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Abstract: A reversiblejump Markov chainMonte Carlotechniques appliedto
estimatethe numberand parameter®f peaksin ubiquitousphysicalproblems
in the framework of Bayesiarprobabilitytheory For measuregbhysicalspectra
oftenonly the functionalform of the structuress known but the numberof the
peaksandthe parametersireunknavn. Thefull joint posteriordistribution for
all parameterss sampledor estimatinghe numberof componentsupportedy
thesignificantinformationin the noisy dataandfor estimatingthe unknovn pa-
rameterdor the mostprobablenumberof componentsThe methodis appliedto
theclassicalOld Faithful densityestimatiorproblemandthe physicalproblemof
resolutionenhancemerdand spectraldecompositiorof high-resolutionelectron
enegy lossdata.
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1. INTRODUCTION

Measuredspectrain physicsoften comprisean unknovn numberof structuresof known
parametridamily. Thestructuresarecommonlyblurredwith anapparatusransferfunction
andsuperposeavith a smoothbackground.The parametersf the peaksare usuallyesti-
matedfor differentnumbersof componentseparatelyandvariouscriteriaareemployedto
infer the numberof componentsThe criteriausedcomprisesimplesignificanceestslike
the datamisfit aswell asnon-Bayesiamethodssuchasthe Akaike informationcriterion.
The intention of the authorsis to apply a recently proposedmethodof reversible jump
Markov chainMonte Carlo (RIMCMC) by Green(1995)andRichardsoret al. (1997)to
physicalproblemswvherethe numberof component®f amixture of distributionsis jointly
estimatedwith the parameter®f the componentsThe inferenceis donein the Bayesian
framawvork usingMCMC for samplingthe joint posteriordistribution.

The parametricdistributions commonly usedin physicsare Gaussiandistributions
for apparatusunctions, Lorentziandistributionsfor statesdecayingwith a characteristic
life time, Voigt profiles (convolution of Gaussiarwith Lorentzian)comprisingboth, life
time broadeningand apparatusroadeningeffects,and asymmetricvariantsof thesedis-
tributionsencompassingary-particleeffects. The presenpaperaddressesvo examples



whereGaussiarcomponentaresuitable. The otherparametridamilieswill be published
in a forthcomingpaperwith the correspondingphysicalexamples.In additionto the mix-

tureof theblurredcomponentshemeasuredpectranaybesuperposelly asmoothback-
ground.

Decorvolution of an apparatugunctionis anill-posed problemwhich only recently
hasbeensolved successfullywith anadaptve kernelmethodusingan entropicprior (Fis-
cher, 1998). Theadaptve kernelmethodusesa sufiiciently large numberof, e.g.,Gaussian
kernelswith fixed, denselydistributed meanvaluesand variable variances. The ampli-
tudesandvariancesaaremaminalizedwithin the Bayesiamprobabilitytheory The effective
degreesof freedomof theform-free,de-blurredreconstructiordepencbn the variancedis-
tribution of the kernelswhich constitutecorrelationsn the reconstruction.The dravback
of the adaptve kernelmethodis thatthe numberof kernels(mixture componentsjs large
andfixed. Problemswherethe numberof componentsare of interestcannot be tackled.
The RIMCMC methodfor mixturesprovidesa usefulgeneralizatiorof theadaptve kernel
method.

The objectof this work is to extendthe principleideasof the RIMCMC methodde-
velopedfor good-naturedsaussiancomponentso parametricfamilies most commonly
usedin physicsincluding blurring transferfunctionsandadditive smoothbackground.In
Section2 we summarizehemodelfor the classicablensityestimatiorproblemusingGaus-
sianmixturesin theframawork givenby Richardsoret al. (1997),anddescribea common
modelusedfor physicalproblems.Section3 summarizeshe RIMCMC approachln Sec-
tion 4 we shav theresultsfor the classicaldensityestimationproblemof the Old Faithful
geyserwhich wascomparedo the resultsof the adaptve kernelmethod. Thoughthe Old
Faithful geyser doesnot comprisesa physicalproblem,it represents classof physical
problemswhich dealswith densityestimationof scatteredeventssuchasthe reconstruc-
tion of blurredimagesn astrophysicérom themeasuremerdf thedistribution of photons.
In section5 the physicalproblemof analyzinga datasetof high-resolutiorelectronenegy
lossspectroscop (HREELS)is shavn. We concludewith a summaryandanoutlook.

