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ABSTRACT

ELIZABETH ANNE SELL: Universal Abelian Covers for Surface Singularities
{z" = f(z,9)}

(Under the direction of Professor Jonathan Wahl)

In recent work, W. D. Neumann and J. Wahl construct explicit equations for many
interesting normal surface singularities with rational homology sphere links, which they call
splice quotients. The construction begins with the topological type of a normal surface
singularity, that is, a good resolution graph I' that is a tree of rational curves. If I' satisfies
certain combinatorial conditions, then there exist splice quotients with resolution graph T'.
Let {z" = f(x,y)} define a surface X, with an isolated singularity at the origin in C*. For f
irreducible, we completely characterize, in terms of n and the Puiseux pairs of f, those Xy,
for which the resolution graph satisfies the combinatorial conditions defined by Neumann and
Wahl. Briefly stated, we find that the conditions are not often satisfied. Furthermore, given
a splice quotient (X, 0), it turns out that “equisingular deformations” of (X, 0) are usually
not splice quotients, as we demonstrate already for singularities of the form {z? = z¥ + ¢y}

with rational homology sphere link.
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CHAPTER 1

Introduction

Overview. Let (X,0) C (C"0) be the germ of a complex analytic normal surface
singularity. The intersection of X with a sufficiently small sphere centered at the origin
in C" is a compact connected oriented three-manifold ¥ that does not depend upon the
embedding in C". This manifold is called the link of (X, 0). Since X \ {0} is homeomorphic
to the cone over ¥, the homeomorphism type of the link determines the topology of (X,0).
The dual resolution graph I' of a good resolution of the singularity is also a topological
invariant; that is, the homeomorphism type of the link can be recovered from I', and W.
Neumann proved that (aside from a few exceptions) the converse is true as well [15]. In
general, there can be many different analytic types of singularities that have the same link.

Let ¥ be the link of a normal surface singularity (X,0), and assume that ¥ is a rational
homology sphere (QHS). That is, H1(3,Q) = 0, or, equivalently, H;(3,Z) is a finite group.
The link is a QHS if and only if any good resolution graph I" of (X, 0) is a tree of rational
curves. The structure of the finite abelian group H;(X,7Z) can be determined from the
resolution graph I', and this group is also referred to as the discriminant group D(T'). The
universal abelian cover (UAC) of 3, in the topological sense, is a regular covering space
with automorphism group D(I') = H;(3,Z). Coverings of 3 correspond to coverings of the
manifold X ~\ {0}. The analytic structure of X ~ {0} lifts to an analytic structure on its
UAC, and there is a unique way to add a point 0 to the UAC, resulting in a singularity

(Y,0) and a finite map (Y,0) — (X, 0) that is unramified away from the singular point. We



refer to the singularity (Y,0) together with with this map as the universal abelian cover of
the singularity (X,0).

In general, it is not easy to produce an analytic realization, i.e., defining equations, for
a normal surface singularity with a given topological type. This is where universal abelian
covers play a significant and surprising role. It turns out that in some cases it is easier to
produce equations for the UAC than it is to produce them for the singularity itself.

Although the connection is seen only in retrospect, one can find this idea in the work
of F. Klein [4], who determined defining equations for the quotient singularities C?/G, for
finite non-cyclic subgroups G' of SU(2). These equations are sometimes complicated, but
equations for C?/[G,G], where [G, G] denotes the commutator subgroup of G, are simple.
They are all of the form xP + y?+ 2" = 0, and the values of p, ¢, and r are determined by G.
Since C? \. {0} is the universal cover of C* \ {0} /G, one can see that C*/[G,G] — C?/G is
the universal abelian cover in the sense above. Klein’s result was extended to several other
groups by J. Milnor in [10].

In [14], Neumann produced equations for the universal abelian covers of weighted ho-
mogeneous surface singularities with QHS link; the equations are a generalization of those
that appear in Klein’s work for C?/[G, G]. Recently, the concept was extended by Neumann
and J. Wahl [18] to a larger class of singularities. This work has led to a recent interest in
universal abelian covers and related topics (see [7], [13], [20], [21], [24]), and there are still
many unanswered questions.

The work of Neumann and Wahl (described in Chapter 2; see also [17] and [26]) provides
a method for generating analytic data for singularities from topological data. Starting with
a resolution graph I' that satisfies certain combinatorial conditions, the “semigroup con-

ditions”, there is an algorithm that produces equations for a family of complete intersection



surface singularities. The equations are referred to as splice diagram equations, since they
are generated from the splice diagram, another combinatorial object that depends upon I'. If
I" satisfies a further set of conditions, the “congruence conditions”, then one can choose a set
of splice diagram equations such that every singularity (Y,0) in the family is the universal
abelian cover of a singularity with resolution graph I'. The algorithm also produces an ex-
plicit action of the discriminant group D(I') on Y such that the quotient of Y by this group
action is a normal surface singularity with resolution graph I'. The resulting quotient sing-
ularities are called splice quotients. If ¥ is a ZHS (H;(3,7Z) = 0), then only the semigroup
conditions are relevant. When they are satisfied, the family of normal surface singularities
produced by the algorithm are said to be of splice type.

The upshot is that the algorithm allows one to produce defining equations for singularities
of a given topological type, and the key point is that the construction goes through the
universal abelian cover, which in general has much simpler equations than those of the
quotient.

Given a normal surface singularity (X,0) with QHS link and a good resolution graph I',

one can ask the following questions:

(1) Does T satisfy the semigroup and congruence conditions needed for the Neumann-
Wahl algorithm?

(2) If the answer to (1) is yes, is (X,0) itself a splice quotient? That is, does the
Neumann-Wahl algorithm produce a singularity that is analytically isomorphic to
(X,0)?

(3) If (X,0) is a splice quotient, are “equisingular deformations” of (X,0) also splice
quotients?

(4) If the answer to (1) or (2) is no, what is the UAC of (X,0)?



It was originally conjectured that rational and QHS-link minimally elliptic singularities would
be splice quotients, and one wondered whether all Q-Gorenstein singularities with QHS
link would turn out to be splice quotients. But, counterexamples were found in the paper
of I. Luengo-Velasco, A. Melle-Hernéndez, and A. Némethi [7]. There, the authors give
an example of a hypersurface singularity for which the resolution graph does not satisfy
the semigroup conditions, and an example of a singularity for which the semigroup and
congruence conditions are satisfied, but the analytic type is not a splice quotient. However,
there are nice classes of singularities for which the answer to both (1) and (2) is yes, namely
weighted homogeneous singularities, as shown by Neumann in [14], and rational and QHS-
link minimally elliptic singularities, as shown by T. Okuma in [21]. Question (3) was raised
by Neumann and Wahl in [17], and we show in Chapter 3 that the answer is generally no.
As for question (4), very little is known. A recent preprint of J. Stevens [24] constructs the
UAC (using a completely different method) for some particular examples of singularities for
which the semigroup conditions are not satisfied.

Results. Suppose {f(z,y) = 0} defines a reduced curve with a singularity at the origin

in C2. Then for n > 1, the surface

Xy = {2" = f(z,y)}

has an isolated (hence normal) singularity at the origin in 0 € C?. In this dissertation, we
study singularities of the form (X7, 0) with QHS link. This is a natural class of singularities
to study after weighted homogeneous, rational, and minimally elliptic singularities, and is not
as difficult as the entire class of hypersurface singularities. One reason for this is that there
is a well-known algorithm for constructing the resolution graph of such singularities from

the topological data of the plane curve singularity defined by f(z,y) = 0. One of the main



results of this work is a complete characterization of the (Xy,,0), with f irreducible, that
have a resolution graph that satisfies the semigroup and congruence conditions (Theorem
6.0.1). In particular, even for n = 2, it is rare that the conditions are satisfied.

For f irreducible, the construction of the resolution graph of (X, 0) requires a finite set
of pairs of positive integers associated to f, known as the topological pairs (p1,a1), ..., (ps, as)
(a variant of the more commonly known Puiseux pairs), defined in [3]. These pairs satisfy the
following properties: p; and a; are relatively prime for each ¢, a; > py, and a;41 > a;pipis1-
The topological pairs completely determine the topology of the plane curve singularity. More
specifically, they describe the cabling of the iterated torus knot that results from the inter-
section of {f(x,y) = 0} with a small sphere around the origin in C?. If f; and f, have the
same topological pairs, then (Xy, ,,0) and (Xy,,,0) have the same link (equivalently the
same resolution graph), but are not necessarily analytically isomorphic.

The ZHS case has already been studied. In [16], Neumann and Wahl prove that the link
of (X¢,,0) is a ZHS if and only if f is irreducible and all p; and a; are relatively prime to
n, and in that case, they prove in [19] that any such (Xy,,0) is of splice type. That is, not
only are the semigroup conditions satisfied, but furthermore, every (Xy,,0) with ZHS link
is isomorphic to one that results from the Neumann-Wahl algorithm.

For f irreducible, there is an explicit criterion, given by R. Mendris and Némethi in [8],
in terms of n and the topological pairs that determines when the link of (Xy,,0) is a QHS
(see Proposition 4.1.2). Stated briefly, it says that the link is a QHS if and only if there does
not exist an 4 for which both a; and p; have prime factors in common with n/(n, ;i1 - ps)
(n for i = s). So one can see that there are plenty of (Xy,,0) for which the link is a QHS

but not a ZHS. For the rest of this discussion, we assume that the link of (X, 0) is a QHS.



Let the resolution graph of (X, 0) be denoted I',,, and let s be the number of topolog-
ical pairs associated to f. If s = 1, then (X,,0) has the topological type of the weighted
homogeneous singularity defined by 2™ = x® + yP', which, as mentioned above, is a splice
quotient. The analytic types for s = 1 will be discussed further below. The following is one

of our main results.

THEOREM (6.0.1). Let f be irreducible with s > 2 topological pairs, and assume that
(Xtn,0) has QHS link. Then I'y,, satisfies the semigroup and congruence conditions if and
only if either

(i) (n,ps) =1, (n,p;) = (n,a;) =1 for1 <i < s—1, and as/(n,as) is in the semigroup
generated by {as—1, p1---Ps—1, Qjpjp1-- D1 : 1< J<s5—=2} or
(ii) s =2, pp =2, (n,p2) =2, and (§,p1) = (5,a1) = 1.

(Here, (a,b) denotes the greatest common divisor of a and b.)

Excluding Case (ii), which is rather restrictive, this result says that if any of the top-
ological pairs (p;, a;) besides a, have factors in common with n, then (X, 0) does not have
the topological type of a splice quotient. So, one could say that if (Xy,,0) gets “too far”
from the ZHS case (in which all analytic types are splice quotients), it cannot even have the
topology of a splice quotient.

Consider the following example:

X, = {z"=9y" — (2* +¢*)*}.

The plane curve singularity defined by y° — (23 + y?)? = 0 is irreducible with 2 topological

pairs,

p1=2, ag =3, po =2, and ay = 15.



The link of (X, 0) is a QHS if and only if neither 6 nor 10 divides n. We can say the following

about X, :

e If n is not divisible by 2, 3, or 5, then (X,,0) has ZHS link and hence is a splice
quotient. In fact, we could replace y> — (z® + y*)? by any curve with the same
topological pairs, and we would still have a splice quotient.

e If n is divisible by 3, Theorem 6.0.1 says that (X,,0) does not even have the top-
ological type of a splice quotient.

e If n = 5k, where k is not divisible by 2 or 3, then (X,,0) has the topology of a
splice quotient (Case (i) of Theorem 6.0.1). The discriminant group has order 16.
In Chapter 7, we show that (X, 0) is itself a splice quotient. However, if we replace
y® — (2® + y*)? by another curve with the same topological pairs, it is unlikely that
the new singularity will be a splice quotient.

e If n = 2k, where k is not divisible by 3 or 5, then (X,,0) has the topology of a
splice quotient (Case (ii) of Theorem 6.0.1). The discriminant group has order 15.
It is unclear whether or not (X,,0) is a splice quotient. However, if we replace
y° — (2% +y?)? by (2® — y? — y3)? — 4¢°, which has the same topological pairs, it is

a splice quotient.

This brings us to an important point. If a resolution graph satisfies the semigroup and
congruence conditions, a priori we do not know what the equations of the splice quotients
produced from the Neumann-Wahl algorithm look like. In Cases (i) and (ii) of Theorem
6.0.1, we know that there are splice quotients with the same topological type of an (X, 0),
but it is not immediately clear whether or not there even exist any splice quotients defined by
an equation of the form 2" = g(x,y). By studying the analytic types of the splice quotients,

we are able to prove the following



THEOREM (7.1.1 and 7.2.1). Suppose Iy, satisfies the semigroup and congruence con-
ditions. Then there exists a splice quotient that is defined by an equation of the form

2" = g(z,y), where g is irreducible and has the same topological pairs as f.

As we mentioned above, another question of interest is the behavior of splice quotients
under deformation. Given a splice quotient (X, 0), it is not necessarily true that any defor-
mation of (X,0) with the same topological type is also a splice quotient. For example, the

weighted homogeneous singularity defined by

2 =a' 4y’

is a splice quotient, but one can show that the deformation

2=+ +tay”

is not, although it has the same link as the original.

For normal surface singularities in general, there is not a clear notion of what “equisin-
gular deformations” should be. However, for weighted homogeneous surface singularities,
there is one reasonable definition. Recall that a singularity (X, 0) is weighted homogeneous
if it is defined by weighted homogeneous polynomials. One can consider the equisingular
deformations to be those given by adding higher weight terms to the defining equations of
X. (For further discussion, see the beginning of Chapter 3.)

We thoroughly investigate this problem for singularities of the form {22 = x¥ 4+ y?} with
QHS link. There turn out to be three separate cases to consider, and in each case, we are
able to give a versal splice quotient deformation (Propositions 3.2.3, 3.2.7, and 3.2.20). In
two of the three cases, the versal equisingular deformation is in general not a family of splice

quotients; that is, there exist equisingular deformations that are not splice quotients.



Outline of dissertation. In Chapter 2, we provide a summary of the Neumann-Wahl
algorithm from [18], which we use throughout this work. In particular, the chapter con-
tains explicit definitions of the semigroup conditions, splice diagram equations, action of the
discriminant group, and congruence conditions.

Chapter 3 contains the discussion of the equisingular deformations of singularities of the
form {22 = ¥ +y?} with QHS link. In the first part of the chapter, we outline our approach
to the problem in general, and in the second part, we explicitly treat each of the three cases
mentioned above. Chapter 3 is essentially independent of all of the chapters that follow.

Chapters 4, 5, and 6 are devoted to proving Theorem 6.0.1 on the characterization of
the topological types of splice quotients of the form (Xy,,0). Some of the computations
that are necessary for the proof depend greatly upon work done by Mendris and Némethi
in [8]. Section 4.1 contains a description of the minimal good resolution graph of (X, 0);
for the most part, the section is a reiteration of material that appears in [8]. In Section 4.2,
we compute everything that is needed in order to explicitly describe the associated splice
diagram. In Section 5.1, we describe the semigroup conditions for the splice diagram asso-
ciated to (X¢,,0) as completely as possible. Section 5.2 contains additional computations
that we need in order to check the congruence conditions. Finally, in Chapter 6, we use the
computations from the previous two chapters to prove Theorem 6.0.1.

After obtaining the characterization of the topological types of splice quotients, we inves-
tigate the analytic types of the splice quotients themselves in Chapter 7. The main results
appear in Theorems 7.1.1 and 7.2.1, as stated above. We also give several concrete examples

to illustrate the results.



CHAPTER 2

The Neumann-Wahl algorithm

This chapter contains a summary of the results in [18] that we apply throughout this
work. The Neumann-Wahl algorithm begins with a negative-definite resolution graph I' that
is a tree of rational curves and the splice diagram A associated to I'. Splice diagrams were
introduced by Eisenbud and Neumann [3] for plane curve singularities (building on work of
Siebenmann), and later generalized by Neumann and Wahl. The splice diagram is also a
means for encoding topological data, but in general it carries less information than I'; that
is, one cannot always recover I' from A. If A satisfies some combinatorial conditions, the
“semigroup conditions” (Definition 2.0.1), then the algorithm produces a set of equations
that defines a family of isolated complete intersection surface singularities. The algorithm
also produces an action of the finite abelian group D(I"), the discriminant group of I', on
the coordinates used for the splice diagram equations. If I' satisfies further combinatorial
conditions, the “congruence conditions” (Definition 2.0.7), then one can choose a set of splice
diagram equations such that the discriminant group acts on every singularity (Y,0) in the
family. Furthermore, the quotient of (Y,0) by D(I") is an isolated normal surface singularity
with resolution graph I', and the covering given by the quotient map is the universal abelian
covering. The resulting quotient singularities are called splice quotients. If the discriminant
group is trivial (i.e., the associated link ¥ is a ZHS), then only the semigroup conditions are
relevant. When they are satisfied, the family of normal surface singularities produced by the

algorithm are said to be of splice type. We describe this more completely below.



Terminology: In a weighted graph, the walence of a vertex is the number of adjacent
edges. A node is a vertex of valence at least three, a leaf is a vertex of valence one, and a
string is a connected subgraph that does not include a node.

The procedure for computing the splice diagram A associated to a resolution graph I’
that is a tree of rational curves is as follows. First, omit the self-intersection numbers of
the vertices and contract all strings of valence two vertices in I'. To each node v in the
resulting diagram A, we attach a weight d,. in the direction of each adjacent edge e. Let I',,
be the subgraph of I" defined as follows. Remove the vertex that corresponds to the node v,
and the edge that corresponds to e, and let I',. be the remaining connected subgraph that
was connected to v by e. Then the weight d,. is det(—C,), where C,. is the intersection
matrix of the graph I',.. Figure 2.1 contains a simple example, the resolution graph of

{z* = 22y8 — (2° 4+ y3)®} and the associated splice diagram.

-3 -2 -2 —2
. o o ° A = ° Py o
-3 -3 -3

FIGURE 2.1. A resolution graph I' and its associated splice diagram A.

-2
r= e

Let A be the splice diagram associated to I'. Let v be a node in A, e an edge adjacent to
v, and d,. the weight at v in the direction of e. We define a subgraph A, as follows. Remove
v and e, and let A,. be the remaining connected subgraph that was connected to v by e.
For any two vertices v and w in A, the linking number (., is the product of the weights
adjacent to but not on the shortest path from v to w. Let £, be the linking number of v

and w, excluding the weights around v and w.

11



DEFINITION 2.0.1 (Semigroup Conditions). The semigroup condition at v in the direction

of e is

dye € N0, | wis a leaf in A,.).

We say that A satisfies the semigroup conditions if the semigroup condition for every node v
and every adjacent edge e is satisfied. Note that for an edge leading to a leaf, the condition

is trivial.

To each leaf w in A, associate a variable Z,,. If A satisfies the semigroup conditions, then

for each v and e as above, we can write

/
dve = § avwevwa

’wEAvc

with a,, € N. Then a monomial

Mve: H ngw’

WEAye

with «,, as above is called an admissible monomial for e at v. For an edge e leading directly
to a leaf w, the only choice of admissible monomial is Z%<. Note that if one associates the
weight /., to Z,, then for this weight system, the so-called v-weighting, M,. is weighted-
homogeneous of total weight d, = [], dy., where the product is taken over all edges e adjacent

to v.

ExAMPLE 2.0.2. In the example from Figure 2.1, A satisfies the semigroup conditions,
since 23 is in the semigroup generated by 3 and 5, and 12 is the semigroup generated by 6

(and 9). Let the variables Z;, ..., Zs correspond to the leaves of A as follows:

12



V1 Vo
5 12 23 2
Zio—— o~ " e -~ e
Z Zs Z4 .

Then there are three choices for an admissible monomial at the node v; for the edge with

weight 12: Z2, Z2 and Z3Z,. There are two choices for an admissible monomial at v, for

the edge with weight 23: Z,Z3 and Z9Z,.

DEFINITION 2.0.3 (Splice Diagram Equations). Suppose A satisfies the semigroup con-
ditions. For each node v and adjacent edge e, choose an admissible monomial M,.. Let 9,
denote the valence of the vertex v. A a set of splice diagram equations for A is a set of

equations of the form
{ZavieMve+Hvi:0 o1 SZSCSU—Q, v a node in A},

where

e for each v, all maximal minors of the matrix (a,;.) have full rank,
e cach H,; is a convergent power series in the Z, for which all of the terms have

v-weight greater than or equal to d,.

It is easy to see that one can always use the following matrix in place of (@ ):

1 0 --- 0 aq bl
o1 --- 0 (05} bQ
00 --- 1 as,—2 bgv_g

where all a; and b; are nonzero, and a;b; — a;b; # 0 for all ¢ # j.

13



A set of splice diagram equations for Example 2.0.2 is given by

Z3+aZ3+bZsZ,+H = 0

leé +01Z43 + dlZg + G1 = 0 )

734+ coZ +doZ2 +Gy = 0

where a, b, ¢1, co, di and dy are all nonzero, and cdy — cod; # 0. The first equation belongs
to the node v1, and the second two equations belong to vy. Therefore, H must be a convergent
power series with v1-weight greater than or equal to 180, and G; and (G must be convergent
power series with ve-weight greater than or equal to 414.

We now describe the aforementioned action of the discriminant group. Let I' be a
negative-definite tree of rational curves (equivalently, the dual resolution graph associated
to a good resolution of a normal surface singularity with QHS link). Each vertex v € T

corresponds to an exceptional curve E,. Let

E:@ﬂa.

vell

The intersection pairing defines a natural injection E — E* = Hom(E, Z), and the discrim-

inant group is the finite abelian group

D(T) := E*/E.

The order of D(I') is det(I") := det(—C(I")), where C(I') : E x E — Z is the intersection
pairing. There are induced symmetric pairings of E ® Q into @ and D(I") into Q.
Let e, € E* be the dual basis element corresponding to E,. That is, €,(Ey) = Oup-

Neumann and Wahl proved the following propositions.

14



PROPOSITION 2.0.4 ([18], Prop. 5.2). Let ey,...,e; be the dual basis elements of E*

corresponding to the t leaves of I'. Then the homomorphism E* — Q' defined by

e (e-ep,...,e-e)

induces an injection D(T') — (Q/Z)".

Consider the map (Q/Z)" < (C*)* defined by

(r1,...,7r) — (exp(2miry), ..., exp(2mwiry)) =: [r1, ..., 1.

PROPOSITION 2.0.5 ([18], Prop. 5.3). Let the leaves of a resolution graph T be wy, . .., w;.
Then the discriminant group D(T') is naturally represented by a diagonal action on C', where

the entries are t-tuples of det(I')-th roots of unity. Each leaf w; corresponds to an element

lej-e1,...,ej- e = (exp(2mi(e; - €1)),...,exp(2mi(e; - er))).

Any t — 1 of these elements generate D(T').

DEFINITION 2.0.6. This diagonal action on C! induces a natural action of the discriminant

group on the polynomial ring C[Z1, ..., Z;] via

e-Zy = [—e-ex)Zx = exp(—2mi(e - ex)) Zy.

DEFINITION 2.0.7 (Congruence conditions). Let I' be a graph for which the associated
splice diagram A satisfies the semigroup conditions. Then we say that I satisfies the congru-
ence condition at a node v if one can choose an admissible monomial for each adjacent edge e
such that all of these monomials transform by the same character under the action of D(I").

If this condition is satisfied for every node v, then I' satisfies the congruence conditions.

15



In other words, I' satisfies the congruence conditions if and only if there is a set of splice
diagram equations for A on which the discriminant group acts equivariantly.

We should mention here that Okuma gives a single condition that is equivalent to the
semigroup and congruence conditions together, “Condition 3.3” of [21]. That this condition
is equivalent to the semigroup and congruence conditions is shown in [18].

From now on, we will often say “I" satisfies the semigroup and congruence conditions”, as
opposed to “A satisfies the semigroup conditions and I" satisfies the congruence conditions”.
The next three propositions show that the congruence conditions are, in theory, not difficult

to check.

PROPOSITION 2.0.8 ([18], Prop. 6.5). Let w, w' be distinct leaves of I', corresponding to

distinct leaves of A, and let ly, denote their linking number. Then

ey - €y = —Lyuy [ det(D).

PRrROPOSITION 2.0.9 ([18], Prop. 6.6). Suppose we have a string from a leaf w to an

adjacent node v with associated continued fraction d/p, as in the following diagram,

k1 —ks ks
° — — — — — — ° ®
where
d 1
Tk — -
p ko —
2 1
ks

Then, if d, is the product of weights at v,

ew " €y = —dy/(d* det(T)) — p/d.

16



PRrROPOSITION 2.0.10 ([18], Prop. 6.8). Let I' be a graph for which the associated splice
diagram A satisfies the semigroup conditions. Then the congruence conditions are equivalent
to the following: For every node v and adjacent edge e, there is an admissible monomial

Mye = [[Z8 (w running over the leaves in A, ) such that for every leaf w' in A,

(2.1) > aw% iy - ew/] - {dﬁtl&)} .

wH#w’
REMARK 2.0.11. It is easy to check, using Proposition 2.0.9, that this condition is always

satisfied for an edge leading directly to a leaf.

Let us use Proposition 2.0.10 to check the congruence conditions for I" from Example

vy vy
-3 -2 -2 -2
5 12 23 2
. . . . A= Z o . . °Zs
-3 -3 -3 Z> Z3 Zy

The leaves of A are labelled 1 through 5, and the nodes v; and v,. One can check that

2.0.2.

-2
T= .

det(I") = 3. For the node vy, we must check the conditions for the edge with weight 12. The
admissible monomials are Z2, Z2 and Z37,.

Since £y, is divisible by 3 for w’ = 3, 4, and 5, the right hand side of (2.1) is [0] for each
w’ in question. It is easy to check, by Proposition 2.0.9, that

_2-32-23_1 47

qQ ¢ — . — = d
€3+ €3 €4 €4 32.3 3 3 , an
2-32.23 1
€5 €5 = —2273—52—35
14 14 14 46
Furthermore, det3(5F) = det4(5F) = 23 and detgglF) =3 Therefore, for w' = 3, Equation (2.1)
is
46 47

(2.2) {0443 + 0433] = [0],
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and for and w’ = 4, it is

(2.3) —0].

