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ABSTRACT

MICHAEL LAMM: Confidence intervals for solutions to stochastic variational inequalities
(Under the direction of Shu Lu)

This dissertation examines the effects of uncertain data on a general class of optimization
and equilibrium problems. The common framework used for modeling these problems is a
stochastic variational inequality. Variational inequalities can be used to model conditions
that characterize an equilibrium state, or describe necessary conditions for solutions to
constrained optimization problems. For example, Cournot-Nash equilibrium problems and
the Karush-Kuhn-Tucker conditions for nonlinear programming problems both fit in the
framework of a variational inequality. Uncertain model data can be incorporated into a
variational inequality through the use of an expectation function. A variational inequality
defined in this manner is referred to as a stochastic variational inequality (SVI).

For many problems of interest the SVI cannot be solved directly. This can be due
to limited distributional information or an expectation function that lacks a closed form
expression and is difficult to evaluate. When this is the case, the SVI must be replaced with
a suitable approximation. A common approach is to solve a sample average approximation
(SAA). The SAA problem is a variational inequality with the expectation function replaced
by a function that depends on a sample of the uncertain data. A natural question is then
how the solution of the SAA problem compares to the true solution of the SVI. To address
this question, this dissertation examines the construction of simultaneous and individual

confidence intervals for the true solution of an SVI.
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CHAPTER 1

Introduction

Variational inequalities model a general class of equilibrium problems and also arise as
first-order necessary conditions of optimization problem, see (Attouch et al., 2009; Facchinei
and Pang, 2003; Ferris and Pang, 1997a,b; Giannessi and Maugeri, 1995; Giannessi et al.,
2001; Harker and Pang, 1990; Pang and Ralph, 2009). A variational inequality, defined
formally in §1.1, is characterized by a set S and a function f. In many problems of interest,
data defining the function are subject to uncertainty. One way to handle such uncertainty is
to treat f as an expectation function, and this gives rise to a stochastic variational inequality
(SVI). For many problems the expectation function lacks a closed form expression and a
numerical approximation is generally required. Such approximations usually make use of
some sampling procedure. Based on how sampling is incorporated into the approximation
scheme, SVI algorithms can be classified into stochastic approximation (SA) methods and
sample average approximation (SAA) methods. SA methods as introduced in (Robbins and
Monro, 1951) update iterate points with samples taken at each step. The application of SA
methods to SVIs have been studied in (Chen et al., 2014; Jiang and Huifu, 2008; Juditsky
et al., 2011; Koshal et al., 2013; Nemirovski et al., 2009a) and references therein. For
the development of SA methods in stochastic optimization, see (Nemirovski et al., 2009b;
Polyak, 1990; Polyak and Juditsky, 1992) and references therein.

In this dissertation we consider the case when a sample average approximation (SAA)
is used. The SAA method uses a single sample to estimate the unknown function f with
a sample average function, defined formally in §1.1. A solution to the SAA problem is a
solution to the variational inequality defined by the sample average function and set S.
A natural question to consider is how the solution to the SAA problem compares to the
solution of the original SVI. Under certain regularity conditions, SAA solutions are known

to converge almost surely to a true solution as the sample size N goes to infinity, see



(Giirkan et al., 1999; King and Rockafellar, 1993; Shapiro et al., 2009). Xu (Xu, 2010)
showed the convergence of SAA solutions to the set of true solutions in probability at an
exponential rate under some assumptions on the moment generating functions of certain
random variables; related results on the exponential convergence rate are given in (Shapiro
and Xu, 2008). Working with the exponential rate of convergence of SAA solutions, Anitescu
and Petra in (Anitescu and Petra, 2011) developed confidence intervals for the optimal value
of stochastic programming problems using bootstrapping. Limiting distributions for SAA
solutions were obtained in (King and Rockafellar, 1993, Theorem 2.7) and (Shapiro et al.,
2009, Section 5.2.2). For random approximations to deterministic optimization problems,
universal confidence sets for the true solution set were developed by Vogel in (Vogel, 2008)
using concentration of measure results.

The major contribution of this dissertation is the development methods for the efficient
calculation of confidence intervals for the true solution to an SVI from a single SAA solution,
based on the asymptotic distribution of SAA solutions. To our knowledge, the computation
of confidence sets for an SVI’s solution based upon the asymptotic distribution of SAA
solutions started from the dissertation of Demir (Demir, 2000). By considering the normal
map formulation (to be defined formally in §1.1) of variational inequalities, Demir used the
asymptotic distribution to obtain an expression for confidence regions of the solution to
the normal map formulation of an SVI. Because some quantities in that expression depend
on the true solutions and are not computable, Demir proposed a substitution method to
make that expression computable. He did not, however, justify why that substitution
method preserves the weak convergence property needed for the asymptotic exactness of
the confidence regions. Standard techniques for the required justification cannot be used
due to the general nonsmooth structure of S and the discontinuities this creates in certain
quantities.

In (Lu and Budhiraja, 2013) Lu and Budhiraja provided and justified a new method
of constructing asymptotically exact confidence regions for zy. The confidence regions were
computable from a solution to the normal map formulation of a single SAA problem (1.3);
the latter solution is denoted by zy and is formally defined in Theorem 1. The approach in

(Lu and Budhiraja, 2013) was to combine the asymptotic distribution of zy with its expo-



nential rate of convergence, and involved calculating a weighted-sum of a family of functions.
The method was later simplified by Lu in (Lu, 2012) by using a single function from the
family. Due to the potentially piecewise linear structure that underlies the asymptotic dis-
tribution of SAA solutions, the methods in (Lu, 2012; Lu and Budhiraja, 2013) may require
working with piecewise linear transformations of normal random vectors. Lu in (Lu, 2014)
proposed a different method to construct asymptotically exact confidence regions, by using
only the asymptotic distribution and not the exponential convergence rate. The method in
(Lu, 2014) is easier to use since it has the advantage of working (with high probability) with
linear transformations of normal random vectors, even when the asymptotic distribution of
zN 1s not normal.

Component-wise confidence intervals for the true solution are generally easier to visu-
alize and interpret compared to confidence regions. By finding the axis-aligned minimal
bounding box of a confidence region of zy (or x(), one can find simultaneous confidence
intervals that jointly contain zy (or xg) with a probability no less than a prescribed con-
fidence level. Additionally, individual confidence intervals provide a quantitative measure
of the uncertainty in each individual component, and therefore cary important information
not covered by larger confidence sets. Individual confidence intervals that can be obtained
by using confidence regions are too conservative for any practical use, especially for large
scale problems. A method to construct individual confidence intervals for zy using linear
estimates was analyzed in (Lu, 2014). While computationally efficient, the method requires
some restrictive assumptions to guarantee that the specified level of confidence is met.

The methods for computing individual confidence intervals we develop in this disserta-
tion are shown to achieve the guaranteed confidence levels in more general situations. This
attribute differentiates our methods from existing approaches that consider the specialized
case when the asymptotic distribution is Gaussian or generate conservative confidence sets
based on error bounds. The methods we develop are also able to limit the computational
burden of working with the possibly piecewise linear transformations. Another contribution
of this dissertation is to provide a direct approach to finding individual confidence intervals
for components of zp. As noted above, the confidence region/interval methods in (Demir,

2000; Lu, 2012, 2014; Lu and Budhiraja, 2013) are mainly designed for zp. The points zg



and z( are related by the equality z¢p = IIg(z0). From a confidence set of 2y, one can obtain
a confidence set for zg, by projecting the confidence set of zy onto S. The resulting set will
cover xo with a rate at least as large as the coverage rate of the original confidence set for
zg. When S is a box, individual confidence intervals of xy can be obtained from projecting
the individual confidence intervals of zy onto S. We shall refer to such approaches as “indi-
rect approaches.” The indirect approaches are convenient to implement when the set S is a
box, or has a similar structure that facilitates taking (individual) projections. Beyond those
situations, it would be hard to use the indirect approaches for finding confidence intervals
for xg.

In Section 1.1 the SVI and SAA problems are formally defined along with their normal
map formulations. Pertinent properties of piecewise affine functions are reviewed in §1.2
along with the notion of B-differentiability. Previous works on the relationship between the
SVI and SAA problems are summarized in §1.3, and §1.4 outlines the methods for interval

computation discussed in remainder of this dissertation.

1.1 Stochastic variational inequalities

An SVI is defined as follows. Let (€2, F, P) be a probability space, and £ be a random vector
defined on © and supported on a closed subset Z of R%. Let O be an open subset of R™, and
F be a measurable function from O x = to R", such that E||F(x,&)|| < oo for each z € O.
Let S be a polyhedral convex set in R™. The SVI problem is to find a point x € SN O such
that

0 € fo(z) + Ng(x), (1.1)

where fo(z) = E [F(x,£)] and Ng(z) C R" denotes the normal cone to S at z:

Ng(z) = {v e R"|(v,s —z) <0 for each s € S}.

Here (-, -) denotes the scalar product of two vectors of the same dimension.
It is often the case that the function fy does not have a closed form expression and

is difficult to evaluate, in which case an SAA problem may be solved instead. The SAA



method takes independent and identically distributed (i.i.d) random variables £, €2, ..., &N
with the same distribution as £ and constructs a sample average function. The sample

average function fn : O x 2 — R" is defined by

N

fn(@,w) =N F(z,6(w)). (1.2)

=1

The SAA problem is to find a point z € O NS such that
0 € fn(z,w) + Ng(x). (1.3)

Solutions of (1.1) are referred to as true solutions, whereas solutions of (1.3) are refereed to
as SAA solutions.

The formulations of the SVI and SAA problems as given in (1.1) and (1.3) involve the
set valued mapping Ng(-). In their normal map formulations the set valued mapping is
removed and solutions are identified as the zeros of single-valued non-smooth functions.
For the SVI, the function is the normal map induced by fo and S, fi's" : H;l(O) — R™,

defined as

f03'(2) = fooIls(2) + (z — ls(2)). (1.4)

Here Ilg denotes the Euclidian projector onto the set S, HEI(O) is the set of all points
z € R™ such that IIg(z) € O, and fy o IIg is the composite function of fy and IIg. The

normal map formulation of (1.1) is to find a point z € IIg*(O) such that

fog'(z) =0. (1.5)

The two formulations are related by the fact that x € ON.S solves (1.1) only if z = z— fy(z)
satisfies (1.5). Moreover when this equality is satisfied it additionally holds that IIg(z) = =.

The normal map induced by fy and S is similarly defined on IIg*(O) to be

INs(z) = fv o lls(2) + (2 — s(z)). (1.6)



The normal map formulation of the SAA problem is then to find 2 € ITg'(O) such that

fNs(2) =0, (1.7)

where (1.7) and (1.3) are related in the same manner as (1.5) and (1.1). In general, for a
function G mapping from a subset D of R™ back into R"™, the normal map induced by G
and S is a map defined on IIg' (D) with G (2) = G o Ilg(2) + 2 — Ig(2).

By assumption, S is a polyhedral convex set, so the Euclidian projector Ilg is a piece-
wise affine function. In the next section we provide a summary of pertinent properties of

piecewise affine functions, in particular the notion of B-differentiability.

1.2 Piecewise affine functions

A continuous function f : R"®™ — R™ is piecewise affine if there exists a finite col-
lection of affine functions f;, j = 1,...,[, such that for all € R" the inclusion
f(z) € {fi(z),..., fi(x)} holds. The affine functions f; are refereed to as the selection
functions of f. When each f; is a linear function f is called piecewise linear.

Closely related to piecewise affine functions is the concept of a polyhedral subdivision.
A polyhedral subdivision of R" is defined to be a finite collection of convex polyhedra,

I ={P,..., P}, satistying the following three conditions:

1. Each P; is of dimension n.
2. The union of all the P; is R"™.

3. The intersection of any two P; and Pj, 1 <17 # j <[, is either empty or a common

proper face of both P; and P;.

If each of the F; is additionally a cone, then I' is referred to as a conical subdivision. As
seen in (Scholtes, 2012, Proposition 2.2.3), for every piecewise affine function f there is a
corresponding polyhedral subdivision of R™ such that the restriction of f to each F; is an
affine function. When f is piecewise linear the corresponding subdivision is conical, and

the restriction of f to each cone of the subdivision a linear function.



We next consider the special case of the Euclidian projector onto a polyhedral convex set
S, a thorough discussion of which can be found in (Scholtes, 2012, Section 2.4). Let F be the
finite collection of all nonempty faces of S. On the relative interior of each nonempty face
F € F the normal cone to S is a constant cone, denoted as Ng(riF'), and the set addition
Cp = F + Ng(riF') results in a polyhedral convex set of dimension n. The collection of all
such sets Cr form the polyhedral subdivision of R™ corresponding to IIg. This collection
of sets is also referred to as the normal manifold of S, with each Cr called an n-cell in
the normal manifold. Each k-dimensional face of an n-cell is called a k-cell in the normal
manifold for k = 0,1,...,n. The relative interiors of all cells in the normal manifold of .S
form a partition of R™.

Next we introduce the concept of B-differentiability. A function A : R — R™ is said
to be B-differentiable at a point x € R™ if there exists a positive homogeneous function,
H : R"™ — R™, such that

h(z +v) = h(z) + H(v) + o(v).

Recall that a function H is positive homogeneous if H(Az) = AH (z) for all positive numbers
A € R and points z € R™. The function H is referred to as the B-derivative of h at z and
will be denoted dh(x). When dh(x) is also linear, dh(z) is the classic Fréchet derivative
(F-derivative).

A piecewise affine function f, while not F-differentiable at all points, is B-differentiable
everywhere. More precisely, let I' be the polyhedral subdivision associated with f. At
points z in the interior of a polyhedron P; € T', df(x) is a linear function equal to df;(x),
the F-derivative of the corresponding selection function f;. When z lies in the intersection
of two or more polyhedra, let I'(z) = {P; €|z € P}, I = {i |P; € ['(z)} and I''(z) =
{K; = cone(P; — x)|i € I}. That is, I'(x) is the collection of elements in I that contain z,
and I''(z) is the “globalization” of I'(x) along with a shift of the origin. With this notation,
df (z) is piecewise linear with the family of selection functions given by {df;(x)|i € I} and
the corresponding conical subdivision given by I"(x).

The relation between the normal manifold of S and IlIg extends to the form of the B-

derivative dIlg(x). First we define the tangent cone to a polyhedral convex set S at = € S



to be

Ts(z) = {v € R"| there exists t > 0 such that = + tv € S},

and the critical cone to S at a point z € R™ to be

K(2) = Ts(Is(2)) N {z — Ms(2)} -

As shown in (Robinson, 1991, Corollary 4.5) and (Pang, 1990, Lemma 5), for any point

z € R™ and any sufficiently small h € R™ the equality

Hs(z+h) = s(z) + gy (h) (1.8)

holds, which implies
dHS(Z) = HK(Z)' (19)

The connection to the normal manifold of S follows from the fact that for all points z in the
relative interior of a k-cell the critical cone K (z) is a constant cone; see (Lu and Budhiraja,
2013, Theorem 8), and thus dIIz(z)(-) is the same function for all z in the relative interior
of a k-cell. For points z and 2’ in the relative interior of different k-cells dIlg(z)(-) and
dIls(2')(:) can be quite different, and as a result small changes in the choice of z can result
in significant changes in the form of dIlg(z)(-).

To illustrate these concepts we end this section with an example. Take § =
Ri, where Ry = {z €R, >0}. The set S has four nonempty faces with § =
{R2, Ry x {0}, {0} x {0}, {0} x Ry}. The corresponding 2-cells in the normal manifold
of S are the orthants RZ, Ry x R_, R? and R_ x Ry. There are five k-cells with k < n.
Four 1-cells are the half-lines defined by the positive and negative axes, Ry x {0}, {0} xR,
R_ x {0}, {0} x R_, and the fifth k-cell with k = 0 is the origin {0} x {0}.

The restriction of IIg to each 2-cell is a linear function, with the functions represented

by the matrices



At z = (0,1) e ri ({0} x Ry), IIg is not F-differentiable but has B-derivative dIIg(z)(-)

v 0| | M 1 if hy >0,
dlIs(x)(h) = where v =

0 1 ho 0 if hyp <O.

In contrast, for a point 2’ = (¢, 1) € ri (R%) for € > 0, the B-derivative dllg(z’)(-) is a linear

function represented by the identity matrix.

1.3 Background

In this section we discuss previous work on the computation of confidence sets for the
true solution to an SVI. This section begins with a review of conditions under which the
SAA solutions will have the required asymptotic properties. These properties include the
almost sure convergence of the SAA solutions to a true solution, an exponential rate for the
convergence in probability, and the weak convergence of SAA solutions.

The following notation will be used throughout this section and the remainder of this
dissertation. Let x¢ and zx denote solutions to the true SVI and SAA problems (1.1) and
(1.3). We use Xy to denote the covariance matrix of F'(zg, &), and X to denote the sample
covariance matrix of {F(xx, &) }Y,. A normal random vector with mean y and covariance
matrix ¥ shall be denoted by A (i, Y). A x? random variable with [ degrees of freedom
will be denoted by X%. Weak convergence of random variables Y,, to Y will be denoted as

Y,=Y.

Assumption 1. (a) E|F(z,¢)|? < oo for all z € O.
(b) The map © — F(x,{(w)) is continuously differentiable on O for a.e. w € Q, and
E|deF(z,&)||* < 0o for all z € O.

(c) There exists a square integrable random variable C' such that for all z, 2’ € O

17 (z,&(w)) = F (2", §W)]| + ldaF' (2, §(w)) — do F(2', §(w))[| < C(w)|z — 2/,

for a.e. w e Q.



From Assumption 1 it follows that fy is continuously differentiable on O, see, e.g.,
(Shapiro et al., 2009, Theorem 7.44). For any nonempty compact subset X of O, let
C1(X,R") be the Banach space of continuously differentiable mappings f : X — R,

equipped with the norm

[fll1,x = sup [[f(2)|| + sup [|df (z)]|. (1.10)
reX zeX

Then in addition to providing nice integrability properties for fy, as shown in (Shapiro
et al., 2009, Theorem 7.48) Assumption 1 will guarantee the almost sure convergence of

the sample average approximation function fy to fo as an element of C'(X,R") and that
dfo(z) = E [d F(,£)].

Assumption 2. Suppose that z¢ solves the variational inequality (1.1). Let zo = xo —
fo(zo), L = dfo(z), Ko = Ts(xo) N{z0 — 20} ™+, and assume that Ly2" is a homeomorphism

from R™ to R™, where L™ is the normal map induced by L and Ko.

Assumption 2 guarantees that z( is a locally unique solution and that (1.1) has a
locally unique solution under sufficiently small perturbations of fy in C'(X,R"), see (Lu
and Budhiraja, 2013, Lemma 1) and the original result in (Robinson, 1995). Since the
critical cone K is a polyhedral convex cone, L%%r is a piecewise linear function. It was
shown in (Robinson, 1992) that L2" is a homeomorphism if and only if the determinants
of the matrices representing its selections functions all have the same nonzero sign. Shorter
proof of this result can be found in (Ralph, 1994) and (Scholtes, 1996). A piecewise linear
function with this property is said to be coherently oriented. A special case in which the
coherent orientation condition holds is when the restriction of L on the linear span of Ky
is positive definite. In particular, if fj is strongly monotone on O, then the entire matrix L
is positive definite and L%%r is a global homeomorphism. Another special case is when the
cone Ko = R}, the nonnegative orthant; for such a case the coherent orientation condition
on L% is equivalent to the requirement that L is a P-matrix.

The normal maps L' and fp'y are also related through the B-differentiability of Ilg.
Following the discussion of B-differentiability above Assumption 1, let I'(zy) denote the

conical subdivision that corresponds to dIlg(zp). Since fj is differentiable under Assumption

10



1, the chain rule of B-differentiability implies that f&%r is B-differentiable, with its B-

derivative at zy given by

df5 (z0)(h) = dfo(wo) 0 dlLs(20)(h) + h — dlLs(z0)(h) (1.11)

with corresponding conical subdivision I"(zp).

Applying (1.9) to 2o, one can see the normal map LEE" is exactly dfa%r(z()), a result that
first appeared in (Robinson, 1992). Note that the B-derivative for the normal map f}\lf?gw,
denoted by dfy’s(-), will take an analogous form to (1.11).

