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ABSTRACT

NOORIE HYUN: Analysis of Interval Censored Data Using a
Longitudinal Biomarker
(Under the direction of Dr. Donglin Zeng and Dr. David J. Couper)

In many medical studies, interest focuses on studying the effects of potential risk
factors on some disease events, where the occurrence time of disease events may be
defined in terms of the behavior of a biomarker. For example, in diabetic studies,
diabetes is defined in terms of fasting plasma glucose being 126 mg/dl or higher. In
practice, several issues complicate determining the exact time-to-disease occurrence.
First, due to discrete study follow-up times, the exact time when a biomarker crosses
a given threshold is unobservable, yielding so-called interval censored events. Second,
most biomarker values are subject to measurement error due to imperfect technologies,
so the observed biomarker values may not reflect the actual underlying biomarker levels.
Third, using a common threshold for defining a disease event may not be appropriate
due to patient heterogeneity. Finally, informative diagnosis and subsequent treatment
outside of observational studies may alter observations after the diagnosis. It is well
known that the complete case analysis excluding the externally diagnosed subjects can
be biased when diagnosis does not occur completely at random.

To resolve these four issues, we consider a semiparametric model for analyzing
threshold-dependent time-to-event defined by extreme-value-distributed biomarkers.
First, we propose a semiparametric marginal model based on a generalized extreme
value distribution. By assuming the latent error-free biomarkers to be non-decreasing,

the proposed model implies a class of proportional hazards models for the time-to-event
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defined for any given threshold value. Second, we extend the marginal likelihood to a
pseudo-likelihood by multiplying the likelihoods over all observation times. Finally, to
adjust for externally diagnosed cases, we consider a weighted pseudo-likelihood estima-
tor by incorporating inverse probability weights into the pseudo-likelihood by assuming
that external diagnosis depends on observed data rather than unobserved data. We
estimate the three model parameters using the nonparametric EM, pseudo-EM and
weighted-pseudo-EM algorithm, respectively.

Herein, we theoretically investigate the models and estimation methods. We provide
a series of simulations, to test each model and estimation method, comparing them
against alternatives. Consistency, convergence rates, and asymptotic distributions of
estimators are investigated using empirical process techniques. To show a practical
implementation, we use each model to investigate data from the ARIC study and the

diabetes ancillary study of the ARIC study.
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CHAPTER1: INTRODUCTION

Many longitudinal studies of chronic disease such as cancer, AIDS, and diabetes
monitor patients for biomarkers, as an indicator of disease occurrence, in order to
investigate potential associations between risk exposures and time to disease occurrence.
For disease events determined by some biomarker and threshold, when interval between
visits is long or patients miss visits, the exact date of the event that an individual’s
biomarker value crosses the threshold is unobservable. Instead, what is usually known
are the latest and earliest visit dates at which an individual’s biomarker value crosses
a given threshold. Such data is called interval censored data. Using the interval rather
than the exact date of event occurrence may lead to invalid inferences (Lindsey and
Ryan 1998).

Most biomarkers measurement has variation and the variation consists of short-term
intra-individual variability and measurement error. Assay variability and within-person
effects complicate determination of whether an individual’s biomarker has actually
exceeded the threshold. In clinical practice, ad hoc approaches that are used to take
into account biomarker variability include taking two or more measurements over a
period of time. Regarding measurement error, for example, the National Institute of
Standards and Technology maintains the blood sample materials as the gold standard
and provides guidelines for instrument manufactures to determine the accuracy of their
measurement devices. If measurement error is non-ignorable but ignored in the analysis,
the analysis may yield an inaccurate conclusion.

Furthermore, biomedical studies have several limitations to the use of a single



threshold that are usually ignored in practice. The threshold is generally regarded
as a fixed constant that is appropriate for everyone; however, this may not be appropri-
ate to all biomarkers. For instance, hypercholesterolemia does not cause symptoms but
can significantly increase risk of developing coronary heart disease (CHD). To reduce
risk, including that of CHD, people with substantially elevated cholesterol levels are
advised to start therapeutic lifestyle changes or drug therapy. The cholesterol level at
which to consider therapeutic intervention varies across different risk categories such
as smoking, hypertension, age, etc. (the National Cholesterol Education Program Ex-
pert Panel 2001)

Finally, informative diagnosis outside of observational studies, which causes alter
observations after the diagnosis. It is well known that the complete case analysis
excluding the externally diagnosed subjects can be biased when diagnosis does not
occur completely at random (Ibrahim et al. 2005).

We are motivated by the Atherosclerosis Risk in Communities (ARIC) study and
an ancillary ARIC study, which present the problems described above. The ARIC
Study recruited a population-based cohort from four U.S. communities, namely, Forsyth
County, NC, Jackson, MS, suburbs of Minneapolis, MN, and Washington County, MD.
Participants underwent a baseline examination in 1987-1989 had three follow-up exam-
inations at approximately three-year intervals, and a further examination in 2011-2013.
The ARIC Study was designed to investigate the causes of atherosclerosis, and hyper-
cholesterolemia is a crucial risk factor for atherosclerosis. Hence, assessing risk factors
associated with time-to-hypercholesterolemia is of interest. An ancillary study of the
ARIC study investigated type 2 diabetes mellitus The standard ARIC definition of
diabetes is having a fasting plasma glucose (FPG) > 126mg/dL, non-fasting glucose >
200mg/dL, a self-reported physician diagnosis of diabetes, or use of diabetes medication

in the two weeks prior to the study visit. The outcome variables of the two studies are



time-to-disease occurrence, diabetes or hypercholesterolemia, and in the dissertation,

we focus on the time until the biomarkers reach the corresponding threshold levels.
To resolve these four issues, we consider a semiparametric model for analyzing

threshold-dependent time-to-event defined by extreme-value-distributed and longitudi-

nal biomarkers and break down the problems into the three steps:

(1) Threshold-Dependent Proportional Hazards Model for Analyzing Time-to-Event
Defined by Biomarker with Subject to Measurement Error: to mitigate the prob-
lems, we concentrate on the first follow-up visit after baseline and ignore the infor-
mative external diagnosis altogether. We propose a semiparametric model based
on a generalized extreme value distribution for the time-to-disease occurrence.
By assuming the latent error-free biomarkers to be non-decreasing, the proposed
model has a natural class of proportional hazards models for the time-to-event
defined for any given threshold value. To account for the additive measurement
errors, we estimate the model parameters using the nonparametric maximum

likelihood approach.

(2) Semiparametric Regression Model for Analyzing Time-to-Event Defined by Ex-
treme Longitudinal Biomarkers: the model proposed in the first step is extended
to model the longitudinal biomarkers at follow-ups by constructing a pseudo-

likelihood, which is multiplying the marginal likelihoods at follow-ups.

(3) Weighted Pseudo-Likelihood for Adjusting Informative Diagnosis: an Application
to Time-to-Hypercholesterolemia in the ARIC study: to adjust for cases with
external diagnosis, we consider a weighted pseudo-likelihood estimator by incor-
porating inverse probability weights into the pseudo-likelihood proposed in the

second step by assuming that external diagnosis depends on observed data rather



than unobserved data. We employ a marginal structure model based on auxil-
iary information and subject’s status at the previous visits to predict an external

diagnosis.

We estimate the three model parameters via the nonparametric Expectation Maxi-
mization (EM), pseudo-EM, and weighted-pseudo-EM algorithm, respectively. In this
dissertation, we theoretically investigate the models and estimation methods. We pro-
vide a series of simulations, to examine each model and estimation method comparing
them with the existing methods. Consistency, convergence rates, and asymptotic dis-
tribution of estimators are investigated using the empirical process techniques. We
illustrate the first marginal model by applying it to data from the diabetes ancillary
ARIC study and the other two models by applying those to data from the ARIC study.

In Chapter 2, existing methods to address each problem, interval censored data,
measurement error in response, and missing data are reviewed. In Chapter 3 to 5, we
elaborate the three methods briefly described in (1) to (3). Conclusion with a discussion

on the proposed three methods and future work are contained in Chapter 6.



CHAPTER2: LITERATURE REVIEW

Interval censoring in survival analysis is a generalized scheme of left or right censor-
ing. Observed exact failure times practically correspond to narrow intervals (Turnbull
1976, Kalbfleisch and Prentice 2002). In left or right censoring, the probability that
exact failure time is observed is positive; however, we are unable to observe it at all in
interval censored data. Therefore, statistical methods and inferences for interval cen-
sored data are more complicated than left or right censored data (Huang and Wellner
1997).

Commonly used methods in survival analysis with right censoring such as the
Kaplan-Meier estimator for survival functions and the partial likelihood for the Cox
proportional hazards (PH) model are inapplicable to interval censored data due to the
incomplete event times. Moreover, it is difficult to incorporate counting processes and
martingale theory into interval censored data, and this leads to the need for alternatives
for investigating asymptotic properties. One alternative is using empirical processes re-
quiring advanced mathematical techniques (Zhang and Sun 2010). Furthermore, unlike
most semiparametric models for right censored data as nuisance parameters infinite
dimensional parameters are not removed from the inference for regression parameters.

Interval censoring can be classified into four types: current status data, case 2
interval censored data, panel count data, and a mixed case. Along with the definition of
each interval censoring type, corresponding survival function estimators and regression

models are summarized in the following subsections.



2.1 Interval Censored Data

2.1.1 Current Status Data

When only one observation time is applied and each patient is known to experience
the onset of the event either before or after the observation time, the data are called as
case 1 interval censored data or current status data. Current status data often occur
in cross-sectional studies when the outcome is a mile-stone event such as the onset of
chronic disease. Also, current status data are easily found in animal studies such as
tumorigenicity experiments on nonlethal tumors (Hoel and Walburg 1991).

For the subject ¢+ with a vector of covariates X, let T; be the unobservable failure
time and V; be the examination or observation time. Then the observed data of the
subject i are (V;,d;, X;) denote as Wy, where 6; = I(T; < V;). It is assumed that T’
is independent of V' given X. In addition, the joint distribution of (V; X) is assumed
to be independent on 6-that is a vector of coefficients for the covariate X-and any

unspecified non-decreasing baseline function of 7T'.

Survival Estimation with Current Status Data

In this section, nonparametric maximum likelihood estimators (NPMLEs) for the
survival or distribution function of current status data are reviewed. Denote the ordered
observed times by {Viyli =1,...,n}, that is, Vi;) < Vigqy fori=1,...,n -1,

The observed log likelihood function for current status data {(V;,0;)[i=1,...,n} is

() = 3 {810 F(V) + (1= ) log(1 - F(V))} (2.1)

where F(-) is the distribution function of 7'

Maximizing the log likelihood in (2.1) with respect to {F(V;)}™, is equivalent to



minimizing

n . 2
S, [i_ _ F(V(Z-))]  subject to F(V)) <. < F(Vi), (2.2)

i=1 )

where ny =n and n; = n—i+1 (Robertson et al. 1988). The NPMLE for F' are determined
only at the observation times {V;} with ¢; =1, 1 <4 <n. Let {s;}; be the uniquely
ordered observation times at which §; = 1 for 1 <¢ <n. The set of values of {F (sj)}g.”zl
that minimizes (2.2) is referred to as the isotonic regression of {1/ny,...,1/n,,} with
weights {ny,..., 1.}

We can find a NPMLE for F' minimizing (2.2) by various approaches. Using the
max-min formula for isotonic regression, Ayer et al. (1955) obtained the explicit forms
for {F(sj)}j”il as

A vy
F(s;) = maxminM.
usj vzj v—u+1

(2.3)
They also introduced the pool adjacent violators algorithm (PAVA) and recommended
this algorithm rather than direct calculation of the formula in (2.3) to facilitate the
computation.

Huang and Wellner (1997) proposed an algorithm: after plotting (i, 22:1 djy), i =
1,...,n and forming the Greatest Convex Minorant (GCM), G* of the points in the
plot, then left-derivative of G* at i is calculated for Fn(V(z)), 1=1,...,n. This algorithm
obtains the same NPMLE as the max-min formula in (2.3). The GCM algorithm is
faster than the PAVA algorithm from a small to a large sample size except when the
left truncation probability is over 0.85 (Zhang and Newton 1997).

The NPMLESs calculated through the max-min formula, the PAVA algorithm, and

the GCM algorithm are mutually equivalent and consistent under certain regularity

conditions (Ayer et al. 1955, Huang and Wellner 1997).



Regression Model with Current Status Data

Regression analysis of survival data is used to quantify the effect of some covariates
on the survival time or to predict the survival probabilities for new individuals. In this
section, we review commonly used regression models for current status data such as
the Cox proportional hazards (PH) models, proportional odds models, additive hazard
models, and accelerated failure time (AFT) models, etc.

The observed log likelihood for current status data is given by
L (F|Wh) = Z{5z log F'(Vi[W1,;) + (1= 6;) log(1 - F(Vi[W1,))}, (2.4)
i=1

where F(t|W7) is the distribution function of 7" given the observed data.

Current status data almost allows us to obtain explicit forms of the efficient influence
function and semiparametric efficient variance for regression parameters.

Each regression model is the special case of the following transformation model. The
transformation model postulates that the conditional distribution F(¢|x) of T given the

covariates X = x satisfies

g(F(t|z)) = h(t) + 0"z, (2.5)

where ¢ is a specified function; h(t) is an unknown non-decreasing function; @ is the
unknown finite d-dimensional regression parameter.

First, if we take g(s) =log[-log(1-s)], 0 < s< 1, then (2.5) results in the propor-
tional hazards model by Cox (1972). The Cox proportional hazards model has been
the most commonly used for survival analysis due to the availability of efficient infer-
ence procedures that are implemented in all statistical software packages. The model

postulates

AU X = 2) = X(t)e?® (2.6)



for the hazard function of the survival time T" given the covariate @, where \o(t) denotes
an unknown baseline hazard function. The regression parameter of 6 provides the log
hazard ratio of  on time to the event. Between two levels of the covariate X, the PH
model constrains the ratio of the hazards to be constant over time. The model in (2.6)
can be cast as a transformed linear model of log fot AMu)du=-0"X + ¢, where € follows
the extreme value distribution of 1 —exp(—e¢) (Dabrowska and Doksum 1988).

The observed log likelihood under the model in (2.6) is

1,(0, A|W) = i {51- log [1-exp (-A(V;) exp(07X;)) | - (1-6;) exp(OTXZ-)A(V;)},

i=1

where A(t) = [o Mu)du.

Related to PH regression models for current status data, Huang (1996) provided very
influential and thorough study. He obtained a maximum profile likelihood estimator
(profile-MLE) for (8,A) by the iterative convex minorant algorithm (this algorithm
will be reviewed in detail in section 2.1.2). The consistency, asymptotic normality, and
semiparametric efficiency of the profile-MLE for regression parameters were established
under certain regularity conditions. The convergence rate of the estimators A dominates
the convergence rate of (8, A) by n'/3. Nonetheless, it was shown that the regression
parameter estimates asymptotically converges to normal distribution in the rate of
V1. The profile likelihood method requires intensive computation for data with large
covariates.

Second, if we take g(s) = logit(s) = log[s/(1 - s)] for 0 < s < 1 in the regression

model of (2.5), then we obtain a proportional odds regression model:
logit[ F(t|X =x)] = h(t) + 07 x. (2.7)

Let h(t) = logitF'(t|X = 0), the baseline non-decreasing log odds function. Then 6y



is the log odds ratio for two samples with unit difference in the kth covariate. In
the proportional odds model, the hazard ratio for two samples is not constant over
time but converges to unity as time ¢ increases. The model (2.7) can be described
as a transformed linear model of h(t)=07 X + ¢, where € has the logistic distribution
of [1+exp(-€)]™" (Dabrowska and Doksum 1988). For right censored data, Bennett
(1983a;b) provided a proportional odds model and a log-logistic regression model. Pet-
titt (1984) suggested several levels of specification about h(t) in the proportional odds
model (2.7).

The observed log likelihood function under the model (2.7) is
(0, hWh) =3 6; {h(V;) + 07 X} —log [1 + exp {h(V;) + 07 X, } |. (2.8)
i=1

Rossini and Tsiatis (1996) suggested a semiparametric proportional odds model for
current status data using an approximate maximum likelihood. The approximate like-
lihood is replacing h(t) in the likelihood (2.8) with a non-decreasing step function. The
maximum likelihood estimator (MLE) maximizing the approximate likelihood can be
viewed as a sieve MLE based on the sieve of non-decreasing continuous piecewise con-
stant functions. They showed consistency, asymptotic normality, and semiparametric
efficiency of the regression parameters estimates under certain regularity conditions and
provided the explicit form of the asymptotic variance for the estimates.

Third, we consider an accelerated failure time model:
log(T) = 07X +e, (2.9)

where the distribution function F' of € is completely unspecified and € is i.i.d. We
transform the failure time by logarithm to avoid restriction on the distribution for

€; however, the failure time can be transformed by any appropriate functions. This
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model can be written as F{log(T)|X} = F{log(T) - 67 X} in terms of a conditional
distribution.

The observed log likelihood under the model (2.9) is
L(F|Wy) =Y [Silog F(logV; - 67 X;) + (1-6;) log {1 - F(log V; - 07 X;)} ].  (2.10)
i=1

Huang and Wellner (1997) proposed a profile-MLE under the AFT model. They
showed consistency of the profile-MLE and provided the information bound for € under
certain regularity conditions; however, left an open problem about the convergence rate
of @. The estimated MLE of F(:|) for each fixed 6 is not smooth, and it results in the
non-smooth profile likelihood with respect to @, so the convergence rate is unspecified
yet.

Tian and Cai (2006) constructed an estimator under the AFT model by inverting a
Wald-type statistics for testing a null proportional hazards. Due to the equivalence be-
tween two assumptions: residual in (2.9) is independent of X; Sc(¢|X) = So(t)=P("X),
the regression parameters can be estimated by solving the estimating equation, () =
0,(n~Y?), where 7 is the NPMLE of Huang (1996). Using the semiparametric efficient
variance of v, B calculated by Huang (1996), the asymptotic variance of 6 can be
approximated by sandwich variance, D' B(D7T)~!, where D = dv,(0)/d0|g-g,- The
estimator was proved to be consistent under certain regularity conditions.

Finally, if we take g(s) = —log(1 -s), 0 < s < 1, in the regression model of (2.5),

then we have an additive hazard regression model:
AHX =x) = \o(t) + 07 x(1), (2.11)

where A\o(t) is an unspecified baseline hazard function. This model describes the asso-

ciation between the failure time and covariates in difference between two hazards.
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Lin et al. (1998) proposed an additive hazard model based on a counting process
and martingale theory for current status data. When the counting process is defined
as N;(t) = (1-9;)1(V; <t), which jumps by unit whenever the subject i is observed at
time t and found still to be failure-free, the probability that the counting process has

one is: under the assumption that 7" and V' are independent
dH;(t) = e X OdHy (1), (2.12)

where dHy(t) = e M@ dAy(t) and X[ (t) = fot X(s)ds. This form is the Cox propor-
tional hazards model and this mediates using the partial likelihood principle to estimate
the regression parameters. When the assumption-that is independence of V' and T-is
changed to the more flexible assumption that V' is independent of 71" given X, they
formulated the association through the proportional hazards model. The latter model
improves efficiency but does not achieve the semiparametric efficiency.

Related to other regression models for current status data, Shen (2000) proposed
a linear regression model using a constructed random-sieve likelihood and constraints
that combine benefits of a semiparametric likelihood with estimating equations. It was
assumed that € in the linear model, T'= 87 X + ¢, is independent of (V, X); € has zero
mean and a finite variance; the true residual (e =7 - 67 X) and the observed residual
(e(8) =V -07 X)) have the same support. For inference, the asymptotic distribution for
the regression parameter estimates and the profile likelihood ratio test statistics were
obtained. Graphical tools for model diagnostics were proposed.

Ma and Kosorok (2005) extended Huang (1996)’s model for current status data
by adding a smooth nonparametric covariate effect: A(t|X) = \o(t)e®” X+a(®)  where
a(u) is an unknown smooth function of a continuous variable u. To resolve issues

arising in carrying out this extension, they used a nonparametric maximum penalized
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log likelihood,
?(0,a,H) = Zl(@, a, HW1 ;) = A2 J?(a),
i=1

where the log likelihood (0, a, H|W; ;) is the log likelihood in (2.4) with the condi-
tional distribution function F'(V;|W,;)=F{07X,; +a(u) +H(V;)} and H is an unknown
non-decreasing transformation. They suggested a sieve approximation for the nonpara-
metric covariate effect a(u) and showed that the cumulative sum diagram approach as
discussed by Groeneboom and Wellner (1992) works for general transformation mod-
els. For the convergence rate, the estimator for the nonparametric transformation H
achieves the optimal rate of n'/3, but it slows down the convergence of @ in ordinary
spline settings. The penalized MLE for 0 is asymptotically normal in the convergence
rate of \/n and is efficient. The semiparametric efficient variance for 0 was obtained,
and the block jackknife method was suggested for the asymptotic variance estimation.

Ma (2009) applied Ma and Kosorok (2005)’s approach to current status data from
heterogeneous mixture population such as the mixture population of a cured subgroup
and a disease susceptibility subgroup. A generalized linear model for the cure probabil-
ity is applied. For subjects not cured, both of the linear Cox model and the partly
linear Cox model were considered to model the survival risk. Under the assump-
tions and the partly linear model, the conditional survival function is S(¢/X,Z,u) =
p(Z)+{1-p(Z)} exp{-Ag(t)e?” X+a(w} where the cure probability p(Z) = g7 (a’ Z);
g(+) is a known link function; e and Z are the unknown regression parameter and co-
variates in the generalized linear model, respectively. It was shown that the regression
parameters estimators are consistent, asymptotically normal, and efficient under certain
regularity conditions. The nonparametric baseline function and covariate effect can be
estimated with the convergence rate of n'/3. The weighted bootstrap was proposed for

the asymptotic variance estimation of 6.
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2.1.2 Case 2 Interval Censored Data

When more than one observation time is applied and each patient is known to ex-
perience the onset of the event of interest either before the first observed time, between
the two observation times, or after the last observation time, such data are called case
2 interval-censored data. Longitudinal studies with periodic follow-up often produce
case 2 interval censored data. For the subject ¢ with a vector of covariates Xj;, let
two observation times be given by Vi; and Vi;, where Vi; < V;. The observed data
of the subject i are (d1;, 02, Vii, Vi, X;) denote as Wy, where 6y, = I(T; < V;) and
0o; = T(Vi < T; < V).

We assume that 7" is independent of (V,, Viy) given X and that (V7,, Vy) are random
variables from a distribution with support {(UL,UU)|0 <71 <vp, vy < Ty < 00, vy >
v, + c}, where ¢ is a positive constant. In addition, the joint distribution of (V, X)) is
assumed to be independent of 8 and any unspecified non-decreasing baseline function

of T.

Survival Estimation with Case 2 Interval Censored Data

Unlike current status data, the NPMLE for the distribution function of case 2
or general interval censored data has no explicit form available, so using of iterative
algorithm is inevitable.

Turnbull (1976) used the expectation maximization (EM) algorithm for incomplete
data due to grouping, general censoring and/or truncation, and this corresponds to
the self-consistency introduced by Efron (1967). For case 2 interval censored data,
{IVLi, Vuilli = 1,...,n}, when T; is truncated by B; ¢ R and [Vy;, Vi;] ¢ B; for the

subject 4, the likelihood is proportional to

L(F) = [T [F(Ver) - F(Vi) ]/ Po(By). (2.13)

i=1
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If T} is not truncated, then B;=R with P(B;) = 1.

Let {l;}7, and {r;}", denote the unique ordered elements of {Vy;|i=1,...,n} and
{V5ili = 1,...,n} respectively and satisfy Iy <r; <ly <79 <...<ly <1y That is, for
each j,1 < j <m, [;=L; for some ¢, 1 <7 <n and r;=R;, for some k, 1 < k <n. Hence,
two or more intervals of {[Vz;, Vi; |}, include [I;,7;]. Define p; = F'(r;) — F(l;) > 0 for
1<j<mand Y7t pj=1.

Using the fact that any distribution function increasing outside U7.,[l;,7;] cannot
be a maximum likelihood estimate of F' except in the trivial case when [Vi;, Vi N
Uil 73] = BiNUjL[15,7;] for all 4, the problem maximizing (2.13) reduces to max-

imizing the following likelihood with respect to the vector of p = (p1,...,pm)

n m 0D m
Ln(pla---apm) :va SUbjeCt to ij = 1>pj 2()’ (214)
i1 o1 Bijp; p
where a;; = I([lj,r;] ¢ [V, Vi) and Bi; = I([lj,7;] € B;) for 1<i<mand 1<j<m.
The proportion of observations in interval [I;,r;] to be used in the EM algorithm is

given by
S (i + vig)
Sy Y (i + v

where 1;;(p) and v;;(p) are the probabilities that the exact time is in [/;,7;] and that

7 =) (2.15)

the interval [l;,r;] is truncated respectively. Hence, p;;(p) = ai;pj/ Xpe1 qirpr and
vii(P) = (1= Bi)pi/ Yt BirDr-

The vector of probabilities p is called self-consistent if p; = w;(p), 1 < j <m. The
self-consistent algorithm is an example of the EM algorithm. It was shown that the
self-consistent algorithm converges monotonically.

The candidates obtained from the self-consistency algorithm is not guaranteed to
be the NPMLE. Gentleman and Geyer (1994) provided easily verifiable conditions, the

Lagrange multiplier criterion for the self-consistent estimator to be the NPMLE. They
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also provided sufficient conditions for the uniqueness of the NPMLE. This result is
similar to the approach of Peto (1973) for interval censoring with no truncation using
the constrained Newton-Raphson (NR) method.

Groeneboom (1991) characterized the NPMLE for case 2 interval censored data
even though the NPMLE has no closed form. Groeneboom and Wellner (1992) intro-
duced the iterative convex minorant (ICM) algorithm for NPMLEs. Jongbloed (1998)
described the ICM algorithm in its general form and showed that it does not converge
under mild regularity conditions and proposed a modified version by adding a line
search into the algorithm so that it achieves global convergence.

Compared with the ICM algorithm, the EM algorithm converges rather slowly to the
solution of the optimization problem; however, global convergence of the EM algorithm
under certain regularity conditions was proved by Dempster et al. (1977) and Wu (1983).
For censoring problems, a combination of the EM and ICM algorithm was proposed in
Zhan and Wellner (1995). Simulation results indicate this hybrid algorithm to behave
very well for the double censoring model.

Hudgens et al. (2001) extended Turnbull (1976)’s NPMLE to the general setting
of competing risks allowing for any number of failure types and for each failure time
to be subject to interval censoring and truncation. The cumulative incidence function
NPMLE gives rise to an estimate of the survival function that can be undefined over
a potentially larger set of regions than the NPMLE of the marginal survival function.
Alternatively, a pseudo-likelihood estimator was considered. Without truncation, the
pseudo-likelihood estimate of the cumulative incidence function has fewer undefined
regions than the NPMLE of the cumulative incidence function. However, when trun-
cation is included, the result has trade-off. Consistency of the NPMLEs of cumulative
incidence functions was proved by Hudgens et al. (2007).

Hudgens (2005) adapted the graph theories to characterize the support set of the
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NPMLE of a survival function and derived conditions for the existence of the NPMLE
when data are interval censored and left-truncated. These results help to explain the

NPMLESs’ underestimation of survival functions in practice.

Regression Model with Case 2 Interval Censored Data
The observed log likelihood function for case 2 interval censored data is

n

L(FIW) = Y| 0ulog {F(Vii|Wa,)} + 6 log {F (Vi Wa,) - F(Vi|W,:)}

i=1

+(1—511-—62i)log{1—F(VUZ-|W2J-)}], (2.16)

where F(t|W3) is a conditional distribution function of T given the data.

First, for the Cox PH model with case 2 interval censored data, Finkelstein (1986)
proposed a MLE based on the approach of Turnbull (1976) discarding truncation. By
replacing p; in (2.14) with exp(—exp(07X +;;)) —exp(—exp(07 X +1,;)), where v;; =
log {A(l;)} and 7,; = log {A(r;)}, the log likelihood (2.14) is re-expressed in terms of
the Cox PH model. Then the MLE is calculated by treating the log likelihood function
as the one arising from a parametric model, that is, considering the observation time
as a discrete random variable. The score function and the information bound for the
MLE are easily obtained; however, the relevant asymptotic property was not figured
out.

Huang and Wellner (1997) proposed a MLE under the Cox PH model using the
log likelihood in (2.16), where F'(t|X) = 1 — exp{-A(¢) exp(87 X )}. The consistency,
asymptotic normality, and efficiency of the MLE were established under certain reg-
ularity conditions. They suggested the use of the observed Fisher information or the
curvature of the profile likelihood to estimate the asymptotic variance of ) (Murphy

and van der Vaart 2000).

17



Second, in the proportional odds model for case 2 interval censored data, Huang
and Rossini (1997) presented a sieve maximum likelihood estimator for the regression
parameter based on the observed log likelihood in (2.16) with F(t|W3) = exp{h(t) +
07X } /{1 +exp(h(t) +0TX)}. The sieve used by Huang and Rossini (1997) is the col-
lection of non-decreasing continuous piecewise linear functions. Asymptotic properties
the estimator were thoroughly established. The form of semiparametric efficient vari-
ance of 8 is intractable since the efficient score function has no closed form. Instead,
they proposed an alternative to estimate the variance matrix of ) by the inverse of the
curvature of the profile likelihood at the estimate of the regression parameter.