2. MIXTURE MODELS

In generaltheclassicalGaussiamixture approactintroducedoy Richardsoret al. (1997)
is differentfrom mixture modelsdescribingphysicalproblems.

2.1 Gaussian mixture model

Fortheclassicabpproactiheobsenationsz; areassumedo beindependentigravn from
thelikelihoodpdf

E
ploi|w,8,B) = Y wif(wi,0k) (1)
k=1
1 (z; — Nk)2>
x;, 0 = —exp|——F75— 2
S = e (- ®)
wherez; aretheobsenations,i = 1, ..., Ng.tq, E IS the numberof mixture components
(expansion order), wy, arethe componentweights(sumupto 1), & = 1,...,E, and

f(z;,0;) areGaussiammixture componentsvith parametersy, = (ug, o).



An identifiability problemarisesfrom the invarianceof the likelihood pdf (1) under
permutatiorof theindicesk. We adopttheideaof Richardsoret al. (1997)to imposean
identifyingorderingconstrainbntheparametergy, 1 < p2 < --- < pg. Thisconstraint
is arbitrarysincewe canalsoimposeorderingconstrainton wy, or o. Thereasorfor re-
ducingthe parametesspaceis to allow for more efficient exploration of the multi-modal
probability space and,hopefully, to identify individual componentaindestimatetheir pa-
rameterdrom the MC sample.Unfortunatelytheorderingconstraintmaynotbe suficient
to efficiently explorethe posteriompdf andto eliminateall problemsin interpretatiorof the
sample. As Celeuxet al. (2000) pointedout the truncationof the multi-modal posterior
spacedoesnot necessarilyaccountfor the geometryand shapeof the unrestrictedposte-
rior distribution. All applicationshave to be carefullyanalyzedor effectsarisingfrom the
orderingconstraint.

Accordingto Richardsoret al. (1997)we introducea grouplabel z;, which indicates
theidentity or labelof thecomponentrom which eachobsenationz; is drawn. For known
allocationvariablez; thelikelihoodis

p(zi|zi=k,0) = f(zi,0k) 3)
wherethe z; aresupposedo beindependentiygravn from
pzi=k|lw) = wy for k=1,...,E. (4)
Thejoint posteriompdfis
pe,z,w,0,E) = p(z|zw,0,E)p(z|w,E)p(w|E)p(0|E)p(E)  (5)

with the conjugatepriors

p(w| E,d) = Dirichlet(w |d) (6)
E

p(O|E,&k0,8) = [[ Nk |&RT(05” |, B) (7)
k=1

The prior for FE is flat. For detailsof the priors, the hierarchicalmodel, and the Gibbs
samplingof the parameterseeRichardsoret al. (1997).

2.2Physical mixture model
For ubiquitouslinear physicalproblemsthe mixtureis written as

E

D(z) = Y Alwi—y;) <Szwkf(yj>0k) + bj(ﬂ)) (8)
7 k=1

d(z;) = D(mi)+e )

whered; = d(z;) is the measuredlata(intensity)at coordinater;,i = 1,..., Ngata, D;
is the modeldata,ande; is the (statistical)uncertaintyassociatedvith the measurement
processWe assumeneanvaluesof (e;) = 0, (¢7) = £2. A;; = A(z; — y;) is theblurring
matrix accountingfor the apparatugransferfunction. The y; are chosenfine enoughto



allow to fit the datawithin the noiselevel. This is often achieved by settingy = .
Knowing the apparatusransferfunction preciselyis vital for a usefuldecorwolution of the
data.Thebestmethodis to measureahetransferfunctionandto combinethemeasurement
uncertaintieof the transferfunction andthe datato be decomvolvedasshovn in Doseet
al. (1998). Most commonly thetransferfunctionis assumedo be describedy a function
with parametersncorporatednto the fitting routine. In mary applicationsthe transfer
functionis well approximatedy a Gaussianwhereagor the presenHREELSapplication
theasymmetridransferfunctionis separatelyneasured.