3 —— + Ny—

46 47
3 3

For w’ = 5, it is easy to see that the equation is always satisfied. The only possible values of
a3 and a4 for which Equations (2.2) and (2.3) both hold are a3 = 1 and ay = 1. Therefore,
the congruence condition at v; holds, but we must use the admissible monomial 757, and
not the other two.

For node vy, we must check the condition for the edge with weight 23. Again, £,,, is
divisible by 3 for w’ =1 and 2, so the right hand side of (2.1) is [0] . Furthermore, ¢15 = 12,

and

3-5-12 3

€€ = —W—g:—g, and
3-5-12 1

A

From here, it is easy to see that Equation (2.1) holds for both w’ = 1 and 2 for any choice
of admissible monomial. Hence, I" satisfies the semigroup and congruence conditions.

Getting back to the general situation, suppose a resolution graph I satisfies the semigroup
and congruence conditions. Then, by a set of splice diagram equations for I', we mean
equations as in Definition 2.0.1 such that for each v, the admissible monomials M,, and the
power series H,; transform equivariantly under D(T").

We are almost prepared to state the main result concerning the Neumann-Wahl algo-
rithm, but we need the following technical definition that comes up in the proof. A resolu-
tion tree I' is quasi-minimal if any string in I' either contains no (—1)-weighted vertex, or

consists of a unique (—1)-weighted vertex.
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THEOREM 2.0.12 ([18], 7.2). Suppose I is quasi-minimal and satisfies the semigroup and

congruence conditions. Then

(1) A set of splice diagram equations for I' defines an isolated complete intersection
singularity (Y, 0).

(2) The discriminant group D(T') acts freely on a punctured neighborhood of 0 in Y.

(3) The quotient X =Y /D(T') has an isolated normal surface singularity and a good
resolution with dual resolution graph T'.

(4) (Y,0) — (X,0) is the universal abelian cover.

(5) For any node v, the v-grading on functions on X (induced by the v-grading on
functions on'Y' ) is det(I") times the grading by order of vanishing on the exceptional
curve E,,.

(6) Y — X maps the curve {Z,, = 0} to an irreducible curve, whose proper transform on
the good resolution of X is smooth and intersects the exceptional curve transversally,
along FE,. In fact, the function det(r), which is D(T')-invariant and hence defined

on X, vanishes to order det(I') on this curve.

Point (6) turns out to be very important for us; see the discussion surrounding the

End-Curves Theorem (3.1.2) in Chapter 3.
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CHAPTER 3
Deformations of {z? = z¥ + ¢%}

“Equisingular deformations”. For normal surface singularities, there are several no-
tions that one could use to define “equisingular deformations” (e.g, deformations that admit
a simultaneous resolution, u-constant deformations), but in general the different definitions
do not agree. However, for weighted homogeneous surface singularities, there is one reason-
able definition. Recall that a singularity (X,0) is weighted homogeneous if it is defined by
weighted homogeneous polynomials. One can consider deformations given by adding higher
weight terms to the defining equations of X. H. Pinkham and J. Wahl proved ([23],[25])
that the higher weight deformations correspond precisely to deformations that admit a si-
multaneous resolution, i.e., a family of resolutions inducing a locally topologically trivial
deformation of the exceptional set.

Another class of singularities for which there is a good definition of equisingularity are
those defined by an equation of the form z? = f(x,y). In this case, all deformations are
given by deforming the plane curve singularity defined by f(z,y) = 0, so one may as well
let the equisingular deformations be those given by deforming the plane curve singularity in
an equisingular way. Although equisingularity is well-defined for plane curve singularities,
we should note that it is in general very difficult to write down, say, a versal equisingular
deformation.

Going back to the weighted homogeneous case, we know that any weighted homogeneous

surface singularity with QHS link is a splice quotient [14]. However, as Neumann and Wahl



mentioned in [19] (p.17), it is not clear whether or not equisingular deformations of such
singularities are splice quotients as well. In this chapter, we investigate the equisingular
deformations of the Brieskorn-type singularities defined by an equation of the form 22 =
P 4 y?. In particular, we show that there are very few such singularities for which the
versal equisingular deformation is a family of splice quotients.

First of all, let us recall that in the ZHS link case (P and @) odd and relatively prime),

this problem has been solved. In fact, we have the much more general

THEOREM 3.0.1 (Neumann and Wahl ([19], Cor 4.2)). Any normal surface singularity

defined by an equation of the form 2" = f(x,y) with ZHS link is of splice type.

(See Remark 3.1.3 for a word on the proof.) Since any deformation of ({22 = ¥ + y%?},0)
remains of the form ({z* = f(x,y)},0), this says that in the ZHS case, all equisingular

deformations are of splice type.

3.1. General approach

For those (X,0) = ({22 = 2¥ +y?},0) for which the link is a QHS but not a ZHS, we
would like to determine which members of the versal equisingular deformation are also splice
quotients. There are two different approaches that we employ.

Approach I. For (X, 0) weighted homogeneous, Neumann [14] gave an explicit method
for writing down splice diagram equations for the UAC (Y, 0) and the action of the discrim-
inant group on (Y,0). (This is a precursor to the Neumann-Wahl algorithm.) In Approach
I, we write down a versal equisingular equivariant deformation (equivariant under the action
of the discriminant group) of the UAC. We then compute the quotient by the action of the
discriminant group. The resulting family of splice quotients is a “versal splice quotient defor-

mation” of (X,0). However, this family may not present itself in the form {z? = f(z,y;t)},
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which makes it difficult to compare this family with a versal equisingular deformation of
(X,0). When this occurs, one can attempt to change coordinates to return to the desired
form. Sometimes this is easily done, and sometimes it is not, as we will see in Section 3.2.
(In particular, see Remark 3.2.19.)

Note that Approach I can be implemented when (X, 0) is weighted homogeneous because
the UAC is weighted homogeneous as well, and hence we know how to write down the versal
equisingular deformation that is needed on the level of the UAC.

Approach II. In order to describe the second approach, we need to state the End-Curves
Theorem of Neumann and Wahl.

Roughly speaking, the End-Curves Theorem says that a singularity is a splice quotient
if and only if the UAC can be constructed by adjoining certain “roots of functions” to the
local ring. Let Ox denote the local analytic ring of the germ of a normal surface singularity
(X,0). Suppose there is a function f in the maximal ideal of Ox such that ({f = 0} N X)
is n copies of a reduced curve C. Adjoining to Ox a new element U such that U" = f and
normalizing induces an n-fold cyclic cover of normal surface singularities, (Y,0) — (X,0),
that is unramified away from 0. For, at any point on C' away from 0, C' is defined by, say,
{v = 0} in some local coordinates, so f = v™ locally. Thus the cover consists of n smooth
pieces over {f = 0}, since it is locally given by normalizing U™ = v". Clearly, if the link X
of (X,0) is a QHS, then n must divide the order of the discriminant group.

Let (X,0) be the germ of a normal surface singularity with QHS link and minimal good
resolution graph I'. An irreducible exceptional curve E in the minimal good resolution of
(X,0) is called an end-curve if it intersects the rest of the exceptional set in exactly one

point. That is, F is an end-curve if it corresponds to a leaf (vertex of valence one) in I'.
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DEFINITION 3.1.1. A function f in the maximal ideal of Ox is called an end-curve
function (associated to E) if the proper transform of its zero locus in the minimal good
resolution is nC, where C is a smooth irreducible curve that intersects the end-curve F
transversally in exactly one point and does not intersect any other exceptional curve. Here,

n is the order of the image of the dual basis element corresponding to F in the discriminant

group.

THEOREM 3.1.2 (Neumann/Wahl). A normal surface singularity (X,0) with QHS link
1s a splice quotient if and only if for every end-curve E of the minimal good resolution of

(X,0) there ezists an end-curve function associated to E in the mazimal ideal of Ox.

In the ZHS case, this theorem is proved in [19]. For the QHS case, one direction, that
splice quotients have end-curve functions, is point (6) of Theorem 2.0.12. In the other
direction, a proof is announced but not yet published.

It is precisely these end-curve functions whose roots we adjoin to construct the UAC (see
the Example below), and the newly adjoined variables can always be used as coordinates for

the UAC. Upon adjoining all of the end-curve functions there is no need to normalize.

REMARK 3.1.3. In the ZHS case, the End-curves Theorem says (X, 0) is of splice type
if and only if there exist end-curve functions. Theorem 3.0.1, which says that any normal
surface singularity defined by an equation of the form 2" = f(z,y) with ZHS link is of splice
type, is a corollary of the End-curves Theorem. This is because one can produce end-curve
functions for ({z" = f(z,y)},0) from end-curve functions that are known to exist for the
splice diagram of the plane curve singularity ({ f(x,y) = 0},0). The argument does not work
for the general QHS case; it is only in the ZHS case that the functions are all guaranteed to

lift to end-curve functions for ({z" = f(z,y)},0).
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EXAMPLE 3.1.4. Let X C C3 be defined by

X ={=2"+4").

The minimal good resolution graph of (X, 0), shown in Figure 3.1, has three leaves, labeled
E1, Es and Ej3. The discriminant group has order 9, and the order of the images of the dual
basis elements associated to the leaves are 1, 9, and 9, respectively. One can explicitly verify
that there exist corresponding end-curve functions: z, z — 2%, and z + 2. For instance, let

g=2*>—12"—1y% so that Ox = C|[z,y, 2]]/(g). We have

g=(z—2*)(z+2%) — "

That ({z—2? = 0} N X) is a smooth irreducible curve counted 9 times is seen by considering
the ring Ox /(2 — 2°) = C[[z, y]]/(v").

We now construct the UAC of (X, 0) by adjoining roots of the end-curve functions to Oyx.
Adjoin U such that UY = z — 22, and then normalize by adjoining V := y/U. (Equivalently,
we could have adjoined V, the 9th root of the end-curve function z + z?.) This results in a

normal surface singularity (Y,0) with equation

VY= U + 222,
By
e —2
Ey, @ ° l ® ® [
—2 —5 —1 -5 -2

FIGURE 3.1. Minimal good resolution graph of {2? = z* + 4°}.
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which is a 9-fold abelian cover, and hence the universal abelian cover, of (X, 0). The action

of the discriminant group, Z/9Z, is generated by

(U, V) = (U, 'V, ),

where ( is a primitive 9th root of unity. 0

We can now describe Approach II. Given a splice quotient (X,0), we can search for

deformations of (X,0) that also have end-curve functions.

QUESTION 3.1.5. When does an end-curve function continue to be an end-curve function

under deformation?

Consider the following particular situation. Let (X,0) C (C?,0) be a hypersurface sing-

ularity with local ring Ox = C|[[z,y, z]]/(g). Suppose that g can be written as follows:

(3-1) g= fifs = 1",

where fi, fo, and h are power series, and h is irreducible. Furthermore, suppose that the
fi are end-curve functions (necessarily associated to end-curves for which the image of the
corresponding dual basis element has order n in the discriminant group). Let g + £§ be an
equisingular deformation of g. Then the f; lift to end-curve functions for g + ¢ if and only

if (3.1) lifts to

(3.2) g+eq=(fi+efi)(fotef)— (h+eh)

If we consider this problem only to first order, i.e., €2 = 0, then (3.1) lifts to (3.2) if and only

if g = fifo+ fifo — nh" .
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PROPOSITION 3.1.6. To first-order, the end-curve functions f; for g as given in (3.1) lift

to end-curve functions for the deformation g + g if and only if g is in the ideal generated

by fla f2> and hn—l'

3.2. Specific computations

Let us first discuss equisingular deformations of weighted homogeneous hypersurface
singularities. It is well known that for an isolated complete intersection singularity (X, 0),
any basis of the first Tjurina module T% gives a (mini)versal deformation of (X, 0). Recall

that for a ring of the form Oy ~ Cl[z, y, z]|/(9),

0g O0g 0Jg
1 f— — — —

If g is weighted homogeneous, there is a natural way to define the weight of an element of

T}, namely, h € T is weighted homogeneous of weight k if and only if A is a weighted

homogeneous polynomial such that
weight(h) = weight(g) + k.

Combining this with the result of Pinkham and Wahl mentioned in the first paragraph of

this chapter, we have the following fact.

FacT 3.2.1 ([23],[25]). Let (X,0) C (C3,0) be a hypersurface singularity that is weighted
homogeneous of degree d and defined by {g(z,y,z) = 0}. Let {g1,...,gm} be a basis for the
subspace of weighted homogeneous elements with nonnegative weight in the C-vector space

Ty . Then the family defined by

{g+tlgl+tmgm20}

is a versal equisingular deformation of (X,0).

26



Now, it is clear that for singularities defined by equations of the form 2% = 2 + ¢y, the
versal equisingular deformation remains of the form 2% = f(z,y;1).

There is a well-known algorithm for computing the minimal good resolution graph of a
weighted homogeneous surface singularity (e.g. [22]), and we use these results freely. The
resolution graph is star-shaped, and all exceptional curves are rational except possibly the

central curve. We begin by recalling when the singularities of interest have a QHS link.

THEOREM 3.2.2 ([22]). The link of ({aF +y? + 28 = 0},0) is a QHS if and only if either

(1) (P,QR) =1, or

(2) (P,Q,R) =2 and P/2, Q/2, R/2 are pairwise relatively prime.

Proor. Orlik and Wagreich ([22], Prop. 3.5.1) show that if g is the genus of the central

curve in the minimal good resolution graph of ({z¥ + y? + 2z = 0},0), then

29 = c®creocs — ey + e+ c3) + 2,

where
c= (P>Q7R>7 C1 = (Q>R)/Ca Co = <P7R)/Ca and c3 = (PaQ)/C

It is easy to deduce that g = 0 if and only if either

(1) ¢ =1 and at least two of the ¢; are 1, or

(2) c=2and ¢y =y =c3=1.

This is equivalent to the statement of the theorem. 0

It is easy to determine that the link is a ZHS if and only if P, (), and R are pairwise
relatively prime (¢ = ¢; = ¢; = ¢c3 = 1). In case (1), the order of the discriminant group is

P11 In case (2), the order of the discriminant group is PQR/4. All of these statements
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follow from the explicit formula for the determinant of the resolution graph that is given in
22], §2.5.
For R = 2, one can distinguish three cases for which the link is a QHS but not a ZHS.
They are:
(i) 22 = 2? + ¢, with (2p,q) = 1,
(i) 2% = 2% + y?? with (p,q) = 1,
(iii) 22 = 2P* + y%, with p, ¢, and k odd, k > 1, and (p, q) = 1.
We will study Cases (i) and (ii) in detail below, employing the two approaches outlined above.
In these two cases, it is rare for all equisingular deformations to remain splice quotients.
However, we begin with Case (iii), which turns out to be easy to handle via the End-
Curves Theorem; we will show that all equisingular deformations are splice quotients in this

case. We are free to use

X = {2% = 2P — %}

instead for convenience.
PROPOSITION 3.2.3. All equisingular deformations of (X,0) are splice quotients.

Proor. Clearly, we have
k
(3:3) & =[]@" = ¢y,
j=1

where ( is a primitive kth root of unity. An equisingular deformation of (X, 0) must preserve
the factorization on the right hand side of (3.3). This is because all deformations of (X, 0)
come from deforming the plane curve singularity given by 2P* — y% = 0 in an equisingular
way, and in an equisingular family of plane curve singularities, each of the branches must

itself be deformed in an equisingular way.
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We claim that the factors f; := a? — (7y?, 1 < j < k, together with z and y, are the
end-curve functions for (X,0). If so, any equisingular deformation of (X,0) also has end-
curve functions (z, y, and the deformed f;), and therefore is a splice quotient. To show
that these functions are indeed end-curve functions, we construct the UAC of (X, 0) via the
Neumann-Wahl algorithm, and apply Theorem 2.0.12 (6). Alternatively, we could do an
explicit construction of the resolution of (X,0), but it would ultimately be less efficient to
do so here.

The splice diagram A for Case (iii) is shown in Figure 3.2. For simplicity we assume that

neither p nor ¢q is equal to 1, although the following argument goes through regardless.

FIGURE 3.2. Splice diagram for Case (iii): {22 = zP* 4 y*}.

A set of splice diagram equations for A, as described in Chapter 2, is

( )
22+ aaP +by! = 0

22+ apa? +boy?! = 0

\ z,g—l—akxp%—bkyq =0 )
where all a; and b; are nonzero, and a;b; — a;b; # 0 for all ¢ # j.
The discriminant group has order 2*~'. One can check, using Propositions 2.0.8 and

2.0.9, that the discriminant group elements e, and e, act trivially on (z1,..., 2, 2,y), and

ez, (1 <j < k) acts as follows:
ez (21, 20T, Y) = (<21, 2y =20, T, YY),
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so that e.; has order 2. Therefore, z and y are invariant under the group action, as are
w; = z?, 1 <5<k, and
Z o= oz 2k,

since k is odd. The splice diagram equations are invariant under the action of the discriminant

group, and the quotient satisfies the following equations in z, y, z, and w;:

k

2 _

z¢ = ij, and
j=1

w; = —(aﬂp +b1yq), 1 S] S k.
Therefore,
k
(3.4) 22 = H (a12? + bry?).
7j=1

If, for 1 < j < k, we let a; = —1 and b; = (7, where ( is a primitive k-th root of unity, then
(3.4) is equal to (3.3), the defining equation of X.

We have shown that the splice diagram equations for the UAC of (X, 0) are

( )

22—+l = 0

2 —aP+Cy? = 0

Z—aP+y? = 0

/

that is, {2]2 = f; + 1 < j < k}. Recalling Definition 3.1.1 of end-curve functions, we see

that Theorem 2.0.12 (6) implies that x, y, and the f; are end-curve functions for (X,0). O

REMARK 3.2.4. Consider X := {z" = 2P* — ¢y} with k > 1, (p,q) = 1, and n relatively
prime to p, ¢, and k. Then (X,0) has QHS link, and the discriminant group has order n*~*

If we were to consider equisingular deformations of (X,0) given by adding higher weight
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terms only of the form z%y, i.e., equisingular deformations of (X, 0) given by deforming the
plane curve singularity zP* — 39, then by the End-Curves Theorem, all such deformations

are splice quotients.

Case (i): {z* = x?P +y4}.

Let X; C C? be defined by
Xy = {22 = 2% 4y},

with (2p,q) = 1. For ¢ > 3, the surface X; has an isolated singularity at the origin 0. We
also assume that p > 1 since otherwise, (X, 0) is a rational double point of type A,_;, which
is taut, and therefore uninteresting in this context. By Fact 3.2.1, a versal equisingular

deformation of (X7,0) is given by

(3.5) 22 =% 4yl + Z tiyz'y’ 5, where

(i,5)€l

H:{(i,j)€Z2|0<i<2p—1,O<j<q—1, 2i+121}.
D q

We want to determine which members of this family are splice quotients.

Approach I. The goal is to write down a versal splice quotient deformation of (Xj,0).
Just as in Example 3.1.4, we construct the UAC of (X3,0) by adjoining roots of end-curve
functions. We could use the algorithm given by Neumann in [14] to construct the UAC, but
for our purposes, using the end-curve functions is more convenient. The difference is that
Neumann’s algorithm actually yields a family of singularities, and we would then have to

search for the analytic type of the UAC of (X3,0), as we did in Case (iii).
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Adjoin U such that U? = z — 2P to Oy, and then normalize by adjoining V := y/U. This

results in a normal surface singularity (Y;,0) with equation
(3.6) Vi =U"4 227,

which is the universal abelian cover of (X7,0). Note that since (p,q) = 1, the link of the
UAC is always a QHS by Theorem 3.2.2, but never a ZHS. The action of the discriminant
group Z/qZ on U must be given by U +— (U, where ( is a primitive ¢-th root of unity; =
must be invariant; and V' = x/U implies that V + (~'V. Therefore, the action of Z/qZ on

(Y1,0) is generated by
(3.7) (U, V) = (CU,CV,),
where ( is a primitive g-th root of unity.
PROPOSITION 3.2.5. A first-order versal splice quotient deformation of (X1,0) is given
by

(3.8) 22 =% 4yl + Z ey’ ¥, where
(3,5)€lt

It = {(i,5) € 1| i >p}.

ProOF. We begin by writing down a versal equisingular equivariant deformation of

(Y1,0). By Fact 3.2.1, we need a basis for the subspace of nonnegative weight elements

of

Ty, = Oy, / (V' U, 2P71)

that are invariant under the action of H := Z/qZ given by (3.7). (We are interested in

H-invariant elements since H acts trivially on (3.6), the equation defining Y;.) It is easy to
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see that a basis is given by {zF(UV)'}, where (k,[) runs over the set

2
K:{(k,l)622|0§k<p—1,0<l<q—1, 5+—lz1}.
pq

Therefore, the family

(3.9) VI=UT422P + > et (UV) 5,
(k,)eK

is a versal first-order equisingular H-invariant deformation of (Y7, 0). For simplicity, we will
just write ¥ to indicate the sum over all (k,[) € K. The invariants under the group action

are

A=U B:=V? y=UV, and .

They satisfy the equations y? = AB and B = A+ 227 + Y ez®y’ (from (3.9)). So we have
y? = A(A+ 22P + Z errtyh).

This is not of the form 22 = f(x,y), but we can put it into that form by completing the

square in A. Make a change of coordinates: z := A + 2P + % S ema®yt. Then

1 1
(3.10) y!=(z —aP — 5 Z ewz™y") (z + 2P + 5 Z e y).

Since we are looking at first-order deformations, €&y, = 0 for all (k,1) and (m,n) in K,

hence this is the same as
y! = 22— 2% — ﬂﬁpz€kl$kyla
ie.,
22 =% 4yl + Z el Tyl
It is easy to check that (k,l) € K if and only if (p + k,1) € IT. Thus (3.8) is a first-order

versal splice quotient deformation of (X7, 0). O
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On the level of tangent spaces, we see that if (i,j) € I and i < p, then the deformation
2?2 = a® + y? 4 g;;2'y’ is not a splice quotient. In general, such deformations do exist in
the versal equisingular family (3.5); that is, T # I in general. For example, consider 2% =

x* + 9% + exy”. Therefore, we have shown that in general, not all equisingular deformations

of (X, 0) are splice quotients. More specifically,

COROLLARY 3.2.6. If all elements in the versal equisingular deformation of (X1,0) are

splice quotients, then q < 4p/(p — 1).
PROOF. To see this, fix an integer 7 such that 1 <1i < 2p — 1. If (i, ) € I, then

i%—221<:>j2(1—i)q.
2p q 2p

There exist integers j such that (i,7) € I if and only if

' 4
q—22(1—2i)q<:>q2£.
P ]

Now suppose that ¢ > 4p/(p — 1). Then there exists j such that (p — 1,5) € I, and hence,

not all elements of the versal equisingular deformation are splice quotients. O

So far, we have written down a first-order versal splice quotient deformation of (X7, 0).

However, it is not difficult to write down the versal splice quotient deformation to all orders.

THEOREM 3.2.7. A wversal splice quotient deformation of (X1,0) is given by
2
o 1 . ;
(3.11) 22 =2 +yl + Z tijr'y’ + : Z tijx' Py’ , where
(¢,5)€lt (¢,9)€lt

It = {(i,5) € 1| i >p}.
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PROOF. The proof is the same as that of Proposition 3.2.5 up to Equation (3.10). Here,
we will use t;; as the deformation parameters, to distinguish from the first order parameters

er- So Equation (3.10) becomes
1 k, 1 k,
(3.12) y!'=(z— 2P — §Ztklx y)(z+ 2P + §Ztk1x v,

where ¥ indicates the sum over all (k,[) € K. This is the same as

1
y? = 22— 2% — potklxkyl — Z [Ztklxkylf ,

ie.,
1
22 = 2% 4+ y? + Sty + 1 [Etkla:kyl]Q

Again, (k,1) € K if and only if (p+ k,1) € I, O

REMARK 3.2.8. The end-curve functions for the family (3.11) can be seen in Equation

(3.12).

Approach II. Now let us look at the problem from the point of view of end-curve
functions. The minimal good resolution graph of (Xi,0) is star-shaped with three arms:
two strings of type ¢/A, and one string of type p/n, where A satisfies 2pA = —1(q) and 7
satisfies gn = —1(p). (In this notation, the continued fraction expansions for the strings
go from the central node to the leaf.) The central curve has self-intersection —b, with
b = (14 2pA+ qn)/pq. The discriminant group is cyclic of order g. The associated splice
diagram is shown in Figure 3.3. As in Example 3.1.4, the images of the dual basis elements
corresponding to the F; have order 1, ¢, and ¢, and the end-curve functions are x, z — 2P,
and z + aP.

We have Ox = C|[z, vy, 2]]/(g), with
g=(z—2")(z+2") -y’
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Ey

Ey @ ® F3

FIGURE 3.3. Splice diagram for Case (i): {z? = 2% + y}.

By Proposition 3.1.6, a first-order deformation g + g will admit a decomposition
g+eg=(z—af— €f1)(2 + 2P +8fg) — (y —|—5i~z)‘1,

if and only if g is in the ideal generated by z — P, z+aP, and 971, i.e., (2, 2P, y77!). Recall
that
]I:{(i,j)EZ2|O<2'<2p—1, 0<j<q—1, 2ip+%21}.

Therefore, if g = 2%y’ for (4,5) € I, then ¢ > p. On the other hand, if i > p, we have
i e . e . .
gFery = (z—a" = STy (e +a" + 2t TY) g

Therefore, Approach II yields the same answer as Proposition 3.2.5.

The versal splice quotient family (3.11) has terms that are quadratic in the deformation
parameters ¢;;. Perhaps there is a change of coordinates that would transform the family
(3.11) into one with only linear terms in the deformation parameters, but it seems unlikely.

However, we can point out one linear family of splice quotients, using end-curves.