The following theorem is adapted from (Lu and Budhiraja, 2013, Theorem 7). It pro-
vides the almost sure and weak convergence of the SAA solutions zy and x . Those results
are obtained by combining convergence properties of the sample average function fy with
sensitivity analysis techniques originally developed in (Robinson, 1995) for deterministic
variational inequalities. Similar results were also shown in (King and Rockafellar, 1993,

Theorem 2.7) using the concept of subinvertibility and a set of assumptions that are im-

plied by those used here.

Theorem 1. Suppose that Assumptions 1 and 2 hold. Let Yy be a normal random vector
i R™ with zero mean and covariance matriz Xg. Then there exist neighborhoods Xo of xg
and Z of zy such that the following hold. For almost every w € §2, there exists an integer
N, such that for each N > N, the equation (1.7) has a unique solution zyn in Z, and the
variational inequality (1.3) has a unique solution in X given by xn = lg(zn). Moreover,

lim zy =29 and lim xn = zg almost surely,
N—oo N—oo

VN(zn = 20) = (LR~ (Yo), (1.12)
VNLE (2n — 20) = Yo, (1.13)

and
VN(Is(2n) — s (20)) = T, o (LR (Vo). (1.14)
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The results of Theorem 1 follow from the convergence of fy to fo in C'(X,R"), and
the existence of locally unique solutions to (1.1) for sufficiently small perturbations of fj in
this same space. In particular, Assumptions 1 provides a sufficient conditions for the weak
convergence of VN (fy — fo) in C'(X,R") which combined with Assumption 2 yields the
asymptotic distributions in (1.12), (1.13) and (1.14).

In his dissertation (Demir, 2000), Demir developed methods to compute confidence
regions for true solutions of SVIs using (1.13). Recognizing that the resulting expression
depended on the true solution through both g and ergf, he proposed to use X n and
df]r\l,?g(z]v) in the expression for the confidence regions. He did not, however, justify how
such a replacement preserves the weak convergence property needed for the asymptotic
exactness of the confidence regions. The discontinuity of dIlg(z) with respect to z, and in
particular the fact that dIIg(zx) does not in general converge to dlls(zp), prevents standard
techniques from being applicable for such a justification. The issue that arises is that when
dITg(zg) is piecewise linear the probability of dllg(zy) being a linear map goes to one as
the sample size N goes to infinity; see (Lu, 2014, Proposition 3.5). While this poses a

challenge for establishing the exactness of confidence regions constructed using df]?,?§(zN)

as an estimate for LY, it also illustrates the desirability of using such regions since their
expression would with high probability involve only linear functions.

To establish the exactness of confidence regions constructed using dfy%(zn) Lu in (Lu,
2014, Theorem 3.3 and 4.1) examined the relationship between dfy'g (20)(2n — 20) and

—df°5(2n) (20 — zn) and proved the following results.

Theorem 2. Suppose that Assumptions 1 and 2 hold. Then for each € > 0 we have
Jim Pr{VN|df§'% (20)(zn — 20) + df 4% (2n) (20 — 2n)|| > €} = 0. (1.15)

Consequently, we have

— VNAfR%(2n) (20 — 2n) = Yo. (1.16)
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Moreover, if g is nonsingular, then
— VNS a0 (2n) (20 — 2nv) = N(0, ). (1.17)

If 3¢ is singular, let p > 0 be the minimum of all positive eigenvalues of g, and let | be
the number of positive eigenvalues of Yo counted with regard to their algebraic multiplicity.
Decompose XN as

Yy = ULANUN

where Uy is an orthogonal n X n matriz, and Ay is a diagonal matriz with monotonically
decreasing elements. Let Dy be the upper-left submatriz of An whose diagonal elements
are at least p/2. Let Iy be the number of rows in Dy, (Un)1 be the submatriz of Uy that
consists of its first Iy rows, and (Un)a be the submatriz that consists of the remaining rows

of Un. Then for almost every w the equality Iy =1 holds for sufficiently large N. Moreover,
N[dfR%(an) (20 — 2v)] " (UN)T DU [AFRE (2n) (20 — 28)] = X (1.18)

and

Ndf % (zn)(z0 — 2n) " (Un)3 (Un)2df 324 (2n) (20 — 2n) = 0. (1.19)

Using (1.17), (1.18) and (1.19) we can give computable expressions for asymptotically
exact confidence regions for zg. To this end, for any a € (0,1) and integer k let x3(a) be
the (1 — a) percentile of a x? random variable with & degree’s of freedom, and let || - [|oo
denote the oco-norm for a vector x € R™. Then for any ¢ > 0 and integer N we define sets

Ry when ¥y is nonsingular, and Ry when ¥y is singular, to be

Ry = {z € R* |N[d3% (=) (2 — 2)]) " SRHAAS () (2 = 2] < 33(0)
(1.20)

N[dfR% (2n) (2 — 2v)] " (Un)T DR UN)1 [dfR% (2v) (2 = 28)] < XEy (@)
RN,e =<{zeR"
VN (UN)2dfN% (28)(z = 28)[loo < €

13



Depending on if ¥y is singular or not, by Theorem 2 we will have that either
lim Pr{z€ Ry} =1—caor lim Pr{z € Ry} =1-a.
N—o00 N—o0

Note that the expression for confidence regions in the nonsingular case is the same as that
proposed by Demir. Since the nonsingular case can be treated as a specialization of the
singular case with [y = n and € = 0, moving forward we focus on the singular case and
consider regions Ry .

While the regions Ry . have a specified asymptotic level of confidence, they are not
necessarily amenable to easy interpretation and visualization. It was thus suggested in
(Lu, 2014) to construct easier to interpret simultaneous confidence intervals by finding the
axis-aligned minimal bounding box that contains the region Ry .. We examine questions
raised by this approach to building simultaneous confidence intervals in an application to a
stochastic Cournot-Nash equilibrium problem of moderate size in Chapter 2.

We now move our focus to the question of computing individual confidence intervals
for components of zyg. A first approach would be to use the component interval of the
simultaneous confidence intervals considered above, but such intervals are too conservative
for any practical use. In (Lu, 2014) a natural expression for individual confidence intervals
suggested by (1.17) was analyzed. Recall that (1.17) required the additional assumption that
Yo be nonsingular. Since this assumption is used throughout the discussion of individual

confidence intervals we formally declare it as

Assumption 3. Let Xy denote the covariance matriz of F(xo,€). Suppose that the deter-

minant of g is strictly positive.

The primary purpose of Assumption 3 will be to provide a sufficient condition for
certain limits in the convergence results in Theorems 5, 6 and 7 to be well defined. Under
Assumptions 1 and 2, the sample covariance matrix X converges almost surely to X, see
(Lu, 2014, Lemma 3.6). A well conditioned ¥ will therefore give us high confidence that
Assumption 3 is true. Even if X is ill conditioned, it is possible to relax Assumption 3
in Theorems 5, 6 and 7; the way to relax it differs for each theorem and is noted after

the proofs of those theorems. One can inspect if the relaxed conditions hold by checking
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properties of ¥ as well as the locations of F(zy,£¢%), 4 = 1,..., N, with respect to the
normal manifold of S.

Before summarizing the results for the confidence intervals suggested by (1.17) some
notation must be introduced. Let dfg'q’(20) be piecewise linear with [ pieces and the cor-
responding conical subdivision {K7, ..., K;} .Then dfa%r(z())h(i = M; foreach i =1,...,1,
where M; stands for the matrix that represents df&%r(zo) on K;. Under Assumption 2,
dfg'g (20) is a global homeomorphism so each matrix M; is invertible. We then define
Y! = M[lYO. Since Yy is a multivariate normal random vector each Y? is a multivariate

normal random vector with covariance matrix Mi_IEOMi_T.

We define the number

r;' = \/(Mi_IZOMi_T)jj

foreach i =1,...,l and j = 1,...,n. Then for each a € (0, 1) it follows that

With this notation the following theorem was shown in (Lu, 2014, Theorem 5.1)

Theorem 3. Suppose that Assumptions 1, 2 and 3 hold. Let K;, M;,Y" and 'r;- be defined as

above. For each integer N with d(fn)s(zn) being an invertible linear map, define a number

TNj = \/ df 35 (an) T BN (2n) T )

for each j =1,...,n. Then for each real number o € (0,1) and for each j =1,...,n,
N _ .
lim Pr <\ﬁ|(zn 20 < x%(a))
N—00 TNj
(1.21)

J

_ zl:Pr () (Yz)j‘ <y/xi(a) and Y' € Kz)

rt
=1

Moreover, suppose for a given j = 1,...,n that the following equality

Pr (\ i) <\t and v e K) — Pr (\ 07 < x%<a)) Pr(Y' € K;)
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holds for each i =1,...,l. Then for each real number a € (0,1),

2
: Xi(a)r;
| P — < X L2 =] — .
N r('(ZN @il < T o

We see in (1.21) that this method of constructing individual confidence intervals, while
easily computable using only the sample data, produces intervals whose asymptotic level of
confidence is dependent on the true solution, unless the condition below (1.21) is satisfied.

The latter condition is satisfied, when df&%r

(z0) is a linear function or has only two selection
functions, in which case the intervals computed from this method will be asymptotically
exact. However, in general the level of confidence for such intervals cannot be guaranteed.

The issue with the linear estimate df]%?g(zN) is that it does not properly account for the

possibly piecewise linear structure of df'd (29). This limitation motivates the development

of the methods proposed in Chapter 3 and 4. The three methods all produce intervals that

maintain their desired asymptotic properties in the general setting by using estimates that

capture the possibly piecewise linear structure of df&%r(zo). To construct such estimates we

will need the following additional assumption.

Assumption 4. (a) For eacht € R" and x € X, let

Ma(t) = E[exp {(t, F(x,£) — fo(x))}]

be the moment generating function of the random variable F(x,§) — fo(x). Assume

1. There exists ¢ > 0 such that M(t) < exp {C?||t]|*/2} for every v € X and every

t e R™

2. There exists a nonnegative random variable k such that

17 (2, §(w)) = Fa', gl < r(w)lle — ]|

for all x,2' € O and almost every w € Q.

3. The moment generating function of k is finite valued in a neighborhood of zero.
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(b) For each T € R™™"™ and x € X, let
M. (T) = Elexp {(T, do (2, ) — dfo(x)) }]

be the moment generating function of the random variable d,F(x,&) — dfo(x). Assume

1. There exists ¢ > 0 such that My(T) < exp {<?||T||?/2} for every x € X and every
T € R™ ™,

2. There exists a nonnegative random variable v such that
lde F(z,§(w)) — do F(2",§(w))]| < v(w)l|z — 2|

for all x,2" € O and almost every w € .
3. The moment generating function of v is finite valued in a neighborhood of zero.

First note that when Assumption 4 holds the conditions of Assumption 1 are satisfied.
From Assumption 4 it follows that fy converges to fp in probability at an exponential rate,
as shown in (Lu and Budhiraja, 2013, Theorem 4) based on a general result (Shapiro et al.,
2009, Theorem 7.67). That is, there exist positive real numbers (i, u1, My and oj, such

that the following holds for each € > 0 and N:

2
Pr([[fn = follix =€) < Brexp{—Nu} + % exp {—M} : (1.22)

o1

Revisiting Theorem 1, if one additionally supposes that Assumption 4 holds, then as shown
in (Lu and Budhiraja, 2013, Theorem 7), there exist positive real numbers e, 8o, po, Mo

and op, such that the following holds for each € € (0, ¢y] and each N:

Pr(|lzny — x| <€) > Pr(|lzy — 20|l <€)
(1.23)

M, —Né?
21—50€XP{—NM0}—€”06XP{ }

a0
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The convergence of SAA solutions to the set of true solutions in probability at an exponential
rate was also shown using the concept of subinvertibility in (Xu, 2010) with an assumption
similar to Assumption 4.

The exponential rate of convergence as given in (1.23) was used in (Lu and Budhiraja,
2013) to estimate df&%r(zo) by a weighted-sum of a family of functions. The estimates
were later simplified in (Lu, 2012) by using a single function from the family. Due to the
computational ease of using a single function we focus our presentation to the estimates
for dfy'g (20) used in (Lu, 2012). In this approach a point near zy is used in the estimate
for dIIg(zp). More precisely, for each cell C; in the normal manifold of S define a function
d; : R" — R by

di(z) =d(z,C;) = fe“(f% |z = z||, (1.24)

and a function ¥; : R” — R" by
Wi() = dITs(2)(") for any = € 1iC:. (1.25)

In (1.24) any norm for vectors in R™ can be chosen, and in (1.25) any z € riC}; can be chosen
since dIlg(z) is the same function on the relative interior of a cell. Next, choose a function

g : N = R satisfying
1. g(N) > 0 for each N € N.

2. lim g(N) = cc.

N—oo
3. lim 2 = .
N—oo g9(N)?

: n N _ S 11 1
4. A}gnoog(]\f) exp {—og (g(N))2} =0 for opg = mln{ﬁ, Too W}, where og, and

o1 are as in (1.22) and (1.23) respectively and C' as in Assumption 1.

5. A}im % exp {—og(N)?} = 0 for each positive real number o.
—00

Note that g(/N) = NP for any p € (0,1/2) satisfies the above requirements.
Now for each integer N and any point z € R", choose an index iy by letting C;, be a

cell that has the smallest dimension among all cells C; such that C; is a face of an n-cell
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that contains z and d;(z) < 1/g(N). Then define functions Ay (z) : R — R™ by
An(z)(h) = W5 (h), (1.26)
and @y : I (0) x R™ x @ — R” by
Dn(z, h,w) =dfn(IIg(2)) o An(2)(h) + h — An(2)(h). (1.27)

Moving forward we will be interested in ®y(zy(w), h,w), which for convenience we will
express as ®y(zy)(h) with the w suppressed. We shall use 2z} to denote a point in the
relative interior of the cell Cj, associated with (N, zx). With this notation it follows that

dlls(zy) = ¥;, and

Pn(2n)(h) = dfn(Ils(2n)) 0 dlls(2y)(h) + b — dlls (2} ) (h). (1.28)

We end the review of previous works with the following results shown in (Lu, 2012,

Corollaries 3.2 and 3.3).

Theorem 4. Suppose that Assumptions 2 and 4 hold. For each N € N, let Ay and Oy be
as defined in (1.26) and (1.27). Then

lim Pr[An(zn)(h) = dllg(zo)(h) for all h € R"] =1, (1.29)

N—oo

and there exists a positive real number 0, such that

1@ (2n)(h) — dfe (o) (B)| 6
lim Pr su ’ < =1. 1.30
Nooo | perniso 1Al g(N) (1.30)

Moreover suppose Assumption 8 holds, and let X be as defined above. Then
VNEG Py () (an = 20) = N(0, ),

and

VNS 20N (2x) (25 — 20) = N0, I). (1.31)
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1.4 Outline

In the remainder of this dissertation we develop methods to compute confidence intervals
for the true solution to an SVI, and apply those methods in stochastic optimization and
equilibrium problems. In Chapter 2 we begin by examining the computation of simultaneous
confidence intervals from the confidence regions given in (1.20) using the approach suggested
in (Lu, 2014). Of particular interest will be the sensitivity of the interval widths and
performance to the choice of the two parameters that arises in the case of a degenerate
covariance matrix. The sensitivity of the interval’s width to the parameters is first examined
through a discussion of the interval’s computation and the role of the parameters in these
computations. The chapter then introduces the framework of stochastic Cournot-Nash
equilibrium problems. The procedures for computing confidence regions and intervals are
then applied to an example of the European gas market with numerical comparisons and
sensitivity analysis results for both the confidence regions and intervals.

In Chapter 3 we propose two methods for constructing individual confidence interval
for components of the true solution to the normal map formulation of an SVI. The two
methods differ from the approach considered in Theorem 3 in terms of how they estimate
the potentially piecewise linear transformation that appears in the asymptotic distribution
of SAA solutions. The first method replaces the linear estimate used in Theorem 3 with
the potentially piecewise linear estimate (1.27). The method produces intervals that will be
asymptotically exact with less restrictive assumptions than those necessary for the method
in Theorem 3. This improvement in interval accuracy comes with a computational cost.
When an estimate for the transformation is piecewise linear with more than two selection
functions, the intervals lack closed form expressions, and the computation necessary for
finding an interval’s width increases with the number of selection functions. This motivates
the development of the second method of Chapter 3. The second method also uses the
potentially piecewise linear estimate (1.27) but makes use of the SAA solution to limit
the number of selection functions used in an interval’s computation. Both of the methods
proposed in Chapter 3 belong to the aforementioned indirect approaches. Approaches for

computing the intervals are presented in Chapter 3 along with the establishment of upper
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bounds for the interval lengths. The chapter ends with a comparison of the different methods
using three numerical examples.

In Chapter 4 we propose a direct method for constructing individual confidence intervals
for components of the true solution to an SVI as formulated in (1.1). The approaches for
constructing confidence intervals for the normal map formulation of an SVI proposed in
Chapter 3 cannot be applied to this problem due to the addition of a possibly noninvertible
function to the asymptotic distribution. The new function also raises an issue unique
to this chapter, namely, the possibility of components of the SAA solutions equaling the
corresponding components of the true solution with a nonzero probability. This possibility
provides a potential lower bound on the performance of any interval that contains the SAA
solution, and therefore shifts the focus from asymptotically exact intervals to intervals for
which a lower bound on the level of confidence can be guaranteed. A method for constructing
intervals is then presented along with a theoretical justification. The chapter ends with two
numerical examples.

In Chapter 5 we consider the computation of individual confidence intervals when the
results of Theorem 4 do not hold and ®(zn) may not be a consistent estimate of df'g" (20).
This would allow us to relax the condition that zy converge to zy in probability at an
exponential rate, and therefore omit Assumption 4. To do so, we allow for some limited
error in the estimation of a selection function of dfg'(20). This error is then offset by
adjusting the target probabilities used in the second indirect method of Chapter 3 and the
direct method of Chapter 4. As a result, the method we propose produces intervals that

meet a minimum level of confidence.
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CHAPTER 2

Simultaneous confidence intervals

2.1 Construction simultaneous confidence intervals

In this chapter we examine the computation and performance of confidence regions and
simultaneous confidence intervals for zg. We focus on the case when the sample covariance
matrix is singular, from which the nonsingular case can then be treated as a specialization.
The singular case is of additional interest due to the dependence of the confidence regions
on the choice of the parameter € and value 5. By Theorem 2, the confidence regions Ry e
in (1.20) are asymptotically exact for all € > 0, but it remains to be seen how sensitive
their performance is to the choice of € for fixed sample sizes. For the choice of [y, recall
that [y determines the matrices Dy, (Un)1, and (Un)2, and corresponds to the number of
eigenvalues of ¥ that are treated as nonzero. In Theorem 2, the smallest eigenvalue of
Yo is used to determine ly. In practice, since only sample data are available, [y and the
matrices Dy and (Uy); must be determined in a different manner.

To compute the simultaneous confidence intervals we use the approach suggested in (Lu,
2014) and find the minimal axis-aligned bounding box that contains the confidence regions
Ry . In the remainder of this section we discuss the computation of simultaneous confidence
intervals using this approach. From this discussion follows Proposition 1 which provides
a closed form expression for the widths of the component intervals when the estimate
dfN°s(zn) is a linear function. In §2.2 we introduce the framework of stochastic Cournot-
Nash equilibrium problems and illustrate the procedures of computing confidence intervals
using an example of the European gas market. Numerical comparisons and sensitivity
analysis results are provided for both the confidence regions and simultaneous confidence

intervals.



To begin, finding the left and right endpoints of the simultaneous confidence intervals

requires solving

zi =maximum  (z); and z; = minimum (z);
(2.1)

S RN,e S RN,&

for j = 1,2...,n, where (2); denotes the jth component of the vector z. If df}\l,%(zN)
is a piecewise linear function with corresponding conical subdivision {Kj,..., K,,}, then

problems in (2.1) needs to be further broken down to the following problems

z; ; =maximum  (z); and z ;= minimum (2);
(2.2)
ZGRN’EQKZ‘ ZERN,EQKZ'
for j =1,2...,nand i = 1,...,m, to account for the different expressions for df}\l,?g(zN)

on each K;. The right and left endpoints for the jth component interval are then z; =

‘max 2. and z\ = min 2!,

i=1,....m J J i=1,....m n

Computation of the endpoints is greatly simplified when df{°(zn) is a linear function.