Third, for the AFT model with case 2 interval censored data, Huang and Wellner
(1997) proposed a profile MLE, which is similar to the approach for current status data
by Huang and Rossini (1997). The MLE is based on the log likelihood (2.16) by letting
F(t|X) be F(t-67X). In contrast to current status data, the information bound for
the regression parameter has no explicit expression. Moreover, since the information
calculation includes an integral equation with a singular kernel, the Fredholm theory of
integral equations cannot be directly applied. Instead, this equation is similar to the one
encountered in calculating the information for smooth functionals of the distribution
function in the NPMLE setting, and this is solved by Geksus and Groeneboom (1996a;b;
1999).

Tian and Cai (2006) extended their approach explained in section 2.1.1 to case 2
interval censored data using Huang and Wellner (1997)’s MLE based on the PH model
for case 2 interval censored data.

Finally, Zeng et al. (2006) provided an additive model using the log likelihood
in (2.16) in which F(#|X) is replaced with 1 —exp{-A(t) - 67X (t)}, where X (t) =
f[f X (u)du. The MLE can be derived by maximizing the log likelihood under the

constraint that exp(-A(t)) holds monotonicity in the uniquely ordered observation
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times. Since the information bound for the regression parameter has no explicit form,
alternatively, Zeng et al. (2006) proposed to use the curvature of the profile likelihood for
the information estimation. The consistency, asymptotic normality, and semiparametric

efficiency of the estimator were shown.

2.1.3 Panel Count Data

For recurrent event data such as tumor or disease symptoms, if the occurrence
process is observed only at discrete time points, what is only known are the num-
bers of the event occurrences between observation times. Such data are referred to
panel count data (Sun 2006). The observation data for the subject i consist of W, =
(Ki, Vi k., N; k,, X;), where K is a random number of random times 0 = V; , 0 < Vi k, 1 <
oo <Vikiks Vi, = Vi, Vikirk), and Ny g, = (N(Vig, 1), ..., N(Vi k, i,)) for a
univariate counting process N(¢),¢ > 0. It is assume that K and Vi is conditionally

independent of the counting process N given a covariate vector X.

Survival Estimation with Panel Count Data

For panel count data, a non-homogeneous Poisson process for the counting process is
often assumed. The marginal distributions of N is P(N(¢) = k) = exp{—Ao(¢) }Ao(¢)*/K!,
where Ag(t) = E{N(¢)} the mean function of the counting process of N. Then the log

pseudo-likelihood function ignoring the dependence is

) = 3 S NV ) g AVir) - AV ) (2.17)

i=1j=1

According to the definition of a non-homogeneous Poisson process, the increments of

the counting process are independent. The marginal distribution of AN is P{AN(s,t) =
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k} = exp{- & Ao(s,t)} {2aAo(s,t)}" k! and the log likelihood function under the as-

sumption is followed by

ln(A) = Zn: % { & N(Vik, ) log 8A(Vik, ) = 2A(Vik, ) }- (2.18)

i=1j=1

Wellner and Zhang (2000) studied both a nonparametric maximum pseudo-likelihood
estimator based on (2.17) and a nonparametric maximum likelihood estimator based on
(2.18) using the assumption that the counting process is a non-homogeneous Poisson
process. They showed that the maximum pseudo-likelihood estimator is exactly the
one proposed by Sun and Kalbfleisch (1995). The two estimators were established to
be consistent, and both estimators at a fixed time point have the asymptotic distribu-
tion of a two-sided Brownian motion process starting from zero. The NPMLE is more
efficient than the maximum pseudo-likelihood estimator, but its computation is more
difficult.

Sen and Banerjee (2007) constructed a pseudo-likelihood ratio statistic from (2.17)
for testing the value of the distribution function at a fixed time point and showed
that this converges to a known limit distribution-that can be expressed as a function of
different convex minorants of a two-sided Brownian motion process with parabolic drift-
under the null hypothesis and certain regularity conditions. Unlike the Wald-based
approach, the likelihood-ratio-based method excludes nuisance parameter estimation
and provides an extremely clear-cut way of constructing confidence intervals for the
survival rate at a fixed time point. Simulation result comparing confidence intervals
showed the estimation based on the pseudo-likelihood ratio is superior to the estimates
based on the limit distribution of the maximum pseudo-likelihood estimator with kernel-
based estimation of nuisance parameters and sub-sampling with appropriate block-size

in terms of precision.
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Lu et al. (2007) proposed two NPMLEs based on the log likelihood in (2.18) and
the log pseudo-likelihood in (2.17) using monotone polynomial splines to ease intensive
computation required in Wellner and Zhang (2000)’s approach. [-spline basis func-
tions were used to linearly span the class of polynomial splines, and the non-negativity
and monotonicity of the I—-splines are guaranteed by the non-negativity of coefficients
(Ramsay1988). The generalized Rosen algorithm proposed by Zhang and Jamshidian
(2004) was used to compute the estimators. The proposed spline likelihood /pseudo-
likelihood-based estimators are consistent and have faster convergence rate than n'/3
when the true baseline hazard function is sufficiently smooth. Simulation study showed
that the two estimators have smaller variance and mean square error than their alter-

natives proposed by Wellner and Zhang (2000).

Regression Model with Panel Count Data

Wellner and Zhang (2007) established two likelihood-based semiparametric esti-
mators with the Cox model that is the mean function of a counting process. The

pseudo-likelihood and likelihood from which the two models are derived are

K]
> {N(V%,Ki,j) log A(Vi i, ) + Ni(Vik, ;)07 X

j=1

O.0) = 3
=1

e XiN(Vik )} (2.19)

n Kj
WL(8,A) = Y S {AN(Vik, ) log AA(Vik, ;) + AN(Vig, ;)07 X,

i=1j=1

~e” XA AN(Vik i)}, (2.20)

under the assumptions that the counting process and the increment of the counting pro-

cess are a non-homogeneous Poisson process. For the asymptotic variance estimation,
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bootstrap resampling was utilized because the asymptotic variance is too complicated to
be consistently estimated. The asymptotic properties of consistency, convergence rate,
and asymptotic normality of the both models were established under certain regular-
ity conditions. The proposed semiparametric estimation methods are robust against
the underlying conditional Poisson process assumption. Simulation studies provided
that the maximum likelihood method based on the Poisson process assumption is more
efficient than the pseudo-likelihood method both on and off the Poisson model.

Lu et al. (2009) was motivated by the advantage that the spline likelihood estima-
tors of Lu et al. (2007) outperform the semiparametric estimators proposed by Wellner
and Zhang (2007) in view of the convergence rate and performance at finite samples.
They developed semiparametric likelihood-based methods for panel count data using
B-spline approximation for the cumulative hazard function in the models (2.19) and
(2.20) in order to ease the intensive computation in the bootstrap semiparametric infer-
ence procedure utilized by Wellner and Zhang (2007). The monotonicity of the resulting
spline function is guaranteed by imposing non-decreasing constraints on the coefficients.
It was shown that the proposed spline-based likelihood estimator of the cumulative haz-
ard function is consistent and asymptotic normal under certain regularity conditions.
The ease of computing spline estimators make the statistical inference based on the
bootstrap procedure feasible. Moreover, the spline estimation is insensitive to selection
of the number and placement of the knots.

Although the independent random-censorship model is often reasonable, in many
situations the censoring process is linked to the failure time process. For example, the
termination date for a medical trial is not fixed before the study commences but is
chosen later, with the choice influenced by the results of the study up to that time.
Sun and Wei (2000) proposed a semiparametric regression model for analyzing panel

count data when both observation and censoring times may depend on covariates. One

22



limitation of this approach is that both the observation time process and censoring time
depend on the event time process, so if we stop following up the subject immediately

after the occurrence of a certain number of events, the proposed method is inapplicable.

2.1.4 Mixed Case of Interval Censored Data

In the mixed-case interval censoring model each individual is followed up for a
number of times, where the number and the times of observation can vary from person
to person (Schick and Yu 2000). It is determined between which two consecutive
observation times that the event of interest occurs. Current status data or case 2
interval censored data are special cases of the mixed-case interval censored data.

Hudgens et al. (2007) compared three nonparametric estimators of the joint dis-
tribution function for a survival time and a continuous mark variable in view of the
uniqueness and consistency of NPMLE when the survival time is interval censored and
the mark variable may be missing for the interval-censored observations. The three
estimators compared are the NPMLE, estimators based on midpoint imputation, and
estimators based on discretizing the mark variable. The estimator obtained by dis-
cretizing the mark variable results in interval-censored competing risks survival data
for which the NPMLE characterized by Hudgens et al. (2001). Regardless of whether
the mark variable is missing, the estimators based on discretizing the mark variable is
consistent, whereas the NPMLE and the estimators based on midpoint imputation are
inconsistent under certain regularity conditions.

Ma (2010) extends Ma (2009)’s Cox PH linear model for current status data to the
one for mixed case of interval censored data with a cured subgroup. Identifiability and
the asymptotic properties of consistency and weak convergence were established under
certain regularity conditions, and the inference based on the weighted bootstrap was

investigated because information matrix has no explicit form.

23



Random Effect Model with Interval Censored Data

In longitudinal data or clustered data, correlation among failure times is of interest.
Frailty models have been proposed to accommodate the correlation. Frailty models
specify the intra-subject correlation explicitly through an unobservable random variable
(frailty). For a commonly used frailty model, it is assumed that the failure times
given the frailty are independent and the conditional hazard given the frailty U; is
Xik(t|U;) = Uiho(t) exp(6T X;,) for the ith cluster and kth observation, where {U;}1,
are i.i.d.

While frailty models with right censored data have been studied by many re-
searchers, frailty models for interval censored data have been less developed. Almost all
regression models for correlated data with interval censoring use parametric approaches
to describe the covariate effects although semiparametric models can be more flexible.

Li and Ma (2010) developed two-part models, which consist of the cure process
and event process. The cure rate is described in a generalized linear model, and the
survival rate is expressed in a location-scale parametric model including normal, logistic
and Gumbel distributions. Each model includes one random effect to account for
correlations between measurements. The cure rate depends on a random effect, as
a consequence, the cure rate may change over time. Semiparametric models to address
both the cure and event processes simultaneously need to be considered.

Interval censored and clustered data often occur in dental studies. Exact dates of
tooth eruption and caries occurrence are practically unobservable. Moreover, when
the response variable is time from tooth eruption to caries occurrence, doubly interval
censoring occurs. Also, teeth of a subject are correlated. Koméarek and Lesaffre (2007)
was motivated by such dental data and proposed a Bayesian approach for an accelerated

failure time model with interval censored data. The likelihood contribution of the 7th
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cluster is given by

n; Vu,ik
L= / {1 f(v= 07Xy~ b7 Z;)dv g (b)db, (2.21)
Ra

k=1 VL ik

where X is a vector of covariates for fixed effects; 0 is the unknown vector of regression
coefficients; b; is a vector of random effects with the density ¢(b); b;s are i.i.d for
1 <1< n; Z is a vector of covariates for random effects. The density of the error f is
assumed to follow a penalized normal mixture distribution with unspecified components
and the density of random effect g is assumed to follow multivariate normal distribution.
The prior distributions for mean, variance, and the covariance matrix are assumed to be
normal, inverse-gamma, and inverse-Wishart, respectively. Simulation results showed
that the estimators nearly correct estimate the shape of the survival curves, and the
regression parameter estimates have acceptable bias and precision.

Komérek and Lesaffre (2008) suggested an accelerated failure time model with ran-
dom effects taking account of correlated observations and doubly interval censoring in
the failure time from tooth emergence to caries occurrence. The assumed model is

given by

log(Ei ) d; + 5TZ@',I<: + Gk (2.22)

log(Tix) = bi+ B Xip+eip, (2.23)

where E is the chronological emerging time; 7' is the time to caries occurrence; the
two times of F;; and T are independent for each ¢ and k;  and 3 are the unknown
regression parameter; ¢; x, €k, b;, and d; are mutually independent for all ¢ and k. The

likelihood contribution of the ¢th cluster is given by

o ool i VISEi)k
/oo /oo lk:l /V(E) {

L,i,k

(T) .
VE ik €ik

VUi =€k
/ p(tiJc|bi)dti,k}p(ei,k|di)d€i,klp(di7 b;)db;dd;,
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where the density p is assumed to be a penalized normal mixture distribution with
an overspecified number of components and non-informative priors for hyperparmeters
are used. For sensitivity analysis, a model assuming that (b;,d;) follows bivariate
normal distribution was also considered, and the proposed estimate is robust against
the underlying correlation of (b;,d;) assumption. Simulation results showed that the
regression parameter are estimated with only small bias and reasonable precision. The
shape of the survivor curves is correctly estimated. However, the both approaches

provided by Komaéarek and Lesaffre (2007; 2008) can not handle time-varying covariates.

2.2 Measurement Error in Data

In regression analysis, measurement error in response variables is mingled with the
error residual, so it is generally ignored or less focused than error in predictor variables
(Abrevaya and Hausman 2004). In this section, we primarily concentrate on statistical
modeling to account for error-prone dependent variables. Let Y indicate the response
variable without error and S be the observed response variable with measurement
error. Let X be observed covariates without measurement error. The measurement
error process is specified by modeling the relationship between Y and S, possibly
depending on X. This is called measurement error model. The classical error model
is an additive model, S =Y + U, where U has mean zero and finite variance, and
is independent of Y such that F(S |Y) =Y. An alternative model is the Berkson
error model: the model connect Y and S as' Y =8 + U, where U has mean zero and
finite variance and is independent of S. In the Berkson model E(Y | S) = S, and
S is said to be an unbiased predictor of Y (Guolo 2008). Models for the unobserved
variable Y can be interpreted in two ways: it is a functional method if Y is modeled
as parameters, whereas it is a structural method if Y is regarded as random variables.

If the density or mass function for S given (Y, X), fsjy x(s|y,2,7) depends only on
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the true response, that is, fsyy x(s|y,2,7) = fsy(s|y,7), then S is called surrogate
response, and the error is called non-differential.

Generally, the likelihood function for the observed response is

Joix(s | 2, B.) = / Frix(s |,z B) sy x (s | y.2,7)dy, (2.24)

where B and < are unknown parameters. If S is a surrogate, the second density
function in (2.24) is replaced by fsjy (s | y,7). Hence, we can use naive methods to
test whether there is association between the predictors and the true response, if S is
a surrogate. However, note that we lose power in contrast to tests derived from true
response (Prentice 1989). The likelihood in (2.24) shows that we need to model the
distribution of response error model. Usually, additional information is needed for the
identifiability of the parameters for the error model. It is called validation data.
Suppose that there is validation subsample data obtained by measuring the true
response in the primary sample selected with probability 7(S, X ). Let an indicator
variable, A; = 1 if subject i’s true response is measured in the validation data, &; =0
otherwise. As taking account of the validation data, the observed likelihood for a

general S is

[{F(Si Y3, Xao ) f(Ya | Xi, B)}{f(Si | X, B,y) Y] (2.25)

n
i=1

Here the distribution of S | (Y, X) is a crucial component. This likelihood approach
requires a correctly specified model for the measurement error. Calculation of the
likelihood could be challenging in implementation of maximizing the likelihood.

In this review, we restrict our interest to the surrogate and observed response vari-

ables.
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2.2.1 Linear Regression with Response Error

Suppose Y | X follows a normal linear model with mean f, + 3% X and variance
o2, while § | (Y, X) follows a normal linear with mean ~, + 7Y and variance o7.
Then S is biased, and the observed data follow a normal linear model with mean
Yo+ Boy1 +718% X and variance o7, +~#02. Thus naive regression ignoring measurement
error in S estimates v, 3x rather than By.

To make S unbiased variables, we can transform S to (S —79)/71. If we obtain
information about (7y,7:), we can apply any existing analysis method to an estimated
unbiased response as (S —7p)/71. Suppose that there exists available validation data.
Buonaccorsi and Tosteson (1993) and Buonaccorsi (1996) proposed the following proce-
dure. We use the validation subsample data to obtain the estimates B, the parameters
relating Y and X, and (79,71). Denote the estimator obtained from the validation data
as B, and the estimator obtained from the analysis based on the original data with the
transformed estimator (S—7)/7; as BI. Then we estimate the joint covariance matrix
of these estimates, (ElT, Bg ) using the bootstrap, and it is called . We form the best
weighted combination of the two estimates, namely B = (JTX-1J)-1J72-1(BY BI)T,
where J = (I,I) and I is the r x r identity matrix,  is sum of the dimensions of B;
and B,. An estimated covariance matrix for the combined estimates B is (JTS-1J)-L.

If there is no validation data, instead one might have two independent replicate
unbiased measurements of Y denoted by (S1.,Ss,). These unbiased replicates are in
addition to the biased surrogate S measured on the main study sample. In this case,
we use the same algorithm as for validation data, with the following changes (Carroll
2006): we use the unbiased response the average of S;. and Ss,. to get B,. In fact,
the replication data is modeled: §' =~ +7Y +V and S;. =Y +Uj, for j =1 and 2,
where U;, and U,, are independent with mean zero, and V' has mean zero and finitie

variance.
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We have considered homoscedastic regression models so far, but when the data
are heteroscedastic, in the additive unbiased response measurement error model the
variance function for Y has general form of 62¢g?( X, B). However, we can keep applying

the same procedure used for homoscedastic data with the changed variance form.

2.2.2 Logistic Regression with Response Error

Response error in binary dependent variables is called misclassification. Assuming

misclassification is independent of X, we classify observed responses with probabilities

pr(S=1]Y=1,X)=m and pr(S=0]|Y =0,X) =m. Then
pr(S=1]X)=(1-m)+(m +7m-1)H(B +BLX), (2.26)

where pr(Y =1|X) = H(Sy+ B4 X), and H(z) = exp(z)/{1 + exp(z)}.
If the misclassification probabilities are unknown and independent of the covari-

ates, then the parameters (71, 7o, 5, Bx) can be estimated by using the following log-

likelihood function: let the probability in (2.26) be (S =1, X, 7y, 7o, B0, B% ),

n

Z [Silog{\I/(S =1,X,m, 70,50, B%)}

i=1

+(1—Si)10g{1_\11(s=1,X,7T1,7T0,60,6§)}:|- (227)

There are many existing algorithms to maximize the log-likelihood in (2.27): scoring, it-
eratively reweighted least squares, and the EM-algorithm (Carroll 2006). In practice, it
is difficult to identify the classification probabilities. Paulino et al. (2003) resolved this
identifiability problem by using informative prior distribution under Bayesian frame-
work.

When one has validation data, the classification probabilities can be estimated as the

proportion of correct classification among each group with Y =1 or 0. The estimates
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7 and Ty are incorporated into the log-likelihood in (2.27) as if it is known parameters.
This is called a pseudo-likelihood approach (Carroll et al. 1984, Schafer 1987). If
selection into the validation study is independent on the observed values of S and X,
the pseudo-likelihood approach is valid, but not guaranteed to be efficient. Prescott and
Garthwaite (2002) presented a two-stage Bayesian method for analyzing case-control
studies when binary outcomes are subject to measurement error. In the first stage,
analysis of the data from the validation study yields in prior information for the second
stage.

We need to consider what if there is no validation study. Previous studies can pro-
vide the information about the misclassification with standard error.On the other hand,
replication of the observed variables can be used for the misclassification probabilities.
For example, if the misclassification probability is the same for both values of Y, then

two independent replicates of S a subject suffice to identify the probability.

2.2.3 Semiparametric Methods for Validation Data

Semiparametric analysis by allowing a nonparametric specification of the error
model is an alternative to the likelihood method with a drawback, which is sensitive to
the assumption about the distribution for the error-prone response (Carroll et al. 1984,
Pepe et al. 1989).

Similar to the approaches for the mismeasured covariate with validation data by
Carroll and Wand (1991) and Pepe and Fleming (1991), Pepe (1992) proposed a pseudo-
likelihood method by assuming that the selection into the second stage validation study
is by simple random sampling. For the likelihood in (2.25), the validation data is used
to nonparametrically estimate f(S |Y,X) by kernel regression methods. Then the

estimator f(S | Y, X) is substituted into the likelihood in (2.25). Eventually, the
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pseudo-likelihood to maximize is

1Y | X0, B F(S: | X, Boy)'™, (2.28)
i=1

where f(S; | X;,B.v) = [f(Y; =y | X;, B)J(S; | Yi = y,X;,B,~)dy. In this ap-
proach, estimating f(S; | Y;, X;, B,~) is challenging because the number of condi-
tional distribution is proportional to the number of all possible combinations of both
levels of Y and X. Moreover when S is continuous, it is more complicated. In prac-
tice, numerical performance of this approach in finite sample sizes needs to be studied

further.

2.3 Weighted Estimating Equations Accounting for MAR Data

Missing data is a crucial problem arising in longitudinal and observational studies.
A simple approach to missing data is a complete case analysis, that is, analyzing only
subjects with complete observations. However, it is well know that the complete case
analysis can be biased when the data are not missing complete at random (MCAR).
Another ad hoc method for missing covariate data is to exclude the corresponding co-
variates from the analysis. However, this can result in model misspecification (Ibrahim
et al. 2005). There are several approaches of dealing with missing data problem: max-
imum likelihood (ML), multiple imputation (MI), fully Bayesian (FB), and weighted
estimating equations (WEEs). In contrast to ML, MI, and FB methods for missing data,
WEEs-based estimates are robust because WEESs require no distributional assumption.
In this section, we review mainly weighted estimating equations in a regression setting.
Without loss of generality, we assume that response variables are always observed.
However, the four methods can be extended to the case that there is missing data in

both responses and covariates by minor adjustments.
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Horvitz and Thompson (1952) proposed a method for survey data analysis account-
ing for different proportions of observations within strata by using inverse probability
weights (IPW), which are the inverse of the inclusion probability in sampling data anal-
ysis, and then the method can be applied to the missing data problem. Motivated from
the Horvitz-Thomson estimator, Rotnitzky and Robins (1995), Robins and Rotnitzky
(1995), and Robins et al. (1994; 1995) developed a class of estimating equations based
on inverse probability weights in a regression setting when data are missing at random
(MAR), namely, missingness depends on only observed data rather unobserved data.

Following Ibrahim et al. (2005), denote the mean model by p; = u(X;,8) = E(y; |
X, 3), where 1;( X;; 3) is a known twice-differentiable function of 3. For missing data,
we define an indicator variable R; = 1 if covariates are fully observed, R; = 0 otherwise.
The distribution of R; | (Y;, X;) is Bernoulli with probability m;(a) = Pr(R; = 1 |
Y;, X;, ), where av denotes unknown parameters.

For now, let us assume that m; is known. Robins et al. (1994) proposed weighted

quasi-likelihood estimating equations in the complete case:

uwrre(B) =Y R tdiv; (v — i), (2.29)
i

where d; = 0p1;/08 and v; = v;(B) = var(y; | X;). Although only subjects with complete
data contribute to the equation in (2.29), the weighting equations in (2.29) provide a

consistent estimate of 3 because

E {Ripii_ldivi_l(yi - Mz)}
Ex, [ Byix Adivi" (yi = 1) M Eryjy x, (Rim; 1)} ]

EXi [Eyi\Xi{divi_l(yi - Mz)}] = EXi(O) =0. (230)

The key point of the derivation in (2.30) is E(R; | y;, X;) = m;. As a consequence, if 7; in
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the weighted equations in (2.29) is known or replaced by a consistent estimate, then the
weighted estimating equation leads to an unbiased estimator for 3. Zhao et al. (1996)
presented a consistent and robust sandwich variance estimator for B To estimate the
probability of being observed, we can apply a logistic regression model under the MAR
assumption. In practice, to apply an ordinary logistic model, we need to assume that
m; depends only on y; and X, where X ; are the variables observed on all subjects.
However, this is a stronger assumption than MAR. Ideally, when covariates are fully
observed, the weighted quasi-likelihood estimating equations are most useful.

Robins et al. (1995) proposed semiparametric regression models for longitudinal
outcomes with MAR, data. Their approach can be regarded as an extension of gen-
eralized estimating equations. Under the assumption of monotone missing pattern, a
marginal structure model with past history is used to estimate the probability for be-
ing observed. Robins et al. (1995) also considered extension to arbitrary missing data
patterns.

In fact, the estimates from the weighted estimating equations described above are
inefficient because it uses only the information in the complete cases. To improve
efficiency, Robins and Rotnitzky (1995) extended (2.30) by using the incomplete cases

to estimate the weights.

uwpp(B) = Y {Rin;  dv (yi — 1) + (1 - Rim; ) q(yi, Xovsi3 8, @) | (2.31)
i

where q(yi, Xopsi; 3, ) is a specified function of the observed data (vy;, Xops,i), B is
the parameters of interest, and « is the parameter related to m;. IF 7; is correctly
specified, then Eg,,, x,(1-R;w}) = 0. Expectation of the second term in (2.31) will have
0 regardless of the function q(v;, Xopsi; 3, ). Moreover, if 7; is correctly specified, the
first term in (2.31) will have zero expectation. Hence, the estimates of B 2 obtained

from the equations in (2.31) will be consistent.
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Rotnitzky and Robins (1995) showed the optimal function for q to minimize the

asymptotic variance of By g by

q(yivXobs,i;/Baa) = E(Ui(ﬁ) | Vi, Xobs: 3, 04)» (2-32)

where u;(3) = div;'(y; — ;). To calculate the optimal function in (2.32), we need
to know the distribution of the covariates, p(Xissingi | Xobs.i;3,). Thus we need
another set of estimating equations to estimate &.

Lipsitz et al. (1999) proposed a WEEs with v = (83, a, ¢) as following:

Rlﬂ-’;lul(lg) + (]' - Rlﬂ-;l)Eszsszng‘yzvXobs{UZ(B)}
Rim;'si(e) + (1= R ) Ex, gl Xon 18 (@)} | (2.33)
(i, X)T(R; = ;)

S(v) =

i=1
where u;(3) = u(8; y;, X;) and s;() = s(a; X;). To solve S(¥) =0, the weighted EM-
algorithm or Monte Carlo EM algorithm is used when missing covariate is categorical
or continuous, respectively (Lipsitz et al. 1999). Robbins and Ritov (1997) showed
the estimator from (2.33) is doubly robust, that is, it remains consistent when either
a model for the missingness mechanism or the score vector for the missing data given
the observed data is correctly specified. However, these are asymptotic properties, and
the estimating equations in (2.33) does not extend easily when missing data pattern is

non-monotone.
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CHAPTER3: THRESHOLD-DEPENDENT PROPORTIONAL
HAZARDS MODEL FOR ANALYZING TIME-TO-EVENT DEFINED
BY BIOMARKER WITH SUBJECT TO MEASUREMENT ERROR

3.1 Introduction

Type 2 diabetes mellitus (hereafter referred to simply as diabetes) is an adult-onset
metabolic disorder and is one of the leading causes of morbidity and mortality (Kumar
et al. 2005, pp. 1194-1195). The incidence of diabetes has been increasing over several
decades, and many studies have been conducted in various communities to investigate
the pathogenesis of diabesity, with the eventual goal being to control or prevent dia-
betes (Duncan et al. 2003; UK Prospective Diabetes Study Group 1998; Isomaa et al.
2001). During 1987-1989, the Atherosclerosis Risk in Communities (ARIC) Study re-
cruited a population-based cohort from four U.S. communities, Forsyth County, NC,
Jackson, MS, suburbs of Minneapolis, MN, and Washington County, MD. Participants
underwent a baseline examination in 1987-1989, three follow-up examinations at ap-
proximately three-year intervals, and a further examination in 2011-2013. The ARIC
Study was designed to investigate the causes of atherosclerosis, but various ancillary
studies have investigated several other diseases, including diabetes. The standard ARIC
definition of diabetes is a fasting plasma glucose (FPG) > 126mg/dL, non-fasting glu-
cose > 200mg/dL, a self-reported physician diagnosis of diabetes, or use of diabetes
medication in the two weeks preceding the study visit.

The diabetes data from the ARIC Study pose three challenges for analysis. For

incident diabetes determined by the FPG value, because of the relatively long intervals
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between visits, the exact date of crossing the specified threshold, and hence the exact
incident date was unobservable. What is known is the date of the visits at which an
individual’s FPG values were below or above the threshold. This can be regarded as
measurement error of the event time or as interval censoring. Using as event time the
visit time at which a value above the threshold is first recorded may lead to invalid
inferences (Lindsey and Ryan 1998).

Secondly, the threshold of FPG (126 mg/dL) used as the diagnostic criterion for di-
abetes is based on the World Health Organization (WHO) guidelines updated in 2005.
According to the guidelines, two sets of information have influenced determination of
diagnostic cutpoints for diabetes: plasma glucose levels associated with micro-vascular
(particularly retinopathy) and cardiovascular complications, and the population distri-
bution of plasma glucose. The Expert Committee on the Diagnosis & Classification of
Diabetes Mellitus (2003) reported history of changing the diagnostic threshold for the
FPG over time and some countries. Miyazaki et al. (2004) suggested that the thresh-
old for diagnostic fasting plasma glucose level based on prevalence of retinopathy in a
Japanese population is lower than that of the current diagnostic criteria. This implies
the criterion proposed by WHO has limitations because of the data from which the
diagnostic criterion for diabetes was derived. Not only FPG but other biomarkers have
different distributions across populations (Vasan 2006; Rule et al. 2004). In analyzing
the data from the ARIC Study, we found that factors significantly associated with time
to diabetes onset varied with the criteria used to define diabetes. This motivated us to
investigate methods for relaxing the requirement of using a specified, fixed threshold.