PROPOSITION 3.2.9. The linear family over C[[t;;]]

(3.13) 22 =% 4yl + Z tix'y’ &, where

(i,g)€l*+

I ={(i,j) €l |i>p, j>q/2},

is a family of splice quotients.
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ProoOF. This can be seen by the following end-curve decomposition of (3.13),
1 i—p,j 1 i—p,j 1 i—p, j12
(z — 2P — EEtijx Py Y(z + af + thija: Pyl)y =y — Z[Ztijx Pyl%,
in which the right side is 7 times a unit since all j > ¢/2. 0

In general, this is not the entire versal splice quotient deformation restricted to linear terms
in the deformation parameters. That is, It # I*t" in general, even when I = T* (e.g.,
22 = 2% + 9 + taty?).

Finally, let us consider those (Xi,0) for which T = I". In this case, the entire versal
equisingular deformation is a family of splice quotients. For, the versal splice quotient
deformation (3.11) is itself a versal equisingular deformation since it agrees with the versal
equisingular deformation (3.5) to first order. Upon closer inspection, it turns out that there

are very few of these. Recall from Corollary 3.2.6 that
[=T"=q<4p/(p—1),

and note that 4p/(p — 1) < 5 for p > 5. The table in Figure 3.4 gives a complete list,
excluding the rational double point ({22 = 2! + y3},0), since it is taut (equivalently, T is
empty).

Recall that a normal surface singularity is called elliptic (sometimes called “weakly”
elliptic) if
where Z,,.,;, is the minimal cycle, also known as the fundamental cycle of Artin, associated
to a good resolution graph I'. The cycle Z,,;, is defined to be the minimal nonzero effective

cycle Z such that Z - E; < 0 for all E; in the exceptional set corresponding to I". A singularity

is minimally elliptic if it is Gorenstein and has geometric genus equal to 1. Minimally elliptic
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singularities are elliptic. In the case we are studying, the geometric genus can easily be

computed by the following
Fact 3.2.10 ([11], 4.23). The geometric genus of ({x® 4+ y* + ¢¢ = 0},0) is given by
= #<(i,5,k) e N* 3.+Z+§<1
pg - 7]7 . a b c — .

Cram 3.2.11. Those (X1,0) for which the entire versal equisingular deformation is a

family of splice quotients are all elliptic.

PROOF OF CLAIM. The table in Figure 3.4 gives a complete list of the X; = {2? =
z* + y} in question, together with the corresponding geometric genus p,. For those with
pg = 1, there is nothing to check. Furthermore, Gorenstein singularities with p, = 2 are
elliptic ([11], 4.18). Therefore, the only case that we must check is {2? = 2? + y3}, where

p>5and (p,3) = 1. We directly show that x(Zn) = 0.

2p q|Pg
4 51
4 711
6 51
8 311
8 5|2
10 31
> 10, (p.3) =13 | 2]

FIGURE 3.4. List of all {2? = 2% +y?} for which the entire versal equisingular

deformation is a family of splice quotients.
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If p =1 (mod 3), the resolution graph is as in Figure 3.5, where the number of (—2)-

curves on the right is (p —4)/3, i.e., n = (p+8)/3. (The string from Ej4 to E,, has continued

: : »
fraction expansion e /3.)
E,
-3
°
° J ° o— — — — — — °
—3 —1 —4 —2 —2
Es Es Ey Es E,

FIGURE 3.5. Minimal good resolution graph of {2? = 2% + ¢3}, for p = 1 (mod 3).
The minimal cycle is
Zmin=E1+Ey+3E3+Ey+ -+ E,.

Recall that for a good resolution graph, the canonical cycle is the rational cycle Zx such
that

Zg - Ey=FE}—2g; +2

for all E; in the exceptional set. (When (X,0) is Gorenstein, hence numerical Gorenstein,

Zk has integer coefficients.) In this case, the canonical cycle Zk is

1 1 1 4
ZK:pTElerg E2+(p—2)E3+p3 E4+p3 Bs+ - +2E, 1+ E,.
Therefore,
4 4 4 —7
Zic — Zomin = 2 E1+p3 E2+(p—5)E3—|—p3 E4+pTE5+~-+2En_2+En_1.

From here, it is not difficult to check that

1

If p = 2 (mod 3), the resolution graph is as in Figure 3.6, where the number of (—2)-
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FIGURE 3.6. Minimal good resolution graph of {z? = 2% + 33}, for p = 2 (mod 3).
curves on the right is (p—15)/3, i.e., n = (p+16)/3. (The string from Fg to E, has continued

fraction expansion —%—=.) The minimal cycle is

(p—=1)/3"

The canonical cycle Z is

Zx = E E E —F —2)E
K 3 1+ 3 2 + 3 3+ 3 1+ (p )Es
o0 — 4 ) —5
yP g Pty P O L9 4B,
3 3 3
Therefore,
~5 2 — 10 —5 2 — 10
Tk —Zmin = E 2B+ B+ P 2+ P B 4 (- 5)E;s
3 3 3 3
2 — 10 ~5 -8
+ L R+ P e+ P B 2B, 5+ B
3 3 3
Again, it is easy to check that X(Zmin) = 5Zmin * (Zx — Zmin) = 0. O

REMARK 3.2.12. The converse to this Claim is not true. The singularity ({z* = z® +
y},0) is elliptic, but not all elements of the versal equisingular deformation are splice quo-
tients. The resolution graph is given in Figure 3.7.

One can check that

Zmin = 2E1 + EQ + 2E3 + 3E4 + 4E5 + 5E6 + 6E7 + 7E8 + 6Eg -+ 5E10 + 4E11 -+ 3E12 -+ 2E13 + E14
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Ey

o —4
— o o o o o o o o o 06— 0 @
—2 —2 —2 —2 —2 -2 —2 —2 —2 —2 —2 —2 -2
Es E3 E, Es Es E~; Eg Ey Eio E11 Ei2 Eq3 Ei14

FIGURE 3.7. Minimal good resolution graph of {2? = 2% +47}.
and Zx = 2Z,,n. Hence Zx — Z,pin = Zmin, and

1
X(Zmin) = §Z72n7,n = -1

REMARK 3.2.13. We should also note that in the ZHS case of ({22 = 2 + y?},0), in
which all deformations are splice quotients (Theorem 3.0.1), not all of the singularities are

elliptic. For example, consider ({2% = 2% + y''},0). The resolution graph is shown in Figure

3.8.
E;
e —11
[ J J @ L J
—2 —1 -3 -2
E2 E3 E4 E5

FIGURE 3.8. Minimal good resolution graph of {z? = z° + y''}.

One can check that

ZLimin = E1 +5Fy + 10E3 +4F, + 2F5

and

L =3E, +12F, + 24E5 + 10E, + 5 E5.

Hence Zx — Zpin = 2F + TEy + 14FE3 + 6 Ey + 3E5, and X (Zpnin) = —1.
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Case (ii): {z® = x?P +y?2d}.
Let X, C C? be defined by
Xo = {2 = a2 ),

with (p,q) = 1. We also assume p, ¢ > 1, since otherwise (X5, 0) is a rational double point.

By Fact 3.2.1, a versal equisingular deformation of (X5, 0) is given by

(3.14) 22 =% 4y + Z tiyz'y’ 5, where
(1,5)€d

T=4(,j)€Z?|0<i<2p—1,0<j<2—1, —+ L >1%.
2p  2q

Note that the xPy? term has weight 0; therefore,
{2? = 2% + y* + t,, 2"y}

with ¢,, # £2 gives the full weighted homogeneous family of singularities with this topological
type.

Approach I. Recall that the goal is to write down a (first-order) versal family of splice
quotients. Things are more complicated in this case than they were in Case (i). This time,
it is no easier to construct the UAC of (X5, 0) using end-curve functions, so we will use the
Neumann-Wahl algorithm.

The minimal good resolution graph of (X5, 0) is star-shaped with four arms: two strings
of type ¢/, and two strings of type p/n, where \ satisfies pA = —1(q) and n satisfies
qn = —1(p). The central curve has self-intersection —b, with b = (2 + 2p\ + 2¢gn)/pq. The
discriminant group is cyclic of order 2pq. The associated splice diagram is shown in Figure

3.9.
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FIGURE 3.9. Splice diagram for Case (ii): {z? = 2% + y??}.
Using the coordinates A, B, C, and D, the Neumann-Wahl algorithm yields equations

of the form
C? -+ alAq -+ bqu =0
DP 4+ a AT+ b,B7 = 0
where the a; and b; are complex numbers such that a;bs — asb; # 0. To get the actual UAC

of (X3,0), one must choose these coefficients carefully.

It turns out that the following equations define the UAC of (X3, 0):

CP — kA — kBT = 0
(3.15) (Y2, 0) = ,

DP + kAT — kBT = 0

where k = -

5

REMARK 3.2.14. The UAC of (X5,0) is never a QHS. This can be determined, for
example, by using the method described in [25] to show that the genus of the central curve

in the minimal resolution graph of the weighted homogeneous singularity (Y5,0) is nonzero.

See also [12], Prop. 12.2.

The Neumann-Wahl algorithm also yields the action of the discriminant group H :=

Z./2pqZ on the UAC (Y3,0). The group action is generated by the following two elements:

(A,B,C, D) ([—23} A, [31 B,—C, —D) ,

q 2q
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and

wvcm-(a-s[-2ofz]o)

where [r] = exp(2mir). Taking care to distinguish between the cases when p and ¢ are both

odd and when one of them is even, one can show that this action is generated by
(3.16) (A, B,C, D) — (€A,£7'B,(C,¢7'D),

where ¢ is a primitive 2¢-th root of unity and ¢ is a primitive 2p-th root of unity. (For p and
g both odd, take the first element composed with the square of the second, and for p even,
take the square of the first element composed with the second.)

The invariants under this action are A%?, B2, C? D? AB, CD, CPA1 CPBY, DPAY,
and DPB?. However, modulo the equations in (3.15), they can all be written in terms of

these four:

A% B% AB, CD.

The equations (3.15) of (Y3, 0) are weighted homogeneous of weight pg and transform by —1
under the generator (3.16) of the action of H. We must deform (Y3, 0) by adding equisingular
terms that also transform by —1 under the generator, and then mod out by the action of H.

Recall that for a ring Oy of the form C[[A, B, C, D]|/(f1, f2),
Ty = Oy /J,
where J is the submodule generated by
Oh O\ [Oh L\ J0h 0B\ . [0h 0%
0A QA /)’ \OB 9B/’ \oC’ oC /)’ oD’ oD /"
When f; and f, are weighted homogeneous, there is a natural way to define the weight of

an element of T3, namely (gi, g2) is weighted homogeneous of weight k if and only if g; and
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go are weighted homogeneous polynomials such that
weight(g;) = weight(f;) + k, for i =1, 2.

Fact 3.2.15 ([23],[25]). Let (Y,0) C (C*,0) be a complete intersection singularity that

is weighted homogeneous and defined by the ideal (f1, f2). Let

{<glla gl2>’ teey <gm17 gm2>}

be a basis for the subspace of weighted homogeneous elements with nonnegative weight in T

Then the family defined by

f1 + g1+ tnGm1 = 0

fattigiz+ - tgme =0
is a versal equisingular deformation of (Y,0) (equisingular in the sense of having a simulta-

neous resolution).

DEFINITION 3.2.16. Let T denote the subspace of weighted homogeneous elements in T%/Q

that transform by —1 under the generator of the H-action and have nonnegative weight.

LEMMA 3.2.17. A weighted homogeneous basis of T is given by the vectors
{{(CD)*(AB) A" (CD)*(AB)’A") [0S a<p—2, 0< G < q—2}.

Proor. Clearly, the elements listed in this set are weighted homogeneous of nonnegative
weight and transform by —1 under the generator of the H-action.
Refer to the equations (3.15) that define (Y2,0). Ty, = O3, /J, where J is the submodule

generated by the vectors
<Cp71’ 0> 7 <O7 Dp71> ’ <14f1*17 _AQ*1> 7 and <Bq71’ Bq71> )
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It is easy to check that the only monomials that transform by —1 under the action of
the generator are A%, B?, CP, DP, plus any H-invariant monomial times one of these four.
Recall that all of the H-invariant monomials can be written in terms of A%¢, B%!, AB, and
CD. Furthermore, C? and D? can clearly be written in terms of A% and B? modulo (3.15).

We have the following relations in Ty, :
(0,00 = (C7,0) = (kA"+kB?,0) = (kA?,0)+ (kB?,0);
(0,00 = (0,DP) = (0,kB?—kA?) = (0,kB?) —(0,kA%).
Therefore,
(A1,0) = (—B%0), and

(0, A7 = (0, BY).

Multiplying each of these equations first by A% and then by B? implies
<A2q70> = <BQq70> = <_(AB)q70>a and
<0’A2q> = <07 BZg) = <O’ (AB)q)
Furthermore,
BTN AT AT + ATYBTT BT = (2(AB)71,0), and
— BN AT A A (BTt BT = (0,2(AB)TY).

Since the left hand side of each of these equations is trivial in Ty, (i.e., is in the sub-
module J), we see that ((AB)97' 0) and (0,(AB)7"!) are trivial, and therefore so are
(A%0), (0, A%7), (B?,0), and (0, B*). Hence, the only nontrivial elements of T are vectors
containing products of AB, C'D, and A%, or AB, CD, and B9.

The nontrivial weighted homogeneous elements of T with nonnegative weight are of the

form ((CD)*(AB)P A4, (CD)*(AB)PA?) (A could be replaced by +BY in either entry, as
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appropriate). Note that the values of o and [ must be the same in both entries for weighted
homogeneity. Furthermore, we must have 0 < a <p—2, 0 < 3 < g — 2, since (CD)?~! and
(AB)?! are trivial in either entry. At this point, it should be clear that the elements listed

indeed form a basis. O

PROPOSITION 3.2.18. A first-order versal splice quotient deformation of (X3,0) is given

by

(3.17) 22 =%+ + Z eyx'y’ 5, where
(1,5)eTt

W = {(G,j))eZ? | p<i<2p—1,¢<j<2¢—1}

= {(i,j) el |i>pandj>q}.
PRrROOF. We consider the first-order family defined by

. CP — kBT — kA" 4 kXe,5(CD)*(AB)PAT = 0
3.18 :

DP — kB9 + kA7 + kSe,5(CD)*(AB)? A1 = 0

where 3 denotes the sum over all («, 5) € K, and

By first order, we mean e,43¢,5 = 0 for all (o, ), (7,9) € K. Also, recall that & is defined to

be 1/ V2.
By Fact 3.2.15 and Lemma 3.2.17, (3.18) is a versal equisingular H-equivariant defor-

mation of (Y5,0). We will compute the quotient of this family by H. The equations (3.18)
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imply
CPDP = (kB4 kA? — k(Xea3(CD)*(AB)P)A?) (kBT — kAT — k(Xe,3(CD)*(AB)P)A9)
= k’B% — 2A% — 2k*(Xe,3(CD)*(AB)’)(AB)1
1 1

= §B2q - §A?q — Yeas(CD)*(AB)PT.

In terms of the invariants S := A%, T := B%, y:= AB, and z := C'D, we have
20 =T — S — Ne a0y 0.

Therefore,

T =S+ 22P + Yeypry T,

The relation y?? = ST yields
Y1 =S {S+ 22" + Seapzy’ T}

This is a first order family of splice quotients; when all €,3 = 0, it is isomorphic to (X, 0).
We want to write this in the form z? = 2?” + %@ plus higher order terms, so we complete

the square in S. Let z = S + 2P + %Eeaﬁxo‘qu, and the family becomes
1 1
Y = (z —af - §Eaa5mayﬁ+q> (z + P + §2£a59{;°‘y6+q> .

That is,

22 — $2p + y2q + E€Qﬂ$a+pyﬁ+q'

Finally, it is clear that (o + p, 5+ ¢) € J* if and only if («, ) € K. O

REMARK 3.2.19. In this case, as opposed to Case (i) (Theorem 3.2.7), at this point it is
unclear how to write down a versal splice quotient deformation in the form 22 = 2% 4 y*

plus higher order terms in ¢,3. There is a change of coordinates that will do this, but we
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have been unable to find a simple presentation. On the other hand, see Proposition 3.2.20

below.

Approach II. We now consider deformations of (X3,0) from the point of view of end-
curve functions. Recall that the resolution graph of (X5, 0) has four leaves. The associated

splice diagram is

The dual basis elements corresponding to E; and E5 have order 2¢g in the discriminant
group, and those corresponding to E5 and E4 have order 2p. Let g = 22 — 2?? — %4, so that

Ox, = Cl[z,y, z]]/(g). Consider the following decompositions:
(3.19) g = (-2 (e+) — ™
(3.20) g = (z—y(z+y?) — ™.

One can verify, e.g., using Theorem 2.0.12 (6), that the end-curve functions for the E; are
z—aP, z+4+ 2P, z—y9 and z + y?, respectively.

By Proposition 3.1.6, the decomposition (3.19) lifts to a decomposition of the first order
deformation g + g if and only if § is in the ideal generated by z — 2P, z 4 2P, and y??~!.
Similarly, (3.20) lifts if and only if g is in the ideal generated by z — 49, z + y?, and xz?~!.
For a splice quotient deformation, § must be in the intersection of the two ideals. Therefore,
g+ exty’ for (i,7) € J is a splice quotient if and only if 7 > p and j > ¢, i.e., if and only if
J = J*. This statement is in agreement with Proposition 3.2.18.

Finally, we can use end-curve functions to prove the following.
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PROPOSITION 3.2.20. The linear family over C[[t;;]]

22 =%+ + Z tyx'y
(4,9) €I+

is a versal family of splice quotients.

PRrROOF. Consider the following decompositions of z? = 2% + y?? + >~ t;;x'y?, where ¥

indicates summation over all (7, 7) € J*:

S
ST

In the first equation, the right side is divisible by y?¢ since all j > ¢, so the two factors

z—xp——Zt”x’p )z + 2P+ = Zt”xlpf) =

A;I»— »Jklr—*

1 o 1 o
== Tty e D) -

on the left side are the end-curve functions of order 2¢ analogous to (3.19). Similarly, in the
second equation the right side is divisible by 2?? since all i > p, and we have the remaining
two end-curve functions. This linear family must be versal since it agrees with the first-order

versal family of splice quotients from Proposition 3.2.18. 0J

REMARK 3.2.21. On the level of tangent spaces, we see that if © < p or j < ¢, then

2 = 2% + y? + ex'y’ is not a splice quotient. In fact, there is only

the deformation z
one X, for which there are no terms in the versal equisingular deformation with ¢ < p or

Jj<q: {22 =x"+yb}. It is easy to check that ({z? = z* + ¢°},0) is minimally elliptic.

50



CHAPTER 4

The topology of {:" = f(z,y)}, for f irreducible

Let {f(x,y) = 0} C C? define an analytically irreducible plane curve with a singularity

at the origin. Let X, C C? be defined by

X = {2" = f(z,9)}.

The goal of Chapter 6 is to characterize those (X, 0) for which the link has the topological
type of a splice quotient; that is, we determine which topological types satisfy the semigroup
and congruence conditions as defined by Neumann and Wahl in [18]. This chapter and the
next contain all of the preliminary material that we will need.

In [8], Mendris and Némethi prove that for f irreducible, the link of (X, 0) completely
determines the Newton/topological pairs of f and the value of n, with two well-understood
exceptions. In doing so, they give a presentation of the construction of the resolution graph
of (Xf,,0) that is very useful for our purposes. In particular, they give a criterion that
determines when (X, 0) has QHS link. Section 4.1 is mostly a reiteration of their work, and
we use their notation whenever possible. For technical reasons, we will use a modification
of the minimal good resolution graph, a quasi-minimal resolution graph, for many of the
computations in the next few chapters. In §4.2, we set up the notation needed to describe
the associated splice diagram and compute all of the weights at each node.

There is one case in which the resolution graph does not quite have the same structure

as the general case. It is referred to as the “pathological case” by Mendris and Némethi,



and we use this terminology as well. Most of the computations need to be done separately

for the pathological case.

4.1. Resolution graph

In this section, we describe the construction of the minimal good resolution graph of
(Xtn,0) for firreducible. As mentioned above, most of this section is a reiteration of work
that appears in [8]. It begins with the plane curve singularity defined by {f = 0}. It has
long been known (see, e.g. [2]) that in a neighborhood of the singular point, one can solve
for one variable as a fractional power series in the other, leading to an expression of the

following form, the so-called Puiseux expansion:

y = Clxm1/p1 + Cme2/p1pz + ngmg/plmps +..., ¢ eC.

Only finitely many of these terms are significant with respect to the topology of the sing-
ularity, and the pairs of positive integers (pg,my) that appear in this expresssion are called

the Puiseuz pairs of f. Alternatively, if we write

y = :Bql/m(cl + p22/P1p2 (co + 93/P1P2P3 (cs+--)--+)),

the pairs (pg, qi) are referred to as the Newton pairs. They satisfy the following properties:

ged(pr, gr) = 1, pr > 2, g > 1, and ¢ > py.

Suppose that f has s Newton pairs (pg, qx), 1 < k < s. Define a; by a; = ¢, and

(4.1) ar = Qi + ap—1Dp—1Pk, 2 < k <s.

The pairs (pg, ax) are defined by Eisenbud and Neumann in [3], and are referred to as the

topological pairs of f. These are the integers that appear in the splice diagram of the plane
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curve singularity {f = 0} in C?. Note that

ged(pe, ag) =1, a1 > p1, and ax > ap—1Pk—1Pk-

Embedded resolutions. Let (X,0) be a normal surface singularity, and let g : (X,0) —
(C,0) be the germ of an analytic function. Then an embedded resolution of {g = 0} in
(X,0) is a manifold X together with a proper map 7 : X — X, such that 7 induces a
biholomorphism of X \ 771(0) and X \ {0}, and 7' ({g = 0}) is a divisor with only normal
crossings. We also assume that no irreducible component of the exceptional set £ := 7~*(0)
intersects itself. The closure of 77({g = 0} — {0}) is called the proper transform of {g = 0}.

The embedded resolution graph I'(X, g) of 7 is defined as follows. To each irreducible
curve in the exceptional set E, we assign a vertex, and to each irreducible component of the
proper transform of {g = 0} we assign an arrowhead. We draw an edge between two vertices
or between a vertex and an arrowhead, if the corresponding components intersect in X.
Each vertex v corresponding to the exceptional curve FE, is labeled with the self-intersection
number EZ the genus g, of E,, and the multiplicity m, of ¢ in E,. The multiplicity m,, is
the order of vanishing of gom along F,. An arrowhead is labeled with the multiplicity of the
corresponding irreducible component of the proper transform.

A resolution of (X,0) is a manifold X together with a proper map 7 : X — X, such that
7 induces a biholomorphism of X \ 771(0) and X \ {0}. A resolution is called good if each
irreducible component of the exceptional divisor F is smooth, and E is a normal crossing
divisor. Again, we assume that no irreducible component of the exceptional set E intersects
itself. For a good resolution, the resolution graph of 7 is constructed in the same way as
the embedded resolution graph above, only there are no arrowheads or multiplicities in this

graph. A resolution graph or embedded resolution graph is called minimal if it does not
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contain any vertices with genus 0 and self-intersection —1. A minimal resolution graph is not
necessarily good, but there does exist a unique minimal good (embedded) resolution graph.

The minimal good embedded resolution graph of {f = 0} in C? is a tree of rational
curves, denoted T'(C?, f). This graph is constructed as follows (e.g., [2]). For 1 < k < s,

determine the continued fraction expansions

1 1
@:uo— ,and%zyg— T ,

qk F 1 1 Dk 1

where p9, v? > 1, and i, v} > 2 for j > 0. Then T'(C2, ) (with multiplicities omitted) is

given as in Figure 4.1.

—pi -y —pit —pd-1 —pg a7 R SIS B |

[ L J [ ] L ] L ] [ { J L ] [ @o——>
ufl u:izl Vs
o} :.Vg—l o2
J_V% Vil J—Vl

FIGURE 4.1. Minimal good embedded resolution graph of {f = 0} in C%.

Following the notation of Mendris and Nemethi [8], we consider this diagram in a more

convenient schematic form (Figure 4.2), where the dashed lines represent strings of rational

Vo v1 V2 Vs—1 Vg

FIGURE 4.2. Schematic form of T'(C?, f).
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curves (possibly empty). The multiplicities of the vertices v and Ty are as follows:

My, = GkPrPrt1---Ps, forl1 <k <s,
My = P1P2" " " Ps,
My = QPry1-ps, for 1<k <s—1,
Mz = Q.

(We will need these multiplicities in §5.2.)

There is an algorithm for constructing an embedded resolution graph (not necessarily
minimal) of the function z : (X;,,0) — (C,0) from the graph I'(C?, f), for which the
ideas first appeared in [5]. Here, we follow the presentation in §3 and 4 of [8]. The out-
put of this algorithm, without any modifications by blow up or down, is referred to by
the authors as the canonical embedded resolution graph of z in (Xy,,0), and is denoted
["(Xyn,2). The n-fold “covering” or “graph projection” produced in the algorithm is

denoted ¢ : I'"(X,,2) — ['(C? f). We reproduce here only what is necessary for our

purposes. For full details, the reader should see [8].

DEFINITION 4.1.1. Define positive integers dy., hy, lﬂ, D, and a;, as follows.
o di, = (n,prs1Prio--ps) for 0 <k <s—1, and ds = 1;
and, for 1 <k <,
® Ny, = (pr,n/dy);
oy = (ag,n/dy);
® pi, = pr/hi;

° ) = ak/fz;f.

If w is a vertex in T'(C?, f), then all vertices in ¢~!(w) have the same multiplicity and

genus, which we denote m,, and g,,, respectively.
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PROPOSITION 4.1.2 ([8], Corollary 4.2). Let q : I'“*(X;,,,2) — I'(C?, f) be the “graph

projection” mentioned above. Then I'““*(X;,, 2) is a tree such that the following hold:

My,

k

Mgy

(¢) g

Gy,

QpPrPry1 " Ps (1 <k< 3)=
Piph - Dl

GPpsr P (1<E<s—1),
a:

0 (0<k<s),

(he = D)(h, —1)/2 1<k<s).

#q " (vk) = hpgr - - - B,

! (Ur) = hichisa -

(1<k<s—1)

hs, (1<k<s-—1)

In particular, the link of (Xy,,0) is a QHS if and only if (hy, —1)(hy —1) =0

forallk, 1<k<s.