In this case, the simultaneous confidence intervals are given by

[(zn)1 — wiy g, (23)1 + Wi g] X - X [(28)n = Wiy, (280 + Wiy ) (2.3)
where w; ; is the optimal value of the following problem:

maximize (w);

subject to N[df}\lf%(zN)(w)]T(UN)ITDx,l(UN)l [df}\lfc,’;(zN)(w)] <X () (2.4)

In

VN (UN)2df 3% () () oo < €.

We are therefore able to express the confidence intervals in terms of the optimal values of n

quadratically constrained convex programs with linear objective functions. Since d ]I\I,OLQ(ZN)

is with high probability a linear function, regardless of whether dfy'g’ (20) is piecewise linear

or linear (Lu, 2014, Proposition 3.5), we will expect to experience the computational benefit

from the linearity of dfy°(zn).
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Note that both I and e are responsible for determining the constraints in (2.4), the

problem to find an interval’s endpoints. The first constraint in that problem

N[dfR% (en) (w)] " (Un)T DR UN)1[dFR5 (o) (w)] < 3, (@) (2.5)

defines an unbounded set whenever [ is strictly less than n. With the linear independence

between the rows of (Uy)1 and (Uy )2, the second constraint
IVN(Un)2df 3% () (w) o < € (2.6)

complements the first constraint to yield a bounded feasible region and therefore a guaran-
teed finite optimal solution to (2.4). In the following proposition we see that why, j depends

on ¢ as an affine function whose slope and intercept are determined by [y.

Proposition 1. Suppose that d,

N&(2N) is a linear homeomorphism and X n has decompo-

sition Xy = U]:\F,ANUN, where Uy is an orthogonal matriz with rows un 1, ...,uny, and Ay

is a diagonal matriz with elements \y > Ao > --- > \,,. For a choice of In with A, > 0,

let Dy be a diagonal matriz with elements A1,..., Ay,
UN,1 UN,In+1
(UN)1 = and (UN)Q =
UN Iy UNn

Then for each j = 1,...,n, the optimal value of (2.4) is an affine function of € with

2 In T
Xin (@) Zz‘:1(CNJ“N )7 A i
why ;= \/ len uN (2.7)
2] N / Z %1 »J %

where cy j is the jth row of df”og(zN)

Proof. Let Vy and Ty be the subspaces spanned by {u%}l,...,u?\zm} and

{U%IN Ll u;{,n}, respectively. Then Vi is the orthogonal complement of T and any
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vector d(fn)s(zn)(w) can be decomposed as
AR () () = v+ 1

with v € Vi and ¢t € Ty. Denoting the jth row of d]%?g(zN)_l by cnj, (2.4) can be

reformulated as

maximize ¢y ;v + ¢y ;t

subject to  N[v? (Un){ Dy (Un)1v] < X?N(a)
IVN(Un)at]loo < €
veVy, teTy.

By expressing v € Viy as v = ZiNl s,uNl andt € Wy ast=>71, siul; , for s; € R we

can separate (2.8) into the following two problems

In
maximize Z(CN,jUIJCI,i)Si
i=1 (2.9)
In
subject to NZS%A;1 < XlZN(a)
i=1

and
n

maximize Z (enj u%,i)sz'
i=In+1 (2.10)

€
\/><31§— 1=Iny+1,.

VN

It immediately follows that (2.10) has optimal value \/LNZ:’L:ZN 41 ’CN,jU%7j|, and it

subject to

can be easily checked using KKT conditions for (2.9) that it has optimal value

1/2\/X1N o (en judy )2 A, proving the result. .

From (2.7) we observe that [ determines the upper index of the summation in the
intercept of wﬁ\,’j, the degrees of freedom of the x? random variable in the intercept, and
the lower index of the summation in the slope of wj; e Therefore increasing [y from k to
k + 1 increases wi ; for values of € below some threshold and decreases wj j for values of
€ above this threshold. It is possible for the width of the confidence interval to be constant

with respect to e for some components j. This occurs only when (dfy%(zn)™~ 1); is a linear
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combination of the rows of (Uy)1, in which case increasing {y from k to £+ 1 only increases
the value of w$; ;- In the next section we use the expressions for Ry . and w; ; to investigate
the sensitivity of the confidence regions and simultaneous confidence regions to the choices

of e and Iy.

2.2 Application to a stochastic Cournot-Nash equilibrium problem

In this section, we consider a stochastic equilibrium model of the European natural gas
market, compute confidence intervals for the true solution of this model, and examine the
sensitivity of the confidence regions and confidence intervals to the choice of Iy and e.
The model is adapted from (Giirkan et al., 1999), and is an example of a Cournot-Nash
equilibrium problem.

In a Cournot-Nash equilibrium problem, m competitive players are assumed to produce
a homogenous product and must simultaneously decide their level of production and how
to distribute their production between n markets. In each of the markets, the price the
product sells for is a function of the total quantity allocated to that market by all of the
players. The uncertainty in the model arises from the dependence of each player’s profit
function, denoted by Y; , on a random vector & € R®.

Let x; denote the decision vector of player i, S; C R% denote the set of feasible decisions
for player i, and x = (x1,...,2y) € S1 X -+ x Sp, be the concatenation of all players’
decisions. With ¢;,(z) = E[Y;(z,&)] denoting the expected profit function for player i,

*

= (27,..., 2]

*.) is a Cournot-Nash equilibrium if

* * * * * .
r; € argmax,, cg. Gio (LT, -, Tj_4 Ti, Tjyq, .-, T,,) foreach i =1,...,m.

When the expected profit functions are continuously differentiable, a necessary condition
for a point to be a Cournot-Nash equilibrium can be expressed as a variational inequality.
In the example considered in this chapter, 5; = R‘jﬁ for each ¢ = 1,--- ;m, and the first
order necessary condition for player ¢’s profit maximization problem is

a¢io

0e—
(%ri

(x) + N_a; (x;).
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Let § =R% x - x R and

¢
- 836110 (LL’)

fo(z) =

P (@)

T Oxm

A necessary condition for * to be a Cournot-Nash equilibrium is
0 € fola*) + Ns(a®). (2.11)

The above condition is sufficient when each of the expected profit functions is concave.
For (2.11) to fit the framework of an SVI we require a function F(x,&) such that fo(z) =

E[F(z,8)] and E||F(x,&)|| < oo for all z € S. The natural candidate

_(?97};11(3:75)

F($,f) =

- ?}1:: (.I, 6)

will meet these criteria if the profit functions Y; satisfy the conditions of Assumption 1. In

this case the SVI (2.11) gives rise to the SAA problem
0 € fn(z) + Ng(z) (2.12)

where

N
fn=N"Y F(x,¢").
k=1

In the European gas market model that we consider, there are four players, indexed
by ¢ = 1,2,3,4. These four players represent the gas producing countries Russia, the
Netherlands, Norway, and Algeria. There are six European markets, indexed by j, which
represent markets of the United Kingdom, the Netherlands, Italy, France, France and Ger-
many (FRGer), and Belgium and Luxembourg (BelLux). Producers decide on the quantity
of gas to ship each year during time period ¢, for ¢ = 1,2, 3,4, to the six markets. There
are 24 decision variables for each producer, denoted by vaj, corresponding to the amount

of natural gas shipped by producer i to market j each year in time period ¢. In the model’s
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formulation, the following parameters are used :

D;: the domestic gas production of market j each year in time period ¢,

ct: the constant marginal transportation cost of shipping for producer i in time period ¢,
eé: the price elasticity of demand for natural gas in market j in time period t,

y: the number of years in time period ¢, taken to be 5 years for time periods 1, 2, 3, and

20 years for time period 4.

In time period ¢, the yearly production cost for producer ¢ is given by

6
Gl(l’) = a; — bz ln(Xi — Zl‘g»j)’

J=1

where a;,b; and X; are parameters. The parameter X; provides an upper bound on the
yearly production of producer i. Values for the parameters indexed by player i are given in
Table 2.1 and values for the parameters indexed by market j are given in Table 2.2.

Table 2.1: Producer parameter values

Producer a b X & 2 S A
Russia 1.606 51 80 .58 .56 .55 .55
Netherlands 1.212 67 &80 .14 .13 .13 .12
Norway 1.507 85 &80 .35 .34 .34 .33
Algeria 2.102 96 80 .70 .69 .64 .62

Table 2.2: Values for price elasticity e and demand D

Market Period 1 Period 2 Period 3 Period 4
BelLux -1.07 0.00 -1.26 0.00 -1.34 0.00 -1.42 0.00
FRGer -1.46 13.70 -1.58 13.80 -1.68 13.80 -1.79 13.80
France -.81 4.80 -1.19 290 -1.57 3.00 -2.01 3.00
Italy -1.15 10.40 -1.36 10.00 -1.45 10.00 -1.54 10.40
Netherlands -.94 22.93 -1.13 20.96 -1.29 24.11 -1.45 23.90
UK -61 33.70 -87 35.00 -1.10 37.00 -1.30 38.00

The uncertainty in the problem is associated with the price of natural gas in the different
markets. The price of natural gas in market j for time period ¢ is determined by the total
amount of natural gas available annually, as well as &' the random price of oil in time period

t, and is given by

Qé(x))”

t ty _ ot (et

28



In the above equation, Q;(x) = D; +39 xfj is the total amount of natural gas available
in market j annually throughout time period ¢. The functions p} (€') and qj-(&t) provide the
base price and the base demand for natural gas as a function of the price of oil, and are

defined as

pi(€) = p0% (€' /ory) and gj(€") = q0 (¢ Jore)™

with parameters:

pOé: reference price of natural gas in market j in time period t,

q0§-: reference demand for natural gas in market j in time period ¢,

ory: reference price for oil in time period ¢,

1:: the elasticity relating the relative demand for natural gas to the relative price of oil.
We assume that the prices of oil in each time period are independent and uniformly

distributed with lower and upper bounds L; and U;. The values for the parameters in the

base price and demand functions are given in Tables 2.3 and 2.4.

Table 2.3: Reference prices p0 and demands g0

Market Period 1 Period 2 Period 3 Period 4

BelLux 5.12 7.8 256 94 341 94 512 95
FRGer 5.27 40.7 2.64 46.2 3.52 46.5 5.27 44.6
France 5.25 23.6 2.62 283 350 9.8 525 285
Italy 5.15 25.3 2.57 349 343 375 515 37.2
Netherlands 5.16 28.9 2.58 29.9 3.44 32.2 5.16 29.7
UK 4.54 43.8 227 50.3 3.03 56.4 4.54 53.7

Table 2.4: Time period parameters in base price demand function

Nt ory Ly U
-0.10 30 16 34
-0.12 15 12 18
-0.24 30 24 36
-0.36 35 28 42

W N

To account for the multiple time periods of the model, all income and costs are consid-

ered in terms of their present value. Assuming a fixed annual interest rate of r = 0.1, for
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each time period we use the factor f; to express the future value of money with

P ((1+r)yt — 1) <(1+T)1Zi=1ys) |

The net present value profit function for producer i is then defined to be

<

4

6
Ti(w,&) = S5 |32 (Plla, ') - ) oty — Gil)| - (2.13)

t=1 j=1

Taking the expectation of (2.13) reduces to calculating F {P;(x, §t)] and provides us with
an expression for ¢;,. Under the assumption that the oil prices are uniformly distributed

we have

1
) (U — Le)(2 —me/el)

t @t_— — et. — et.
E [P;(fv,ét)] =p0§- (Q;(x)qoz-)l/ej OT;]t/ L1 <Ut2 me/es Lf ne/el

With expressions for Y; and ¢;, we are able to obtain explicit formulas for both fo(z) and

fn ().
To find solutions to both the true SVI (2.11) and its SAA (2.12) we make use of the

fact that S = R?f. For any = € S, the normal cone to S at x is
NS(J:):{UER%\UZ-:Oif:ci>Oandv¢§01fxi:0}.

Therefore, the variational inequalities (2.11) and (2.12) are equivalent to the mixed com-

plementarity problems (MCPs)

0<zl fo(x)>0 and O0<z Ll fy(x)>0

respectively. To solve the MCPs, we use the PATH solver (Dirkse and Ferris, 1995b) imple-
mented in GAMS (Rosenthal, 2012). With this knowledge of the true solution, we observe
that df&%r(zo) is a linear function and ¥ is degenerate. To calculate the confidence regions

Ry and formulate the problems in (2.1) to find the simultaneous confidence intervals, re-
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quires evaluating fy(z,¢), dfn(z,&), and the B-derivative of the projection onto S = R9°

at a point z which is equal to

1 (Z)z > O,
A1 0 h1
1 (Z)l =0 and hl > 0,
dlls(z)(h)= |+ . : where \; =
0 (2);=0and h; <0,
0 -+ Aog| |hos

0 (Z)l < 0.

The calculation of confidence regions and simultaneous confidence intervals is done in (MAT-
LAB, 2010) using the MATLAB/GAMS interface (Ferris, 2005) to pass the SAA and true
solutions between programs.

To analyze the performance of the confidence regions and corresponding simultaneous
confidence intervals, we generate 2,000 replications of the SAA problem at each sample size
of N =20, 200, 2,000, and 20,000. For each sample, df}\lff’;(zN) is linear and the simultaneous
confidence intervals take the form of (2.3). To determine Iy, all eigenvalues of ¥y larger
than a threshold py are treated as nonzero. Three different procedures are considered for
choosing the threshold py. In the first, py1 = N —1/3 while in the second and third PN
is held constant at py2 = 10719 and pn,3 = 0.001 respectively. Note that the choice of
pn,1 will be asymptotically correct if ¥ converges to 3¢ in probability at an exponential
rate. This would occur if in Theorem 2 we replace Assumption 1 with Assumption 4. The
use of py 1 results in four eigenvalues being treated as nonzero across all samples, while
the constant thresholds results in values of [ that vary slightly between samples. When
pN,2 is used [y equals either eight or nine and when py 3 is used Iy equals either four or
five. In Table 2.5, we summarize the coverage rates of zy by the confidence regions Ry . for
each choice of px and values of € =0.0001, 0.1, 1, and oco. For example, with the choices
of pn1 and € = 0.1, the true value of z is covered by 83.3% of the 95% confidence regions
computed from the 2,000 replications at N = 20.

For all three methods of determining [y, we observe extremely poor coverage of zg

for € < .0001, even at large sample sizes. The sensitivity of the confidence regions to the
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Table 2.5: Coverage rates of confidence regions for zp, a = .05

N =20 N=200] N=2,000] N = 20,000
c=.0001 | 0% 0% 0% 0%
=1 57% | 78.8 % 95.1% 94.05%
PN = 833% | 944 % | 95.35% 94.2%
e=o0 | 85.15% | 94.4% | 95.35% 94.2%
e— 0001 | 0% 0.2% 0.75% 7.6%
e=. 2.25% | 24.75 % | 49.05% 73.85%
PN2 = 2.95% | 24.75 % | 49.05% 73.85%
e=o0 | 2.25% | 24.75 % | 49.05% 73.85%
c—.0001 | 0% 0% 0% 0%
€=. 56.7% | 78.05 % | 94.75% 94.5%
PN3 e —1 [81.25% | 93.55% | 94.75% 94.5%
e=oc0 | 83% | 9355% | 94.75% 94.5%

choice of [y is seen in the different coverage rates of zg for values of € > 0.1. In the liberal
classification scheme that uses py 2, near zero eigenvalues are included in Dy. When Dy
is inverted the reciprocals of these near zero eigenvalues offset the increase in the degrees
of freedom of the y? random variable on the right hand side of (2.5), resulting in poor
coverage of zp. The classification schemes that use py1 and py 3 have a higher threshold
for treating eigenvalues as nonzero. As a result these thresholds avoid the inclusion of overly
large values in D;,l and produce regions that perform largely in line with the specified level
of confidence. The choice of € = oo corresponds to the percentage of samples that satisfy
(2.5) and provides an upper bound on the coverage rates.

Next, as we examine the performance of simultaneous confidence intervals we observe
that their coverage rates keep increasing as € increases, and eventually reach 100% for €
sufficiently large, see Table 2.6. This is consistent with the analytical results in Proposition
1, since for this example each sample and choice or py results in wjv’j being an affine
function of € with positive slope. In contrast, while the size of the confidence regions also
increases with e their coverage of zp never reaches 100% due to the constraint (2.5). A
further difference between the confidence regions and simultaneous confidence intervals, is
the coverage rates of zp at small values of e. While the confidence regions largely fail to

cover zg for values of € < .0001, the simultaneous confidence intervals not only cover zp,
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Table 2.6: Coverage rates of simultaneous confidence intervals for zy, o = .05

N =20 | N=200 | N=2,000 | N =20,000
e=0 | 84.05% | 85.35% 99.05% 98.9%
pn1  €=.011| 88.05% | 88.15% 99.55% 99.5%
e=.1 | 94.05% | 99.35% 99.9% 100%
e=1 100% 100% 100% 100%
e=0 92% 89.9% 99.95% 100%
pn2 €=.011]93.35% | 90.15% 99.95% 100%
e=.1 1| 94.4% 100% 100% 100%
e=1 100% 100% 100% 100%
e=0 84.9% | 86.95% 99.55% 99.65%
pn3 €=.01] 88.6% 88.9% 99.65% 99.9%
e=.1194.06% | 99.45% 100% 100%
e=1 100% 100% 100% 100%

but for the larger sample sizes do so at a conservative rate. The conservative performance
at small values of € is most obvious with the choice of pn 2. As noted after Proposition 1
treating more eigenvalues as nonzero increases the intercept term of (2.7), which increases
the interval’s length for e sufficiently small.

Next, we examine the computation of individual confidence intervals, and compare
them with the simultaneous confidence intervals. In this example dfg'g (zo) is linear and

df&%r(zo)_lﬁodfa%r(zo)_T has nonzero diagonal elements. Therefore, by Theorem 3, the

formula (1.21) will provide asymptotically exact intervals for this example. Using this for-

mula we consider individual confidence intervals at both a = .05 and with a Bonferroni
adjustment of o/ = %. Below, we refer to intervals produced using the Bonferroni adjust-

ment as adjusted confidence intervals, and will examine their performance as simultaneous
confidence intervals.

The individual confidence intervals with o = .05 perform largely in line with expecta-
tions. At the sample size of N = 20, coverage rates of the different components (zp); range
from 71.1% to 96.4% with an overall average of 93.1%. For the samples of size N = 20, 000,
the coverage rates range from 94.05% to 96.2% with an overall average of 95.09%. For the
adjusted confidence intervals we examine their rates of jointly covering zp. At the sample

sizes of N =20, 200, 2,000 and 20,000, the coverage rates of the adjusted confidence inter-
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vals are 88.2%, 88.4%, 99.75%, and 99.75%, respectively. These rates are comparable to
the coverage rates of the simultaneous confidence intervals calculated using (2.4) for small
values of € as given in Table 2.6.

To observe differences between the adjusted and simultaneous confidence intervals we
compare their interval lengths. Table 2.7 summarizes the half widths of the individual,
adjusted, and simultaneous confidence intervals for (zg)s9 for a single replication at each
sample size. Half widths of the individual and adjusted confidence intervals do not depend
on py. However, in Table 2.7 their values are repeated for each choice of py, to be compared
with the corresponding simultaneous confidence intervals. With the choice of py 2, even the

Table 2.7: Half-widths of intervals for (zp)s9, a = .05

59
Individual | Adjusted | e=0 | e=0.01 | e=0.1] e=1
N =20 0.2879 0.5098 | 0.4525 | 0.5213 | 1.1406 | 7.3331
N =200 0.0717 0.1270 | 0.1127 | 0.1360 | 0.3458 | 2.4435

PNI N = 2.000 0.0224 0.0396 | 0.0352 | 0.0420 | 0.1035 | 0.7184
N = 20,000 | 0.0070 0.0124 | .0110 | 0.0133 | 0.0347 | 0.2483

N =20 0.2879 0.5098 | 0.6043 | 0.6713 | 1.2742 | 7.3028
N =200 0.0717 0.1270 | 0.1505 | 0.1731 | 0.3759 | 2.4043
PNZ N = 2,000 0.0224 0.0396 | 0.0470 | 0.0535 | 0.1124 | 0.7018
N = 20,000 0.0070 0.0124 | .01476 | 0.0170 | 0.0378 | 0.2458

N =20 0.2879 0.5098 | 0.4888 | 0.5573 | 1.1741 | 7.3416
N =200 0.0717 0.1270 | 0.1127 | 0.1360 | 0.3458 | 2.4435
PN3 N = 2,000 0.0224 0.0396 | 0.0380 | 0.0448 | 0.1061 | 0.7190
N = 20,000 0.0070 0.0124 .0118 | 0.0142 | 0.0356 | 0.2492

smallest simultaneous confidence interval with ¢ = 0 contains the adjusted confidence in-
terval at each sample size. This is indeed the case across all components and samples. The
simultaneous confidence intervals calculated using py 2 therefore contain the conservative
Bonferroni adjusted simultaneous confidence intervals, which illustrates the overly conser-
vative interval lengths obtained when using py 2. Choosing either py,1 or py 3 changes this
effect, and the adjusted confidence intervals contain the simultaneous confidence intervals
with € = 0 across all components and samples. Using (2.7), we calculate the value of € for
which the jth components of the simultaneous and adjusted confidence intervals equal one

another. This value varies largely depending on the component considered. When py 1 is
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used, this value of € is between 8.86 x 10~* and 0.1728, and between 3.57 x 10~% and 0.1395
when using ppn 3.