Finally, there is marked variability (both pre-analytical and analytical) involved
in glucose testing, and the pre-analytical variation results from intra-individual and
inter-individual variation, whereas analytical variation results from methodology used

in measurement of glucose (Schwartz, Reichberg, and Gambino 2005; Schrot, Patel, and
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Foulis 2007; Tonyushkina and Nichols 2009; Hellman 2012). Generally, we are unable to
distinguish measurement error and individual variability. The pre-analytical variation
can be inferred by blood glucose values measured repeatedly over time. The National
Institute of Standards and Technology maintains the glucose sample materials that
are the gold standard by which instrument manufacturers determine the accuracy of
their glucose measurement devices. Variation due to measurement error or individual
variability complicates defining time to diabetes occurrence. Moreover, if measurement
error is non-ignorable but ignored in the analysis, the analysis may yield an inaccurate
conclusion.

In the literature, there exist different methods to address each of the three issues
described above. For interval censoring in data with only one follow-up after base-
line, Huang (1996) provided a thorough study based on a proportional hazards model
and Rossini and Tsiatis (1996), Shen (2000), Ma and Kosorok (2005), and Xue, Lam,
and Li (2004) developed several semi-parametric models for interval censored data
based on events determined by a fixed threshold. Measurement error in categorical
response is called misclassification, and various approaches to account for misclassifi-
cation have been developed (Hausmana, Abrevayab, and Scott-Mortonb 1998;Neuhaus
2002;Paulino, Soares, and Neuhaus 2003). For measurement error in a continuous re-
sponse, some authors have proposed methods adjusting for measurement error (Carroll
2006). As a likelihood method, Pepe (1992) developed a nonparametric estimator for
the conditional probability of a surrogate response given covariates. Huang and Wang
(2000) and Tsiatis and Davidian (2001) handled covariates subject to measurement
error in the context of time-to-event subject to right censoring. However, none of
these approaches can simultaneously handle the challenges as seen in the ARIC Study,
including imprecise event time, non-fixed threshold and measurement error.

In this paper, we propose a novel semiparametric regression model for modelling
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the FPG values. Our model is based on an extension of the generalized extreme value
distribution. Interestingly, the proposed model is equivalent to modelling threshold-
dependent time to diabetes via a Cox proportional hazards model, where the event
time is defined as the FPG value crossing the given threshold. To account for measure-
ment error, we develop nonparametric maximum likelihood estimation for inference.
The paper is structured as follows. We describe the ARIC Study in Section 3.2. We
then propose our method and inference procedure in Section 3.3. Asymptotic Results
and the technical details are summarized in Section 3.4 and Application A, respec-
tively. Simulation study and application to the ARIC Study are in Sections 3.5 and

sec : application, respectively. We give some conclusions in Section sec : discussion.

3.2 The ARIC Study

The ARIC Study recruited a population-based cohort of 15,792 (Duncan et al.
2003). The study participants were predominantly white or African-American, and
they underwent a baseline examination in 1987-1989, three follow-up examinations
at approximately three-year intervals, and a further examination in 2011-2013. We
excluded 2,018 participants with prevalent diabetes, 95 participants who were neither
white nor African-American and African-Americans in the Minnesota and Washington
County cohorts because of small numbers, 853 not returning to any follow-up visit,
26 having no valid diabetes determination at follow-ups, 7 with restrictions on stored
plasma use, 12 with missing baseline anthropometrics, and 1,011 with missing FPG
values or baseline characteristics. To study the association between baseline risk factors
and time to diabetes, although we have the FPG values from multiple follow-up visits,
we use only the value at the first follow-up visit because once diagnosed as diabetic by
non-study physicians, participants may have started taking medication for diabetes or

have adjusted their life style and their FPG levels at the subsequent visits may have
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been influenced by these changes. For the same reason, we excluded 128 subjects (1%)
diagnosed with diabetes by their own physicians between baseline and the first follow-
up visit. We summarize the demographics and baseline characteristics of the 11,642
participants to be included in the analysis in Table 1.

If we ignore the complicated issues arising in the data and simplify the problem
by focusing on the binary outcome of presence or absence of diabetes, we can apply
a logistic regression model. Defining presence of diabetes as an observed FPG value
> 126mg/dL, the logistic regression model for the probability of diabetes (refer to the
supplemental material) leads to a result that differs from the well-known facts: African-
Americans and people with a parental history of diabetes have significantly lower risk
of diabetes than whites and people without a parental history of diabetes, respectively.
This incorrect conclusion drove us to consider another approach.

We examined the distributions of the FPG values at the follow-up visits as shown
in Figure 3.1. Clearly, the distribution of FPG values is very skewed and has a long
right tail. Even after logarithm transformation, the distribution remains skewed. We
fitted a parametric generalized extreme value distribution (the dashed curve in Figure
3.1), and this suggests that it is a good approximation to the distribution of the FPG
values. There appears to be some mismatch at the mode of the FPG distribution,
but we believe this is primarily due to measurement errors in the FPG values. This
empirical observation motivated us to propose a semiparametric regression model based

on the generalized extreme value distribution as described in the methods section.

3.3 Method

3.3.1 Model

For subject 7, let X; be time-invariant covariates such as demographic characteristics

and risk factors at baseline such as race, sex, hypertension, parents diabetes history,
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age, body mass index, fasting plasma glucose value, high-density lipoprotein, and total
cholesterol, and Y*(¢) and Y;(¢) be the true FPG value and observed FPG value at
time ¢, respectively. Observed visit time is denoted by V', which can be fixed or random
and is assumed to be independent of Y;*(¢) given X;. Thus, the observed data from
n independently and identically distributed subjects are {Y;(V;), Vi, X; |i=1,...,n},
where V is the visit time for subject i. The observed data is denoted by {W; | i =
1,...,n} hereafter.

Motivated by the empirical observation in Section 2, we assume that the true FPG
values follow one type of generalized extreme value distribution: exp{-aexp(-puy* +
v)}, for parameters « > 0, > 0, and —oo < 7,y* < oo. The underlying trend of the
true biomarker values is never observable because of intra-individual variability and
measurement error; however, it is reasonable to assume that in a population of middle-
aged and older adults the underlying trend of Y*(¢) is non-decreasing over time ¢
within the follow-up period because chronic diseases such as diabetes, hypertension,
and asthma are irreversible without medication or lifestyle changes. To incorporate
baseline covariates and account for the time-dependent nature of the FPG values, our

proposed semiparametric regression model is

P(Y7(t) <y* | Xi) = exp{-Ao(t) exp(-py* + 8" X;)}, (3.1)

where Ag(t) is non-decreasing over time and positive when ¢ > 0, and both x4 and 3
are unknown parameters. In the absence of covariates, this model can be regarded
as a stochastic process with the mean function p='(logAg(t) + o) , where 7 is the
Euler-Mascheroni constant.

Interestingly, the above model is equivalent to modeling the threshold-dependent
time-to-diabetes events. Specifically, for any given threshold value &, we define T} to

be the first time that Y;(¢) crosses the threshold £&. Then under the assumption that
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Y.*(t) is non-decreasing, we have P(Tj >t | X;) = P(Y;*(t) <& | X;). The equation in

(3.1) is equivalent to

P(Tie > t | X;) = exp{-Ao(t) exp(-p& + B" X)}.

That is, we obtain a proportional hazard model with a threshold-dependent baseline

hazard function for Tj¢ as

Ai(t) = exp(=p&) Ao (1) exp(BT X;), (3.2)

where \g(t) = dAo(t)/dt. Equivalently, log Ag(T(£))=-B" X, + ué + €, where € is inde-
pendent of X; and has the extreme value distribution. This new expression gives a
nice interpretation of the parameters p and B: p > 0 is essentially the effect of using
different thresholds for the threshold-dependent time to diabetes. Clearly, the larger
the threshold, the longer the time to diabetes. The regression parameter 3 in the model
(3.2) gives the log-hazard ratio of X on time to diabetes occurrence after controlling
for any given threshold value. Therefore, 3 being positive implies that greater risk of
developing diabetes is associated with larger values of X.

Our second model considers the effect of measurement error using the classical
additive measurement error model (Carroll 2006; Fuller 1987; Tsiatis, DeGruttola, and
Waulfsohn 1995)

Yi(t) =Y (t) +e(t), i=1,...,n. (3.3)

We assume the measurement error €;(¢) has a normal distribution with mean zero and
variance o2 for any time ¢ and is independent of Y;*(¢), X;, and . The measurement
error variance of o2 may be estimated in practice by taking repeated measurements
(Schwartz et al. 2005;Tonyushkina and Nichols 2009). Since information about the

measurement error variation can be obtained from outside the dataset being analyzed,
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we consider o2 to be known. The measurement error model can be regarded as a
mixture model to give flexibility to the distribution for the observed FPG values.
Under the above two models, we construct the likelihood for the observed biomarker

Yi(V;) given (V;, X;),i=1,..,n:

{K-(V%)—f}

[T/ expt-Ro()e X} Ao(Vuexp(87 X, - ) i 3
i=1 J —o0

where ¢(+) is the standard normal density function.

3.3.2 Inference Procedure

We maximize (3.4) to estimate all the parameters, including 6 = (i, 87)T and A,.
Specifically, we estimate Ay as a step function, with jumps at the observed V;’s. Let
vy < ... <Vk) be ordered observed times of {v; |i=1,...,n} and Ay = Ag(vs)) and
vy = 0. Then we maximize (3.4) over § and A.’s subject to constraints 0 <Ay <... <
Ag.

To facilitate the maximization, we introduce a latent threshold variable &; for each
subject. Furthermore, the random variables of (Y;(V;),V;, X;,&;) follow a joint distri-
bution given by

exp{~Ao(V)e® X6} Ao (Vi) prexp(BT X - i)~

g

{Yi(‘/;)_gi}.

Then the likelihood (3.4) is the observed likelihood function with &;,i = 1,...,n being

missing. Therefore, we adopt the expectation-maximization (EM) algorithm. Then the
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complete log-likelihood function is

K n
LO) = Y > I(Vi= V(k))[ = Apexp(B" X — ;) +log A +log i+ B X, — pié;
k=11i=1
- 10g0’2 . {}/”L(‘/Z) B 52}2
2 202 ’

In the M-step at the [th iteration of the EM algorithm, we first maximize the conditional
expectation of the complete log-likelihood function given observed data over A;’s. We

then update 6 via the Newton-Raphson algorithm. Specifically, we maximize @Q(A)

defined by
K n
Q(A) = X" 3 I(V; = Vi) E{~A exp(BT X,; - u&;) +log Ay | Wy, 6D} (3.5)
k=1i=1
Since Q(A) is a concave function over a convex cone satisfying A; < ... < Ag, this

maximization can be carried out using one of the many existing algorithms for convex

optimization. To update 6, we apply the following one-step Newton-Raphson algorithm,
0D = 90 + E(-0%1./(90)* | W,0W). 1 E(01./00 | W,00)y_0). (3.6)

The conditional expectations in (3.6) are calculated in the E-step of the EM algorithm

based on the following expression,

(Vi = Vi) [, (&) exp(=Age?" Ximno)emnsi L) g,
f_o; eXp(_AkeﬁTXrﬂii)efu& ¢(_Yi(‘2')*§i )dfz

E(g(&) | Wi,00) =

)

where the g(&)’s to be calculated are £, €2, e7#, e7#€, and e #€£2. This integration can

be approximated by the Gauss-Hermite quadrature (Davis 1984, pp. 190), so it can be

43



approximated by

M=

(ﬂawkg{\/égwk +Y(Vi) Y exp I:_AO(‘/ij)eBTXi_N{\/EUZk"'Yi(Vi)}:I e—u{\/iozwm(vi)}) :
(3.7)

k=1

where N is the number of the quadratures and wy and z;, are weights and abscissae for
the Gauss-Hermite quadrature, respectively. This loop of the E-step and the M-step is
repeated until |9+ — ()] is smaller than a pre-specified criterion. We denote the final

estimators as 07 = (77, B7) and A.

3.3.3 Variance Estimation

In the asymptotic results given in the Appendix and the supplemental material, we
show that the proposed estimator for @, is semiparametrically efficient. Moreover, the

efficient score function for 8 at 6 = 0, is

Iy (00, Ao, W) = H - B[ W) = Bls | W)R(V) ; (3.8)
E(r | W){X - Ry(V)}

where k=1 - Ao(V) exp(8L X - po€), and

Ry(V) = E[E(x | W) {1i5' - E(s& | W)} | V][ E{E(x | W)* |V},

Ro(V)=E{XE(k|W)?|V}/E{E(k|W)?|V}.

Therefore, the asymptotic variance of nl/ 2§ is the inverse of the information for 0y, that

is, 1(6p) = E(1;%?), where a®? = aa” for any vector a.

T*@Q

For the asymptotic variance of n'/28, we estimate I(6y) by n=! ¥, o0%, where

- T E(/if | W) - E(’f | VV,)El(VZ) (3.9)
" B W {x - Bavi))
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and E(k | W), E(ké | W), R (V;), and Ry(V;) are some consistent estimators for
E(k | W), E(k€ | W), Ri(V;), and Ry(V;), respectively. Specifically, E(x | W) and
E(k€ | W) are

E(k|W)=1-K(V)exp(B" X)E(exp(-Ti&) | W),

E(k&|W) =E(&| W) - K(V) exp(BT X ) E(exp(-Ti)¢ | W),

and the other two estimators are some type of kernel estimators with bandwidth A,,:

Z1 Kn (V; =) E(s | W){E! - E(w€ | W;)}
Sy K, (Vi = 0)E(k | W;)?
Sy XK, (Vi = v) E(k | W)?
Sy K, (Vi =) E(k | W;)?

Ry(v) =

)

Y

RQ(U) =

where K}, (x) = h;' exp(-22/h,,). In the Appendix, we establish the consistency of this
variance estimator assuming that h, - 0 and nh, — oo as n - co. We choose (n/2)~1/2
for h,,.

When the number of observations is large, as in the ARIC Study, an alternative
approach to estimating the variance is via the profile likelihood. Specifically, for each
parameter in 0, we fix it in the proposed EM algorithm and at convergence, we compute
the log-likelihood function as its profile likelihood function. Then based on the profile
likelihood theory, the inverse of the negative curvature of the profile likelihood function

should give a consistent estimator for the variance.

3.4 Asymptotic Results

We establish asymptotic properties for the proposed estimators under the following
conditions and the proofs are summarized in Appendix A. Let 6y and Ay denote the

true regression parameter and cumulative hazard function, respectively.
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(A1) The finite-dimensional parameter space ® is a compact subset of the domain of

0.

(A2) The covariate X has bounded support with probability 1. If 87X +« = 0 almost

surely (a.s.), then 8=0 and a =0.

(A3) The support of the observation time, V, is an interval .Z[V] = [ly,uy ], with

0<ly <uy < oo.
(A4) The cumulative hazard function Ay has strictly positive derivative on .#[V].

The assumptions that parameter, covariate, and observation time are bounded are
standard. Condition (A2) ensures the identifiability of @ and A. These conditions hold
naturally in most applications.

For convergence of the estimates to the true parameters, we need to define a topol-
ogy. Let the bounded regression parameter space ©(c #£¢) be equipped with the
Euclidean topology. Regarding infinite dimensional nonparametric space, let .# be the
set of all Borel subprobability measures on .[V']. Then % can be equipped with the
vague topology by defining that, for any sequence F, € % and F € .%, F,, converges

vaguely to F' if and only if

/den%/de for every feCo(S[V]),

where Co(#[V']) is the set of all continuous functions that vanish outside a compact
subset of .#[V]. Then the product space © x .# can be equipped with the product
topology of the Euclidean topology and the vague topology. In the product topology, it

is said that (8, F) converges to (6, F) when 8 and F converge to 8 and F, respectively.

Theorem 3.4.1. (Consistency of the MLE) Under conditions (A1)-(A3), 8 — 6 al-

most surely, and if ve.Z[V] is a continuity point of Ao, A(v) - Ao(v) almost surely.
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Moreover, if Ag is continuous, then sup,cgypy | A(v) = Ag(v) |- 0 almost surely.

Before discussing the overall convergence rate, we define the distance d on Z? x ®

as follows:

d{ (61, A1), (02,A2)} = |01 = Oa] + | A1 = Aoy

where |0; — 05| is the Euclidean distance in %9,

[ A1 =Asfy p, = [/ {Ai1(v) - Az(v)}2dpv]l/27

and Py is the marginal probability measure of the measurement time variable V.
Our next theorem gives the convergence rates of the estimators in terms of this

distance.

Theorem 3.4.2. (Rate of convergence) Under Conditions (A1)-(AS3),
d{(§7 K)? (007 AO)} = Op(n_l/g)'

The overall rate of convergence is dominated by A. However, it is shown in the next
theorem that the convergence rate of 0 can be refined to achieve a rate of nl/2.
Theorem 3.4.3. (Asymptotic normality and efficiency) Suppose that 0y is an interior
point of © and that conditions (A1)-(A4) are satisfied. Then

n*%(6 - 6,) = n'*(P, - P)I(60) 15, (W) +0,(1) > N(0,1(60)"") in distribution,

where Py, is the empirical measure of Wi, i =1,...,n, that is, P,l; (W) =n"1¥1, Iz (W),
P is the probability measure, that is, Ply (W)=[1; (W)dP, I; (W) is the efficient

score defined in (3.8), and I(0y) is the information.
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Since 8 is asymptotically linear with efficient influence function, and the model
(the likelihood function) is sufficiently smooth (Hellinger differentiable) with respect
to (0,A), it is asymptotically efficient in the sense that any regular estimator has

asymptotic variance matrix no less than that of 6.

Theorem 3.4.4. (Consistency of information estimator) When the bandwidth h, sat-

isfies that h,, and logn/(nh,) converge to 0 as n — oo, ]P’n’l\;f’2 converges to Pl;om.

3.5 Simulation Study

Simulation studies were conducted to assess the performance of the estimators pro-
posed in Section 3. We considered two sets of simulations in which the observation
times were either discrete or continuous random variables. For discrete measurement
times, the time point for each subject was chosen randomly from {0.1,0.2,0.4,0.8},
while continuous observation times were generated from the uniform distribution over
[0,1]. In each simulation, two covariates were included in the model: one generated
from the Bernoulli distribution with probability 0.5, and the other from the normal
distribution with mean 0 and variance 0.1. The true values for (5, 52) were set as (0.3,
0.3), and the true cumulative baseline hazard assumed to be 2t1/5. Consequently, the

true FPG value was generated as:

Yi(t) = 87X —log { —log(p:)/Ao(t:)} |, (3.10)

where t; and p; were from the uniform distribution over [0,1]. For the observed
biomarker values, Y;’s were obtained by adding Y;* and ¢;, where ¢; was independently
generated from a normal distribution with mean 0 and variance ¢2=0.25. In the sim-
ulations, we used ©=0.5 or 1.0, where the corresponding ratios of measurement error

variance to true biomarker variance were 0.04 and 0.16, respectively. We varied sample
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sizes from 400 to 800 and conducted 1,000 replicates for each simulation.

For each simulated dataset, we applied the proposed the EM algorithm to estimate
the parameters. The initial values for 5 and Ag(t) were 0 and observed times, respec-
tively. In the M-step, the spectral projected gradient method was used for constrained
optimization in (3.5). The convergence criterion for the EM algorithm was 1076. In
the simulations, we noticed that the threshold effect of u was sensitive to the initial
values. Therefore, we first calculated the profile likelihood p using the same algorithm
except that p was held at some fixed value; we then carried out a grid search to find
the maximizer for p. The variance estimation was based on the formula in Section3.3.3.
For comparison, we also calculated the maximum likelihood estimates assuming that
the threshold value was fixed for all the subjects, and there was no measurement error.
Every subject may have a different threshold in the simulation scenario; however, we
need a fixed threshold value for the ICM method. We set fixed thresholds to be at the
90%, 80%, or 70% quantiles of the true biomarker.

In both scenarios, for the discrete and continuous time points, we observed similar
results. We present the results of simulations for continuous time points. Table 3.2
shows that bias of the proposed estimators is small, and it decreases as the sample
size increases or the variance ratio decreases; the estimated variances agree well with
the empirical variance, and the coverage probability is reasonable. Under the setting
that the threshold value varies from person to person, and the FPG value includes
measurement error, the empirical standard deviation of our estimators are much smaller
than the ICM method, and the bias is smaller than the ICM method when sample size
increases.

Table 3.2 shows that for the ICM method bias increases and efficiency improves
as the fixed threshold increases; the standard deviation and bias of the ICM method

decrease when the sample size increases; and accuracy and efficiency of the ICM method
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are influenced more by the choice of the fixed threshold than by the measurement error.

In additional simulation studies, we examined the robustness of our method against
misspecification of the measurement error distribution in the case of the random con-
tinuous time points. Specifically, we let the true distribution for the measurement error
be the log-gamma distribution with mean 0 and variance 0.33 or with mean 0.85 and
variance 0.28; but we misspecified it in the model (3.4) as the normal distribution with
the same mean and variance as the true distribution. The resulting bias and variance
(not shown) were similar to those in Table 3.2. The coverage rates of the estimated
regression parameters and the estimated threshold parameters were still around 95%.
This shows that the proposed method is not sensitive to the distribution of the measure-
ment errors. Finally, to investigate which of measurement error and varying threshold
contributes more to the difference in numerical performance between our estimators
and the ICM method, we applied the ICM method to the simulated data excluding the
measurement error. Bias and empirical standard deviation are similar in the simula-
tions with and without measurement error. Hence, accuracy and efficiency of the ICM

method is influenced more by having a fixed threshold than by measurement error.

3.6 Analysis of the ARIC Study Data

We analyzed the ARIC Study data using the proposed model. As potential risk
factors, we considered baseline characteristics of participants such as race, gender,
hypertension, parents diabetes history, age, BMI, FPG, HDL cholesterol, and total
cholesterol. These variables are regarded as major factors associated with diabetes
(Duncan et al. 2003).

Both the College of American Pathologists (CAP) and the Clinical Laboratory Im-
provement Amendments of 1988 determined the total allowable error, 10% for glucose,

and generally laboratories are well within the total allowable error (Schwartz et al.
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2005). Hence we chose 02 = 0.32, corresponding to 0.09 ratio of measurement error
variance to the standardized FPG variance.

In order to facilitate calculations, we standardized FPG values as well as baseline
continuous covariates to have mean zero and unit variance. Also, the observation time
was scaled to (0,1]. FPG values below 75 mg/dL were winsorized to reduce the influence
of outliers in the lower tail of the distribution because our interest is in crossing a
threshold towards the upper end of the distribution. The number of subjects having
FPG values below 75 mg/dL is 204 (1.7%). In winsorization of FPG at 70 or 65 mg/dL,
estimates of parameters for continuous covariates are practically unchanged, whereas
estimates for those of discrete covariates changed slightly. However, the statistical
significance of the risk factors for diabetes remained unchanged.

Although we proposed the variance estimator in Section3.3.3, we adopted the profile
likelihood function as described in Section3.3.3 to estimate the asymptotic variance of
the estimators. For each regression parameter, we computed the log-likelihood function
as its profile likelihood function in the way described in section 3.3.3. The estimated
profile likelihood functions appeared to be unimodal, and we obtained the MLE from
the profile likelihood for age, which has the maximum value among all the profile
likelihood functions (Table 3.3). Then we numerically calculated the inverse of the
negative curvature of the profile likelihood function for each parameter at the MLE.

For comparison, we considered two semiparametric models using the fixed threshold
of 126mg/dL, a naive method and Pan (1999)’s method, both ignoring the measurement
error in the observed FPG value; for the naive method, we treated the interval-censored
data as right-censored data and applied the Cox proportional hazard model. When the
FPG value is above the threshold at the next visit after baseline, the event time is
set to be the mid-point between baseline and the next visit. Otherwise, data are

regarded as right-censored at the visit after baseline. Pan (1999)’s method modified
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the iterative convex minorant algorithm as a generalized gradient projection method,
and the algorithm can be implemented using the R-package, INTCOX, developed by
Henschel et al. (2007)(referred to as the ICM method hereafter). In the ICM method,
we treat the visit times as current status data for time to diabetes. These two methods
ignore measurement error in FPG values and use the fixed threshold of 126 mg/dL for
the counting processes. Moreover, the naive method improperly accounts for interval
censoring. The ICM method does not provide standard errors, so we used the simple
bootstrap sampling method with 200 replications to estimate the standard errors of the
regression parameters.

The ICM method yielded similar results to the naive method for most risk factors,
but the effect size and significance of gender and age are different; from the ICM
method, it is found that African-Americans, people with parental history of diabetes,
older age, higher BMI and FPG, and lower HDL cholesterol have significantly higher risk
of diabetes than people with the opposite characteristics. Our method found additional
significant factors for diabetes such as hypertension and higher total cholesterol. The
factors associated with diabetes found from the proposed model agree with the generally
known factors (Mokdad et al. 2003). Total cholesterol consists of HDL cholesterol, LDL
cholesterol, and triglycerides. It is known that higher LDL cholesterol and triglycerides
and lower HDL cholesterol increase diabetes risk, and high total cholesterol plays a
more critical role as a diabetes risk indicator than low HDL cholesterol. We gain less
biased and more precise risk estimates from the proposed model.

In the four US communities, African-Americans, males, people with hypertension,
and people with parents diabetes history have 1.20, 1.45, 1.31, and 1.42 times greater
hazard of diabetes than whites, females, people with hypotension or normal blood
pressure, and people without parental diabetes history, respectively. When baseline

BMI, FPG, and total cholesterol increase by 1 unit, and HDL cholesterol decreases by
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1 unit, where the unit is on the original measurement scale, then the hazard of diabetes
increases by a factor of 0.024, 0.052, 0.001, and 0.002, respectively. To investigate
the goodness-of-fit of our model, we used the log-likelihood ratio test to compare the
model in (3.4) with the model with no measurement error, and the test based on
the mixture chi-square distribution shows that there is significant measurement error
(p < 0.001). In addition, we generated the predicted glucose values and the empirical
marginal distribution for the predicted values using the density formula in (3.10) and
the formula in (3.4) based on the estimates, respectively. We compared the histogram
of the observed FPG values with the empirical marginal distribution for the model-fit
(left in Figure 3.2). The marginal distribution in Figure 3.2 shows better fit to the
observed distribution of FPG values than the generalized extreme value distribution in
the mode of the distribution. Using the predicted values, we suggest another graphical
method for model diagnosis, a residual plot, subtracting the predicted means from the
real observed glucose values (right in Figure 3.2). The residual plot of Figure 3.2 shows
a fairly good fit and the residuals are randomly scattered around 0.

However, in the residual plot, we observe that there are 52 observations with rel-
atively large residuals. The observations with large residuals are above the 99.7%
quantiles of FPG values (inter-quartile ranges: 179-246 mg/dL) and their observation
times are relatively early. As a sensitivity analysis, we reanalyzed the data excluding
those observations to investigate the influence of these observations on the result. After
excluding the observations, the estimated hazard ratios barely changed and significance

of the factors remains unchanged.

3.7 Concluding Remarks

Motivated by the ARIC Study to find associations between potential risk factors

and time to diabetes occurrence determined by FPG and a threshold, we propose a
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semiparametric regression model based on the generalized extreme value distribution,
which turns out to be equivalent to a class of proportional hazard models for threshold-
dependent time to diabetes. We account for measurement error in observed FPG by
incorporating the additive measurement error model into the observed likelihood. The
application to the ARIC Study reveals significant risk factors which are consistent with
clinical findings from this study. Compared to the existing methods, the proposed
model yields risk effect estimates in the correct direction and with improved efficiency.

Although we have focused on only one follow-up time per subject, the proposed
model can be generalized to repeated observations using pseudo-likelihood ignoring
dependence between biomarker values within the same subject. On the other hand,
when a covariance structure for the true biomarker values is postulated, semiparametric
maximum likelihood methods can be constructed. Furthermore, we can generalize the

linear model with respect to threshold to a nonparametric model.
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Figure 3.1: Distribution of Fasting Blood Glucose Values
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Figure 3.2: Quantile-Quantile and Residual Plots
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In the left plot, the dashed curve is the generalized extreme value distribution:
exp (—14exp(-0.07y +4.1)) I(—o0 < y < 00). The solid curve is the distribution for the
predicted values based on the estimates using our method.
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Table 3.1: Baseline Characteristics of the Study Participants

Baseline Factor

n—11,642

N (%) or mean (+SE)

Center
Forsyth
Jackson
Minneapolis
Washington

Race
White

Gender
Female

Parental history of diabetes
Yes

Hypertension
Yes

Age (years)

BMI (kg/m?)

