enoughto preventsignificantoverlapwith the dataarenot��� ~



restrictedby thelikelihood.Dueto a flat prior on ) , marginalizationof theparametersof
thoseextracomponentsdoesnot resultin penalizingOckham(Bayes)factors.

Theprior for � is exponentialwith ameanaccordingto theoverall intensity. Theprior
for thebackgroundparameter¦6¨ is chosenconstanton apositive interval.

3. MCMC

The typesof MCMC movesdivide into the two groupsof moveswithin the parameter
spaceandmovesbetweendifferentparameterspaces.Thewithin parameterspacemoves
dependon the modelusedandarechosento be Gibbsmovesfor the Gaussianmixture
modelwith dataaugmentationandMetropolis-Hastingsmovesfor theubiquitousphysical
model. TheGibbsmovesfor theGaussianmodelareshown in detail in Richardsonet al.
(1997)wherethe useof conjugatepriors allow for the calculationof the full conditional
posteriordistributionsof all parameters.

The movesbetweendifferentparameterspacesareprovided by the reversiblejump
methodproposedby Green(1995)andappliedto normalmixturesby Richardsonet al.
(1997).Thetwo typesof reversiblejumpmovesaresplit/combinemovesof adjacentcom-
ponentsandbirth/deathmovesof �����>¿sÀ components.Theparametersof thesplit/combine
movesareassignedby matchingthe � S�Á , 9ÃÂ S , and

;IÄ P momentsof the singlecomponent
to thoseof the splitted components.A birth move comprisesthe generationof a new
componentwith randomlocation, amplitudeand variance,preferentiallyfrom the prior
distributions. A deathmove is simply deletingan existing componentandre-scalingthe
amplitudes.Detailscanbefoundin Richardsonet al. (1997).

4. APPLICATION: OLD FAITHFUL GEYSER

A first example is the textbook density-estimationproblemof the eruptionsof the Old
Faithful geyser(Silver, 1994).Figure1 showstheraw datafor thedurationof 109eruptions
displayedasascatterplot andasahistogramusing109(!) bins.Themeanof theposterior
pdf is shown assolid line. Thedashedlinescorrespondto anasymmetricÅ onestandard
deviationabove/below themeanvalue.

Theposteriorpdf of thenumberof componentsis shown in theleft panelof Figure2.
Themostprobablenumberof componentsis 4. Theright panelshows thechangesof the
numberof components) againstthenumberof sweeps.TheMCMC samplemixeswell
over ) . Smallaswell aslargevaluesof ) areshort-lived.

For parameterestimationthe MCMC samplefor a fixed numberof components)
hasto be analyzed.In Figure3 typical tracesof the parameters" , Æ , and Ç areshown
for the mostprobablenumberof components4. The orderingconstraintis

F 2 _ F H _a�aNa¡_ F . . The traceis taken from a run of 9 ��È sweeps,which includedabout360 000
visits to )t, �

. For thesake of clarity only every200visit is plotted.Thepatternof the4
componentslook quitedifferent.Themeanvaluesof thefirst andthird components(lowest
meanat about2 minutes,full circle andmeanat about4 minutes,downwardtriangle)are
well determined,while thesecondmeanvalue(upwardtriangle)is a little fuzzy. Thefirst
andthird componentshave alsowell determinedamplitudesandstandarddeviations.The
fourth component(highestmean,opencircles)exhibits switchingfrom a meanvalueof
about6.2minutesto ameanof about4.5minutes.At adurationof about6.2minutesthere��� �



is only the sparseinformationof two measurederuptions.At about4.5 minutesthereis
a barelysignificantpeaksplit-off from themain featureat about4 minutes.Thepresence
of bothbarelysignificantfeaturesresultsin asignificantfourthcomponentwhichswitches
betweenthe two peaks.Pleasenotethe correlationof the threeparameters" , Æ , and Ç
whenswitchingoccurs. In addition,the switchingbehavior betweenboth modesclearly
show thegoodconvergenceof theMCMC sample.

1É 2
Ê

3
Ë

4
Ì

5Í 6Î 7Ï
Minutes Duration

0

0.5

1

1.5
P

ro
ba

bi
lit

y 
D

en
si

ty

data scatter
Ð
histogram
Ñ
estimated densityÒ
confidence intervalÓ

Old Faithful

Figure 1. Density estimation of 109 eruption durations of the Old Faithful geyser
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Figure 2. Posterior probability and mixture of number of components for the Old Faithful
geyser

The meanof the posteriorpdf asshown in Figure1 hasto be comparedto previous
analysiswith theadaptivekernelmethod(Fischer, 1999).Bothmethodsyield densityesti-
mateswhich comparequitewell within theconfidenceinterval. Theresultsareinsensitive
to themethodsusedaslongasmethodswith adaptiveflexibility in theparameterspaceare
applied.Theadvantageof theRJMCMCmethodis thatit allowsto estimatetheparameters
of thecomponentswhich is not possiblewith theadaptivekernelmethod.�����
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Figure 3. Trace of Gaussian parameter estimates against visits to 4 components for the
Old Faithful geyser

5. APPLICATION: HREELS

A typical physicalapplicationfor RJMCMC is the deconvolution of an apparatusbroad-
eningfunction from a blurredandnoisyspectrum,theestimationof thebackground,and
theestimationof thenumberandtheparametersof thecomponentsunderlyingthespectra.
Thegoal is to infer only themixturecomponentswhich aresignificantlysupportedby the
dataandto avoid thereconstructionof spuriousstructureswhich aredueto thenoise.