REMARK 4.1.3. We are only interested in those (Xj,,0) that have QHS link. Part

(c) of Proposition 4.1.2 tells us exactly when this occurs. Note that ged(hy, ﬁ;ﬂ) = 1 since

ged(pg, ai) = 1 for all k. In particular, if n is prime, (Xy,,0) automatically has QHS link.

From this point forward, we assume that (X;,,0) has QHS link; equivalently, either hy,

or l?k is 1 for all k.

The appearance of I'““" (X, z) is displayed in Figure 4.3, which is reproduced from [8].

By abuse of notation, we have labelled any vertex in ¢~ (v;,) (respectively, ¢~ (vg)) with vy,

(respectively, 7). The dashed lines represent strings of vertices. By the construction, each
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string must contain at least as many vertices as its image in T'(C?, f). It is important to

remember that in I'“*(X;,, ), these strings are not necessarily minimal.
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~
~ U1
~
)
h1 N
- 7 N~
- 7 ~ NI
-7 hy ~
~ Y N ~
- . \ RS
Toe ° .
B U7
~
~
~
~
~
~ L Us—1
~
]
2
hs_1 - 7N
- N
~
-7 he1 NN
~ P NI
—
~
— - 3 \,
To® - ° 'Y ~ N
> Vs—1 Ts—1 ~
- ~
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=~ ~
- U1 ~ vs
~ ~
— — — — — — — — — — — >
hi 7N hs 7N
- 7 Z
7, N _ N
- hi N s hs N
- ~ N P N
__ / \, PR \,
—
Ty ® ® (] - 7 e L]
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— 7~ N\
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~o~
o
P
h1 _ 7N
- N
-7, <
_ - , hl N
- Y N
- - \,
voe” ) .
U1 U1

FIGURE 4.3. Schematic form of I'**( Xy, 2).

DEFINITION 4.1.4. A minimal good embedded resolution graph of z in (X, 0), denoted
[™"(X;,, z), is obtained from I'**"(X;,,z) by blowing down any rational curves of self-
intersection —1 for which the corresponding vertex has valence one or two. By dropping
the arrowhead and multiplicities of I"™(X};,,2) and then blowing down any appropriate
rational curves of self-intersection —1, we obtain a minimal good resolution graph of (X, 0),

denoted I'™"™(X ;).
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Recall that a node is a vertex of valence at least three, a leaf is a vertex of valence one,

and a string is a connected subgraph that does not include a node.

PROPOSITION 4.1.5 ([8]). All of the nodes in I'**"(X¢,,, z) survive as nodes in
[™"(X ¢, 2). That is, they are not blown down in the minimalization process, and after

minimalization, they still have valence at least three.

PROPOSITION 4.1.6 ([8]). Assume that by deleting the arrowhead of T™™(X;,,2) we

obtain a non-minimal graph. This situation can happen if and only if n = ps = 2.

Because of this property, we refer to n = p, = 2 as the pathological case, and it is treated
separately.

A quasi-minimal resolution graph. Since the notation used to describe these graphs
is cumbersome, we would like use the simplest version of the resolution graph to which the
results of Neumann and Wahl can be applied. One complication that arises is that certain
strings in I'***(X,, z) may completely collapse upon minimalization. Therefore, if we use
the graph I'"™"(X,,) in what follows, we would constantly need to note that certain strings
may not actually be there, and more importantly, that certain leaves in the splice diagram
may not actually be there. We will avoid this by using a uniquely defined quasi-minimal
resolution graph.

Recall that a resolution tree I' is quasi-minimal if any string in I" either contains no (—1)-
weighted vertex, or consists of a unique (—1)-weighted vertex. Recall that Theorem 2.0.12,
the main theorem of Neumann and Wahl concerning splice quotient singularities, applies to

quasi-minimal resolution graphs that satisfy the semigroup and congruence conditions.

DEFINITION 4.1.7. We define quasi-minimal graphs T'""( X ,, z) and T%""( X ,,) uniquely

as follows. Perform the minimalization process as usual on I'**( X, z), except on any string
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from a leaf to a node that completely collapses. In that case, instead of blowing down the en-
tire string, stop when the string has become one vertex of self-intersection —1. The resulting
graph is T (X .. z). Drop the arrowhead and multiplicities to obtain T%"" (X ), which is
indeed quasi-minimal (excluding the pathological case). In particular, if there does not exist
a string from a leaf to a node that completely collapses, then ['"""(X ;. z) = ["™"(X,, 2)
and [ (X, ) = I'"™"(X;,,). We may refer to 9" (X} ,) as the quasi-minimal resolution

graph, although it is certainly not the only quasi-minimal modification of I'“**( Xy, z).

EXAMPLE 4.1.8. Let n =4, p1 =3, po =3, ¢1 =4, and g2 = 1 (az = 37). The various

resolution graphs defined above are shown in Figure 4.4. Multiplicities are omitted.

-1 —16 -1 —4

—4 —4 -1
®

(a) D(C?, f) (b) T (X, 2)

-1 —4

-2

| ;
Lbo LLL Ll L

(c) D™ (X ) (d) I™" (X )

-1 4
-2 J -2
-2 J -2

FIGURE 4.4. Different versions of the resolution graph for Example 4.1.8.

The difference between I'""(X,,) and T'7""(X;,,) is not of great significance; we only
use ['"""(X ;) because it makes the arguments easier and the theorem of Neumann and
Wahl can still be applied to it.

The pathological case. Here we describe the minimal resolution graph for the patho-

logical case n = ps = 2. Since n/hs = n/ds_1 = 1, by definition hy, = hNk =1forl <k<s-—1,
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and hy = 1 since ged(ps, as) = 1. Therefore, the link is a QHS and I (X, z) has the form

shown in Figure 4.5. The minimal resolution graph I'"*(X ) is obtained from I'""(X¢,,, 2)

— — O — — i — o — o
\ | > o
~N
\ \ \ ~
- —1
‘ ‘ k Se——>
// Vs
-
-~
-
.———.‘ iiiiiiiii ?777.‘/
| \ \
o . .

FIGURE 4.5. Schematic form of I™" (X}, z) in the pathological case.

by deleting the arrowhead and blowing down the vertex v,. No other blow downs are nec-

essary (see [8], Prop. 5.2).

4.2. Splice diagram

Recall the procedure for computing the splice diagram A associated to a resolution graph
[' that is a tree of rational curves; it is described in Chapter 2, and we repeat it here for
convenience. First, omit the self-intersection numbers and contract all strings of valence
two vertices in I'. To each node v in the resulting diagram A, we attach a weight d,. in the
direction of each adjacent edge e. Let I',, be the subgraph of I' defined as follows. Remove
the vertex that corresponds to the node v, and the edge that corresponds to e, and let I',.
be the remaining connected subgraph that was connected to v by e. Then the weight d,. is

det(—C\e), where C, is the intersection matrix of the graph I'..

DEFINITION 4.2.1. Let Ay, be the splice diagram associated to """ (X, ). Note, how-
ever, that for computing the weights of Ay, we can use any modification of I'“**(Xy,,, 2)

that is a good resolution graph.
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Almost all of the determinants that we need at each node for the splice diagram are
explicitly computed in [8]. We again use their notation in what follows.

Subgraphs of T (X;,). We must label all of the subgraphs of T (X, ,) whose
determinants are the weights of Ay ,,.

By Proposition 4.1.5, the nodes of I'"™"(X,,) can be identified with the nodes of
["( X, 2). If a vertex v in I'"(X,;,,) is identified with a vertex in ¢ '(vx), we say
that v is “of type v;”. Similarly, the leaves of I'""(X,;,) can be identified with the leaves
of I'"(X;,, z), and we will say that a vertex v in T7""(X,,) is “of type v;” if it is the
image (under minimalization) of a vertex in ¢~ '(v5). We will use the same terminology for
the corresponding vertices of Ay,,.

['(vg) and T'(v;). Let w be a vertex in T'(C?, f), and let v’ be any vertex of type w

in I'7"(X;,, z). Consider the shortest path from v’ to the arrowhead in T7""(X,,, . z). If
w # v, then there is at least one node on this path; let v” be the node on the path that
is closest to V. If w = vy, 1 < k < s—1, let T'(v') be the maximal string between v’ and
v”, excluding v" and v” themselves. If w =7, 0 < k < s, let ['(¢v/) be the maximal string
between v' and v”, including v" but excluding v”. If w = vy, let I'(v’) be the maximal string
between v’ and the arrowhead, excluding v’.

Since these strings do not depend on the choice of v" of type w, it is be more convenient

to refer to any such I'(v') by I'(w) instead. Hence we have defined I'(v;) and I'(vg).

['_(vg). Fix an integer k, 1 < k < s, and consider the collection of connected sub-

graphs that results from removing all of the vertices of type vy, in T (X, z). There are
l;khkﬂ -+ hg isomorphic components that contain vertices of type v;. These are all strings
of type I'(vx). There are also hy - - - hg isomorphic components that contain vertices of type

To. These subgraphs are denoted I'_(vy). Note that I'_(v,) = I'(7p).
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[ 4(vg). Finally, fix an integer k, 1 < k <'s, and fix one particular vertex v’ of type vg.

Delete v/, and let T'4(vg) be the connected subgraph of T9™" (X, z) — v’ that contains the
arrowhead. In particular, I's(vs) = I'(vs). (The subgraphs I'4(v;) do NOT appear in [8]; in
particular, I"4(vg) is not the same as their I'; (vy).)

Computation of the weights. For any resolution graph I', let det(I") := det(—C),
where C' is the intersection matrix of the exceptional curves in I'. If I' is empty, then we

define det(I") to be 1. Now define

D) = det(T(vy)), 1<k<s;
Dy) = det(l'(my), 0<k<s;
D_(n) = det(T_(v), 1<k<s;
Da(vp) = det(Ta(vg)), 1<k<s.

The next three lemmas give us formulas for these determinants.

LEMMA 4.2.2 ([8]). Refer to Definition 4.1.1 for the notation.
D(w) = ai,
D@ = 1l 1<k<s,
D(v)) = n/(hhs),
D(vy) = 1 gur/(dirhphin), 1<k <s— 1
It follows from the construction of I'“**(Xy,, z) that if D(vs) = 1, this indicates that
I'(vs) is empty, and the arrowhead in I'*"(X,,, 2) is connected directly to vs. If D(7;) = 1,
then the string I'(vy) collapses to a single (—1)-curve in T7""(X ), and completely collapses
in the minimal resolution graph I'"(X;,,).
The determinants D(7) give us the weights of the splice diagram at any node of type vy
on the h~k edges towards a vertex of type Tg. Similarly, D(7g) is the weight at the nodes of

type v1 on the h; edges towards a node of type vg.
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For clarity, we picture the splice diagram Ay, at the various nodes. For the nodes of

type v, 2 < k < s—1, refer to Figure 4.6. For type v; and vy, refer to Figure 4.7.

[ )
D_ (’Uk)
. D4 (vi) ..
k. D_(vp)
P P
. i
Vg Uk

o @ .
al
) o 2atv) . . °
D hy al D hs
P Pl
T e hy .
1 T
(a) Type v (b) Type vs

FIGURE 4.7. Splice diagram at a node of type v; and a node of type v,.

Now all that remains is the computation of D_(vy), 2 < k < s,and Da(vy), 1 < k < s—1.

LEmMMA 4.2.3 ([8]). If s > 2,
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and if s > 3,

D_(v B — D _(vp_q)]
A A e e
D (g1

for3 <k <s.
The following expression for D_(vy) is sometimes preferable:
(4.2) D_(vk) = a(P—1)"™ " D (1) faj_y.

We briefly describe the method of proof (reproduced from [8], §2.5), since we need it
to compute D4(vg). Let W be the set of non-arrowhead vertices in a decorated graph T,
and A the set of arrowhead vertices. By a decorated graph, we mean that each w € W is
decorated with a self-intersection number e, a genus g,, and a multiplicity m,,, and each
a € A is decorated with a multiplicity m,. Let ¥V = WU A. Let C be the intersection matrix
(Ew - Ey)ww)yewxw- As defined above, det(I") = det(—C).

For any vertex w € W, let V,, be the set of all v € V that are adjacent to w. The set V

is called a “compatible set” if
CuwMay + va:OforanwaW.
vEVY

In particular, the vertices and arrowhead in I'“**( X, 2) are a compatible set (since

(zom)- E, = 0 for any w, where 7 is the embedded resolution). This set of relations can
also be written in matrix form. Fix an ordering of the set W. Let m,y be the column vector
with entries {1, }wew, and let m4 be the column vector with entries {3 . 4y, Mafwew-

Then

(4.3) myy = —C~' - my.
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Given any two vertices wy and ws, let I'y, ., be the maximal (non-connected) graph that
is left after removing the shortest path (including wy and ws) between the two vertices from

I'. Similarly, 'y, :=T' — {w}. Then, in the case that I is a tree,

B det(Twyw,y)
4.4 _—1 TP\ wiwe)
(44) Cures = ~qer(r)

Now we are prepared to compute D 4(vg).

LEMMA 4.2.4. Assume s > 2. Let Ay be defined recursively by

As—l - as—lps—lp/s + ds,

and, for 1 <k <s—2,

/
Ay = apprPl1 Ak + Ger1Qry2 - as.

Then

nA, - {H;:Hl(p;)?z}-lDf(w)hj—l}

(4.5) DA(Uk) = =
hiphrdpag 1 - - - as

, for1 <k <s-—1.

Proor. We will use the graph I'“*"(X;,, 2) to compute these determinants, since we
have nice expressions for the multiplicities of the vertices in Proposition 4.1.2. Consider the
augmentation of I'“*"(X,,, z) obtained by removing one vertex v’ of type v,_; plus all of
the connected subgraphs of I'“*"(Xy,,, z) — v" except the one containing the arrowhead, and
replacing v' by an arrowhead with multiplicity m,,_,. This graph forms a compatible set

with the following schematic form.
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(Mmy,_,) <—¢
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I'_(vs) N
\
\
\ w2 T(vs) w3
\ s
N )
/A
/(Mg )
\
T—
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/
/ \
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Us Us

The vertex wy is ¢! (v,). Note that if T'(v,_1) is empty, then w; = ws, and similarly, if
['(vs) is empty, we = ws. The following argument is valid whether these strings are empty

or not. The determinant of this graph is D4(vs—1). By (4.3), we have

s woaw1 ' -1 wows *

By (4.4),
_C—l — D*(Us)hs_l(p;)hsDOjs)
w2 DA('Usfl) 7
and
Lot Do) ) Do)
s D 4(vs-1) '
Therefore,

Mo, Da(Vs-1) = (M, D(vg) + D(vs—1))D—(v5)"* " ().
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Recall from Definition 4.1.1 that pihy = pg, a?chNk = ay, and d, = hjpyq - hy

Lemma 4.2.2 and Proposition 4.1.2(b), we have

DA<US—1)

I / /
As_1Ps—1Ps " = — =
’ ’ ’ hshs ds—th—lhs alspls

n(a,_pl_pihs 1hs 1+ qs) | Do (v)t =1 (p))h"
hsflﬁs\jlhsﬁ:@

(s 1ps 1P, + qs) | D (vs) =2 (pl)e !
hs—lhs—lhsil;
nAs 1D (v ()"

hs—lhs—lds—las

- Qs D_Shsfl/ﬁg
n_ . g ) CORCA

. Applying

We prove the general expression (4.5) by induction on k. Assume the expression is correct

for all j such that k+1 < j < s—1, and consider the following augmentation of I'***( Xy, ).

Remove one vertex v’ of type vy, plus all of the connected subgraphs of I'“**(Xy,, z) — v

/

except the one containing the arrowhead, and replace v’ by an arrowhead with multiplicity

m,, . This graph forms a compatible set with the following schematic form.

w1

(M) =—%

I (vk41)

T (vg41)

The vertex wsy is of type vg,1. Here, w; and wy might be the same vertex, but wy # ws.

The determinant of this graph is D (vx). Again, by (4.4), we have

—01

D ()" (D) D a(vpg)

wawy

D a(vy)
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Upon removing the shortest path from wy (type vpy1) to ws, we are left with the following
subgraphs: one of type I'(vy), and for each j, k+1 < j <s, h; —1 of type I'_(v;) and f;]
of type I'(7;). Thus,

o D(vi) [Ty D-(v)" = ()"
w2wWs3 DA(’Uk)

From (4.3), we deduce
My Da(vy) = D—(Uk+1)hk+1_1(p;c+1)hk+1DA(Uk+1)mvk + D(vy) H D_ (Uj)hj_1<p;‘>hj
j=k+1
By induction, D 4(vg41) is given by the corresponding expression in (4.5), and so the equation
above is equivalent to
[T D- ()

nA My n Pl =
DA(Uk) _ k+1pk+1 & i Qk+1Pk 1 P5>g k+1

s Mg 1 @prs - - ag dip—1hihy 41 My 4

[T -yt

_ ( nAk+1pk+1@kpk Pl an+1p2+1"'P;> j=k+1

+

2 / / .« o o /
hiesrhip1di1as - - ag dip—1hihisr Ug1Prt1 " Ps

[T D-w) )

nak:pkpk—i-lAk—i-l " N Qi1 >j:k:+1

hk+1hk+1dk+1ak+2 a5 dr_1hghgi

(n(%pﬁgphv‘lkﬂhkhk + Qr+10k42 a5)> Jj=k+1
hihihisi g dpsrapre - - - as

Since ay PPy 1 w1 Pl F Q1o - - - a5 = axPePy i Akt 1 F Q12 - - - as = Ay, by definition,

and hk}’l;ghk+1};];_dk+1a;€+l = hkl’;];;dkak_i_]_, the proof is complete. O

REMARK 4.2.5. Although D,4(vg) is an integer, it is not always easy to see it from the
expression (4.5). The product hihid, divides n, but the aj, k+1 <j <s, may divide either

Ay, or D_(v;)"~!, depending on the situation.
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By the same method used in the last proof, one can prove the following

LEMMA 4.2.6. The determinant of T9™"(X;,,) is given by

T () = (e | 2|

which can also be written

det(T™™(X1,.)) = (pl)"* " D_(v,)" /!

s*

Finally, we use the following technical computations so frequently in future sections that

we list them here for convenience.

Fact DM. Suppose that h,J:k =1for1<k<s—1. Then

D_(v) = ar, 2<k<s—1, and

Fact DA1. Assume that hy = 1, and suppose that for some k, 1 <k < s — 2, hifz =1

fork+1<i<s—1. Then

Da(v;) = n(ps)a_l, fork+1<i<s—1, and

n

Da(vg) = ﬁ(ps)hsfl-
Kk

In particular, if hyhy = 1 for 1 < k < s — 1, then all D(vg) = n(ps)h=—1.
FacT DA2. Define integers A; as follows:

A, = a,— aipipfﬂ cp? (ps =), for1<i<s—2, and
Asfl = as — asflpsfl<ps _p;)
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Assume that hy # 1, and suppose that for somek, 1 < k < s—2, hl-}z- =1fork+1<i<s—1.

Then

n/LD_ ('Us)hs_l

Du(v;)) = - , fork+1<i<s—1, and
Sa’S
nALD_(vg)hs—1
Dy(vy) = i ~( ) .
hkhkhsas
In particular, if hkﬁ;g =1for1 <k<s—1, then all Da(vg) = hls[lk(as)hs—?

Fact DM is immediately clear from Lemma 4.2.3.

ProoF oF FAacT DA1. Since hy = 1 implies p/, = p,, we have

As—l = Qs_1Ps—1DPs + qs = as.

We claim that for all ¢ such that ¥ < i < s —2, A; = a;41---as. This follows easily by
induction, since A; = a;pipi, 1 Ait1 + Giy1Givo - Gs, Doy = Piv1, and a;piPiv1 + i1 = Qi1

Therefore, by Lemma 4.2.4,

N1 - as(ps)t=1

hihid;aiyy - - - as

Da(v;) = Cfork<i<s—1.

By definition, d; = h;1---hs =1, and thus D4(v;) and D(vy) are as stated. O
PROOF OF FACT DAZ2. Since the link is a QHS, h, # 1 implies by = 1 and d, = a,.

Since Gs = Qs — As—1Ps—1Ps,

As—l = as—lps—lp/s +4s
= a5 — as_1ps—1(ps — pé)
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Then, if hy_1 =1,
Ay = sopsopsi|as — as_1Ds—1(ps — PL)] + Gs—10s
= Qs[as_oPs—2Ps—1 + Gs—1] — a372p572a571p§71<p8 - py)
= aslas — agopsopi_ i (ps — P
= as—lfis—z-

One can show, by induction, that A; = a;,1-- ~as,1f~li, for k£ < i < s — 2. Therefore, by

Lemma 4.2.4,
i R Asz s hs—1
DA(Ui>:na+1 ~a ! (vs) yfork<i<s-—1.
hihidiait - - - as
By definition, d; = h;y1 -+ - hs = hg, and thus D4 (v;) and D(vy) are as stated. O

The pathological case. We can use the non-minimal resolution graph I'“**(X;,, z) to
compute the determinants for the splice diagram in the pathological case n = p, = 2 as
well. Therefore, the formulas given in the preceding section are true for the pathological
case (when applicable). Since for 1 < k < s —1, all hihy = 1, and n/hs = 1, by Facts DM

and DA2, we have
D_(vy) = ai, for2<k <s, and
Dy(vg) = Ay, for1<k<s—1.

Finally, by Lemma 4.2.6, det(I') = as. The splice diagram is given in Figure 4.8.

al Al As—1 Asfl Asfl As—1 Al al
@

P1 Ps—1 Ps—1 P1

FIGURE 4.8. Splice diagram for the pathological case.

71



CHAPTER 5

The Neumann-Wabhl algorithm for {2" = f(x,y)}

In this chapter, we continue with the computations that we need to prove Theorem 6.0.1
concerning the topological types of X7, = {2" = f(z,y)}. In §5.1, we describe the semigroup
conditions for the splice diagram associated to the quasi-minimal resolution graph of (X, 0)
as completely as possible. As for the congruence conditions, the action of the discriminant
group defined in the Neumann-Wahl algorithm can be computed via Propositions 2.0.8 and
2.0.9. The first of these propositions is generally easier to apply, because it requires only the
splice diagram, whereas the second one requires the resolution graph as well. The purpose
of §5.2 is to use Proposition 2.0.9 to compute explicitly the character given by e, - e,,, where

w is a leaf in the splice diagram associated to (X, 0).

5.1. Semigroup conditions

Assume that (X, 0) has QHS link (see Prop. 4.1.2 (c)). In this section, we describe the
semigroup conditions on the splice diagram Ay, associated to I'y,, := I'""(X; ). Unless
stated otherwise, we assume that we are not in the pathological case. Let us begin by fixing
some notation.

Notation. Recall that for each node of type vi in I'f,,, there are hy + fﬁ + 1 adjacent
edges, connected to subgraphs of type T'_(vy), T'(Tx), and T'4(vy), respectively (see §4.2).
The corresponding pieces of Ay, associated to the subgraphs I'_(vy) and I' 4 (vi,) are denoted

A_(vg) and A(vg), respectively. Recall that I'_(vy) = I'(7g), and ['a(vs) = I'(vs), and keep



in mind that I'(vs) may be empty. The corresponding determinants are D_(v;) = a} and
Da(vs) = n/hshs.

Semigroup conditions in the direction of A_(v;). We begin with the semigroup
condition at a node of type v, 2 < k < s, in the direction of any of the h; edges that lead to
subdiagrams of the form A_(v). It is clear that this semigroup condition will be the same

for any node v of type vi. By Definition 2.0.1, the condition is

D_(vg) € N(¢/, | wis aleaf in A_(vy)).

ProrPoOsSITION 5.1.1. At a node of type vg, 2 < k < s, the semigroup condition in the
direction of any of the hy edges that lead to a subdiagram of the form A_(vy) is equivalent

to

(5.1) ar € N{ay_y, piph- - Ph_1s Ajpy - 1y, 1< <k—2).

Furthermore, if f:k = 1, this condition is automatically satisfied.

Proor. We prove this by induction on £. Fix a node v of type v; in Ay ,,. Let Ly be the

semigroup

Ly :=N{ | wisaleaf in A_(v) = A_(vg)).

The leaves in A_(v;) are of type 7j, for j such that 0 < j < k — 1. Hence, there are k

generators for Lj, namely, E;wj, 0 <j <k —1, where w; denotes any leaf in A_(v) of type

’Uj.
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CLAIM 5.1.2. Let v be a node of type v, 2 < k < s, and let w; be a leaf of type v; in

A_(v), 0<j<k—1. Then

Py Py - D-(vi)/ag, forj=0
Cows; = Py Py - D(vg)/ay,  for 1 <j <k —2
L ay_q - D_(vy)/a forg=k—1.

If this claim is true, then D_(v) and all generators of L are divisible by D_(v)/aj,

and the first statement of the Proposition is clearly true.

Proor oF CLAIM 5.1.2. For k = 2, the claim is true, since if v is a node of type s,

o = (@) )M,
Cwr = (@) ()", and
D_(vs) = dy(al)"(pl)h L.

(See Figure 4.7.) Clearly, the semigroup condition at v in the direction of A_(v) is equivalent
to ab, € N{(d}, p}).

Now assume the claim is true for k such that 2 < k < ¢ — 1; we will show that it is
true for k& = i. Refer to Figure 5.1 for what follows. Fix a node v of type v;, and (abusing

notation), let v;_; denote the unique node of type v; 1 in A_(v). Then

, Oy - D (i) "M Py )t for 0<j <=2,
’U'Ll)j - —
D_(v;_1)=1(p)_ )17t for j =7 —1.
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FIGURE 5.1. Relevant portion of Ay, at a node v of type v;.

Therefore, by induction,

;

Py Py - Do(vin)faiy - D-(vo) M poy) et for j =0
v = a;-p;-H e Pig s Do(vica)/a_y D—(Ui—l)hiflfl(p;—ﬁhtl for1<j<i-3
U Do) e Do) ) for j— i 2

\ D_ (v (p)_y )i for j=1i—1.