FPG (mg/dL)

HDL (mg/dL)

Total cholesterol (mg/dL)

3,132 (26.9%)
2,224 (19.1%)
3,318 (28.5%)
2,968 (25.5%)

9,120 (78.3%)
6,499 (55.8%)
2,935 (25.2%)

3,471 (29.8%)

53.9(+5.7)
27.2 (£5.0)
97.7 (+10.4)
52.7 (£17.1)
214.1 (+40.9)

SE: standard error
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CHAPTER4: SEMIPARAMETRIC REGRESSION MODEL FOR
ANALYZING TIME-TO-EVENT DEFINED BY EXTREME
LONGITUDINAL BIOMARKERS

4.1 Introduction

In many medical studies, interest focuses on studying the effects of potential risk
factors on some disease events, where the occurrence time of disease events is often de-
fined in terms of the behavior of a biomarker. For example, in diabetic studies, diabetes
is defined in terms of fasting plasma glucose (FPG) being 126 mg/dl or higher. In prac-
tice, due to discrete study follow-up times, the exact time when a biomarker crosses a
given threshold is unobservable, yielding so-called interval censored events (Schick and
Yu 2000). In addition, most biomarker values are subject to measurement error due
to imperfect technologies, so the observed biomarker values may not reflect the actual
trend of the underlying biomarker. Finally, using a common threshold for defining a
disease event may not be appropriate due to patient heterogeneity, which could lead to
potential over-treating or under-treating some patients. Hypercholesterolemia does not
cause symptoms but can significantly increase risk of developing coronary heart dis-
ease (CHD). To reduce risk, including that of CHD, people with substantially elevated
cholesterol levels are advised to start therapeutic lifestyle changes or drug therapy. The
cholesterol level at which to consider therapeutic intervention varies across different risk
categories such as cigarette smoking, hypertension, family history of premature CHD,
age, etc. (the National Cholesterol Education Program Expert Panel 2001).

Our work is motivated by the Atherosclerosis Risk in Communities (ARIC) study. In
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1987-1989, the ARIC Study recruited a population-based cohort from four U.S. commu-
nities, Forsyth County, NC, Jackson, MS, suburbs of Minneapolis, MN, and Washington
County, MD. Participants underwent a baseline examination in 1987-1989, three follow-
up examinations at approximately three-year intervals, and a further examination in
2011-2013. The ARIC Study was designed to investigate the causes of atherosclero-
sis, and hypercholesterolemia is a crucial risk factor for cardiovascular disease. Hence,
assessing risk factors associated with time-to- hypercholesterolemia appears to be of
interest. The time-to-hypercholesterolemia data from the ARIC study pose the dif-
ficulties in analysis that we described above. Hypercholesterolemia is determined by
the total cholesterol value, and this is observed at the study visits. Hence the exact
incidence date for hypercholesterolemia was unobservable, and instead what is known is
only the dates of the visits at which a subject’s cholesterol values were below or above
the specified threshold defining hypercholesterolemia. Also, total cholesterol is sub-
ject to measurement error, which is undifferentiated from intra-individual variability
(Oppenheim et al. 1994). Based on total cholesterol for determining disease, the cor-
responding threshold levels can vary across sub-populations (the National Cholesterol
Education Program Expert Panel 2001).

Despite the fact that many statistical methods have been developed for analyzing
interval censored data (Ma 2010; Wen 2012; Pan 1999;Komarek and Lesaffre 2007)
and measurement errors (Hausmana, Abrevayab, and Scott-Mortonb 1998; Neuhaus
2002;Paulino, Soares, and Neuhaus 2003;Pepe 1992), there is no work to address the
challenges discussed above, including biomarkers measured at discrete times (interval-
censored data), imperfect measurements (measurement errors), and heterogeneous thresh-
old values for disease events. In this paper, we propose a novel semiparametric regres-
sion model for modeling biomarker values at each observed time. Our model is based

on an extension of the generalized extreme value distribution, and it is equivalent to
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modeling threshold-defined time-to-event via a class of Cox proportional hazards mod-
els. The paper is structured as follows. Inference procedures using the expectation-
maximization (EM) algorithm for parameter estimation are presented and variance
estimation are provided in Section 4.2. Asymptotic results for the proposed estimators
are established in Section 4.3 and the technical detail is described in Appendix B. A
simulation study and an application to the data of the ARIC study are given in Section

4.4 and Section 4.5, respectively. Some discussion is given in Section 4.6.

4.2 Method

4.2.1 Model

For subject 4, let X; be time-invariant covariates and Y;*(¢) and Y;(¢) be the true
biomarker value and observed biomarker value at time ¢, respectively. We assume
Y.*(t) to be non-decreasing over the study period, which is plausible for many chronic
diseases or conditions such as diabetes, hypertension, and hypercholesterolemia as they
are usually irreversible without medication or other intervention. The observed data
from n iid subjects are {X;,Y;(vi;),v;; | i = 1,...,n,7 = 1,...,n;}, abbreviated as
{®; | i =1,...,n} hereafter, where v;;,...,v;,, are the observed times and these are
assumed to be independent of Y;(t) given X;.

Since the disease event is determined by the tail behavior of the true biomarker
Y*(t), our model for the distribution of Y*(¢) is based on the generalized extreme value
distribution, which has the form exp{-aexp(—uy* +v)} with parameters a > 0, > 0,
and —oo < 7v,y* < oo. To further incorporate baseline covariates and account for the
time-dependent nature of the biomarker values, our proposed semiparametric regression

model is

P(Y7(t) <y* | X;) = exp{-Ao(t) exp(-py* + 8" X;)}, (4.1)
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where Ag(t) is non-decreasing over time and positive when ¢ > 0, and both p and 3 are
unknown parameters. Interestingly, the above model in (4.1) is equivalent to modeling
the threshold-defined time-to-disease events. Specifically, for any given threshold value
&, we define Tj¢ to be the first time that Y;*(¢) crosses the threshold {. Then we have
P(Tie >t | X;) = P(Y*(t) < | X;). Therefore, the model in (4.1) is equivalent
to assuming P(T; > t | X;) = exp{-Ao(t) exp(—u& + BT X;)}. That is, we obtain a
proportional hazard model with a threshold-dependent baseline hazard function for T,

as

Ai(t) = exp(—p&)No(t) exp(BT X;), (4.2)

where Ao(t) = dAg(t)/dt. This new expression gives a nice interpretation of the pa-
rameters p and 3: p > 0 is essentially the effect of using different thresholds for the
threshold-defined time to disease occurrence. Clearly, the larger the threshold, the
longer the time to disease. The regression parameter B in model (4.2) gives the log-
hazard ratio of X on time to disease occurrence defined based on any arbitrary thresh-
old value. Therefore, 3 being positive implies that greater risk of developing disease is
associated with larger values of X.

Since the observed biomarker values contain measurement error, our second model
considers the effect of measurement error using the classical additive measurement
error model (Carroll 2006; Fuller 1987; Tsiatis, DeGruttola, and Wulfsohn 1995):
Yi(t) = Y*(t) + €(t), ¢ = 1,...,n. We assume the measurement error ¢;(t) has a
normal distribution with mean zero and variance o2 for any time ¢ and is indepen-
dent of Y*(¢), X;, and £. The measurement error variance of 02 may be estimated in
practice by taking repeated measurements. As an example, the National Cholesterol
Education Program and Laboratory Standardization Panel established the goal that
a single serum total cholesterol measurement should be accurate within 8.9 percent.

Since information about the measurement error variation can be obtained from outside
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the dataset being analyzed, we consider o2 to be known.
Under the above two models, we obtain the marginal likelihood for the observed

biomarker {Y;(v;;)} given X;,i=1,....n,j=1,...,n; as

P = Z > log/ exp {—Ao(v)e'@TXi_”&“} Ao(v)pexp(B" X; - i)

=1 v:dN;(v)=1
Xl¢{y;(v) - fiv
g

g

} 6. (13)
where ¢(+) is the standard normal density function.

4.2.2 Inference Procedure

We maximize (4.3) to estimate all the parameters, including € = (u, 87)7 and A(¢).
Specifically, we estimate A(t) as a step function, with jumps at the observed times.
Let vy < ... < vk) be ordered observed times of {v;; i =1,...,n,5=1,...,n;} and
Ay = Ao(vry) and vy = 0. Then we maximize (4.3) over 8 and the A.’s, subject to
constraints 0 < A <--- < Ag.

To facilitate the maximization, we adopt the EM algorithm by treating the threshold

values ¢ as missing data. Then the complete log marginal likelihood function is

2

K n
B0, ARY = Y 3> I(viy = vwy)| = Arexp(B" X - p&ij) +log Ay, +log
k=1i=1 ]

{Yi(vij) - &i;}° |

202

1
+,3TXZ' - ,ufw - 5 IOg O'2 - (44)

In the maximization step at the [th iteration of the EM algorithm, we first maximize the
conditional expectation of the complete log marginal likelihood function given observed

data over A;’s. We then update @ via the Newton-Raphson algorithm. Specifically, we
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maximize Q(A) defined by

K n n;

Q(A) = Z Z Z I(’Uij = U(k))E {—Ak exp(,@TXZ- - ,uéw) + IOg Ak | Ni, 0(1)} . (45)
k=1i=1j=1

Since Q(A) is a concave function over a convex cone satisfying A; < ... < Ag, this

maximization can be carried out using one of the many existing algorithms for convex
optimization. To update 8, we apply the following one-step Newton-Raphson algo-
rithm, 0(+1) = 90 + EF (-02E°/(00)? | 8, 9(1));9(1) E (08106 | R,0W),_pwy. The condi-
tional expectations are calculated in the expectation step of the EM algorithm based

on the following expression

(vij = v(y) [ o, 9(€) exp(=AyeP" Ximn)eré {_W”g)-ﬁ } d¢

1
E Rl‘, 9(l) =
{g(€)| } fj:o eXp(—AkG'BTXi_“S)e_M§¢{n(vg)if}dg

. (4.6)

where the g(£)’s to be calculated are &, €2, e, e #E£, and e €2, This integration
can be approximated by the Gauss-Hermite quadrature (Davis 1984), so it can be

approximated by

]ZV: (ﬁgwkg{\/éawk +Yi(vi;) } exp [—Ao(vij)eﬂTXi_“{ﬁ"Z“Yi(%)}] e—u{ﬁ‘”“mvij)}) ;

- (4.7)
where N is the number of the quadratures and wy and z, are weights and abscissae for
the Gauss-Hermite quadrature, respectively. This loop of the E-step and the M-steps

is repeated until |0(l+1) - 0(1)‘ is smaller than a pre-specified criterion. We denote the

final estimators as 6 = (7, B7)7 and A.

4.2.3 Variance Estimation

To derive the marginal influence functions leading to asymptotic variance estimation

for the regression parameter, we need the complete log marginal likelihood function and

65



the marginal score function with respect to 8. These are given by

25{0, A, R} = /000 [ ~A(v)exp(BTX - ué) +log A(v) +log u+ BT X

—ué — %log o~ %‘2—5}2](1]\7(1)), (4.8)
{0, R} = E{01r°[op| R} = /ODO (1! - Ee {s(v)¢ | R}] AN (v), (4.9)
(0.8} = B0 /o5 | s} = X /0 " Be {s(v) | R} AN (v), (4.10)

where N(v) denotes the counting process associated with measurement times and
k(v) =1-A(v) exp(BTX - pé).

Let { Py, } be aregular parametric subfamily of models, { Py s | Po,a << m, m:Lebesque
measure} and set 9/0n|,-0\,(v)=h(v) for v > 0 and h(v) € Ly(Py). Then we have a

score operator for A:

72(0, A, 8} [1(v)] = /0 " h0)E(k(v) | R)/AW)AN(0). (4.11)

Furthermore, we define

h(v) = E{e? X(B{S|R}E{e " |8} - 2B{e ™ |8}
~eP XA () [E{ge | RYE{e | R} - B{&e ™ | R}]) |V = v},
ho(v) = B{XeP X(A(v)eP X[E{e | R} - E{e €| 8} + E{e ¢ |8}) |V =0},

hs(v) = E(A(v)—2 y 287X [E{e‘“§ |8)2 - B{e %€ | R}] V- v),
hy(v)

hs(v)

hl(v)/hg(l)), (412)

ha(v) /s (v). (4.13)

In the asymptotic proofs given later, we show that the asymptotic covariance of )
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takes a sandwich variance form:
1(6y) = D'P[AAT(D™)?, (4.14)
where A = [2°(80, Ao) — 12°(6o, M) [ Ry (v)] and
D = P (igg(80, Ao) = I (80, 1) [15(v)])

Therefore, we can use the empirical data to estimate this covariance matrix. Specif-

ically, the matrix D can be estimated as

[ps(i)  jps(i) P [
Dol N liﬁ R o [ Tgalh(v)]
S\ s jpsi) ol Y ’
"\ s lss H\ laalh(v)]

where

0 = [ (- =R X 3B ) - 2B (€ | B (e )]
0
()X [B{e2e™€ | ) - Bl | %)?] - Bl | 3
+B{E]8:})ANi(v).
80 = [T xRN (2B ) - Bl e |
+K(v)eaTXi [E\{e_“g | t'ti}/E\{fe_“g | R} — 5{56_2“5 | RZ}] )dNi(v),
i‘g&;i) = -X; X[ /0 ) A(v)ef” Xi(K(v)eET Xi [B{er | w)? - B{e ¢ | w,}]
+E{e7€ |8} )ANi(v),
DO = [ T (2Blee x) - Ble [ w) Bl )

+K(v)eaTXi [E\{ﬁe"‘f | b:}E\{e_"E | R} — E\{fe_z”& | RZ}] )dNZ-(v),
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Tos(i) (7 e N BTX (RN BTX [T Sy
B (v)] = —Xi/0 R (v)e? Xl(A(U)eﬂ Xi[E{e € | %) - BE{e 2| 8}]

+B{e | R} )dN(v).

Here, h}(v) = (ﬁ;(v),ﬁZ(v))T is estimated as follows:

/' > K, (vij = v)g{n}, (4.15)

B = )

+A(vyg)eP" X [B{e | w2 - B{e < | n}] )

n o n;

/ZZKhn(vw v)g{®}, (4.16)

=1 7=1

where g{8} = A(v;;)"2+e28" X [E\{e*“g | 8)2 - E{e24¢ | R}] and K, (x) = htexp(-z2/hy,)
with h, being a kernel bandwidth. In particular, we choose h,, as (cn)='/2 for some

constant ¢ > 0. We estimate the middle term in the sandwich variance form as follows:
—~ n Sos()  ps(i) Sos(i) ips(i) T
P(aaT) = S (5 - Om) (17 - 50T ) |,
i=1

where ng(i) - (l'ff(i)’ l'gs(i)T)T,

O S E - B Rmn)e) |8,

j=1

ZIZ;(i) = XY Ec{R(vij) | R},
=1

ps(z) [ (0)] = ZEﬁ{“(%) | R} R (vig )[R (i),
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and B(v) = 1 - A(v) exp(BTX - 7i€). Consequently, an estimator for the asymptotic
covariance of 8 is T = DP (AAT) D-!. In the next section, we show that this variance

estimator is consistent if assuming that h, and log{n/(nh,)} go to 0 as n - oo.

4.3 Asymptotic Results

In this section, we provide asymptotic results for the proposed estimators and the
technical detail is summrized in Appendix I Let 6y and Ay denote the true regres-
sion parameter and cumulative hazard function, respectively. We need the following

conditions:

(A1) The finite-dimensional parameter space ® is a compact subset of the domain of

0.

A2) The covariate X has bounded support with probability 1. If 87X +« = 0 almost
( y

surely (a.s.), then 8 =0 and a = 0.

(A3) The support of the observation time, V, is an interval .Z[V] = [ly,uy], with

0< lV < uy < oo.
(A4) The number of the observation times, [ dN (V') is Py-almost surely finite.

(A5) The cumulative hazard function Ay has strictly positive derivative on .#[V].

The assumptions that parameter, covariate, and observation time are bounded are
standard. Condition (A2) ensures the identifiability of @ and Ay. These conditions
hold naturally in most applications.

For convergence of the estimators to the true parameters, we need to define a topol-
ogy. Let the bounded regression parameter space @(c R?) be equipped with the Eu-
clidean topology. Regarding infinite dimensional nonparametric space, let .# be the

set of all Borel subprobability measures on .[V']. Then % can be equipped with the
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vague topology by defining that, for any sequence F, € % and F € .%, F,, converges

vaguely to F if and only if

/dena/de for every f e Co(L[V]),

where Cy(-#[V']) is the set of all continuous functions that vanish outside a compact
subset of #[V]. Then the product space © x .# can be equipped with the product
topology of the Euclidean topology and the vague topology. In the product topology, it

is said that (8, F) converges to (0, F), when 8 and F' converge to 8 and F, respectively.

Theorem 4.3.1. (Consistency of the MLE) Suppose that conditions, (A1), (A2), (A3),
and (A4) are satisfied, then @ converges to 0y a.s., and if v e L[V is a continuity point
of Mo, A(v) converges to Ag(v) a.s. Moreover, if Ao is continuous, then supvey[vﬂx(v)—

Ao(v)| converges to 0 a.s.

Before discussing the overall convergence rate, we define the distance d on R?x ® as
follows: d{(61,A1),(62,A2)}=[01 — o + |Ay = Ag,y p, Where |6 - 05| is the Euclidean
distance in R%, ||A; —A2H27Pvz(f (A1(v) - Ag(v))QdPV)l/2 and Py is the marginal prob-
ability measure of the measurement time variable V.

We apply Theorem 3.4.1 of van der Vaart and Wellner (1996) and Lemma B.2.1 in

Appendix B to obtain the rate of convergence.

Theorem 4.3.2. (Rate of convergence) Suppose that conditions (A1), (A2), (A3), and
(A4) are satisfied. Then d{(g,K), (6o, AO)} = 0,(n7113).

The overall rate of convergence is dominated by A. However, it is shown in the
next theorem that the convergence rate of 8 can be refined to achieve a rate of LD
The convergence rate we found is applied to prove the asymptotic normality of the

regression parameter MLE.
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Theorem 4.3.3. (Asymptotic normality) Suppose that 0y is an interior point of © and
that conditions (A1)—(A5) are satisfied. Then

n'2(8 - 0,) = -n'*(P, — P)yP*(R) + 0,(1) - N(0,1(6y)) in distribution,

where P is the probability measure, that is, PYrs(R®)= Il Yrs(R)dP, P, is the empirical
measure of R;, i = 1,...,n, that is, PP (R) = n-L Y7 Ps(R), UP5(R) is the marginal
influence function defined as Yps = D1 {iZS(BO,AO) - iﬁs(eo,Ao)[h;(v)]}, and 1(6y) is

the information in (4.14).

Theorem 4.3.4. (Consistency of the asymptotic variance estimator) When the band-
width h, satisfies that h,, and log{n/(nh,)} converge to 0 as n — oo, then I converges

to I(68y) in probability.

4.4 Simulation Study

We consider scenarios of longitudinal and random measurement time points. The
number of the measurement times per subject is three, and the measurement times,
v;5,7 = 1,2,3 are independently generated from the normal distributions with means of
0.5, 1.2, and 1.9, respectively and with the common standard deviation of 0.1, because
study visit windows are usually fixed, but each visit time varies across subjects. In the
simulation, two covariates are included in the model: one is generated from the Bernoulli
distribution with probability 0.5, and the other is from the normal distribution with
mean 0 and variance 0.1. The true values for (5, 32) were set as (0.3, 0.3), and the
true cumulative baseline hazard assumed to be 2t1/5.

Consequently, the true biomarker value is generated as following:

Vi (viy) = p BT X, +logAg(vi;) —log (~logp;) } for 1<i<n,1<j<3,(4.17)
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where p; independently follows the uniform distribution (0,1) for all . The observed
biomarker value is generated by Y;(v;;) = Y:*(vi;) + €(v;;), where €(v;;) is independently
generated from the normal distribution with zero mean and some finite variance for all
i and j and is independent of Y;*(v;;). We consider two measurement error variances of
0.25 and 1.0. The measurement error variance determines a ratio of measurement error
variance to true biomarker value variance and correlations of observed biomarker values
within a subject; using measurement error variances of 0.25 and 1.0, the variance ratios
are 0.15 and 0.60, respectively, and the correlations are 0.87 and 0.62, respectively.
We varied sample sizes from 200 (600 observations) to 400 (1,200 observations) and
conducted 1,000 replications.

For each simulated dataset, we applied the proposed EM algorithm to estimate the
parameters. The initial values used for 5 and Ay(t) in the algorithm were 0’s and
observed times, respectively. In the maximization-step, the spectral projected gradient
method was used for constrained optimization in (4.5). The convergence criterion
for the expectation-maximization algorithm was set as 107'°. In the simulations, we
noticed that the threshold effect  was sensitive to the initial values. Therefore, we first
calculated the profile likelihood of p using the same algorithm except that u was held
at some fixed value; we then carried out a grid search to find the maximum likelihood
estimate for p. The variance estimation was based on the formula in Section 4.2.3.
We need to decide bandwidth for the variance estimation, and it depends on data.
Relatively sparse data in measurement time causes unstable kernel estimate for i} (v)
in (4.12) and (4.13). The bandwidth is set to be (n/20)~'/2. For comparison, we also
calculated the maximum likelihood estimates assuming that the threshold value was
the same for all the subjects, and there was no measurement error. These estimates
can be calculated using the algorithm suggested by Pan (1999) and implemented in the

R package, "‘intcox"’ version 0.9.3 developed by Henschel et al. (2007). Pan (1999)’s
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method (referred to as the ICM method hereafter) does not provide a variance estimate.
Every subject may have a different threshold in the simulation scenario; however, we
need a fixed threshold value for Pan (1999)’s estimate. Then we set fixed thresholds to
be 90%, 80%, or 70% quantiles of observed biomarker values.

Table 4.1 shows that bias of the proposed estimators is small, and decreases as the
sample size increases or the variance ratio decreases; the estimated variance estimates
(summarized by their median value) agree with the empirical variance. Out of 1,000 sets
of the simulated data, the asymptotic variance estimate is likely to be overestimated in
10-15 % datasets because of unstable cumulative hazard function estimates at the last
observation times. Hence, when the asymptotic variance is calculated using the MLEs,
we excluded 2% observations from the simulated data, which corresponds to the last
observation times. Consequently, the coverage probability is larger than 95 % when the
measurement error variance is 1.0; however it seems to be acceptable as the sample size
increases. In the setting in which the threshold value varies from person to person, and
the biomarker value includes measurement error, the empirical standard errors of our
estimates are much smaller than the estimates of the ICM method, and the bias of our
estimate is smaller than that of the ICM method’s estimate when measurement error
variance is large. From the simulation study, it is also seen that the ICM method is less
biased and less efficient the higher the fixed threshold; and the standard error and bias
of the ICM method decrease when the sample size increases; accuracy and efficiency
of the ICM method are more influenced by measurement error than by the choice of
fixed threshold. Additionally, we examined the numerical performance of our method
when measurement errors dominate true biomarker values, particularly, the variance
ratio of measurement error to observed values is 1.5. In the case, bias increases but is
still acceptable; however, the asymptotic variance estimate based on the band-width of

(n/100)~1/2 is very likely to be overestimated.
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4.5 Application

Hypercholesterolemia, that is, high blood cholesterol, is not a disease but a metabolic
derangement that can be secondary to many diseases and can contribute to many forms
of disease, most notably cardiovascular disease. We are interested in assessing risk fac-
tors associated with time-to-hypercholesterolemia, so we apply our proposed models to
the data of 10,236 subjects from the four U.S. communities in the ARIC study, Jackson,
MS; Forsyth County, NC; suburbs of Minneapolis, MN; and Washington County, MD.
The participants were predominantly white or African-American, and the few partic-
ipants of other races are excluded from the analysis, as is usually done in analyses of
ARIC Study data.

In the models, we consider the baseline covariates including race, gender, hyper-
tension, parents’ coronary heart disease (CHD) history, categorized age (<50,50-60,
>60), total cholesterol, and interaction effect between age and sex. These variables are
generally regarded as major factors associated with time-to-hypercholesterolemia. All
subjects with complete data for the baseline (visit 1) covariates are included in the anal-
ysis. Demographic characteristics of the participants in the dataset used here include
average age of 53.7 years (range 44-66 years), white race 7,832 (76.5%), and females
5,748 (56.2%). The average total cholesterol at visit 1 was 208.6 (+38.0) mg/dL, and
the number of the participants with hypertension and parental history of CHD were
2,920 (28.5 %) and 4,003(39.1%), respectively.

To facilitate calculation, we standardized total cholesterol by the sample mean of
203.4mg/dl and standard deviation of 35.9mg/dl so that it has zero mean and the
unit variance. The observation time is scaled down to (0,1]. The standardized value
and the rescaled observation time better facilitate the estimation process than the
original value or log-transformed value. The National Cholesterol Education Program

and Laboratory Standardization Panel established the goal that a single serum total
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cholesterol measurement should be accurate within +8.9 percent. The Health Care
Financing Administration (HCFA) has also established similar testing requirements
for total cholesterol (£10 percent), authored by the Centers for Disease Control and
Prevention (Oppenheim et al. 1994). Hence, we chose 02 = 0.3? for the measurement
error of the standardized FPG value, which corresponds to 0.09 for the variance ratio
of measurement error to total cholesterol value.

For comparison, we also applied the ICM method, which ignores the measurement
errors and uses a fixed threshold. In the ICM method, the fixed threshold value was
set to be 240 mg/dL. We used the simple bootstrap sampling method with 200 replica~
tions to estimate the standard error of the regression parameter estimates for the ICM
method. We investigated the robustness of the ICM model to the choice of threshold
(200 and 270mg/dL); the effect directions remained unchanged but the effect sizes var-
ied; significant factors related to time-to-hypercholesterolemia differed according to the
threshold used.

The variance estimate for effect size is somewhat sensitive to the choice of band-
width, so we employed a subsampling bootstrap with sample size of 500 subjects and
350 repetitions and adjusted the standard error based on the bootstrap by multiplying
by the factor \/m In simulation data, the subsample bootstrap based stan-
dard error precisely estimates the true standard error. The average of the bootstrap-
based estimates is also very close to the estimate of our method. The bootstrap-based
estimate and the adjusted standard error are presented in Table 4.2.

In the ARIC Study data, African-Americans, having parental history of CHD, and
high baseline total cholesterol have 1.56, 1.31, and 1.03 times greater hazard of hy-
percholesterolemia than people with the opposite characteristics, respectively. When
baseline total cholesterol increases by 1 unit, the hazard of hypercholesterolemia in-

creases by a factor of 0.025. There is significant interaction effect between age and

75



sex; men is very likely to be high-risk for hypercholesterolemia than women; as getting
older, hazard ratio for men to women in hypercholesterolemia increases from 1.56 to
1.59, respectively; however, it decreases to 1.43 after 60-year old because of menopause.

To investigate the goodness-of-fit of our model, we generated predicted total choles-
terol values using the formula in (4.17) based on the estimates. Using the predicted
values, we suggest two graphical methods for model diagnosis. First, a quantile-quantile
plot is generated to compare the distribution of the real observed total cholesterol val-
ues with the predicted distribution (left panel in Figure 4.1). The quantile-quantile plot
shows that the distribution of predicted values matches the distribution of observations
very closely. Secondly, we calculated the residuals by subtracting the predicted means
from the real total cholesterol values (right panel in Figure 4.1). The residual plot in
Figure 4.1 shows a fairly good fit and the residuals are randomly scattered around O.
The estimated cumulative hazard function at the last time points is less stable, so the

residual of the observation at the last time is relatively large.

4.6 Concluding Remarks

We proposed a semiparametric extreme-value regression model for the highly skewed
distribution of a biomarker subject to measurement error, estimated the model param-
eters using the marginal likelihood, and implemented computation via the pseudo-EM
algorithm. In a numerical study, the proposed method shows good accuracy and ac-
ceptable coverage probability unless measurement error dominates observed values. The
method is illustrated through an application to data from the ARIC Study.

The proposed model is based on the marginal likelihood method, so it is not guar-

anteed to satisfy semiparametric efficiency. To enhance the efficiency of the regression
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parameter estimate, we can consider weighted estimating equations based on score func-
tions. The weights would be optimal when they lead to the lower bound of the asymp-
totic variance. However, for ease of calculation we can consider alternative weights to
reduce variance of the regression parameters and to be piecewise constants over time.
Then based on the estimates from the pseudo-EM algorithm and the optimal weight,
we would be able to obtain a weighted sandwich variance, which is smaller than the
proposed asymptotic variance.

The proposed model can be extended in various ways; instead of a linear model
for the time-invariant threshold effect, we can incorporate a time-dependent and non-
parametric function for the threshold effect in the model; when a covariance structure
for true biomarker values is postulated, a semiparametric maximum likelihood method
can be constructed; the proposed model can also be extended to a frailty model ac-

counting for random effects for clusters.