As noted after Proposition 1, the choice of Iy determines the degrees of freedom of
the x? random variable, as well as the upper index of summation in the intercept, and
the lower index of summation in the slope of wy ;- When comparing interval lengths for
different choices of pny and € = 0, the differences are largely the result of changes in the
degrees of freedom of the x? random variable. This is seen by comparing the ratio of w?\L j
for two choices of py to the ratio of the square root of XlZN for the same choices of py.
The difference between these two ratios is on the order of 10~% across all components and
samples.

So far, we have considered only confidence regions and intervals for zg, the true solution
to the normal map formulation. In most problems, the true solution to the variational
inequality, namely xp, has a more direct interpretation and is of greater interest. The

relation Ilg(zp) = xp and the easily observed fact that
Pr(zp € In(w)) < Pr(Ilg(z0) € Hg(In(w))), for any random set In(w),

provides one indirect approach for obtaining confidence intervals for xg that cover the true
solution with a rate that is at least as large as the coverage rate of zyp by Iy(w). With
S = R?f, projecting the simultaneous confidence intervals for zg onto S reduces to replacing
negative endpoints of these intervals with zero. Comparing the coverage rates of zg, as
summarized in Table 2.8, to the coverage rates of zgp, we observe the largest increase for the
smaller sample sizes and values of e.

The expression for wy ;in (2.7) and the analysis of this example provides useful insights
for choosing € and Iy when the sample covariance matrix is singular. When choosing I
care should be taken to avoid classifying overly small eigenvalues as nonzero. In the case of
confidence regions, such care can prevent poor coverage performance due to large elements
of D;,l offsetting the increases to the right hand side of (2.5). For simultaneous confidence
intervals, too large a value of Iy is undesirable since it inflates the intercept of wj ; and

produces excessively long intervals. The choice of € depends on the specific set of interest.
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Table 2.8: Coverage rates of simultaneous confidence intervals for zg, o = .05

N =20 | N=200 | N=2,000 | N =20,000
e=0 | 94.75% | 99.9% 99.65% 99.65%
pn1  €=.011] 94.9% 99.9% 99.95% 99.8%
e=.11] 952% 100% 100% 100%
e=1 100% 100% 100% 100%
e=0 95.2% 100% 99.95% 100%
pn2 €=.011] 95.2% 100 % 99.95% 100%
e=.11] 952% 100 % 100% 100%
e=1 100% 100 % 100% 100%
e=0 94.8% 99.9% 99.9% 99.85%
pns  €=.01194.95% | 99.95 % 99.95% 99.9%
e=.1 1 95.2% 100 % 100% 100%
e=1 100% 100 % 100% 100%

When the confidence regions are the primary set of interest, small values of € often lead
to poor coverage performance, and there is an upper bound on the coverage rate as € goes
to infinity. These properties suggest choosing a larger value of € to obtain the desired
level of coverage by the confidence regions. When the confidence regions are to be used to
build simultaneous confidence intervals for zy or xg, a small value of ¢, even the extreme
choice of € = 0, appears appropriate. This is based on the expression for wﬁ\a ; in (2.7) and
the conservative performance of the simultaneous confidence intervals demonstrated in this

numerical example.
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CHAPTER 3

Confidence intervals for the normal map solution

3.1 Introduction

This chapter presents two new methods for constructing individual confidence intervals
for the normal map formulation of an SVI. For both methods, a level of confidence can be
specified under general situations. While our main interest is on SVIs and their normal map
formulations, the ideas of those two methods work for general piecewise linear functions. We
outline the ideas below, and leave formal definitions and proofs to §3.2 and §3.3. Recalling
the notation introduced in Chapter 1, we use (v); to denote the jth coordinate of a vector
v, and (M); to denote the jth row of a matrix M. Similarly for an invertible function f :
R™ — R™, (f); will denote the jth component function of f and (f~1); the jth component
function of f~1.

Suppose f : R” — R" is a piecewise linear homeomorphism with a family of selection
functions {Mj,..., M;} and the corresponding conical subdivision {Kj,..., K}, so f is
represented by the linear map M; when restricted to K;. Suppose zy is an n-dimensional
random vector such that /N (zx —20) = f~1(Z), where 2y € R” is an unknown parameter,
Z ~ N(0,1I,), and I, is the n x n identity matrix. Our objective is to obtain a confidence
interval for (29);, j = 1,---,n. The idea of the first method is to look for a number a
such that Pr(|(f~1);(Z)| < a) equals a prescribed confidence level, and then use [(zn); —
aN~12 (2y); + aN~"?] as the interval. For situations considered in this chapter, zy and
zy are solutions to the normal map formulations of (1.1) and (1.3) respectively, and the
unknown function f is substituted by an estimator obtained from approaches in (Lu, 2012)
and (Lu and Budhiraja, 2013). Such a substitution does not affect the asymptotic exactness

of confidence intervals computed from this method, as we show in Theorem 5. In addition,



to allow for some choice in where the interval is centered, we introduce a parameter r and
consider the probability Pr(|(f~1);(2) — r| < a).

A challenge that arises with the first method is that when the function f is piecewise
linear we lack a closed form expression for the value of a. The computation of a satisfying
Pr(|(f~1);(Z) — r| < a) for a fixed r requires enumerating all pieces of f~!, and for each
piece one needs to compute the probability for some normal random vector to belong to a
certain polyhedron. Thus, the calculations necessary to find a confidence interval increase
with the number of pieces in f. These limitations lead to the consideration of upper bounds
for interval half-widths, presented in §3.4, and the development of the second method in
this chapter.

The second method uses the idea of conditioning. For any point x € intK; there exists

a number 775“( f,x) such that the following conditional probability

Pr (152 < n3(f.2), J7H(Z) € Ky)
Pr (f_l(Z) S Kz)

equals 1 — . If we choose a point x to be contained in the same cone K; that contains

ZN — 2o, the interval

[(ZN)j - ngo'é(fa IE)N_I/27 (ZN)j + n?(fv x)N_l/Q]

will have a level of confidence equal to 1 — «. In situations considered in this chapter, we
will again use an estimator to replace the unknown f, and follow an approach in (Lu, 2012)
to choose . The method is justified with a convergence result in Theorem 6. The second
method avoids the enumeration of all pieces f by conditioning on the cone that contains
zn — 2z9. The ability to work with a single piece of f provides the second method with a
dramatic computational advantage over the first method, and makes it possible to apply
the second method to problems with a large number of selection functions. In the third
numerical example of §3.5, the number of selection functions we need to handle for some
SAA problems is 2'2. While the first method failed in those cases, the second method was

able to finish the computation very quickly.
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3.2 The first method

This section presents the first method to compute individual confidence intervals. This
method differs from the approach examined in Theorem 3 in how it estimates the transfor-
mation d a%r(zo)_l. The estimate df}\lf%(zN)_l used for the approach examined in Theorem
3 has the benefit that it is with high probability a linear function and the interval will have
a closed form expression. The limitation of this approach is that it does not account for how
the location zy — zg in the conical subdivision associated with df&%r(zo) affects the form of
dlls(zn) and thus dfy°§(zn). Therefore as seen in (1.21), when dfy'3 (20) is piecewise linear
the intervals produced using the linear estimate dfy°s(2n) may have an asymptotic level of
confidence different than that indicated by the choice of a.

To guarantee the asymptotic exactness of intervals with less restrictive assumptions
than those necessary in Theorem 3, the method proposed in this section uses ®y(zy) as in
(1.28) to estimate dfy'd (20). The convergence of @ (2n) to dfg'§ (20), see Theorem 4 (1.31),
allows us to directly account for the effect that dfél’%r(zo) being piecewise linear has on the
intervals’ performance. The cost of using this approach is that when ®y(zy) is piecewise
linear we no longer have a closed form expression for the intervals and the computational
costs of determining an interval’s width increases with the number of selection functions.
The width of an interval produced using the method of this section is determined by (3.1)
with the exactness of the intervals proven in Theorem 5, see (3.6), the proof of which uses
properties of transformations of normal random vectors.

To begin let f : R™ — R be a continuous function, and Z ~ N(0,I,,). Suppose that
Pr(f(Z)=10b) = 0 for all b and Pr(b; < f(Z) < ba) > 0 for all by < ba. Then given any

a € (0,1) and r € R there exists a unique point a”(f) € (0,00) such that
Pr(—a"(f) < f(Z)—r < (f)) =1—a.
Let a € (0,1) be fixed. For any function g : R™ — R, define

a"(g)=mf{{>0|Pr(—¢<g(Z)—r<{)>1-a}l. (3.1)
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It then follows that
1. a"(g) < oc.
2. Pr(=a"(9) <g9(Z)—r<ad(g)>21-o
3. Pr(—(a"(g) —90) <g(Z)—r<a"(9) —6) <1—aforall § >0.

In the proof of Theorem 5 we use the following two lemmas. Here is a comment about
notation. We use fy to denote the sample average function (1.2) unless explicitly stated
otherwise. In some lemmas and propositions we use fy for different meanings, which will
be made clear in the statements of those results. For example, fy in Lemma 1 stands for

a deterministic function from R" to R.

Lemma 1. Let f be as above and {fn}3_, be a sequence of functions from R™ to R that

converges pointwise to f. Then for any r € R, imy_,o0 a”(fn) = a”(f).

Proof. Note supy a”(fn) < oo. This follows from the fact that fy(Z) converges to f(Z)
a.s. and so {fn(Z)}x_, is tight. Next fix a subsequence, again indexed by N, along which
a"(fn) — a*. It suffices to show a* = a”(f).

Note that a* # 0. If this were the case then for every € > 0

l—a< lim Pr(—e< fn(Z)—r<e)=Pr(—e< f(Z)—r<e).

N—oo

Since € is arbitrary this would imply Pr (f(Z) =) > 1 — «, a contradiction.

Assume now without loss of generality that infy a”(fn) > 0. Then

1—aghmPr<—1g%ﬁg1>=Pr<—1g"c(Z)_T§1>. (3.2)

N—oo a"(fn a*

Applying the same argument for all 0 < ¢ < infy a"(fn) we see that

pr(_lgmg)q_a.
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Sending § to 0 we obtain Pr(—a* < f(Z) —r <a*) < 1 — a, which combined with (3.2)
gives

Pr(—a*" < f(Z)—r<a")=1-a.

Thus a* = a"(f), and limy_,oc a" (fn) = a”(f). O

Let C'(R™,R) denote the space of continuous functions from R" to R. Equipped with

the local uniform topology, this is a Polish space.

Lemma 2. Let {fn}N_; be a sequence of C(R",R) valued random variables which con-
verges in distribution to f. Also let {Zn}3_, be a sequence of R™ valued random variables

converging in distribution to Z. Then for any r € R,
Pr(—a"(fn) < fn(Zn) =17 <d'(fn)) = 1—

Proof. By Lemma 1 and the convergence of fy to f, it follows that a"(fn) — a”(f) in

probability. Also since a”(f) > 0,

1 1 1
ar(f) @020 7 ()

in probability, where 1,-(f,)>0 is the indicator random variable for the event a"(fx) > 0.

Let Ay denote the event that a”(fy) > 0. Then

Pr(-a(fy) < S(z) =r < () =Pr (A -1 DT )

+Pr(Afy; —a"(fn) < fn(Zn) =7 <a"(fn)) -
By a"(fn) — a”(f) in probability and a”(f) > 0, it follows that Pr (Ax) — 1. Therefore,

Pr(AY; —a"(fn) < fnv(Zn) —r < a"(fn)) = 0as N — oo.
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Let By be the event that —1 < %ﬂar(ﬂvbo < 1. By the convergence of fy to f and

Zn to Z, we have fy(Zn) = f(Z), and therefore

f(Z)_T = Pr(—a" —r a” =1—-«
%g1>_P< (N<H@Z) -r<a()=1-a

Pr(By) — Pr <1 <
a

Consequently, Pr(—a"(fn) < fn(Zn) —r <a"(fn)) = 1 — . O

The application of these lemmas to our problem of interest is facilitated by the following

two propositions.

Proposition 2. (a) Let f : R" — R" be a piecewise linear function and { fn}_, a sequence

of piecewise linear functions from R™ to R™ with

wp LN = FE 53

heR™,h£0 Al

Suppose that there exists a conical subdivision T’ = {K1, Ky ... K} of R™ such that for all N
sufficiently large the restrictions of fn and f on each K; are represented by matrices My ;

and M; respectively. Then

sup H N, ” _)0f07’@:]_,...,l. (34)
heRn 740 172

(b) Suppose in addition that f is a homeomorphism. Then for all N sufficiently large

fn is a homeomorphism and f]\_[1 converges uniformly on compacts to f~1.

Proof. By (3.3), suppek, nto W converges to 0 as N — oo, for each ¢ = 1,...,L.

As T' is a conical subdivision of R”, K; is of dimension n which means that it contains a
ball in R™. The fact that || My ;h — M;h| converges to 0 for all & in a ball implies that the
matrix My ; converges to M;, giving (3.4).

To prove (b) first note that since f is a homeomorphism, M; ! is well defined for each i
and {Ml_l, M2_1, e Ml_l} provides a family of selection functions for f=! (Scholtes, 2012,
Proposition 2.3.2). Moreover we have that f~! is Lipschitz continuous with the constant

_ -1
d= max. ([[M;7H]) < oo.
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Similarly for N sufficiently large the functions fy — f will be piecewise linear with a
family of selection functions given by {My 1 — M, ..., My, — M;}, and therefore Lipschitz
continuous with the constant

pn = max (| My; — M)

1<i<m

From part (a) we have limy_,o0 [[Mn,; — M;|| = 0 for each i, so for all N sufficiently large
pn < 61 From (Robinson, 1991, Lemma 3.1) it then follows that fx is a homeomorphism
for N sufficiently large.

To show f;,l — {1 uniformly on compacts, first note that limy_, 0 MJ\*,l,L = M{l
implies that { fg,l}?vozv is uniformly Lipschitz continuous for v large enough. Accordingly,
for any compact set X and any subsequence of f ]:,1, there exists a further subsequence, fg,kl,
that converges uniformly on X to some function g. To prove part (b) it suffices to show
that g(z) = f~1(x).

To show this, let z € X, oy, = f]\_[:(x), and a = g(x). From oy, — o and fn, — f it

follows that fn, (o) — f(«). Also, for each k,

I (o) = ka(f;,;(x)) =z.

This gives = f(a) = f(g(z)), or g(x) = f~(z), the desired result. O

Proposition 3. Suppose that Assumptions 2, 3 and 4 hold, and for each N € N let ®n(zn)
be as in (1.28). Then @N(ZN)AE%Q converges to alforfi’gr(zo)*lE(l)/2 in probability, uniformly

on compacts.

Proof. As previously noted, when Assumption 4 holds the conditions of Assumption 1 are
satisfied, and under Assumptions 1 and 2 X converges almost surely to Yy. Convergence

of ¥ to Xp and (1.30) imply that for all e > 0

lim Pr

sup
N—oo

=5 en ) ) — Sy PaSeml N o
heR™ h£0 17l . '
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By a standard subsequential argument, we can assume without loss of generality that almost

surely

wp 18O () — 20 P o) ()]

— 0.
heR™,h£0 IRl

We will apply Proposition 2 to show the almost sure convergence of ® N(zN)_lE}\{2 to
df&%r(zo)_lZ(l]/ ?. To this end, it suffices to show that the conditions of Proposition 2 are
satisfied for a.e. w, with E&l/Z(w)q)N(zN(w)) and ZJI/Qdf&%r(zo) playing the roles of fy
and f in that proposition.

From the expressions for dfj'g (20) in (1.11), @n(2n) and 2} in (1.28), it is clear that the
conditions in part (a) of Proposition 2 will be satisfied if we can find a conical subdivision
I such that dIIs(z)|x, is equal to a linear function for every K; € IV and z € R".

Let C1,...,C; be all of the k-cells in the normal manifold of S, £k = 0,1,...,n. Then
for every z € R", z € riC; for some j, and dllg(z)(-) = ¥;(-) for ¥, defined as in (1.25).
The desired subdivision I can be constructed by taking the collection of all cones with
non-empty interior of the form K = NyL, K; where each Kj is from a conical subdivision of
U,

Finally, by Assumptions 2 and 3, X, 1/ 2df(§‘7%r(zo) is a homeomorphism, satisfying the

condition in part (b) of Proposition 2. The result follows. O

At this point we are able to present the main result for our first method on computation

of asymptotically exact individual confidence intervals.

Theorem 5. Suppose that Assumptions 2, 3 and 4 hold. Let o € (0,1), r € R, and let

a”(-) be as defined in (3.1). Then for every j =1,...,n,
. r — 1/2
A}gnooPr <‘\/N(ZN —z0)j—r| <a ((CI)N(ZN) 121\? )J)) =1-a. (3.6)

Proof. By Proposition 3, (CIDN(zN)_lE%Q)j converges to ((Lr;(%r)_lE[l)/Q)j, in probability.
Since (nggf)—lzé/ ? is a piecewise linear homeomorphism it follows that for Z ~ N (0, I,,)
and each 7 =1,...,n,

Pr ((( ?gf)*lzéﬂ)j (2) = b> =0 for all b (3.7)
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and

Pr (b1 < ((ngf)—lzgﬂ) (2) < b2> > 0 for all by < bs. (3.8)
J

Let Zny = \/NE;VI/Q(I)N(ZN)(ZN — 20); by Theorem 4 (see (1.31)) Zy converges in distribu-

tion to Z. Since

(@n(2n) SR, (VNS P on (2n — 20))
= VN@n(en) TS (S P en ey — 20)

= VN(zv — 20)j,

it follows from an application of Lemma 2 with (@N(zN)’lE%Z)j and (L;{IZ(I)/Q)]' playing

the roles and fy and f that
Pr (—ar((‘l’N(ZN)_IE%Q)j) < VN(zn —2)j =7 < GT((‘I’N(ZN)_IE}V/z)j))

converges to 1 — a as N — oo. ]

It is possible to relax Assumption 3 in the proof of Theorem 5. This would require
some minor modifications to the definition of a”. In particular, ¢ would need to depend
on two separate arguments, one for the estimate for ¥y and another for that of df&%r(zo).
The statements of the supporting results would need to be adjusted accordingly. We can
then replace Assumption 3 with conditions that guarantee equations (3.7) and (3.8) to hold.
These equations ensure that the limit in (3.6) is well defined.

A limitation of this first approach is that evaluating ar((tl)N(zN)_lE%Z)j) requires
working with each selection function of ®y(zy), making it computationally intractable
when there are a large number of selection functions. This is an issue, since the number
of selection functions can grow exponentially with the problem size. Additionally, as we
shall see in the third example of §3.5, considering each selection function also makes this
approach sensitive to errors in the estimation of dIIg(zp). These limitations motivate the
development of the second method. The second method limits the computational burden of

working with a piecewise linear function, by restricting the computation to only a subset of
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selection functions indicated by zny — z3,. This subset will generally consist of only a single

selection function, leading to dramatic computational savings.