E is the numberof mixture components Pleasenote we usea slightly differentno-
tationfrom Richardsoret al. (1997)wherethe numberof mixturesis denotedby k. s is
a scalefactoraccountingfor the total intensity of the measuredspectrumwithout back-
ground,which is not necessarilynormalizedto one. b(n) is the backgroundvith parame-
tersm. Smoothbackgroundsirecommonlydescribedoy polynomialsor splinefunctions.
Fischeret al. (2000)proposedo discriminatea smoothbackgroundrom the usefulsignal
by introducingan additionalexpansionorderfor modelingonly the background.For the
presenHREELSapplicationit is sufiicientto usea constanbackground; (1) = 7.

The likelihood probability densityfor the presentcountingexperimentis a Poisson
distribution,

Naata Ddl
3

p(d|D) = e (10)
=1

whichis well approximatedor large countswith a Gaussian

Ndata

Wd|D.D) = [ o ew (— %) (1)

with varianceX? = d;. Sinceconjugatepriors are no longer used,the algorithm can
easilybe modifiedfor the Poissonlik elihood. Neverthelessfor the HREELS application
we usethe Gaussiartik elihoodsincethis allows easyincorporatiorof thetransferfunction
measuremenincertainty(Doseet al. , 1998).

For the HREELS applicationthe parametersire E, s, wy, 65, andng. Theaugmen-
tation conceptof introducingan allocationvariableis no longer applicablebecausehe
intensitiesd; at coordinatex; cannot be identifiedwith a single component.Therefore,
thefull conditionalpdfs necessaryor Gibbssamplingcannot be calculatedanalytically
Conjugatepriors are no longer necessaryo keepthings simple,andwe changeto more
sensiblepriors. As an exception,for a countingexperimentwith databinning the alloca-
tion conceptcanstill be appliedby augmentinghe datavectorfrom Ng,i, intensitiesd;
atcoordinatese; to ), d; eventswith degeneratedoordinates The likelihood(1) hasto
bereplacedy a multinomial distribution. The drawbackis thatthe numberof eventsand,
hencethenumberof allocationvariablesn atypical physicalexperiments too largeto be
tacklednumerically

The priors for the meanvaluesare chosento be flat on the measuremennterval to
avoid mixturesunrestrictedby the data. It is easily seenthat E is estimatedto be too
large whenthedatado not constrainthe parametespace Componentsocatedoutsidethe
interval with a variancesmall enoughto preventsignificantoverlapwith the dataare not



restrictedby thelikelihood. Dueto aflat prior on E, marginalizationof the parametersf
thoseextracomponentsloesnot resultin penalizingOckham(Bayes)factors.

Theprior for s is exponentiawith ameanaccordingo theoverallintensity Theprior
for thebackgroungarametery, is choserconstanbn a positive interval.

3. MCMC

The typesof MCMC movesdivide into the two groupsof moveswithin the parameter
spaceand movesbetweendifferentparametespaces.The within parametespacemoves
dependon the modelusedand are chosento be Gibbs movesfor the Gaussiarmixture
modelwith dataaugmentatiomndMetropolis-Hastingsnovesfor the ubiquitousphysical
model. The Gibbsmovesfor the Gaussiai€modelareshowvn in detailin Richardsoret al.
(1997)wherethe useof conjugatepriors allow for the calculationof the full conditional
posteriordistributionsof all parameters.

The movesbetweendifferentparametesspacesare provided by the reversiblejump
methodproposedby Green(1995) and appliedto normal mixturesby Richardsonret al.
(1997). Thetwo typesof reversiblejump movesaresplit/‘combinemovesof adjacentom-
ponentsandbirth/deathmovesof empty componentsThe parametersf the split/combine
movesare assignedy matchingthe 0t*, 1%, and2"? momentsof the single component
to thoseof the splitted components. A birth move comprisesthe generationof a new
componentwith randomlocation, amplitudeand variance,preferentiallyfrom the prior
distributions. A deathmove is simply deletingan existing componeniandre-scalingthe
amplitudes Detailscanbefoundin Richardsoret al. (1997).

4. APPLICATION: OLD FAITHFUL GEYSER

A first exampleis the textbook density-estimatiorproblemof the eruptionsof the Old
Faithful geyser(Silver, 1994).Figurel shovstheraw datafor thedurationof 109eruptions
displayedasa scattemplot andasa histogramusing109(!) bins. Themeanof the posterior
pdf is shavn assolid line. The dashedines correspondo anasymmetrict onestandard
deviation above/belav themeanvalue.