7



Stand. total cholesterol

Figure 4.1: Quantile-Quantile

QQ-plot

Prediction

Residuals

78

10

and Residual Plots

Residual Plot

0 5000 15000 25000

Observations



'29°0=0 ‘9'Q=o01el d0URLIRA 9} ‘()] = 70 UM $28°0=0 ‘9T’ ()=Or1jel 2oURLIRA O} ‘GZ’() = 72 UM
{Son[eA IO IRUWOI( POAIDSCO UMD SUOIIR[OIIOD ‘d {POIoW INO 0} PoyIowW N JO OIpel I01Id palenbs ueaw ‘S JO O13RY
(A1iqeqoad 99eIon0d 9, 6 “JdD f(on[ea URIpPaln) 9)RWIISO 10110 pIepur)s QS {I0II0 pIepue)s “Hqg
‘10119 91enbs ueaw JO o1l “HQIAY POURLIRA IOLIO JUSUISINSRIW * AN

2960 6020 1120 L0070 €TT 6880 LS00-  9FT  S0€°0 L¥O0- 96T IO €90°0- €0=72
1L60 FET°0 2ET0 90070 0T  28T°0 9%0°0- G€T  8LT°0 ¥€00- 10T G920 GI00- €0="1g
996'0 TG00 G500 €100 - - - - - - - - - 0T=1 0T=g0
0960 LLT0 9LT'0 2000 P10 G6e0 8T00-  TLT g0€0  S200-  LE&T  6TF0  LE00- €0=7%
7960 ¥IT0 OIT'0  L00°0 VT 91’0 FT00-  8LT 9610 €0000-  LVT  @Le0  ¥000 €0=T¢
€96'0  SY00 FFO0 2100 - - — - - - - - - 0T=" Gg0=g0
00F=u
9L6'0 €0€0 L620 1000 ¢I'T FES0 GS00-  8€T  OIF0 I¥00-  I6T  69S°0 €€0°0- €0=7%
2L6'0 €610 68T0 000 9T'T  TEe’0 8L00-  FFT  FLZO 2€00-  STT  LOVO 8000- €0="'g
GL6'0 TLO0 €L000 €200 — ~ — - - ~ - - - 0T="1 0T=g0
6560 9¥C0  9FT0  T00°0- VT 29€0 €€00-  FLT 620 T800- 9T @80 TI00- €0=7%
LG6°0 SST'0 6ST°0 8000 €T 880 9000- €T FLZO 9000-  6€T 6.0 T000- €0=1g
1660 €900 €900 €200 - - - - - - - - - 0T=7 Gg0=g0
00z=1
qs  seig qs  oseig WS oselg  mpw
do  Ads  ds  oseid ISINY omuwenb %0, HSINY  o[mwenb o408  HSINY  o[wenb o406  -ered AN
UOQ@@E HSO UOQ@@E ”_.\/._”QH

VnseY| uoreMUIg 'Y OqRL

79



Table 4.2: Application to the ARIC Study Data

ICM method Our method

Estimate SE*. p-value Estimate SE*". p-value
Threshold effect - - - 1.576 0.0218 <0.0001
Race=African-Americans 0.409 0.096 <0.0001 0.130 0.0269 <0.0001
Gender=male 0.160 0.180 0.3729 0.447 0.0353 <0.0001
Hypertension -0.279 0.134 0.0369 -0.022 0.0238  0.3458
History of Parents’ CHD -0.078 0.097 0.4251 0.274 0.0215 <0.0001
Age (50-59 yrs) at visit 1 0.451 0.240  0.0608 0.728 0.0293 <0.0001
Age (260 yrs) at visit 1 0.634 0.237  0.0076 0.714 0.0352 <0.0001
Malex age (50-59 yrs) -0.562 0.238 0.0183 -0.714 0.0465 <0.0001
Malex age (>60 yrs) -0.938 0.221 <0.0001 -0.802 0.0552  <0.0001
Total cholesterol at visit 1 (mg/dL) 0.017 0.005  0.0003 0.025 0.0008  <0.0001

SE”, simple bootstrap-based standard error;
SE**, adjusted subsample bootstrap-based standard error;
measurement error variance = 0.32, n = 10,236, observations = 27,467
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CHAPTERS5: WEIGHTED PSEUDO-LIKELIHOOD FOR ADJUSTING
INFORMATIVE DIAGNOSIS: AN APPLICATION TO
TIME-TO-HYPERCHOLESTEROLEMIA IN THE ARIC STUDY

5.1 Introduction

The Atherosclerosis Risk in Communities (ARIC) study was designed to investigate
the causes of atherosclerosis. Hypercholesterolemia is a crucial risk factor for cardiovas-
cular disease; hence, assessing risk factors associated with time-to- hypercholesterolemia
also is of interest. Total cholesterol was measured at each clinic visit to determine hy-
percholesterolemia status. However, total cholesterol is subject to measurement error
and even if an accurate total cholesterol level can be taken, the most appropriate
threshold value to determine hypercholesterolemia may vary from patient to patient.
In our previous work provided in Chapter 3 and 4, we introduced a threshold-dependent
proportional hazards model to study the association between risk factors and time to
hypercholesterolemia while accounting for measurement errors in the total cholesterol
level.

The time-to-hypercholesterolemia data from the ARIC study poses another difficulty
to statistical analysis: some subjects were diagnosed with hypercholesterolemia outside
of this study (we call this “externally diagnosed”). After being diagnosed, these subjects
may have started therapeutic treatment for hypercholesterolemia. As a result, their
total cholesterol levels at subsequent visits may be lower than if they had not been
diagnosed with hypercholesterolemia Figure 5.1 illustrates that the mean trend of total

cholesterol levels in the subpopulation with external diagnosis and complete cases drops
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off over time, and it has the similar mean to the mean total cholesterol level at visit
4 in the subpopulation with no external diagnosis and complete cases. In this study,
there were 1,546 (13.2%) externally diagnosed subjects out of 11,718 subjects satisfying
inclusion and exclusion criteria. Table 5.1 summarizes the number of subjects with
externally diagnosed hypercholesterolemia by each visit.

Our previous analysis in Section 4.5 did not include these subjects because the total
cholesterol level after being externally diagnosed was potentially attenuated. So, the
conclusions from our previous study only apply to the subjects who were not externally
diagnosed. However, the externally diagnosed subjects were likely to be high-risk for
the disease. Therefore, it is prudent to incorporate them into the analysis. We can
regard it as informative missing data problem.

Horvitz and Thompson (1952) proposed a method for survey data analysis account-
ing for different proportions of observations within strata by using inverse probability
weights (IPW), which are the inverse of the inclusion probability in sampling data
analysis, and then the method can be applied to the missing data problem. Rotnitzky
and Robins (1995), Robins and Rotnitzky (1995), and Robins, Rotnitzky, and Zhao
(1994; 1995) proposed weighted estimating equations in a regression setting using in-
verse probability weighting when data are missing at random (MAR). Robbins and
Ritov (1997) showed the estimator is doubly robust, that is, it remains consistent when
either a model for the missingness mechanism or the score vector for the missing data
given the observed data is correctly specified. Rotnitzky et al. (1998) extended this
method to address non-ignorable nonresponse in either the covariates or the outcomes
by using augmented orthogonal inverse probability weighting. Breslow and Wellner
(2006) considered a weighted likelihood estimator for semiparametric models with data
from complex probability samples, and Li et al. (2008) proposed a weighted likelihood

method for grouped interval censored data in case-cohort studies.
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In Section 5.2, we extent the pseudo-likelihood approach proposed in Chapter 4
to a weighted pseudo-likelihood estimator to account for the sampling bias using in-
verse probability weighting, and also present the inference procedures using a weighted
pseudo-likelihood EM algorithm for parameter estimation. Variance estimation is also
proposed in Section 5.2. Asymptotic results for the proposed method are established in
Section 5.3. We examine the numerical performance of the method for finite samples
through a simulation study in Section 5.4. Application to the data of the ARIC study
is presented in Section 5.5, and a discussion of the proposed method and related future

work are in Section 5.6.

5.2 Method

5.2.1 Weighted Pseudo-Likelihood

As in our previous work in Chapter 4, we apply the threshold dependent model con-
sidering measurement error for longitudinal data to obtain the distribution of observed
biomarker values. However, the proportion excluded may be non-ignorable (about
13.18 %) and it probably leads to selection bias. This issue can be viewed as infor-
mative missingness. To account for the selection bias, we weight observations by the
inverse probability that subjects are not externally diagnosed in the previous estima-
tion approach (Robins et al. 1995). We restrict attention to monotone missing data
patterns because participants would control their total cholesterol values after the ex-
ternal diagnosis. We also assume that the external diagnosis occurs at random because
the presence or absence of the external diagnosis depends on the previous (observed)
total cholesterol value and is independent of the future (unobserved) total cholesterol
values.

For subject i, let Y;*(¢) and Y;(¢) be the true biomarker value and observed biomarker

value at continuous time ¢ > 0, respectively. We assume Y;*(¢) is non-decreasing over
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the study period, which is plausible for many chronic diseases such as diabetes, hy-
pertension, and hypercholesterolemia as they are usually irreversible for aged patients
without additional medication or treatment. Let X; be time-invariant covariates in
regards to potential risk factors associated disease and Z;(t) be time-varying auxil-
iary information related to subject i’s health status and eventually the external disease
diagnosis. Then denote (Z;(t)T,Y;(t)) as A;(t) and define the accumulated infor-
mation {Z;(s)7,Y;i(s)}.., as A(t). Let Ny(t) = 1 if subject i has a pre-scheduled
visit at time t, N;(t) = 0, otherwise. We assume that the visit time V; of subject
i is independent of Y;(V;) given X;. The visit time V; for subject i is practically
discrete: (vio, Vi1, .- ., Vin,), Where vy = 0, baseline visit. Define R;; = 1 if subject ¢
has no external diagnosis as hypercholesterolemia at jth follow-up visit, and this im-
plies R;j.1) = 1 for 7 > 1. We simplify the notation of A(vij) to A;;. Note that
R;o = 1 because of the inclusion criteria. The observed data from n i.i.d subjects are
{X.,Yi(vij), Zi(vij), Ni(vij),vi, Rij | i = 1,...,n,j = 0,...,n;}, and is abbreviated as
{R;|i=1,...,n} hereafter.

We assume that there exists for j > 1, a known function of unknown parameter(s)

o and A;(; 1), mj(a) taking values (0,1] such that
mj(a) =P [RU =1 | Ri(j—l) = 1,Xi,zi(j_1):| . (51)

Typically, a logistic function would be chosen for 7;;(ca). The probability of no external
diagnosis by the jth follow-up visit is m;; () x -+ x m;;(ex) denoted by 7;;(c). The

observed partial likelihood for {m;;(c)} is then

Lo(e) = TTTT (s (@) [1 () )00 (5.2)

i =1

Assuming that the missing model is correct, we add the inverse probability weights
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to the observed pseudo-likelihood function:

PO, A a|R;) = i%Rijﬁzj(a)_l log/ exp{—A(Uij)eﬁTXi—uﬁ}

o0
i=1j=1 —o0

Myen(@ X- 1070 Dt 5y

where 0 = (1, 87)T and ¢() is the standard normal density function. The weight used

in (5.3) can be interpreted: as the number of subjects the observation would represent.

5.2.2 Inference Procedure

To obtain the partial likelihood estimate &, we solve the following partial score equa-
tion, and the score function is derived through differentiation of the partial likelihood

in (5.2) with respect to «a,

n n;

Sp(a) = dlog Lu(a)[0a = > Y {Rij = Ri(j-1ymi; (ex) }{Ologit {m;j(a)} J0a} = 0. (5.4)

i=1j=1

Note that S, (e) simplifies to Y7y Y77, {Rij - Ri(j,l)mj(a)}g {Zi(j—l)} if m;;(ax) fol-
lows the logistic regression model, logit{m;;(a)} = aTyg {Zi(j—l)} for some known vector
function g(+). The estimate & is incorporated in the weighted pseudo-likelihood.

We consider the log complete pseudo-likelihood with weights. Specifically, we esti-
mate A(t) as a step function with jumps at the observed times. Let vy < ... < v)
be uniquely ordered observed times of {v;; |[i=1,...,n,5=1,...,n;} and Ay = Ag(Vi))
and V(g = 0.

To facilitate the maximization, we adopt the weighted-pseudo-EM algorithm by

85



treating threshold values ¢ as missing data. Then the weighted complete log pseudo-

likelihood function is

RN VI 3) 3) yel Gt (YL
k=11i=1j=1 Tij {a}

- Apexp(B7 X - p&ij) +log Ay

1 Yi(vij) = &}
+log,u+,8TXi—u§ij—§log02—{ (5372 i . (5.5)

In the maximization step of the [th iteration of the EM algorithm, we first maximize
the conditional expectation of the weighted complete log pseudo-likelihood function
given observed data over A,’s. We then update 8 via the Newton-Raphson algorithm.

Specifically, we maximize QQ(A) defined by

K noniJ V;‘j =V Rz‘j
Qu(A) =Y > ( ) E{-Apexp(BTX; — p&;;) +log Ay | 8,00} . (5.6)

oaa mii{al

Since @, (A) is a concave function over a convex cone satisfying A; < ... < Ak, this
maximization can be carried out using one of the many existing algorithms for convex
optimization. To update 6, we apply the following one-step Newton-Raphson algo-
rithm, @0+ = 00 + B (=921 [ (90)2 | 8(t), 005 g0y B (17|00 | R(t),01),_gy. The
conditional expectations are calculated in the expectation step of the EM algorithm
based on the following expression

(v = vy ) [, 9(€) exp(—AeB" Xt )enép { L) e

1
E{g(E)®:(Vij), e(l)} = f_o; eXp(_AkeﬁTxi—ug)e—uﬁgb{ﬁ(v;j)*f}df

I

(5.7)
where the g(£)’s to be calculated are &, €2, e, e ¢, and e €2, This integration

can be approximated by the Gauss-Hermite quadrature (Davis 1984):

M=

(\/éo'wkg{\/éawk +Yi(vij) } exp [—Ao(Uij)GﬁTXi_“{ﬂ"Z“Yi(%)}] e—u{\/ﬁ““”(“”)}) ;

k=1
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where N is the number of the quadratures and wy and z; are weights and abscissae for
the Gauss-Hermite quadrature, respectively. This EM loop is repeated until |§(+1) -0
is smaller than a pre-specified criterion. We denote the final estimators as 0= (1, BT)T

and A.

5.2.3 Variance Estimation

To derive the weighted marginal influence functions leading to asymptotic variance
estimation for the regression parameter 8, we need the complete log pseudo-likelihood
function with the weights. For subject i, the weighted pseudo-score functions with

respect to @ and « are given by

[P0, 0, A}

/000 %%{Z} [ ~ A(v) exp(BTX — p€) +log A(v) +log

+08T X — € - %log 0% - ) =& dN (v), (5.8)

202

iﬁps{e,a,A} E0IYP [0 | R}

- /0°° N1 = B (n(0)€ | %)) N (0), (5.9)

Ti{a}

[57°{6,c, A} = E {0l [0B | R}

h R] U v
X/O iy Be (50) | Rp AN o), (5.10)

where k(v) = 1-A(v) exp(BT X —u&) and N (v) denotes the counting process associated
with prescheduled visiting time, so fo cscp AN (s) = j,that is, the number of occasions.
The random variable of R; and the parameter of 7; follow the same definitions of the
subject-specific variable and parameter R;; and ;;, respectively.

Let {Pya,} be a regular parametric subfamily of models, {Py | Poa << m,m is

Lebesque measure} and set 0/0n],-0A,(v)=h(v) for v >0 and h(v) € Lo(Py). Then the
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score operator for A is

197°(0, o, A} [1(v)] = /ODO %];L;}h(v)E(n(v) |8)/A(v)dN (v). (5.11)

J

We define }(v) and hj(v):

hi(v) = E{Wi(0)e? X(B{¢|R}E{e |8} - 2E{¢e™ | 8}

~eP XN (v) [B{ge ™ | RYE{e € | R} - B{¢e €| 8}] )| V = v},
ha(v) = B{Wi(v)Xe® X (A(v)e? X [E{e ™| 8)2 - B{e 2 |8} + E{e ™ |R}) |V =0},
ha(v) = B(Wi(v)A(v)2+ Wi (v)e? X [B{e ™| ®)2 - B{e 2 | 8}] |V =v),

hp(v) = hi(v)/hs(v),

M) = ha(o)/hs(o),

and Wy (v)=R;/7;().
In the asymptotic proofs given later, we show that the asymptotic covariance of )
has a sandwich variance form. For the sandwich variance form, we need to summarize

notations. Denote P{I3%*(8y, co, Ao) — 145° (0o, cx, Ao) [} as D, and

e.at) = [ W) [ - B R)]aN ),
0.y = [ XWE (k0 [8) V),

[ye {6, ., A} [h(v)]

/: W2(U)h(U)E{/1(U) | R} /A(U)dN(U)’

where Wa(v) = -R;7;{a} 207, () [0c, and [, . dN(s) =j. The partial score func-

tion for « is

(00 = Olog L(a)/0a = [ (s~ Roraym (@) Hologit (@)} /00 dN (1)
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Then if D,, is invertible, the information matrix for 8 is

L,

D' P{(My+ M,)(M, + M,)"} {D;'}"

D' P {(MyM} +2M,M?" + M,M"} {D;'}" (5.12)

where M, = P {2}9”55(00, a, M) — 17 (89, v, Ao)[hy]} P{-0%log L/(8a)?} " S(ay) and
Mg = ngs(eo, ), Ao) - l.;L\UpS(Oo, ao,Ao)[h;]

We estimate the information matrix in (5.12) using the estimated parameters (8, &, \)

and empirical measure P, =n~! ¥, instead of P.

5.3 Asymptotic Results

In this section, we provide asymptotic results for the proposed estimators and the
proofs are summarized in Appendix C. Let 8y and aq denote the true regression pa-
rameters, and let Ag denote the cumulative hazard function. The asymptotic results

will use the following conditions:

(A1) The finite-dimensional parameter spaces @; and ©, are compact subsets of the

domains of 8 and «, respectively.

(A2) The covariate X has bounded support with probability 1. If 87X +« = 0 almost

surely (a.s.), then 8=0 and a =0.

(A3) The support of the visit time, V, is an interval Z[V'] = [ly,uy ], with 0 < Iy <

Uy < 00.
(A4) The number of the visit times, [ dN (V) is Py-almost surely finite.

(A5) The cumulative hazard function Ay has strictly positive derivative on .#[V].
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(A6) The auxiliary information A(t) has bounded support with probability 1. If
aTg{A(t)} +~ = 0 almost surely (a.s.), then o = 0 and v = 0, where g(-) is a

known bounded function.
(A7) 7y () > ¢>0 for all @« € Oy and some constant c.

(A8) The link function for my(a) in the generalized linear model, H(:) is one-to-
one. There exists a measurable function m(-) such that |H-'(aTg{A(t)}) -

HY(aZg{A(t)})| < m{A(t)} oy - as| and Pjm|* < oo.

The assumptions that parameter, covariate, and visit time are bounded in (A1), (A2),
and (A3), respectively are standard. Condition (A2) and (A6) ensure the identifiability
of @ and «, respectively. Condition (A7) ensures that each subject i, the probability
of no external diagnosis during the follow-up period is bounded away from zero, so
the inverse weight is bounded. Condition (A8) means that the derivative of the in-
verse function of the link function is uniformly bounded by the measurable function,
m(-). Link functions commonly used in generalized linear models satisfy Condition
(A8) on ©,, particularly the logit function. These conditions hold naturally in most
applications.

For convergence of the estimators to the true parameters, we need to define a topol-
ogy. Let the bounded regression parameter space @1 x®s(c R% x R42) be equipped with
the Euclidean topology. Regarding the infinite dimensional nonparametric space, let
Z be the set of all Borel subprobability measures on .#[V]. Then .# can be equipped
with the vague topology by defining that, for any sequence F,, € .% and F' € %, I,

converges vaguely to F' if and only if

/den»/de for every f e Co(L[V]),
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where Co(.#[V']) is the set of all continuous functions that vanish outside a compact
subset of .[V]. The product space ©; x @y x % equipped with the product topology

is equivalent to convergence of (§T, &l F) to (67,aT, F) in those respective domains.

Theorem 5.3.1. (Consistency of the MLE) Suppose that conditions, (A1), (A2), (A3),
(A4), (A6), (A7), and (A8) are satisfied, then @ converges to 8y a.s., and if v e S[V]
is a continuity point of Ao, A(v) converges to Ag(v) a.s. Moreover, if Ag is continuous,

then SUpUey[v]m(U) - No(v)| converges to 0 a.s.

Before discussing the overall convergence rate, we define the distance d on R% x
R%x® as follows: d{(0:, a1, A1), (02, g, M)} =101 =05 + |o — |+ A=Ay, p, where
|01 — 05| and |a; — aig| are the Euclidean distance in R and R,

IA; - AQHg,pV:(f (A (v) - AQ(U))ZdPV)1/2, where Py is the marginal probability mea-

sure of the measurement time variable V.

Theorem 5.3.2. (Rate of convergence) Suppose that conditions (A1), (A2), (A3),
(A4), and (A7) are satisfied. Then d{(ﬁ,a,K), (00,a0,A0)} =0,(n1/3).

The convergence rate we found is applied to prove the asymptotic normality of the

regression parameter MLE, 6.
Theorem 5.3.3. (Asymptotic normality) Suppose that 6y is an interior point of © and
that conditions (A1)—(A8) are satisfied. Then

n'?(8 - 6y) = —n'2(P, — P)Y""*(8) + 0,(1) = N(0,1,(8o)) in distribution,

where P is the probability measure, that is, P&“’PS(N):f Jwps(R)P, P, is the em-
pirical measure of R;, i = 1,...,n, that is, Pn{/;wm(x) =ntyr, Jwi”s(&), 1’/;“’?3(&) is
the marginal influence function defined as P = D7t {My+ M.}, and I,,(6y) is the

information in (5.12).
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Theorem 5.3.4. (Consistency of the asymptotic variance estimator) When the band-
width h, satisfies that hy, and log{n/(nhy,)} converge to 0 as n — oo, then I, converges

to 1(6y) in probability.

5.4 Simulation Study

We consider scenarios of longitudinal data with random measurement time points.
The number of measurement times per subject is three, baseline and two follow-ups, and
the measurement times are independently generated from the normal distribution with
means of 0.5, 1.2, and 1.9, respectively and with the common standard deviation of 0.1
since study visit window is usually fixed, but each visit time varies across subjects. Two
covariates are included in the model: one is generated from the Bernoulli distribution
with probability 0.5, and the other is from the normal distribution with mean 0 and
variance 0.1. The true values for (f;, 52) are set as (0.3, 0.3), and the true cumulative
baseline hazard is assumed to be 2¢1/5.

Consequently, the true biomarker value is generated by:
Y, (vij) = p’l{ﬁTXi +log Ag(v;5) —log (- logp;) } for 1<i<n,0<5<2,(5.13)

where p; are independent draws from the uniform distribution (0,1) for each i.

The observed biomarker value is generated by
Yi(viz) = Y7 (vig) + e(vyy), (5.14)

where €(v;;) is independently generated from the normal distribution with zero mean
and some finite variance for all ¢ and j and is independent of Y*(v;;). We consider two
measurement error variances of 0.25 and 1.0 and two sample sizes from 300 (600 follow-

ups) to 600 (1,200 follow-ups. For each combination we conducted 1,000 repetitions.
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We apply the following logistic regression model for the missing rule with the miss-
ing rate of 13% based on the previous biomarker values: logit{Pr(observable at visit
j)}=3.0-0.25Y;(v;(;-1y). That is to say we calculate the probability of non-missingness,
7;; for each subject 7 at measurement times j=1 and 2. We then we generate a uniform
[0,1] random variable for each observation, u,;, and include observations at visit j when
u;; < ;. If subject ¢ has missing value at visit j, then the following observations are
set to be missing, which simulates a monotone missing pattern.

For each simulated dataset, the proposed weighted-pseudo-EM algorithm was used
to estimate the parameters accounting for the predicted probability of non-missingness.
The initial values used for § and A(t) in the algorithm were 0’s and observed times,
respectively. In the maximization-step, the spectral projected gradient method was used
for the constrained optimization in (3.5). The convergence criterion for the algorithm
was set as 10719, In the simulations, we noticed that threshold effect of ;1 was sensitive
to the initial values. Therefore, we first calculated the profile likelihood of y using the
same algorithm except that p was held at some fixed value. We then carried out a grid
search to find the maximum likelihood estimate for pu.

Table 5.2 shows that bias of the regression coefficient estimates E is small, whereas
the bias of the threshold effect estimate 17 is relative large, but this is acceptable. The
bias of the estimates decreases as the sample size increases or the variance ratio de-
creases. The estimated variance estimates (summarized by those median value) tend
to overestimate the empirical variance. Out of 1,000 sets of the simulated data, the
asymptotic variance estimate is likely to be overestimated in 10-15 % of datasets be-
cause of unstable cumulative hazard function estimates at the last observation times.
Hence, when the asymptotic variance is calculated using the MLEs, we excluded 2%
observations from the simulated data, which corresponds to the last observation times.

Consequently, the coverage probability is greater than 95 %.
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5.5 Application

The Atherosclerosis Risk in Communities (ARIC) study is a population-based co-
hort study from four U.S. communities, Forsyth County, NC, Jackson, MS, suburbs of
Minneapolis, MN, and Washington County, MD, and participants underwent a baseline
examination in 1987-1989, had three follow-up examinations at approximately three-
year intervals, and a further examination in 2011-2013. The ARIC Study was designed
to investigate the causes of atherosclerosis, and hypercholesterolemia is a crucial risk
factor for cardiovascular disease. Hypercholesterolemia, that is, high blood cholesterol,
is not a disease but a metabolic derangement that can be secondary to many dis-
eases and contributes to many diseases, most notably cardiovascular disease. Hence,
assessing risk factors associated with time-to-hypercholesterolemia is of interest. The
participants were predominantly white or African-American: the few participants of
other races are excluded from the analysis. Subjects with complete covariates and at
least one valid follow-up visit data are included in the analysis

The time-to-hypercholesterolemia data from the ARIC study pose the informative
missing data as we described in Section 5.1. In the preceding analysis, 1,546 (13.2%)
out of 11,718 subjects satisfying inclusion and exclusion criteria were excluded due to
an external diagnosis. To account for this informative and monotone missingness, we
apply the weighted pseudo-likelihood approach to the ARIC data.

In the first step, we employ a logistic regression model for the external diagnosis
outcome R;; for 1 <7 <mand 1 < j < 3 to predict the probability for no external diagnosis
based on the baseline and previous auxiliary information. We distinguish missing visits
or drop-out with the external diagnosis and let I2;; = . when subject ¢ is missing or drop
out at visit j. As predictors for the probability of no external diagnosis, we include
sex, race, hypertension, previous coronary heart disease (CHD) history, parents CHD

history, former smoking, high-density lipoprotein (HDL), and previous total cholesterol
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level. When the previous visit is missing, then the last previous cholesterol value is
carried forward to impute the missing previous cholesterol value. In addition, we take
account of age effect, visit effect (categorical time lag effect), and interaction effect
between previous total cholesterol level and visit.

By removing insignificant predictors, we reach the following final logistic regression
model for the probability of no external diagnosis as hypercholesterolemic in table
5.3. Whites, people with hypertension, people with previous CHD history, people with
parents CHD history, and former smoker are more likely to be externally diagnosed
as hypercholesterolemia than people with the opposite characteristics. As previous
cholesterol or HDL at baseline is higher, the probability of the external diagnosis is
higher. The interquartile range of the weight obtained from the predicted probability
for no external diagnosis is 1.02 to 1.12, and the weight greater than 99.9% quantile
ranges from 9.25 to 40.77 with one extreme value of 361.15.

In the model, we consider baseline covariates including race, gender, hypertension,
parents coronary heart disease (CHD) history, categorized age (<50,50-60, >60), and
total cholesterol. These variables are generally regarded as major factors associated
with hypercholesterolemia. All subjects with complete data for the baseline covariates
are included in the analysis. Demographic characteristics of the subjects included in
the analysis set include average age of 53.9 years (range 44-66 years), white race 9,166
(78.2%), and women 6,498 (55.5%). The average total cholesterol at baseline is 213.6
(£40.7) mg/dL, and the number of the participants with hypertension and parental
history of CHD are 3,473 (29.6 %) and 4,719(40.3%), respectively.

To enhance estimations, we standardized the total cholesterol by the sample mean
of 205.7mg/dl and standard deviation of 37.3mg/dl so that it has zero mean and the
unit variance. The observation time is scaled to (0,1]. The standardized value and

the rescaled visit time better facilitate the estimation process than either the original
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values or log-transformed values.

The National Cholesterol Education Program and Laboratory Standardization Panel
established the goal that a single serum total cholesterol measurement should be accu-
rate within +8.9 percent. The Health Care Financing Administration (HCFA) has also
established similar testing requirements for total cholesterol (£10 percent), authored
by the Centers for Disease Control and Prevention (Oppenheim et al. 1994). Hence,
we chose 02 = 0.32 for the measurement error of the standardized total cholesterol
value, which corresponds to 0.09 for the variance ratio of measurement error to total
cholesterol value.

For comparison, we applied the unweighted pseudo-likelihood method to the sub-
sample (11,718) with no external diagnosis or data before external diagnosis during
the follow-up period. The variance estimate for effect size is somewhat sensitive to the
choice of bandwidth, so we employed a subsampling bootstrap with sample size of 500
subjects and 400 repetitions then adjusted the standard error based on the bootstrap
by multiplying the factors \/m In simulation data, the subsample bootstrap
based standard error precisely estimates the true standard error. The bootstrap-based
estimate and the adjusted standard error are presented in Table 5.4.