By Lemma 4.2.3,

and hence the claim is true.

O

Thus, we have proved the first statement of the Proposition. The second statement is

implied by a result in Teissier’s appendix to [27] (see the Appendix of this work for an

explanation).

O

Semigroup conditions in the direction of A4(v;). Fix an integer k, 1 <k <s—1,

and fix a node v of type vg. The semigroup condition at v in the direction of A4(v) is a bit
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more complicated, and we do not prove a proposition that is analogous to Proposition 5.1.1.
Rather, we describe the generators of the semigroup in question and prove a lemma that will
be very useful in proof of Theorem 6.0.1. In practice, however, the fact that either h; or EZ
is equal to 1 (since the link is a QHS) for all ¢ makes things much simpler than they appear
here.

By definition, the semigroup condition is D4(vy) € Ry, where

Ry :=N(l, | wis aleaf in Ag(v) = Aa(vg)).

Refer to Figure 5.2 for what follows. There is at least one leaf wy in Ay(v) of type v
connected to vy (the unique node of type vy), and if n/ hsfzs # 1, there is a leaf w, resulting
from the string I'(v,) in I'y,. These contribute £;,, and £, as generators of Rj.

Now travel along the shortest path from v to v,. If k < s — 1, this path contains one
node of type v,,, for each m such that k +1 < m < s — 1. Since there can be no confusion

here, we will simply refer to the nodes along this path as v,,. Each of these nodes is directly

v
o _Da(vi)

\+1
9.

A_(vp41) N
_ <
heps R
=~ ~
N

Wh41 Wh41

A <7~'m—1)

A_ (’Um—l)

s n/hsh,
e w,

FIGURE 5.2. Relevant portion of Ay, at a node v of type vj.



connected to at least one leaf w,, of type U,,. Each such leaf contributes the generator ¢,
to Rg. If h; = 1 for k 4+ 1 < i < s, there are no further leaves in A 4(v), and we have listed
all the generators of Ry.

For each m such that h,, # 1, k+1 < m < s, there are more generators for Ry, namely
¢! for each type of leaf w in A_(v,,). There are m different types of leaves that appear:
type vj, for j such that 0 < j < m — 1. Let w}" be a leaf of type v; in A_(v,,) (clearly, the
linking number with v will be the same for any such leaf). Now we have accounted for all
possible generators of Ry.

To summarize, the generators of the semigroup Ry are:

( )

Cowa (1),

E;wm for any ms.t. k+1<m <s,

0<j<m-—1forany mst. k+1<m<sandh, #1 )

g/
\ vw§" ’

(1) Absent if n/hsizg =1.

The following Lemma is needed in Chapter 6, but it is convenient to prove it here.

LEMMA 5.1.3. Suppose that (X;,,0) has QHS link, and that Ay, satisfies the semigroup

conditions. Assume s > 3, and that hs_lfz:l = 1. Then hkﬁ;c =1forl1<k<s—2.

Proor. We prove this by induction on k. The proof must be divided into two cases:

(a) hs = (n,ps) = 1, and (b) hs = (n,ps) # 1.

Case (a). Assume that hy = 1 and hs_1hs_1 = 1. First, we must show that hs_shs o = 1.
By Proposition 4.1.2(a), there is a unique node of type v,y in Ay, which we will simply
denote vs_1, and a unique node of type vs_s; call this node v. We will show that the semigroup
condition for v in the direction of A4(v) cannot be satisfied if hs_gﬁs\_/g # 1. The splice

diagram in this case is pictured in Figure 5.3. The semigroup condition is: Da(vs_3) is in
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A_ (Us 2

-2)
\_ DA (vs-2) Da(vs—1) n/hs .

: hs—2 ¢
/ Ps—1 Ps Ps
A (Usf2)
R 2 hy

Ws—1

@
|

-
e

®

g
Ee

FIGURE 5.3. Splice diagram Ay, for hy = hs,lhfs\jl =1.

the semigroup generated by

{Dalve2), pea )" (/). pa (0™ (D}

(1) Absent if n/hy = 1.

By Fact DA1 in §4.2,

Da(vs—y) = n(ps)hs_l, and

n

D4(vs—2) = ﬁ(ps)hsfl-
s—2/bg—2

Clearly, D4(vs_2) and every generator of the semigroup are divisible by (ps)ﬁz’l, and there-

fore the semigroup condition is equivalent to: is in the semigroup generated by

h572h572

{7% psfl(n/ﬂjs% Ps—1Ps (T)}

If hs_gfz; # 1, then n is too large. But then the semigroup condition implies that
n/hs,ghfs\; is divisible by ps_1, which is impossible since hs_; = (n,ps_1) = 1. Thus, we
must have hs_gﬁ;\_; = 1. (Note that the argument is valid for both n/i?s =1 and f?s =1,
For the induction step, we assume that hif?i =1, for all 7 such that k +1 <i < s—1,
and show that hxhy = 1. The proof is very similar to that of the base step. By Proposition

4.1.2(a), there is a unique node of type wvy; call this node v. We show that the semigroup
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condition for v in the direction of A4(v) cannot be satisfied if hihy, # 1. The splice diagram

in this case is pictured in Figure 5.4. The semigroup condition is D (v;) € Ry, where Ry, is

defined as above. Since hy, = 1, and hs_lf;: =...= hk+1h/k:1 = 1, the generators of Ry, are
( N _ \
Crw. = Drr1Ps—1(ps) 7 n/hy,
Cowa = Prt1 'Ps—1(ﬁs)h~5, (1)
a;wkﬂ = Da(vkt1),
{ lown = Prt1Pmet - Dalom), k+2<m<s—1

(1) Absent if n/hy = 1.

Again, by Fact DA1 in §4.2,

Dy(vy) = n(ps)hvs_l, for k+1<m<s—1, and

n _
Da(vr) = W(Z)s>hrl~
whi

Y=

Clearly, D4(vx) and every generator of Ry are divisible by (ps , and the semigroup

condition is equivalent to: s is in the semigroup generated by
kv

n
{thk+1"'ps—l7 Pk+1 " Ps—1Ds (T)7 n, NPk+1- - Pm-1 | E+2<m<s— 1}-

s

If hkﬁ;f # 1, all of the generators of Ry are too large except for %pkﬂ -+ ps_1 and

Pk+1 - Ps—1Ps (T). Then the semigroup condition implies that n/ hkiﬁ is divisible by pgy1,

A—(Uk:)
v Vk41 U
_ Dalvrsa) - . Da(vm) _ .-
Pk+1 Pm
A,(’Uk)
We41 W
FIGURE 5.4. Splice diagram Ay, for hy = hs_1hs_1 = -+ = hgq1hpy = 1.
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which is impossible since hyxy1 = (n,pry1) = 1. Thus, we must have hkhNk = 1. (Again, note
that the argument is valid for both n/h, = 1 and hy = 1.)

Case (b). Assume that hy # 1 and hs_lfz:_/l = 1. First of all, note that if n/hs = 1, then
by Definition 4.1.1, h; = ﬁ; =1for 1 <i < s—1, so there is nothing to prove. Therefore,

assume n/hs # 1. We use the same strategy as in the proof of Case (a), and begin by showing

that the semigroup conditions imply that hy_shs o = 1.
By Proposition 4.1.2(a), there are h, nodes of type vs_s; let v be any such node. We
will show that the semigroup condition for v in the direction of A4(v) cannot be satisfied if

hs,Qf;; # 1. Refer to Figure 5.5.

Since }; =1, and hs_1hs_1 = 1, the generators of R,_5 are

( lrw, = DPs—1-D_(v5)"* ' -n/h,, \
Crws = Pse1- D_(vg)"1pl,
E;ws_l = DA(0371)>

| Cows = Pso1- D_(0)"72(p)) -n/hs e, 0<j<s—1 |

DA('Usfl)
Ps—1
Vs
: —————————0 Wq

FIGURE 5.5. Splice diagram Ay, for hy # 1, hs,lhfs\jl =1.
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By Fact DA2 in §4.2,

nA,_D_(v,)hs?
hsas

nA,_oD_(v,)hs?

hs—Qh/s\—;hsas '

DA(Usfl)

, and

-DA(US—Q) -

We claim that D4 (vs_o) and all generators of Ry_ are divisible by D_(v,)"~! /a,, which is an
integer by Lemma 4.2.3, since a), = as. (Also, note that n/(hs_gﬁ—s\_/ghs> is an integer). This is

clearly true for D4 (vs_1), ¢!

VW

and /£, . To see that ). is also divisible by D_(v,)"~!/a,,

recall from Claim 5.1.2 that we have

(
Py Py - D_(vg)/d for j =0
;sug: a5y peg - Do(vs)/a;, for 1 <j<s—2
| aimy - D-(vs)/d, for j =s—1.

Since a, = a, here, the statement is true.

n

—2_ A, 5 is in the semigroup gener-
h572h572hs

Thus, the semigroup condition is equivalent to
ated by:
n/hs - as - ps-1,
Qs * Py " Ps—1,
n/ hg - 121371;
n/hs -y PPy DsaPi

n/hs'pls'a;’p;'+1"'p/s—2p§—17 1 S.] S 3_2a

L n/hS : p{s *Qs—1 * Ps—1 )
We want to show that the semigroup condition implies hs_ghfs\_/g = 1. Since 1215_2 = a5 —

as_ops_op>_1(ps — p.) < as, the first generator listed is clearly too large. All of the remaining

generators besides asp.ps_1 are divisible by n/hs # 1. Write

LNAs—l = Maspfgps—1 + ﬁNo
h5—2h5—2h5 hs
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where M, N are in NU {0}. Then we have

n n n
——— —Mpps1pas = N+ ———=—a,ops—2pi_i(ps — 1))
h372h372h5 hs hsf2hsf2hs

n
- {N + d_op_opi i (ps — p’s)} .

Therefore, since hy = (n,as) =1, n/hg divides % — Mp.ps_1. But we have
s—2MNs—2MNs
0< o - Mp;psfl > < 27
h572h372hs hsf2h372hs hs

with equalities if and only if M =0 and hs_zf;s\; = 1. Hence we must have hS_Q]{s\_/Q =1.
The proof of the induction step is virtually identical to the argument just given. Assume

that h;h; = 1, for all ¢ such that £ +1 < i < s — 1. By Proposition 4.1.2(a), there are hy

nodes of type vg; let v be any such node. We will show that the semigroup condition for v

in the direction of A4(v) cannot be satisfied if huchy, # 1. Refer to Figure 5.6.

A_(vi)
i ’k:lDA(ka) “:l D a(vim) o
R I - ! -
Pk+1 Pm
A,(Uk)
iy
FIGURE 5.6. Splice diagram Ay, for hy # 1, he_1hse—1 = -+ = hggp1hpy = 1.
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Since l;s =1, and hs_lf;\_/l =...= hk+1h/;;:1 = 1, the generators of Ry are

( Crw, = Dkl DPs—1- D_(vg)"~" - n/hg, \
Crwe = Dhy1Dso1- D_(v)~'pl,
Cowr = Dalvi1),
Crw, = Diy1 Pm—1- Da(vm), k+2<m<s—1,

| lwy = Do P Do(u) 72 (0)) /b 6y 0S5 <s =10

By Fact DA2 in §4.2,

nAnD_(vs)hs~!

Da(vy) = e ,fork+1<m<s—1, and
nAyD_(v,)h1
Da(vg) = —= ()
hkhkhsas

We claim that D4 (vy) and all generators of Ry, are divisible by D_(v,)"~!/a,. This is clearly

and ¢

VWi, ?

true for Da(vx), €., .

VWs I TVWgq )

k+1<m < s—1 That £ . is also divisible by

D_(vg)"~1/a, follows from Claim 5.1.2 as above.

Thus, the semigroup condition is equivalent to - n__ A, is in the semigroup generated

khihs

by:
n/hs *Qs  Pr41 Ps—1,

’
Qg * Pg * Pk+1 """ Ps—1,

n/hs 'Ak+1,
n/hs - Ay Prs1 Pt k+2<m<s—1,
n/hs - pl - Pipy PR PR (-

n/hs - Pl aiplyy Pebig P, 1<1<k—1,
n/hs - p - aj, 'Piﬂ'“piu

n/hs'P;'az'pk+1-"plp12+1"']9§_1, E+1<1<s-2,

n/hs - Py - as—1Prs1 - Ps—1
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We want to show that the semigroup condition implies hkhNk = 1. Since

Ay =as—apprpiy 021 (ps — D) < as,

the first generator listed is too large. All of the remaining generators besides asp.pgi1 - - ps—1

are divisible by n/hs # 1. Write

n ~
~—— A, = Masplspk+1 “rPs—1t
hyhihs hs

n

N,

where M, N are in NU {0}. Just as in the proof of the base step, one can show that the

only possibility is M = 0 and h;J:k =1 U

The pathological case. For the pathological case n = p, = 2, Proposition 5.1.1 is valid
for 2 < k < s —1, and since fvak =1for 1 <k < s—1, the semigroup condition at a node of

type vy in the direction of A_(vy) is always satisfied. Since ps —pl, =2 -1 =1,

As—l = as — Gs—1Ps—1, and

A = as— apiDipy, Py, for 1<k <s—2.

Refer to Figure 4.8 for the splice diagram. The semigroup condition for a node of type vy in
the direction of a subdiagram of the form A 4(vg) for 1 <k < s—3is: A,, is in the semigroup

generated by

Ak-‘rl)

Pra1 Pt Am, k+2<m<s—1,
Pry1- " Ps—10s-1,

Phtl " Ps—1a5Pj41 " Ps—1, 1 <)< 8—2,

\ pl...pkpi+1...p§_1
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For k = s — 2, this semigroup condition is: A,_, is in the semigroup generated by

4 )

As—17
Ps—1Gs—1,

ajpj+1 T 'ps—ng—la 1 S ] S S — 27

p1-- -psfzpi_l

\ J

Finally, for k = s — 1, this semigroup condition is: A,_; is in the semigroup generated by

( )
As—1,

ajpj+1 © o Ps—1, 1 S] S S — 27

P1-Ps—1

\ J

5.2. Action of the discriminant group

In order to use Proposition 2.0.10 to check the congruence conditions for the resolution
graph 'y, (when the semigroup conditions are satisfied), we need the continued fraction
expansions of the strings from leaves to nodes. This is essentially done in Mendris and
Némethi’s paper ([8], proof of Prop. 4.5), but we will need a bit more detail than they
included.

Background. We begin with a summary of facts that we need, which can be found in
8], 2.11-2.13. Let a, @, and P be strictly positive integers with ged(a, @, P) = 1. Then
(X(a,Q, P),0) is defined to be the isolated surface singularity lying over the origin in the
normalization of ({U*V? = WF} 0). For the rest of this section, (m,n) denotes ged(m,n).

Let A be the unique integer such that 0 < A\ < P/(a, P) and

P
Q+A —-




for some positive integer m. If A # 0, then let [ky, ..., k] be the continued fraction expansion

of M' That is,

P/(a,P) 1
= ky —

and all k; > 2.
Then the minimal embedded resolution graph (see §4.1) of the coordinate function
V:X(a,Q,P)— Cin (X(a,Q, P),0) is given by the following string (omitting the multi-

plicities of the vertices):

If A =0, the string is empty. One can similarly describe the embedded resolution graphs of
the functions U and W, but we do not need them here.

Now we compute the minimal resolution graph I' of the singularity in the normalization
of N-fold cover of (X (1,Q, P),0) branched over VM = 0, where (Q, P) = 1 and (N, M) = 1.

The graph I' is the resolution graph of the singularity in the normalization of
X, ={uve=w? TV =vMy CcC

We claim that we may assume M = 1, since this space has the same normalization as
X, ={Uve=w" TN =V} CccC

To see this, note that since (N, M) = 1, there exist positive integers r and s such that
rM — sN = 1. Let (X;,0) denote the isolated singularity in the normalization of X;, for

i =1, 2, and let Og, be the local analytic ring of (X;,0). Now consider the element

e
=15
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of the quotient ring of Oy, , which is integral over Ox,, since
tM =T and tN = V.
Adjoining t to O, results in the ring
CllU,t, Wi/ (Ut —w"),

which is clearly isomorphic to Oy, .
Therefore, I is the resolution graph of the singularity in the normalization of {UV @Y =

WP}, which is isomorphic to the singularity at the origin in

N P
(N,P)’ (N, P)

X (1, Q ) — (UVON/WN.P)  jP/(N.P)Y,

Hence, we have the following

LEMMA 5.2.1. Let I' be the resolution graph of the singularity in the normalization of the
N-fold cover of (X(1,Q, P),0) branched over VM =0, where (Q, P) = 1 and (N, M) = 1.

Let \ be the unique integer such that 0 < A < P/(N, P) and

N P
~.p) "IN P)

)

Q

for some positive integer m. Then T is a string of vertices with continued fraction expansion

w. That s, I' 1s

—J1 —J2 —Jr
) *— — — — — — o |
where [j1, ..., jr] is the continued fraction expansion of M.

Strings in I'y,,. Now we turn to the strings that we are interested in. We need the
continued fraction expansion of the strings in I'¢,, from leaves of type v, 0 < k < s, to the

corresponding node of type v (from type 7g to type vq).

87



Recall the construction of I'(C?, f) from §4.1. The continued fraction expansion in

['(C?, f) from vy to v for 1 < k < s is given by f}’—:, where 0 < 7 < pi and

gk Nk
= =) — 2 = g+ = Vs
Dk Pk

The corresponding string in I'(C?, f) is (multiplicities of vertices omitted):

71/; 71/,3 —u,:’“
0) <—o—- - - - — - o—— (arpk - ps) |

Tk

where [v,..., "] = Ph et X = X (1, g, px). Since g + mp = vpk, the string above
Mk
is the embedded resolution graph of V@Pr+1Ps in X, It follows from the construction of

', that the collection of strings that lies above this one in I'y,, is the minimal (possibly

non-connected) resolution graph of the singularity in the normalization of
{UV% — ka7 T — Vakpk+1"'ps}'

There are (n, agpri1 - ps) = l;kdk = Hkhkﬂ -+ hg connected components (recall from Def-
inition 4.1.1 that dy = hgyq1---hs for 1 <k < s—1, and d; = 1), each being the resolution

graph of the normalization of
{UV‘Zk = WPk, Tn/hdek _ Va;pﬁcﬂmp’s}.

Now we are in the situation of Lemma 5.2.1, with Q) = q,, P = pi, and N = n/f’Ldek We
have (N, P) = (n/hxdi,pi) = hi, by definition of hy, and so in this case P/(N, P) = P (as
expected from Proposition 4.2.2). If p, = 1, then in I';,,, the string of type T) will consist of
a single (—1)-curve.

Suppose p;. # 1. By Lemma 5.2.1, the continued fraction expansion of the string(s) from

a leaf of type v to the corresponding node of type v in the resolution graph I'y, is given
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/
by p—i“, where 7. is the unique integer such that 0 < 7, < pj, and
MM

n

Qk—=— + N = Mmp},
hihedi ’
for some positive integer m. That is,
M = —Gh—e— + mp
’ hyohydy :
Since ay = qx + ar_1px_1pK, we have
(5.2) = —a - ——— (mod p})
. k pum— ~ k .
hihydy,

Knowing the congruence class of 7, modulo pj is enough for our purposes.
The continued fraction expansion from vy to v; is given by g—; = %, where 0 < 7y < ap

and

P Mo
— =) — — = p = par
aq aq

Using an argument analogous to the one above, we have that the continued fraction expansion
of the string(s) from a leaf of type Tg to the corresponding node of type v in Iy, is given

!/
as in Lemma 5.2.1, with @ = p;, P = a1, and N = n/hyd;. The expansion is a—,l, where

Mo
p1—=— 1) = maj,
hbd,
for some positive integer m. Thus,
(5.3) Ny = —p1 - n (mod a})
’ hihidy !

Recall the notation defined in Chapter 2: for r € Q, [r] = exp(2mir), and for a leaf
w € I'y,, e, denotes the image in the the discriminant group of the dual basis element in

[E* corresponding to w.
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COROLLARY 5.2.2. Let wy, be any leaf of type vy in 'y, 0 < k <'s. Then

(n/h17id1)(p1a2 s Qg — Alpﬁ)

[ewo : ewo] = a/1a2 . a, )
[ (1) hyhd ay — Ayal
[€w), * €w,] = (n/hichidi)(axars -~ k) , for1<k<s—1, and
k k p%ak_"_l C Qg

[ews ’ ews]

(n/hs]{s’)(as — ay)
i P '

PROOF. Proposition 2.0.9 says that for any leaf w connected by a string of vertices to a

node v,

Cw - w = —d,/(d* det(T)) — p/d,

where d,, is the product of weights at the node v, and d/p is the continued fraction expansion
of the string from w to v. Let d,, be the product of the weights at any node of type v, 1 <

k < s (Refer to Figures 4.6 and 4.7). Then
dvk = DA(vk)D—(Uk)hk (p;c)hk

Furthermore, by Lemma 4.2.6, we have

—~ D_ hs
aet(r) = gyt P
a’S

Since D 4(vg) = n/(hsfzts), we have

(n/hshg)D_(v)" ()" 0,

foe G = (p.)2 det(T) Nz
~ (n/hshy)a, 1,
I A

By Equation (5.2), 1, = —a, - %= (mod p;) (recall that d; = 1 by definition), and thus we

slls

have

e cen] = [<n/hs/%;><as —a;>] |
T P,
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We will need the following fact. For any k£ such that 1 <k <s—1

det() = 2 *(,“’9 :

Jj=k
This is clearly true, since

det () = 2= (v,)

and, by Lemma 4.2.3, for 1 <j <s

Now, for 1 <k <s—1

D D_ hic (2! hi
o = — a(ve) D (vg)"* (p

D"
(p},)? det(I") v

(nAk-H;_kH(p;)hrlD_(vnhrl

hphipdgagy1---as

XA
_
D_(v s . L /
W2 25 (T ) Do(og)ht) P
__ TLAk /
_ _<hkhkdkak+1"‘as)ak 77_;
P P
Hence, applying Equation (5.2)
[e e ]: (7’L/h;€ffbvkdk)ak;_(n/hk}fl\;gdk)14]€CL§C _ (n/hk@dk)(akakﬂ —AkCL%)
o Pk P+t Qs Pr@+1" Qs .
Finally, we have
DA )
e (a})? det(I") aj
A T @)" D @)
L ( hihidias-as (al) (pl) _77_6
- !
()2 (@)= )t (T () - D))
nA /
_ <h1ad1al2“'as> P . 77_6
ay a)
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Therefore, by (5.3),

(n/hihydi)py  (n/hihidy) Asp

[ewo ’ ewo] -

/
al aias - --ag aas---as

_ [(n/hﬁadﬂ(plaz as — Apl)
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CHAPTER 6

Characterization of the topological types of splice quotients

In this chapter, we consider Xy, = {2" = f(x,y)}, where f is an irreducible plane curve
with a singularity at the origin having s > 2 topological pairs (see §4.1). Let {(pi,a;)}i_,
be the topological pairs. We determine which (X, 0) have a splice diagram and resolution
graph that satisfy both the semigroup conditions and the congruence conditions, as defined
by Neumann and Wahl (see Chapter 2). Let I';,, denote the good quasi-minimal resolution
graph T9""(X;,) defined in §4.1, and let Ay, be the splice diagram associated to I'f,,.
Recall that the semigroup conditions depend only on Ay ,,, whereas the congruence conditions
depend on I'y,, as well. With this in mind, we will often say “I'y,, satisfies the semigroup
and congruence conditions”, as opposed to “Ay, satisfies the semigroup conditions and
I't, satisfies the congruence conditions”. If I'¢, satisfies the semigroup and congruence
conditions, then there exist splice quotients with resolution graph I'f,, but whether or not
there is a splice quotient of this topological type defined by an equation of the form 2" =
f(z,y) is another question. The analytic types of the resulting splice quotients are studied

in Chapter 7. For the remainder of the chapter, (p, q) denotes ged(p, q).

THEOREM 6.0.1 (Main Theorem). Assume (Xy,,0) has QHS link. Then Ty, satisfies
the semigroup and congruence conditions if and only if either
(i) (n,ps) =1, (n,p;) = (n,a;) =1 for1 <i < s—1, and as/(n,as) is in the semigroup
generated by {as_1, pr-- Ps—1, aPjr1--Ps—1 + 1< j<s—2}, or

(i) s =2, pp=2, (n,p2) =2, and (%, p1) = (%,a1) = 1.



REMARK 6.0.2. 1) The ZHS link case belongs to (i) (see Proposition 6.0.3).

2) For the so-called pathological case n = p; = 2, both semgroup and congruence
conditions are satisfied only for s = 2.

3) There are classes of (X7, 0) for which the semigroup conditions are satisfied but the
congruence conditions are not; we do not write up a complete list of these types. An
example with this property is given by n =2, s =2, p; =2, a; = 3, py, = 3, and
as = 20. The minimal good resolution graph and splice diagram for this example

are given in Figure 6.1.

FIGURE 6.1. Example for which the semigroup conditions are satisfied but

the congruence conditions are not.

Recall from Definition 4.1.1 that
o di = (n,pis1Pire--ps) for 0 <i<s—1,and ds = 1,
and, for 1 <17 <'s,
o hy = (pi,n/di); & p;=pi/hi;
° li:(ai,n/di); oa;:ai//i.
The link of (X;,,0) is a QHS if and only if for each i, either h; or h; is equal to 1 (Proposition
4.1.2(c)). We assume that this condition holds in all that follows.
The remainder of this chapter is devoted to proving Theorem 6.0.1. We treat the following

cases separately:

e hy="h, =1,

® hy

LN

1 (= hs=1),
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o hy#1 (= hy=1).
The first of these cases is the easiest to handle. The following result of Neumann and

Wahl was mentioned in Chapter 1.

PROPOSITION 6.0.3 ([16]). The link of (Xf,,0) is a ZHS if and only if the plane curve
singularity { f(z,y) = 0} has only one branch at 0 and n is relatively prime to each integer

p; and a; in the topological pairs of f.