3.3 The second method

In this section we propose a second method for the construction of asymptotically exact
individual confidence intervals. Like the approach of §3.2 the exactness of the intervals will
depend on the use of ®x(zy) as an estimate for df&%r(zo). Specifically this approach relies
upon the fact that with ®x(zx) one can accurately estimate both the conical subdivision
of df&%r(zo) and the location of zx — 2 in the subdivision. The calculation of an interval’s
width with the second method uses only the selection functions indicated by these estimates,
reducing the computational burden of working with ®x(zn).

As will be discussed further in the main result of this section, Theorem 6, the probability
of zy — zp being in the interior of a cone in the conical subdivision of df&gf (z0) approaches
one as the sample size goes to infinity. Therefore the method proposed in this section will
(with high probability) require working with only a single selection function. This leads
to the following comparison to the method of constructing confidence intervals considered
in Theorem 3. Recall that the limitation of using dfy%(2n) as an estimate for dfg's (20)
when computing a confidence interval is that this approach does not account for a possible
dependence between how the function df}\‘%(zzv) is estimated and how intervals produced
using the estimate will perform. The method in this section will with high probability
calculate an interval’s width using a single linear selection function. Since the domain
of this section function is restricted by a cone in the conical subdivision, the dependence
between when an estimate is used to calculate an interval and the interval’s performance
can be accounted for by using the idea of conditioning.

The asymptotic exactness of the intervals proposed in this section is proven in Theorem
6, see (3.11). We begin the discussion of the second method by defining what replaces a”(+)
and determines an interval’s width. Let f : R™ — R"™ be a piecewise linear homeomorphism

with a family of selection functions { M, ..., M;}, and the corresponding conical subdivision

{Ki,...,K;}. As before Z ~ N(0,1,). For any choice of cone K;, i = 1,...,l, component
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j=1,...,nand a € (0,1) we first define n$(f,x) for points z € intK; as the unique and

strictly positive number satisfying

Pe(|(f1 @), | <o) S 2 €)= (1-a)Pr(f ) €K, (39)

where (f~1(Z ))J stands for the jth component of the random variable f~!(Z). Note that
n§'(f, ) is the same number for all z € intKj, since nothing in the above definition depends
on the exact location of x, except that K; has to be the cone containing x in its interior.

Because f is a homeomorphism we can rewrite (3.9) as

Pr (| (M712),| < 0§ (f.2), M Z € K) =(1-a)Pr(M'Z€K). (3.10)

geeey

For points z € ﬂl::l K, define n§(f,x) = max n$(f, i) where x;, € intKj,.
o
The following Lemma for deterministic functions will play a similar role in the proof of

Theorem 6 as Lemma 1 did in the proof of Theorem 5.

Lemma 3. Let {fn}x_, be a sequence of piecewise linear functions, such that fn and f

have a common conical subdivision {K1,...,K;} for all N sufficiently large, with
I =SB
heR™ h£0 [|A]]

Then, for all N sufficiently large fn is a homeomorphism. Moreover, for all o € (0,1),

z€R" and j=1,...,n, one has 3 (fn,z) = 0 (f, x).

Proof. From Proposition 2 it follows that fn will be a homeomorphism for all N sufficiently
large. The convergence of nf(fn,z) to nf(f,x) can be shown using an argument analogous

to the one used in the proof of Lemma 1 and is therefore omitted. O

In the proof of Theorem 6 below, we make use of the notation introduced before Theorem
3. With this notation I'(z9) = {Ki,...,K;} is the conical subdivision associated with
dfpig (z0) such that dfg's(20)|x;, = M; and K; = cone(P; — z) where Pp,..., P are all

n-cells in the normal manifold of S that contain zy. As before, we write Yy = 2(1)/ 27 and
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Yi=M;'sY/?Z for i = 1,...,1. Finally we define Y* = df1% (z9)~'3¢/>Z, and note that

Y*]IY*GKZ' = YZHYiGKi .

Theorem 6. Let Assumptions 2, 8 and 4 hold, and let ®n(zn)(-) and zy be as defined in

(1.28). For all j=1,...,n and a € (0,1),
\/7 . ary—1/2 *
Pr(VN|(zn — 20);] < nf(Ex "®n(2n), 28 — 28) ) = 1 —a. (3.11)

Proof. Let C;, 1 =1,...,m be all of the cells in the normal manifold of S, and for each N

define the event

AN—{W

By the remarks below (1.28), if w € Ay then the two points z} and zy belong to the

{z\dz(zN(w)) S 1/g(N)} = {Z‘Zo S CZ}} (3.12)

relative interior of the same cell in the normal manifold of S, with I'(zp) = I''(2} (w)) and
dfp:g (20) and @y (2n(w)) share the conical subdivision {Kj,...,K;}. Moreover as shown

in (Lu, 2012, Theorem 3.1) limy_,oc Pr (Anx) = 1, so it follows from (3.5)

lim Pr

su
N—oo D

. 125 2@ (2n) () — S5 2 afy % (z0) (k)|
N
heRm A0 12l

< e> =1.  (3.13)

Combining this with Lemma 3 it follows that nJQ‘(E]_\,I/ °p ~(zn), z) converges in probability
to nj“(Eo_l/Qdf&%r(ZO), x) for all fixed z.
Next, let B be a fixed neighborhood of zy such that BN (z9 + K;) = B N P; for each

i=1,...,l. We then have

lim Pr (\/ﬁ\(zN — 20)j] < 03 (SN B (2x), 2w — z;*v))

N—o00
= lim Pr(VN|(an — )] < (52 @n (an), 2w — 24); Aw)

l
= lim Pr (\/N|(2N—zg)j| §n;?‘(2]:,1/2<1>N(zN),zN—sz); AN; 2N GBﬁintB)

N—o00 4
=1

l
= lim Pr (\/N|(ZN_ZO)j| Sn?(zj_vl/2(I)N(zN),$i); AN; ZN GBﬂintB)

N—o00 4
=1
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where z; in the last expression is any point in intK;. The first equality above follows from
limy_,00 Pr(Ax) = 1, and the second from limy_, o, Pr (ZN € R™\ Uﬁzl BN intPl-) =0 as
shown in (Lu, 2014, Proposition 3.5). For the final equality, recall that w € Ay implies that
zy and zg belong to the relative interior of the same cell in the normal manifold. Since the
latter cell is a face of each P;, i = 1,---,l, by the additional requirement zy € intP; one
has zy — 2z} € cone(intP; — z}) and the latter set is exactly cone(intP; — zp), namely int K.

When [ = 1, zp is contained in the interior of an n-cell P; and K7 = R™. In this case

Y* ~ N (0, M7 20MT ), and (3.11) follows from the fact

VN (z2n — 20); N (Y™);

(SN P en(an) o) (S P ARY (20),21)

Next, we consider the case when { > 2. Forall j=1,...,nandi=1,...,llet "7 € R"

be such that 7 ¢ K; and |(0%7);] > n;‘(Egl/Qdf&%r(zo), x;). Define random variables

fu?{rj = \/N(ZN - ZO)]lzNEBﬂintPi + T)w]lszBﬂintPi’

yid =Y'Nyicintk, + 7" Lyigintk,:

» s ~1/2

o o= (EN/ <I>N(ZN),$z‘) L. vepnintp, 75 (Eo / df&g(zw’“) Levgprinte,

and note that
i —1/2
i =y (302 dr8% (0), i)

For all Borel sets W C intK;, we have

Pr (v%GW) =Pr <\/N(ZN720)€VV, ZNEBﬂintPZ-)

:Pr(\/]v(zN—zo)EVV, ZN€B>,
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and therefore

Jim Pr (U?Vj e W) = lim Pr (\/N(ZN — ) EW,zy € B)
= A}gnoo Pr (\/N(ZN —2p) € W)

—Pr(Y*eW)=Pr(Y'eW)="Pr (YM € W) . (3.14)
Since zy — zp in probability and intK; = cone(intP; — zp), it follows that as N — oo,
Pr (\/N(ZN —2p) € (intK;)¢, zy € BN intPi) — 0,
and
Pr(zy ¢ BNintP) — Pr(Y* ¢ intK;) = Pr (Y* ¢ intK;) = Pr (Y@'J ¢ intKZ-) .
Accordingly, for any Borel set D in R",

lim Pr (vj\’,j eDn (intKi)c)

N—o0
3e(@9)Pr(zy ¢ BNintP)
= DmdntKﬂc@fJ)Pr(fdJ ¢inhk@)

— Pr (Yw’ eDn (intKi)c> . (3.15)

By combining (3.14) with (3.15), and noting that ﬁé\,] and 7§ (251/2df&%r(z0),xi) are

strictly positive under our assumptions, we find

i,J 071,
Uy Y

A
Ui ng (Zal/gdf&%r(zo), acz)

)
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and

(AR R e e B
(Y");

=Pr 775“( 1/2dfn°r( o), :1:1>

‘ <1, Y'eintkK; |,

where we have used the fact |(0%7);] > n§ (Za Y 2df(])“’%l”(zo), a:z) The latter fact also implies

lim Pr( @);
N—o0

) = 0, so it follows that

771\1

lim Pr (\/N |£fj\;— 20);] <1; Ay; 2y € B ﬂintB-)
N0 ni (S PN (2n), i)

_ iy
= lm Pr (WKZNZO)'<1 zNeantP> = lim Pr<|(UN.)J| §1>

N—oo

‘ <1, Y€ intK;
—1wl/2 1/2 —1w1/2
— Pr <|(dfnor( ) 120/ Z)j| < 7731 ( / dfnor( ) ) dfnor( ) 120/ A= Kz)
—(1—a)Pr (dfgfgf(zo)—lzé/Zz e K) .
Finally, since we have zy — 2} € intK; on Ay,

lim Pr (\ﬁ\ zy — 20)| < (2 1/2(I)N(ZN),ZN—Z7V>>

N—o0
l ( )il
= lim Pr (\/N | '3\;_ =0 <1; An; 2N € BﬂintPi)
Nt nd Xy PN (2n), 7i)

=D (1~ ) Pr (dff (20) "5 Z € K

l
= (1—a) > Pr (4 (z0) 'SP 2 e ) =1 - a
=1
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As in the proof of (3.6), Assumption 3 is used primarily to ensure that the limit in equa-
tion (3.11) is well defined. To omit Assumption 3 without affecting the convergence results,

two conditions must be satisfied for each selection function of dfg{(z0). First, for each cone

K; in the conical subdivision of dfg{f (z0) and the corresponding matrix M; = dfgy (20)| ;.
the equation (3.10) must have a unique strictly positive solution when Z is replaced by
Yy. Second, for each K; and all £ > 0 the polyhedra {z € R"| M; 'z € K;, |(M; 'z);| < ¢}
must be continuity sets with respect to the random vector Yy. These two conditions are
required to hold for each selection function, so that the convergence is well defined when
restricted to each cone. These are similar to the way to relax Assumption 3 for Theorem 5.

Compared to the first method, the second method is computationally much more effi-
cient as it with high probability restricts the computation to a single cone in the conical
subdivision of ®x(zy), namely the cone that contains zy — zj in its interior. When the
event Ay in (35) holds, that cone also contains zy — zg in its interior. In the third example
of §3.5, we also observe that the second method is more robust than the first when the
sample size is small and Ay does not hold.

While (3.6) and (3.11) provide computable asymptotically exact intervals in general
both a”(-) and 7 (-,-) lack closed form expressions, an issue addressed in the next section.
For ease of exposition moving forward we will suppress the arguments of a”, 77]0-‘ and UJC»“,

where v;?‘ is the half-width for the intervals considered in Theorem 3.

3.4 Interval computation

This section discusses the computation of a” and n5s and discusses how to find upper
bounds for these quantities. We begin by considering a” with the results for nj following
in a similar fashion. Throughout this section we shall use I'(z}) = {K71, ..., K} to denote
the conical subdivision for a realization of ®x(zy). The matrix representations for the
selection functions of E]_Vl/Qi)N(zN) on K; will be denoted by My ;, fori=1,...,1.

Finding a" requires a search over values of £ > 0 and evaluating

Pr (|(@x (an) 'SY);(2) 1l < ).
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To evaluate this probability we rewrite it in terms of the individual selection functions. The

conical subdivision of @N(ZN)_12%2 is given by {T1,...,T;}, where
—1/2
T; = XN "®n(2n)(Ki) = My i(K;)

_1wl/2 _
and Dy (2n) 22|, = My
For any two cones T, and T, with v # u, their intersection is either empty or a proper
face of both cones, and hence Pr(Z € T, N T,) = 0. The probability we need to evaluate

can then be rewritten as

l
ZPr (‘(‘I)N(ZN)ilx}\?)j(Z) —r|<fand Z € TZ>
=1
l
:ZPr(|(MJ\7}i)jZ—r| < ¢ and ZeTi). (3.16)
=1

Note the connection between (3.16) and what must be considered to find n;. Finding

nj’?‘ requires us to evaluate
Pr(|(My}),2] < ¢ and MGz € K;) =Pr (|(M}); 2| < tand ZE€T),  (3.17)

for different values of ¢, but only for those indices ¢ such that zy — 23 € K;. This difference
provides the indirect method of §3.3 with a significant computational advantage over the

method of §3.2. Recall from the proof of Theorem 6 that

l
lim ZPr (Ay and zy € BNintP;) = 1,

N—oo 4
=1

where [ was the number of selection functions for df&%r(zo), B is a certain neighborhood of

20, An is as defined in (3.12) and K; = cone(P; — zp). When Ay holds and zxy € BNintFP;,
it was shown that zy — 2}y € intK;. Therefore with high probability finding 77" will involve
evaluating (3.17) for a single index i. In contrast, (3.16) involves a similar calculation for
every cone in the subdivision. For this reason, the conditioning based method is scalable

with respect to the number of selection functions. Such scalability is very useful, particularly
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because the simpler approach given in Theorem 3, which requires the least amount of
computation among all methods, cannot be guaranteed to produce asymptotically exact
intervals in the piecewise case.

The question of finding a” and 7} now becomes how to evaluate
Pr(|by:Z —r| <l and Z € T;), (3.18)

where the row vector by ; is given by (M]QIZ)J When [ < 2 (that is, when ®x(zy) has
no more than 2 selection functions) and r = 0, we can evaluate (3.18) using percentiles of
standard normal random variables. To see this, consider the case [ = 1 first. In this case
Ty =R" and M 1?7,11Z =& N(ZN)*lE}f(Z ). Then from basic properties of normal random

vectors,

o =1 = AL 12 and B =/ XF@)I(@w,0); M2

where || - || is the Euclidian norm. In this case both intervals for (zp); are the same as the
interval proposed in Theorem 3. Next consider the case | = 2; we observe that the two

cones satisfy T = —75 and that Z and —Z have the same distribution. It then follows that

Pr(by;Z| <land Z€T)  =1/2Pr(|byiZ| <0)

= Pr(Z € T)Pr(|bniZ < 1).

Thus, when [ = 2, 1" can again be computed using a simple formula; finding a in this case
may still require a search over different values of ¢ but the probabilities needed to evaluate
for each ¢ can be obtained from the cumulative distribution function of standard normal
random variables.

When [ > 2, our approach to evaluating (3.18) is to rewrite it as the probability of
a normal random vector being in a possibly unbounded box. Once formulated in this
manner, the probability can be evaluated using the Monte Carlo or Quasi-Monte Carlo

methods of (Genz and Bretz, 2009, Chapter 4), both of which are implemented in the R
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package mvtnorm (Genz and Bretz, 2009; Genz et al., 2013). Below, we discuss details
about this for complementarity problems as well as general SVI’s.

When the SVI is a complementarity problem with S = R™ x R}, where Rﬁ denotes
the nonnegative orthant, each of the polyhedral cones K; € I''(z},) can be expressed as an
n-dimensional box,

Ki = [l uy] x - x [l )

n»wn

with l; and ué taking values in {0, co, —oo}. Since @N(ZN)*lX]%Q is a homeomorphism, for

each¢=1,...,l and x € R" the following equivalences hold:
rel;, & @N(zN)_IE%2(x) cK, & Mjf,lzx c K;.
Therefore we can write

Pr(I(My});Z =7l < €and Z € ) = Pr (r = € < (M3});Z < 7+ £ and M3}Z € K
=Pr (MZQIZZ € [It,ul] x --- x [max(l,r —E),min(ué»,r—i—ﬁ)] X oo (I8 u’])

7 n’»'n

=Pr (ZE [, ul] x -+ x [max(lé-,r—Z),min(uj-,r—}—f)] X oo x I uz])

n»-n

5 —13,-T
where Z ~ N (0, My My )
For a general SVI, to compute a” and n; we can use the structure of T; as a polyhedral

cone and express it by linear inequalities,
T, ={z € R"|Ajz < 0,}

with some v x n matrix A; and the v-dimensional zero vector 0,. We then rewrite

Pr(]b%iZ—r] </land A4;Z <0,) =Pr(Z € (—00,0] x -+ x (—00,0] x [r — £,7 + {])

_ A;

where Z ~ N (0y41,D;D}) and D; =
b,
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Since finding a” and 7} in the piecewise case requires a search over values of £, we are
motivated to look for upper bounds for those quantities that do not require a search to

compute. Below we discuss how to find upper bounds for a”; this idea works similarly for

(0]

nj -
A natural conjecture related to the upper bound is that a”(f) < a”(b*) for a piecewise
linear function f with selection functions represented by row vectors b', ..., b with [|b!|| <

|6?]] < --- < ||bF||. This conjecture is not true in general. For example, take

b1:[1/5 7/5],62=[7/5 1/5],b3=[1 1],

and T; = {z € R?|4;z <0} for i =1,...,5, where

— |

7

Figure 3.1: Sets Ry (shaded) and Ry for a = .05

piecewise linear functions such that fi|y, = b for i = 1,2,3, fo|r, = b' and fo|, = % . It
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follows that a®(b') = a%(f2) = /2x3(a), i = 1,2,3. Next, let

R ={2eR’=a(fr) < filz) <a"(f2)},

Ry ={zeR*—d’(f2) < falz) <a’(f2)}.

As shown in Figure 3.1, the set Ry includes R; as a subset with D = Ry \ R; having
a non-empty interior. Thus Pr(Z € R;) < Pr(Z € Rg) and a°(f2) < a°(f1), showing that
max a’(b’) is not an upper bound for a®(f;).

To construct a valid upper bound for a” we will use the following Lemma.

Lemma 4. Let f : R™ — R be a piecewise linear function with selection functions repre-
sented by n dimensional row vectors by, ..., b, with the corresponding conical subdivision
I ={Ky,...,K;}. Let Z ~ N(0,1,), ¢;, = Pr(Z € K;), a« € (0,1) and r € R. Suppose
£ > 0 satisfies

Pr(|b;Z —r| <4)>1-ca
fori=1,...,1. ThenPr(—¢ < f(Z)—r<{l)>1-a.
Proof. Let E; be the event that {|b;Z —r|</{and Z € K;}. As argued previously

Pr(|f(Z) —r| <{) = El: Pr(E;). Next note
i=1

Pr(Ef) <Pr(ZeKj)+Pr(|b;Z—r|>1{)

<l-c¢i+cga=1—(1-a)q.

Thus Pr(E;) > (1 — a)¢; and
l

l
Pr(|f(Z)—r|<f)=> Pr(B)>(1-a)) a=1-o
=1

=1

Corollary 1. Let f, K;, b;, « and Z be as Lemma 4. Let a; = aPr(Z € K;). Then {; =
bl /X3 () satisfies Pr(|b;Z] < 4;) =1 — ay, and £ = fgaécl& satisfies Pr (|f(Z)| <€) >
_Z_

1-—oc.
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While Corollary 1 provides an upper bound for a®(f), Lemma 4 can be analogously
used to find upper bounds for " when r £ 0. The similar idea can be used to find upper

bounds for n; by considering only cones K; that contain zy — 2y

3.5 Numerical examples

This section applies the proposed methods and the method of Theorem 3 to three numerical
examples. The first example is a complementarity problem used in (Lu, 2012, 2014; Lu and
Budhiraja, 2013), the second a complimentarily problem of a slightly larger size. The third
example is a nonlinear complementarity problem adapted from (Floudas et al., 1999) and
(Dirkse and Ferris, 1995a). When calculating a” or 7" for a function with three or more
selection functions the approach used throughout the examples is to perform a binary search
with probabilities calculated as in §3.4 using the methods of (Genz and Bretz, 2009, Chapter
4). This search terminates when either the distance between the upper and lower bounds
for the half-width or the probability of the value being tested is within specified tolerance
levels.