Overall, there is no marked difference between the effect sizes from the unweighted
and weighted pseudo-likelihood method, and variance from the weighted pseudo-likelihood
estimates is greater than variance of the unweighted estimates because of the variation
due to the estimated weight. In the ARIC Study data, African-Americans, having
parental history of CHD, and high baseline total cholesterol have 1.15, 1.32, and 1.02
times greater hazard of hypercholesterolemia than people with the opposite character-
istics, respectively. When baseline total cholesterol level increases by 1 unit, the hazard
for hypercholesterolemia increases by a factor of 0.024. There is significant interaction

effect between age and sex; men is very likely to be high-risk for hypercholesterolemia
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than women; up to 60-year old, hazard ratio for men to women in hypercholesterolemia

is 1.67; however, it decreases to 1.51 after 60-year old because of menopause.

5.6 Concluding Remarks

We proposed a weighted pseudo-likelihood estimator based on a marginal semipara-
metric regression model for analyzing time-to-event of longitudinal biomarkers with
missing data. We estimated the weight using a logistic regression model for the infor-
mative and monotone missing response. Parameter estimation was carried out by the
weighted-pseudo-EM algorithm. The weighted estimator requires greater sample sizes
to perform as well as the unweighted estimator for complete data because the weight
estimation causes increased variation. The proposed method appears to be fairly accu-
rate, but variance estimates are likely to be conservative. The method was illustrated
through an application to data from the ARIC study.

The proposed model is based on the marginal likelihood method, so it is not guaran-
teed to satisfy semiparametric efficiency and is not doubly robust, that is, the estimator
is consistent only when the model chosen for the missing data is correct. However, de-
veloping a doubly-robust estimator is a challenging open problem because of the score
functions with respect to infinite dimensional nuisance parameters.

The proposed model can be extended in various ways: We could consider general
missing mechanism rather than monotone missing patterns; When a covariance struc-
ture for the true biomarker values is postulated, a weighted semiparametric maximum

likelihood method could be constructed.
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Figure 5.1: Mean Trend of Total Cholesterol Levels in Subpopulation with Complete
Follow-Ups

With No External Diagnosis With External Diagnosis

B - B -

N (—e— Baseline Age<50 N —e— Baseline Age<50
~ —8— Age>=50 & <60 - —8— Age>=50 & <60
o o —_ o o —
S 17 Age>=60 > I —7— Age>=60
£ S
] 2
s g | ER
S S
© =
2 o L o
[%] AN — (%] AN —
9 W o
o o
= e
o o o o
g 3 RS
e g
S o S o
c c
§ 7 g &7
= =

o o

27 3

| | | | | |
Visit 2 Visit 3 Visit 4 Visit 2 Visit 3 Visit 4
Visits Visits

Table 5.1: Prevalence of Externally Diagnosed Hypercholesterolemia

Visit 2 Visit 3 Visit 4
n—11,609  n-—10,487 n—9,571
507 (4.33%) 974 (9.25%) 1,546 (15.92%)
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Table 5.2: Simulation Result When Missing Rate is 13%

Sample Measurement  Parameter Bias  SE. SEE. CP.

Size Error Variance (median)

n=300 0¢%2=0.25 uw=1.0 0.042 0.055 0.061 0.962
£1=0.3 0.013 0.144 0.184 0.983
By =0.3 0.011 0.215 0.249 0.978

n=300 02=1.0 w=1.0 0.049 0.073 0.077 0.980
£ =0.3 0.010 0.175 0.289 0.983
B2 =0.3 0.026 0.278 0.362 0.983

n=600 0¢2=0.25 w=1.0 0.033 0.040 0.042 0.966
£1=0.3 0.010 0.102 0.129 0.986
B2 =0.3 0.006 0.156 0.175 0.975

n=600 o02=1.0 w=1.0 0.037 0.055 0.052 0.967
B =0.3 0.008 0.121 0.210 0.984
B2 =0.3 0.000 0.190 0.246 0.978

SE.: standard error; SEE. is standard error estimate; CP. is coverage probability.

Table 5.3: Logistic Regression for the Probability of No External Diagnosis as Hyper-
cholesterolemia

Predictor Estimate SE. p-value
Intercept 2.403  0.130 <0.0001
Male -0.058  0.064 0.3670
African-Americans 0.773 0.087 <0.0001
Hypertension -0.471  0.059 <0.0001
Previous CHD history -1.088  0.104 <0.0001
Parents CHD history -0.174  0.056  0.002

Former Smoking -0.151  0.059  0.011

HDL (mg/dL) 0.026  0.002 <0.0001
Visit 4 -0.697  0.066 <0.0001
Previoius Cholester] (40mg/dL) at Visit 2 -0.919  0.038 <0.0001
Previoius Cholester]l (40mg/dL) at Visit 3 -1.048  0.047 <0.0001
Previoius Cholesterl (40mg/dL) at Visit 4 -0.999  0.049 <0.0001

SE : Standard Error
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Table 5.4:

Application to the ARIC Study Data

unweighted EM method

weighted EM method

Risk Factors Estimate
Threshold effect 1.576
Race=African-Americans 0.137
Gender=male 0.454
Hypertension -0.013
History of Parents’ CHD 0.267
Age (50-59 yrs) at visit 1 0.725
Age (260 yrs) at visit 1 0.696
MalexAge (50-59 yrs) at visit 1 -0.737
MalexAge (260 yrs) at visit 1 -0.819
Total cholesterol at visit 1 (mg/dL) 0.025

SE.
0.0204
0.0243
0.0330
0.0219
0.0201
0.0300
0.0341
0.0451
0.0528
0.0007

p-value
<0.0001
<0.0001
<0.0001
0.5528
<0.0001
<0.0001
<0.0001
<0.0001
<0.0001
<0.0001

Estimate
1.573
0.143
0.514
-0.015
0.277
0.765
0.758
-0.766
-0.862
0.024

SE.
0.0227
0.0372
0.0491
0.0319
0.0382
0.0475
0.0539
0.0664
0.0720
0.0008

p-value
<0.0001
0.0002
<0.0001
0.6480
<0.0001
<0.0001
<0.0001
<0.0001
<0.0001
<0.0001

Measurement error variance is 0.3% and n—11,718

Table 5.5: Age Distribution by Whether or Not Being Externally Diagnosed with Hy-

percholesterolemia
External Diagnosis Variable Age (year) at Baseline Total
<50 >50 and <60 >60  (n=11,718)
No Frequency 2,978 5,083 2,111 10,172
Percentage 29.3% 50.0% 20.8%
Yes Frequency 325 838 383 1,546
Percentage 21.0% 54.0% 24.8%
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CHAPTERG6: SUMMARY AND FUTURE WORK

We had proposed statistical methods for several problems arising in longitudinal
and observational studies when time-to-disease occurrence defined by biomarkers is
the outcome variable of interest, namely, interval censored data, measurement error
in biomarker values, determination of diagnostic cutoff point for biomarkers, and in-
formative external diagnosis. First, we restricted attention to the first follow-up after
baseline. Observed biomarker values were analyzed separately as true values and mea-
surement error. An additive model was applied to account for biomarker values subject
to measurement error by assuming that measurement error follows a zero-mean and
finite variance Gaussian process and is independent of the true biomarker values. As-
suming that the true underlying trend of biomarker values is non-decreasing over time,
and observation time is independent of time-to-disease occurrence, we adopted gener-
alized extreme value distributions to construct a stochastic model for the time-varying
true biomarker values. Then we constructed the marginal observed likelihood for the
observed biomarker values using a mixture of a normal distribution and a generalized
extreme value distribution. This marginal model is equivalent to a class of proportional
hazards models for threshold-dependent time-to-event. For the marginal likelihood, we
considered all probabilities that disease occurs for each threshold and integrated over
all of the information. By considering all possible threshold values we simultaneously
resolved the problems of unobservable disease occurrence time and flexible threshold.

We thoroughly investigated this marginal model in Chapter 3 via simulation studies

and asymptotic properties establishment. The marginal likelihood estimator for the
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simulations was both accurate and semiparametrically efficient. The explicit asymptotic
variance formula and estimation were presented. The variance estimates based on the
observed information matrix approximated the true variance in finite samples well.

This marginal likelihood was extended to the pseudo-likelihood as provided in Chap-
ter 4 by ignoring correlations between biomarker values within a subject. Compared
to the marginal likelihood, the pseudo-likelihood estimator is more stable and accu-
rate in data with considerable measurement error. In addition, we improved efficiency
slightly as the correlation within a subject is reduced. For inference of the regression
parameter estimates, we derived the variance formula using a sandwich form. The
variance estimate approximated the true variance in finite samples well. However, this
pseudo-likelihood model is not guaranteed to satisfy semiparametric efficiency.

To adjust for informative external diagnosis, the pseudo-likelihood estimator was
extended to the weighted pseudo-likelihood estimator in Chapter 5 by employing inverse
probability weighting in the pseudo-likelihood model. We applied a marginal structure
model to predict the probabilities. The proposed method appears to be fairly accurate,
but the asymptotic variance estimates are likely to be over-conservative.

All three estimators are consistent and the regression parameter estimators satisfy
asymptotic normality. In both the marginal and pseudo-likelihood model, the pro-
posed estimators are more accurate and efficient than Pan’s (1999) method, which is a
proportional hazards model with a fixed threshold for interval censored data.

Through the three model, we were able to resolve the four issues in statistical
analysis of interest. The proposed class of proportional hazards model for threshold-
dependent time-to-disease occurrence can not directly estimate the diagnosis cutoff
point for biomarkers, but can provide evidence about whether or not the threshold
should differ across sub-populations by testing the interaction between the threshold

effect and corresponding risk factors. We considered all possible ranges of thresholds,
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which may be regarded as a non-informative prior to the threshold. In practice, we may
need to restrict our scientific interest to narrower range of thresholds, so informative
prior models could be chosen.

All proposed models were illustrated on either the main ARIC study data or the
diabetes data. Compared to Pan’s (1999) method, we found it easier identify risk
factors because the proposed method is more efficient. The estimated effect sizes and
directions agree well with the previous studies.

We may extend our models in several directions. First, the models and associated
estimators could be implemented for multiple outcomes in biomedical studies. For
example, both high blood pressure and hypercholesterolemia could be simultaneously
important. We assumed that observation time is independent of time-to-event since the
ARIC study scheduled visits ahead of time; however observation time can be dependent
on the event of interest. Therefore, we could consider models accounting for the depen-
dency of the observation time on a subject’s health status. For semiparametric models
for time-to-event data the baseline hazard functions are time-dependent and assumed
to be unknown; however, time-varying coefficients as well as baseline information would
be needed to account for time-dependent latent variables. The proposed method could

be extended to models including time-varying risk factors or time-varying thresholds.
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APPENDIX A: TECHNICAL DETAILS FOR CHAPTER 3

A.1 Identifiability and Derivation of Efficient Score Functions

Lemma A.1.1. The folowing model is identifiable, that is, if probability at ©, s equal

to the one at ©,, then ©1 = O.

[T/ exp{-Ao(Vi)e ) ag(Vuexp(87X; - /Lé“)%b{ K'(V;) - g}dé,

i=1 J —oo
where ¢(+) is the standard normal density function.

Proof. We let the likelihood function for @y,
100 = [ e (= MVt XN (Ve X Lo (=Y ge o2
oo o o
(6.1)
and suppose that two likelihood functions with ®; and ®, are the same, that is,
f(©1) = f(©y). For any W = (Y(V),V, X), the likelihood function f(©y) can be

simplified as following:

g

/ " exp { = A(V)ePEX A (V)X 57 e {-Y(Z)g }dg. (6.2)

Since Y (V') can be arbitrary real number, the integration in (6.2) are bilateral Laplace

transformation of gx(§), where

gk (&) = eXp{—Ak(V)GB{X_“’“g}Ak(V)uk exp (BLX - m& - €[20%), k=1,2.

Hence f(©;) = f(©-) implies g; = g» by one-to-one property of Laplace transformation.

104



Thus, for any &,

~A(V)ePTXmE log (A (V) +log s + BT X — mé

= Ao (V)ePEX118 4 log (Ao(V)) +log o + BEX — €.

Examining the behavior when ¢ goes to —oo, we obtain gy = jp and Ay (V)ePiX=

Ay(V)eP2X . So by(A2), B1=B8: and A(V)=Ay(V). O

Lemma A.1.2. The efficient score function for 0 is

— %% -1_ wEIW Vv
' = B(k€ | W) - B(r | W) EEC U B WIIV)

15(0,\, W) = (6.3)

E(XE(k|W)2V) ’
E(sW)| X - W]

where k=1 - A(V)eB" X1t
Proof. First, we have

lu(07A7 W) E(0/oul. |W) = :u_l - Eﬁ(’ff | W),

lg(6,\,W)

E(0/98l.| W) = X Ee(x | W),

where [, denotes the log complete likelihood function based on a single observation.
Let { Py s, } be aregular parametric subfamily of models, { Py s | Po,a << m, m:Lebesque
measure} and set 9/0n |,=0 Ay (V)=h(V) for V >0 and h(V') € Ly(F'), then we have a

score operator for A:

In(0, A, W)[R(V)] = h(V)/A(V) = (V)P X E(e | W) = h(V)[A(V)E(r | W).
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To obtain the efficient score function for u, we need to find 1} (V') satisfying
E[{1,(8,8, W) = ix(8, A, W)[h,(V)]} (8, A, W)[A(V)]] = 0, for every h(V).
That is,

Ew [{i,(0,A, W) = [5(8,A, W)[1:])}in(6, A, W)[R]]
=E[{p' - EsE|W) - h(V)AV)E(k | W)} {R(V)A(V) ' E(k | W)}]
= Ev(h(V)A(V) Eyx [E(k | W){p" - E(k€| W)} = b, (V)AV)E(k | W) | V])

=0.

Therefore, Fy,x[E(x | W) {u™ - E(& | W)} - hiy(V)A(V) L E(k | W)? | V] = 0.

We then obtain
he(V)=AV)E[E(k | W) {u™ = E(k¢ | W)} |V]/E{E(x |W)?|V}.  (64)
Using the h} (V) in (6.4), the efficient score function for s is

C(OAW) = 1,(0,A,W)-I1(0,A,W)[h(V)]

E[E(x | W) {u - E(x¢ | W)} | V]
E{E(x|W)*|V}

pt = B(k& | W) = E(r | W)

Similarly, the efficient score function for 3 is obtained by solving equation:

Ewl[{i3(0,A, W) -i5(8,A,W)[h3]}ir(8,A, W)[h]]

Ew[{XE(s | W) - hs(V)AV) " E(s | W)HR(V)A(V) " E(r | W)}]

Ev[h(V)A(V) By x{XE(r | W)* = hi(V)A(V) " E(s | W)* | V}]

= 0.
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Thus, By x{XE(x | W)? - h5(V)A(V) " E(x | W)? |V} =0. So,
E{XE(k|W)*|V}=hs(V)AV)'E{E(x | W)?|V}.
We hence obtain 75(V) as
hs(V)=A(V)E{XE(k|W)*|V}/E{E(x|W)*|V}. (6.5)

So the efficient score function for 3 is

_E{XER|W)? |V}

150, A, W) =15(0,A, W) - 5(6,A, W)[h}] = E(x | W)| X E(E(x | WYV |

]

Lemma A.1.3. The information operator E [(ig, I2)*(ly, fA)], which maps ©x H to the
dual space of © x H (equivalent to © x H ), is continuously invertible at 6y, Ay, where l;

and lj\ are the adjoint operators of the linear operators, lo and fA,respectively.
Proof. Tt suffices to show that E(i}is), and E(igig) —E(l;lA)E(l;;lA)‘lE(lzlg) (denote
as the matrix A) are invertible. By taking linear operator of [x, we obtain

E(l3i[h,R]) = E[R(V)R(V)A(V)2E{E(x | W)? | V}].

Therefore, E(I%iz[h]) = M(V)A(V)2E {E(k | W)?2 | V} so is invertible from Ly(Py)
to LQ(Pv)
If A is singular, then there exists some non-zero vector v such that vTAv = 0.

Therefore,it gives E{(vTlp — [z[1])®2} = 0, where h = vTE[[%i\] " E[[5lp]. As the
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result, 17l — [[h] = 0 almost surely. We obtain
E[{" (=6, X) = h(V)[Aa(V)} {1 = Ag(V) P X108} v iy | W] = 0,

where v; is the component of v corresponding to p. The left-hand side can be treated

as a Laplace transformation of some function of £ so we immediately conclude
V(=& X) = h(V)[Ao(V)} {1 = Ao (V) X408} 1w f1g = 0.

Since & is arbitrary, v; =0, v1, X =0, h(V)/Ao(V) =0, where vy = (va,...,vq).

Therefore, v = 0, and this leads to the contradiction. O

A.2 Proof of Asymptotic Results

Proof of Theorem 3.4.1. :

We reparametrize F=1-e?, =0 and let

f(O, F W)

T / - PV X105 (1 (1)) ueﬂ”“%aﬁ{—w? _g}df(ﬁﬁ)

Let 0 < a < 1 be a fixed constant throughout the proof. By concavity of the log

function, the model identifiability and Jensen’s inequality,

f(O.F|W) }])
Ellog|l+ad < -1 < 0. 6.7
( gl {fwo,FolW) o0
For an open neighborhood .4 around (@, F), define f(W | A )=supg p. s f(6, F |

W). For a sequence of open balls .4, with radius e shrinking to (6, F') as € goes to 0,
we have f(W | .A4) » f(0,F | W). By (6.7), for € sufficiently small, there is an 7, > 0
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so that

f(W |40
E(log[l+a{m—l}]/\n€) <0. (6.8)

On the other hand, since (8, F,) is the maximum likelihood estimator, we have

Zlogf(amﬁn | WZ) 2 Zlng(eg,Fo | VV@)

i=1 i=1

By concavity of log function, this implies
¢ f (0, F, | W) H
log|1+ad F——-—=-1}|20. 6.9
i; g[ {f(OOaFO|VVi) (6:9)

For any vaguely open neighborhood .Aq of the true (6, Fp), its complement in
O x .Z is a vaguely closed subset of a compact set, hence also vaguely compact. Then
open cover {Q/V(&p) | (0,F) ¢ %} of this complement has a finite subcover (g, ), - .

*9

Ny I (8, F,) is not in Ag, it is in one of the subcovers. By (6.9), we have

—~ = m [ = fw Moy, Fy
{(B,F ¢ J%))} C ukzl(i;log [1 +Oz{ ;(GO!FO(FM};Z))) _ 1}] AT}(gk,Fk) > O)

The probability of each of the sets in the union is the probability that an average of
uniformly bounded and independent random variables is non-negative. However, these
random variables have negative expectation by (6.8). By Hoeffding’s inequality, each of
the probabilities is of the order e~" where € can be chosen equal to 242 /(ny—log(1-«))?.
Here nO:maX{n(gk,Fk) |1<k< m} , and p is any negative number that is greater than

the expectation in (6.8). This is true for all n > 1. Hence,
Z P{(an,ﬁn) ¢ JI{)} < 00.
n=1

By the Borel-Cantelli lemma, it follows that, with probability 1, (gn,ﬁn) € N for
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all n sufficiently large. By the definition of our product topology, this implies that

0,, converges to 6y in Fg, r,)-almost surely and Fn converges to Iy in Pg,, r,)-almost

surely. In particular, if Fy is continuous, this implies

lim sup |F,(v) - Fo(v)| =0 P, my)-almost surely.
n—o0 ves[V]

Since A=-1log(1 - F},), Theorem 1 is proved. O

Once consistency of 0 is proved, we can concentrate on a neighborhood of 6,. For
any 1 >0, let B(6y,n) be the ball centered at 6y with radius . If 8 is on the boundary
of ©, then take B(6y,n) n O instead of B(0y,n). Then B(6y,n) is included in ©. We
suppose that condition3 is satisfied so that Ay is bounded and away from 0 on .Z[V].
Since we have proved that A converges on .¥ [V], we may restrict A to the following

class of functions:
® = {A | Ais non-decreasing and 0 < 1/M < A(t) < M < oo for allt e L[V]},

where M is a large positive constant.

For any probability measure P, define Ly(P) = {g| [ g?dP < co}. Let ||, be the
usual Ly p norm. For any subclass .7 of Ly(P), define the bracketing number Npj(e, Z,
Ls(P)) as infimum of cardinal numbers for {giL, gV gk <g<gY, geF, for some i, and
lg¥ - gF| < €}. By the following lemma, we figure out size of the class for likelihood

functions of our interest.

Lemma A.2.1. Let

A ={log f(6,\|W)|0 € B(6,n), A e D}, (6.10)
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where f(0, A\|W) is the re-parametrized function with A instead of F' from (6.6). Sup-

pose that (A2) is satisfied. Then there exists a constant C' >0 such that
sgpN[] (e,7,L5(Q)) < C(1)eV)et  for all €>0,
where d is the dimension of 8. Hence, for € small enough, we have
sgplogN[] (6,70, L2(Q)) < C(1]e).

Here () runs through the class of all probability measures.

The proof of Lemma A.2.1 is adapted from Huang (1996), where the author provided
the order of the entropy for a class of log-likelihood functions over bounded parameter

space in current status data.

Proof of Lemma A.2.1. We first calculate the order of the bracketing number for class
A, where ' ={f |log f € #°}. Tt is known that for the class of functions,

® = {A | Ais non-decreasing and 0 < 1/M < A(v) < M < oo for allv e L[V]},

where M is a constant and it is known that its € bracketing number is of the order of
m = Np(e,®, Ly(P)) = O(e/<). This means that the class ® has the finite entropy. Let
Al = AF —eand AJY = AV + € for 1 <4 <m. Then for any A € ®, we have, for some
i, AP+ e <A <AV —eand [A;Y - ArF|, p, < 3e. Since @ is uniformly bounded away
from 0, we can choose e small enough such that all the bracketing functions stay away
from 0.

For the true po > 0, we can find a constant oy such that py > dg > 0. Related to 8,
we can also choose k points (81, 1) = 61,..., (B, px) = O in B(6y,n) such that for any

(B, 1) € B(6o,m), |B; - B| < 61 and |p; — | < 62 for given constants ¢; > 0 and 0 < d2 < dy,
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since Oq is compact by (Al). Then for any (3,u) € B(6y,n) and for some 1< j < k,
there exist a positive constant C such that |(38; — 8)TX — (u; — p)§| < C161 + 09

Using the chosen k regression parameters 64, ..., 0, and m cumulative hazard func-
tions {AF, A;U}™ . we will show how to construct upper and lower envelope functions
for the log likelihood functions belonging to (6.10). For any (8,A) € B(6y,7n) x ®, we
can choose 6, {AF(V), A2 (V)} satisfying

exp{ _ A*U(V)eﬁwalél—uj&éalsl}A*L(V)(Nj _ 52|§|)6BJ-TX—0161—M£—62|£|

IN

exp { - A(V)eﬁTX_“g}A(V)ueﬁTX_“g

IN

exp{ _ A*L(V)e,@jTXfcléruj&f&zlﬁl}A*U(V)(Mj + 52|€|)6B]-TX+Cléruj£+6zI£|_

It is well known that the minimum value of k£ can be on the order of O(e~?).

Then we let

f-*'L _ /exp{ _ A*U(v)eﬂfX+C161—,uj§+62\£|}A*L(V){Mj _ §2|£|}eﬁfX—Clél—pjg—éﬂﬂ

v

(X6
= exp{ = ATH(V)eR XEONTIE RN (V) {4 B¢ e Xl
X¢(M)d57

g

so fil and f5U are finite envelope functions for f(@,A | W), which is log(f) € JZ.
Finally, we need to show that | f{;.U - fz.*jL| can be small enough to be less than an

arbitrary constant e.

|fz§U - z§L| < / (C2|A*U(V) - A*L(V)| + 0361 + C4(52|f|)¢{—Y(‘/O_) _ g}df7
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for some constant Cy, C3, and Cy. Thus,

15V = Fit e < Co| AV (0) = AE(0) |y, + Oy + Cis
< 3026 + 0351 + 0;62,
for some constant C';. This implies that there exist fU fhi=1,omand j=1,.. .k

such that, for any f e J#". [l < f< iV, for some 1 <i<m, 1<j <k, and [f;7 -
fiFlaps 3Co6+C501+Cy8,. This means that the bracketing number Nj(e, ", Lo(P))
for the class #" is of order mk = O(e~%e'/¢). Note that since log function on the domain
bounded away from 0 is Lipschitz continuous and any function f € #" is bounded and
away from 0, by (A2) and (A3), the bracketing number of J# is dominated by the

bracketing number of the class 7. m

Proof of Theorem 3.4.2. We apply Theorem 3.4.1 of van der Vaart and Wellner (1996)
to the prove the results. Specifically, we need to check the following conditions: let

0 <6 <n be arbitrary and C' be a generic constant, then for 6 < d((6,80y), (A, Ay)) <7,

(1) sup E{l(B,A, W) = (B, Ao, W)} < =67,
6/2<d{(8,60),(A,Ap)}<8,0e00

(ir) E* sup n!P2|(P, = P){U(B, A, W) = 1(Bo, Ao, W)} < C(0),

§/2<d{(6,00),(A,Ao)}<8,0¢00

for function v such that § - (0)/d* is increasing on (d,7) for some « < 2.

For the first condition, we perform the Taylor expansion to obtain

E{1(60,A) —1(8,A)} = E[1{(1-€)8+ €0, (1 —€)Ag + €A} |

1

1

552 E[l{(1-€)6y+€b,(1-€)\g+eA}],

e=€*
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for some €* € (0,1). For n small enough, we note that right-hand side is equal to
[{1(007 Ao) + 0(1)} (6 — 60,/\ - Ao)(e - OQ,A — Ao)] ,

where I(6y, o) is the information operator in Lemma A.1.3.
Since the information operator is invertible linear operator and uniformly bounded

and away from 0, for some constant C,
[1(80, 8o) (a. h)(a, k)| 2 C{lal* + [R5 p, }-
Hence, for some constant C,
[{1(80, o) +0(1)} (8 - 8o, A= Ao) (0 — 85, A~ Ao)] > C(10 - 6o + |A - Ao|3 p,)-

Thus, condition (7) holds.

For the second condition, by LemmaA.2.1, for some constants C' and M,
7 U
Jii(n, 7, Ly(P)) < / V1+Celde< / MePde = Mn'/2.
0 0

Then, according to Lemma 3.4.2 of van der Vaart and Wellner (1996),

1/2
E*  sup  |n'?(P,-P) {Z(G,A|W)—Z(OO,AO|W)}|=O(1)n1/2(1+ 7 12M).
d{(gvA)ﬂ(GO,AO)}Sn 77 n /

Finally, let

1/2
() = 771/2(1 . )
n2nif2
Then ¢(5)/0% is an increasing function for some 0 < « < 1/2, so the condition (i7) is

satisfied. In addition, since (8, A) maximizes [(0,A), PI(8,X, W) > PI(8y, Ao | W) is

also satisfied. When r,, = n'/3, then n?3¢(n=1/3) = O(n'/?) for every n.
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Hence, all the conditions of Theorem 3.4.1 of van der Vaart and Wellner (1996) are

satisfied. This implies
d{(8,R), (80 Mo)} = Op(n'1).

O

Proof of Theorem 3.4.3. We will prove that asymptotic distribution of the MLE 0 is
normal distribution with mean 0 and semiparametric efficient variance by following
the approach (p.1007) of Zeng, Yin, and Ibrahim (2005). For simplicity of notations,
lo(8, A\, W) and [,(8, A, W) also denoted as lg(0,A) and [5(8,A), respectively.

Since (0,A) are maximum likelihood estimator for (0, A), we immediately obtain

that

—_

Pn{ig(é\,x) - iA(g,A)[h*]} =0.
Thus,
G {lo(8.8) ~ix (8, R)[I*]} = -n"2P{ip(8, R) - in(B. B[]},

where G,, = n'/?(P, - P).

Let us consider the following two classes of functions:

{Ig(8,A\) —lg(00,Mo) | |0-6o <nand |A- Aolyp, <1} and

{In(8, M)[n*] = [x(60, M) [1*] | 16— 80| <7 and [ A= Aofy p, <1},

where 7 is near 0. The entropy numbers for the two classes are of order 1/n and this
implies that these two classes are P-Donsker. Hence, lg(8,A) — (8, A)[h*] belongs to

a P-Donsker class. This leads to
Gn{lo(80, M) = Ia(80, Ao)[h*]} + 0,(1) = —n'?P{ig(8,X) - i, (8,K)[h*]}.  (6.11)
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We perform a Taylor’s series expansion of the right side in (6.11) at (8, Ag):

Gn{lo(B0, o) = (80, Ao)[1"]} + 0, (1)
= —nl/QP{lgg(Oo,Ao) - z.Ag(OO, AO)[h*]}(g— 00)
—TLl/QP{[gA(eo, Ao)[K - Ao] - Z.AA(O(), Ao)[h*, K - Ao]}

+n'20(|6 - ,° + HK—AOHZ?PV). (6.12)

Here lg (6, Ao)[A - Ag] is the derivative of lg along the path 8 = 8y, A = Ag+e(A—Ay),
and [xr (0, Ao)[h*, A = Ag] is the derivative of [,[h*] along the path @ = 6y, A =
Ao + (A - Ap).