REMARK 6.0.4. In [16], the proposition is incorrectly stated. The pairs in question are

identified as the Newton pairs instead of the topological pairs.
Clearly, n is relatively prime to each topological pair if and only if hii; =1lforl1<i<s.

PROPOSITION 6.0.5. Suppose hsﬁs = 1. Then Ay, satisfies the semigroup conditions if

and only if hih; = 1 for 1 <i<s—1, that is, if and only if the link is a ZHS.

Proor. If hiﬁi =1 for all 7, 1 <7 < s, then the semigroup conditions are satisfied. It
is not difficult to see that this follows from the second statement of Proposition 5.1.1. A
complete proof and discussion can be found in [19].

Now assume that the semigroup conditions are satisfied. Since hs; = (n,ps) = 1, there is
only one node of type vs_; (see Prop. 4.1.2), which we denote v,_;. The splice diagram Ay,
is shown in Figure 6.2.

The semigroup condition at the node v,_; in the direction of A4(vs_1) is
DA<US—1) S N(”a ps)‘

By Lemma 4.2.4,

nAg_
DA(Us—l) = — : P
hs—lhs—lds—las
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A_ (vs—l)

\vleA(Us—l) D_(US)US "
o

h571
/ Ps
A_(Us_l) h/\/

v

&

Vs—1

FIGURE 6.2. Splice diagram for hy = f;s =1
where As_1 = as_1ps—1P, + ¢s. Since p, = ps, we have A;_1 = a,, and, by definition, d;_y =

hs = 1. Thus,
n

hsflhsfl .

DA (1)3,1) =
The semigroup condition implies hs_lf;\_/l = 1. For, if not, n > n/ hs_ll;\_/l, and hence,
n/hs_lf;:l € Npg, which is impossible since hy = (n,ps) = 1.

If s =2, we are done. If s > 3, then by Lemma 5.1.3, hlﬁi =1lforl<i<s. O

The remaining (Xy,,0) with QHS link are divided into two cases:

(i) hs = (n,as) # 1;
(i) hs = (n,ps) # 1.
These lead to cases (i) and (ii) of the Main Theorem, respectively.

6.1. Case (i) (n,as) #1

The purpose of this section is to prove the following

PrROPOSITION 6.1.1. Suppose hy = (n,as) # 1. Then I'y,, satisfies the semigroup and

congruence conditions if and only if both of the following hold:
(I) hiﬁizlfm’lgigs—l,

(I) o), = as/ﬁ:@ € N(as—1, p1-- Ps—1, @Dj41- D1 + 1 <j<s5—2).
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REMARK 6.1.2. The condition (II) is clearly not always satisfied. For example, take n

divisible by as.

CLAIM 6.1.3. Assume that hil;,- =1 for1 <i<s—1. Then the following are equivalent:

(a) af, = as/l;; € N(as—1, pip2 - ps-1, aiPj+1Pj+2 " " " Ps—1

(b) Ay, satisfies the semigroup conditions,

(c) Ty satisfies the semigroup and congruence conditions.

1§j§5—2>,

Once we have shown Claim 6.1.3, one direction of Proposition 6.1.1 is clear.

Proor or CrLAIM 6.1.3. We have hil;@- =1for1<i<s—1, and hy = 1. Therefore, by

Fact DM in §4.2,

and by Fact DAT,

D_(vs) =a

D () =ar, 2<k<s-—1, and

Da(vy) = n(ps)!, for 1 <k <s—1.

The splice diagram Ay, is shown in Figure 6.3. There is exactly one node of type v; in Ay,

for 1 < k < s, which we denote v,. The leaves are denoted z, ..

as in Figure 6.3.

<y Rs—1, U1, .

- Uy, and y,

It is clear from Proposition 5.1.1 that the semigroup condition at the node v, in the

direction of A_(wvy) is satisfied for 2 < k < s — 1, and at node v;, the condition is equivalent

V1

Z0 ®

P1

ai n(pS)hS_l
{ J

az

V2

n(ps)hs_l
{ ]

D2

22

a

Vs—1

s—1

n(ps)hs_l

Vs

a’, n/lrzus

[ ]
<

‘psl

Zs—1

Ps Ps

FIGURE 6.3.
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to (a). Furthermore, one can see by examination of the splice diagram that the semigroup
condition at each vy in the direction of A 4(vx) (i.e., in the direction of vy) is always satisfied
(including in the case n = hy). Therefore, we have (a) <= (b).

It remains to prove (b) = (c), i.e., Ay, satisfies the semigroup conditions = Ty,
satisfies the congruence conditions.

Assume that Ay, satisfies the semigroup conditions. We use Proposition 2.0.10 to show

that the congruence conditions are satisfied. We repeat this result here for convenience.

PROPOSITION 2.0.10. LetI' be a graph for which the associated splice diagram A satisfies
the semigroup conditions. Then the congruence conditions are equivalent to the following:
For every node v and adjacent edge e, there is an admissible monomial M,. = [[ Z& (w

running over the leaves in A,.) such that for every leaf w' in A,

(6.1) > aw(;;;"—z';) — ey - ew/] = [dﬁtz’r)] .

wHw’
Recall (Remark 2.0.11) that there is nothing to check for edges leading directly to leaves.

By Lemma 4.2.6, we have

det(Tzn) = (ps)™ "

In Figure 6.3, it is easy to see that for any node v and any leaf w' in Ay, £, is always
divisible by (p,)h=~!. That is,
[tz =1
for any node v and any leaf w’ in Ay,,. Thus in Equation (6.1), the right hand side is always
[0] in this setting.
First we show that for all vy in Ay,, 2 <k <'s, the congruence condition for the edge
in the direction of A_(v) (i.e., the edge in the direction of v;) is satisfied for any choice of

admissible monomial. For any leaf z;, 0 < 7 < s —1, it is easy to see that ﬁzjw/ is divisible
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by (QDS)E;’1 for all leaves w' # z; in Ay,. Therefore, for any leaf w' € A_(vg), the left
hand side of Equation (6.1) is [~y €y - €] . The proof of Fact DA1 in §4.2 tells us that

A; =a;q - -as for 1 < i < s— 1. Therefore, by Corollary 5.2.2, we have

[620 : 620] = [0]7

since Aip| =as---aspy, and, for 1 < j<s—1,
[ezj 'ezj] = [0]’

since Aja; = ajyy -+ - asa;. Since all of the subgraphs A_(v;) contain leaves only of the form
z;, 0 < j <k —1, Equation (6.1) holds for all leaves in A_(vy) for any choice of admissible
monomial. In fact, we have shown that the action of the discriminant group element e, is
trivial for 0 < j < s—1.

Next, we show that for 1 < k£ < s — 2, the congruence condition at v; in the direction
of As(vg) (i-e., in the direction of v;) is satisfied for the admissible monomial Z;,, where
Zy41 the variable associated to the leaf 2,1, as described in Chapter 2. So, let o, =1
and a, = 0 for all leaves w # zpyq. For any leaf w' # zy11 in Au(vg), Equation (6.1) is
equivalent to

]~
det(T's,) ’

which is clearly true. For w’ = z41, Equation (6.1) is equivalent to

[_eszrl : €Zk+1] = [0]7

which we have shown above. Therefore, the congruence condition is satisfied, using the
admissible monomial Zj .
All that remains is the congruence condition for the node v,_; in the direction of v,.

We claim that the monomial Uy - - - Uy~ (which is easily seen to be an admissible monomial)
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satisfies the condition, where U; is the variable associated to the leaf uj,

clear from the splice diagram that

{ewj}_rw&m

_ for i - i
det(T's,) Ds ] ori 7 J,

and by Corollary 5.2.2, since each u; is a leaf of type s,

(n/hs)(a; — a
Ps

eu, - €u;] = [ )] for all j.

Hence, for each u;, Equation (6.1) for the monomial U, - - U~ is

k@_ww@m_umb@—¢>
pS pS

= [0].

IN

j < hy. Tt is

This is clearly true, since f?sa's = as. Finally, for the leaf y, Equation (6.1) for Uy --- U} is

hs

S E s
E—Ju— =1[0].
= det(l"fm)

Since £y, is divisible by (QDS)E;*1 for all j, the congruence condition is satisfied. This concludes

the proof of Claim 6.1.3.

O

Now we move on to the other direction of Proposition 6.1.1, that I'¢,, satisfies the semi-

group and congruence conditions implies conditions (I) and (II). If we show that (I) must

hold, then (II) is automatic by Claim 6.1.3. We prove that hh; = 1 for 1 < i < s —1

by showing that the congruence conditions imply that hs_lhfs\_/l = 1, then applying Lemma

5.1.3. We really do need the congruence conditions here; see the example in Remark 6.0.2

3).

CLAIM 6.1.4. Suppose that fAL; # 1. If 'y, satisfies the semigroup and congruence con-

ditions, then hs,lhf;jl =1.

100



PROOF. Since the link is a QHS and ﬁ; # 1, we know that hy = 1. The splice diagram
Ay, is shown in Figure 6.4.

We will show that the congruence condition at the node vs_; cannot be satisfied if
hs_li;; # 1. Let U; be the variable associated to the leaf u; (respectively, Y associated to
y) as labelled in Figure 6.4, and let e,, be the element in the discriminant group associated
to the leaf u;. By Proposition 2.0.10, the congruence condition at vs_; in the direction of

A s(vs_1) implies, in particular, that there exists an admissible monomial

H=Up- Uy’

such that for every leaf u;, 1 < j < h;,

14 .
6.2 by luy Oy | = ||
( ) [ det an * Zz: det an e / © ]] {det(l“fvn)}

We will show that this is impossible unless h,_ 1h 1 = 1. By Lemmas 4.2.6 and 4.2.3,

hs— ‘D— US o D_ st_ hs—1
det(T's,,) = (ps)™ " ( (/ )) _ (ps)hs 1<ps_1)hs_1 1(/—1)
s s
A—(Us—l
L JNC)
A—(Us—l

FIGURE 6.4. Splice diagram for hs #+1
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One can easily check that
[éys,luj/det(FfWH = [0],
[lyu,/ det(Tya)] = [0],
[Curay/det(Tp)] = |(aln/h)/ps] (for i # ).
and by Corollary 5.2.2,

[((as = a\)n/hy) /ps).

euj eu]] —
Therefore, for each j,
14 U Oézguu i , ﬁ; . . ﬁ/s
% " WF]) A euj'] = (Z ou-) anfhs _ ajw
Cgn) g GO g % Ps ps
- o
- [ Y agn/hs  asmn/h
i=1 Z ps ! ps

Hence the congruence condition (6.2) is equivalent to

hs T~ ~
ZO@ agn/hs ajasn/hs _ 0.

p Ps Ps

The exponents of the admissible monomial H satisfy
A(ve-) Z o | (o)™ M/l + Blpo)
By Lemma 4.2.4, A,_; = as, and Dy(vs_1) = (n/hs_ll;:)(ps)afl. Therefore we have

(6.3)

- Zaz 7/L/h +ﬁps
hs 1hs 1

If all a; > 1, then this implies that all o; must equal 1, 8 must be 0, and hs_le:l = 1.

Therefore, if hs,li;; # 1, there exists some j such that a; = 0. Then the congruence
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condition for the leaf u; is

(5+)25] -
i#j s

(Z Oéi) CLls”/ﬁs € Zps.

i#]

that is,

Since a, and n/l?s are relatively prime to p,, this implies that ), 4; i € Zps. But, by
Equation (6.3), this implies that n/ (hs_ll;\_/l) is divisible by ps, which is a contradiction.

Therefore, the congruence conditions cannot be satisfied unless all a; = 1, 8 = 1, and

—

hs—lhs—l = 1 |:|

This concludes the proof of Proposition 6.1.1.

6.2. Case (ii) (n,ps) #1

The goal of this section is to prove the following

PROPOSITION 6.2.1. Suppose hy = (n,ps) # 1. Then L'y, satisfies the semigroup and

congruence conditions if and only if

(g,al) ~ 1.

*
VAl
I

0

3
[\V}

I
U[\')
=
ks
53

I
0

S

S

S

e
=

I

Let us first assume that I'¢,, satisfies the semigroup and congruence conditions. We prove
that (%) must hold in four steps:
Step 1. The semigroup conditions imply that hs, = ps, i.e., n is divisible by p;.
Step 2. The semigroup conditions imply that hif;» =lforl<i<s—1.
Step 3. The congruence conditions imply that p, = 2.

Step 4. The congruence conditions imply that s = 2.
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Except where otherwise stated, we assume that we are not in the pathological case n = p, =
2. Recall that since the link is a QHS, ﬁ; =1 and d}, = as.

Step 1. The semigroup conditions imply that hy = p;.

CLAM 6.2.2. The semigroup condition at a node of type vs_1 in the direction of Aa(vs_1)

15 equivalent to the following: [as—as_1ps_1(ps—pl)] is in the semigroup generated

hs—lﬁs\—/lhs
by
n n n .
{h_sa’s’ asp/s (T)v h_spll"'pén h_sa;'p;ﬁrl"'p/s : 1§]§3_1}'

() Absent if 3= = 1.

Proor oF CLAIM. Let v be a node of type vs_1, as pictured in Figure 6.5. The semi-

Af(vsfl)

Af(vsfl)

—_—————— 0@ Wq

FIGURE 6.5. Splice diagram for hs # 1.

group condition in question is: D4(vs_1) is in the semigroup

Re 1 :=N(l, | wis aleaf in As(vs_1)).
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The generators of the semigroup R,_; were computed in §5.1; they are £, , £, (1), and

v 0 <j <s—1.1Itis easy to check that

s
VW
J

ngs = (n/hS>D—(US)hS_17
a}wa = p;D—(US)h5_17 and
;w‘? = (n/h‘s)pgD*(US)hSi2€;5w‘?7 0 S j S s—1.
By Claim 5.1.2, we have
(
Py Py - D_(vs)/as for =0
%Sw;: a5y Peg - Do(vs)/as for 1 <j<s—2
| oy D-(vs)/as for j =s—1.

Therefore, all generators of R, ; are divisible by D_(v,)"~!/a,. Furthermore, by Lemma

42.4,
nAs_1D_(vg)rs™1
Dl y) = " Dl
hs—lhs—lhsas
where
As—l = as—lps—lp; +qs = as — a's—lps—l(ps - p;)
Upon factoring out D_(vs)"~1/a, from all terms, the claim is clear. O

Now, since ps > pl,

n n

n
—————as — as_1ps—1(ps — pls)] < < ——as,
hs—lh's—lhs

———05 >
hs—lhs—lhs hs

and hence the first term in the semigroup in Claim 6.2.2 is too large. All of the remaining
generators of the semigroup are divisible by p/. Therefore, the semigroup condition implies

that p/, divides (n/hs,lfzg:hs)[as—(zs,lps,l(ps —pl)]. Since p’, divides p;—p’, and (as, ps) = 1,
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this implies that p. divides n/ (hs_lfz,,\_/lhs). If so, then p! must be 1, since by definition
P = ps/(n,ps), and thus (p,,n) = 1. This concludes the proof of Step 1.

Step 2. The semigroup conditions imply that hiﬁi =1lfor1<i<s—1.

From now on, we assume hy; = (n,ps) = ps (equivalently, p, = 1). Note that if n/hs =1,
then Step 2 is automatically true by definition of the h; and fz Therefore, assume that
n/hs # 1. The strategy is to show that the semigroup conditions imply that hs_lfzs\_/l =1,
and then Step 2 follows from Lemma 5.1.3.

From the proof of Step 1, the semigroup condition at a node v of type v,_ in the direction

of Aa(vs_1) is equivalent to: [as —as_1ps_1(ps — 1)] is in the semigroup generated

hs—ll’/L—s\—/lhs
by

n n n .
{a57 h—p’1~--p;_1, h_a;_l’ h—S@;p;+1 Py 1< <s - 2}-
Hence, we may write

n

n
———=—las — acapsa(ps — V)] = foas + - B,
hs—lhs—lhs 1 1 ’

hs
where
s—2
B =Y Biaipiy Py + By + Buh Py,
j=1

for some B; € NU {0}, 0 < j < s. Then we have

n n n
—— — /6 g — —B + ———  U5_1Ps— (ps — 1)
(hs—lhs—lh's 0) hs hs—lh's—lhs 1 1

= hﬁ (B + a;71p;71(ps - 1)) :

Obviously, the right hand side is divisible by n/hs # 1. Since (n, as) = 1 by assumption, this

implies that n/hg divides n/(hs_lf;:_/lhs) — 5. But

0 ———— < ———
hs—lhs—lhs

— <
hs—lhs—lhs

n
hs
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Recall that p, > 2 by definition, so the right hand side must be greater than 0. Therefore,
the only possibility is n/hs = n/(hs_lf;;_/lhs) — B, i.e., Bp = 0 and hs_lf;:l =1

Step 3. The congruence conditions imply that p, = 2.

From now on, we assume that hiﬁi =1forl1 <i¢<s—1, and hy, = p,. We show that
the congruence condition in Proposition 2.0.10 for a node v of type vs_; in the direction of
A 4(v) cannot hold unless ps = 2. The only difficulty is in notation.

By Fact DM in §4.2,

D_(v) = ag, for 2 <k <s,

and by Fact DA2,

D4(vy) = ﬁfllyg(as)psd, for 1 <k<s-—1,

Ps
where
Ay = as—asapsi(ps — 1), and
Ae = ai—appi i (pa—1), 1<k<s—2

Suppose that p; > 2. The appearance of the splice diagram Ay, associated to the minimal
good resolution graph I'"™"(X;,) is shown in Figure 6.6. (Recall that p, = 1 implies that

there is no leaf of type v5, since that string completely collapses in the minimal resolution

graph.)

FIGURE 6.6. Splice diagram for hy = p, and hifz =1lforl1<i<s—1.
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For each i, 0 < i < s — 1, there are hy, = p, leaves of type v;. We label these leaves
{zj; + 1<j<ps, 0<i<s—1},

as indicated in Figure 6.6. The leaf on the edge with weight n/p, is denoted y, and is
absent if n/ps = 1. Let the corresponding variables for the splice diagram equations be Z,,
respectively, Y. Let G be an admissible monomial for v in the direction of Ay (v) = Aa(vs—1).
We know that the variable Y cannot appear in any admissible monomial G, by the argument

in Step 2 (B = 0). Therefore,

with all «;, € NU {0} and

s—1 Ps
(6.4) D4(vs—1) = Z%zz’k (Z aj,k) .
k=0 Jj=2

(It is clear that £;, =, forall j#1.)

For convenience of notation, we make the following definition:

(

D1 Ps—1 fori=20
m(i) == 9 @y pey for 1 <i<s—2

Qs_1 fori=s—1.

Note that by Claim 5.1.2,
m(i) =, .,

for any j, where v; denotes the unique node of type v, (the central node). It is clear from

Figure 6.6 that
lyy, = (n/ps)(as)”*m(i), and

eszi = (n/ps)(as)p572m(i)a571p5717

108



for 1 <i < s — 1. Therefore, Equation (6.4) is equivalent to

s—1 Ps
DA<U571) n/ps as ps 2 IIl (Z O‘]]k) 5

k=0 =2

that is,

s—1 DPs
(65) As—l = m(k:) (Z ij,k) .
k=0 j=2
Let us consider the congruence condition in Proposition 2.0.10 for the node v in the

direction of A(v) for each of the leaves z5;, 0 <7 < s — 1. Note that

Ezj,kZQ,i - 621,1&2,1' fOI‘ any j 7é 2

Thus the congruence condition for the leaf w’ = 25, for any admissible monomial G is

equivalent to

lys, .
6.6 21 k%20 29 k22, e e, | = V2 .
(6.6) Z Za]k det(T;,) Z:Oézkdet i) T 2% G [det(F )
k=0 \j=3 1, kot 1, S
By Lemma 4.2.6,

det(T'y,) = (a,) "

For 0 <¢<s—1,

6022 i s)Ws—1FMs— )
(67) I3 — (n/p )a lp lm(l) .
det(I'y,,) Qg

Furthermore, it is clear that

(6.8) lorrons = —(ag)~*m(i)m(k), for 0 < ki <s— 1.

S

CLAIM 6.2.3. Fiz i such that 0 <i<s—1. Then

EZ k220 - S . s
e For0<k<s—1landk#i, |—=2_| = (n/p.)m(@)m(k)(ps — 1) , and
det(Fﬂn) ag

(n/ps) (m(8)*(ps — 1)} ‘

Qs

hd [ezm : 622,1‘] = |:
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Let us assume for now that the Claim is true and finish the proof of Step 3. By Equation

(6.8) and the Claim, we can simplify the left side of Equation (6.6) as follows:

[s—1 / ps 2om(m(k st 2m(k
Left side of (6.6) = (Z aj,k> M —m(i)(ps — 1) Zam i )]

_ [lrn { (z aj,k,) (k) —ps:éag,kmw)}]
_ _(n/pim(l) {As_l _pssiaz km(k)}] (by (6.5))

_ '<"/P;>m<z> { as1pe (s — 1) — p, imm(m”
_ _<”/pim<l> {—as_lps_l(ps —1) = ps iaz,km(k)}]

Therefore, the congruence condition (6.6) is equivalent to

[(n/ps)m(l) {—&51]751(]75 o 1) — Ds iaka(k)}] — {(n/ps)as—lps—lm(i)] ’

Qs as

which is clearly equivalent to
s—1
(n/ps)m(i)ps _
[—a—s to1per+ > asum(k) || = [0].
k=0
Since (as,n) = 1, this is equivalent to
s—1
(6.9) m (i) (aslpsl +) ag,kmw)) € Zas,.
k=0
Therefore, if the congruence conditions are satisfied, that implies, in particular, that (6.9)
holds for all 7 such that 0 <7 < s — 1. We must show that this is impossible.
First of all, we claim that if (6.9) holds for all 7, this implies that as divides
s—1

S:= (s—1Ps—1 + Z 052,km(k)'

k=0
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For, suppose there exists a prime factor q of as that does not divide S. Then ¢ must divide
m(7) for 0 < ¢ < s — 1. In particular, ¢ divides m(s — 1) = a5_1, and since (as_1,ps—1) = 1,
this implies that ¢ divides as_o, because m(s —2) = as_ops—1. This, in turn, implies ¢ divides
as_3, and so forth, down to a;. But m(0) = p; - - - ps_1, which cannot possibly be divisible by
q. Therefore, ¢ divides S, and thus a, divides S.

Finally, we claim that for p, > 2, it is impossible for a, to divide S, and therefore the
congruence conditions cannot possibly be satisfied. Recall Equation (6.5), which is equivalent

to

s—1 Ps
as — as—lps—l(ps - 1) = m(k> (Z a/jak) .

This implies that

s—1
ZQQ,km(k) S ag — as—lps—l(ps - 1)7
k=0
and hence
s—1
S = Ag—1Ps—1 + Z Oézkm(l{) S ag — as—lps—l(ps - 2)
k=0

But, if ps > 2, a5 — as_1ps—1(ps — 2) < as, which implies that S < a,, and hence S cannot be

divisible by a,. Therefore, we must have p; = 2 for the congruence conditions to be satisfied.

Proor or CLAIM 6.2.3. We begin with the second statement. Recall that for 1 <1 <
s — 2,
Ai = air- "%-1121@'7 and
Ai = Qs — aipip?ﬂ T 'p§_1(ps — 1),
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where A; is as defined in Lemma 4.2.4. Since 25, is a leaf of type v;, Corollary 5.2.2 implies

that, for 1 <i < s— 2,

(n/ps)(aias - azAZ)
Pils

[622,¢ : 622,1] =

~ [(n/ps)aipi,, - pii(ps — 1)1
as

Qs

_ [ (n/ps)(m(0)*(ps — 1)} '

The equality is just as easily obtained for : =0 and i = s — 1.

It remains to show that

{di?(;z;n)} _ [_(n/pS)m(iZ::l(k)(ps - 1)} ’

for 0 < k < s—1 and k& # i. Without loss of generality, we can assume ¢ < k. For

1<i<k<s—2,i#k—1, wehave/( = Da(vk)a;pis1 - -+ pr—1, and hence,

22 k22,
EZQ,kZZi _ (n/pS)Akaipi-&-l c o Pe—1
det(Ffm) Qg

_ -<n/ps>(a/s - akpkpiﬂ e ‘pg,l(ps - 1))aipi+1 T Pe—1
L Qs

_ -_<n/ps)(ps - 1)akpkpi+1 e ~p§,1 *AiPiy1 " Pk—1
L as

_ [=(0/ps)(ps — 1)akpri1 -+ Ps—1 * AiPis1 - - Pr-1PkPhs1 " Ps—1
L a’S

_ [=(/ps)(ps — m(k)m(i)
L a’S

The remaining cases are all similar and easy to check. O

Note that the proof of Step 3 is valid whether or not n/ps = 1.
Step 4. The congruence conditions imply that s = 2.
So far, we have that the semigroup and congruence conditions imply that hy, = ps =

2, hi}i =1for 1 <i<s—1,and n = 2n'. Here, we assume n’ > 1; the pathological case
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n' = 1 is treated separately below. We will show that for s > 3, the congruence conditions
at a node v of type vs_o in the direction of A4(v) cannot possibly be satisfied. Clearly, if
s = 2, there is no such node. We should note that the congruence condition at a node of

type vs_1 that we studied in Step 3 could be satisfied for s > 3. For example, take
a)p = 3, ag = 19, as = 117,
p1:27 p2:37 p3:27

and any n = 2n’ such that n’ is relatively prime to 2, 3, 19, and 117.

Figure 6.7 depicts the splice diagram in the general situation. Recall the definition

D1 Ps—1 fori =0

m(i) = aipiy1 - Ps—1 for1 <i<s—2

[ st fori=s—1.

The semigroup condition at v in the direction of A4(v) is

DA</U372) S N<DA('U571)7 AsPs—1, n/psflm(i)a 0 S ) S s — 1>

Recall that

/
DA<U5—1) = n (as - as—lps—l)a and
/ 2 2
Da(vg) = n'(as — appePiyq - Ds_q), for 1 <k <s—2.
v
ay Da(vs—2) as—1 Da(vs—1) a a Da(vs—1) as—1 ay
z0 @ . . . . . . e Yo
Jpl Jp -2 Jpsl J,L JP —1 J]n
21 Zs—2 Zs—1 Y Ys—1 Y1

FIGURE 6.7. Splice diagram for n > 2, hy = ps = 2, and hiﬁi = 1 for

1< <s—1.