In each example, we are able to find the true solution allowing us to examine the
coverage rates for the different methods. For the first two example we generate 2,000 SAA
problems at each sample size of N=>50, 100, 200 and 2,000. For each sample the value of r

used for a” is chosen by generating i.i.d. Z, ~ N(0, I,), calculating

103
ry =107 @3 (an) SN (20),
v=1

and taking the appropriate coordinate of this vector. The use of this procedure will be
indicated with the notation a™.

The third example is chosen to examine the performance of the proposed methods when
the estimates used to compute interval lengths deviate from their asymptotic properties at
small sample sizes. In particular, for this example the true solution zg lies in the interior of
an n~cell of the normal manifold of S, but is close to a number of k-cells of lower dimensions.
As a result, the estimates 2}, obtained from some SAA solutions with small sample sizes

does not lie in the relative interior of the same cell that contains zq it its relative interior,
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so ®n(2zn) has a different structure from the linear function dfy'¥ (z0). For this example we

solve 1,000 SAA problems at sample sizes of N=100 and 3,000 and consider a" with r» = 0.

3.5.1 Example 1

For the first example, we consider a complementarity problem with S = R2 |

SIS T &5
F(z,§) = + :
£ & T2 $6
and ¢ uniformly distributed over the box [0, 2] x [0,1] x [0, 2] x [0,4] x [-1,1] x [-1,1]. In

this case

1 1/2 T
Jo(w) = ;
1 2 T

and the SVI and its corresponding normal map formulation have true solutions g = zg = 0.
The function dfa%r(zo) is then piecewise linear with family of selection functions given by

the matrices
1 1/2 1 0 1 1/2 1 0

, , and
1 2 11 0 2 01

and corresponding conical subdivision Ri, R, xR_,R_ xR, and R?. With this information
we evaluate (1.21) for &« = .05 and observe values of .9450 and .9448 for j = 1 and 2
respectively. This means that confidence intervals proposed in Theorem 3 will cover (zp)1
and (zp)2 with those probabilities in the limit.

In Tables 3.1 and 3.2 we summarize the coverage rates of (29); and (zo)2 for each interval

determined by UJO-‘, a™ and njo-‘. We see that the three approaches overall performance is

vt a™ Ui vy a™ 3
N=50 93.65% | 94.25% | 94.25% N=50 93.5% | 94.4% | 93.7%
N=100 94.05% | 94.85% | 94.35% N=100 94.4% | 94.65% | 94.65%
N=200 94.4% 95% | 95.05% N=200 94.75% | 95.35% | 95.4%
N=2,000 | 93.65% | 94.25% | 94.8% N=2,000 | 93.95% | 94.5% | 94.45%
Table 3.1: Coverage rates (zp)1 o = .05 Table 3.2: Coverage rates (zp)2, a = .05
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generally comparable and in line with the specified 95% level of confidence (for a"~¥ and
n§'), or as predicted by the values of (1.21) (for vf).

Differences between the methods become apparent in Figure 3.2, where the interval
lengths for N = 2,000 are divided by which cone contains zx — zg. These differences are
also apparent in Table 3.3, where we break down the coverage rates of (z9)2 and average

interval lengths by which K; contains zy — 2g.

R_oxR_ - R_oxR_ —_— R_oxR_ -
R_ xRy - R_ xRy - R_ xRy -
]R+ x R_ o— ]R+ x R_ — ]R+ x R_ —
R+><R+ — R+><R+ — R+><R+ -
0.01 0.03 0.01 0.03 0.01 0.03
vg a"™ g

Figure 3.2: Intervals widths for (zg)2 by cone, N = 2,000

Table 3.3: Coverage rates of (zg)2 and half-widths for (z9)2 by cone, N = 2,000

Coverage rate Average length
Cone (samples in cone) vs a’™ ng Vs a™ ns
R_ xR_(513) 94.15% | 97.66% | 93.37% | .0253 | .0246 | .0253
R_ x R+ (553) 93.85% | 99.64% | 95.84% | .0127 | .0246 | .0133
Ry x R_ (739) 92.29% | 87.28% | 94.05% | .0358 | .0246 | .0379
Ry X R+ (195) 100% | 98.97% | 98.46% | .0238 | .0245 | .0106

As shown in Figure 3.2(a) and the column under v§ in Table 3.3, the interval lengths
and coverage rates produced by the method of Theorem 3 vary significantly depending on
the location of zy — z9. This is because the linear functions df}\l,oé(zN) used to calculate
vg are dramatically different when zy — zp belongs to different cones. The expression for

% does not account for the piecewise structure of dfy'3 (z0). Because the values of (1.21)
are close to to the desired 95% for this example, the overall coverage rates by v$ are only
slightly smaller than those of other methods, as shown in Tables 3.1 and 3.2. In general,
one cannot expect the overall coverage rates of v§ to be at the desired level, as opposed to
our proposed methods based on the estimate @y (zn)

When @y (zy) is piecewise linear, our estimate for the limiting distribution of zy — 2
has a piecewise structure. Evaluating a” requires considering each piece of this estimate.

Since @ (zy) converges to d nor( 20), the value of a” converges to a fixed value. This value
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leads to asymptotically exact intervals by averaging out the performance across the different
pieces of the limiting distribution. As a result we see intervals of consistent lengths, but
with varying performance depending on the location of zy — zp.

Computation of 75, the second method proposed in this paper, uses the same estimate
for the limiting distribution. However, instead of enumerating all pieces of the piecewise
distribution, the calculation of 75 only requires considering the cone that contains zy — 2}
in the conical subdivision of ®y(zy). Since the probability of 2} and zy being contained
in the relative interior of the same cell goes to one, this approach can accurately condition
on which piece of the limiting distribution describes zny — zo. The definition of nf* uses this
idea of conditioning to vary the intervals widths and achieve a more consistent coverage

rate across the different cones.

3.5.2 Example 2

In this example, S = RJ,

& 1.5 5 .75 .9 T &6
15 & 0 8 1.5 To &

Fx,§)=1| 5 0 & .75 1.7 z3 | | & |
75 0.8 75 & 1 T4 €9

9 15 17 1 & ||| | &o |

with & uniformly distributed over the box
[2,4] x [0,4] x [0,3] x [2,6] x [-1,6] x [-1,1] x [=.5,.5] x [=2,2] x [-.75,.75] x [—1,1].

The SVI and its normal map formulation have solutions x¢g = zg = 0. Moreover HRi =
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hiy 0 0 O

Z1

0
hy 0 0 O To
0 if z; <0,
0

0 hy O x3 where h; =

dMMgs (20)(x) = f
1 if 2; >0,

0
0
0 0 0 hs O Ta
0 0 0 0 bhs Ts5

so d( fg)str (20)(-) is piecewise linear with 32 selection functions. Taking a = .05, we first
consider confidence intervals for (zg);. By evaluating the value of (1.21) foreachj =1,...,5,
we find the asymptotic confidence levels of intervals proposed in Theorem 3 to be 93.85%,

93.33%, 94.38%, 93.39% and 92.96% respectively.

Table 3.4: Coverage rates for (z9)s

v a™N ng
N =50 93.05% | 96.3 % | 93.3%
N =100 | 92.85% | 99.95 % | 92.8%
N =200 94% 94.7 % | 94.95%

N =2,000 | 94.35% | 94.6 % | 94.8%

Coverage rates of the confidence intervals we obtain for this example are largely in line
with the specified level of confidence (for a"™¥ and njo-‘), or as predicted by the values of (1.21)
(for v§'). Table 3.4 summarizes the coverage rates of (29)3 for each approach and sample size
considered. Given the large number of selection functions relative to the number of SAA
problems, it is not practical to observe the performances of the different methods broken
down by where zny — 2 falls in the conical subdivision associated with df&%r(zo). What we
are able to observe is the consistency of values of a"™¥ across samples, as compared to the
varied values of v§' and 7, as shown in Figure 3.3 for (20)3 and N =2,000.

In this example the computational benefits of 77 are clear. For almost all of the samples
calculating a"V requires working with a piecewise linear function with 32 selection functions,
whereas for all of the samples calculating n; only involves a single selection function. This

difference leads to a dramatic reduction in the computation needed for 73"
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Figure 3.3: Intervals lengths for (zg)3, N = 2,000

With this example we also examine how upper bounds satisfying the conditions of
Lemma 4 compare to the actual interval half-widths. Table 3.5 summarizes the average and
median ratios between the bounds and the actual half-widths for sample size N = 2,000.
While easier to compute, the bounds can be quite conservative, especially those for a™.

Table 3.5: Ratios of upper bounds to interval half-widths

a™ ne
Average ratio | Median ratio | Average ratio | Median ratio
(20)1 6.20 6.33 3.04 2.18
(20)2 15.53 13.44 3.58 2.92
N =2,000 (z0)3 4.00 3.49 2.25 1.55
(20)4 5.27 5.26 3.69 2.37
(20)5 9.20 8.04 2.80 2.12

3.5.3 Example 3

The third example is the invariant capital stock problem from (Dirkse and Ferris, 1995a;
Floudas et al., 1999; Hansen and Koopmans, 1972). This problem considers an economy
growing over an infinite time horizon. The time horizon is assumed to have discrete periods,
and at each time period the economy determines activity levels for the production of capital
and consumption goods. The activity levels are constrained by the resources available at the
start of each time period and the investment in capital goods made in the previous period.
A reward is derived from the consumption goods produced, and the problem is to determine
an initial investment of the capital goods that maximizes the sum of the discounted rewards

and at the same time results in a constant investment of capital goods over all time periods.
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With appropriate conditions on the reward function and constraints, the problem can

be solved by finding a solution to the nonlinear complementarity problem,

0 < Vo(q)+ (A—~vB)T + CTu 1L ¢g>0
0<(B-A) L y>0

0<-Cqg+w 1 uw>0.

Here ¢ € ]Rfro denotes the activity levels for the production processes, and A and B
denote the capital input and output matrices respectively. The resource input matrix is
denoted by C', and w equals the constant amount resources available at the start of each
time period. Dual variables for the resource and capital constraints are given by u and y in

Ri. The nonlinear reward function v is given by

v(q) = (q1 + 2.5¢2)%2(2.5q3 + q1)*?(2g5 + 3¢6)"2

and v € (0,1) is the discount factor. To formulate this problem as an SVI we assume that
the elements of w and the matrices A, B and C' are uniformly distributed over intervals of
length one; that their expectation equal the quantities in (Floudas et al., 1999); and that for
each column of the matrix A, B or C, the components of the vector are dependent with a
correlation of one-half. With these assumptions £ € R?g and the vector of decision variables
is given by z = (q,y,u) € R

All components of the true solution zy are nonzero. Three components of zg are less
than 0.1 in absolute value, and all are between -0.6575 and 0.6833. While dfg%r(zo) is linear,
for moderate sample sizes it is likely that dIlg(z}) and ®n(zn) are piecewise linear when
the function g(N) = N'/3 is used to determine z%. This example therefore allows us to
examine the performance of the proposed methods when the estimates z} and ®n(zn)
deviate from their asymptotic properties at finite sample sizes.

We generate 1,000 replications of the SAA problem at samples sizes N = 100 and 3, 000.
For each replication, the SAA solution zy has components small enough in absolute value

to lead to an incorrect estimate z3;, in the sense that 23 does not lie in the interior of the
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Table 3.6: Coverage rates for (29);, N = 100 and N = 3,000, o = .05

N =100 N = 3,000
I I/ ) M N | R

)1 89.6% | 93% | 95.4% | 95.5% | 83.7%
88.8% | 93.4% | 93.9% | 93.9% | 83.7%
89.3% | 92.6% | 94.2% | 94.3% | 83.7%
89.7% | 93.1% | 94.9% | 94.9% | 83.7%
89.8% | 91% | 95.2% | 95.2% | 83.7%
88.3% | 91.5% | 95.4% | 95.4% | 83.7%
89.5% | 91.9% | 96.1% | 96.1% | 83.7%
89.7% | 92.6% | 95.2% | 95.2% | 83.6%
91% | 94.2% | 95% | 95.1% | 83.6%
95.1% | 96.4% | 95.1% | 95.2% | 83.7%
90.5% | 92% | 95.3% | 95.3% | 83.7%
90.7% | 93.7% | 94.7% | 95.1% | 83.7%
88.9% | 93% | 95.4% | 95.4% | 83.7%
92% | 93.3% | 93.8% | 93.8% | 83.7%
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n-cell that contains zp. The performances of the different intervals for (zp); are given in
Table 3.6. The method of §3.2 is most sensitive to the use of the incorrect estimate dIlg(z}y).
For each replication with N = 100 the estimate ®y(zy) has 2!2 selection functions, and
evaluating a® is computationally impractical. Even with N =3,000, for about eight percent
of the replications no intervals can be computed for a®. This poor performance is due to
the inclusion of all selection functions of ®y(zy) in the calculation of a®. The evaluation
of a® becomes intractable, when the number of selection functions becomes too large to
enumerate each piece, or when a selection function has a singular of near singular matrix
representation. Moreover, even when a can be evaluated, the performance of those intervals
is heavily impacted by the incorrect identification of selection functions, because the method
of a¥ is designed to achieve the desired level of confidence by averaging out the performance
across the different pieces of the limiting distribution.

In contrast to the poor performance of intervals computed using a°, the intervals com-
puted using 77]0»“ (i.e., the second approach) perform well. Even for the cases in which
N = 100 and ®y(zy) has 22 selection functions, this conditioning based approach can
quickly compute an interval’s length. Not only is this approach computationally feasible at

this relatively small sample size, its performance is close to the desired level of 95%. The
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computation efficiency is due to the fact that only a single selection function of the estimate
®n(zn) is needed for the computation of an interval’s length. This selection function is
characterized by its matrix representation and the corresponding cone in the conical subdivi-
sion. The matrix representation depends on zpy, while the choice of the cone is determined
by zj. Because the incorrect selection functions do not directly affect the computation,
they have less impact on the interval length. What is especially noteworthy is that at small
sample sizes the intervals computed using 7} with “incorrect” choices of zy outperform the
intervals using qu. This may look surprising, because the method using v;?‘ is asymptotically
exact for this example. The intuition behind this observation is that the “incorrect” choices
of 2}y is in part a reflection of the difference between the distribution of zx at small sample
sizes and its asymptotic distribution. The computation of uh therefore incorporates these
differences in a limited manner, whereas the linear function used to calculate vj does not
capture these differences. As the sample size increases, the asymptotic equivalence of n;

and qu becomes apparent.
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CHAPTER 4

Direct confidence intervals

4.1 Motivation

In this chapter we propose a direct method for constructing individual confidence intervals
for the solution to an SVI as formulated in (1.1). We begin the chapter with a motivat-
ing discussion on how this problem differs from the construction of individual confidence
intervals for the solution to the normal map formulation.

To begin, comparing (1.12) and (1.14) we see the difference between the asymptotic
distributions for SAA solutions to the normal map and direct formulation is the addition in
the latter of I, , the projection onto the critical cone to S at zp. Since Il is generally non-
invertible, neither of the methods presented in Chapter 3 can be used to directly construct
intervals for (x¢);, because both methods require the function that defines the asymptotic
distribution to be invertible.

An indirect approach to constructing confidence intervals for (z¢); using the methods
of Chapter 3 would be projecting confidence intervals for (zp); onto the set S. As noted in

§2.2 for a random set Iy (w)

Pr (20 € In(w)) < Pr(Ilg(z) € Hg(Iy (w))) = Pr (zo € Hs(Iy (w))).

Intervals found in this way will then cover zy with a rate that is at least as large as
the coverage rate of zy by In(w). The indirect approaches are convenient to implement
when the set S is a box, or has a similar structure that facilitates taking (individual)
projections. Beyond those situations, it would be hard to use the indirect approaches for

finding confidence intervals for xg.



When developing a direct method for calculating confidence intervals for (z¢); we would
like to emulate the method of §3.3 due to the benefits of working with only a single selection
function. As stated above, this method cannot be applied directly since the definition of
n§'(f, =) requires that the piecewise linear function f be invertible. In this definition it is the
function f~! that is used primarily in the calculation of 1733‘( f,x). The role of f is limited to
using its conical subdivision to define a partition of the range of f~!, which combined with
x identifies the selection functions of f~! to be considered. An initial attempt to extend
this method to general piecewise linear functions would be to identify selection functions
by using a partition of the function’s range that does not require it to be invertible.

In the case of building individual confidence intervals for (z¢); the function of interest

is the transformation appearing in the right hand side of (1.14),
1wl/2
9. =Tl 0 dffig (20) 250,
whose range is the critical cone Ky. Taking ®n(zy) and 23 to be as in (1.28) we define

gy = dlls(zy) = An(2n), (4.1)

and

gn =gy 0 @y (2n) 'S0

From (1.9) and Theorem 4 it follows that

lim Pr (g, =1Ig,) =1 (4.2)

N—oo

suggesting the use of gy as an estimate for g when constructing confidence intervals. Since
Ky is a polyhedron a natural partition to consider would be the relative interiors of the
faces of K. The shortcoming of this approach is that there can exist a face of Ky, say C;,
such that multiple selection functions of g map to riC; and Pr(g(Z) € riC;) > 0. When
such a face C; exists, we would no longer have the desired property that as the sample size

goes to infinity the probability of working with a single selection function of gn goes to one.
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One could attempt to avoid this issue by instead choosing the selection functions based
on a point in a function’s domain. For the function g of interest such a partition of the
domain would depend on the conical subdivision associated with dfél’%r(z())*l. When con-
structing intervals using the estimates gy, the partition would depend on the conical subdi-
vision associated with ®x(zx)~!. The issue with this approach is that while the probability
of ®n(zn) and dfy'§ (20) sharing a common conical subdivision goes to one as the sample
size goes to infinity, such a result will not hold for their inverses. Thus evaluating the
performance of intervals produced using this approach would require addressing the case
when the point falls in a region that identifies selection functions of g and gy that do not
correspond to one another.

The presence of Ilg, in the asymptotic distribution also complicates the aim of con-
structing intervals with an exact level of confidence. Consider the following extreme exam-

ple. If one modifies the SVI used in §3.5.1 by changing the function F'(z, &) to be

Fle.¢) = &1 & S &+1 |
& & T2 6 + 1
the solution to (1.1) is still g = (0,0), while the solution to (1.5) becomes zy = (—1, —1).
With this change the critical cone Ky = {(0,0)} and IIg, can be expressed as the zero
matrix. Moreover, both & and & are bounded below by negative one so for all samples
zy = (0,0) = zg. Therefore any interval containing (zx); will cover (zg); due to the
complete lack of variability in SAA solutions.

Removing our modification to the function F'(z, &) and considering the SVI as given in
Section 3.5.1 we see a second less extreme example. In this case with zp = (0,0) one has
Ky = Ri and Ilg, is piecewise linear. Now it is the restriction Ilx, to the negative orthant
that can be expressed as the zero matrix, and one can similarly observe that for all samples
such that zy € R?, 2y = (0,0) = 29 and any interval containing (zx); will cover (xo);.
For zy € R_ x Ry it is only true that (xn)1 = (x0); and the performance of intervals for

(z9)2 centered at (xx)2 will depend on how the intervals’ widths are chosen.
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In these examples we see that it is possible for Pr ((zxn); = (z0);) > 0, providing a lower
bound for any confidence interval that contains (xy);. Therefore the aim should not be to
construct asymptotically exact confidence intervals, but instead intervals for which a lower
bound on the level of confidence is met. In the remainder of this chapter we propose an
approach of constructing such intervals, with Theorem 7 providing the theoretical justifi-
cation for the proposed method. In §4.3 we apply the proposed method to two numerical

examples.

4.2 Methodology

To determine the width of an interval the proposed method replaces 77]0-‘(-, -) with a function
h?( f,g,x) where f and g are piecewise linear functions from R™ to R™ that share a common
conical subdivision, {K7y,..., K;}, with only g required to be invertible. For any choice of
cone K;, i = 1,...,l, component j = 1,...,n and a € (0,1) we first define h(f,g,) for

points z € intK; to be

inf {z > 0| Pr (\ (flg71(2))),| <land g~}(2) € K) >(1-a)Pr(g(2) € Ki)} .
For all points = € intK; the function h$(f,g,z) will take the same value and the above

definition is equivalent to

(Qi);M;'Z| <t and M;'Z € K;)
Pr(M;'Z € K;)

hS (£, 9, x) :inf{ezo‘ Pr > (l—a)}. (4.3)

where @); and M; are the matrices that satisfy f|x, = Q; and g|k, = M;, and (Q;); denotes
the jth row of @;. For points z € (\,_; K;, define h(f,9,2) = maxs=1,.. h§(f, g, 2i,)
where x;, € intK;_ . The following lemma shows that the location of x and the selection

functions of f determine when h$(f,g,z) = 0.