The posteriompdf of the numberof componentss shavn in theleft panelof Figure?2.
The mostprobablenumberof componentss 4. Theright panelshavs the changesf the
numberof components againstthe numberof sweeps.The MCMC samplemixeswell
over E. Smallaswell aslargevaluesof E areshort-lived.

For parametelestimationthe MCMC samplefor a fixed numberof components®
hasto be analyzed.In Figure 3 typical tracesof the parametersw, u, ando areshovn
for the mostprobablenumberof componentgt. The orderingconstraintis 1 < p2 <
.-+ < pg. Thetraceis taken from arun of 106 sweepswhich includedabout360 000
visitsto E = 4. For the sale of clarity only every 200visit is plotted. The patternof the 4
component$ook quitedifferent. Themeanvaluesof thefirst andthird componentglowest
meanat about2 minutes full circle andmeanat about4 minutes,downwardtriangle)are
well determinedwhile the secondneanvalue (upwardtriangle)is alittle fuzzy. Thefirst
andthird componenthave alsowell determinecamplitudesandstandardieviations. The
fourth component(highestmean,opencircles) exhibits switching from a meanvalue of
about6.2 minutesto a meanof about4.5 minutes.At adurationof about6.2 minutesthere



is only the sparsanformationof two measureceruptions. At about4.5 minutesthereis
a barelysignificantpeaksplit-off from the mainfeatureat about4 minutes.The presence
of bothbarelysignificantfeaturegesultsin a significantfourth componentvhich switches
betweenthe two peaks. Pleasenotethe correlationof the threeparametersv, p, ando
when switchingoccurs. In addition, the switching behaior betweenboth modesclearly
shav thegoodcornvergenceof the MCMC sample.
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Figurel. Density estimation of 109 eruption durations of the Old Faithful geyser
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Figure 2. Posterior probability and mixture of number of components for the Old Faithful
geyser

The meanof the posteriorpdf asshavn in Figure1 hasto be comparedo previous
analysiswith the adaptve kernelmethod(Fischer 1999).Both methodsyield densityesti-
mateswhich comparequite well within the confidencenterval. Theresultsareinsensitve
to themethodausedaslong asmethodswith adaptve flexibility in the parametespaceare
applied.Theadwantageof the RIMCMC methodis thatit allowsto estimate¢heparameters
of thecomponentsvhichis not possiblewith the adaptive kernelmethod.
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Figure 3. Trace of Gaussian parameter estimates against visits to 4 components for the
Old Faithful geyser

5. APPLICATION: HREELS

A typical physicalapplicationfor RIMCMC is the decorvolution of an apparatudbroad-
eningfunction from a blurredandnoisy spectrumthe estimationof the backgroundand
theestimationof thenumberandthe parametersf the componentsinderlyingthe spectra.
Thegoalis to infer only the mixture componentsvhich aresignificantlysupportedy the
dataandto avoid thereconstructiorof spuriousstructuresvhich aredueto thenoise.

High-resolutiorelectronenegy lossspectroscop(HREELS)is oneof themostpromi-
nenttechniquesisedto probethevibrationsof atomsandmoleculesadsorbedn solid sur
facesMono-enegeticelectronsareinelasticallyscatteredrom asurface.An interpretation
of theenepy lossintensitiesof the scattereatlectrongvibrationalfrequencie®f adsorbed
species)may give informationon adsorptiorsites,coverage strengthof the surfacebond
andthedegreeof associatiorof speciesadsorbeanthe surface. Theinterpretations more
complicatedf neighboringloss peaksoverlap. Recentlyvon der Linden (1997) shaved
how to improve the resolutionin HREELS usingthe maximum-entrog concept. In the
presentvork, thenumberandthe parametersf thelosspeaksareestimatedn additionto
theachieredresolutionenhancement.

In the left panelof Figure 4 HREELS data (dots) of CO-moleculesadsorbecbn a
Pt,Ni; _,(111)single-crystaburfaceareshavn. Thespeculareflectedelasticelectronen-
ergy distribution (dot-dashedine) providesdirectly the apparatusransferfunction which
blurresthe loss peaks. Insteadof usingmore sophisticatedand, hence,more expensve
electronspectrometerfor resolutionenhancementhe apparatugunction canbe decon-
volved post-measuremerftom the data. Pleasenote the asymmetrictransferfunction
which cannot be quantifiedwith simpleanalyticalfunctions. Thedecorwolvedenegy loss
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distribution (solid line) is the meanof the posteriorpdf of the mixture with marginalized
E.
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Figure 4. Left: Deconvolution, spectral decomposition, and background sub-
traction applied to data from HREELS. The apparatus transfer function (dot-
dashed) is deconvolved from the data (dots). Right: Posterior probability of the
number of components.