High-resolutionelectronenergy lossspectroscopy (HREELS)isoneof themostpromi-
nenttechniquesusedto probethevibrationsof atomsandmoleculesadsorbedonsolidsur-
faces.Mono-energeticelectronsareinelasticallyscatteredfromasurface.An interpretation
of theenergy lossintensitiesof thescatteredelectrons(vibrationalfrequenciesof adsorbed
species)maygive informationon adsorptionsites,coverage,strengthof thesurfacebond
andthedegreeof associationof speciesadsorbedonthesurface.Theinterpretationis more
complicatedif neighboringlosspeaksoverlap. Recentlyvon der Linden (1997)showed
how to improve the resolutionin HREELSusingthe maximum-entropy concept. In the
presentwork, thenumberandtheparametersof thelosspeaksareestimatedin additionto
theachievedresolutionenhancement.

In the left panelof Figure 4 HREELS data(dots) of CO-moleculesadsorbedon a
Ptè Ni 2 � è (111)single-crystalsurfaceareshown. Thespecularreflectedelasticelectronen-
ergy distribution (dot-dashedline) providesdirectly theapparatustransferfunctionwhich
blurresthe losspeaks. Insteadof usingmoresophisticated,and,hence,moreexpensive
electronspectrometersfor resolutionenhancement,the apparatusfunction canbe decon-
volved post-measurementfrom the data. Pleasenote the asymmetrictransferfunction
whichcannotbequantifiedwith simpleanalyticalfunctions.Thedeconvolvedenergy loss

��� �



distribution (solid line) is the meanof the posteriorpdf of the mixture with marginalized) .
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Figure 4. Left: Deconvolution, spectral decomposition, and background sub-
traction applied to data from HREELS. The apparatus transfer function (dot-
dashed) is deconvolved from the data (dots). Right: Posterior probability of the
number of components.

The posteriorprobability distribution of the numberof componentsis shown in the
right panelof Figure4. Themostprobablenumberof componentsis 3.

Theleft panelof Figure5 shows thechangesof thenumberof components) against
thenumberof sweeps.Themixing is notasgoodaswith theOld Faithful examplebecause
the Gaussianmixture componentsareconvolved with the asymmetricapparatustransfer
function.Thecombine/splitmoveswith themomentmatchingconditionis sub-optimalfor
theHREELSapplication.

In the right panelof Figure5 typical tracesof theGaussianparameters" , Æ , and Ç
areshown for themostprobablenumberof components3. About 36%of thesweepsvisit
to )û, �

. The threeparametersof the mostprominent,third component(largestmean
at about0.255eV, cross)arewell determined.The meanvaluesof the first andsecond
componentsoverlap.Thestandarddeviationsandtheamplitudesshow adistinctswitching
behavior dueto a bi-modality in theposteriorwhich is well sampled.Thequestionarises
if the orderingconstraintappliedto the meanvaluesis reasonablefor this application.
The meanvaluesfor 3 2 and 3 H (

= 2 and
= H ) are almostthe sameand the variancesof

theseestimatesareby far too large. This switchingbehavior clearly shows up the limits
of orderingconstraints.For inferring the parametersnew techniqueshave to be found to
allocatethecomponentsto theindividuallosspeaks.Celeuxet al. (2000)suggestto discard
theorderingconstraintsandto samplethemulti-modalposteriorpdf. TheMCMC sample
is finally classifiedusingclusteringtools. Due to the increasedcomplexity of samplinga
multi-modaldistribution this taskis farbeyondthescopeof this paper.
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Figure 5. Left: Mixture of number of components. Right: Trace of Gaussian parameter

estimates against visits to 3 components.

The fit to the data is best shown with the posteriordistribution of the deviancesD ; | h�� �(��© !#)k$�&>* for increasing) , which is the familiar �(H -misfit for a Gaussianlike-
lihood distribution. The left panelof Figure 6 depictsnormalizeddistributions for the
unconditioneddeviance(thick line) andthe deviancesconditionalon ) , � D � , which
overlap substantially. The misfit of the data is in accordancewith the numberof dataO�»N¼8½s¼Q, 9 ; 9 . Thescaleparameterandthebackgroundparametersof thephysicalmodel
aresimultaneouslysampledalongwith the Gaussianparametersandthe numberof mix-
turecomponents.Theposteriorpdf of thescaleparameterandof theconstantbackground
parameter¦6¨ aredepictedin the middle andright panels,respectively. The distribution
for theconstantbackgroundis asymmetricwith a steepdecreaseto largervalueswhich is
determinedby thenoiselevel of thedata.Smallvaluesof ¦6¨ arecounterbalancedby very
broadGaussiancomponents.Thesmoothdecreaseof theposteriorpdf with thedecreaseof¦ ¨ is dueto theweakeffectof Ockham’s (Bayes)factorpenalizingmorecomplex models.
Thesameargumentsholdalsofor theposteriorpdf of thescale� .
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6. SUMMARY

The RJMCMC methodwasappliedto the densityestimationproblemof the Old Faith-
ful geyserusingtheclassicalGaussianmixturealgorithmandto a physicaldeconvolution
problemwherethe backgroundaswell as the numberof mixture componentsand their
parametersareestimatedsimultaneously. Samplingfrom the unconstrainedmulti-modal
posteriorpdf seemsto beadvantageousdespitethecumbersometechniquesto explorethe
parameterspace.

In a subsequentpaperthemethodwill beappliedto variousphysicalproblemswhere
Lorentzian,Voigt, andasymmetricmixtureshave to beused.A majorproblemarisesdue
to slow mixing of thechainwith concomitantbadconvergencebehavior. More elaborated
matchingtechniquesfor the split/combinemoveshave to be found for allowing routine
work on analyzingphysicalproblems.
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