Lemma 5. Let (Q;); denote the jth row of Q;, the matriz that satisfies f|x, = Qi. Then
forany x € o1 Ki,, 5 =1,...,n, and a € (0,1), h;?‘(f,g,x) =0 if and only if (Qs,); is

the zero vector for all s =1,...,v.
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Proof. Tt suffices to prove the result for z € intK;. If h?(f, g,x) =0,
0<(1—a)Pr(M'ZeK;) <Pr(|(Q);M;'Z]<0and M;'Z € K;),
which implies
0<Pr((Q);M;'Z=0and M;'Z € K;) <Pr((Q;);M;'Z=0). (4.4)

Since (Q;);M;'Z ~ N (0, H(Qi)jMi_1H2), where || - || denotes the Euclidian norm, (4.4)
implies that [|(Q;); M, || = 0, and thus (Q;); is a vector of zeroes. The reverse implication

is immediate. O

When using h$'(f, g, %) to construct confidence intervals for solutions to (1.1) based on
(1.14), Hg, and X, L Qdféf%r(zo) play the roles of f and g respectively. These functions
will be estimated by dIlg(z}) and E&l/QCI)N(zN). From (1.9) and (1.29) it follows that the
probability of dIlg(z}) equalling IIx, goes to one as the sample size goes to infinity. By

adapting this setting to deterministic functions, we prove the following lemma.

Lemma 6. Let f,g : R® — R" be piecewise linear functions with g being a homeomor-
phism. Suppose that {fn}xn_, and {gn}N_; are two sequences of piecewise linear functions

satisfying the following conditions.
1. fy = f for all N sufficiently large.

2. f, g and gn all share a common conical subdivision {K1, ..., K;} for all N sufficiently

large.
3. sup IIQN(flt)h—lg(h)ll 0.
hER™, h#£0

Then gy is a homeomorphism for all N sufficiently large. Moreover, A}im hjo-‘(fN,gN, x) =
—00

h?‘(f,g,m) forallx e R", a € (0,1) and j=1,...,n.

Proof. From Proposition 2 it follows that for all NV sufficiently large gn is a homeomorphism

1

and that g&l converges uniformly on compacts to g7*. Without loss of generality we can

assume that for all N the functions gy are invertible, fy = f and f, g and gy share
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a common conical subdivision {K7, ..., K;}. To finish the proof, it suffices to show that
h$(f.gn,x) = h§(f,g,x) for any z € intK;, i =1,...,1.

When z € intK; and h§(f,g,2) = 0, it follows from Lemma 5 that A (f, gn,z) = 0. In
the case of x € intK; and h?( fyg,x) > 0, the convergence can be shown using an argument

analogous to the proofs of Lemma 1 and Lemma 3 and is therefore omitted.

O]

The main result of this section, Theorem 7, can now be proven. We will use the same
notation used in Theorem 6. The conical subdivision associated with df&%r(zo) is denoted
by I'(z0) = {K1, ..., K}, with df)'¥ (20)|k; = M;. Each K; is given by K; = cone(P; — zp),

where Py, ..., P, are all n-cells in the normal manifold of S that contain zy. As before, we

define the following random variables:
Yi=M'%°2, Yo=%?Z and Y*=dfi% (%)) 2.

Additionally, we use g, |k, = @; to denote the selection function of IIx, on K.
Theorem 7. Let Assumptions 2, 3 and 4 hold. Let ®n(zn)(-) and 2} be as defined in
(1.28). For allj=1,...,n and a € (0,1),

lim Pr (\/N|(xN — x0);] < WS (dls(zh), En 2P (2n), 2v — zrv)) >1—a. (45)

N—oo

Proof. As in the proof of Theorem 6, let C;, i = 1,...,m denote the cells in the normal
manifold of S, and for each N let the event Ay be as defined in (3.12). For w € Ay the
equality IIx, = dllg(z}) holds, and {Kji,..., K;} provides a common conical subdivision
for I, dfgg (20) and ®n(zn(w)). From (3.13) and Lemma 6 it follows that for all fixed

u, hi(dlls(zy), 2;\,1/2{)]\;(21\/), u) converges in probability to A (Ilx, Eguzdfagr(zo), u).
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Next let B be a fixed neighborhood of zg such that BN (zo+K;) = BNP; fori=1,...,L.
We then have

Jim Pr (VN|(@y = 20)s] < 1§ (dlTs(23), Sy 2Ox(2n), 2n = 24))

= lim Pr (VN (s(ew) s (0)), | < A5 (Al (7). 2@ (aw), 2 — 2v); A )

l
- lim > Pr (\/N| (g, (25 — 20)); | < hS(dls(2k), Sy 2@ (2n), 2n — 25 ); Ans 2y € BN intB-)

N—o00 4
=1

l
= 3 Jim P (\/N|(Qi)j(zN — 20)| < WS (dTs(25), S5/ *@n (2n), w); An; 2n € B ﬂintH—) (4.6)
—00
i=1

where u; in the last expression is any point in intK;. The first equality uses the relation
between the solution to a variational inequality and that of its normal map formulation,
while the second equality combines the almost sure convergence of zy to zp with (1.8).
The final equality holds, because both zy — zp and zy — 2z} will be contained in intK;
whenever w € Ay and zy € intF;, in which case zy — 2z} may be replaced with u; and
Ik, (2n — 20) = Qi(2n — 20).

Evaluation of each term in (4.6) depends on whether (Q;); is zero or not. If (Q;); is

the zero vector for some %, then

A}im Pr <\/N|(QZ)](2N —29)| < h?(dﬂs(zfv),ZN1/2(I>N(ZN),ui); An; zy € BN intB)
—o0

= lim Pr (\/N(ZN —20) € intKZ) =Pr(Y" € intK;)

N—oo

_ Pr (d( fo)g'(z0)58/2 7 € K) . (4.7)

On the other hand, if (Q;); is a nonzero vector (i.e., it contains at least one nonzero
element) for some i, we define a vector v/ to be such that v*/ ¢ K; and |(Q;);v%7| >

b (UK, By Y 2df&%r(zo), u;). With these we define random vectors

0,5 N Y
Un =VN(zn — Zo)ﬂzNeBﬁintPi + ILzNQBﬂintPi’
iy s
Y =Y ]lYiEIIltKi + ]lyigthi7

B = hg (dls(R), SR 2B () ) 1 cpinte, + 55 (Tior S0 A0 (20), ) 1. it
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Using the same arguments as in Theorem 6 it follows that

4,J ri,j
(N Y

AR ng (T, =g 2 af% (z0), )

and
lim Pr <\/N |(Qi)j(zivl/; 20)| <1; An; 2y € BN intPi)
N0 h(dlls(zy), 2 " (2N ), ui)
—(1—a)Pr (df&%r(zo)_lzé/QZ € K) . (4.8)

Combining (4.7) and (4.8), with the fact that zy — 23, € intK; on Ay, we have

Jlim Pr (\/N|(a:N —z0);] < R (dls(2k), Ex PO (2n ), 2n — z}“v))

l
. o * —1/2 .
= lim. }}_1: Pr (\/N|(Qi)j(zN — 20)| < h(dTTs(2x), Sy 2@ n (2n), wi); An; zn € BN 1ntP,~>

v

l
(1—a) ZPr (df&%r(zo)flEé/QZ € KZ) =1-a.
i=1

O

Again it is possible to relax Assumption 3 in the above theorem. In addition to the
conditions specified after Theorem 6, a strict inequality needs to hold in (4.4) for each
selection function when Z is replaced by Yy. With these conditions, the limit in equation
(4.5) will remain well defined and converge to the same quantity.

An important fact that can be seen in the proof of Theorem 7 is that
Jim Pr (\/ﬁy(m — 20);] < B9 (ke y, S5O (2x), 23 — z}"v)) >1-a
—00

if and only if there exists a cone K; in the conical subdivision of Ilx, such that the jth
component of I, |k, is zero. Let P; be the n-cell in the normal manifold of S that contains

2o and satisfies K; = cone (P; — zp). If zy € intP;, then

(zn(w) — @0); = (s (en (w)) — Ms(x0)); = (Qi); (2n(w) — 20) =0
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and by Lemma 5
S (dlls(25), Sy P (2n), 2 — ) = 0.

This means that the method of Theorem 7 returns the correct point estimate (zn(w)); =
(z0); whenever 2y € intF;. Therefore, equation (4.5) holds as a strict inequality if and only
if there is nonzero probability for the event (zn); = (x0); to happen. While such point
estimates are asymptotically correct, an incorrect estimate may be returned at small sample
sizes if zy is contained in an n-cell Py for which the jth component of Ilg|p, is zero but
zo € Pr. By Lemma 5, the third method may be made robust against returning incorrect
point estimates, by replacing (Q;); = 0 with any nonzero vector. This modification does
not change the third method’s asymptotic level of confidence, but ensures that an interval
with nonzero length is always returned.

We also observe from the proof of Theorem 7 that this approach for building confidence
intervals, like the method in §3.3, will with high probability require working with only a

single selection function. Moreover hJ is computed in largely the same manner as 7;* using

the approach of Section 3.4.

4.3 Numerical examples

In this section we apply the direct method of computing individual confidence intervals to
two numerical examples. The first example is the same nonlinear complementarity problem
considered in §3.5.3. This example will again allow us to examine the proposed method
when the estimate 23, deviates from its asymptotic properties at small sample sizes. For
the second example we consider an SVI where the set .S that defines the problem is not a
box. In this case the indirect methods based on the approaches of Chapter 3 cannot be
applied.

For each of the examples, we will use the more conservative implementation of the direct
approach that does not return point estimates. To do so, whenever dIIg(z}) has a selection
function with jth component equal to zero, we replace that component with the unit vector
e; whose jth element is one. With this modification a value which is equal to 1} will be

returned instead of zero. While the resulting interval is more conservative than the point
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estimate, this modification does not change the intervals’ asymptotic level of confidence and

can be more robust at small sample sizes, as discussed after Theorem 7.

4.3.1 Example 1

Recall the invariant capital stock problem in §3.5.3, which can be formulated as the nonlinear

complementarity problem,

0 < Vo(q) + (A—~B)T + CTu 1 ¢>0
0<(B-4)q L y=0

0<—Cqg+w 1 u>0.

Assuming the same distribution used in §3.5.3 for the elements of A, B, C' and w, we find
that all components of zg are nonzero and between -0.6575 and 0.6833. Moreover we observe
that the true solution zy has components (xp); = 0 for j =1,4,5,8,9, and 13.

In addition to the direct approach proposed in this chapter, we can also apply the in-
direct approach of projecting individual confidence intervals for (z9); onto S. Since the set
S =R, each selection function of dllg(z) is represented by a diagonal matrix with values
of zero and one along the diagonal. With the conservative implementation of the direct
approach, we replace a selection function’s jth row by the basis vector e;, if that row has
all zero entries. In view of (3.10) and (4.3), the value of h{' from such a replacement will
be equal to . If additionally (zn); > 0, then the direct approach of §4.2 will produce the
same interval for (zg); as the indirect approach of §3.3. If (2n); < 0, then the indirect ap-
proach of §3.3 returns the interval [0, max { 0, (2v); + N -1/ 277?‘}} , whereas the conservative
implementation of the direct approach returns the interval [0, NV Qh;'-‘] = [O,N -1/ 277;?‘].
Thus, if the jth row of a selection function contains all zeros, then the above two approaches
will provide the same coverage rate for (zg); = 0, with the approach of §4.2 returning a
slightly longer interval when (zx); is negative.

Solving the same 1,000 replications of the SAA problem for N =100 and 3,000, used in
§3.5.3, we see the benefit of not returning point estimates for (x(); when using the direct

approach of §4.2. For eighty two replications at N = 100, the SAA solution zy lies in
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a different n-cell from zg. For each of these replications (zn)10 < 0 < (xg)10, and the
original implementation will return an incorrect point estimate for (xg)19. Similar, but less
frequent, errors occur for (x¢); for j = 2,3,6,7 and 14. The conservative implementation
fixes those errors effectively. The remaining components of (x¢); are equal to zero, and the
conservative implementation does not affect their coverage rates. At the larger sample size
N = 3,000, zy and zy are always contained in the same n-cell and both implementations
of the direct approach result in the same coverage rates.

Table 4.1: Coverage rates for (z¢);, NV = 100 and N = 3,000, o = .05

N =100 N = 3,000
Component vy nj h§ vj 3 h§ a’
(z0)1 99.7% | 99.7% | 99.7% | 100% | 100% | 100% | 91.5%
2 88.8% | 93.4% | 93.4% | 93.9% | 93.9% | 93.9% | 83.7%
3 89.3% | 92.6% | 92.6% | 94.2% | 94.3% | 94.3% | 83.7%
4 99.7% | 99.7% | 99.7% | 100% | 100% | 100% | 91.5%
5 99.7% | 99.7% | 99.7% | 100% | 100% | 100% | 91.5%
88.3% | 91.4% | 91.4% | 95.4% | 95.4% | 95.4% | 83.7%
7 89.5% | 91.9% | 91.9% | 96.1% | 96.1% | 96.1% | 83.7%
8 99.7% | 99.7% | 99.7% | 100% | 100% | 100% | 91.5%
9 97.3% | 97.3% | 97.3% | 100% | 100% | 100% | 91.5%
(zo)io | 95.1% | 96.4% | 96.4% | 95.1% | 95.2% | 95.2% | 83.7%
(o)1 | 90.5% | 92% | 92% | 95.3% | 95.3% | 95.3% | 83.7%
(zo)1z | 90.7% | 93.7% | 93.7% | 94.7% | 95.1% | 95.1% | 83.7%
(o)
(o)

—~| |||
(=]

| — | — | — [ — [ — [ — [ —
=]

T0)13 99.7% | 99.7% | 99.7% | 100% | 100% | 100% | 91.5%
14 92% | 93.3% | 98.8% | 93.8% | 93.8% | 93.8% | 83.7%

The coverage rates for the direct approach and indirect approach using n; are largely
the same. The one component for which their performance differs is (zx)14 when N = 100.
This is also due to the small sample size deviations in the location of z5. The slightly longer
interval obtained by the direct approach when (zy); < 0 results in the higher coverage rate
due to the samples where (zy)14 < 0 < (20)14. Overall, at N = 100 both conditioning
based approaches perform largely in line with (or exceed) the desired level of confidence,

and the coverage rates are further improved at N = 3000.
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4.3.2 Example 2

For the second example, the SVI is defined by

b =1 T 0 4 0 T &1
and F(l‘,lf) = =+ 9

-2 1 Z9 0 3 2 x2 &2

S={_zreR?

IN

where ¢ is uniformly distributed over the box [—1,1] x [—2,2]. In this case

and the 2-cells in the normal manifold are of the form C; = {m € R?|A;x < O} with

S —1 2 -1 b1 -2 -1
A1 = 5 AQ = 5 A3 = and A4 =
-2 1 -5 —1 -2 1 -5 1

These four cones provide the conical subdivision associated with f3'¢". The corresponding

family of selection functions for fj's" are given by matrices

4 0 1.6 1.2 10 34 1.2
) , and

3 2 1 3 01 2.8 24
The SVI and its normal map formulation have true solutions x¢g = zp = 0. The function
df&%r(zo) is equal to the fg'g", with its conical subdivision given by K; = cone (C; —0) =,

i=1,-,4.

Table 4.2: Coverage rates of (zg);, a = .05

(o)1 | (x0)2

N=50 96.05% | 96.2%
N=100 97% 97.25%
N=200 97.1% | 97.15%
N=2,000 97% 97.05%

For this example we consider 2,000 replications of the SAA problem at samples sizes of

N = 50, 100, 200, and 2,000. Since the set S defining the SVI is not a box, for any real num-
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bers | < u neither IIg(R x [I, u]) nor ITg([l, u]) X R) results in sets that yield meaningful con-
fidence intervals for (z¢); or (zg)2. Therefore the indirect approach of projecting confidence
intervals for (29); onto S cannot be used and only the direct approach is applicable. Com-
bining (4.5) and the fact S C R% we consider [ max{0, (zn); —N_I/Qh?‘}, (mN)j—i-N_lmhﬂ
as the confidence interval for (z¢);. Table 4.2 summarizes the coverage rates for (z¢); and

Table 4.3: Intervals for (xg); by cone, N = 2,000, o = .05

Coverage rate | Average length
Cone (samples in cone) | (z9)1 (zo)2 | (zo)1 | (wo0)2
K1(80) 88.75% | 90% | .0104 | .0132
K> (689) 95.36% | 95.36% | .0089 | .0177
K; (824) 100% | 100% | .0246 | .0526
Ky (407) 95.33% | 95.33% | .0073 | .0036

(z0)2 obtained from 2,000 problems at each sample size with v = .05. In Table 4.3 we exam-
ine the coverage rates and interval lengths from the SAA problems with N = 2,000, broken
down by the location of zy — zg. Since the selection function corresponding to dIls(z0)|k,
is represented by the zero matrix, the equality (xn); = (z0); holds when zy — 29 € K3,
leading to coverage rates of 100% for that case. The nonzero interval lengths we obtain for

this case are due to the aforementioned conservative implementation of the direct method.
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CHAPTER 5

Relaxed confidence intervals

5.1 Introduction

In this chapter we consider relaxing the conditions required for the methods developed in
Chapters 3 and 4, and propose a procedure for computing intervals that meet a minimum
level of confidence under the relaxed conditions. In particular, the method we develop does
not require the use of the consistent estimate ®x(zx). This allows us to omit Assumption
4 and the condition that zy converge to zp in probability at an exponential rate. The
exponential rate of convergence is required for the the appropriate choice of z3,. The
conditioning based approaches of §3.3 and §4.2 rely on z}; to construct consistent estimates
for the transformations in (1.12) and (1.14), and to identify a single selection function of
these estimates. The approach developed in this chapter builds from these conditioning
based approaches but uses only zy to estimate the selection function used to compute an
interval’s width.

The compromise we make for omitting Assumption 4 is to allow for some error in the
estimation of the selection function used to compute the width of an interval. Without a
known rate for the convergence of zy to zp, we are unable to specify what the probability
of an error occurring converges to as the sample size increases. We are able to provide an
asymptotic upper bound for this probability and can then make conservative adjustments
to the calculations that follow the estimation of the selection function. These adjustments
allow us to specify a minimum level of confidence for the resulting intervals. The justification
for this approach follows from the more general framework considered in Theorems 8 and
9, where we consider a set of estimates for the selection function that contains a consistent
estimate with a sufficiently large probability. In §5.2 we formally define and justify the

proposed approach, and in §5.3 we apply the proposed method to a numerical example.



5.2 Methodology

The conditioning based approaches to computing individual confidence intervals require

estimating the selection function of dlls(zo) characterized by the matrix M;,, and cone

ZN

K where K, is contained in the conical subdivision of dlls(z0), 2x — 20 € Kj(.y),

ZN )’

and dllg(z0)|x

i(zN)

Mp(w) and Ky (w) that satisfy,

zy)- The approaches taken in §3.3 and §4.2 require estimates

Jim Pr(Ky = Kiy)) = 1 (5.1)
and that for all € > 0,
Myh — M, \h
lim Pr| sup 1M ienl ) (5.2)
N—o0 hERM, h0 2]l

In Chapters 3 and 4, the estimates My (w) and Kn(w) are selected using the location of
zZN — 2z} in the conical subdivision of dIIg(z}/). The high probability of choosing a correct
zx and satisfying (5.1) and (5.2), followed from Assumption 4 and the resulting convergence
of z)y to zg in probability at an exponential rate.

Our approach to computing intervals that maintain their desired asymptotic properties
without requiring Assumption 4 is to relax (5.1) while still satisfying (5.2). To do so we make
use of the following observation. Let Py be a set in the polyhedral subdivision associated
with ITg with zx € int Py. Then for any z € Py we have zy — z € cone(intPy — z) = int K,
and

dllg(2)|x, = My = dlls(zn).