The second term on the right side of (6.12) is 0, because the second term can be

re-expressed as

—n2P [{ig(80, Mo) (0 - 0) — 14(80, Ao) [2* ]} (Ia[A - Ao])] (6.13)

and h* satisfies that the equation (6.13) is 0. The third term on the right side of (6.12)

is 0,(1), because of the convergence rate for (8, A). Hence,

~n2P {lg9(00, Ao) — lon (00, No)[1*]} (8 - 6y)

= Gy {1980, Mo) — In (B0, Ao)[1*]} + 0, (1). (6.14)

We show that the matrix P {lgg(@o, Ag) - ZGA(HO, Ag)[h } is non-singular. Suppose

that the matrix is singular, then there exist a non-0 vector b such that

" P {l9o (80, Mo) — lon (80, Ao)[R*]} b =0,
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that is, P{(b7lp — b"ix[1*])"} = 0. Then

. . - Ee(kE|W)=h:(VHAV)TE(k | W
bllg - bTI5[n*] =T : (s |W) = B (VIAV)TE(= [ W) =0 almost surely,
XEe(r| W) =hs(VIAV)E(s [ W)
where =1 - A(V)ef ™ X#¢ and b (V) and hj(V) are in (6.4) and (6.5), respectively.
We obtain a contradiction that b = 0 with similar argument in the proof of LemmaA.1.3.

Finally, from (6.14), we obtain that

n'2(6-80y) = —[P{lee(80, 7o) —loa (B0, Ao)[*] }] o {16(80, Ao) = 14 (80, Ao) [1*]}

+0,(1).

Therefore, n'/2(8 — 6,) converges to a normal distribution and has influence function

given by

[P{iee(eo,Ao) loa(80, Ao)[h }] {10(90,/\0) l'A(a(),Ao)[h*]}-

Because this influence function is on the linear space spanned by the score functions
lo and [5[h], the influence function is the same as the efficient influence function for
6,. Hence the asymptotic variance of n'/2(8 - 6,) attains the semiparametric efficiency

bound. 0

Proof of Theorem 3.4.4. First, by the uniform convergence of ((’9\, K) almost surely, we
conclude that E(x|W) and E(ké|W) converges to E(xk|W) and E(x&|W) uniformly

in W with probability one. Therefore,

Sy Kn, (Vi—0)E(W) - i K, (Vi -
Z?ﬂ Khn(vi_v) Z?:l Khn(‘/;_v)

sup
v
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where K, (z) = h,;' exp{-22/h,}. On the other hand, following the general results in

Hansen (2008), under the conditions for h,, we obtain

Yicy K, (Vi - 0) E(s|W;)
Yic1 K, (Vi-v)

sup E[E(k|W)|V = v]] -0

with probability one. Similarly, we can show the uniform convergence of E(X E(x|W)2|V =
v) to E(X E(k|W)?|V = v) and the uniform convergence of E(E(k|W){u1=E(x&|W)}|V =
v) to E(E(k|W){u! = E(k§|W)}|V = v). Consequently, R;(v) and R,(v) converge

to Ri(v) and Rs(v) respectively and uniformly in v. This immediately gives that 7:.*9

converges uniformly in W; to [*(@). Thus, the result of this theorem holds. O
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APPENDIX B: TECHNICAL DETAILS FOR CHAPTER 4

B.1 Identifiability and Derivation of Pseudo-Efficient Score Functions

Lemma B.1.1. The model in (4.3) is identifiable, that is, if the probability at ©1 is

equal to that at ©4, then ©1 = O,.

Proof. We first show model identifiability in the case with only one observation time.

Suppose that two likelihood functions with ®; and ®, are the same:

g

{Y(t) 5}5 (6.15)

| e {-ai@etxmef ayoment e 0= e

[

:/ exp{ Ag(t)ePt X~ uzé}Az(t)Mgeﬁgx pog L

For any ® = (Y (v),v, X)), the models in (6.15) can be simplified as follows: For k = 1,2,

/ exp {—Ak(v)eﬁfx‘“kf} Ap(0) e X150 oxpy {— Y(z)g }df. (6.16)
. o

Since Y (v) can be an arbitrary real number, the integration in (6.16) is a bilateral

Laplace transformation of fi,(§), where

Fia€) = exp {~AL()e X Ay () exp{BTX - €/(20%)). k=12, (6.17)

This implies fi, = f2, by the one-to-one property of Laplace transformation. Thus,

for any &,

~Ay(0)ePT X s log {Ay (v)} +log iy + BT X - &

= Ao (v) e X128 4 log {Ay(v)} +log pio + BT X — o€, (6.18)
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Examining the behavior when & - —oo, we obtain y; = o and Ay (v)eP1 X = Ay(v)ef2 X
So by (A2), 81 = B2 and A1(v) = Ay(v). Hence, we proved the model identifiability in
case with only one observation.

Now suppose that the number of observation times is J > 1, and

J 00 T Y
H eXP{ Ay (vy)ePi X “15]}/\1(%)#1631)( “1§JJ¢{ (UJU) }dgj

j=1 —00

= li[ i exp {—AQ(Uj)GﬁQTX_‘”gj}A2(Uj)ﬂzeﬁ2 Xzt U(ﬁ {M}d&(ﬁw)
j=1J -0

By the one-to-one property of the Laplace bilateral transformation, the equation in
(6.19) implies that ]_[3]:1 f1v,(&5) = I"[;-I:1 fav,(&;) for any &y,...,&;.

Then this leads to Z;Ll log{ f1,,(&)} = ijllog{f%j(fj)} for any &,...,&;. Sup-
posing that the ’s are all 0 except &; and examining the behavior when &§; — oo, we

complete the proof by the same argument as in the case with only one observation. []

We denote the log-likelihood at time v by

o0

10, A(v) | R) = log[/

—0o0

—exp {-A(v)eﬁTX*ﬂé} A(v)ueBTX‘@%(b{Y(U) 5} 5]

hereafter. Then, the log pseudo-likelihood is re-expressed as [P = [ {0, A(v) | R}dN (v).

Lemma B.1.2. The linear operator at time v, E [{ig(v), jA(v)}* {l};(v), jA(U)}], which
maps © x H to the dual space of © x H (equivalent to © x H ), is continuously invertible
at (00, Mo(v)), where I3(v) and I} (v) are the adjoint operators of the linear operators

at time v, lg(v) and [, (v), respectively. Here, lg(v) = dl(v)]06.

Proof. Tt suffices to show that E{lz(v)l,\(v)}, and
E {i;(v)ig(v)) - E(l;(v)lA(v)} E {fj\(v)iA(v)}_l E {lj\(v)lg(v)} (denoted as the matrix
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A(v)) are invertible. By taking linear operator of i, we obtain
E(I}(0)ia(v)[h, h]) = E [h(0)h(v)A(0) E{E(x(v) | ®)* | v}].

Therefore, E{lZ(v)lA(v)[h]} = h(v)A(v)2E{E(k(v) | R)?|v} and so is invertible
from Lo(Py) to La(Py).

If A(v) is singular, then there exists some non-zero vector b such that b7 A(v)b =
0. Therefore, E{(bTlg - i5[h])®2} = 0, where h = bTE[[%ix] ' E(i%lp). As a result,

bTlg —ix[h] = 0 almost surely. We obtain
E[{67(-6,X) = he)/Aa()}{1 - Aa(@)eH X6} + by | 8] < 0

where by is the component of b corresponding to p. The left-hand side can be treated

as a Laplace transformation of some function of £ so we immediately conclude
{B7 (=&, X) = h(v)/Ao(0)} {1 = Ao(0) X X0} by fpig = 0.

Since ¢ is arbitrary, by = 0, b, X =0, h(v)/A¢(v) =0, where by = (by,...,bg).

Therefore, b =0, and this leads to a contradiction. O

B.2 Proof of Asymptotic Results

Proof of Theorem 4.3.1. From the model (4.3), we let
HC={"(0,\,R) |0 O A(t) e P*}, (6.20)

where the parameter space, ®* = {A(t) | A(t) = —log S(t), S(t) is a non-increasing

function with S(0) =1, S(t) > 0}. If the following conditions are satisfied, we prove
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asymptotic consistency of (8, A) by Theorem 2.12 (Kosorok 2008).

(a) For any sequence {(6,,A,)} € ® x ®* lim_ _17°(0,, A, |R) >1"(0y, Ao | R)
implies  d((0,,A\),(00,A¢)) = 0,
(b) P.»(B,A)= sup P,IP(6,A)-o0,(1),

(0,A)cOxP*

(c) sup |P,"*(6,A) - PI**(6,A)| - 0 in probability, as n — co.
(6,A)c@x&*

Condition (a) is satisfied by identifiability of the marginal likelihood proved in Lemma
B.1.1, and condition (b) is satisfied because (8,A) is the MLE. For the last condition,
we calculate the bracket covering number for the class in (6.20). For any (u1,81,A1),
(H2, B2, A2) € @ x P such that sup, o1 |A1(v) = A2 (v)| <€, |1 —pa| <€, and |B1-Baf <€,
for € > 0, we wish to set boundaries for the bracket covering number for the class 7.
There exists a positive constant C such that [(B1 — B2)T X — (1 — p2)€] < Che + €l€].

Then for some positive constants, Cy,C3, and Cy,

|1P% (e, B, A1, R) = 172 (pa, B, Ao, R)|

< >0 g, B Ar(v), R = I, Ba, Mo (v), 8},

v:dN (v)=1

S [HCIM@) - M)+ e Cudely 6 {2 e

de(v) 1

Thus, [7*(p1, Br, Av | ®) =17 (pa, Ba, Ao [ R) |, p < Cye + Cye + Cje for some positive
constants, Cy,Cy, and C;. We obtain that log N;j(O(1)e, #, L1(P)) < log N (e, © x
& ||-[,) < O(1/e). Hence, s is P-Glivenko-Cantelli class, and Theorem 3.4.1 is

proved. O

Once consistency of 8 is established, we can concentrate on a neighborhood of 6.

For any n > 0, let B(8y,n) be the ball with radius n centered at 6y. If 8 is on the
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boundary of ©, then take B(6y,7n) n © instead of B(8y,n). Then B(6y,n) is included
in ©®. We suppose that condition (A3) is satisfied so that Ag is bounded and away from
0 on .#[V]. Since we have proved that A converges on .#’[V'], we may restrict A to the

following class of functions:
® = {A| Ais non-decreasing and 0 < 1/M < A(t) < M < oo for allt e L[V]}, (6.21)

where M is a large positive constant. For any probability measure P, define Ly(P) =
{91 [g*dP < oco}. Let |l be the usual Ly p norm. For any subclass # of Ly(P),
define the bracketing number Npj(e, %, Ly(P)) as the infimum of the cardinal numbers
for {gF, gV | gk <g<gY,ge F, for some i, and | g¥ - g*| <€}.

By the following lemma, we determine the size of the class for marginal likelihood

functions of interest.

Lemma B.2.1. Let
A ={1"(0,\,%(t))| 0 € B(6y,n),\ e D}. (6.22)
Suppose that (A2) is satisfied. Then there exists a constant C' >0 such that
sup Np (6,7, L5(Q)) < C(1/eNe!  for all €>0,
where d is the dimension of 8. Hence, for € small enough, we have
SgplogN[] (6,70, Lo(Q)) < C(1/e).

Here () runs through the class of all probability measures.

The proof of Lemma B.2.1 is adapted from Huang (1996), where the author provided

123



the order of the entropy for a class of log-likelihood functions over bounded parameter

space in current status data.

Proof of Lemma B.2.1. We first calculate the order of the bracketing number for class
A, where A ={f|log f € #and ;" dN(V) =1}. It is known that for the class of

functions
o = {A‘Ais non-decreasing and 0 < 1/M < A(t) < M < oo for all t € ,V[V]} ,

where M is a constant, its e bracketing number is of the order of m = Njj(¢e, ®, Lo(P)) =
O(e'/¢). This means that the class ® has finite entropy. Let AL = Al—eand A7V = AV +e
for 1 < i < m. Then for any A € ®, we have, for some 7, A7 +e < A < A7V — € and
IA;Y = Aft| g p, < 3e. Since @ is uniformly bounded away from 0, we can choose € small
enough such that all the bracketing functions stay away from 0.

For the true uo > 0, we can find a constant dy such that pg > dg > 0. Related to 8, we
can also choose k points (81, 11) = 01, ..., (B, i) = 0 in B(0y,n) such that for any
(B, 1) € B(6y,m), |,8j —B‘ <07 and ‘,uj —,u‘ < 0y for given constants ¢; >0 and 0 < d5 < dg,
since @ is compact by (Al). Then for any (83, u) € B(6y,n) and for some 1< j < k,
there exists a positive constant C; such that ‘(B] -B)T'X - (u; - ,u)§| < Ciop + 62|§‘.

Using the chosen k regression parameters 64, ..., 60, and m cumulative hazard func-
tions {AL AU}m | we will show how to construct upper and lower envelope func-
tions for the log marginal likelihood functions belonging to (6.22). For any (6,A) €
B(6y,n) x ®, we can choose 6;,{ A (v),A;Y(v)} satisfying

exp {=A7 (0)e® XN HE I N () (1 = €] ) X Ou Rl

IN

exp {—A(v)eﬂTX_”f} A(v)pel X 1¢

N

< exp {_A;L(U)eﬂfX—olal—qu—ﬁzlél} AV (0) (uy + 52|§|)6,6J-TX+0151—M£+62|£I_
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It is well known that the minimum value of k& can be on the order of O(e~?).

Then we let

ﬁ;’L _ /exp{_A;«U(U)eﬁjTX+C151—Mj§+52|§}A;L(U)(Mj _ 52|§|)eﬂ;‘~rX—C151—Mj§—52|€\
Y
{ (v) - f}dg, (6.23)
;v = /exp {_A;L(U)eﬁfx—cﬂsl—ﬂjf—@\&l}A;U(v)(uj +(52’§|)eﬁfX+C161—uj£+6zlf\

x¢{Y(“) }dg, (6.24)

g

so frl and fiU are finite envelope functions for f(@,A | ®) € #” and any time v.
Finally, we need to show that [ f" - f"[2.p can be small enough to be less than an

arbitrary constant €. For some constant Cy, C3, and CY,

s/((]Q

U L
I -1

AU (0) = A ()| + Cady + 0452|5|)¢(%)dg.

Thus,
|5V = filap < Co AV (0) = A ()|, + Cadi + Cida
< 3026 + 0351 + 0;52,
for some constant C:;- This implies that there exist ff.L, fo, 1=1,....,mandj=1,...,k

such that, for any f e 2. fiF < f< f:V, for some 1 <i<m, 1<j<k, and |f5Y -

f& l2,p< 3026+C’351+C4(52. This means that the bracketing number N (e, A", Ly(P))
for the class " is of order mk = O(e~%e'/<). Note that the log function on the domain
bounded away from 0 is Lipschitz continuous, and any function f € 5#" is bounded and
away from 0; the bracket, [fzj ,fl*jU] for f € S covers f at any v € .Z[V], that is,

J, ¥ log [iFAN(0) € 3 any=110g f(v) < Jo¥ log fiVdN (v). Hence, by the assumptions
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(A2), (A3), and (A4), the bracketing number of .7 is dominated by the bracketing
number of the class . []

Proof of Theorem 4.3.2. We apply Theorem 3.4.1 of van der Vaart and Wellner (1996)
to the prove the results. Specifically, we need to check the following conditions: Let

0 <0 <n be arbitrary and C be a generic constant, then for § < d ((6,6y), (A, Ag)) <n,

(4) sup P{IP*(0,A,R) = 1" (6p, A, R) } < =67,
6/2<d{(8,80),(A,Ao)}<5,0€0,

(ii) FE* sup nM?|(P, — P){IP*(0, A\, %) — IP*(0y, Ao, R)}| < C(0),
§/2<d{(0,00),(A,Ao)}<6,0¢0q

for function v such that § - (4)/d* is increasing on (d,7) for some « < 2.
For the first condition, we perform the Taylor expansion to obtain

P{1P*(09, Ao) - 17 (0,A)} = P[ [ 1{(1-€)8y+€O,(1-€)Ag+eA N (v)
{ } [

1

102

2 0e?

p[/zm —6)00+60,(1—6)A0+6A}d1\/(v)],
for some €* € (0,1). For n small enough, we note that right-hand side is equal to
P [ {B[{ia(0) s} {a(0).ia(0)}] +o(1)} (8- 80,4 - 80)(6 - 60,4~ A)aN (v),

where E [{l'g(v),l.,\(v)}* {l};(v), lA(U>}] is the linear operator in Lemma B.1.2.
Since the linear operator is an invertible linear operator and uniformly bounded and

away from 0, for some constant C,

| [{lo). i)} {Is(v). 1a ()} | (@, ) (@, )| 2 C{laf* + [, )
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Hence, for some constant C,

P/{E[{z’@(v),z‘A(v)}*{z'g(u),z'A(v)}]+o(1)}(0—eo,A—AO)(o—eo,A—Ao)dN(U)
> C(16 - 60" + |A = Ao 5, )-

Thus, condition (7) holds.

For the second condition, by LemmaB.2.1, for some constants C' and M,
7 U
Jiy(n, A, La(P)) < / V1+ Celde < / Me?de = My,
0 0

Then, according to Lemma 3.4.2 of van der Vaart and Wellner (1996),

1/2
B sup [0ty P){IP(0,A %)~ 17(60, Ao | W)} = 0(1)77”2(“ o QM)'
d{(8,1),(80,A0) }<n n*nt/

Finally, let

ot =1 2
n2nii2
Then ¢(0)/d* is an increasing function for some 0 < o < 1/2, so the condition (ii) is
satisfied. In addition, since (8,A) maximizes (0, A), PIrs(8,\,R) > PIP*(6,, Ao, R)
is also satisfied. When 7, = n!/3, then n?3¢(n-1/3) = O(n'/?) for every n.
Hence, all the conditions of Theorem 3.4.1 of van der Vaart and Wellner (1996) are

satisfied. This implies
d{(8,1), (80, M0)} = O, (n™'F%).

]

Proof of Theorem 4.3.3. We will prove that asymptotic distribution of the MLE, 5, is
normal distribution with mean 0 and variance in (4.14) by following the approach on

page 1007 of Zeng, Yin, and Ibrahim (2005). For simplicity of notation, [g(8, A, %) and
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[%*(0, A, R) are denoted by [2°(8, A) and [2°(8, A), respectively.
Since (6, A) are maximum likelihood estimators for (6, A), we immediately obtain

that P, {i?*(8,R) - i¥*(8, X)[h*]} = 0. Thus,
G, {2 (B, 8) - (8, R)[h*]} = —n' 2P (it (B, R) - I7°(8, R)[h*]}

where G,, = n'/?(P, - P).

Let us consider the following two classes of functions:

{ZH(G,A) —lg(80,N\y) | |0 -8 <nand]|A = Aoy p, < n}

{ZA(O,A)[h*] ~1r(80, M) [*]

60— 60| <mand |A - Ao, p, <7},

where 7 is near 0. The entropy numbers for the two classes are of order 1/n and this
implies that these two classes are P-Donsker. Hence, 5°(8,A) - [5°(8, X)[h*] belongs

to a P-Donsker class. This leads to
G {157 (80, M) — (80, Ao)[1*]} + 0,(1) = —n'2P {i°(8,A) - IF>(B, K)[h*]}.  (6.25)
We perform a Taylor’s series expansion of the right side of (6.25) at (6y, Ay):

G {i57 (60, Mo) = 15 (80, M) [R*]} + 0, (1)
= 0P {i5 (8, Ao) — 175 (80, Ao)[2*]} (8 - 60)
2P {ib5 (80, M) [ - Ao] - I8, (B, Ao) (1", K ~ Ay}

+n'20 (18- 6" + |K - Ao3 p, ) - (6.26)

Here 15 (80, Ao)[A — Ag] is the derivative of [y along the path 8 = 8y, A = Ag+e(A-Ay),
and %% (8, Ao)[h*, A — Ag] is the derivative of [y[h*] along the path @ = @), A =

128



AO + G(K - Ao)
We need to find the h* to make the second term on the right side of (6.26) be 0.
The derivatives of the marginal score functions in (4.9), (4.10), and (4.11) with respect

to A at direction of h(v) are

@] = [ b0 X (2B %) - BT RIEL %)+ A0

x[B{ge s | Ry E{e |8} - B{ge ¢ | 8}] )dN (v), (6.27)

Balhs(0)] = -X /0 mhﬁ(v)eﬂTX(A(v)eﬁTX[E{e‘“5IN}2—E{6‘2“€IN}]
+B{e7€ | R} )AN (v), (6.28)
B lh(), hg(0)] = - / ()i (o) (27X (Bl 8)2 - Ble € | w)]
+A(v)2)dN (v). (6.29)

Based on the derivatives in (6.27), (6.28), and (6.29), we obtain A (v) and hj(v) in
(4.12) and (4.13) such that

Y B(h(v) Bgn{R} - by (0)gs {8} |V = v)

v:dN (v)=1

d}%)_l B(h(v) B [g20{8} = hy(v)gsu {x}] | V = 0)

0,

0,
respectively, and

gu{R) = P X(2B{ge |8} - B{E[R}E{e |8}

+A () X [B{ge e | R}E{e € |8} - B{ge ¢ | R}]),
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go{8) = XPX(A(0)e? X [B{ere | 8y - B{e | )]+ E(e| %)),

g3 {8} = P X[E{e | 8)2 - B{e ¢ |8} + A(v) 2.

The third term on the right side of (6.26) is 0,(1) because of the convergence rate
for (8, ). Hence,

—n!2P (it (80, Ao) - 153, (80, Ao) [5]} (8- 65)

= Gy {15 (80, o) = 18°(80, Ao) [1y]} + 0,(1). (6.30)

It remains to show that P {222(90,/\0) - Zgi(@o,Ao)[h;(v)]} is non-singular. Sup-
pose that the matrix is singular, then there exists a non-0 vector b = (by,...,by) for

d > 2 such that

b P {155 (60, Ao) — 153 (60, Ao) [ (v)]} b

P[ / b {060, 0) = lon (0, o) 15(1) 1} BAN (o)

- 0. (6.31)

The equation in (6.31) is equivalent to P [ [{bT(lg - In[h*])}2dN(v)] = 0. Then

pt = E{r(0)S [ 8} = hi(v)A(v) " E{s(v) | 8}
X Ee{r(v) | R} = hy(v)A(v) " E{r(v) | R}

bl lg-b"iy[h*(v)] = b =0 almost surely,

where k(v) = 1-A(v)ef" X1 and h(v) and hy(v) are in (4.12) and (4.13), respectively.

We obtain :

E[b" (=€ =y (0)[A(0), {X = h(0)[A0)}) {1 = A(v) exp(B" X — &) } +bi/pu| 8] =0,
and this expectation can be treated as the Laplace transformation of some function of
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¢, so we immediately conclude

b (=€ =y (0)A(w) T AX = h(0)A ()} T) {1 - A(v) exp(BT X — p€) } +bi/pu = 0.

Since ¢ is arbitrary, we can obtain by = 0, (ba,...,b5)T X =0, and b"h*(v)/A(v) = 0.
Therefore, b =0, and this contradicts the assumption about singularity of the matrix.

Finally, from (6.30), we obtain that

n"2(0-00) = ~[P{iky(60,A0) - 53 (B0, M) [1*1}] " G {I57(8, Ay) — I8 (B, Ao) [T}

+0,(1).

Therefore, n'/2(8 - 8,) converges to a normal distribution and has marginal influence

X . s s -1 ,: s s
function given by [ P {I55 (80, Ao) — 153 (80, Ao)[h*]}] {157 (80, Ao) — 18°(60, Ao)[h*]}. O

Proof of Theorem 4.3.4. To prove the consistency of the variance estimator provided
in section 4.2.3, it is sufficient to show that D and A are consistent estimators, where
D = P (lg5(680, Mo) ~ 53 (80, Ao)[h5(v)]) and A = 15*(, Ao) ~ I3 (80, Mo) [ (v)].

By the uniform convergence of (©, ) almost surely, we conclude that E{g(¢) | 8}
converges to E{g(&) | R} uniformly in 8, where g(&) can be 1 - A(v)exp(BTX - uf),
£, &2, exp(-ps) , exp(-2puf), Sexp(-ué), exp(-2uf), £ exp(—uf), and &2 exp(-2u¢).

Therefore,

Ty T K, (v =) E(g(€) | %) Tty 7 K, (v = 0) B(k(v) [ %)
i Xit K, (vij —v) Yic1 Lji1 K, (vig = v)

sup
v

where K, (z) = h,;' exp{-22/h,}. On the other hand, following the general results in

Hansen (2008), under the conditions for h,, we obtain

Yim 25ty K, (vij = v) E{g(€) [ R}
P S S K, (v - 0)

-~ E[E{g(®IR}[V =v]| >0

v
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with probability one. Similarly, we can show the uniform convergence of the estimators
for E'[exp(B8" X) E{¢ | 8} E{exp(-u&) 8} |V = 0],

E[exp(BT X)E{§exp(-u&) [ R} |V =v],

Eexp(2B8T X)A(v) E{ exp(-p&) | R} E{exp(-u&) [ R} |V =],

Elexp(28" X)A(v) E{{exp(-2u&) [ R} |V =v],

E[X exp(28" X)) E{exp(-pg) | ®}? |V =v],

E[X exp(C18" X)A(v) E{S exp(-C2pu8) [ 8} |V = v], and

E[X exp(28T X )E{exp(-2u&) | R} | V =v], where C; and Cy are constants. Conse-
quently, 7;; (v) converges to hj(v) uniformly in v. This immediately gives that A
converges uniformly to A given 8. Thus, n~!' Y7L, (A;AT) converges to P(AAT). Us-
ing a similar argument, it can be shown that D converges uniformly to D given .

Hence, the result of the theorem holds. O
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APPENDIX C: TECHNICAL DETAILS FOR CHAPTER 5

Theorems in Chapter 5 are easily derived from theorems Chapter 4. So, we sketch

the different proofs from those for theorems in Chapter 4.

C.1 Proof of Asymptotic Results

Proof of Theorem 5.3.1. The following conditions are needed to examined to apply The-

orem 2.12 (Kosorok 2008):

(a) For any sequence {(0,,a,,\,)} € O x Oy x &
lim,, , 0P (On, atn, Ay | R) 2 17P5(0, tg, Ag | R)

implies  d ((0,, on, Ay), (80, g, Np)) = 0,

(b) P, (0,a,A) = sup P, (0, c, A) - 0,(1),
(0,a,A)e@ 1 xOox P*
(c) sup [P, 1P (0, a\) — PI"P*(6,c, A)| - 0 in probability, as n — co.

(0,a,A)e®@ 1 xOoxP*

Condition (a) is satisfied by identifiability of the marginal likelihood proved in Lemma
B.1.1 and a generalized linear model with Condition (A2) and (A6). Condition (b) is
satisfied by the continuous mapping theorem and MLE, & of the partial likelihood in
(5.2):

P,1""(8,&,A) = sup PI"(0,&,A)-0,(1)= sup  P,I"P(0,c,A)-0,(1).
(0,A)cOxP* (0,a,A)cOxP*

Define
I ={1""(0,a, \,R) | (0,x) € O x Oy, A(t) € ®*}, (6.32)

where the parameter space, ®* = {A(t) | A(t) = —log S(t), S(¢) is a non-increasing
function with S(0) =1, S(¢)>0}.
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We calculate the bracket covering number for the class in (6.32). For any (1,81, a1, Ay)
and (p2, Ba, 2, Ag) € ©1 x @y x ®* such that sup,yp|A1(v) = Aa(v)] <€, 1 = paf <
€, |B1 - B2 < ¢ and |a; — as| < € for € > 0, we wish to set boundaries for the
bracket covering number for the class .7Z,,. There exist positive constants C such
that |(B1 - B2)T X — (1 — p2)€] < Cre+¢€l€| and Cy such that |(a — ) g{A(t)}| < Cae.
Then for some positive constants, Cy, C3,Cy, and C5 and by the properties of the link

function for the generalized linear model in Condition (A8),

1P (1, Br, 001, A1, R) = 1P (a2, Ba, aea, Ao, R)|

< Y [F) () [, By A (v), 8} = I{ 2, B2, Ao (v), R} ]

v:dN (v)=1
+ dNZ(:) T(v) (o) {2, Ba, Ao (v), R} = T(v) () { a2, B2, Ao (v), R}

< /{03|A1(’U) Ag(v)|+C4e+C’56|§|}<Z>{Y(U) 5}clfwtm(Z(t))CQe.
de(v) 1

Thus, [[1P*(p1, B1, 01, Ay [ R) = 1P (g, B2, 0z, Ay | R) [, p < (Cy + Cy + Oy + Cy)e for
some positive constants, Cy, Cy, ), and C;. We obtain that log N(1(O(1)e, 52,, L1 (P))
<log N[1(€,01 x Oy x @*, |-|,) <O(1/e). Hence, 7, is P-Glivenko-Cantelli class, and

theorem 5.3.1 is proved. O

Once consistency of 0 and @ is established, we can concentrate on a neighborhoods
of 6y and ayp. For any 1; >0 and 7, > 0 let B(60g,71) and B(ag,n2) be the balls with
radius n; and 7y centered at 6y and o, respectively. If 8y or vy is on the boundary of
©; or O, respectively, then take B(8y,11) N O or B(ay,n2) N O, instead of B(6y,n;)
or B(ag,n2). Then B(60y,m1) and B(ayg,n2) are included in ©®; and ©,, respectively.
We suppose that condition (A3) is satisfied so that Ay is bounded and away from 0

on .Z[V]. Since we have proved that A converges on .[V], we may restrict A to the
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following class of functions:
® = {A | Ais non-decreasing and 0 < 1/M < A(t) < M < oo for allt € L[V]}, (6.33)

where M is a large positive constant.
Using Lemma B.2.1, we determine the size of the class for weighted pseudo-likelihood

functions of interest.