113



We claim that D4(vs_1) and asps_1 cannot appear in the expression for D4 (vs_2) that comes

from the semigroup condition. Suppose
s—1
0 (as — ag_ape—2p?_y) = an'(as — s_1pec1) + Baspe—y + Y yin'm(i)pei,
i=0
with o, 3, 7 € NU{0}. If 5 # 0, then Basps—1 must be divisible by n’ > 1. By assumption,
(as,n’) = 1 since hy = 1, and (ps_1,n’) = hs_1 = 1, and hence n’ must divide 5. But then
Basps_1 > n'aps_1 > n'ay > n'(as — as_ops_op> ;) = Da(vs_2), and this is impossible.

Therefore, § = 0.

Hence, we can cancel n’ from the equation above, leaving

s—1
as — as—2ps—2p§_1 - Oé((ls - as—lps—l) + Z’Yim(wps—l‘
=0
Since m(s — 1) = as_1, we have
s—2
(a - 75—1)as—1ps—1 - (a - 1)@5 + Z’Yzm(l)ps—l + as—2p5—2p§_17
i=0

which implies (o — y5_1)as_1ps—1 > (@ — 1)as. Now suppose a > 1. Then
(@ = 7Ys-1)as—1ps—1 > (@ = 1)as > (@ — 1)2a51ps1
(since as = qs + as_1ps_1ps and py = 2.) This implies (@ — v5_1) — 2(a — 1) > 0, i.e.,
2> a4+ v 1.

But this is impossible for a > 1.

Now suppose a = 1. Clearly, v,_; must be 0, and so we have

s—2
As—1Ps—1 = Z ym(i)ps—1 + as—2p5—2p§—17
i=0

ie.,

s—2
as—1 = Z ’Yzm(z) + as_oPs_oPs—1-
=0
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But m(7) is divisible by ps_; for 0 <1i < s — 2, so this would imply a,_; is divisible by ps_1,

which is a contradiction. Therefore, o = 0, and we have

(6.10) Qs — QyoPespl ;| = Z% i)ps1.

(Note that this semigroup condition is already quite restrictive, because it requires as to be
divisible by ps_1.)
Now let us return to the congruence conditions for the node v in the direction of A 4(v) =

A 4(vs—2). An admissible monomial for v in that direction must be of the form
H=Y)" Y,
for some v; € NU {0}. The congruence condition for the leaf y,_; is

gvys _1Yi
|:det an :| [Z ’yldet an — Vs—1€ys 1 eys—1] .

We have

gvys—l _ n,a572p572a571p571
det (Fﬁn) ag ’

and, since Claim 6.2.3 is still valid in this setting,

[ s 1 _ {—n’m(s—l)m(i)

f <i<s—2
det(Ff,n) o 1, or0<1<s , and

[ey571 ’ ey571:| as

[n’(m(s - 1))2} .

Thus the congruence condition is equivalent to

s—1
N as—oPs—205-1Ps—1 nas_q .
] < | (Lo |

that is,

s—1
nas 1 <as 2Ps—2Ps— 1+Z'% ) EZCLS

=0
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Since (as,n’) = 1, we must have
s—1
As—1 (as—st—st—l + Z/Yzm(l)> = Nas
i=0
for some N in Z. If we multiply both sides of this equation by ps_; and apply Equation

(6.10), we get
a571a572p572p§—1 + asfl(as - a572p572p§—1) = Naspsfla

i.e., a;_1 = Nps_1. This implies p,_; divides as_1, which is a contradiction.

Therefore, we have shown that if s > 3, then the congruence condition for the node v of
type vs_o in the direction of A 4(v) cannot be satisfied for the leaf y,_;. Hence, the congruence
conditions imply that s = 2. This concludes the proof (except for in the pathological case)

that I'f,, satisfies the semigroup and congruence conditions implies ().

Finally, we show that (%) implies that the semigroup and congruence conditions are

satisfied. Let n = 2n' for n’ > 1. We have D_(vy) = as and

Da(v1) =n'(ag — a1p1) = n'(q2 + a1pr).

The splice diagram in this situation is shown in Figure 6.8. The only semigroup condition

that needs to be checked is

Da(v1) € N{ag, n'ay, n'py).

ay D (v1) as as D (v1) a1
Z0 ® o  — e - " e ® Yo
Jpl Jn’ Jm
Z1 w Y1

FIGURE 6.8. Splice diagram for (x), n > 2.

116



Since a; and p; are relatively prime, the conductor of the semigroup generated by a; and
py is greater than a;p;, hence a;p; + ¢ is in the semigroup generated by a; and p;, and
therefore this semigroup condition is satisfied. It is easy to argue that a, cannot occur in
the semigroup representation of D4(v1) (see the proof of Step 4 above).

Now we must check that the congruence conditions are satisfied. We need only check
them for the central node and the left-most node, since the conditions for the right node will

be the same as for the left. Recall that by Lemma 4.2.6,

det(Ffvn) = a2.

By Corollary 5.2.2, we have

[ (prag — (a2 —aipr)p1) | n'p}
[eZo ' 620] - - )
a10az )

€2 '62’1] -

{n«al ~ (s - alpl)m)] _ [n’a?] |

p1az az

We also have

Cepz _ n'(az — aip1) _ —n'a1p
det(rf,n) a2 a9 '
The linking of number of the central node with any leaf is divisible by as, so for the central

node, the congruence conditions are equivalent to the following: there exist ay and «; in

N U {0} such that as = agp; + a1ay,

—na n'p?
{al—lpl — ap pl] = [0], and
(05} (05}
—n'a1p n'a?
|:Oéo — (X7 ! = [0]
a9 a9

But these conditions are obviously both satisfied for any «q, «; such that as = agp; + aza;.
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Similarly, for the left-most node v, we know that there exist 3, and 3; such that Byp; +
(ra1 = as — a1py. The congruence condition for the leaf w is trivially true, so the congruence

conditions for the left node are equivalent to

! ! 0n2 ! 2
o ) [dont]
Qo Q9 (05}
—n'a1p; n'a? n'pia?
{50 & B @ = @ .

These conditions are also both satisfied for any such 3y and ;.
Therefore, aside from the pathological case, we have finished the proof of the Main

Theorem 6.0.1.

The pathological case.

For the pathological case n = p, = 2, Steps 1 through 3 from the proof of Proposition
6.2.1 are automatically true. We have only to prove that if I's,, satisfies the semigroup
and congruence conditions, then s must be 2. The splice diagram is pictured in Figure 6.9.
We can use essentially the same argument as in Step 4 above to show that for s > 3, the
congruence conditions at the node v of type vs_5 in the direction of A4(v) cannot possibly

be satisfied for the leaf y,_;.

v
al Al As—2 A~s—2 As—1 A~.c—1 A"s—l As—1 Al al
zZ0 @ @ e L J L ] { ] e L J ® Yo
p1J ps—2J p —1J Jps—1 P1
z1 Zs—2 Zs—1 Ys—1 Y1

FIGURE 6.9. Splice diagram for the pathological case, s > 2.
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Recall the definition

D1 Ps—1 fori=20

m(i) = 9 apip1-psg for 1 <i<s—2

[ s fori=s—1.

The semigroup condition at v in the direction of A4(v) is
AS,QEN<AS 1, Ps—m(i), 0 <i<s—1).
Recall that

Asfl = Qs — Gs—1Ps—1, and

A, = as—akpkpiﬂ'“pip for 1 <k <s-—2

(see the end of §5.1). We claim that A,_1 cannot appear in the expression for A,_, that

comes from the semigroup condition. We have

s—1

ag — as—2ps—2p§71 = Oé(CLS - as—lps—1> + nyzm(wps—l
=0

Precisely the same argument as in Step 4 above shows that a = 0, and we have

s—1

(611) g — Ag—2Ps— 2275 1 _Z’YZ ps 1
=0

Now let us return to the congruence conditions for the node v in the direction of A 4(v).
Suppose the semigroup conditions are satisfied, and let H = Y;° ---Y,*]" be an admissible

monomial for v in that direction. The congruence condition for the leaf y,_; is

Uys 1
det Ff n

Ys—1Yi
Z’)/Zd.et an - rys_leys—l ’ ey51] N

Clearly,

g"—’ysfl _ As—2Ps—20s5-1Ps—1
det(I’fm) Ag ’
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and, for 0 <1 <5 — 2,

gys_lyi _ —As—lm(i>/ps—1
det(Fﬂn) ag !

_ -_aslpslm<i>/p31:|

Corollary 5.2.2 holds for 0 < k£ < s — 1 in the pathological case, so

[eysfl ' eysfl:l =

(s_10s — Ag_105_1 . ~
- i (since Ag_1 = A1)
Ps—10s

_ -as—l[as—lps—l]:|
Ps—10s

Thus the congruence condition is equivalent to

|:as—2ps—2js—1ps—1:| _ [_“;;1 (i %m(i)>] :

=0

that is,

=0

s—1
As—1 (as—2p5—2ps—1 + Z%m(z)) = Nas

for some N in Z. If we multiply both sides of this equation by p,_; and apply Equation

(6.11), we get

As—10s = Naspsflu
i.e., as_1 = Nps_1. This implies p,_; divides a,_;, which is a contradiction. Therefore, the
congruence conditions cannot be satisfied for s > 2.

It only remains to check that the semigroup and congruence conditions are satisfied for

s = 2. The splice diagram is shown in Figure 6.10.
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a1 Da(vi) Dyg(vi) ay
z0 @ L

® Yo

p1 P1

*——
*———

Z1 Y1

FI1GURE 6.10. Splice diagram for the pathological case, s = 2.
Here, D4(v1) = as — a1p1, so the semigroup conditions are satisfied, as discussed above.

It is easy to check that the congruence conditions are also satisfied.
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CHAPTER 7

The splice quotients

Theorem 6.0.1 characterizes the (Xy,,0) = ({2 = f(z,y)},0), with f irreducible, that
have the topological type of a splice quotient. That is, the Theorem characterizes those
for which the resolution graph I'y,, satisfies the semigroup and congruence conditions, and
hence those for which there exist splice quotients with resolution graph I'f,,. In this chapter,
we study the analytic types of the splice quotients that result from the Neumann-Wahl
algorithm. Recall that the Neumann-Wahl algorithm produces a family of singularities
via the splice diagram equations, and thus, upon taking the quotient by the action of the
discriminant group, a family of splice quotients with resolution graph I'f,,. It is important
to understand that if one begins with an arbitrary analytic type of (X7,,0), there need not
be a splice quotient of that analytic type. By considering specific analytic types of the splice
equations, we show that in both cases, there exist splice quotients defined by an equation of
the form 2" = g(z,y), which is not clear a priori.

In each case, we begin with the splice diagram Ay ,, and write down a set of splice diagram
equations that (automatically) defines an isolated complete intersection singularity (Y, 0),
and compute the action of the discriminant group D(I'y,,) on (Y,0), as described in Chapter
2. We then compute the quotient of (Y, 0) under the group action; the resulting singularities
are splice quotients with resolution graph I'¢,,. We must choose the equations for Y carefully
in order to end up with quotients of the form {z" = g(z,y)}. In each case, we also give some

concrete examples.



7.1. Case (i) (n,as) #1

The goal of this section is to prove the following

THEOREM 7.1.1. Let n be an integer greater than 1, and suppose that f(z,y) = 0 defines
an irreducible plane curve singularity with topological pairs {(p;,a;) : 1 <i < s} that satisfy
the following conditions: (n,ps) =1, (n,p;) = (n,a;) =1 for 1 <i <s—1, and as/(n,as)
is in the semigroup generated by {as_1, p1---Ps—1, @Pj+1---Ps—1 : 1 <j <s—2}. Then
there exists a splice quotient that is defined by an equation of the form 2" = g(x,y), where g

is irreducible and has topological pairs {(p;,a;) : 1 <i < s}.

For any (Xy,,0) that satisfies these conditions, the link is a QHS and the resolution
graph I'y,, satisfies the semigroup and congruence conditions (Case (i) of Theorem 6.0.1).
In the case that the link of (X,,0) is a ZHS (n relatively prime to all p; and a;), the
splice equations were studied by Neumann and Wahl in [19] (see below for some details).
Therefore, we assume that A, = (n,a,) # 1.

The cases n/ hs # 1 and n/ hs = 1 are different enough to warrant separate treatment.

n/ f; # 1. We must recall the notation used in the proof of Proposition 6.1.1. The splice
diagram Ay, for Case (i) is reproduced in Figure 7.1. Recall that e, , respectively e,;, €,
denotes the image in the discriminant group D(I's,,) of the dual basis element associated to

the leaf zj, respectively u;, w (see Chapter 2). The capital letters Zy, U;, and W are the

v1 _ v2 _ Vs—1 N Vs
hs—1 hs—1 hs—1 ’ ~
ai n(ps)"s az n(ps)"s as—1 n(ps)"s ag n/hs
zZ0 @  r—0——— — — — L @ ® w
p1 D2 Ps—1 Ps Ps
hs
[ ] [ ]
21 z2 Zs—1 w1 Uhy

FIGURE 7.1. Splice diagram for Case (i), n/hy # 1.
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variables for the splice equations associated to the corresponding leaves. Recall that D(I'y,,)
has order (p,)h=—1,
It is easy to check (refer to the analysis of the congruence conditions in §6.1) that the

discriminant group elements e,, act trivially on the all of the variables. Therefore, the action

of D(I'y,) is generated by the elements e,;, 1 < j < hs. This action is given as follows:

e, Uy = |l g, i#
ew U = [_(n/ﬁ;xas—a;)} U;,
(7.1) I be
€u].'Zk :Zk7 OSI{ZSS—L
[ Cu - w =W

In §6.1, we determined admissible monomials that satisfy the congruence conditions for
every node and adjacent edge. The discriminant group acts trivially on every such admissible

monomial. For 2 <k <s, let

k—1
My(Zo, .., Zr—1) = [[ 27
=0

be an admissible monomial for the node v, at the edge leading towards A_(vy) (i.e., in the
direction of the leaf zy). Since all Zj are invariant under the action of the discriminant group,
we can choose any admissible monomial for the splice equations. For 1 < k < s — 2, there is
only one admissible monomial at vy in the direction of A4(vg), namely Zy, 4. Finally, there
is only one choice of admissible monomial for v,_; in the direction of A(vs_1) that will also
satisfy the congruence conditions, and that is Uy - - - Up-.

For the sake of simplicity, we will write h instead of i:s from now on.
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The following is a set of splice equations for Ay,, which define an isolated complete

intersection singularity (Y, 0):

( )
Z3 4+ 02V +eZy+H = 0

MQ(ZQ,Z1)+[)2Z§2+CQZ3+HQ = 0

(72) My 5(Zo, ... Zo—g) + bs2ZF + ¢ 0Zs 1+ He g = 0
2

My 1(Zoy ..., Zs—2) +bs 1207 + s Uy U+ Hiy = 0

UP +diMy(Zo, -+ Zoa) + LW+ G, = 0

\ UP + dyMy(Zo, -+ Zg1) + LW+ G, = 0 )
where b, and ¢; (1 < k < s — 1) are nonzero complex numbers; d; and f; (1 < j < h) are
nonzero complex numbers such that d; f; —d; f; # 0 for alli # j;each H, (1 <k <s—1)isa
convergent power series with all terms having vg-weight greater than or equal to axprn(ps)"
and each G, (1 < j < h) is a convergent power series with all terms having vs-weight greater
than or equal to a(ps)"(n/h). Furthermore, we require that the Hjy and G, be invariant
under the action of the discriminant group as well.
In order to compute the quotient of (Y,0) by D(I'y,,), we first need the subalgebra of

CllZo,. .., Zs-1,Uy,...,Up, W]| that is invariant under the action. We have already stated

that the Z,, and W are themselves invariant.

LEMMA 7.1.2. The subalgebra of C[[Uy, ..., Uy]] of elements that are invariant under the

action of the discriminant group D(I's,,) given in (7.1) is generated by

U; == U, 1<j<h, and

Vi o= U---Up,.
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PROOF. Suppose the monomial M := Uy --- U™ is invariant under the action of D(I';,,).
We can assume all a; < ps; otherwise, we could factor out a power of U;. We can also assume
that at least one of the o is zero, because otherwise we could factor out a power of V. The
element e,, in D(I'y,) transforms M by the character

a, - n/h Clas—a)on/h | falon/h [
N R

k]

(recall that a, = ha). Therefore, M is invariant under all e, if and only if

h
a;% {Z g — hozj} € 7Z - p, for all j.
k=1
Since (al, ps) = 1 and, by assumption, (n,ps) = 1, this is equivalent to

h
Z&k — haj € Z - ps for all j.
k=1

Consider, for 1 < 5 < h,
h
ha; = Nips + Y on,
k=1

with N; € Z. Recall that we can assume that at least one of the «; is zero, say, a; = 0. Then

h
0= Nlps + Zak'
k=1

Therefore, for any o; > 0, we have
haj = Njps — Nips = ps(N; — Ny).

Since (h,ps) = 1, any nonzero «; must be divisible by ps;. But we have assumed that all

a; < ps, and therefore all a; = 0 and M = 1. 0]

Clearly, these invariants satisfy
Vps - Ul c 'Uh'
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We can now rewrite the splice equations (7.2) in terms of the invariant monomials. Since we
are only looking for a particular analytic type of splice quotient, we can simplify things by

setting all of the Hj and G; equal to 0, and all of the b; and ¢; equal to 1. Then we have

i+ 720+ Zy = 0

MQ(Z(],Zl)—l-ZgQ‘i‘Zg - 0

Mo(Z0, -, Zss) + 275"+ Zor = 0
Ms—l(ZO, ceey Zs—2) + Z§i711 _|_ V _ 0

Ul+d1Ms(ZO7"'Zsfl)+f1Wn/h =0

U+ dpnMy(Zy, - Zg 1) + fW™h = 0

\ Ve

The local analytic ring of the quotient of (Y,0) by D(I';,,) is therefore C[[{Z,}, {U;},V, W]

modulo the ideal generated by V?s = U, --- U, and the equations (7.3).

It is clear that we can iteratively solve for Z,, Z3,...,Zs 1 in terms of Z; and Z;. That
is,
ZZ - _(Z[()ll + Z{JI) = 92<Z07Z1)7
Zy = —(Ma(Zo, Z1) + Z57)

= —(Mx(Zo, Z1) + (92(Z0, Z1))P?) =: g3(Z0, Z1),

and so forth, until we have

Zy = gx(Z0,Z1), 2<k <s—1.
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Therefore, we can rewrite the admissible monomials M, as polynomials in Z; and Z; only.

In particular, let

—_—~—

M 1(Zo, Zv) = Ms1(Zo, Z1,92(Z0, Z1) - .., gs—2(Z0, Z1)), and

M(Zo, Z1) = Ms(Zo, Z1,92(Z0, Z1), - - - 9s-1(Zo, Z1))-
Now, consider the equation
My s(Zo, .. Zs2) + 237 +V =0
from (7.3). Clearly, we can solve for V' in terms of Zy and Z, as follows:

V - —[MS,1<Z(),...,ZS,2) +Z§i711]

—_~—

= —[M1(Zo, Z1) + (95-1(Zo, Z1))P* ]

= V(Z(), Zl)

Similarly, from the equations Uj +diM(Zy, - Zs—1) + fjW"/h = 0, we can solve for Uj in

terms of Z,, Z;, and W:

U, = —[d;M,(Zo, Zy) + f;W™").

Finally, since VP = U, - -- Uy, we have
o~ h —_—~
(7.4) V(Zo, 201 = (~1)" ] [1d;M(Z0, Z0) + f; /7).
j=1
This equation defines a hypersurface in C3* with coordinates Z,, Z;, and W. It is a splice

quotient by definition, and it has the same resolution graph as the (Xy,,0) whose data we

began with.

REMARK 7.1.3. The end curve functions can be seen in Equation (7.4).
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Let ¢ := Zy, y := Z1, z := W; let f; =1 for all j; and let d; = —(¢?, where ( is a

primitive h-th root of unity. Then (7.4) becomes

(7.5) V(e y)" = (=1)"" = [M(2,9)]"],

and hence,

We claim that

is irreducible. If so, then g must have topological pairs {(p;,a;)} by the following result of
Mendris and Némethi. (Recall that the topological pairs can be recovered from the Newton

pairs and vice versa.)

THEOREM 7.1.4 ([8]). Let f : (C?,0) — (C,0) be an irreducible plane curve singularity
with Newton pairs {(pi, ¢;)}5i_1, s> 2, and let n > 2 be an integer. Let Lx be the link of the
hypersurface singularity (X,0) = ({f(z,y)+2" = 0},0). If Lx is a rational homology sphere,

then from the link Lx one can completely recover the Newton pairs of f and the integer n.

The statement holds in greater generality, but we have stated only what we need in order
to avoid complications.

In order to prove that g is irreducible, we will write down the splice equations in the
ZHS case, and show that the same polynomial g arises in the splice type equations. Take a
positive integer NV that is relatively prime to all p; and a,. The splice diagram A for (X x,0)

is in Figure 7.2 A set of splice equations for this A is given by
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FIGURE 7.2. Splice diagram for the ZHS case.

(

I3+ 20+ 2, = 0
MQ(Z(], Zl) + Zgz + Zg - 0
(7.6)
My o(Zo,..., Zes)+ 2037 +Zs1 = 0

Ms_l(ZQ,...7ZS_2)+Z§i_11 +U - 0

Ns(Zo,"'Zs_l)—i—Ups +WN =0
\ Y,

It should be clear that we can use precisely the same admissible monomials My, 2 < k < s—1,

as we did in Equations (7.3) above. On the other hand, for an admissible monomial

s—1

No(Zo,- - Zor) = [] 22,
k=0

we cannot use M as in (7.3). The exponents for Ny satisfy

s—1
§ /

as == /Gkgvszk?
k=0

whereas the exponents ay for M, satisfy

s—1
a, = Z al,, .. -
k=0
It should be clear that the £, _ are the same for both splice diagrams (Figure 7.1 and Figure

7.2). However, since a}, = a,/h,
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is an admissible monomial for the node vy in the ZHS splice diagram, i.e., we can use
N, = Msh in the last equation of (7.6). Now, solving iteratively for Z,, Zs,...,Z, 1, and

then U, in terms of Zy and Z;, one obtains

U =V(Z, Z1),

where V is exactly the same polynomial as before. The last equation in (7.6) is equivalent

to

WY = — (V(Zo. 20" + N2, 21)).

where Ny(Zo, Z1) = Ny(Zo, Z1,92(Zo, Z1), . ., §s—1(Zo, Z1)), with g;, as defined above. Fi-

nally, if we let N, = M, we have
WY = — (IV(Zo, 201" + [M,(Zo, Z0)]")

By construction, this equation defines a hypersurface with ZHS link, and therefore the curve
on the right hand side is irreducible by Theorem 6.0.3 of Neumann and Wahl.
This concludes the proof of Theorem 7.1.1 in the case that n/ hs # 1, and we now present

some concrete examples.

ExAMPLE 7.1.5. We begin with a simple example:

5227 p1:27 p2:27

n=2>5 a =3, ay=15.
The splice diagram A is shown in Figure 7.3. The following is a set of splice equations for
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A, asin (7.3) :

73+ 7 + D UpUsUyUs = 0

Ul +W°+diZ; = 0

L U52+W5+d5Zl - O)
Note that Z; is the only admissible monomial at the node on the right in the direction of

z0. Let @ := Zy, y := 71, z := W, and d; = —(?, where ( is a primitive 5th root of unity.

Equation (7.5) in this case is

and therefore
2B = f (2% )2
The computer algebra system SINGULAR verifies that the plane curve singularity defined
by
W (2 y?)? =0
is irreducible, and has 2 topological pairs, (2,3) and (2, 15), as we expect. Note that changing

n would not make any difference in the computation, as long as n remained divisible by 5

and relatively prime to 2 and 3. The resulting splice quotient would be 2" = 3® — (23 + y?)2.

FIGURE 7.3. Splice diagram for Example 7.1.5
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EXAMPLE 7.1.6. Here is another simple example:

8227 p1:37 p2:37

n=4, a, =05, ay=46.
The splice diagram A is shown in Figure 7.4. The following is a set of splice equations for
A:

2o+ Z3+UU;, = 0

Ub+W?+ ZyZ{ = 0

| U3+ W - 22} = 0

/
In this case, we have a choice of admissible monomials for the node on the right in the

direction of zy; we could use Z8Z, instead of ZyZ}. Let x := Zy, y := Z;, and 2z := W. Then

—(2° + ¢°)° = (2* + ay*) (2* — zy?),

and therefore
A :Bst _ (355 1 y3)3.

Again, SINGULAR verifies that the plane curve singularity defined by

2t — (P4 PP =0

20 @ o ——————————————

23 2
o——— o0 w
/ \
ul u

FIGURE 7.4. Splice diagram for Example 7.1.6

5 12
3

Z1
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is irreducible, and has 2 topological pairs, (3,5) and (3,46), as expected. Using the other

admissible monomial mentioned above yields

24 — (Equ _ (:E5 4 y3)3.