The estimate dIlg(zn) therefore satisfies (5.2) since under Assumptions 1 and 2 for a.e.
N sufficiently large there exists a set Py in the polyhedral subdivision of IIg such that
zZN € intPy and zg € Py.

We next allow for (5.1) to be relaxed in two ways. First, we allow for the cone K to be
replaced with a set of estimates. Second, we will only require that the limiting probability

of this set containing Kj(,,) be greater than or equal to a target value. More formally, we

(e~

81



require a set K3} comprised of polyhedral cones of dimension n with

lim Pr (K., € KY) >1—ar. (5.3)

N—o00

To incorporate this relaxation into the computation of the confidence intervals we consider
the follow generalization of the function 7. Let M be an invertible n x n matrix and
K = {f( 1y-- .,f(m} be a collection of polyhedral convex sets of dimension n. We then

define the function 7;* (IC, M) to be,

Pr([((M~12); < M~1Z e K;
inf{EEO‘ r(|( )il < ¢, and € )

>1—as forall K;
Pr(M-'Z € K; ) = 1T lora EK}

Using the function 17;” to determine an interval’s width, we can now show the following
convergence result analogous to (3.11) in Theorem 6. As before let I'(z9) = {K1,..., K}
denote the conical subdivision associated with dfg'q'(z0) such that dfy'g" (20)[x, = M; and
K; = cone(P; — zp) where Py, ..., P, are all n-cells in the normal manifold of S that contain

20-

Theorem 8. Suppose that Assumptions 1, 2, and 3 hold, and that Ky} satisfies (5.3) for
ay € (0,1]. Then for every j =1,...,n and as € (0,1),
lim Pr (\/N|(ZN — z0),] < 70 (/c;'y,z;/zdf]@?g(m))) >1— (a1 +az).  (5.4)

N—o0

Proof. For each N let,
Po(2n)(h) = df (Ls(zn)) o dlls(20)(h) + h — dlls(z0)(h)

and define the event Ay = {Ki(zN) € ICj'{,l} Let B be a fixed neighborhood of zy such that
Bn(z+ K;)=BNP;fori=1,...,1. Then
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. ~a a 1/2
Jim Pr (VN|(a - z0)3] < 757 (K%, S5 P des () ) )

> A}gnoo Pr (\/N\ (28 — 20)j] < 77]0‘(2 (K%, 2&1/2dfnor( )) ) AN)

l
1 ~ e —1/2 .
= Z:A}gnooPr <\/N’(ZN —20);] < nj2 <ICN1,2N/ dfnor( )) i ANy zN € BﬁthZ)

Note that when Ay holds and zy € B NintF;, it follows that, K.,y = K;, ®o(2n)|k; =

df N5 (2N ), and

Pr(](df§?§(zN)*1Z%2Z)j\ < 7 (ICj‘\‘,l,E]_Vl/denor( )) and dff%(zn) 'SN7Z € K)

Pr(dfos(an) 12?2 € K, )

Pr (]((I)o(zN)*lzzl\{QZ)ﬂ < g (2;/2@0(@),9:@») and @o(zy) 18N2Z € K)
>

Pr (@0(@)*12}{22 e K; )

where x; is any point in intKj;.

Next we observe that,

lim Pr (\F|(ZN — Z()) | < na2 (]C%172—1/2 nor )

N—oo
l
> S lim Pr (\F\(ZN—zO) < (z V280 (z2n),

N—oo
=1

- An ;zNeBﬂintB>

l

)
)

1/ Do(zn), ) zNeBﬂlntP>
),AC ; zNGBﬂintB-)
)ai):

ZN € BﬂlntP)

— Pr(A% zy € BnintP)
ZTI
= A}floo; [Pr (\/N\(ZN — 20);] < m3* (2;\,1/2@0(21\;),%) ; 2y € BN intPi” — Pr(AY)
l
> lim Z [Pr (\/N\(zN — 20)5] < m3* (E 1/2<I>0(2N) ) ; 2N € B ﬂintPiﬂ —a

N—oo
=1
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where the final inequality follows from the definition of Ay and (5.3).

Under Assumptions 1 and 2, for all € > 0,

sup
heRn h£0 172

N—o0

Do(zn)(h) — dfEY (=
- Pr( [0(e) () — 5 o) | SE) .
which by Lemma 3 and Assumptions 3 implies that

0 (Sn20o(en), i) = 17 (S5 Ay (o), i)

Therefore by the same argument used to prove Theorem 6 it follows that

l
lim Pr (\/N’(ZN —20)j] < nj‘Z <(E]_\71/2<I)0(ZN),$1'> ; 2y € BN intR-) =1— a9

N—o00 4
=1

and thus

: s (a1 s—1/2
A}gnooPr (\/N’(ZN — 20);] < 17;° (ICNl, Xy / df}\l,%(zN))) >1— (a1 + ag).

O

Before discussing approaches for choosing the collection of cones Cy! and the compu-

tation of intervals using ﬁ;”, we present the analogous extension of the direct approach for

computing confidence intervals. To do so, let M and K = {R' 1y .- ,f(m} be as above, and

let Q be a n X n matrix. We then define the function EJOQ (K,Q, M) to be,

P M1z </ d M~'Z e K;
inf{gzo‘ r([(QM 12| <t an )

>1-ay forall K; € €Y.
Pr(M-Z € K; ) =T or dorall i€ }

Theorem 9. Suppose that Assumptions 1, 2, and 3 hold, and that K3 satisfies (5.3) for

ay € (0,1]. Then for every j =1,...,n and as € (0,1),

N—oo
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Proof. For each N define let,

Do (2n)(h) = df (s (2n)) © dlls(20)(h) + h — dlls(z0)(h)

and define the event Ay = {Ki(zN) € ICj'{,l}. Let B be a fixed neighborhood of zy such that
BnN(z)+ K;) = BN P fori=1,...,1. Then using the same arguments in Theorem 8 it
follows that for u; € intKj;,

Jim Pr (VN|(an = 20)5] < R$? (K3, dlls(zn), 53 afi% (o) ) )

l
>3 lim Pr (\/N|(ZN — 20);| < h2* (/cgl,dns(zN),z;/Qde?;(zN)) . An; zv € BN intPZ-)
—00
i=1

l
>3 Jim Pr (WKZN — 20);] < hO2 (dns(zo), z;vl/?@o(z]v),ui) ; An; zv € BN intPi)
i=1

l
> lim Y [Pr (\/N|(ZN — 20);] < hS2 (st(zo),Z;\,l/Qéo(zN)mi) = BﬂintPiH — Pr(A%)

T N—ooo ¥4
i=1

- l [Pr (\/NI(ZN — 20)| < B2 (dHS(Zo),E;Vl/QCDO(ZN)’ui) ; ZN € BﬂintP¢>] -

~ N—oo
1=1

>1-— (CM1 +CM2),
O

The results (5.4) and (5.5) will still hold with the appropriate relaxations of Assumption
3 discussed after Theorems 6 and 7.

While we have a good deal of latitude in how to choose K4}, for the methods of Theorems
8 and 9 to be computationally tractable we would like to limit the number of cones K; € K.
In the following Lemma we show that from the sample data we can identify a single cone
that will satisfy (5.3). To do so we use the asymptotically exact confidence regions in
equations (1.20) to identify a subset of k-cells in the normal manifold of S, and select a cell
with the lowest dimension from this subset. The proof of Lemma 7 does not require X
to be invertible. To limit the notation involved we will use Ry to denote the confidence
region, though the same argument will hold when the confidence regions Ry are used. In
the proof of Lemma 7 we will use the same notation as in Theorem 6. With this notation,
the conical subdivision of dIlg(z) is comprised of sets K; = cone(P; — zy) where Pj,..., P

are all n-cells in the normal manifold of S that contain zy. The element of the conical
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subdivision of dIlg(zp) that contains zy — zp for a particular sample shall be denoted by

K

i(zn)-

Lemma 7. Suppose that Assumptions 1 and 2 hold. Let oy € (0,1) and Ry, be a (1 —
a1) * 100% confidence region for zy as given in equation (1.20). Let Py be the n-cell in the
normal manifold of S with zn € Pn and let C;,, be the k-cell that has the smallest dimension
of all cells that intersect Ry and Py. Then for Z;, € ri Csy, Ky = {cone(Pn — Ziy )}

satisfies (5.3)

Proof. Let C,...,Cy, denote all of the k-cells in the normal manifold of S, d;(z) be as
defined in equation (1.24) and Z = {i | z9 & C;} be the collection of indices for the k-cells
that do not contain zg. Then min;ez d;(29) = 0 > 0 since there are finitely many k-cells,
each of which is a closed set. Let C;, denote the unique k-cell that contains zg in its relative
interior. As shown in (Lu and Budhiraja, 2013, Proposition 5.1) the cell Cj, is the cell of
lowest dimension to contain zp. Then for any cell C; with C; # C;, and dimension less than
or equal to that of Cj,, it follows that ¢ € Z.

For any i € 7 and z € C;,

len =2l =20 — 2+ 2n — 20|
> |lzo — 2] = llan — 20|
>0 —|lzn — 20]|- (5.6)

Let G denote the event that 6/2 > min;ez d;i(2n), then by (5.6) and the almost sure
convergence of zy to 2z, that Pr(Gy) — 1.
Next, recall the simultaneous confidence intervals for zy computed by finding the min-

imum axis aligned bounding box that contains Ry.. Let Xy = UgANUN, where Uy is

an orthogonal matrix with rows un1,...,un,, and Ay is a diagonal matrix with elements
A1 > Ao > -+ > A,. Then by Proposition 1, each component interval, j = 1,...,n, has
half-width

!
. _\/X%N(O‘)Ziil(cNJ“%,i)%\i+ € En: lenjuks
N VN NN

WN,j =
l:lN +1
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where cy ; is the jth row of df]%?§(zN)_1. Let wy = (wf y, ..., wj ;). From the almost sure
convergence of Y.y to Xg and dfy(zn) to dfp(zo), it follows that ||wy]| — 0 almost surely.

Define the event Ay to be {||wn| < /2 and 29 € Ry}, and let B be a fixed neigh-
borhood of zy such that BN (29 + K;) = BN P; for i = 1,...,l. Then,

lim Pr (KZ(ZN) = CODG(PN - ZZN))

N—oo

= lim Y Pr(K; = cone(P, — Z); zy € BNintP)

> lim ZPr (K; = cone(P; — Ziy); An; Gn; 2y € BNintF)
i=1
l
= lim ZPr(AN; Gn; zy € BNintPh).

N—o00 4
i=1

The final equality follows from the fact that when Ay and G both occur, for any z € Ry,
low = 2l < Jlon ]| < 6/2 < mind;(2n),

and thus no k-cell with index ¢ € 7 intersects with Ry .. Since Ay requires zp € Ry, it

follows that Cj, is the cell of lowest dimension to intersect with Ry .. Therefore C;; = C;

and
A}igloo Pr (K;(,\) = cone(Py — Ziy )
l
> lim Pr(An; Gn; 2y € BNintF)
N—oo =1
= lim Pr(An; Gn)
N—o00
> lim Pr(z € RN,e) =1—o
N—o0
and K3 = {cone(Py — %)} satisfies (5.3) O

From the proof of Lemma 7 we see that the same result will hold if we use the simul-
taneous confidence intervals computed from Ry . to identify the set of k-cells from which
Ciy is chosen. When the set S is a box, working with the simultaneous confidence in-

tervals has the computational benefit of allowing us to identify the cell C;, by making n
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component wise comparisons. For more general sets S the search for this face can still be
simplified by using the fact that it is required to have the lowest possible dimension. We
can begin by identifying the facets of Py that intersect Ry . as this is typically an easier
problem, and from these facets we can then restrict the search to only their intersection.
An algorithm for finding the desired cell can be initialized with a cell of the lowest possible
dimension, designed to search over faces of increasing dimension, and terminate as soon as
a cell that intersects Ry . is found. Checking if a cell intersects with Ry  reduces to solving
a quadratic programming problem.

Examining the combination of Lemma 7 and Theorems 8 and 9, we see how the proposed
methods generalize the conditioning based approaches of §3.3 and §4.2. In Lemma 7 we use
the confidence regions to estimate which k-cell in the normal manifold of S contains zy in
its relative interior, and therefore the choice of cone K. Since the limiting probability of
making a correct choice is bounded below by the regions’ level of confidence, we are able
to adjust for this error in the calculation as 7j;?. In the equations (5.4) and (5.5) we see
that this approach allows us to construct intervals that meet at least a (1 — «) * 100% level
of confidence by balancing between the error in estimating the cone, bounded above by aq,
and the probability of not covering the true component using the correct cone, which equals
«g. This is similar to the approaches of §3.3 and §4.2, but in those settings the exponential
rate of convergence allows us to remove the error in estimating the cone and set a; = 0 and
g = Q.

Additionally, the framework of Theorems 8 and 9 considers more conservative ap-
proaches were we include multiple cones in the set 3'. This provides us with an oppor-
tunity to balance between increasing how conservative an interval may be and the amount
of additional computation required. This may range from the choice of a single cone as
in Lemma 7, to the choice of a potentially large set of cones that will always contain the

2

correct choice, in which case ﬁ;‘ would provide a bound on the width of an asymptotically

exact confidence interval.
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5.3 Numerical example

For this example we consider the linear complementarity problem
0<Mz+E&ELx>0

where x € R?0. The matrix M is of the form

My 0
M:

0 M

where each M; is a 10 x 10 row diagonally dominant matrix. We generate each component
of ¢ from a uniform distribution over an interval of length 1.5, with with E[§;] > 0, i =
1,2,4,5,8, E[¢] < 0,i=3,6,7,9,10, and E[¢;] =0, ¢ = 11,...,20. With this distribution
of ¢ and the block diagonal form of the matrix M, df&%r(zo) has 2'0 selection functions.
Similar to the invariant capital stock example in §3.5.3 and §4.3.1, this example poses a
challenge to the proposed method as all nonzero components of zy are less than 1 in absolute
value, with one component less than 0.01.

We consider 1,000 SAA problems at each sample size of N = 100 and 2,000. When
implementing the approach of §5.2, we select z;, from a k-cell of that has the lowest dimen-
sion of cells which intersect a set of 97.5% simultaneous confidence intervals for zg. For the
samples with N = 100 this resulted in eleven to thirteen components of z;, equaling zero,
and between nine to eleven components equaling zero at the samples of size N = 2,000.
For this example, the method of §3.3 would also be appropriate. Using this approach with

component wise comparisons of zy to IV -1/ 3,

zy had either fifteen or sixteen components
equal to zero for the samples with N = 100 and twelve components equal to zero for the
samples of size N = 2,000. For comparison, we also consider the intervals computed using
the method analyzed in Theorem 3.

In Table 5.1 we summarize the performance of the intervals computed using all three
nor

approaches. We see that the large number of selection functions for dfo,s (z0) results in

poor performance for the method of Theorem 3 which does not account for the effects of
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Table 5.1: Coverage rates for (29);, N =100 and N = 2,000, oy = as = .025

N =100 N = 2,000
Component %05 77j05 775025 Ujo5 %05 %025
(20)1 81.5% | 94.2% | 96.9% | 81.9% | 95.7% | 97.4%
(20)2 80.7% | 94.1% | 96.4% | 81.4% | 95% | 96.9%
(20)3 82.3% | 95.2% | 98.1% | 81.9% | 96% | 98.2%
(20)a 81.5% | 95.8% | 97.7% | 81.2% | 94.7% | 97.2%
(20)5 81.9% | 95.1% | 97.2% | 81.7% | 95.5% | 98.3%
(20)6 82.8% | 94.3% | 97.5% | 81.2% | 95% | 96.9%
(20)7 81.1% | 95.3% | 97.7% | 80.7% | 94.5% | 98%
(20)s 81% | 94.5% | 96.6% | 80.4% | 95.5% | 97.4%
(20)9 87.8% | 97.3% | 98.5% | 82.6% | 95.9% | 98%

79.7% | 94.5% | 97.8% | 80.4% | 93.7% | 96.9%
81.1% | 94.2% | 97% | 82.2% | 95.9% | 98.5%
80.8% | 95.5% | 97.7% | 79.5% | 94.5% | 96%

79.8% | 93.8% | 96.9% | 80.5% | 93.2% | 97.6%
82.1% | 95.6% | 98.1% | 80.2% | 95% | 97.2%
80.8% | 95.5% | 97.4% | 81.3% | 95.3% | 97.2%
82.1% | 94.9% | 97% | 80.6% | 94.7% | 97.5%
79.3% | 93.5% | 96.8% | 80.1% | 95.4% | 97.7%
79.3% | 94.5% | 97.1% | 78.9% | 94.7% | 97.4%
82.6% | 96.2% | 97.9% | 81.6% | 94.6% | 97.2%
81.6% | 95.3% | 97.4% | 79.9% | 95.4% | 98%
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the piecewise structure of dfg'q'(20). At the sample size N = 2,000, this approach does
not cover any component of (z9); at a rate exceeding 83%. In this example we also see the
potentially conservative performance of the intervals with width 77%2. The potential error in
estimating the cone Kj(, ) is conservatively accounted for by setting a; = g = 0.025, but
for this example the error in estimating Kj(., ) does not have a large impact on the intervals’
performance. As a result, the intervals perform largely in line with a (1 — ) * 100% level
of confidence.

When computing confidence intervals for (z); we use the robust approach that does not
return a point estimate when (zp); < 0. This approach is once again seen to be beneficial,
since at the sample size of N = 100 for 214 samples, (zn5)9 < 0 < (20)9 = (z0)g, and
an incorrect point estimate would be returned if no adjustment is made. In Table 5.2 we
summarize the coverage rates of (z¢); for the intervals computed using hg'05, ﬁ?'O% and by

projecting the intervals for (zg); with width U;)'OE) onto S. Comparing the coverage rates

of (20); and (zg);, we see an increase for the components with (zp); = 0 for all three
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Table 5.2: Coverage rates for (z¢);, NV = 100 and N = 2,000, oy = ap = .025

N =100 N = 2,000
Component | v;” R WO | R
(20)1 100% | 100% | 100% | 100% | 100% | 100%

(z0)2 100% | 100% | 100% | 100% | 100% | 100%
(%0)3 82.3% | 95.2% | 98.1% | 81.9% | 96% | 98.2%
(z0)4 100% | 100% | 100% | 100% | 100% | 100%
(z0)s 100% | 100% | 100% | 100% | 100% | 100%
(o)
(o)
(o)
(o)

6 82.8% | 94.3% | 97.5% | 81.2% | 95% | 96.9%
7 81.2% | 95.3% | 97.7% | 80.7% | 94.5% | 98%
8 100% | 100% | 100% | 100% | 100% | 100%
9 90.1% | 97.6% | 98.6% | 82.6% | 95.9% | 98%

(zo)o | 79.7% | 94.5% | 97.8% | 80.4% | 93.7% | 96.9%
(o)1 | 91.2% | 97.5% | 98.9% | 92.3% | 98.6% | 99.7%
(zo)12 | 93.3% | 98.6% | 99.5% | 92% | 97.6% | 98.7%
(zo)13 | 84.8% | 94.7% | 97.3% | 85.4% | 94.5% | 96.4%
(0)14 92% | 98.2% | 99.2% | 90.7% | 98.1% | 99.1%
(z0)15 91.8% | 99% | 99.3% | 92.9% | 98.4% | 98.9%
(o)
(o)
(o)
(o)
(o)

16 89.1% | 96.4% | 97.8% | 87.8% | 96.3% | 98.2%
17 92% | 97.8% | 99.1% | 93% | 98.6% | 99.5%
18 90.6% | 97.5% | 98.5% | 90.2% | 97.5% | 98.9%
Z0)19 92.6% | 98.2% | 99.1% | 91.8% | 97.7% | 98.8%
Z0)20 89.9% | 97.3% | 98.4% | 89.8% | 98.4% | 99.1%

methods, and 100% coverage of (xg); for those components with (zp); < 0. At the sample
size of N = 100 we also observe an increase in the coverage of (z¢)g due to the samples
for which (zn)g < 0 < (20)9 = (x9)9. Comparing the three methods for the components
with (z9); > 0, we see similar performance as in the case of the normal map solutions. In
particular, the intervals with width v} are not close to the desired level of confidence for
such components, while the intervals with width A and fz}m perform largely in line with

the values of @ = 0.05 and aip = 0.025 respectively.
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