Lemma C.1.1. Let
Aoy ={1"P°(0,a, \,R(t)) | @ € B(6g,m),x € B(axg,m2), and Aed}. (6.34)

Suppose that (A2), (A6), (A7), and (A8) are satisfied. Then there exists a constant
C >0 such that

sup Np (6, 74, Lo(Q)) < O(1/elh+@2))elle for all € >0,
Q

where dy and do are the dimension of ®1 and O,, respectively. Hence, for € small

enough, we have

SgplogN[] (e, 70, L2(Q)) < C(1]e).
Here () runs through the class of all probability measures.

Proof. For 7 = {Irs(0,\,R(t)) |0 € B(6y,m )and A € &} we obtained the bracketing

functions in Lemma B.2.1:

/uv log fiFdN(v) < > log f(v) < /uv log 5V dN (v),
0 0

vidN (v)=1

where f;;L and fl*JU are the marginal envelope functions in (6.23) and (6.24), respectively.

By Condition (A6), (A7), and (A8) we can also construct the bracketing functions
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for 7, = {H;' | a € B(®y,13)} where H;' = link [a”g{A(v)}]. Then Condition
(A8) yields in H3! —dm < Hil < go, — dm for any oy — ao| < €. Hence, the bracketing
number N (€, 7, Ly(P)) is of order O(e~%). Thus the entroy is of smaller order than
log(1/e). Hence the bracketing entropy integral certainly converges, and the class of

functions 77, is Donsker. The envelopes of ¢ and J7,lpha are integrable, and %, is
H - H,, s0 Npj (e, 5, Lr(Q)) is of order O(e(dhirdz)el/e), O

Theorem 5.3.2 is trivially justified by the same argument for Theorem 4.3.2.
Proof of Theorem 5.3.3. Since (8, &, \) are maximum likelihood estimators for (0, ar, A),

we immediately obtain that P, {if,f’ps(g, a, ) -147(8, &,K)[h*]} =0. Thus

Gn{lg"(8.@,K) - [{7(8,@, K)[1"]} + 0,(1)

=P P{iy (6.3, 8) - 10,8, B[]},

where G,, = \/n(P, - P).
Let us consider the following classes of functions when |0 — 8y| <7, | — a| < 717, and

A= Aoy p, <m where 7 is near O:
{I57°(0,c, ) = [57°(89, o, Ao) } and {I37°(8, 0, A)[h*] = 147 (80, cxo, Ao ) [h*]} .

The entropy numbers for the classes are of order 1/n and this implies that these classes
are P-Donsker. Hence, [37°(8, &, ) - [¥7°(8, &, A)[h*] belongs to a P-Donsker class.

This leads to

G {157 (80, a0, Ao) — 15 (60, 0o, Ao)[R*]} +0,(1) (6.35)

= 2P {iy7(8,&, ) - 137(0,a&,K)[1*]}. (6.36)
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We perform a Taylor’s series expansion of the right side in (6.36) at (6, g, Ao):

G {157 (89, o, No) — 147° (80, v, Ao) [h*]} + 0,(1)

= 2 P{IEP (0o, cp, M) — [ (80, v, Ao) [P*]}(0 - 6y)
—n2P{I87% (09, g, Ao) [A — Ao] — 1780, v, Ao) [P*, A — Ao}
—n M2 P{IEP (89, g, M) — 17° (B, cvg, M) [P ]} (@ - avp)

0 20(18 - 09[> +[@ — cxo + [K = Ao ,). (6.37)

Here lwps(Oo,aO,Ao)[A Ao] is the derivative of lwps along the path 6 = 6y, = «,
A=Ag+e(A-Ap), and lwps(Bo, g, No)[ ¥, A- Ao] is the derivative of lA[h*] along the
path 8 =0y, = ag, A = Ag + e(A -Ao).

Let D, be P{[3%*(80, cv, Ao) — [5*(80, g, Ag)[h*]} in the first term in right side

of (6.37). Then we need to calculate the following second derivatives for D,,:

prs

| W)= - )X 3B |8} - 2B(¢ | NpE(g )

FA(0)? PP X [E{&e™ |8} - B{ée | R)’] - E{£| R}

+E{ER} AN (v),

= [ XA (2B ) - Bl 9B S)
A" X [ | R} E{€e ™ | 8) - E(ée ¢ | R})] )N (0),

I = SXXT [ WA X (AW X (Bl 82 - Bl | w)]

+B{e 7| R} )N (v),
where Wy(v) = R;7;(a)™! and fosssv dN(s) = J.

Focusing on the second term in the right side (6.37), we need to find the h* to

make the second term on the right side of (6.37) be 0. The derivatives of the weighted

137



pseudo-score functions in (5.9),(5.10), and (5.11) with respect to A at direction of h(v)

are

Zﬁs[hu(v)] = /0°° I/Vl(U)hu(U)BﬁTX<2E{fe’“£ | R} — E{¢|R}E{e ") +

A)e? X [B{ge | RYE{e |8} - B{ge4}] )dN (1)(6.38)

s [hs(v)] = -X / T WA)ho()e X (M) X [Ble)? - Ble )]
+E{e ) )aN () (6.39)
IR [h(v), b (0)] = —/Ooowl(v)h(v)h*(v)(eQﬂTX [B{e€)? - B{e€ | )]
+A(0)2)dN (v). (6.40)

Based on the derivatives in (6.38), (6.39), and (6.40), we obtain h/,(v) and hj(v)

such that respectively

2 BBt - B)m ] [V =) -0

Y B(h(0)E [92{R} - b (v)gs (%3] |V = v)

v:dN (v)=1

0,

respectively, and

@R} = Wi(u)e? X(2B{ge € |8} - B{E| R}E{e | 8}

+A(v)e? X [B{ge ¢ | R} E{e € | R} - B{ge 2| x}]),
@R} = Wi(0)XeP X(A(0)e? X [B{e | R)? - E{e€ | R}] + E(e | 8)),
g8} = Wi(v)e?? X [E{e | 8)2 - B{e 2 | R} + Wi(v)A(v) 2
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Then

m(v) = E{Wi(v)e® X(B{E|R)E{e " |8} - 2B{¢c | 8}
~P XN() [B{ge | WY E{e ™| R} - B{€e ™| R}]) |V = v},
ho(v) = B{Wi(v)Xe® X(A(v)e? X [E{e | R)2 - B{e 2 |8} + E{e ™ |R}) |V =0},
ha(v) = BE(Wi(v)A(v)2+Wi(v)e? X [B{e | ®)2 - B{e 2 | 8}] |V =v),
h(v) = hi(v)/hs(v),

hs(v) hao(v)/hs(v).

Regarding the third term in (6.37),

(9]

[42{0, 0, A} = Wa(v) [t = E{r(v)¢ | R}] dN (v),

[ee)

[57°{0,a, A} XWy(0)E {r(v) | 8} dN (v),

v=0

/ °: Wa(0)h(0)E {k(0) | %) JA()dN (0).

[ye {6, A} [h(v)]

where W5(v) = -R;7;{a}207;(a) /0 and [ _ dN(s) = j.

Then we have
V(@ - ag) =n?P(-9%log L] (0a)?) P, S(cx) + 0,(1), (6.41)

where S(a) = dlog L()[0c = ["{R; - R(j-1ym; () }{Ologitm;(a) /0a}dN (t), and P, =
n~t¥",. The asymptotic expression in the right side of (6.41) replaces /n(@ — ap)
in (6.37). Finally, the fourth term on the right side of (6.37) is 0,(1) because of the
convergence rate for (8, a&,N).

We can asymptotically reexpress \/ﬁ(g - 00) from the equation in (6.37) as fol-

lowing and D, is invertible (this can be proved by the same argument used for the
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invertible property of D in Theorem 4.3.3):

5
—~
)
|
)
o
~
I

_D;UlGn[l.teups(em O, AO) - Z;L\UPS(O(D o, AO)[h*]
=P {52 (B0, xo, Mo) = 132 (80, cxo, Ao) [1*]} P {0 og L) (90x)*} " S(ew)]

a

= Gy (6.42)

Hence we obtain the pseudo-influence function for 6, 1/;,” from the equation in (6.42),

—

so we can calculate the information matrix for :

I, = P(h4l) = D' P{(M,+ M,)(M, + M,)"} {D;1}"

D P{(MyM] +2MyM?” + M,M”} {D;'}" (6.43)

where M@ = jgps(go, ap, Ao) - l‘x)ps(eo, a, Ao)[h*], and
M,=P {iz"gs(%, ap, M) — 157 (0, g, Ao)[h*]} P{-0%log L/(0a)?} " S(aw). O

140



REFERENCE

Abrevaya, J. and Hausman, J. A. (2004), “Response Error in a Transformation Model
with an Application to Earnings-Equation Estimation,” Econometrics Journal, 7,
366-388.

Ayer, M., Brunk, H., Ewing, G., Reid, W., and Silverman, E. (1955), “An Empirical
Distribution Function for Sampling with Incomplete Information,” The Annals of
Mathematical Statistics, 26, 641-647.

Bennett, S. (1983a), “Analysis of Survival Data by The Proportional Odds Model,”
Statistics in Medicine, 2, 273-277.

— (1983b), “Log-logistic Regression Models for Survival Data,” Applied Statistics, 32,
165-171.

Breslow, N. E. and Wellner, J. A. (2006), “Weighted Likelihood for Semiparametric
Models and Two-phase Stratified Samples, with Application to Cox Regressioin,”
Scandinavian Journal of Statistics, 34, 86—102.

Buonaccorsi, J. P. (1996), “Measurement Error in the Response in the General Linear
Model,” Journal of the American Statistical Association, 91, 633—642.

Buonaccorsi, J. P. and Tosteson, T. D. (1993), “Correcting for Nonlinear Measurement
Errors in the Dependent Variable in the General Linear Model,” Communications in
Statistics - Theory and Methods, 22, 2687-2702.

Carroll, R. J. (2006), Measurement Error in Nonlinear Models: A Modern Perspective,
Chapman and Hall/CRC.

Carroll, R. J., Spiegelman, C., Lan, K., Bailey, K., and Abbott, R. (1984), “On Errors-
in-varialbes for Binary Regression Models,” Biometrika, 71, 19-26.

Carroll, R. J. and Wand, M. P. (1991), “Semiparametric Estimation in Logistic Mea-~
surement Error Models,” Journal of Royal Statistical Society, 53, 573-585.

Cox, D. R. (1972), “Regressioin Models and Life-Tables,” Journal of Royal Statistical
Society, 34, 187-220.

Dabrowska, D. M. and Doksum, K. A. (1988), “Partial Likelihood in Transformation
Models with Censored Data,” Scandinavian Journal of Statistics, 15, 1-23.

Davis, P. J. (1984), Methods of Numerical Integration, Orlando: Academic Press.

Dempster, A. P., Laird, N. M., and Rubin, D. B. (1977), “Maximum Likelihood from
Incomplete Data via the EM Algorithm,” Journal of the Royal Statistical Society, 39,
1-38.

141



Duncan, B. B.; Schmidt, M. 1., Pankow, J. S., Ballantyne, C. M., Couper, D., Vigo,
A., Hoogeveen, R., Folsom, A. R., and Heiss, G. (2003), “Low-Grade Systemic In-
flammation and the Development of Type 2 Diabetes: The Atherosclerosis Risk in
Communities Study,” Diabetes, 52, 1799-1805.

Efron, B. (1967), “The Two Sample Problem with Censored Data,” in Proceedings of
the 5th Berkeley Symposium (Vol. 4), vol. 4.

Finkelstein, D. M. (1986), “A Proportional Hazards Model for Interval-Censored Failure
Time Data,” Biometrics, 42, 845-854.

Fuller, W. A. (1987), Measurement Error Models, John Wiley & Sons, Inc.

Geksus, R. and Groeneboom, P. (1996a), “Asymptotic Optimal Estimation of Smooth
Functionals for Interval Censoring, Part 1,” Tech. rep., Delft University of Technology.

— (1996b), “Asymptotic Optimal Estimation of Smooth Functionals for Interval Cen-
soring, Part 2,7 Tech. rep., Delft University of Technology.

— (1999), “Asymptotically Optimal Estimation of Smooth Functionals for Interval
Censoring, Case 2,” Annals of Statistics, 27, 627-674.

Gentleman, R. and Geyer, C. J. (1994), “Maximum Likelihood for Interval Censored
Data: Consistency and Computation,” Biometrika, 81, 618-623.

Groeneboom, P. (1991), “Nonparametric Maximum Likelihood Estimators for Interval
Censoring and Deconvolutions,” Tech. Rep. 378, Department of Statisticis, Stanford
University.

Groeneboom, P. and Wellner, J. A. (1992), Information Bounds and Nonparametric
Maximum Likelihood Estimation, Basel: Birhauser Verlag.

Guolo, A. (2008), “Robust Techniques for Measurement Error Correction: a Review,”
Statistical Methods in Medical Research, 17, 555—-580.

Hansen, B. E. (2008), “Uniform Convergence Rates for Kernel Estimation with Depen-
dent Data,” Econometric Theory, 24, T26-748.

Hausmana, J., Abrevayab, J., and Scott-Mortonb, F. (1998), “Misclassification of the
dependent variable in a discrete-response setting,” Journal of Econometrics, 87, 239—
269.

Hellman, R. (2012), “Glucose meter inaccuracy and the impact on the care of patients,”
Diabetes/Metabolism Research and Reviews, 28, 207-209.

Henschel, V., Heiss, C., and Mansmann, U. (2007), [terated Convex
Minorant  Algorithm  for interval —censored event data,  http://cran.r-
project.org/web/packages/intcox /intcox.pdf.

142



Hoel, D. G. and Walburg, H. E. (1991), “Statistical Analysis of Survival Experiments,”
Journal of the Cancer Institute, 49, 361-372.

Horvitz, D. G. and Thompson, D. J. (1952), “A Generalization of Sampling without Re-
placement from a Finite Universe,” Journal of the American Statistical Association,
47, 6630685.

Huang, J. (1996), “Efficient Estimation for the Proportional Hazards Model with In-
terval Censoring,” Annals of Statistics, 24, 540-568.

Huang, J. and Rossini, A. J. (1997), “Sieve Estimation for the Poroportional-Odds
Failure-Time Regression Model with Interval Censoring,” Journal of the American
Statistical Association, 92, 960-967.

Huang, J. and Wellner, J. A. (1997), “Interval Censored Survival Data: a Review of
Recent Progress,” in Proceedings of the First Seattle Symposium in Biostatistics:
Survival Analysis. Lecture notes in Statistics, eds. Lin, D. Y. and Fleming, T. R.,
New York: Springer.

Huang, Y. and Wang, C. Y. (2000), “Cox Regression with Accurate Covariates Unascer-
tainable: A Nonparametric-Correction Approach,” Journal of the American Statisti-
cal Association, 95, pp. 1209-1219.

Hudgens, M. G. (2005), “On Nonparametric Maximum Likelihood Estimation with
Interval Censoring and Left Truncation,” Journal of Royal Statistical Society. B, 67,
573-587.

Hudgens, M. G., Maathuis, M. H., and Gilbert, P. B. (2007), “Nonparametric Estima-
tion of the Joint Distribution of a Survival Time Subject to Interval Censoring and
a Continuous Mark Variable,” Biometrics, 63, 372-380.

Hudgens, M. G., Satten, G. A., and Ira M. Longini, J. (2001), “Nonparametric Maxi-
mum Likelihood Estimation for Competing Risks Survival Data Subject to Interval
Censoring and Truncation,” Biometrics, 57, 74-80.

Ibrahim, J. G., Chen, M.-H., Lipsitz, S. R., and Herring, A. H. (2005), “Missing-Data
Methods for Generalized Linear Models: A Comparative Review,” Journal of the
American Statistical Association, 100, 332-346.

Isomaa, B., Almgren, P., Tuomi, T., Forsén, B., Lahti, K., Nissén, M., Taskinen, M.-R.,
and Groop, L. (2001), “Cardiovascular Morbidity and Mortality Associated With the
Metabolic Syndrome,” Diabetes Care, 24, 683—-689.

Jongbloed, G. (1998), “The Iterative Convex Minorant Algorithm for Nonparametric
Estimation,” Journal of Computational and Graphical Statistics, 7, 310-321.

Kalbfleisch, J. D. and Prentice, R. L. (2002), The Statistical Analysis of Failure Time
Data, John Wiley & Sons, Inc.

143



Komarek, A. and Lesaffre, E. (2007), “Bayesian Accelerated Failure Time Model for
Correlated Interval-Censored Data with a Normal Mixture as Error Distribution,”
Statistica Sinica, 17, 549-569.

— (2008), “Bayesian Accelerated Failure Time Model With Multivariate Doubly
Interval-Censored Data and Flexible Distributional Assumptions,” Journal of the
American Statistical Association, 103, 523-533.

Kosorok, M. R. (2008), Introduction to Empirical Processes and Semiparametric Infer-
ence, Springer.

Kumar, V., Fausto, N., Abbas, A. K., Cotran, R. S., and Robbins, S. L. (2005), Robbins
and Cotran Pathologic Basis of Disease, Saunders Elsevier, 7th ed.

Li, J. and Ma, S. (2010), “Interval-Censored Data with Repeated Measurements and a
Cured Subgroup,” Journal of Royal Statistical Society, 59, 693U705.

Li, Z., Gilbert, P., and Nan, B. (2008), “Weighted Likelihood Method for Grouped
Survival Data in Case-Control Studies with Application to HIV Vaccine Trials,”
Biometrics, 64, 1247-1255.

Lin, D., Oakes, D., and Ying, Z. (1998), “Additive Hazards Regressioin with Current
Status Data,” Biometrika, 85, 289-298.

Lindsey, J. C. and Ryan, L. M. (1998), “Tutorial in Biostatistics: Methods for Interval-
Censored Data,” Statistics in Medicine, 17, 219-238.

Lipsitz, S. R., Ibrahim, J. G., and Zhao, L. P. (1999), “A Weighted Estimating Equation
for Missing Covariate Data with Properties Similar to Maximum Likelihood,” Journal
of the American Statistical Association, 94, 1147-11160.

Lu, M., Zhang, Y., and Huang, J. (2007), “Estimation of the Mean Function with Panel
Count Data Using Monotone Polynomial Splines,” Biometrika, 94, 705-718.

— (2009), “Semiparametric Estimation Methods for Panel Count Data Using Monotone
B-Splines,” Journal of the American Statistical Association, 104, 1060-1070.

Ma, S. (2009), “Cure Model with Current Status Data,” Statistica Sinica, 19, 233-249.

— (2010), “Mixed Case Interval Censored Data with a Cured Subgroup,” Statistica
Sinica, 20, 1165-1181.

Ma, S. and Kosorok, M. R. (2005), “Penalized Log-Likelihood Estimation for Partly
Linear Transformation Models with Current Status Data,” Annals of Statistics, 33,
2256-2290.

144



Miyazaki, M., Kubo, M., Kiyohara, Y., Okubo, K., andi K. Fujisawa andt Y. Hata,
H. N., Tokunaga, S., Iida, M., Nose, Y., and Ishibashi, T. (2004), “Comparison of
Diagnostic Methods for Diabetes Mellitus Based on Prevalence of Retinopathy in a
Japanese Population: the Hisayama Study,” Diabetologia, 47, 1411-1415.

Mokdad, A. H., Ford, E. S., Bowman, B. A., Dietz, W. H., Vinicor, F., Bales, V. S.,
and Marks, J. S. (2003), “PRevalence of obesity, diabetes, and obesity-related health
risk factors, 2001,” Journal of American Medical Association, 289, 76-79.

Murphy, S. A. and van der Vaart, A. W. (2000), “On Profile Likelihood,” Journal of
the American Statistical Association, 95, 449-465.

Neuhaus, J. M. (2002), “Analysis of Clustered and Longitudinal Binary Data Subject
to Response Misclassification,” Biometrics, 58, 675—683.

Oppenheim, J. E., Herr, P. R., and Carr, D. J. (1994), “Cholesterol Measurement: Test
Accuracy and Factors that Influence Cholesterol Levels,” Tech. rep., United States
General Accounting Office.

Pan, W. (1999), “Extending the Iterative Convex Minorant Algorithm to the Cox Model
for Interval Censored Data,” Journal of Computational and Graphical Statistics, 8,
109-120.

Paulino, C. D., Soares, P., and Neuhaus, J. (2003), “Binomial Regression with Misclas-
sification,” Biometrics, 59, 670-675.

Pepe, M. S. (1992), “Inference Using Surrogate Outcome Data and a Validation Sam-
ple,” Biometrika, 79, 355—-365.

Pepe, M. S. and Fleming, T. R. (1991), “A Nonparametric Method for Dealing with
Errors in Mismeasured Covariate Data,” Journal of the American Statistical Associ-
ation, 86, 108-113.

Pepe, M. S., Self, S. G., and Prentice, R. L. (1989), “Further Results on Covariate
Measurement Errors in Cohort Studies,” Statistics in Medicine, 8, 1167-1178.

Peto, R. (1973), “Experimental Survival Curves for Interval-Censored Data,” Applied
Statistics, 22, 86-91.

Pettitt, A. N. (1984), “Proportional Odds Models for Survival Data,” Applied Statistics,
33, 169-175.

Prentice, R. L. (1989), “Surrogate endpoints in clinical trials: Definition and operational
criteria,” Statistics in Medicine, 8, 431-440.

Prescott, G. J. and Garthwaite, P. H. (2002), “A simple Bayesian Analysis of Misclas-
sified Binary Data with a Validation Substudy.” Biometrics, 58, 454-458.

145



Robbins, J. M. and Ritov, Y. (1997), “Toward a Curse of Dimensionality Appropriate
(CODA) Asymptotic Theory for Semiparametric Models,” Statistics in Medicine, 16,
285—-319.

Robertson, T., Wright, F., and Dykstra, R. (1988), Order Restricted Statistical Infer-
ence, Wiley.

Robins, J. M. and Rotnitzky, A. (1995), “Semiparametric Efficiency in Multivariate
Regression Models With Missing Data,” Journal of the American Statistical Associ-
ation, 90, 122-129.

Robins, J. M., Rotnitzky, A., and Zhao, L. P. (1994), “Estimation of Regression Coeffi-
cients When Some Regressors Are Not Always Observed,” Journal of the American
Statistical Association, 89, 846-866.

— (1995), “Analysis of Semiparametric Regression Models for Repeated Outcomes in
the Presence of Missing Data,” Journal of the American Statistical Association, 90,
106-121.

Rossini, A. J. and Tsiatis, A. A. (1996), “A Semiparametric Proportional Odds Re-
gression Model for the Analysis of Current Status Data,” Journal of the American
Statistical Association, 91, 7T13-721.

Rotnitzky, A. and Robins, J. M. (1995), “Semiparametric Regressioin Estimation in the
Presence of Dependent Censoring,” Biometrika, 82, 805-820.

Rotnitzky, A., Robinsb, J. M., and Scharfsteinc, D. O. (1998), “Semiparametric Re-
gressioin for Repeated Outcomes With Nonignorable Nonresponse,” Journal of the
American Statistical Association, 93, 1321-1339.

Rule, A. D., Larson, T. S., Bergstralh, E. J., Slezak, J. M., Jacobsen, S. J., and
Cosio, F. G. (2004), “Using Serum Creatinine To Estimate Glomerular Filtration
Rate: Accuracy in Good Health and in Chronic Kidney Disease,” Annals of Internal
Medicine, 141, 929-937.

Schafer, D. W. (1987), “Covariate Measurement Error in Generalized Linear Models,”
Biometrika, 74, 385-391.

Schick, A. and Yu, Q. (2000), “Consistency of the GMLE with Mixed Case Interval-
Censored Data,” Scandinavian Journal of Statistics, 27, 45-55.

Schrot, R. J., Patel, K. T., and Foulis, P. (2007), “Evaluation of Inaccuracies in the
Measurement of Glycemia in the Laboratory, by Glucose Meters, and Through Mea-
surement of Hemoglobin Alc,” Clinical Diabetes, 25, 43-49.

Schwartz, J., Reichberg, S., and Gambino, R. (2005), “Glucose Testing Variability and
the Need for an ExpertOversight Committee [article online:http://www.cap.org/|,”
CAP Today.

146



Sen, B. and Banerjee, M. (2007), “A Pseudolikelihood Method for Analyzing Interval
Censored Data,” Biometrika, 94, 71-86.

Shen, X. (2000), “Linear Regression with Current Status Data,” Journal of the Ameri-
can Statistical Association, 95, 842-852.

Sun, J. (2006), The Statistical Analysis of Interval-Censored Failure Time Data,
Springer.

Sun, J. and Kalbfleisch, J. D. (1995), “Estimation of the Mean Function of Point Pro-
cesses Based on Panel Count Data,” Statistica Sinica, 5, 279-290.

Sun, J. and Wei, L. J. (2000), “Regressioin Analysis of Panel Count Data with Covariate-
Dependent Observation and Censoring Times,” Journal of Royal Statistical Society.
Series B, 62, 293-302.

The Expert Committee on the Diagnosis & Classification of Diabetes Mellitus (2003),
“Report of the Expert Committee on the Diagnosis and Classification of Diabetes
Mellitus,” Diabetese Care, 37, S5-S20.

the National Cholesterol Education Program Expert Panel (2001), “Third Report of
the National Cholesterol Education Program (NCEP) Expert Panel on Detection,
Evaluation, and Treatment of High Blood Cholesterol in Adults (Adult Treatment
Panel III),” .

Tian, L. and Cai, T. (2006), “On the Accelerated Failure Time for Current Status and
Interval Censored Data,” Biometrika, 93, 329-342.

Tonyushkina, K. and Nichols, J. H. (2009), “Glucose Meters: A Review of Technical
Challenges to Obtaining Accurate Results,” Journal of Diabetes Science and Tech-
nology, 3, 971-980.

Tsiatis, A. A. and Davidian, M. (2001), “A Semiparametric Estimator for the Pro-
portional Hazards Model with Longitudinal Covariates Measured with Error,”
Biometrika, 88, 447-458.

Tsiatis, A. A., DeGruttola, V., and Wulfsohn, M. S. (1995), “Modeling the Relationship
of Survival to Longitudinal Data Measured with Error: Applications to Survival and
CD4 Counts in Patients with AIDS,” Journal of the American Statistical Association,
90, 27-37.

Turnbull, B. W. (1976), “The Empirical Eistribution with Arbitrarily Grouped Cen-
sored and Truncated Data,” Journal of Royal Statistical Society, 38, 290-295.

UK Prospective Diabetes Study Group (1998), “Tight Blood Pressure Control and Risk
of Macrovascular and Microvascular Complications in Type 2 Diabetes: UKPDS 38,”
British Medical Journal, 317, 703-713.

147



van der Vaart, A. W. and Wellner, J. A. (1996), Weak Convergence and Empirical
Processes, Springer.

Vasan, R. S. (2006), “Biomarkers of Cardiovascular Disease : Molecular Basis and
Practical Considerations,” Journal of the American Heart Association: Circulation,
113, 2335-2362.

Wellner, J. A. and Zhang, Y. (2000), “Two Estimators of the Mean of a Counting
Process with Panel Count Data,” Annals of Statistics, 28, 779-814.

— (2007), “Two Likelihood-Based Semiparametric Estimation Methods for Panel Count
Data with Covariates,” The Annals of Statistics, 35, 2106-2142.

Wen, C.-C. (2012), “Cox regression for Mixed Case Interval-Censored Data with Co-
variate Errors,” Lifetime Data Analysis, 18, 321-338.

Wu, C. J. (1983), “On the Convergence Properties of the EM Algorithm,” Annals of
Statistics, 11, 95-103.

Xue, H., Lam, K. F., and Li, G. (2004), “Sieve Maximum Likelihood Estimator for Semi-
parametric Regression Models with Current Status Data,” Journal of the American
Statistical Association, 99, 346-356.

Zeng, D., Cai, J., and Shen, Y. (2006), “Semiparametric Additive Risks Model for
Interval-Censored Data,” Statistica Sinica, 16, 287-302.

Zeng, D., Yin, G., and Ibrahim, J. G. (2005), “Inference for a Class of Transformed
Hazards Models,” Journal of the American Statistical Association, 100, 1000-1008.

Zhan, Y. and Wellner, J. A. (1995), “Double Censoring: Characterization and Compu-
tation of the Nonparametric Maximum Likelihood Estimator,” Tech. rep., University
of Washington.

Zhang, Y. and Jamshidian, M. (2004), “On Algorithm for NPMLE of the failure function
with Censored Data,” Journal of Computational and Graphical Statistics, 13, 123—
140.

Zhang, Y. L. and Newton, M. A. (1997), “On Calculating the Nonparametric Maximum
Likelihood Estimator of a Distribution Given Interval Censored Data,” Tech. Rep.
116, Department of Biostatistics, University of Wisconsin in Madison.

Zhang, Z. and Sun, J. (2010), “Interval Censoring,” Statistical Methods in Medical
Research, 19, 53-70.

Zhao, L. P.; Lipsitz, S. R., and Lew, D. (1996), “Regression Analysis with Missing
Covariate Data Using Estimating Equations,” Biometrics, 52, 1165-1182.

148