ExAMPLE 7.1.7. Now we present a slightly more complicated example:

s=3, p1=2, pp=2, p3=2,
n=15 a1 =7, ay; =29, az=129.
The splice diagram A is shown in Figure 7.5. The following is a set of splice equations for
A:
25+ 734+ 2Zy = 0
ZN 2+ Z3+ U UU; = 0
U+ W+ diZnZy = 0

U+ W+ dsZ1Zs = 0

U§+W5+d3Z1Z2 — 0

Again, let  := Z,, y := Z1, and z := W. Then

Z2 = —(1'7 + y2)>

and thus

leg = —y(.fE? + y2)

Z0 @

]
]
]
°
S

FIGURE 7.5. Splice diagram for Example 7.1.7
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Therefore, Equation (7.5) in this case yields

[.Clﬁlly + (1’7 + y2)2]2 _ H(ZS _ djy(x7 + y2))‘

Let d; be the jth power of a primitive third root of unity, and we have
A = BT ?) - ety o+ (27 y?)Y)R
Again, SINGULAR verifies that the plane curve singularity defined by
"+ 97 = My + (@ + ) =0
is irreducible, and has the three expected topological pairs.

n/ f?s = 1. We proceed analogously in the case n/ fzs = 1. The splice diagram is shown in
Figure 7.6. The action of the discriminant group is precisely the same as in (7.1), only in

this case, there is no variable W. We begin with a set of splice equations, which are only

v1 V2 Vs—1 Vs
n—1 n—1 n—1 /
al n(ps) az n(ps) as—1 n(ps) A
2z 00— — — — —— 0 { ]
P1 P2 Ps—1 DPs Ds
n
®
21 z2 Zs—1 Ul Unp

FIGURE 7.6. Splice diagram for Case (i), n/h, = 1.
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slightly different from those in (7.3):

( 3

I3+ 20+ 2, = 0

MQ(Zo,Zl)—FZgQ—FZg = 0

Ms—2(Z()7 SR Zs—3) + Zfi_QQ + Zs—l =0
Ms_l(ZQ, ey ZS_Q) + Zfi_ll + U1 et Un — 0

U + diMy(Zo, -+ Zs—1) + fLUPs = 0

Urzz;il + dn—lMs<ZO7 o Zs—l) + fn—lUgs =0
\

/

where, as before, d; and f; (1 < j < n — 1) are nonzero complex numbers such that

difj - d]fz % 0 for all 4 # j

Let (Y, 0) be the isolated complete intersection singularity defined by (7.7). Lemma 7.1.2

still applies, and we can compute the quotient of (Y,0) by D(I';,) as above.

there exists a splice quotient of the form

n—1

(7.8) [V (Zo, 201 = (—=1)" T, [ [[4;M(Zo, Z0) + T,

Jj=1

which defines a hypersurface in C?® with coordinates Zy, Z;, and U,,.

Now, let = := Zy, y := Z;, and let f; =1 for all j. Then (7.8) becomes

(7.9) P = ()T [[O0+ )
Now, if we let z := U, + Z\A/[;(x, y), we have
(0" )l = [z = M) [Tl - (1= di) M, )]
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Finally, let d; = 1 — (7, where ( is a primitive n-th root of unity, so that 1 — d; = ¢/, and

hence

2= M@, y)]" + (1) [V (2, )]

The argument that we used above for n/ hs # 1 can be used here to prove that

—~ ~

9(x.y) = [M(2,y)]" + (=1)" [V (2, 9)"

is irreducible, and hence has topological pairs {(p;, a;)};_;. The following example will show

that this case is hardly different from the case that n/ I # 1.

ExAMPLE 7.1.8. Consider this example:

n=3, a=7, ay=29, az=129.
This is the same as Example 7.1.7, except that here n = 3 instead of 15. The splice diagram

A is shown in Figure 7.7. The following is a set of splice equations for A:

( )

Zi+Zi+2Zy = 0
ZNZ, + 23+ U DU = 0

Ut +U2+diZ1Zy = 0

U22 + Ug +d2Z1Z2 - 0

Z0 @

Z1 22 U1 u2 us

FIGURE 7.7. Splice diagram for Example 7.1.8
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Let x := Zy and y := Z,. Then
Z2 = _(x7 + y2)>
and thus

leg = —y(l'7 + y2)
In this case, Equation (7.9) is
[y + (@ +y?))? = Us(Us — duy(a” +*))(Us — day (2" +y7)).

If we make a change of coordinates, z := Us + y(z7 + y?), and Let dj = ¢’ — 1, where  is a

primitive third root of unity, we have

[y + (27 + )P = 2 = P T+ )

23 — y3(x7 4 y2)3 4 [$11y 4 (567 + y2)2]2.
We have already checked that the plane curve singularity defined by
v (@' + ) + ety + (2T + )P =0
is irreducible, and has the three expected topological pairs.

7.2. Case (ii) (n,ps) #1

THEOREM 7.2.1. Let n be a positive even integer and suppose that f(z,y) = 0 defines
an irreducible plane curve singularity with two topological pairs, (p1,a1) and (2,az), such
that (n,as) = (5,a1) = (5,p1) = 1. Then there exists a splice quotient that is defined by an

equation of the form 2" = g(x,y), where g is irreducible and has topological pairs (p1,a1) and

(2,az).
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For any (Xy,,0) that satisfies these conditions, the link is a QHS and the resolution
graph I';,, satisfies the semigroup and congruence conditions (Case (ii) of Theorem 6.0.1).
This time, let us begin with the pathological case. We have s =2, n = p, = 2, and hthl = 1.
The splice diagram Ay, is given in Figure 7.8.

Recall that D4(v1) = ag —aip1, and the order of the discriminant group D(I's,,) is as. As
always, e, respectively e, denotes the image in D(I'y,,) of the dual basis element associated
to the leaf y;, respectively z;. The capital letters Yy, Y1, Zp and Z; are the variables for the
splice equations associated to the corresponding leaves.

Let us order the variables as follows: (Yp, Y1, Zo, Z1). Then for any leaf w in Ay,,, we de-
note the diagonal action prescribed by the Neumann-Wahl algorithm of e,, on (Yy, Y1, Zy, Z1)

by

Cw F [Ew * €yps Ew * €y €yt €xpy €y Exy]

It is easy to check the following (see §6.2):

— 9 -
—pP1 —aipr P71 mp1
eyo = ) y T J
| Q2 a2 az Az |
_ 9 91
—aipr —aiy aipr ay
6:1/1 — ) ) P )
| a2 a2 az Az |
- 9 _
Py aipr —p7 —aip
€ ™ | —> y ) )
| G2 Q2 a2 az |

Y Y Y

2 2
aipr ay —mpr —aj

€y — .
a2 Q2 a2 a2

a1 Da(v1) Da(vi) a1
20 @ o 0 ® Yo
Jpl Jpl
Z1 Y1

FIGURE 7.8. Splice diagram for the pathological case.

139



We claim that the action of discriminant group is actually generated by

Since we know that any three of the four elements above generate the discriminant group
([18], Prop. 5.3), and e, = e for i = 1, 2, then clearly, e., and e., generate. Since a; and

py are relatively prime, there exist integers M and N such that Mp; + Na; = 1. Then

p1 a1 —p1 —aq
ei\gerH —_——,—, —
a2 Q2 Az az

and it is not difficult to see that this element has order as.

A set of splice equations for Ay, is
78 4+ 0 20 + e YOYP + H = 0
Y 4 b Y 4 6, 2820 + Hy = 0
where the b; and ¢; are nonzero complex numbers, H; and Hy are higher weight power series

in the appropriate sense, and
apy + Bay = az — aipx.

It is easy to check that the congruence conditions hold for any such choice of o and 3. We

must also require that H; transforms by the character [_‘;1273 1} under the action of e, and H,
transforms by [%] .
a2z

Let H = Hy = 0, and by = by = ¢ = ¢ = —1, and let (Y,0) denote the singularity

defined by

5 = 24y
(7.10)
vt = Y+ 252
We will compute the quotient of (Y,0) by D(I'y,,). Note that the product of any admissible

monomial from the first equation and any admissible monomial from the second equation
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is invariant under the group action. In fact, one can show that the subalgebra of the local
analytic ring of (Y,0) of elements that are invariant under the action of the discriminant

group D(I';,,) given by e is generated by
(7.11) A:=YyZy, B:=Y12,,C = Z$ZV™" and D := Yy

For now, assume that this is true. The proof is at the end of the section. These invariants

satisfy the following relations:
CD = A*B°™ and C' + D = A" — B" — A°B”.
Therefore,
C(C — A" + BP* + A*BP) = —A“BP,

that is,

1 !
{C — i(A‘“ — B — AO‘BB)} = Z(A“1 — BPt — A*BP)2 — A*BPtPr
Hence, there exists a splice quotient of the form {2? = g(z,y)}. Let z := A, y := B, and

z=:2(C — }(A" — B" — A*BP)), and we have
(7.12) 22 = (x™ — Yt — :anﬁ)Q — 4gyPr,

In [6], H. Laufer proves that if the link of a singularity defined by an equation of the
form 2z? = g(z,y), with g reduced, has QHS link, then the link uniquely determines the
equisingularity type of g. Therefore, since the singularity defined by (7.12) has the same
resolution graph as ({2 = f(x,v)},0), where f is irreducible and has topological pairs

(p1,a1) and (2, az), then
g(x, y) = (xal - ypl — l‘ayﬂ)Z — 4xay5+291
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must also be irreducible with topological pairs (p1,a;) and (2, as).

ExAMPLE 7.2.2. Consider the following example:
n=2 p=3, p2=2,
a; =95, as =31l
The splice diagram A is shown in Figure 7.9. The following is a set of splice equations for
A as in (7.10):
Zy = Z}+YFYY?
Yo = YW+Z44

The action of Z/317Z is generated by
3 5 3
31731731731 |
In this case, we have invariants

A= 7Yy, Bi= 211, C:= 7277, and D := Y2Y?,

and Equation (7.12) is
22 = (20 — o — a2y?)? — Aoyl
For good measure, SINGULAR confirms that

(lj - y3 o x2y2)2 . 4x2y5 =0

is irreducible, and has topological pairs (3,5) and (2, 31).

5 16 16 5

]

Z1 Y1

Z0 ®

FIGURE 7.9. Splice diagram for Example 7.2.2
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The rest of Case (ii), s = 2, p» = 2, n = 2n/, and hih, = 1, is a generalization
of the pathological case. The splice diagram is shown in Figure 7.10. Here, D(v;) =
n'(az — a1p1), and the discriminant group still has order as. Let us order the variables as

follows: (Y, Y1, Zo, Z1, W). It is easy to check the following (see §6.2):

1.2 / 1,.2 /
—n'pf —n'aipy n'pi n'aipy

eyo = ) ) ) 70 )
] ag a2 Q2 ]
[—n'aipy —n'a? n'ayp; n'a?

eyl = ) I ) 70 )
| Qa2 az as az |
T2 1 1,2 ' 7
npy napr —np;y —napr 0

eZO — b b ) ) )
) ¢5) a2 a2 ]
n'aypy n'a? —n'aypy —n'al

ezl = ) ) ) 70 )

ag ag a2 a2

ew — [0,0,0,0,0].

Analogous to the pathological case, the action of discriminant group is generated by

n'py n'a; —n'p1 —n'ay
6 — ) ) ) ) O
a2 a2 a2 a2

This element has order as, since n’ is relatively prime to as, and n’, a1, and p; are pairwise
relatively prime. Note that this e is “the same” as the generator in the pathological case

above, meaning the two elements have the same action on C[[Yy, Y1, Zo, Z1]].

ay D (v1) as as D (v1) a1
Z0 ® o  — e - " e ® Yo
Jpl Jn’ Jm
Z1 w Y1

FIGURE 7.10. Splice diagram for Case (ii), n > 2.
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One particular set of splice equations is

4 )

Zy = Ay
(7.13) Yo = YP 4 2078 =z
\ Wn/ _ Zngﬁerl . }/Oa}/lﬁerl )

where
apy + Ba; = az — aip1.

(See the proof of Propostion 6.2.1.)

Since that the first two equations are the same as the splice equations we used in the
pathological case, and that the third equation is invariant under the action of D(I'y,,), one
can see that the subalgebra of invariants is generated by A, B, C, D (as defined in (7.11)),
and W.

We have the following relations between the invariants A, B, C, D, and W:
CD = A*B**" O —D=W", and
C+D=A" - B" — A*B’.
We can easily write C' and D in terms of W, A, and B :
1 n’ a anp
E(W + A" — B — A°B”), and
1 ,
D = —§(W" — (A" — BPr — A*BFY).

Therefore,

i(W"’ + A% — BP— A°BF) (W™ — (A — BP' — A°BP)) = —A°BH

and hence,

W' = (A" — B — A°BP)? — 4A*BPP,
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If welet x := A, y := B, and z := W, then we have shown that there exists a splice quotient

defined by an equation of the form
2" = (2% — yPr — 2%yP)? — 4yl

which is precisely the equation that we got in the pathological case n = 2. We have already

shown that

g(z,y) = (™ — yP* — 3%y?)? — 4oyt

is irreducible with topological pairs (py, a;) and (2, ag).

All that remains in the proof of Theorem 7.2.1 is to prove the following
LEMMA 7.2.3. Consider the subalgebra of the local analytic ring of (Y,0),
Oy = C[[Yo, Y, Zo, Z2)|/(Z5* = 2 =YY, Y§* =Y = Z3 7)),

that is invariant under the action of Z/asZ generated by

This subalgebra is generated by
A=YZy, B:=Y17,,C := Zngﬁ+p1, and D = Yz)aylﬁﬂn_

PRrROOF. Consider the associated graded ring R of Oy with respect to the weight filtration
given by the right hand node in the splice diagram in Figure 7.8. The weights for each variable

are as follows

Yo ‘ Y, ‘ Zy | 24y

pi(ag — aipy) | a1(az — aip1) alpf Cﬁpl
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Neumann and Wahl prove in [18] (Theorem 2.6(2)) that for any node v, the corresponding
weight filtration has associated graded ring a reduced complete intersection, defined by the
v-leading forms of the splice equations. Therefore, our associated graded ring R is defined

by the equations

Yo = YP 42070 and
Zo = 7P

The action of G := Z/ayZ obviously preserves the weight filtration, and since it is a diagonal
action, the ring of invariants R is generated by monomials.

First of all, we show that A, B, C, and D generate the ring of invariants R. We
do this by considering the invariant monomials case-by-case and showing that each such
monomial can be written as a finite sum of terms, each of which is a monomial in A, B, C,
and D times something of lower weight. Then, by downward induction on the weight, every
invariant monomial is in the ring generated by A, B, C, and D. Obviously, for any monomial
that contains both Yy and Z; or both Y] and Z;, there is nothing to prove. Therefore, there
are four cases of interest:

(a) Z{Z{ such that ay divides piI + a;J,
(b) Y{ZJ such that ay divides a;I — p;J,
(¢) Y{Z{ such that ay divides p;I — a;J,
(d) Y{Y,” such that ay divides piI + a1 J.
At first, we will assume that [ and J are both nonzero in each case.
Case (a): ZLZ] such that ay divides piI + a1J. Let piI + a1 J = agm, for some positive

integer m. Recall that o and 3 are defined by
az — aip1 = apy + fPay.
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So, we have piI + a1J = (apy + fay + aypr)m; that is,

pilam — 1) = a;(J — (B + p1)m).

First, suppose that am — I > 0. Since a; and p; are relatively prime,

am—1 = aid, and
J—=B+p)m = pd,

for some nonnegative integer d. Thus, I + a1d = am, and J = pid + (6 + p;)m. Since

Zgt = ZV', we have

Z({Zii — Zézf1d+(ﬁ+pl)m
_ ZéZg1dZ£ﬁ+p1)m

_ thmZ£ﬁ+p1)m
= Cc™
Note that ZJZ{ = C™ even for d = 0.
Now suppose that am — I < 0. Then I — am = a1d, and (3 + p1)m — J = pid, for some
positive integer d. Thus, I = ayd + am, J + p1d = (f + p1)m, and
47 = zprens
o
Z(())cmzfﬂ‘f‘pl)m
= Cc™
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Case (b): YIIZ()] such that ay divides a1 — p1J. First of all, we claim that either I > p;
or J > ay. For, if not, then |a;] — p1J| < a1p1 < ag, and therefore, m must be 0. But that
implies a;I = p;J, and hence p; divides I and a; divides J, which is a contradiction.

Suppose J > a;. Then Y Z{ is clearly a multiple of B = Y1 Z;. If J < ay, then I > py,

and therefore

Yz =YY - Z520)Z.

Let M = min(ay, J), which we have assumed is greater than 0. Then
Y/ Zi = ANy Mz YT 2 g

If min({ — py1, ) # 0, the second term is a multiple of B, and we are finished. It is not
possible for I to be py, for if so, we would have J = a; — agm/p;, and since J < a4, this
implies J < 0, since as > 2a;p;. Finally, if 3 = 0, then I must be divisible by p;, and
therefore

Y Zy = (V5" - Z5)'Z;).

ad+J
ZO

Every term in this expression is a multiple of A except for , which is treated below.

Case (c): YOIZi] such that ay divides p1I — a1J. As above, it is clear that either I > a; or
J > p. If J > py, then Y Z{ is clearly a multiple of A. If J < py, then I > ay, and therefore

we have
VA T A VA VAR
Let M = min(p;, J), which we assume is greater than 0. Then

YE]IZi] — BMY[)Ifal}/lplfMZilfM _ YblfalzgzlﬁJrJi

If min(I — ay, ) # 0, the second term is a multiple of A, and we are finished. Using the

same argument as in Case (b), one can see that it is not possible for I to be a;. Therefore
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the only problem is a = 0. In that case, I must be divisible by ay, and thus
Yiz! = (v - 27y z.

Zfd—&-J

Every term in this expression is a multiple of B except for , which is treated below.

Case (d): YOIYIJ such that ay divides piI + a1J. Let pil + a;J = asm, where m is a

positive integer. As in Case (a), we may write
prlam —1I)=a1(J — (B4 p1)m).
First, suppose that am — [ > 0. Again, we have

am—1 = ayd, and
J—=(B+p)m = pd,

for some nonnegative integer d. Thus, I + a;d = am, and J = pid + (5 + p1)m. Since

VP = Y™ — Z8Z7 we have
YOIY1J _ YoI(Ybal _ Zgzﬁdyl(ﬁwl)m.
The terms on the right hand side are all of the form
}/—01+a1(d*k)ngZlﬂk}/l(ﬁ‘f’pl)m’ 0<k<d.

For k£ = 0, the term is D™. The rest of the terms are divisible by either A or B unless
min(/ + a;(d — k), ak) and min(Sk, (5 + p1)m) are both zero. But since we are assuming
that I is nonzero, this cannot happen. For am — I < 0, the argument is virtually identical.

All that remains are the invariants of the form Yy, Y/, ZI, and Z{. If Z! is invariant,

then p1I = asm, for some positive integer m. Then
pil = (apr + Bai + aipr)m,
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and hence py (I — am) = a1 (6 + p1)m. Clearly, I — am > 0, and

I —am = ad, and

(ﬁ _'_pl)m = p1d7
for some positive integer d. Then
Zé _ Z(L)Im—i-md — Z(t)xmzfﬂﬂ”l)m — ™.

Note that the argument holds for o = 0 as well, since in that case C' = Zlﬁ *P1 In the same
way, it is easy to show that any invariant of the form Zj is equal to C™ as well.
Let Y be invariant, so that p;I = agm. Then, just as above, we have [ —am = a;d and

(B + p1)m = p1d, for some positive integer d. Thus
Y =Ygt = Y (v + 2 20)°
This expression consists of terms of the form
Yo zeky PR z0k g < | < d,

For k = 0, this is D™ (even if a = 0), and the rest of the terms are multiples of A or B
unless min(am, ak) and min(Gk, p1(d — k)) are both zero. The only possibility is a = 0 and
k = d. In this case, the monomial in question is Zf d, and we covered the invariant powers of
7, above.

Finally, let Y,/ be invariant, so that a;J = asm. Then we have J — (3 + p;)m = pid, and

am = a,d, for some positive integer d. Thus,

lej _ le(ﬁ+p1)M(Y'Oa1 N Zngﬁ)d.
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This expression consists of terms of the form
Ybal(k_d) ngkyl(ﬁ-l—m)msz, 0<k<d.

For k = 0, this is D™ (even if 8 = 0), and the rest of the terms are multiples of A or B unless
min(a;(d — k), ak) and min((3 + p1)m, Bk) are both zero. The only possibility is § = 0 and
k = d. In this case, the monomial in question is Z§?Y7*™, and this falls into Case (b).
Now, we have shown that the ring of invariants R“ in the associated graded ring is
generated by A, B, C, and D. It is not hard to see that the ring of invariants for the
associated graded is equal to the associated graded of the ring of invariants. That is, if I,
denotes the ideal of elements of weight greater than or equal to n (so that R = @ I,/ I+1),
then, since the group action preserves the weight filtration, (I,,/ InH)G ~ IG/IC, . Finally,
lifts of generators for the associated graded ring of the ring of invariants generate the entire

algebra of invariants, since it is a complete local ring. ([
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Appendix

The goal of this appendix is to verify the proof of the second statement from Proposition

5.1.1, which we restate as follows.

PROPOSITION 7.2.4. Suppose that (X;,,0) = ({z" = f(z,y)},0) is a normal surface
singularity with QHS link, and with f irreducible. Let {(pr,ar) : 1 < k < s} be the
topological pairs associated to the irreducible plane curve singularity, and let p., a;. be defined
as in Definition 4.1.1. Assume that s > 2. Then, for all k such that 2 < k <'s, ay is in the

semigroup generated by
{af_y, Pioh Phys APy Py, 1< <k—2}.
Clearly, it would be enough to show that a; is in the semigroup generated by

{ak—1, p1p2- - Pr-1, ajpjs1-- Pr-1, 1 <j<k—2}.

For, if we had
k—2

ar = YopP1iP2 """ Pk-1+ Z VjiPjr1 " Pk—1 + Ve—10k—1,
j=1

then, since p; = h;p} and a; = tha;- for all 7,
k=2
ar = (Yohiha b 0)Dph - Phoy + Y (vihihjn - eon)alpl - phy
j=1

+ (V- 1hi—1)aj_y-
The proof that a; is in the semigroup generated by
{ar—1, pip2-- Dr—1, ajpjp1-- Pr—1, 1 < j <k —2}

is equivalent to Lemma 2.2.1 in Teissier’s appendix to [27] (attributed to Azevedo [1] and

Merle [9]), but to show the equivalence requires some explanation.
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To begin, we must give the precise definition of the Puiseux pairs {(pg, my)}. Throughout,
as a technical condition, we assume that y = 0 is not a tangent to f = 0 at the singular

point.

DEFINITION 7.2.5. (see, e.g. [2]) Suppose a Puiseux expansion of f is given by

y:Zanx’{’ aﬁ#()? KGQ, 521

e Let k1 be the smallest exponent that is not an integer, and let xk; = %, with

my > pp, and ged(py, my) = 1. Then (py, my) is the first Puiseux pair of f.
e Let ko be the smallest exponent that cannot be written pil for some integer q¢ > p;.
Write ko = %, pe > 1, ged(pa, mg) = 1. Then (pa, ms) is the second Puiseux pair.

e Inductively, let x;.1 be the smallest exponent that cannot be written plf’.p_. Write

M4 1
P1Pit1

Ri+1 =

, Dit1 > 1, ng(pi+1,mi+1) = 1. Then (pl-+1,mi+1) is the (Z + 1)—St
Puiseux pair.
e There exists s such that p; ---ps = p is a common denominator of all exponents in

the Puiseux series. Then (pg, my), 1 < k < s, are the Puiseux pairs.

The p; are the same for the Puiseux pairs, Newton pairs, and topological pairs. It is
easy to check (see §4.1) that the Puiseux pairs (pg, my) are related to the topological pairs

(pr, ax) as follows:

(7.1) a; = my, and ay = My — Mg_1Pk + Ag—1Pk—1Pk, 2 < k < s.

There is yet another finite set of positive integers that is equivalent to the set of Puiseux

pairs of f called the “characteristique” ([27]) or Puiseux characteristic of f.
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DEFINITION 7.2.6. ([27], I1.3) Suppose that f has Puiseux parameterization

x = 17,

Yy = ijmajtjy aj # 0,

where m > p and m # 0 (mod p). The Puiseux characteristic of f is (p, 1, ..., [3s), defined
inductively as follows:
e p is the multiplicity of the singularity;
e (3 is the smallest positive integer such that 3, # 0 (mod p), and e; := (p, £1);
e ;11 is the smallest positive integer such that ;1 # 0 (mod ¢;), and e;4q =
(eis Biv1);

e the procedure ends once we reach s such that e, = 1.

Note that 8; = m.

By a careful reading of the two definitions, one can see that the Puiseux characteristic

(p, B1, - .., Bs) and the Puiseux pairs (py, my) are related as follows:

b

= —,
€1
€k—1

P = —, 2<k<s, and
€k

mp = @, 1<k <s.
€k

Therefore, it is easy to see that

(7.2) p = pi-Ds,
(7.3) B = MuPrt1--ps, 1 <k <s—1,
(74) ﬁs = Ms.
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Finally, we define integers (3, inductively as follows (see [27], Thm. 3.9):

ﬁl - /81
B = pr1Br-1— Bro1+ Br, 2<k <s.

The semigroup generated by the (3, is referred to as the semigroup associated to the irre-
ducible plane curve singularity defined by f. There is much more that can be said about this
semigroup, but we reproduce only what we require.

We are now ready to state the result from Teissier’s appendix.

LEMMA ([27], Lemma 2.2.1). If (By, ..., 3,) is the semigroup of an irreducible plane curve

singularity, one has

peBr € N(Bo, ..., Br_1), for 1 <k <s.
To see that this is equivalent to the statement that ay is in the semigroup generated by
{ar—1, pip2---Dr—1, ajpjp1 - Pr—1, 1 <<k —2},
we need only rewrite the (3, in terms of the topological pairs (p;, a;).
CLAIM 7.2.7. For 1 <k <s—1, By = apps1---Ds, and s = as.

PROOF. For k = 1, this is true by (7.3) since a; = m,. Assume the statement is true up

to k — 1. Then

Be = Pe1Br-1— Bro1 + B
= Pk—l(ak—lpk o 'ps) — Mg 1Pk Ps + MiPk11 " Ds

= [ak‘flpkflpk — Mp_1Pk + mk]pkH < Ds,
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and this is equal to agpgs1---ps by (7.1).

Therefore, for 1 < k < s, the Lemma is equivalent to

agpr - Ps € N(pr---ps, ajpji1---ps | 1 <j<k—1).
If we divide each term by py - - - ps, we have

ar € N(p1 -+ pr—1, @1, @jpjy1-- e | 1 < j <k —2).
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