The posteriorprobability distribution of the numberof componentss showvn in the
right panelof Figure4. The mostprobablenumberof componentss 3.

Theleft panelof Figure5 shavs the change®f the numberof components against
thenumberof sweepsThemixing is notasgoodaswith the Old Faithful examplebecause
the Gaussiarmixture componentsare cornvolved with the asymmetricapparatugransfer
function. The combine/splitmoveswith themomentmatchingconditionis sub-optimafor
theHREELSapplication.

In the right panelof Figure5 typical tracesof the Gaussiarparametersv, u, ando
areshawn for the mostprobablenumberof component8. About 36% of the sweepsisit
to E = 3. Thethreeparameter®f the mostprominent,third componenilargestmean
at about0.255eV, cross)arewell determined. The meanvaluesof the first and second
componentgverlap. Thestandardleviationsandtheamplitudesshow a distinctswitching
behaior dueto a bi-modalityin the posteriorwhich is well sampled.The questionarises
if the orderingconstraintappliedto the meanvaluesis reasonabldor this application.
The meanvaluesfor w; andwsy (o7 andos) are almostthe sameand the variancesof
theseestimatesare by far too large. This switchingbehaior clearly showvs up the limits
of orderingconstraints.For inferring the parametersiew techniqueshave to be foundto
allocatethecomponentso theindividuallosspeaks Celeuxet al. (2000)suggesto discard
the orderingconstraintsaandto samplethe multi-modalposteriorpdf. The MCMC sample
is finally classifiedusingclusteringtools. Due to theincreaseccomplexity of samplinga
multi-modaldistribution this taskis far beyondthe scopeof this paper
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Figure5. Left: Mixture of number of components. Right: Trace of Gaussian parameter
estimates against visits to 3 components.

The fit to the datais bestshavn with the posteriordistribution of the deviances
—2logp(d| E, 6) for increasingE, which is the familiar x2-misfit for a Gaussiarlike-
lihood distribution. The left panelof Figure 6 depictsnormalizeddistributions for the
unconditioneddeviance(thick line) andthe deviancesconditionalon E = 3 — 7, which
overlap substantially The misfit of the datais in accordancewvith the numberof data
Nyata = 121. The scaleparameteandthe backgroundparametersf the physicalmodel
are simultaneoushsampledalongwith the Gaussiarparameterand the numberof mix-
turecomponentsThe posteriorpdf of the scaleparameteandof the constanbackground
parametet, are depictedin the middle andright panels,respectiely. The distribution
for the constanbackgrounds asymmetriowith a steepdecreasdo largervalueswhichis
determinedby the noiselevel of the data. Small valuesof n, arecounterbalanceby very
broadGaussiatomponentsThesmoothdecreasef theposteriopdf with thedecreasef
1o is dueto the weakeffect of Ockhams (Bayes)factorpenalizingmorecomplex models.
The sameargumentshold alsofor the posteriorpdf of the scales.
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Figure 6. Posterior probability densities of deviances, scale parameter, and background
parameter



6. SUMMARY

The RIMCMC methodwas appliedto the density estimationproblemof the Old Faith-
ful geyserusingthe classicalGaussiammixture algorithmandto a physicaldecowolution
problemwherethe backgroundas well asthe numberof mixture componentsand their
parametersre estimatedsimultaneously Samplingfrom the unconstraineanulti-modal
posteriorpdf seemdo be advantageouslespitethe cumbersoméechniquedo explorethe
parametespace.

In asubsequenpaperthe methodwill beappliedto variousphysicalproblemswhere
Lorentzian,Voigt, andasymmetrianixtureshave to be used.A majorproblemarisesdue
to slow mixing of the chainwith concomitanbadcorvergencebehaior. More elaborated
matchingtechniquedor the split‘combinemoves have to be found for allowing routine
work on analyzingphysicalproblems.
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